
GeONet: Geometry-Encoded Operator Network for Predicting
Flow in Heterogeneous Porous Media
Md Lal Mamuda,∗, Maruti K. Mudunurua,∗, Yucheng Fub, Aramy Troungc,d,
Satish Karrad,e, Ivani Patelf, Arunima Bhattacharjeec,d, Tamas Vargac,d, Pratanu Royg,
Michael Penwardenh, Rajesh K. Singhi, Arjun Chakrawald,e, Kalyana B. Nakshatralaj,
Christof Meilek, Erin Rooneyl and Glenn Hammonda

aSubsurface Science Group, Energy and Environment Directorate, Pacific Northwest National Laboratory, Richland, WA, 99354, USA
bComputational Mathematics Group, Integrated Discovery Sciences Directorate, Pacific Northwest National
Laboratory, Richland, WA, 99354, USA
cEnvironmental Transformations & Interactions Group, Integrated Discovery Sciences Directorate, Pacific Northwest National
Laboratory, Richland, WA, 99354, USA
dEnvironmental Molecular Sciences Laboratory, Pacific Northwest National Laboratory, Richland, WA, 99352, USA
eComputing, Analytics, and Modeling Group, Integrated Discovery Sciences Directorate, Pacific Northwest National
Laboratory, Richland, WA, 99352, USA
fEarth Systems Predictability & Resilience Group, Energy and Environment Directorate, Pacific Northwest National
Laboratory, Richland, WA, 99354, USA
gPhysical and Life Sciences Directorate, Lawrence Livermore National Laboratory, Livermore, CA, 94550, USA
hSandia National Laboratories, Albuquerque, NM, 87185, USA
iOperational Systems Engineering Group, Energy and Environment Directorate, Pacific Northwest National
Laboratory, Richland, WA, 99354, USA
jDepartment of Civil and Environmental Engineering, University of Houston, Houston, Texas, 77204, USA
kDepartment of Marine Sciences, University of Georgia, Athens, Georgia, 30602, USA
lU.S. Department of Agriculture, Natural Resources Conservation Service, Knoxville, TN, 37918, USA

A R T I C L E I N F O

Keywords:
deep neural operators
porous media
multi-physics
pore-scale modeling
geometry-encoded learning
Darcy flow

A B S T R A C T

Rapid prediction of pressure-driven flow in microfluidic porous-media analogs is
important for experimental design, tracer-test interpretation, and real-time digital-twin
development for subsurface energy and critical mineral science applications. High-fidelity
numerical simulators resolve geometry-controlled flow in heterogeneous pore networks, but
their computational cost limits repeated evaluation across large geometry ensembles. Here,
we introduce GeONet, a Geometry-Encoded Operator Network that predicts steady-state
pressure fields by jointly representing material properties, spatial coordinates, and explicit
solid–void geometry. GeONet extends the conventional Branch–Trunk architecture with a
dedicated Leaf Network that encodes the binary domain mask through multiscale features.
The Branch Network represents porosity and permeability, the Trunk Network combines
coordinates with local geometric descriptors and random Fourier features, and a gated
DeepMixer integrates the three latent representations before decoding pressure. GeONet
was trained and evaluated using 5,000 PFLOTRAN simulations of heterogeneous Reduced
Complexity Platform domains, comprising nearly 30 TB of data. Direct comparisons with
pore-scale Stokes solutions across three geometries yielded Pearson correlations of 0.987–
0.991 and 𝑅2 values of 0.974–0.982, supporting PFLOTRAN solutions as reference data.
Under matched data partitions and two-stage hyperparameter optimization, GeONet sub-
stantially outperformed a boundary-condition-aware DeepONet baseline. Across three held-
out test domains, GeONet achieved NRMSE of 0.0381–0.0500, MAPE of 1.76–2.59%, and
𝑅2 of 0.9673–0.9822, compared with 0.1483–0.2040, 7.81–10.45%, and 0.5658–0.7126
for DeepONet, respectively. GeONet generalized to three additional unseen geometries,
achieving NRMSE of 0.0448–0.0676 and 𝑅2 of 0.9511–0.9770. These results demonstrate
that explicit geometry encoding improves accuracy, pressure-range preservation, and cross-
geometry generalization of neural operators for flow in heterogeneous porous domains.
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1. Introduction
Fluid flow and solute transport in porous media depend not only on material parameters, such as porosity and

permeability, but also on the geometry of the connected pore space [1–3]. This coupling is especially important in
Lab-on-Chip (LoC) and Reduced Complexity Platform (RCP) experiments, where the chip’s solid–void pattern
defines connected pathways, constrictions, dead zones, and preferential channels [4–6]. These geometric features
create sharp pressure gradients and localized flow structures that a surrogate model must resolve to support
experimental design, inverse analysis, or real-time control [7]. High-fidelity numerical models provide the most
direct way to resolve these effects. Pore-scale Stokes simulations describe creeping flow in the explicitly resolved
void space [8], while continuum models such as PFLOTRAN solve Darcy-scale flow and transport equations on
structured and unstructured heterogeneous grids [9–11]. Both approaches are accurate but expensive for high-
resolution chips or large geometry ensembles. In our generated dataset, a single PFLOTRAN simulation requires
approximately two days on two compute nodes (72 CPU cores). This cost motivates surrogate models that
can rapidly approximate the solution operator while retaining the geometry-dependent structure of the pressure
field [12–17].

Neural operators provide a natural framework for this task because they learn mappings between input
functions and output solution fields [18–20]. DeepONet [19] and the Fourier Neural Operator [20] have shown
that neural networks can approximate solution operators across broad classes of partial differential equations
(PDEs). Subsequent developments, including physics-informed neural operators [21], improved DeepONet
training strategies [22], multi-input operator networks [23], U-Net-enhanced DeepONet architectures [14],
discontinuity-capturing neural operator [24], and arbitrary-geometry transformer formulations [25] have in-
creased the flexibility and accuracy of operator-learning models. Despite these advances, many operator-learning
architectures remain primarily coordinate-centric. In a standard Branch–Trunk formulation, the Branch Network
encodes input functions into global coefficients and the Trunk Network evaluates basis-like functions at spatial
coordinates, often enriched with random Fourier features to represent high-frequency spatial variation [26]. This
structure is effective for smooth solution manifolds but is less effective when the dominant source of variability
is the local interaction between pore geometry and flow. If geometric information is omitted, compressed into a
single global embedding, or supplied through a fixed descriptor, the model can reproduce the large-scale pressure
drop but often smooths over pore-scale discontinuities, constrictions, and localized extrema.

Geometry-encoded variants have begun to address this limitation. Recent extensions of DeepONet have
incorporated geometric information to enable operator learning across parameterized and non-parametric
domains. Geom-DeepONet introduced a point-cloud-based DeepONet framework for predicting fields on
3D parameterized geometries by combining spatial coordinates, signed-distance information, and geometry-
conditioned branch–trunk representations [27]. Point-DeepONet further extended this idea to non-parametric 3D
geometries by integrating PointNet-based geometry encoding with DeepONet for nonlinear structural-response
prediction under varying shapes and loading conditions [28]. Related Signed Distance Function (SDF)-based
geometric DeepONet formulations have also been developed for 3D flow surrogates around complex objects,
where signed-distance fields and derivative constraints improve geometric awareness and boundary-gradient
prediction [29]. Broader geometry-informed neural operators, including Geometry-informed neural operator
(GINO) for large-scale 3D PDEs and Geo-FNO for operators on general geometries, similarly emphasize
explicit geometric encodings rather than coordinate-only evaluation [30–32]. Physics- and geometry-informed
DeepONet variants, such as PGI-DeepONet and GAPI-DeepONet, incorporate geometric parameterizations
or geometry-adaptive conditioning, along with physics-informed losses, to improve generalization across
arbitrary computational domains [33, 34]. More recently, ArGEnT introduced an attention-based geometry-aware
transformer architecture that separates query-point sampling from geometry encoding through cross-attention,
improving robustness for field prediction on complex geometries and arbitrary spatial evaluation locations [25].

Beyond general geometric conditioning, recent work has begun tailoring geometry-aware operator learning
to transport phenomena in complex microstructures. In this direction, PRT-DeepONet extends DeepONet to
pore-scale reactive transport by learning geometry-dependent concentration fields in porous media, with a recent
extension incorporating pore-scale velocity prediction through physically informed representations of local pore
geometry, nonlocal connectivity, wall proximity, and pressure-driven [35, 36]. PRT-DeepONet incorporates
geometric information through convolutional feature extraction and a geodesic-distance descriptor in the trunk
input. Complementary CNN-enhanced operator frameworks such as Porous-DeepONet further demonstrate
that convolutional geometry encoders improve learning of parametric reactive-transport operators in porous
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media [37]. Related graph- and finite-element-based treatments of flow and transport in complex connectivity
structures likewise highlight that topology and local conservation structure control solution behavior [38, 39].
Such methods demonstrate the value of geometry-aware operator learning, but they still rely partly on predefined
descriptors or global geometry summaries. For heterogeneous chip geometries, the desired surrogate should learn
how local geometry, material heterogeneity, and the query location interact to determine the solution value.

We address this need with GeONet, a Geometry-Encoded Operator Network for pressure-driven flow in
heterogeneous porous-media chips (Figure 1). GeONet introduces a dedicated Leaf Network that encodes the
binary solid–void geometry, alongside a Branch Network for porosity and permeability and a Trunk Network
for spatial–temporal coordinates. The three latent streams are combined through a gated bilinear fusion module,
allowing the predicted solution at a location to depend jointly and nonlinearly on geometry, material properties,
and coordinates. The central hypothesis is that explicit geometry encoding improves neural-operator prediction
of microscale pressure fields by preserving localized, topology-induced structure that standard DeepONet
architectures tend to smooth.

Figure 1: Architecture of the GeONet framework. GeONet contains three complementary encoding pathways.
The Leaf Network encodes the complete binary solid–void geometry using a multiscale spatial encoder that retains
coarse spatial features across multiple resolutions before forming a realization-level geometry representation. The
Branch Network encodes the hydraulic material properties, represented here by porosity and permeability, while the
Trunk Network represents the spatial query coordinates together with local geometry-derived descriptors and random
Fourier features. The DeepMixer integrates the resulting geometry, material-property, and query-dependent latent
representations, and the prediction head maps the fused representation to the target field.

We test this hypothesis using thousands of PFLOTRAN simulations on heterogeneous RCP geometries [10,
11]. The results show that GeONet accurately reconstructs pressure fields, preserves the pressure distribution,
reduces bias in error profiles, and generalizes to chip geometries that were unseen during training. Together, these
results establish geometry-conditioned operator learning as a practical route toward fast surrogate modeling for
LoC and porous-media flow systems for subsurface energy and critical mineral science applications [40, 41].

2. Dataset Generation and Physical Parameters
The dataset exposes the neural operator to the same sources of variability that control flow in physical chip

experiments, including pore geometry, pore connectivity, and heterogeneous material properties. Each sample
pairs an RCP geometry and its associated porosity and permeability fields with high-resolution PFLOTRAN
outputs of pressure, velocity, and tracer concentration. Both pressure, velocity, and tracer concentration fields
are stored in the HDF5 dataset (see Data availability section 5). The present study focuses on pressure as the
prediction target, while the dataset retains the velocity and tracer concentration fields for future extensions of
GeONet to coupled flow–transport prediction.
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2.1. Reduced Complexity Platform geometries
The computational domains are heterogeneous LoC geometries represented by binary solid–void masks

(Figure 2a). Void pixels denote connected fluid pathways while solid pixels denote impermeable obstacles that
redirect flow and impose no-flow barriers. The resulting RCP domains are sufficiently simplified to support
large simulation ensembles while retaining pore-scale features central to porous-media transport, including
channel connectivity, constrictions, disconnected or weakly connected regions, and tortuous pathways. This
representation is deliberately explicit: the geometry is not treated as an implicit consequence of permeability
alone. Instead, it is provided directly to the model as a spatial mask so that the neural operator can learn how pore
topology affects the local solution. Across the ensemble, the geometries vary in connectivity, channel width, and
spatial heterogeneity, producing a range of flow regimes, including preferential pathways, hydraulic bottlenecks,
and low-flow regions.

2.2. Porosity and permeability fields
Each geometry is paired with spatially heterogeneous porosity 𝜙(𝐱) (Figure 2b) and intrinsic permeability

𝑘(𝐱) fields (Figure 2c). Porosity controls local fluid storage and appears in the transport equations, while
permeability determines hydraulic conductance and, therefore, the magnitude and direction of Darcy flux.
Regions of high permeability form preferential pathways, whereas low-permeability or solid regions restrict flow
and generate strong pressure gradients. The assigned physical fields are heterogeneous at the same spatial scale as
the chip geometry. As illustrated in Figure 2, porosity spans low- and high-storage regions and permeability spans
orders of magnitude, ranging from effectively impermeable solid zones to highly conductive pore channels. This
combination of binary geometry and continuous material fields allows the dataset to represent both topological
constraints and contrasts in hydraulic properties.

2.3. PFLOTRAN simulations
We simulated reference pressure and tracer fields with PFLOTRAN, a massively parallel simulator for

coupled flow and reactive transport in porous media [10]. For each RCP geometry, PFLOTRAN solves the
flow problem on a structured grid with the assigned porosity and permeability fields. The simulations use steady
injection from the inlet boundary, with fluid propagating through the heterogeneous pore network toward the
outlet. The reported dataset includes pressure fields (Figure 2e) and tracer concentration fields over a two-hour
injection period (Figure 2f).

The simulations are computationally demanding because they resolve microscale heterogeneity over many
distinct geometries. A representative PFLOTRAN run required approximately two days on two compute nodes,
each with dual-socket Intel Xeon Gold 6254 (Cascade Lake) CPUs at 3.1GHz (36 cores; 384GB RAM per node).
The cost of producing these reference fields motivates the use of a neural surrogate whose low inference cost
can amortize the initial simulation expense. Once trained, the model can evaluate new geometries and parameter
fields much faster than running a new high-fidelity simulation. The resulting supervised learning problem can
be written as

(𝐺,𝜙, 𝑘; 𝐬) ⟼ (𝑝(𝑥, 𝑦), 𝑐(𝑥, 𝑦)) , 𝐬 = (𝑥, 𝑦), (1)

where𝐺 is the binary solid–void geometry,𝜙 is porosity, 𝑘 is permeability, 𝐬 is the query coordinate, 𝑝 is pressure,
and 𝑐 is tracer concentration. The simulations reported below focus on the pressure component of this mapping.
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Figure 2: Dataset-generation workflow for heterogeneous RCP domains. A representative chip geometry is converted
into spatially heterogeneous material properties and used as input to PFLOTRAN Richards-flow and tracer-transport
simulations. The resulting velocity, pressure, and concentration fields provide the supervised outputs for operator-
learning model development. a) Chip geometry mask (solid vs. pore). b) Porosity field, c) Permeability field, d) Liquid-
velocity magnitude, e) Liquid pressure, and f) Total tracer concentration (top slice). Flow is driven West-East by
fixed inlet/outlet pressures; tracer is injected at the West face according to the prescribed inlet schedule. Gray/white
regions in panels d)–f) denote solid, no-flow domains. Axes are shown in meters.
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3. Methodology
GeONet is formulated as a supervised neural operator that maps a geometry-conditioned physical state to

a pressure value or concentration value at a queried space–time coordinate. This section defines the governing
flow models used for verification and data generation, the normalization procedure, the baseline DeepONet
comparison, the GeONet architecture, the training setup, and the evaluation metrics.

3.1. PFLOTRAN Darcy flow and pore-scale Stokes verification
We use two flow descriptions on the same chip geometry. The first is a pore-scale incompressible Stokes

model solved directly in the resolved void space. The second is a continuum Darcy model solved by PFLOTRAN
on a structured grid with defined heterogeneous porosity and permeability. The Stokes comparison is used only
to verify that the PFLOTRAN pressure fields preserve the expected pore-scale pressure structure.

Let Ω𝑓 denote the connected fluid region and Γ𝑠 the solid–fluid interface, i.e., the pore wall. Under the
creeping-flow conditions, the governing equations for steady incompressible Stokes flow are

−∇𝑝 + 𝜇∇2𝐮 = 𝟎, ∇ ⋅ 𝐮 = 0 in Ω𝑓 , (2)

where 𝐮 is the velocity, 𝑝 is the pressure, and 𝜇 is dynamic viscosity of fluid. The boundary conditions are

𝐮 = 𝟎 on Γ𝑠, 𝑝 = 𝑝in on Γin, 𝑝 = 𝑝out on Γout , (3)

with no penetration on any remaining exterior boundaries.
PFLOTRAN solves single-phase flow in a porous-medium representation with porosity 𝜙(𝐱) and intrinsic

permeability 𝑘(𝐱). The governing equations are mass conservation and Darcy’s law,

𝜕
𝜕𝑡

(𝜙𝜌) + ∇ ⋅ (𝜌𝐪) = 𝑄, 𝐪 = −𝑘
𝜇
(∇𝑝 − 𝜌𝐠) , (4)

where 𝐪 is Darcy flux, 𝜌 is fluid density, 𝑄 is a source or sink term, and 𝐠 is gravitational acceleration. For the
steady, incompressible, source-free, and negligible gravity conditions, the Darcy equation reduces to

∇ ⋅ 𝐪 = 0, ∇ ⋅
(

𝑘
𝜇
∇𝑝

)

= 0. (5)

The pressure boundary conditions mirror the Stokes condition, with prescribed inlet and outlet pressures and
no-flow conditions elsewhere.

Both models are run with the same Dirichlet pressures, 𝑝in = 2 × 106 Pa and 𝑝out = 1 × 106 Pa. The Stokes
and PFLOTRAN pressure fields are compared directly in pascals; no additive offset or pressure-drop scaling is
applied. Pore cells are identified with a porosity threshold 𝜙th (𝜙 > 𝜙th).

3.2. Normalization of Physical Variables
Model inputs and targets are normalized using statistics estimated exclusively from the training split. We

then apply the fitted transformations without modification to the validation and test samples. Network outputs
are transformed back to physical units before calculating the reported metrics and generating the figures.

Porosity was transformed using global min–max normalization:

𝜙 =
𝜙 − 𝜙tr

min

𝜙tr
max − 𝜙tr

min + 𝜖
, (6)

where 𝜙tr
min and 𝜙tr

max are the minimum and maximum porosity values in the training data set, respectively, and
𝜖 = 10−12 prevents division by zero. The same training-derived extrema were used to normalize the validation
and test realizations.

Because permeability spans several orders of magnitude, the selected GeONet and DeepONet configurations
use model-specific permeability transformations. For DeepONet, permeability was first transformed logarithmi-
cally:

𝑘log = log10
[

max(𝑘, 𝜀𝑘)
]

, (7)
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where 𝜀𝑘 is a small positive threshold introduced to prevent evaluation of log10(0). The transformed permeability
was then normalized using the training-set range:

𝑘̃log =
𝑘log − 𝑘trlog,min

𝑘trlog,max − 𝑘trlog,min + 𝜖
. (8)

In contrast, the selected GeONet configuration uses linear min–max normalization of the untransformed
permeability:

𝑘̃ =
𝑘 − 𝑘trmin

𝑘trmax − 𝑘trmin + 𝜖
. (9)

Thus, both models receive permeability inputs scaled approximately to the unit interval, but DeepONet
operates on logarithmically transformed permeability, whereas GeONet operates on linearly scaled permeability.
These model-specific transformations correspond to the configurations selected during model development and
were retained for the final models used in the subsequent analyses.

Pressure values, which are of order 106 Pa, were normalized using a training-derived affine transformation:

𝑝 =
𝑝 −𝑄tr

0.05(𝑝)

max
[

𝜎tr𝑝 , 105 Pa
] , (10)

where 𝑄tr
0.05(𝑝) is the fifth percentile of the training pressure distribution and 𝜎tr𝑝 is its standard deviation. The

lower bound of 105 Pa prevents amplification of numerical variations when the pressure distribution has a small
standard deviation. The fifth-percentile offset is preferred over the absolute minimum (or mean) as a robust
location estimate: pressure grids contain solid-masked and near-boundary extremes, so a low quantile reduces
sensitivity to a few outlier voxels while remaining close to the Dirichlet low-pressure boundary that dominates
the lower end of the field [42, 43]. Quantile-based centering of this type is standard practice for robust feature
scaling when sample moments are easily distorted by heavy tails or isolated extremes [44]. This transformation
was applied consistently during training, validation, and inference.

Normalized pressure predictions were returned to physical units using

𝑝̂ = ̃̂𝑝 max
[

𝜎tr𝑝 , 10
5 Pa

]

+𝑄tr
0.05(𝑝), (11)

where ̃̂𝑝 and 𝑝̂ denote the normalized and dimensional model predictions, respectively. All reported pressure
errors and spatial comparisons were calculated after applying this inverse transformation.

The two models also differ in their treatment of spatial coordinates. For DeepONet, the query coordinates
were independently mapped to the unit square for each realization:

𝑥 =
𝑥 − 𝑥min

𝑥max − 𝑥min + 𝜖
, 𝑦 =

𝑦 − 𝑦min
𝑦max − 𝑦min + 𝜖

. (12)

This normalization provides the DeepONet Trunk with dimensionless coordinates on a common numerical
range. In contrast, the GeONet Trunk uses the physical coordinates directly and augments them with local
geometry-derived descriptors and random Fourier features. This distinction follows from the respective model
formulations: the DeepONet Trunk is coordinate based, whereas the GeONet Trunk jointly represents spatial
position and the local geometric environment of each query point. Retaining physical coordinates in GeONet
also preserves their spatial scale when constructing the Fourier embedding and relating query locations to the
geometry-derived descriptors. The same coordinate treatment is applied consistently during GeONet training,
validation, and testing.

3.3. Baseline DeepONet
We use a boundary-condition-aware Deep Operator Network, hereafter denoted DeepONet, as the baseline

for evaluating the contribution of GeONet’s explicit geometry representation. DeepONet retains the conventional
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Branch–Trunk structure but does not include the Leaf Network or the geometry-aware DeepMixer pathway
introduced in GeONet.

In its canonical factorized form, DeepONet approximates an operator by expressing the solution at a spatial
query coordinate 𝐬 as

𝑢̂𝜽(𝐬) =
𝑟
∑

𝑗=1
𝑏𝑗(𝐚) 𝑡𝑗(𝐬) + 𝑏0, (13)

where 𝐚 denotes the discretized input functions, 𝑏𝑗(𝐚) are the coefficients produced by the Branch Network, 𝑡𝑗(𝐬)
are the coordinate-dependent basis representations generated by the Trunk Network, 𝑟 is the latent dimension, and
𝑏0 is a trainable bias. This factorization separates the input-function representation from the spatial coordinates
at which the output operator is evaluated.

The DeepONet implementation used in this study follows the same underlying Branch–Trunk principle but
employs a learned nonlinear fusion layer instead of the direct inner product in Eq. (13). This modification allows
the Branch and Trunk latent dimensions to differ while retaining the defining separation between realization-
level inputs and spatial query coordinates. The Branch Network encodes the hydraulic properties of each RCP
realization. It stacks porosity and log-transformed permeability as input channels and spatially averages them
over the domain. The resulting realization-level descriptors are processed using a multilayer perceptron to
produce the global hydraulic latent vector 𝐛. This representation compactly describes the bulk material state
but does not explicitly retain the spatial arrangement of the pore geometry.

The Trunk Network maps the normalized query coordinate 𝐬 = (𝑥, 𝑦) to a spatial latent representation 𝐭(𝐬).
Unlike the GeONet Trunk Network, it does not receive local mask indicators, distance-to-boundary descriptors,
or other geometry-derived features. Although Stage II hyperparameter optimization (HPO)1 identified a mild
random Fourier feature setting (𝑛𝑓=4, 𝜎𝑓=1), the boundary condition (BC)-focused training protocol disabled
random Fourier features in the Trunk (DEEPONET_USE_RFF = 0), effectively setting 𝑛𝑓=0 and 𝜎𝑓=0.
Consequently, the final DeepONet model used for the reported results employs a pure coordinate MLP, in contrast
to GeONet’s selected Fourier representation (𝑛𝑓=48, 𝜎𝑓=10). The Branch latent vector is broadcast across the
spatial query points and concatenated with the corresponding Trunk representations. A multilayer perceptron
then fuses the two streams:

𝐳DON(𝐬) = 𝜽 [𝐛, 𝐭(𝐬)] , (14)

where 𝜽 denotes the Branch–Trunk fusion network. The predicted pressure is subsequently obtained from

𝑃𝜽(𝐬) = 𝜽
[

𝐳DON(𝐬)
]

, (15)

where 𝜽 is the pressure-decoder network. Although this nonlinear fusion differs from the direct dot-product
representation of canonical DeepONet, the model preserves the central Branch–Trunk decomposition and
contains no independent geometry encoder.

The prescribed high- and low-pressure boundaries are incorporated during training through the boundary-
condition penalty defined in Eq. (21). The boundary loss is evaluated over three-grid-cell-wide strips adjacent to
the Dirichlet boundaries, defining a narrow boundary region where the prescribed pressure values are enforced,
while the interior pressure field remains the dominant contribution to the training objective. We used a fixed
width of three grid cells across all DeepONet experiments as an implementation choice and we did not optimize
the boundary-strip width. The boundary-condition term contributes to the objective with a weight of 𝑊BC=10.
Boundary-condition enforcement therefore occurs primarily through the training objective rather than through
an additional geometry-encoding pathway. For the reported DeepONet prediction figures and tables, Dirichlet
high/low edges were additionally overwritten after decoding (ENFORCE_BC = 1, mode auto, blend width of
one grid cell) so that the displayed fields match the prescribed boundary values. Metrics are computed on these
post-processed fields unless a raw-network ablation is stated.

Relative to GeONet, DeepONet differs in three principal respects: it contains no Leaf geometry encoder,
its Branch Network provides only a global representation of the material properties, and its Trunk Network

1In this study, HPO refers to the systematic search used to select model-architecture and training hyperparameters based on validation
performance, using a broad search on 500 simulations followed by targeted refinement on the full set of 5000 simulations.
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does not receive local geometry-derived descriptors (and, for the reported BC model, uses no Fourier features).
Consequently, the comparison isolates the effect of providing GeONet with dedicated domain-scale and query-
local geometric information. Both models otherwise use the same PFLOTRAN realizations, data partitions,
pressure targets, validation criterion, and Stage II training computational cost. Unless otherwise stated, the
reported DeepONet results use the Stage II HPO tuned models with Branch, Trunk, and fusion dimensions
of 128, 384, and 256, respectively. The selected model contains five Trunk layers, uses GELU activations, and
employs a coords-only Trunk with Fourier features disabled (𝑛𝑓=0, 𝜎𝑓=0).

3.4. GeONet Architecture
GeONet extends the conventional Branch–Trunk neural-operator architecture by explicitly separating mate-

rial properties, domain-scale geometry, and query-local spatial information into three complementary encoding
pathways. In a conventional DeepONet, the Branch Network encodes the input functions, while the Trunk
Network represents the coordinates at which the learned operator is evaluated. GeONet introduces an additional
geometry pathway, termed the Leaf Network, that encodes the complete solid–void configuration independently
of the material-property Branch. The resulting Branch, Leaf, and Trunk representations are subsequently coupled
through the DeepMixer before the target field is decoded, as illustrated in Fig. 1.

For the pressure-prediction problem considered here, GeONet approximates the nonlinear operator

𝜽 ∶ (𝐺,𝜙, 𝑘; 𝐬) ↦ 𝑃𝜽(𝐬), (16)

where 𝜽 denotes the trainable parameters, 𝐺 is the binary solid–void mask, 𝜙 and 𝑘 are the spatially distributed
porosity and permeability fields, and 𝐬 = (𝑥, 𝑦) denotes a query coordinate in the two-dimensional RCP domain.
The predicted pressure at 𝐬 is denoted by 𝑃𝜽(𝐬). Although the general framework can accommodate additional
state variables, including solute concentration, the quantitative evaluation in the present study focuses on steady-
state pressure prediction. As shown in Fig. 1, the Leaf Network maps the complete binary geometry mask 𝐺 to
a realization-level latent geometry representation 𝐠. In the configuration used for the reported experiments, the
Leaf employs a multiscale spatial encoder rather than trainable convolutional layers. The mask is represented at
successive spatial resolutions, where summary statistics and coarse spatial representations are retained before
further downsampling. The resulting features from three resolution levels are concatenated and processed by a
multilayer perceptron to obtain 𝐠. Consequently, the Leaf does not reduce the geometry to a single global statistic.
Instead, it preserves coarse spatial information about the solid–void organization of the entire domain at multiple
scales.

This domain-scale geometry representation serves a different role from both the Branch and Trunk repre-
sentations. The Branch Network encodes the hydraulic material properties into a latent vector 𝐛. Porosity and
permeability are stacked as complementary input channels and spatially averaged over the domain, after which
the resulting realization-level descriptors are processed by a multilayer perceptron. The Branch therefore provides
a compact representation of the global hydraulic material state, whereas the Leaf retains information associated
with the spatial organization of the solid–void domain. This distinction is physically relevant because two
realizations can have similar globally aggregated material properties while exhibiting different pore pathways,
bottlenecks, or disconnected regions as a consequence of their different geometry masks. The binary mask
therefore provides structural information that is not, in general, recoverable from the globally aggregated Branch
inputs.

The Trunk Network provides the query-dependent representation. For each spatial query location 𝐬 = (𝑥, 𝑦),
it produces a latent vector 𝐭(𝐬) using the coordinates together with local geometric descriptors derived from the
binary mask. These descriptors include the local phase indicator and distances to nearby solid and void regions,
thereby characterizing the geometric environment surrounding the query point. The coordinate representation
is further augmented with random Fourier features to improve the representation of higher-frequency spatial
variations and localized pressure changes near geometric constrictions and material interfaces. The final GeONet
configuration uses 𝑛𝑓 = 48 Fourier frequencies, a Fourier scale of 𝜎𝑓 = 10, and GELU activation functions. The
Leaf and Trunk pathways therefore provide complementary geometric information at different spatial levels. The
Trunk describes where an individual query point lies and the geometry in its immediate neighborhood, whereas
the Leaf supplies a realization-level representation of the solid–void organization of the complete domain. Local
geometry alone does not uniquely characterize the larger pore configuration: query points with similar phase and
distance descriptors can belong to different domain-scale pathways. For example, a through-going channel or
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a dead-end region. By providing the same domain-level geometry representation 𝐠 to all queries from a given
realization, the Leaf allows the prediction at 𝐬 to be conditioned on the larger-scale pore configuration in addition
to its local geometric environment. This separation is consistent with the geometry-conditioned formulation
discussed further in Appendix A.

The three latent streams are integrated through the DeepMixer. The Branch and Leaf representations provide
realization-level material and geometry information, respectively, while the Trunk representation varies with the
query coordinate. The Branch and Leaf vectors are concatenated and broadcast across the spatial query points,
after which they interact with the query-dependent Trunk representation through a gated query–key–value mixing
operation followed by a multilayer perceptron. Schematically, the fused representation is written as

𝐳(𝐬) = 𝜽
[

𝐛, 𝐠, 𝐭(𝐬)
]

, (17)

where 𝜽 denotes the DeepMixer transformation. The prediction head subsequently maps the fused represen-
tation to the normalized pressure,

𝑃𝜽(𝐬) = 𝜽 [𝐳(𝐬)] , (18)

where 𝜽 denotes the pressure decoder. This geometry-conditioned nonlinear fusion allows the pressure
predicted at each query coordinate to depend jointly on the global hydraulic state, domain-scale solid–void
organization, and local geometric environment.

The designation Leaf Network therefore reflects the distinct information represented by this pathway rather
than a particular neural layer type. It is not simply a second material-property Branch: the Branch compresses
porosity and permeability into a global hydraulic representation, whereas the Leaf encodes multiscale spatial
information from the complete binary domain mask. Likewise, it is distinct from the Trunk, which represents
the query location and its local geometric context. The principal architectural distinction between GeONet and
the conventional DeepONet baseline is thus the explicit separation of material state, domain-scale geometry,
and query-local information, followed by their interaction through the DeepMixer. The final configuration used
in the subsequent analyses has Branch, Leaf, and Trunk latent dimensions of 384, 128, and 128, respectively,
together with a DeepMixer latent dimension of 320.

3.5. Training Setup
We trained GeONet and DeepONet using pressure fields generated from high-resolution PFLOTRAN

simulations of heterogeneous RCP domains. The complete dataset contains approximately 5000 simulations
and occupies nearly 30 TB of storage. Generating these realizations required approximately 13 million CPU
core-hours on the EMSL Tahoma high-performance computing system. Unless otherwise stated, we trained
the final models on Stage II tuned models with 𝑁 = 5000 realizations, using 3500 samples for training and
1000 for validation. We excluded simulation IDs 91–100 from model training, validation, early stopping, and
hyperparameter selection and reserved them for final testing. Stage I hyperparameter screening used a reduced
set of 𝑁 = 500 under the same partitioning strategy, as described in Section 3.6.

Both architectures were formulated as neural operators that map realization-specific field and geometry
information, together with spatial query coordinates (𝑥, 𝑦), to the corresponding pressure values. We evaluated
each realization on its native 200 × 200 simulation grid. The resulting full-resolution tile therefore represented
one complete pressure field rather than a cropped or downsampled portion of the domain. We estimated input
and target normalization statistics exclusively from the training set and applied them to the validation and test
sets. Porosity and permeability were the primary material-property inputs, while pressure was the prediction
target.

For GeONet, the selected Stage II architecture comprises a Branch Network that encodes the porosity and
permeability fields, a Leaf Network that extracts information from the domain mask, and a Trunk Network that
represents the spatial coordinates and local geometric descriptors. The coordinate representation is augmented
using random Fourier features with 𝑛𝑓 = 48 frequencies and Fourier scale 𝜎𝑓 = 10. The three pathways combine
their outputs through a geometry-aware mixing mechanism to predict pressure at each spatial query location. For
GeONet, the training objective was formulated as the pressure mean-squared error augmented by an optional
gradient-matching term:

GeONet(𝜽) = MSE(𝜽) +𝑤gradgrad(𝜽), (19)
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where 𝑤grad controls the contribution of the gradient-based regularization. The pressure MSE is defined as

MSE(𝜽) =
1
𝑁𝑞

𝑁𝑞
∑

𝑖=1

[

𝑝̂𝜽(𝐱𝑖) − 𝑝𝑖
]2 , (20)

where 𝜽 denotes the trainable model parameters, 𝑁𝑞 is the number of spatial query points, 𝑝̂𝜽(𝐱𝑖) is the
normalized pressure predicted at coordinate 𝐱𝑖 = (𝑥𝑖, 𝑦𝑖), and 𝑝𝑖 is the corresponding normalized PFLOTRAN
pressure. The gradient term grad is a normalized finite-difference mismatch between predicted and reference
pressure increments on the 200 × 200 tile. The gradient term was included as a hyperparameter-controlled
regularization option during model development, and different values of 𝑤grad were evaluated during HPO (see
Figs. 4 and 5 for Stage I and Figs. 6 and 7 for Stage II). The configuration selected for the final GeONet model
has 𝑤grad = 0. Consequently, Eq. (19) reduces to the pressure MSE in Eq. (20) for the final model. Validation,
early stopping, and model selection used the pressure MSE alone in all trials.

The selected DeepONet model comprises a Branch Network operating on porosity and log-transformed
permeability and a coordinate-based Trunk Network. Unlike GeONet, DeepONet has no explicit Leaf Network
or geometry-encoding pathway. The Stage II tuned models uses a branch latent dimension of 128, a trunk latent
dimension of 384, and a mixer dimension of 256. Its coordinate representation includes a mild random Fourier
feature expansion with 𝑛𝑓 = 4 and 𝜎𝑓 = 1. To enforce the prescribed high- and low-pressure boundary
conditions, the DeepONet objective combines the pressure MSE with a Dirichlet boundary-condition penalty
and an optional gradient-regularization term:

DON(𝜽) = MSE(𝜽) +𝑊BCBC(𝜽) +𝑤gradgrad(𝜽), (21)

where BC measures the pressure mismatch within three-grid-cell-wide strips along the prescribed Dirichlet
boundaries, 𝑊BC = 10 controls the contribution of this term, and grad denotes the optional gradient-based
regularization. The latter contributes to the objective only when 𝑤grad > 0. We trained both models for up to
100 epochs. We monitored validation loss after each epoch and terminated training early if it failed to improve
by at least 10−5 over 20 consecutive epochs. We retained the checkpoints with the minimum validation loss for
subsequent prediction, model-comparison, and cross-domain generalization analyses.

3.6. Hyperparameter Optimization Strategy
Training neural operators on full-resolution porous-media realizations is computationally demanding,

making exhaustive evaluation of all possible architectural and optimization settings impractical. We therefore use
a two-stage HPO strategy that first explores a broad configuration space on a reduced dataset and then refines the
most promising configurations on the full dataset (Table 1). This design enables systematic model selection at a
manageable computational cost while strictly separating hyperparameter optimization from final test evaluation.

Stage I uses a reduced set of 𝑁 = 500 sequential realizations (sim_total = 500; split_mode = seq),
including 350 training and 100 validation samples. Stage II uses the full set of𝑁 = 5000, including 3500 training
and 1000 validation samples. In both stages, we exclude simulation IDs 91–100 from training and validation
and reserve them exclusively for final test-time evaluation. Thus, the reported test realizations do not influence
model fitting, early stopping, hyperparameter ranking, or final model selection. All trials predict pressure fields
on 200×200 spatial grids and use a fixed random seed of 42 for reproducibility. Each trial is ranked according to
the minimum validation loss achieved during training, denoted by best_val. The training objective consists of
the mean-squared pressure error and an optional gradient-based regularization term weighted by 𝑤grad. Models
are trained for a maximum of 100 epochs, with early stopping applied when the validation loss does not improve
by at least 10−5 over 20 consecutive epochs.

GeONet and DeepONet are optimized independently using the same data partitions, training budget, selection
criterion, and applicable hyperparameter ranges. Architecture-specific parameters, such as the Leaf Network
dimensions, are optimized only for GeONet because this geometry-encoding component is not present in the
classical DeepONet architecture. All shared components are evaluated over equivalent candidate ranges to
support a controlled comparison between the two models.

During Stage I, we evaluate 100 configurations for each model. Candidate architectures are drawn from
six predefined configurations (small, base, large, deep_trunk, wide_mixer, and silu_base) or sampled
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Table 1
Two-stage hyperparameter optimization protocol. Stage I broadly explores the architecture and optimization space
using 500 PFLOTRAN realizations. The five configurations attaining the lowest validation losses are transferred to
Stage II and refined using the full set of 5000 realizations.

Protocol component Stage I: broad exploration Stage II: transferred refinement

Dataset size 𝑁 = 500 𝑁 = 5000
Dataset partition 350 training, 100 validation, and 50

held-out test realizations
3500 training, 1000 validation, and 500
held-out test realizations

Trials per model 100 24
Architecture search Predefined presets and free-form config-

urations
Restricted to architecture families rep-
resented among the five highest-
performing Stage I configurations

Configuration transfer Not applicable Top 𝐾 = 5 Stage I configurations
transferred as initialization seeds

Refinement strategy Broad exploration of architecture and
optimization hyperparameters

Exact retraining of transferred config-
urations followed by local optimization
refinement

Training budget Maximum of 100 epochs with early-
stopping patience of 20 epochs

Maximum of 100 epochs with early-
stopping patience of 20 epochs

Selection criterion Minimum validation loss attained dur-
ing training

Minimum validation loss attained dur-
ing refinement

Test-data separation 50 held-out test realizations excluded
from training and HPO

500 held-out test realizations excluded
from training and HPO

Table 2
Hyperparameter search space used during Stage I. Candidate architectures are drawn from six predefined
configurations or sampled from the free-form ranges listed below. Architecture samples are combined with selected
optimization schedules through structured random sampling. Leaf Network parameters apply only to GeONet. The
DeepONet retains the conventional Branch–Trunk architecture.

Group Hyperparameter Candidate values

Training Learning rate, 𝜂 {10−5, 3 × 10−5, 10−4, 3 × 10−4}
Weight decay {0, 10−6, 10−5}
Terminal learning-rate fraction {0.1, 0.3, 0.5}
Gradient-loss weight, 𝑤grad {0, 0.01}

Architecture Branch width {128, 256, 384}
Trunk width {128, 256, 384}
Mixer width {128, 192, 256, 320}
Leaf width {128, 192, 256}
Branch depth {2, 3, 4}
Leaf depth {2, 3, 4}
Trunk depth {3, 4, 5, 6}
Mixer depth {2, 3, 4}
Prediction-head width {128, 256, 384}
Prediction-head depth {2, 3}
Number of RFF frequencies, 𝑛𝑓 {16, 32, 48}
Fourier scale, 𝜎𝑓 {5, 10, 20}
Activation function {GELU, SiLU}

from a free-form architecture space. The free-form search varies the latent widths and depths of the constituent
networks, the number of random Fourier feature frequencies 𝑛𝑓 , the Fourier scale 𝜎𝑓 , and the activation function.
The optimization search additionally considers the initial learning rate 𝜂, weight decay, terminal learning-rate
fraction under cosine decay, and gradient-loss weight 𝑤grad (Table 2). We generate the Stage I configurations
using structured random sampling. We first pair priority optimization schedules with the predefined architecture
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configurations to ensure representative model families are evaluated under the selected training conditions. The
remaining trials are sampled from the complete search space without duplicating identical configurations. This
stage intentionally emphasizes architectural diversity, allowing us to identify promising model families before
committing the greater computational resources required for full-dataset training.

For each model, we transfer the five Stage I configurations with the lowest validation losses to Stage II.
Stage II evaluates 24 configurations per model using an architecture pool restricted to the predefined and free-
form configurations represented among these five Stage I solutions (ARCH_MODE = top_presets). We first
retrain the selected configurations without modification using all 𝑁 = 5000 realizations to evaluate whether
their performance transfers across dataset scales. The remaining trials explore local variations in the optimization
parameters around the transferred configurations while retaining the restricted architecture pool.

Stage II disables unconstrained architectural expansion. Computational resources therefore focus on evalu-
ating and refining the selected model families at the target data scale rather than repeating the broad architecture
search performed during Stage I. For each model, we select the configuration with the lowest Stage II validation
loss for subsequent prediction, comparison, and cross-domain generalization analyses. The two-stage procedure
treats HPO as a computationally expensive black-box optimization problem. The reduced cohort serves as
a lower-cost representation of the same operator-learning task, preserving the input–output relationship and
spatial resolution while reducing the number of training realizations by one order of magnitude. Transferring the
highest-performing configurations concentrates the full-data search on architecture families that have already
demonstrated favorable validation performance. This strategy enables broad exploration of architectures without
requiring every candidate configuration to be trained on the complete high-resolution dataset.

3.7. Performance metrics
All reported pressure metrics are computed after converting model outputs back to physical units. The

normalized root-mean-squared error is

NRMSE =

√

𝑁−1∑𝑁
𝑖=1

(

𝑃pred,𝑖 − 𝑃true,𝑖
)2

𝑃max − 𝑃min
,

where 𝑃max and 𝑃min denote the maximum and minimum reference pressures over the evaluated domain. The
mean absolute percentage error is

MAPE = 100
𝑁

𝑁
∑

𝑖=1

|

|

|

|

|

𝑃pred,𝑖 − 𝑃true,𝑖

𝑃true,𝑖 + 𝜖

|

|

|

|

|

.

The coefficient of determination is

𝑅2 = 1 −
∑𝑁

𝑖=1
(

𝑃pred,𝑖 − 𝑃true,𝑖
)2

∑𝑁
𝑖=1

(

𝑃true,𝑖 − 𝑃 true

)2
.

We also examine pressure histograms, pointwise error histograms, one-to-one plots, and horizontal and vertical
pressure slices to evaluate whether the model preserves geometry-induced discontinuities and distributional
structure.

4. Results and Discussion
The results are organized to follow the modeling pipeline. We first verify that the PFLOTRAN pressure

fields are consistent with pore-scale Stokes solutions after pressure normalization. We then examine optimization
behavior, compare GeONet with the DeepONet baseline on pressure reconstruction, analyze distributional errors
and profile errors, and finally evaluate generalization on unseen geometries.

4.1. PFLOTRAN pressure fields are consistent with pore-scale Stokes solutions
Figure 3 compares pore-scale Stokes pressure fields with the corresponding PFLOTRAN Darcy pressure

fields for three representative RCP geometries (networks 1, 5, and 7). The Stokes and PFLOTRAN solutions
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are evaluated at the same pore-space grid cells, while soil-matrix cells are excluded from the comparison.
The PFLOTRAN arrays are transposed to match the spatial orientation of the corresponding Stokes arrays.
Following this alignment, the pressure fields are compared directly in absolute pressure (Pa), without pressure-
offset subtraction, normalization, or pressure-drop scaling.

Figure 3: Absolute-pressure comparison between the 2-D Stokes and PFLOTRAN simulations. Rows correspond
to networks 1, 5, and 7, respectively. The first column shows the Stokes pressure field, the second column shows the
spatially aligned PFLOTRAN pressure field, and the third column presents the corresponding pore-cell one-to-one
comparison. Both pressure fields are shown in Pa using a common color scale, without pressure-offset subtraction,
normalization, or pressure-drop scaling. Gray regions represent solid cells, and quantitative comparisons are restricted
to cells classified as pores in both models. In the one-to-one panels, the red line denotes the ideal 𝑦 = 𝑥 relationship,
while color indicates the logarithmic sample density.

The Stokes and PFLOTRAN solutions exhibit strong spatial and pointwise agreement across all three
representative geometries (Fig. 3). Pearson correlation coefficients range from 0.9870 to 0.9911, while the
coefficients of determination of the least-squares fits range from 𝑅2 = 0.9743 to 0.9823 (Table 3). The NRMSE
ranges from 0.0442 to 0.0624, and the MAE ranges from 2.895 × 104 to 4.879 × 104 Pa. Network 7 exhibits the
strongest overall agreement, with Pearson 𝑟 = 0.9911, 𝑅2 = 0.9823, and NRMSE= 0.0442. Although localized
deviations from the ideal one-to-one relationship remain, the agreement is consistent across geometries with
different pore structures. These comparisons support the use of PFLOTRAN pressure fields as reference data
for training and evaluating GeONet while recognizing that the Darcy-scale and pore-scale Stokes formulations
represent flow at different levels of physical description.
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Table 3
Quantitative agreement between the absolute, unscaled pressure fields computed by the 2-D Stokes and PFLOTRAN
models for networks 1, 5, and 7. All metrics are evaluated over cells classified as pores in both models. Pearson 𝑟
measures the linear correlation between the two pressure fields, and 𝑅2 denotes the coefficient of determination of
the least-squares fit.

Network Common cells NRMSE MAE [Pa] Pearson 𝑟 Fit 𝑅2

1 28035 0.0475 3.845 × 104 0.9879 0.9760
5 27112 0.0624 4.879 × 104 0.9870 0.9743
7 27283 0.0442 2.895 × 104 0.9911 0.9823

4.2. Hyperparameter Optimization
The two-stage HPO results for GeONet and the boundary-condition-focused DeepONet are summarized

in Tables 4–7. All scores denote the minimum validation loss attained during training (best_val), with
lower values indicating better performance. Because the principal objective of this analysis is to establish the
configuration used in the subsequent GeONet experiments, we examine the GeONet response surface in detail.
The corresponding DeepONet diagnostics are reported in Appendix A.12 to provide a complete and auditable
baseline comparison without interrupting the main results.

Table 4
Aggregate outcomes of the two-stage hyperparameter optimization. Reported values are the minimum validation
losses attained during training (best_val). GPU time is the sum of successful trial runtimes expressed as a single-
GPU equivalent.

Stage Model Successful trials Best ↓ Median Mean GPU-h

I (𝑁 = 500) GeONet 100 0.02267 0.02902 0.02951 30.0
DeepONet 100 0.61911 0.62196 0.62214 18.0

II (𝑁 = 5000) GeONet 24 0.01944 0.02003 0.02133 87.5
DeepONet 24 0.56718 0.60091 0.59786 63.1

During Stage I, all 100 trials for each model completed successfully. GeONet attained a minimum validation
loss of 0.02267with trial 028 using the deep_trunk preset. Under the same data partitioning, DeepONet attained
a minimum of 0.61911with free-form trial 040, which used branch and trunk widths of 256 and 384, respectively,
six trunk layers, and effectively disabled random Fourier features (𝑛𝑓 = 0, 𝜎𝑓 = 1) (Tables 4 and 5). The median
losses of 0.02902 for GeONet and 0.62196 for DeepONet further show that the separation extended across the
sampled configuration space and was not attributable to a single favorable trial.

Table 5
Five highest-performing Stage I configurations transferred to Stage II. The configurations are ranked by minimum
validation loss at 𝑁 = 500. GeONet and DeepONet use separate sets of random seeds for model initialization. Here,
𝐵, 𝑇 , and 𝑀 denote branch, trunk, and mixer latent dimensions, respectively; WD denotes weight decay.

Rank Model Trial Preset Key architecture 𝜂 / WD Best val Epoch

1 GeONet 028 deep_trunk 𝐵 = 256, 𝑇 = 320 (6 layers), 𝑛𝑓 = 48, 𝜎𝑓 = 20 10−4 / 0 0.02267 85
2 GeONet 093 deep_trunk Same as rank 1 10−4 / 10−6 0.02272 82
3 GeONet 056 small 𝐵 = 𝑇 = 128 (3 layers), 𝑛𝑓 = 16, 𝜎𝑓 = 10 10−4 / 10−5 0.02276 98
4 GeONet 097 deep_trunk Same as rank 1 3 × 10−4 / 10−6 0.02285 86
5 GeONet 045 free 𝐵 = 384, 𝑇 = 128, 𝑀 = 320, 𝑛𝑓 = 48, 𝜎𝑓 = 10 3 × 10−4 / 10−6 0.02289 56

1 DeepONet 040 free 𝐵 = 256, 𝑇 = 384 (6 layers), 𝑛𝑓 = 0, 𝜎𝑓 = 1 3 × 10−4 / 0 0.61911 93
2 DeepONet 052 free 𝐵 = 128, 𝑇 = 384 (5 layers), 𝑛𝑓 = 4, 𝜎𝑓 = 1 3 × 10−4 / 10−5 0.62092 94
3 DeepONet 020 large 𝐵 = 𝑇 = 384 (5 layers), 𝑛𝑓 = 0 3 × 10−4 / 10−6 0.62119 84
4 DeepONet 042 free 𝐵 = 128, 𝑇 = 384 (6 layers), 𝑛𝑓 = 8, 𝜎𝑓 = 1 10−5 / 0 0.62128 59
5 DeepONet 057 large 𝐵 = 𝑇 = 384 (5 layers), 𝑛𝑓 = 0 10−5 / 0 0.62133 100
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The parameter-wise Stage I results for GeONet reveal that optimization choices had a stronger influence than
most individual width or depth settings (Fig. 4). The lowest-loss trials were concentrated at learning rates of
10−4 and 3×10−4 and at 𝑤grad = 0. By contrast, setting 𝑤grad = 0.01 or 0.03 shifted the trial distribution toward
higher validation losses. Low-loss solutions occurred across several branch, leaf, trunk, and mixer dimensions,
indicating that no single latent width was solely responsible for the Stage I optimum. Six trunk layers and 48
random Fourier feature frequencies were nevertheless associated with several of the best trials, consistent with
the strong performance of the deep_trunk configuration.

Figure 4: Parameter-wise variation in Stage I GeONet validation performance (𝑁 = 500). Best validation loss is
shown against the sampled optimization and architecture hyperparameters across the Stage I trials; marker color
also denotes validation loss. The clearest separation occurs for the learning rate and gradient-loss weight, with the
lowest losses concentrated at 𝜂 = 10−4–3 × 10−4 and 𝑤grad = 0. Low-loss trials span multiple latent dimensions and
network depths, demonstrating that favorable performance is not confined to a single model size.
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The rank-based analysis provides a complementary global view of these relationships (Fig. 5a). The gradient-
loss weight was the dominant Stage I variable (𝜌 = +0.74), followed by learning rate (𝜌 = −0.48); all
other individual correlations had |𝜌| ≤ 0.11. The positive correlation for 𝑤grad indicates increasing validation
loss as the gradient penalty increases, whereas the negative correlation for learning rate reflects the improved
performance at the upper end of the sampled range. Architecture comparisons (Fig. 5b) show overlapping
distributions and substantial within-family variability. The deep_trunk preset produced the overall optimum,
while the compact small model also reached the low-loss regime. The trial sequence (Fig. 5c) shows that
competitive solutions were recovered repeatedly rather than in one isolated search event. The learning-rate–
weight-decay projection (Fig. 5d) further confirms that the best trials occupy several weight-decay settings once
an effective learning rate is used.

Figure 5: Stage I sensitivity and architecture analysis for GeONet (𝑁 = 500). (A) Absolute Spearman rank
correlations between each sampled hyperparameter and best validation loss; bar color indicates the sign of the
reported correlation. (B) Validation-loss distributions grouped by architecture preset; orange lines and green triangles
denote medians and means, respectively. (C) Best validation loss across the 100-trial search. (D) Joint learning-
rate–weight-decay projection, with outlined markers identifying the top 10% of trials. Gradient-loss weight and
learning rate dominate the Stage I response, whereas the overlapping architecture distributions show that training
configuration and architecture interact in determining performance.

Stage II transferred and refined the five strongest Stage I configurations using 𝑁 = 5000 realizations. The
minimum GeONet validation loss decreased from 0.02267 to 0.01944, a relative reduction of 14.2%. The selected
model, trial 011, descended from the Stage I free-form configuration with branch, trunk, and mixer widths of
384, 128, and 320, respectively. The transferred deep_trunk configuration remained close, reaching 0.01951.
Together with the Stage II median of 0.02003, these results demonstrate that the reduced-data search identified
a capacity regime that transferred effectively to the full set.
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Table 6
HPO-selected configurations for the reduced- and full-data stages. Stage I champions seed the transferred
refinement, and Stage II champions are used in the subsequent full-data experiments. Latent dimensions are reported
as 𝐵∕𝐿∕𝑇 ∕𝑀 for the branch, leaf, trunk, and mixer networks; DeepONet does not contain a leaf network. WD
denotes weight decay.

Stage Model Trial Preset Latents 𝐵∕𝐿∕𝑇 ∕𝑀 𝜂 / WD / 𝑛𝑓 / 𝜎𝑓 Best val Epoch

I GeONet 028 deep_trunk 256∕192∕320∕192 10−4 / 0 / 48 / 20 0.02267 85
I DeepONet 040 free 256/–/384∕256 3 × 10−4 / 0 / 0 / 1 0.61911 93

II GeONet 011 free† 384∕128∕128∕320 10−4 / 0 / 48 / 10 0.01944 89
II DeepONet 001 free‡ 128/–/384∕256 3 × 10−4 / 10−5 / 4 / 1 0.56718 97

†Inherited from Stage I GeONet free-form trial 045 and refined at 𝑁 = 5000. ‡Inherited from the neighborhood of Stage I
DeepONet free-form trial 052 and refined at 𝑁 = 5000 with the boundary-condition loss retained. All selected runs use
GELU activations.

The Stage II parameter projections show a compact low-loss band near 0.0195–0.0203 and a smaller group of
clearly inferior trials (Fig. 6). The largest losses occur at the lowest learning rate, 10−5, and when 𝑤grad = 0.01;
the best trials again use 𝑤grad = 0 and learning rates of 10−4–3 × 10−4. Several transferred widths and depths
reach the same low-loss band, showing that full-data performance is robust within the restricted architecture pool
rather than dependent on one narrowly tuned dimension.

The Stage II sensitivity summary reinforces this interpretation (Fig. 7). Gradient-loss weight and learning rate
remain the leading variables, with correlations of +0.66 and −0.63, respectively (Fig. 7a). Correlations of +0.56
for leaf width, trunk width, and trunk depth should be interpreted within the restricted, transferred pool rather
than as independent global effects, because only 24 locally refined trials were evaluated and several settings
co-vary by construction. Among the transferred families, the free-form configurations exhibit the lowest and
tightest distribution (Fig. 7b). The trial trajectory (Fig. 7c) contains a broad cluster of near-optimal solutions,
and the two-parameter projection (Fig. 7d) places the leading trials within the same stable optimizer region
identified during Stage I.

DeepONet also benefited from transfer to the full set. Its best validation loss decreased from 0.61911 in
Stage I to 0.56718 in Stage II, an 8.4% relative reduction. The Stage II champion, trial 001, retained a wide
trunk (latent dimension 384), mild random Fourier features (𝑛𝑓 = 4, 𝜎𝑓 = 1), and a learning rate of 3 × 10−4.
Thus, unlike the classical high-RFF DeepONet baseline considered previously, the BC-focused family continued
to benefit from additional realizations, although its absolute validation loss remained substantially higher than
that of GeONet. The complete diagnostics are provided in Appendix A.12. Unless otherwise stated, subsequent
full-data experiments use GeONet Stage II trial 011 and DeepONet Stage II trial 001. The computational cost
further supports the two-stage design: 100 Stage I trials required approximately 30 GPU-hours for GeONet and 18
GPU-hours for DeepONet, whereas 24 Stage II trials required approximately 88 and 63 GPU-hours, respectively.

Table 7
Transfer of the selected model families from Stage I (𝑁 = 500) to Stage II (𝑁 = 5000). The relative change is
calculated from the best validation loss, with negative values indicating improvement. Both models benefit from
full-data refinement, while GeONet retains a substantial absolute advantage.

Model Best val (𝑁 = 500) Best val (𝑁 = 5000) Relative change

GeONet 0.02267 0.01944 −14.2%
DeepONet 0.61911 0.56718 −8.4%

4.3. Training Dynamics of the Best Models
Figure 8 compares the training and validation loss trajectories of the HPO-selected GeONet and DeepONet

models on the full-dataset. The curves are displayed over the same 50-epoch window and on a common
logarithmic loss scale, allowing their convergence behavior and loss magnitudes to be compared directly. These
models correspond to the full-data configurations selected through the two-stage HPO procedure summarized
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Figure 6: Parameter-wise variation in Stage II GeONet validation performance (𝑁 = 5000). Best validation loss
is plotted against the optimization and architecture settings evaluated during transferred refinement; marker color
denotes the same loss. Most configurations form a low-loss band near 0.0195–0.0203. The principal degradations
occur for 𝜂 = 10−5 and 𝑤grad = 0.01, while multiple latent widths and depths remain competitive within the transferred
architecture pool.
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Figure 7: Stage II sensitivity and architecture analysis for GeONet (𝑁 = 5000). (A) Absolute Spearman rank
correlations between the locally varied hyperparameters and best validation loss; bar color indicates correlation
sign. (B) Validation-loss distributions for the transferred architecture families, with medians and means shown by
orange lines and green triangles, respectively. (C) Best validation loss across the 24 refinement trials. (D) Learning-
rate–weight-decay projection with the top 10% of trials outlined. The results identify a broad near-optimal regime
and confirm that learning rate and gradient-loss weight remain the dominant optimization controls after transfer.
Correlations are descriptive of the restricted Stage II pool and are not interpreted as independent causal effects.
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in Tables 4 and 6. GeONet exhibits a rapid reduction in training loss during the first few epochs, followed by a
slower refinement regime in which the loss continues to decrease toward approximately 2 × 10−2 (Fig. 8a). Its
validation trajectory follows a similar pattern: after the initial decrease, the loss remains close to the training curve
and fluctuates within a narrow low-loss range (Fig. 8b). This behavior is consistent with the Stage II HPO results,
for which the selected GeONet configuration attained a minimum validation loss of 0.01944 (Table 6). The close
proximity of the training and validation trajectories after the initial transient indicates stable optimization without
a pronounced divergence between fitting and held-out performance over the displayed training interval.

DeepONet exhibits a markedly different optimization regime. Its training and validation objectives decrease
only modestly after the initial epochs and subsequently remain near a substantially higher plateau of approxi-
mately 0.55–0.60 over the displayed interval (Fig. 8). This behavior is consistent with the Stage II HPO results,
where the selected DeepONet configuration attained a minimum validation loss of 0.56718 (Table 6). The Stage I
and Stage II searches both showed this separation: increasing the training cohort from 𝑁 = 500 to 𝑁 = 5000
reduced the best validation loss from 0.02267 to 0.01944 for GeONet and from 0.61911 to 0.56718 for DeepONet
(Table 7). Thus, the different loss regimes observed in Fig. 8 are consistent with the broader HPO results rather
than being specific to a single training trajectory. The absolute loss magnitudes should nevertheless be interpreted
in the context of the model-specific training objectives. The selected GeONet configuration uses 𝑤grad = 0, such
that its objective reduces to the pressure MSE defined in Eq. 20. DeepONet, in contrast, is trained with the
pressure MSE together with the Dirichlet boundary-condition penalty defined in Eq. 21. Consequently, Fig. 8 is
most informative as a comparison of optimization behavior and the objective values attained by the HPO-selected
configurations, rather than as a direct decomposition of pressure-prediction error alone. Prediction accuracy
in physical units is evaluated separately using the test-set metrics and spatial error analyses presented in the
subsequent sections.

Figure 8: Training dynamics of the HPO-selected GeONet and DeepONet models. (a) Training loss and (b)
validation loss over the first 50 epochs of full-data training. Both panels use the same logarithmic loss scale to
facilitate comparison of convergence behavior and objective magnitude. GeONet undergoes a rapid initial decrease
followed by gradual refinement in a low-loss regime, whereas DeepONet reaches a substantially higher loss plateau.
Because the selected models use different training objectives, the absolute loss values should be interpreted as
model-specific optimization objectives rather than as directly equivalent pressure-error metrics.

4.4. GeONet preserves geometry-induced pressure structure
Figure 9 compares the predicted pressure fields with the corresponding PFLOTRAN solutions for three

unseen RCP geometries. Each realization exhibits a general pressure decline from the high-pressure boundary
on the left to the low-pressure boundary on the right. However, the detailed shape of this decline varies among
the domains because the connected pore space, solid boundaries, and local constrictions redistribute the pressure
gradient.

DeepONet captures the dominant left-to-right pressure trend but does not reproduce the full spatial extent
of the high-pressure region. Across the three simulations, its interior predictions are shifted toward lower
pressure values, producing broader green and cyan regions where the PFLOTRAN solutions retain red, orange,
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Figure 9: Pressure-field reconstruction for three unseen heterogeneous RCP domains. PFLOTRAN reference
solutions (left column) are compared with DeepONet (center column) and GeONet (right column) predictions
for test simulations 91, 95, and 99, shown from top to bottom. Gray regions denote the solid phase and are excluded
from the pressure comparison. All panels use the same pressure scale, ranging from 1.0 to 2.0 MPa. DeepONet
reproduces the overall inlet-to-outlet pressure decline but underestimates the spatial extent and magnitude of the
high-pressure region and introduces localized artifacts near the inlet boundary. GeONet more accurately reconstructs
the pressure magnitude, irregular contours, and geometry-dependent spatial variations observed in the PFLOTRAN
solutions across all three test domains.
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or yellow pressure levels. The DeepONet fields also contain localized high-pressure artifacts along portions of
the inlet boundary, most visibly in simulations 95 and 99. Although the predicted contours respond partly to the
domain mask, their pressure magnitudes and spatial transitions differ appreciably from the reference solutions.
In contrast, GeONet closely reproduces both the magnitude and spatial organization of the PFLOTRAN
pressure fields. The high-pressure regions near the inlet extend through the connected pore space with shapes
comparable to the reference solutions, while the intermediate-pressure contours follow the irregular solid–
void boundaries across the domain. GeONet also preserves localized variations associated with constricted and
tortuous flow pathways without introducing the pronounced inlet artifacts observed in the DeepONet predictions.
The consistency of this behavior across three geometrically distinct test domains demonstrates that explicit
geometry encoding improves the reconstruction of pressure fields governed by pore-network structure.

4.5. Distribution and profile analyses show reduced bias
Figure 10 compares histograms from the reference PFLOTRAN simulations, the GeONet predictions, and the

DeepONet predictions. The GeONet histograms preserve the broad pressure range from approximately 1.0×106
to 2.0 × 106 Pa, including the low- and high-pressure tails. The DeepONet histograms are shifted toward lower
pressures and contain substantially fewer values above approximately 1.65 × 106 Pa, indicating that the baseline
model underrepresents the high-pressure region and compresses the solution variability.

Figure 10: Pressure-value distributions for PFLOTRAN, GeONet, and DeepONet. The top, middle, and bottom
rows correspond to simulations 91, 95, and 99, respectively, while the columns show the pore-space pressure
distributions for the PFLOTRAN reference solution, GeONet prediction, and DeepONet prediction. Soil-matrix cells
are masked and excluded from all distributions. Across all three simulations, GeONet preserves the broad reference
pressure range and more closely reproduces the heterogeneous distribution structure. In contrast, DeepONet shifts the
distributions toward lower pressures and substantially underrepresents the high-pressure portion of the PFLOTRAN
solutions.
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The top, middle, and bottom rows correspond to simulations 91, 95, and 99, respectively, while the columns
show the pore-space pressure distributions for the PFLOTRAN reference solution, GeONet prediction, and
DeepONet prediction. Solid cells are masked and excluded from all distributions.

Table 8
Pressure-distribution summary statistics calculated using values within the fluid region. Mean pressure and standard
deviation are normalized by the corresponding mean reference pressure, such that the normalized reference mean
equals 1.

True GeONet DeepONet

Simulation Mean Std. dev. Mean Std. dev. Mean Std. dev.

91 1.0000 0.1887 1.0101 0.1912 0.9155 0.1376
95 1.0000 0.1834 0.9992 0.1923 0.9032 0.1337
99 1.0000 0.2155 1.0232 0.2236 0.9089 0.1417

Figure 11 further compares the prediction-error distributions and one-dimensional pressure profiles. Across
all three simulations, the GeONet error distributions are more tightly concentrated near zero, whereas the
DeepONet errors are broader and predominantly shifted toward negative values. This shift confirms that
DeepONet systematically underestimates the pressure magnitude. Along the horizontal midline at 𝑌 = 0.10 m,
both models reproduce the overall inlet-to-outlet pressure decline. However, the DeepONet profiles remain
below the GeONet profiles across most connected fluid segments, consistent with the negative bias observed
in the error distributions. Along the vertical midline at 𝑋 = 0.10 m, GeONet retains the higher pressure levels
associated with the reference fields, whereas DeepONet substantially underestimates the pressure across all three
simulations. Gaps in the profiles correspond to intersections of the midlines with masked solid regions.

Together, the distribution and profile results show that GeONet does more than reduce the average error. It
preserves the physically important portions of the solution that are most strongly affected by geometry, including
the broad pressure range, localized variations, and heterogeneous pressure distributions.

Table 9
One-to-one agreement metrics for Figure 12, evaluated within the fluid region. MAPE is reported as a percentage.

GeONet DeepONet

Simulation NRMSE MAPE (%) 𝑅2 NRMSE MAPE (%) 𝑅2

91 0.0500 2.59 0.9673 0.1483 7.81 0.7126
95 0.0381 1.76 0.9806 0.1615 8.88 0.6522
99 0.0414 2.10 0.9822 0.2040 10.45 0.5658

The one-to-one comparisons reinforce the distribution and profile analyses. GeONet remains closely aligned
with the reference pressure across the full range, with NRMSE values of 0.0381–0.0500, MAPE values of 1.76–
2.59%, and 𝑅2 values of 0.9673–0.9822. DeepONet increasingly deviates below the identity line as the reference
pressure increases, confirming that its largest errors arise in the high-pressure portion of the solution.

4.6. GeONet generalizes to unseen RCP geometries
A useful geometry-encoded operator must generalize to chip layouts that were not observed during training.

Figure 13 evaluates GeONet on three higher-index RCP geometries held out from model training and selection.
In all three cases, the predicted pressure fields reproduce the global inlet-to-outlet pressure drop and the local
pressure variations induced by the pore structure.

For simulation 460, GeONet achieves NRMSE = 0.0616, MAPE = 3.42%, and 𝑅2 = 0.9625. The
predicted field reproduces the overall pressure range and the geometry-dependent progression of the pressure
contours, although localized deviations are visible in the one-to-one comparison. GeONet produces its strongest
performance for simulation 461, with NRMSE = 0.0448, MAPE = 2.29%, and 𝑅2 = 0.9770. The one-
to-one distribution remains closely aligned with the diagonal across most of the pressure range, and the
predicted field accurately preserves the broad high-pressure region and its transition toward the outlet. For
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Figure 11: Error distributions and pressure-profile comparisons. The top, middle, and bottom rows correspond
to simulations 91, 95, and 99, respectively. The left column shows histograms of prediction errors relative to the
PFLOTRAN reference solutions. GeONet errors remain more tightly concentrated near zero, while DeepONet errors
span a broader range and exhibit a predominantly negative bias. The middle column compares GeONet and DeepONet
pressure profiles along the horizontal domain midline, 𝑌 = 0.10 m, and the right column presents the corresponding
profiles along the vertical midline, 𝑋 = 0.10 m. Gaps in the profiles denote masked solid regions. Across all three test
simulations, DeepONet systematically underestimates pressure relative to GeONet, particularly along the vertical
midline.

Table 10
Prediction-agreement metrics for the higher-index held-out RCP geometries shown in Figure 13. MAPE is reported
as a percentage.

Simulation NRMSE MAPE (%) 𝑅2

460 0.0616 3.42 0.9625
461 0.0448 2.29 0.9770
462 0.0676 3.14 0.9511
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Figure 12: One-to-one comparison of predicted and reference pressures for GeONet and DeepONet. The top,
middle, and bottom rows correspond to simulations 91, 95, and 99, respectively, while the left and right columns
show GeONet and DeepONet predictions. The black dashed line represents perfect agreement between the predicted
and PFLOTRAN reference pressures. GeONet predictions remain closely distributed around the one-to-one line across
all three simulations, resulting in lower NRMSE and MAPE values and higher 𝑅2. In contrast, DeepONet increasingly
underpredicts pressure at higher reference values and exhibits weaker overall agreement with the PFLOTRAN
solutions.

M.L. Mamud et al.: Manuscript submitted to Elsevier: Engineering Applications of Artificial Intelligence Page 26 of 67



GeONet for Predicting Flow in Heterogeneous Porous Media

Figure 13: Pressure reconstruction for higher-index held-out RCP geometries. The top, middle, and bottom rows
correspond to simulations 460, 461, and 462, respectively. The left and middle columns show the PFLOTRAN
reference pressure fields and GeONet predictions, while the right column presents the corresponding one-to-one
comparisons evaluated within the fluid region. Gray regions denote the solid phase. GeONet accurately reconstructs
the dominant pressure gradients, irregular contours, and geometry-induced spatial variations across the three held-out
RCP domains. The predicted pressures remain closely distributed around the one-to-one line, with NRMSE values
of 0.0448–0.0676, MAPE values of 2.29–3.42%, and 𝑅2 values of 0.9511–0.9770.

M.L. Mamud et al.: Manuscript submitted to Elsevier: Engineering Applications of Artificial Intelligence Page 27 of 67



GeONet for Predicting Flow in Heterogeneous Porous Media

simulation 462, GeONet achieves NRMSE = 0.0676, MAPE = 3.14%, and 𝑅2 = 0.9511. Despite the
moderately larger scatter around the one-to-one line, the model preserves the dominant inlet-to-outlet pressure
decline, overall pressure range, and geometry-dependent spatial organization of the reference solution. The
consistent performance across these higher-index, structurally distinct geometries indicates that the model has
learned a transferable geometry-conditioned operator rather than memorizing individual training domains. These
generalization tests are important because practical LoC and porous-media applications frequently involve new
geometries, permeability arrangements, and experimental designs. The results indicate that GeONet can transfer
learned relationships among geometry, material heterogeneity, and pressure response across previously unseen
RCP domains.

4.7. Computational Analysis and Data Efficiency
The practical utility of a neural-operator surrogate depends not only on its predictive accuracy but also on

the computational resources required to generate reference data, train the model, and subsequently deploy it. For
GeONet, the computational workflow involves a substantial upfront investment in high-fidelity PFLOTRAN
simulations followed by the considerably smaller cost of training the surrogate. We therefore evaluate how
GeONet training scales with dataset size and hardware configuration and examine the resulting trade-off between
computational cost and predictive accuracy. The analysis is performed independently on the EMSL Tahoma (e.g.,
using NVIDIA Tesla V100) and PNNL Deception (e.g., using NVIDIA A100) high-performance computing
(HPC) platforms using both GPU-accelerated and CPU-only training, providing a cross-platform assessment of
computational scaling, convergence behavior, and data efficiency.

4.7.1. Data Generation Cost
The dataset used in this study comprises approximately 5,000 high-resolution PFLOTRAN simulations of

heterogeneous RCP domains and occupies approximately 30 TB of storage. Generating the reference dataset
required approximately 13 million CPU core-hours on the EMSL Tahoma HPC system. A representative
PFLOTRAN realization required approximately two days on two compute nodes, with 36 CPU cores per node.
Construction of the supervised dataset therefore represents a substantial one-time computational investment. This
cost provides an important motivation for developing a surrogate model. The high-fidelity simulations encode the
relationships among pore geometry, heterogeneous material properties, and the resulting pressure response. Once
these relationships have been learned by GeONet, the trained operator can be reused for subsequent predictions
without repeatedly solving the high-fidelity flow problem. An important practical consideration is therefore how
much of this computationally expensive training dataset is required to obtain useful predictive accuracy. The
following experiments address this question by jointly examining training cost and test-set performance as the
training-data fraction is varied.

4.7.2. Training Computational Cost
GeONet was trained on the EMSL Tahoma and PNNL Deception HPC platforms using both GPU-accelerated

and CPU-only configurations. The implementation uses JAX with Flax and Optax, together with just-in-time
(JIT) compilation and XLA optimization. To isolate the effects of dataset size and computational hardware,
all experiments used the same model configuration and optimization protocol, including AdamW optimization,
cosine-decay learning-rate scheduling with warmup, gradient clipping, coordinate sampling, and a maximum
training budget of 100 epochs. GeONet was trained using 20%, 40%, 60%, 80%, and 100% of the available
training data, while the validation and test sets were held fixed across experiments. The measured wall-clock
training times are summarized in Table 11 and visualized in Figure 14. Training time increases approximately
proportionally with the amount of training data for both platforms and hardware configurations. On Tahoma,
increasing the training fraction from 20% to 100% increases GPU training time from 39 min 19 s to 3 h 33 min 35 s
and CPU training time from 6 h 19 min 46 s to 38 h 23 min 30 s. On Deception, the corresponding GPU training
time increases from 42 min 42 s to 3 h 16 min 2 s, whereas CPU training increases from 12 h 25 min 14 s to
61 h 7 min 57 s (Table 11).

GPU acceleration substantially reduces the wall-clock cost throughout the investigated data range. Based on
the measured times in Table 11, the CPU-to-GPU speedup is approximately 9.7–11.5× on Tahoma and 16.2–
18.7× on Deception (Figure 14). At the full data scale, GPU acceleration reduces the 100-epoch training time
from approximately 38.4 h to 3.6 h on Tahoma and from approximately 61.1 h to 3.3 h on Deception. The larger
relative speedup observed on Deception results primarily from its higher CPU-only wall-clock cost rather than
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Table 11
Wall-clock training time for GeONet over 100 epochs as a function of training-data fraction on the Tahoma and
Deception HPC platforms. GPU-accelerated and CPU-only configurations use the same training protocol and model
configuration. All values are measured wall-clock times from completed training runs.

Training data (%) Tahoma GPU Tahoma CPU Deception GPU Deception CPU

20 39m 19s 6h 19m 46s 42m 42s 12h 25m 14s
40 1h 14m 9s 14h 10m 42s 1h 18m 37s 24h 15m 51s
60 2h 4m 10s 21h 11m 3s 2h 8m 43s 34h 40m 8s
80 2h 46m 54s 27h 17m 0s 2h 47m 25s 46h 36m 14s
100 3h 33m 35s 38h 23m 30s 3h 16m 2s 61h 7m 57s

from uniformly faster GPU execution. Indeed, GPU training times on the two systems are comparable: Tahoma
is slightly faster for the 20–80% data fractions, whereas Deception is faster for the full-data experiment. These
results demonstrate that the magnitude of GPU acceleration depends on the underlying HPC configuration, while
the approximately proportional scaling of training time with dataset size is observed on both systems.

Figure 14: Computational scaling of GeONet training on the Tahoma (top) and Deception (bottom) HPC platforms.
(a) Total wall-clock time for 100 training epochs as a function of training-data fraction for GPU and CPU execution.
(b) CPU-to-GPU wall-clock speedup, with the dashed line indicating the mean speedup across the evaluated data
fractions. Training time increases approximately proportionally with dataset size, while GPU acceleration substantially
reduces the computational cost on both platforms.
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Figure 15 compares validation-loss convergence across training-data fractions, platforms, and computational
backends. For all configurations, validation loss decreases sharply during approximately the first 5–10 epochs
and subsequently enters a slower refinement regime. The GPU and CPU trajectories exhibit similar qualitative
behavior on both Tahoma and Deception, indicating that changing the computational backend primarily affects
wall-clock time rather than the overall optimization trajectory. Models trained with larger data fractions generally
attain lower validation losses, with the 100% models reaching the lowest values on both HPC platforms. The
60% and 80% trajectories are considerably closer, indicating diminishing separation among intermediate-to-large
training fractions. The similarity of the convergence behavior across Tahoma and Deception further demonstrates
that the observed optimization characteristics are reproducible across the two investigated HPC environments.

Figure 15: Validation-loss convergence for GeONet across training-data fractions. The top and bottom rows
correspond to Tahoma and Deception, respectively, while the left and right columns correspond to GPU and CPU
training. Stars denote the epochs attaining the minimum validation loss. Across configurations, validation loss
decreases rapidly during the initial 5–10 epochs and subsequently enters a slower refinement regime.

4.7.3. Data-Scaling Effects on Model Accuracy
The relationship between training-data volume and predictive accuracy is summarized in Tables 12 and 13

and visualized in Figures 16 and 17. The tables report NRMSE, MAPE, and 𝑅2 as mean ± standard deviation
over 20 held-out test samples. Figure 16 additionally compares the best validation loss and test-set 𝑅2 as the
training-data fraction increases. GeONet exhibits substantial data efficiency. Even when trained using only 20%
of the available data, the model achieves mean 𝑅2 values between 0.9761 and 0.9781 across the four platform–
device combinations, while mean MAPE remains between 2.11% and 2.23% (Tables 12 and 13). Thus, models
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trained with only one fifth of the available corpus already capture most of the spatial variability in the held-out
pressure fields while maintaining a mean percentage error close to 2%.

Figure 16: Data-scaling behavior of GeONet on the Tahoma (top) and Deception (bottom) HPC platforms. (a)
Best validation loss as a function of training-data fraction. (b) Test-set 𝑅2 as a function of training-data fraction for
GPU- and CPU-trained models; shaded regions represent variability across the held-out test realizations. Validation
loss generally decreases as the training-data fraction increases, whereas test-set 𝑅2 remains above 0.97 across all
configurations and reaches its highest mean values with the complete training set.

Increasing the training-data fraction produces an overall improvement in predictive performance, although
the relationship is not strictly monotonic. The 60% models generally improve upon the 20% and 40% configura-
tions, whereas the 80% models exhibit a temporary degradation in NRMSE, MAPE, and 𝑅2 before performance
improves again at 100% (Tables 12 and 13; Figures 16 and 17). For example, on Tahoma GPU, mean NRMSE
decreases from 0.0506 at 20% data to 0.0464 at 60%, increases to 0.0540 at 80%, and then decreases to 0.0453
with the complete training set. A similar response is observed for the Tahoma CPU and Deception configurations.
The consistency of this intermediate fluctuation across the experiments indicates that predictive performance
should be assessed using held-out validation and test statistics rather than assuming that every increment in
training-data volume necessarily produces a lower test error. The complete training corpus nevertheless provides
the best overall performance. On Tahoma, the 100% models attain NRMSE values of 0.0453 ± 0.0172 and
0.0436 ± 0.0177 for GPU and CPU training, respectively, with corresponding 𝑅2 values of 0.9798 ± 0.0171
and 0.9810 ± 0.0160 (Table 12). On Deception, the GPU- and CPU-trained models attain NRMSE values of
0.0433 ± 0.0158 and 0.0448 ± 0.0170, respectively, while 𝑅2 reaches 0.9817 ± 0.0135 and 0.9802 ± 0.0166
(Table 13). Mean MAPE for the full-data models ranges from 1.77% to 1.86% across the four configurations.
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Table 12
Test-set prediction accuracy for GeONet trained on Tahoma as a function of training-data fraction. Values represent
mean ± standard deviation over 20 held-out test samples. GPU- and CPU-trained models exhibit closely comparable
predictive accuracy across the evaluated data fractions.

Metric 20% 40% 60% 80% 100%

NRMSE (GPU) 0.0506 ± 0.0154 0.0502 ± 0.0126 0.0464 ± 0.0127 0.0540 ± 0.0194 0.0453 ± 0.0172
NRMSE (CPU) 0.0480 ± 0.0166 0.0504 ± 0.0100 0.0466 ± 0.0124 0.0518 ± 0.0178 0.0436 ± 0.0177

MAPE (%) (GPU) 2.23 ± 0.52 2.12 ± 0.51 1.93 ± 0.48 2.24 ± 0.86 1.86 ± 0.70
MAPE (%) (CPU) 2.11 ± 0.50 2.10 ± 0.39 1.94 ± 0.47 2.12 ± 0.74 1.77 ± 0.69

𝑅2 (GPU) 0.9761 ± 0.0143 0.9754 ± 0.0126 0.9786 ± 0.0135 0.9705 ± 0.0240 0.9798 ± 0.0171
𝑅2 (CPU) 0.9781 ± 0.0162 0.9757 ± 0.0099 0.9786 ± 0.0132 0.9735 ± 0.0188 0.9810 ± 0.0160

Table 13
Test-set prediction accuracy for GeONet trained on Deception as a function of training-data fraction. Values represent
mean ± standard deviation over 20 held-out test samples. GPU- and CPU-trained models exhibit closely comparable
predictive accuracy across the evaluated data fractions.

Metric 20% 40% 60% 80% 100%

NRMSE (GPU) 0.0503 ± 0.0162 0.0512 ± 0.0117 0.0471 ± 0.0121 0.0530 ± 0.0193 0.0433 ± 0.0158
NRMSE (CPU) 0.0503 ± 0.0158 0.0511 ± 0.0108 0.0474 ± 0.0129 0.0522 ± 0.0189 0.0448 ± 0.0170

MAPE (%) (GPU) 2.21 ± 0.56 2.16 ± 0.46 1.96 ± 0.46 2.18 ± 0.84 1.78 ± 0.64
MAPE (%) (CPU) 2.17 ± 0.52 2.13 ± 0.42 1.96 ± 0.51 2.17 ± 0.82 1.86 ± 0.69

𝑅2 (GPU) 0.9761 ± 0.0154 0.9746 ± 0.0123 0.9782 ± 0.0130 0.9717 ± 0.0221 0.9817 ± 0.0135
𝑅2 (CPU) 0.9761 ± 0.0153 0.9750 ± 0.0107 0.9777 ± 0.0136 0.9725 ± 0.0234 0.9802 ± 0.0166
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The GPU- and CPU-trained models exhibit close agreement at a fixed training-data fraction. At 100% data,
for example, the difference between GPU and CPU mean 𝑅2 is approximately 0.0012 on Tahoma and 0.0015
on Deception. Similar agreement is observed for NRMSE and MAPE (Tables 12 and 13). These differences
are small relative to the corresponding test-set standard deviations. Figures 16 and 17 further show that the
GPU and CPU accuracy trends closely track one another as the training fraction changes. Consequently, the
principal advantage of GPU execution in these experiments is the substantial reduction in wall-clock training
time rather than a systematic improvement in the predictive accuracy of the converged model. The similarity
between the Tahoma and Deception results provides an additional measure of computational reproducibility.
Both platforms exhibit comparable validation-loss scaling (Figure 16), similar GPU–CPU agreement in test
accuracy (Tables 12 and 13), and the same qualitative response to increasing training-data fraction. Within the
hardware and training configurations investigated here, the data-efficiency behavior is therefore reproducible
across the two HPC environments.

Figure 17: Test-set prediction accuracy versus training-data fraction for GeoNet models trained on Tahoma (top)
and Deception (bottom). Columns show GPU- and CPU-trained models, respectively. Prediction quality is quantified
using normalized root-mean-square error (NRMSE), mean absolute percentage error (MAPE), and coefficient of
determination (𝑅2). Shaded bands indicate variability across held-out test realizations. The GPU- and CPU-trained
models exhibit comparable data-scaling trends, indicating that the training device has negligible influence on
predictive accuracy. Increasing the training-data fraction yields modest improvements, with the full training set
achieving the best overall performance.

Figure 18 complements the aggregate accuracy metrics by showing the distribution of per-sample mean
relative prediction error over the held-out test realizations. The error distributions remain concentrated at
relatively low values for all training fractions, including the 20% models. The full-data models generally exhibit
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lower central errors, particularly for the GPU runs, although the widths of the distributions do not decrease
monotonically with increasing data fraction. The 80% configurations exhibit broader variability and several
larger-error realizations, consistent with the temporary degradation observed in Tables 12 and 13 and Figure 17.
The subsequent improvement at 100% data shows that the complete training corpus provides lower mean errors
and strong overall predictive performance, while the intermediate fluctuations emphasize the importance of
evaluating data efficiency across multiple held-out realizations rather than relying on a single aggregate statistic.

Figure 18: Distribution of per-sample mean relative prediction error across held-out test realizations for Tahoma
(left) and Deception (right). Box plots show the distributions obtained with GPU- and CPU-trained models at each
training-data fraction. The full-data models generally exhibit lower central errors, whereas the intermediate fractions
show non-monotonic variation in error spread and several higher-error test realizations.

Taken together, the computational and predictive results reveal a favorable accuracy–cost trade-off. Training
with 20% of the available data requires only 39 min 19 s on Tahoma GPU and 42 min 42 s on Deception GPU
(Table 11), while retaining mean 𝑅2 values of approximately 0.976–0.978 and MAPE values of approximately
2.1–2.2% (Tables 12 and 13). This reduced-data regime therefore provides an efficient setting for computa-
tionally intensive model-development activities such as architecture screening and hyperparameter exploration.
Increasing the training fraction to 60% requires approximately 2.1 h of GPU training on either platform and
yields mean 𝑅2 values near 0.978 and MAPE values of approximately 1.9–2.0%. At the full data scale, training
requires approximately 3.6 h on Tahoma GPU and 3.3 h on Deception GPU and provides the best overall
test performance, with mean 𝑅2 near 0.98 and MAPE near 1.8% (Tables 11–13). These results show that the
training-data fraction can be selected according to the available computational budget and required predictive
fidelity: reduced subsets provide an efficient environment for model development, whereas the complete dataset
is preferable when minimizing predictive error is the primary objective.

4.7.4. Inference Cost and Prediction Efficiency
The computational advantage of GeONet becomes particularly relevant after the one-time costs of high-

fidelity data generation and surrogate training have been incurred. As discussed in Section 4.7.1, a representative
PFLOTRAN realization requires approximately two days on two 36-core compute nodes. By comparison, the
complete 100-epoch GeONet training procedure requires approximately 3.3–3.6 h on the GPU configurations
considered here (Table 11 and Figure 14). Once this training stage is complete, predictions for additional input
realizations are obtained through evaluation of the learned neural operator rather than through repeated numerical
solution of the governing flow equations. This distinction is particularly relevant for applications that require
repeated forward evaluations, including uncertainty quantification, sensitivity analysis, inverse modeling, and
design-space exploration. In such applications, the substantial cost of constructing the PFLOTRAN training
corpus can be amortized over repeated use of the trained surrogate. Moreover, because GeONet represents
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the solution through spatial query coordinates, the trained model provides a coordinate-based mechanism for
evaluating the predicted pressure field for new input realizations.

The present computational experiments quantify high-fidelity data-generation and model-training costs but
do not include a controlled inference-latency benchmark. Consequently, a numerical inference speedup relative to
PFLOTRAN is not reported. Establishing such a value would require direct measurements of GeONet inference
latency and throughput under specified hardware, batch-size, and spatial-resolution conditions. The results
reported here nevertheless demonstrate that the dominant computational investment is concentrated in generation
of the high-fidelity reference data, after which GeONet provides a reusable learned representation for subsequent
pressure-field evaluation.

4.7.5. Practical Computational Implications
The combined results in Table 11, Tables 12–13, and Figures 16–18 provide practical guidance for selecting

computational resources and training-data volume. GPU acceleration is particularly advantageous for full-scale
model development, reducing wall-clock training time by approximately one order of magnitude on Tahoma
and by more than an order of magnitude on Deception. CPU-only training remains feasible for reduced-data
experiments, but the difference becomes substantial at full scale, where CPU training requires approximately
38.4 h on Tahoma and 61.1 h on Deception compared with approximately 3.6 h and 3.3 h, respectively, on GPU
(Table 11 and Figure 14).

For exploratory model development, the 20% data configuration provides a particularly efficient operating
regime because it completes in less than 45 minutes on either GPU platform while retaining mean𝑅2 > 0.976 and
MAPE below 2.3% (Tables 12 and 13). The 60% configuration provides an intermediate regime, reducing MAPE
to approximately 2% while requiring only about 2.1 h of GPU training. The complete training set provides the
highest overall predictive accuracy at a GPU cost of approximately 3–4 h. This separation between inexpensive
reduced-data experiments and full-data training is useful for workflows in which multiple architectures or
optimization configurations must be evaluated before selecting a final model.

Finally, the approximately proportional increase in wall-clock time with training-data fraction in Figure 14
provides a practical basis for estimating the computational resources required for larger training campaigns. The
convergence curves in Figure 15 further show that most of the reduction in validation loss occurs during the early
stage of optimization, followed by slower refinement. Validation-based early stopping may therefore provide an
additional mechanism for reducing training cost, particularly during exploratory experiments. For final models,
however, the stopping criterion should be determined from validation performance rather than from a fixed epoch
threshold because the epoch attaining the minimum validation loss varies with training-data fraction, platform,
and computational backend.

4.8. Limitations
The present study focuses on steady-state pressure prediction for single-phase flow in RCP geometries

generated using PFLOTRAN. While the held-out tests demonstrate strong generalization across previously
unseen RCP configurations, the current evaluation remains within the broader class of geometries and physical
conditions represented in the training data. Future work will extend GeONet to experimentally derived porous-
media geometries. This includes X-ray computed tomography and other chemical imaging modalities (e.g.,
Scanning Electron Microscopy coupled with Energy-Dispersive X-ray Spectroscopy, Matrix-Assisted Laser
Desorption/Ionization), as well as domains with greater morphological and material complexity (e.g., critical
minerals embedded in the chip). The existing dataset also contains tracer-transport information, providing a
natural pathway to extend the framework toward transient transport, coupled flow–transport processes, and
ultimately more complex multiphysics applications.

The current implementation is primarily supervised and deterministic, with the reported model optimized
for pressure-field reconstruction. Future developments will investigate physics- and conservation-informed
objectives, uncertainty quantification, and out-of-distribution diagnostics to further improve model reliability
when applied to new experimental conditions. Future studies will further evaluate the contribution of individual
GeONet components, including the Leaf Network, local geometric descriptors, Fourier features, and DeepMixer
fusion architecture. Finally, systematic benchmarking of inference time, memory requirements, and scalability
across multiscale problems will help quantify GeONet’s computational advantages and establish its practical
applicability to experimental design, uncertainty analysis, inverse modeling, and real-time digital-twin applica-
tions.
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4.9. Discussion related to experimental data toward multi-physics model calibration
The simulation-based analyses presented above demonstrate that GeONet can learn geometry-conditioned

pressure fields across heterogeneous RCP domains. An important step toward experimentally constrained
prediction is to connect this framework with pore structures and flow responses measured directly from
physical samples. To explore this connection, future work will use complementary X-ray computed tomography
(XCT), pore-network analysis, and Pore2Chip experiments [45] on soil aggregates before and after freeze–thaw
disturbance. The experimental workflow translates three-dimensional changes in pore architecture into reduced-
complexity micromodels that retain key structural characteristics of the original pore network. Rather than select-
ing an arbitrary two-dimensional slice from the XCT volume, which may not adequately represent disturbance-
induced structural changes, Pore2Chip extracts pore-network characteristics such as pore-size distributions, pore-
throat-size distributions, and pore coordination numbers, and uses these descriptors to construct experimentally
realizable micromodels. In this way, the platform provides a controlled bridge between the complex three-
dimensional pore structure observed by XCT and laboratory-scale flow and transport experiments.
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Figure 19: Experimental characterization of the undisturbed soil pore network and its corresponding Pore2Chip
micromodel. The micromodel (upper left) represents the pore structure used for controlled flow experiments, with
flow imposed from the inlet to the outlet. We will use these experimental data in subsequent modeling work in
PFLOTRAN. The lower panels show the pore coordination number distribution and pore throat diameter distribution
derived from pore-network analysis. The resolved pore throat distribution exhibits a dominant peak near approximately
35 𝜇m. The three-dimensional XCT-based visualization of a soil core (right) illustrates the spatial organization and
connectivity of the pore structure before disturbance.

The before–after comparison reveals clear changes in pore-network organization following disturbance (see
Figure 19). In the undisturbed sample, the pore network exhibits a broader distribution of coordination numbers,
reflecting a larger fraction of multiply connected pores and a greater diversity of potential flow pathways.
Following freeze–thaw disturbance, the distribution shifts toward lower coordination numbers, with a larger
fraction of singly connected pores. This structural change matters because coordination number directly reflects
network connectivity. That is, reduced pore coordination decreases the number of alternative pathways for
fluid redistribution and can increase bulk-flow sensitivity to individual pore throats or local bottlenecks. The
XCT reconstructions qualitatively support this interpretation by showing substantial reorganization of the pore
structure following disturbance. These observations are consistent with the underlying Pore2Chip motivation that
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disturbance modifies not only pore volume but also the connectivity and topology of the pore network, which
we will use to calibrate the PFLOTRAN multiphysics model in future work.
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Figure 20: Experimental characterization of the disturbed soil pore network and its corresponding Pore2Chip
micromodel. The micromodel (upper left) represents the altered pore structure following disturbance and provides
a controlled platform for examining the resulting flow response. Different colors in the right figure show the
connected pore network with (or including) water- and air-filled pores. Pore network analysis (bottom figures)
shows a shift toward lower pore coordination numbers and a change in the pore-throat diameter distribution, with the
dominant resolved peak near 25 𝜇m. The three-dimensional XCT-based rendering (right) illustrates the corresponding
reorganization of the pore structure following disturbance on the same soil core.

Changes in pore-throat geometry provide a complementary description of this structural response. The
resolved pore-throat-size distribution before disturbance shows a dominant peak near 35 𝜇m, whereas the
corresponding distribution after disturbance shifts toward 25 𝜇m. A shift toward smaller characteristic pore
throats can increase hydraulic resistance and alter flow partitioning among connected pathways. When combined
with the observed increase in low-coordination pores, these changes provide a physically plausible explanation
for the slower flow behavior observed in the disturbed Pore2Chip experiments. The experimental results
therefore indicate that disturbance can affect flow by reducing network connectivity and modifying constrictions
connecting neighboring pores. At the same time, pore-throat statistics close to the XCT resolution limit should
be interpreted with care because changes in feature detectability can influence the extracted pore-network
distributions. The experimental analysis therefore motivates using multiple complementary descriptors rather
than relying on a single geometric metric to characterize disturbance.

These experimental observations reinforce the central hypothesis underlying GeONet: a porous system’s
response depends not only on material properties such as porosity and permeability, but also on the spatial
arrangement and connectivity of the pore domain. In GeONet, these complementary sources of information
are represented explicitly through separate modeling pathways. The Leaf Network represents the solid–void
geometry, the Branch Network represents hydraulic material properties, and the Trunk Network provides the
spatial query location together with local geometric descriptors. The predicted pressure at each query location
is determined by the combined representation of pore geometry, material properties such as porosity and
permeability, and local spatial information. The disturbance experiments illustrate why this separation matters:
two systems may have comparable bulk properties but differ substantially in pore coordination number, pore
throat-size distribution, and pore network connectivity, leading to different flow responses.
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The combined XCT–Pore2Chip dataset also provides a pathway toward experimentally constrained model
calibration. Segmented XCT or Pore2Chip geometries can provide direct geometric inputs to the Leaf Network,
while experimentally estimated porosity and effective hydraulic properties can constrain the Branch inputs.
Measured inlet and outlet conditions define the hydraulic forcing, and micromodel observations provide
independent quantities against which PFLOTRAN and GeONet predictions can be evaluated. In this workflow,
uncertain parameters such as effective permeability can be adjusted so simulated and observed hydraulic
responses are mutually consistent. Pore-network descriptors, including coordination number and pore-throat-
size distributions, can additionally be used to characterize how closely a new experimental geometry resembles
the structural domain represented by the RCP training ensemble. This creates an opportunity to distinguish
uncertainty in hydraulic parameters from uncertainty in geometric representation.

The same experimental–computational framework can be progressively extended to multi-physics model
calibration. Flow experiments provide an initial basis for constraining hydraulic parameters and geometry-
dependent pressure responses. Tracer experiments can then provide time-dependent information to constrain
reactive-transport behavior, including effective dispersion and accessible flow pathways. The Pore2Chip platform
can also support experiments involving solute transport, mineral embedding, oxygen-rich flow, drying, or other
perturbations designed to probe coupled physical, chemical, and biogeochemical processes. Such experiments
would introduce additional observables that could be incorporated into PFLOTRAN-based calibration and,
subsequently, into geometry-encoded neural-operator surrogates. The existing simulation dataset already re-
tains tracer-concentration fields, providing a natural pathway to extend the present pressure-focused GeONet
formulation toward coupled flow–transport prediction.

This integration suggests a broader experimental–computational workflow in which (i) XCT character-
izes three-dimensional structural change, (ii) pore-network analysis identifies the geometric descriptors most
affected by disturbance, (iii) Pore2Chip reproduces those characteristics in controlled laboratory platforms,
(iv) PFLOTRAN provides mechanistic simulations of the associated flow and transport processes, and (v)
GeONet provides a computationally efficient surrogate for repeated model evaluation. This workflow would
enable experimental observations to constrain PFLOTRAN process model parameters, while simulations provide
physically interpretable connections between pore-scale structural changes and system-scale responses. In the
longer term, repeated interaction among experiments, high-fidelity simulations, and neural-operator predictions
could support uncertainty analysis, inverse modeling, experimental design, and digital-twin applications for
dynamically evolving porous-media systems.

5. Conclusions
This work introduced GeONet, a geometry-encoded neural operator for predicting pressure-driven flow

in heterogeneous microfluidic porous-media domains. The central architectural contribution is the explicit
separation of domain-scale geometry, hydraulic material properties, and query-local spatial information. A
dedicated Leaf Network uses a multiscale spatial encoder to represent the complete binary solid–void geometry,
while the Branch Network represents porosity and permeability, and the Trunk Network represents spatial
coordinates together with local geometric descriptors and random Fourier features. These complementary
representations are integrated through the DeepMixer, allowing pressure predictions to depend jointly on the
hydraulic state, pore-space organization, and spatial location. The numerical results establish the consistency of
the reference data and the predictive performance of the proposed framework. Direct comparison of absolute,
unscaled PFLOTRAN and pore-scale Stokes pressure fields for three representative RCP geometries yielded
Pearson correlation coefficients of 0.9870–0.9911 and coefficients of determination of 𝑅2 = 0.9743–0.9823.
These comparisons were performed on common pore-space grid cells without pressure-offset subtraction,
normalization, or pressure-drop scaling, supporting the use of the PFLOTRAN pressure fields as reference data
for surrogate development.

Under matched data partitions and the two-stage HPO protocol, GeONet consistently attained lower valida-
tion objectives and substantially higher test-set pressure accuracy than the boundary-condition-aware DeepONet
baseline. For test simulations 91, 95, and 99, GeONet achieved NRMSE values of 0.0381–0.0500, MAPE
values of 1.76–2.59%, and 𝑅2 values of 0.9673–0.9822, compared with NRMSE values of 0.1483–0.2040,
MAPE values of 7.81–10.45%, and 𝑅2 values of 0.5658–0.7126 for DeepONet. The spatial, distributional, and
profile analyses further show that GeONet more accurately reproduces the pressure magnitude, irregular pressure
contours, broad pressure distribution, and localized geometry-dependent variations observed in the PFLOTRAN
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reference solutions. GeONet also maintained strong predictive performance on three additional higher-index
RCP geometries excluded from model training and selection. For simulations 460–462, the model achieved
NRMSE values of 0.0448–0.0676, MAPE values of 2.29–3.42%, and 𝑅2 values of 0.9511–0.9770. These results
indicate that the learned operator generalizes to previously unseen RCP configurations within the geometry
class represented in the training distribution. The results therefore support treating solid–void geometry as an
explicit model input rather than relying solely on globally aggregated material properties and spatial coordinates
to represent geometry-dependent pressure behavior.

The computational analysis further demonstrates favorable data efficiency and training scalability. Across
the Tahoma and Deception HPC platforms, models trained with only 20% of the available training data already
achieved mean 𝑅2 values of approximately 0.976–0.978 and mean MAPE values of approximately 2.1–2.2%.
Using the complete training set improved overall test performance, yielding mean𝑅2 values near 0.98 and MAPE
values near 1.8%. GPU acceleration reduced full-data, 100-epoch training from approximately 38.4 h to 3.6 h on
Tahoma and from 61.1 h to 3.3 h on Deception. The close agreement between GPU- and CPU-trained models also
indicates that the primary benefit of GPU execution is reduced wall-clock training time rather than a systematic
change in converged predictive accuracy. The high computational cost of generating the approximately 5000
PFLOTRAN realizations (about 13 million CPU-core-hours and nearly 30 TB of simulation data) provides an
important motivation for reusable operator-learning surrogates. Once trained, GeONet evaluates the learned
pressure operator without repeatedly solving the high-fidelity numerical flow problem. However, the present
study did not conduct a controlled inference-latency benchmark; therefore, a numerical inference speedup relative
to PFLOTRAN is claimed. Such a future benchmarking will be important for establishing performance under
specified hardware, spatial resolution, and batch size conditions.

The present results are limited to supervised, deterministic prediction of steady-state pressure within the
RCP geometry and physical-condition classes represented in the training data. Future work will extend the
framework to the tracer-concentration fields already retained in the simulation dataset, investigate physics-
and conservation-informed objectives and uncertainty quantification, and directly quantify inference latency
and scalability. A further direction is integration with experimentally derived geometries from X-ray com-
puted tomography, chemical imaging, and Pore2Chip platforms, providing a pathway toward experimentally
constrained flow–transport prediction and multiphysics model calibration. Overall, the results demonstrate that
explicitly incorporating domain-scale solid–void structure together with material properties and query-local
geometric information provides an effective operator-learning framework for heterogeneous porous-media flow.
GeONet achieves accurate pressure reconstruction across held-out RCP geometries while retaining favorable data
efficiency and computational training characteristics, providing a foundation for repeated simulation, uncertainty
analysis, inverse modeling, experimental design, and future digital-twin applications.
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BC Boundary Condition

CNN Convolutional Neural Network

CPU Central Processing Unit

DeepONet Deep Operator Network

DeepONet-BC Boundary-Condition-Aware Deep Operator Network
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FNO Fourier Neural Operator

GELU Gaussian Error Linear Unit

GeONet Geometry-Encoded Operator Network

GPU Graphics Processing Unit
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HPC High-Performance Computing
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ML Machine Learning
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NRMSE Normalized Root-Mean-Squared Error

PDE Partial Differential Equation

PFLOTRAN Massively parallel flow and reactive-transport simulator

PNNL Pacific Northwest National Laboratory

RCP Reduced Complexity Platform

RFF Random Fourier Features

RMSE Root-Mean-Squared Error

SDF Signed-Distance Field

SNL Sandia National Laboratories

XCT X-ray Computed Tomography

XLA Accelerated Linear Algebra

𝐚⊙ 𝐛 = element-wise multiplication (Hadamard product), produces a vector
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A. Mathematical formulation and analysis of GeONet
This appendix provides a mathematical formulation of the GeONet model. The goal is not to introduce a

generic DeepONet analysis, but to formalize the geometry-conditioned operator that is specific to GeONet. The
model receives a binary solid–void geometry through the Leaf Network, heterogeneous porosity and permeability
through the Branch Network, and a query coordinate through the Trunk Network. These inputs are fused through
a gated bilinear module to approximate the pressure or transport state at the queried point. The mathematics below
describes the architecture used in the pressure-dominated experiments reported in the Sec. 3. This formulation
clarifies why explicit geometry encoding is required, how the GeONet hypothesis class differs from coordinate-
centric operator networks, and how the reported pressure metrics relate to the underlying Darcy operator.

A.1. Geometry-conditioned flow operator
Let Ω ⊂ ℝ𝑑 , 𝑑 = 2 or 3, denote the fixed chip bounding box. A voxelized Reduced Complexity Platform

(RCP) geometry is represented by a binary mask

𝑚𝐺 ∶ Ωℎ → {0, 1}, (A-1)

where Ωℎ is the computational grid, 𝑚𝐺(𝐱) = 1 indicates a fluid-accessible cell, and 𝑚𝐺(𝐱) = 0 indicates a solid
or impermeable cell. The corresponding fluid region is denoted by

Ω𝑓 (𝐺) = {𝐱 ∈ Ω ∶ 𝑚𝐺(𝐱) = 1}, (A-2)

with inlet boundary Γin(𝐺), outlet boundary Γout(𝐺), solid–fluid interface Γ𝑠(𝐺), and remaining no-flow
boundary Γnf (𝐺).

Definition A.1 (RCP state). An RCP state is the tuple

𝑎𝐺 =
(

𝑚𝐺, 𝜙𝐺, 𝑘𝐺,𝐺
)

, (A-3)

where 𝑚𝐺 is the binary geometry mask, 𝜙𝐺 is porosity, 𝑘𝐺 is intrinsic permeability, and 𝐺 denotes boundary
information, including inlet, outlet, and no-flow boundaries. In the simulation dataset described in Sec. 2, 𝐺 is
fixed up to the geometry-induced pore mask, while 𝑚𝐺, 𝜙𝐺, and 𝑘𝐺 vary across samples.

Let 𝐬 = (𝐱, 𝑡) denote a query point in space–time. For pressure-only steady-flow evaluation, 𝐬 = 𝐱 is sufficient.
The time coordinate is retained to keep the notation compatible with the pressure–tracer data representation for
our future work. The physical solution operator is

 † ∶ 𝑎𝐺 ↦ 𝑦𝐺, 𝑦𝐺(𝐬) =
(

𝑝𝐺(𝐬), 𝑐𝐺(𝐬)
)

, (A-4)

where 𝑝𝐺 is pressure and 𝑐𝐺 is tracer concentration. The pressure simulations in the Sec. 2 evaluate the scalar
component 𝑝𝐺.

Definition A.2 (GeONet target operator). The GeONet target is the coordinate-evaluation operator

†(𝑚𝐺, 𝜙𝐺, 𝑘𝐺, 𝐬) = 𝑦𝐺(𝐬), (A-5)

where 𝑦𝐺 =  †(𝑎𝐺). Thus GeONet is not an image-to-image interpolator only, it is an evaluator of the geometry-
conditioned solution field at arbitrary grid or off-grid query coordinates.

The supervised dataset can therefore be written as

𝑁 =
{(

𝑚𝐺𝑗
, 𝜙𝐺𝑗

, 𝑘𝐺𝑗
, 𝐬𝑗𝓁 , 𝑦𝐺𝑗

(𝐬𝑗𝓁)
)

∶ 𝑗 = 1,… , 𝑁𝐺, 𝓁 = 1,… , 𝑁𝑗

}

. (A-6)

The coordinate-sampling strategy used in training corresponds to drawing a subset of the indices 𝓁 for each
geometry 𝐺𝑗 rather than presenting the full grid at every optimization step.
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A.2. Assumptions for admissible GeONet inputs
The following assumptions define the mathematical class of geometries and material fields for the analysis

and training presented in Sec. 3. They are aligned with the RCP pressure-prediction setting rather than with a
fully general neural-operator problem.

Assumption A.1 (Inlet–outlet connectivity:). Each admissible geometry contains at least one connected fluid
path from Γin(𝐺) to Γout(𝐺). Solid cells may create isolated dead-end regions and stagnant regions, but the
pressure problem is evaluated on the connected pore component that communicates with the inlet and outlet.

Assumption A.2 (Bounded hydraulic coefficients:). On the connected fluid region, porosity and permeability
satisfy

0 < 𝜙min ≤ 𝜙𝐺(𝐱) ≤ 𝜙max ≤ 1, 0 < 𝑘min ≤ 𝑘𝐺(𝐱) ≤ 𝑘max < ∞. (A-7)

As a fixed-domain formulation is used, solid cells are assigned a residual permeability 𝑘𝑠 with 0 < 𝑘𝑠 ≪ 𝑘min,
or are masked out of the pressure loss and residual evaluations.

Assumption A.3 (Pressure-drop normalization:). Pressure is compared after removing the arbitrary additive
constant and enforcing a common inlet–outlet pressure drop. Equivalently, pressure is evaluated modulo
constants unless Dirichlet inlet and outlet values are specified. The normalized comparison used in our analysis
fixes the outlet mean and inlet–outlet pressure drop.

Assumption A.4 (Distribution of geometries:). Training and test geometries are drawn from a probability
distribution 𝜌𝐺 supported on admissible RCP masks. Cross-domain generalization means that a test geometry
is not seen during training but remains in, or near, the support of 𝜌𝐺 under the geometry metric defined below.

Assumption A.5 (Nonredundant geometry:). The binary geometry mask is not assumed to be recoverable
from the scalar porosity and permeability values available to the Branch Network. Therefore, 𝑚𝐺 is treated
as a distinct physical input rather than as a redundant feature.

Assumption A.5 is central to GeONet. It mathematically separates the role of the Leaf Network from the
Branch Network: porosity and permeability encode fluid storage and conductance, while the geometry mask
encodes pore connectivity, pore boundaries, and blocked pathways.

A.3. Weak pressure formulation and well-posedness
For a fixed geometry 𝐺, define the hydraulic conductivity

𝜅𝐺(𝐱) =
𝑘𝐺(𝐱)
𝜇

(A-8)

on Ω𝑓 (𝐺). Note that each geometry has a different solid–void mask; the fluid domain, pore connectivity, and
boundary layout can change. These geometries are binary solid–void masks, in which void regions are fluid-flow
pathways and solid regions constrain the flow. Pressure is prescribed at the inlet/outlet boundaries, with no flow
elsewhere. For steady incompressible Darcy flow with no sources and negligible gravity, the pressure satisfies

−∇ ⋅
(

𝜅𝐺∇𝑝𝐺
)

= 0 in Ω𝑓 (𝐺), (A-9)

with prescribed pressure on Γin(𝐺) and Γout(𝐺) and no-flow conditions on Γnf (𝐺) ∪ Γ𝑠(𝐺).
Let 𝑝𝐷 be any function satisfying the prescribed inlet and outlet pressures. Define

𝑉0,𝐺 =
{

𝑣 ∈ 𝐻1(Ω𝑓 (𝐺)) ∶ 𝑣 = 0 on Γin(𝐺) ∪ Γout(𝐺)
}

. (A-10)

where 𝐻1(Ω𝐺) is the Sobolev space of square-integrable functions whose gradients are also square-integrable.
The weak pressure problem is: find 𝑝𝐺 = 𝑝𝐷 +𝑤𝐺, with 𝑤𝐺 ∈ 𝑉0,𝐺, such that

∫Ω𝑓 (𝐺)
𝜅𝐺∇𝑤𝐺 ⋅ ∇𝑣 𝑑𝐱 = −∫Ω𝑓 (𝐺)

𝜅𝐺∇𝑝𝐷 ⋅ ∇𝑣 𝑑𝐱 ∀𝑣 ∈ 𝑉0,𝐺. (A-11)

(𝑤𝐺 ∈ 𝑉0,𝐺) means: (𝑤𝐺) is an admissible test function for geometry (𝐺), and it vanishes on the pressure-
prescribed boundaries.
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Theorem A.1 (Well-posedness of the geometry-conditioned pressure map:). Under Assumptions A.1–A.3,
the weak Darcy pressure problem has a unique solution in 𝑝𝐷 + 𝑉0,𝐺. Moreover, there exists a constant 𝐶𝐺
depending on the geometry, boundary partition, and coefficient bounds such that

‖𝑝𝐺‖𝐻1(Ω𝑓 (𝐺)) ≤ 𝐶𝐺 |Δ𝑝|, (A-12)

where Δ𝑝 = 𝑝in − 𝑝out is the imposed pressure drop.

PROOF. Let 𝑔𝐷 denote the prescribed pressure data on Γ𝐷,𝐺:

𝑔𝐷 =

{

𝑝in, on Γin,𝐺,
𝑝out , on Γout,𝐺.

(A-13)

Because pressure is defined only up to an additive constant for incompressible flow, we may subtract the outlet
pressure and write

𝑝out = 0, (A-14a)
𝑝in = Δ𝑝. (A-14b)

By the trace and lifting theorem on the Lipschitz domain Ω𝑓 (𝐺) [39], there exists a lift 𝑝𝐷 ∈ 𝐻1(Ω𝑓 (𝐺)) such
that

𝑇𝐺𝑝𝐷 = 𝑔𝐷 on Γ𝐷,𝐺, (A-15)

and

‖𝑝𝐷‖𝐻1(Ω𝑓 (𝐺)) ≤ 𝐶lif t,𝐺‖𝑔𝐷‖𝐻1∕2(Γ𝐷,𝐺). (A-16)

Since the boundary data are determined by the imposed pressure drop,

‖𝑔𝐷‖𝐻1∕2(Γ𝐷,𝐺) ≤ 𝐶Γ,𝐺|Δ𝑝|, (A-17)

and therefore

‖𝑝𝐷‖𝐻1(Ω𝑓 (𝐺)) ≤ 𝐶lif t,𝐺𝐶Γ,𝐺|Δ𝑝|. (A-18)

We write the pressure solution as

𝑝𝐺 = 𝑝𝐷 +𝑤𝐺, 𝑤𝐺 ∈ 𝑉0,𝐺. (A-19)

The weak Darcy problem is then equivalent to finding 𝑤𝐺 ∈ 𝑉0,𝐺 such that

𝑎𝐺(𝑤𝐺, 𝑣) = −𝑎𝐺(𝑝𝐷, 𝑣) ∀𝑣 ∈ 𝑉0,𝐺, (A-20)

where

𝑎𝐺(𝑢, 𝑣) = ∫Ω𝑓 (𝐺)
𝜅𝐺∇𝑢 ⋅ ∇𝑣 𝑑𝐱. (A-21)

The bilinear form 𝑎𝐺 is bounded on 𝐻1(Ω𝑓 (𝐺)). Indeed, using 𝜅𝐺 ≤ 𝜅max,

|𝑎𝐺(𝑢, 𝑣)| ≤ 𝜅max‖∇𝑢‖𝐿2(Ω𝑓 (𝐺))‖∇𝑣‖𝐿2(Ω𝑓 (𝐺)) ≤ 𝜅max‖𝑢‖𝐻1(Ω𝑓 (𝐺))‖𝑣‖𝐻1(Ω𝑓 (𝐺)). (A-22)

The bilinear form is also coercive on 𝑉0,𝐺. Since 𝜅𝐺 ≥ 𝜅min,

𝑎𝐺(𝑣, 𝑣) = ∫Ω𝑓 (𝐺)
𝜅𝐺|∇𝑣|2 𝑑𝐱 ≥ 𝜅min‖∇𝑣‖2𝐿2(Ω𝑓 (𝐺)). (A-23)
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Because functions in 𝑉0,𝐺 vanish on the inlet and outlet Dirichlet boundaries, the Poincaré inequality [39] gives

‖𝑣‖𝐿2(Ω𝑓 (𝐺)) ≤ 𝐶𝑃 ,𝐺‖∇𝑣‖𝐿2(Ω𝑓 (𝐺)). (A-24)

Hence

‖𝑣‖2𝐻1(Ω𝑓 (𝐺)) = ‖𝑣‖2𝐿2(Ω𝑓 (𝐺)) + ‖∇𝑣‖2𝐿2(Ω𝑓 (𝐺)) ≤ (1 + 𝐶2
𝑃 ,𝐺)‖∇𝑣‖

2
𝐿2(Ω𝑓 (𝐺)), (A-25)

or equivalently,

‖∇𝑣‖2𝐿2(Ω𝑓 (𝐺)) ≥
1

1 + 𝐶2
𝑃 ,𝐺

‖𝑣‖2𝐻1(Ω𝑓 (𝐺)). (A-26)

Therefore,

𝑎𝐺(𝑣, 𝑣) ≥
𝜅min

1 + 𝐶2
𝑃 ,𝐺

‖𝑣‖2𝐻1(Ω𝑓 (𝐺)). (A-27)

Thus 𝑎𝐺 is coercive on 𝑉0,𝐺.
The linear functional

𝓁𝐺(𝑣) = −𝑎𝐺(𝑝𝐷, 𝑣) (A-28)

is bounded because

|𝓁𝐺(𝑣)| = |𝑎𝐺(𝑝𝐷, 𝑣)| ≤ 𝜅max‖∇𝑝𝐷‖𝐿2(Ω𝑓 (𝐺))‖∇𝑣‖𝐿2(Ω𝑓 (𝐺)) ≤ 𝜅max‖𝑝𝐷‖𝐻1(Ω𝑓 (𝐺))‖𝑣‖𝐻1(Ω𝑓 (𝐺)). (A-29)

The Lax–Milgram theorem therefore guarantees the existence and uniqueness of 𝑤𝐺 ∈ 𝑉0,𝐺. Consequently,

𝑝𝐺 = 𝑝𝐷 +𝑤𝐺 (A-30)

is the unique solution in 𝑝𝐷 + 𝑉0,𝐺. To derive the energy estimate, taking 𝑣 = 𝑤𝐺 in the weak problem gives

𝑎𝐺(𝑤𝐺, 𝑤𝐺) = −𝑎𝐺(𝑝𝐷, 𝑤𝐺). (A-31)

Using coercivity on the left and boundedness on the right,

𝜅min‖∇𝑤𝐺‖
2
𝐿2(Ω𝑓 (𝐺)) ≤ 𝜅max‖∇𝑝𝐷‖𝐿2(Ω𝑓 (𝐺))‖∇𝑤𝐺‖𝐿2(Ω𝑓 (𝐺)). (A-32)

If 𝑤𝐺 ≠ 0, division by ‖∇𝑤𝐺‖𝐿2(Ω𝑓 (𝐺)) yields

‖∇𝑤𝐺‖𝐿2(Ω𝑓 (𝐺)) ≤
𝜅max
𝜅min

‖∇𝑝𝐷‖𝐿2(Ω𝑓 (𝐺)). (A-33)

The Poincaré inequality then implies

‖𝑤𝐺‖𝐻1(Ω𝑓 (𝐺)) ≤
√

1 + 𝐶2
𝑃 ,𝐺

𝜅max
𝜅min

‖𝑝𝐷‖𝐻1(Ω𝑓 (𝐺)). (A-34)

Therefore,

‖𝑝𝐺‖𝐻1(Ω𝑓 (𝐺)) ≤ ‖𝑝𝐷‖𝐻1(Ω𝑓 (𝐺)) + ‖𝑤𝐺‖𝐻1(Ω𝑓 (𝐺)). (A-35)

Combining the previous estimates gives

‖𝑝𝐺‖𝐻1(Ω𝑓 (𝐺)) ≤
[

1 +
√

1 + 𝐶2
𝑃 ,𝐺

𝜅max
𝜅min

]

𝐶lif t,𝐺𝐶Γ,𝐺|Δ𝑝|. (A-36)

Thus,

‖𝑝𝐺‖𝐻1(Ω𝑓 (𝐺)) ≤ 𝐶𝐺|Δ𝑝|, (A-37)

where

𝐶𝐺 =
[

1 +
√

1 + 𝐶2
𝑃 ,𝐺

𝜅max
𝜅min

]

𝐶lif t,𝐺𝐶Γ,𝐺. (A-38)

This completes the proof.
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Theorem A.1 justifies treating

(𝑚𝐺, 𝜙𝐺, 𝑘𝐺) ↦ 𝑝𝐺 (A-39)

as a deterministic operator on admissible geometries. The role of GeONet is to learn the coordinate-evaluation
form of this operator.

A.4. Finite-volume graph formulation of RCP pressure flow: pore-space connectivity and edge
transmissibility

For the pressure component, this two-point finite-volume discretization on a structured grid can be interpreted
as a weighted graph problem [38]. Let 𝑉𝐺 be the set of fluid cells and let 𝐸𝐺 be the set of neighboring cell
pairs connected through fluid-accessible faces. Each edge 𝑒 = (𝑖, 𝑗) has a transmissibility 𝜏𝑒(𝐺, 𝑘) determined by
geometry, face area, distance, and permeability. For a fixed geometry𝐺, let 𝑉𝐺 denote the set of active pore-space
cells or graph vertices in the discretized fluid domain. The discrete pressure field is represented by the vector

𝐩𝐺 = (𝑝𝑖)𝑖∈𝑉𝐺 ∈ ℝ|𝑉𝐺|, (A-40)

where 𝑝𝑖 approximates the continuum pressure 𝑝𝐺(𝐱𝑖) at the cell center or graph vertex 𝐱𝑖. The discrete pressure
vector 𝐩𝐺 ∈ ℝ|𝑉𝐺| solves

𝐴𝐺𝐩𝐺 = 𝐟𝐺, (A-41a)
𝐴𝐺 = 𝐵𝑇

𝐺𝐶𝐺𝐵𝐺 + 𝐴𝐷,𝐺, (A-41b)

where 𝐵𝐺 is a signed incidence matrix, 𝐶𝐺 = diag(𝜏𝑒(𝐺, 𝑘)) is the edge-conductance matrix, and 𝐴𝐷,𝐺 contains
Dirichlet boundary contributions.

Proposition A.2 (The solid–void mask controls the discrete pressure operator:). Let 𝑚𝐺 denote the binary
solid–void mask associated with geometry 𝐺, where 𝑚𝐺(𝑖) = 1 indicates an active fluid cell and 𝑚𝐺(𝑖) = 0
indicates a solid cell. In a cell-centered finite-volume discretization, the pressure field satisfies a graph-based
linear system

𝐴𝐺𝐩𝐺 = 𝐛𝐺, (A-42)

where the graph 𝐻𝐺 = (𝑉𝐺, 𝐸𝐺) is induced by the pore space. The node set

𝑉𝐺 = {𝑖 ∶ 𝑚𝐺(𝑖) = 1} (A-43)

contains the active fluid cells, and the edge set 𝐸𝐺 contains pairs of neighboring fluid cells that share an
unblocked face. For an interior edge (𝑖, 𝑗) ∈ 𝐸𝐺, the flux has the form

𝑞𝑖𝑗,𝐺 = −𝑇𝑖𝑗,𝐺 (𝑝𝑗,𝐺 − 𝑝𝑖,𝐺), (A-44)

where 𝑇𝑖𝑗,𝐺 is the face transmissibility. Hence the entries of the discrete pressure matrix satisfy

(𝐴𝐺)𝑖𝑗 = −𝑇𝑖𝑗,𝐺, 𝑖 ≠ 𝑗, (A-45a)

(𝐴𝐺)𝑖𝑖 =
∑

𝑗∶(𝑖,𝑗)∈𝐸𝐺

𝑇𝑖𝑗,𝐺 + 𝑇𝐷
𝑖,𝐺, (A-45b)

where 𝑇𝐷
𝑖,𝐺 denotes any transmissibility contribution associated with Dirichlet boundary faces.

Changing the solid–void mask changes 𝑉𝐺, 𝐸𝐺, and therefore the sparsity pattern and weights of 𝐴𝐺.
Equivalently, on a fixed background grid, the mask introduces an edge indicator 𝜒𝑖𝑗,𝐺 such that

𝑇𝑖𝑗,𝐺 = 𝜒𝑖𝑗,𝐺
|𝐹𝑖𝑗|

𝑑𝑖𝑗

(

𝑘𝐺
𝜇

)𝐻

𝑖𝑗
, (A-46a)

𝜒𝑖𝑗,𝐺 ∈ {0, 1}. (A-46b)

M.L. Mamud et al.: Manuscript submitted to Elsevier: Engineering Applications of Artificial Intelligence Page 46 of 67



GeONet for Predicting Flow in Heterogeneous Porous Media

Here |𝐹𝑖𝑗| is the shared face area, 𝑑𝑖𝑗 is the distance between cell centers, and
(

𝑘𝐺∕𝜇
)𝐻
𝑖𝑗 is a harmonic average

of the neighboring hydraulic conductivities. If either cell is solid or if the face is blocked by the geometry, then
𝜒𝑖𝑗,𝐺 = 0 and the corresponding flux connection is removed. Therefore, the binary mask affects the pressure
solution through graph topology, boundary connectivity, and conductance weights, not merely through pointwise
material values.

PROOF. For a finite-volume discretization of Darcy flow, conservation of mass in an active fluid cell 𝑖 ∈ 𝑉𝐺
gives

∑

𝑗∶(𝑖,𝑗)∈𝐸𝐺

𝑞𝑖𝑗,𝐺 + 𝑞𝐷𝑖,𝐺 = 𝑓𝑖,𝐺, (A-47)

where 𝑞𝑖𝑗,𝐺 is the flux between neighboring fluid cells, 𝑞𝐷𝑖,𝐺 is the contribution from pressure-prescribed boundary
faces, and 𝑓𝑖,𝐺 contains sources or sinks. The two-point flux approximation gives

𝑞𝑖𝑗,𝐺 = −𝑇𝑖𝑗,𝐺 (𝑝𝑗,𝐺 − 𝑝𝑖,𝐺). (A-48)

Thus cell 𝑗 contributes to the equation for cell 𝑖 only if the edge (𝑖, 𝑗) exists and has positive transmissibility. The
solid–void mask determines whether this edge exists. If either cell is solid, or if the common face is blocked by
a solid barrier, then no physical fluid flux can cross that face. In that case,

𝑇𝑖𝑗,𝐺 = 0, (A-49)

which is equivalent to removing the edge (𝑖, 𝑗) from the graph. If both cells are fluid and the face is open,
then 𝑇𝑖𝑗,𝐺 > 0 and its magnitude is controlled by the face geometry, the cell spacing, viscosity, and permeability.
Therefore, the mask determines the active degrees of freedom 𝑉𝐺, the neighbor connections 𝐸𝐺, and the sparsity
pattern of the discrete operator 𝐴𝐺. Permeability controls the magnitude of the retained conductances, but the
mask determines which conductances exist in the first place. Hence the pressure field depends on geometry
through the topology and weights of the finite-volume graph.

This graph interpretation clarifies the role of the Leaf Network in GeONet. The Branch Network encodes
material fields such as porosity and permeability, which influence the magnitudes of local conductances.
However, these fields alone generally do not specify the graph incidence structure: two neighboring cells with
similar porosity and permeability values may be either hydraulically connected by an open pore throat or
disconnected by a solid barrier. These two cases produce different transmissibilities, different sparsity patterns
in 𝐴𝐺, and therefore different pressure solutions. The Leaf Network supplies the missing structural information
by encoding the binary geometry mask, enabling GeONet to condition its pressure prediction on both material
properties and pore-space connectivity.

A.5. GeONet hypothesis class: geometry-conditioned operator representation
This section formalizes the GeONet hypothesis class, defined as the family of geometry-conditioned solution

operators representable by the proposed Leaf–Branch–Trunk architecture. For the RCP pressure problem, the
target map is not a conventional coefficient-to-solution operator depending only on porosity, permeability, and
spatial coordinates. The solid–void mask 𝑚𝐺 defines the fluid subdomain Ω𝑓 (𝐺), the pressure and no-flow
boundary partitions, and the finite-volume connectivity graph through which pressure equilibrates. As a result,
two samples with similar local values of 𝜙𝐺 and 𝑘𝐺 may produce different pressure responses if their pore-
space connectivity or nearby solid barriers differ. The appropriate target map is therefore a geometry-conditioned
operator,

† ∶ (𝑚𝐺, 𝜙𝐺, 𝑘𝐺, 𝐬) ⟼ 𝑦𝐺(𝐬), (A-50)

where 𝑦𝐺 denotes the pressure or transport response evaluated at the query coordinate 𝐬. This viewpoint motivates
the defining feature of GeONet: the geometry mask is encoded by a dedicated Leaf Network before being
fused with material and coordinate features. The resulting hypothesis class can therefore represent operators
whose coordinate-wise predictions depend explicitly on pore topology, connectivity, and boundary-induced flow
constraints.
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Let 𝐺 denote an admissible RCP geometry, and let

𝑚𝐺 ∶ Ω → {0, 1} (A-51)

be its binary solid–void mask, where 𝑚𝐺(𝐱) = 1 denotes fluid-accessible pore space and 𝑚𝐺(𝐱) = 0 denotes
solid material. Let

𝜙𝐺 ∶ Ω → ℝ, (A-52a)
𝑘𝐺 ∶ Ω → ℝ (A-52b)

denote the porosity and permeability fields associated with geometry 𝐺. For a query coordinate

𝐬 = (𝑥, 𝑦, 𝑧, 𝑡) ∈  , (A-53)

the target solution is written as

𝑦𝐺(𝐬) = †(𝑚𝐺, 𝜙𝐺, 𝑘𝐺)(𝐬), (A-54)

where 𝑦𝐺 may represent pressure alone, 𝑦𝐺 = 𝑝𝐺, or a vector of physical outputs, for example 𝑦𝐺 = (𝑝𝐺, 𝑐𝐺) for
pressure and tracer concentration.

GeONet approximates this geometry-conditioned solution operator using three input streams. The Leaf
Network encodes the solid–void geometry, the Branch Network encodes material properties, and the Trunk
Network encodes the query coordinate. Let

𝐿𝜃𝐿 , 𝐵𝜃𝐵 , 𝑇𝜃𝑇 (A-55)

denote the Leaf, Branch, and Trunk networks, respectively. Let 𝛾(𝐬) be a Fourier-feature embedding of the query
coordinate. The latent features are

𝓵𝐺(𝐬) = 𝐿𝜃𝐿 (𝑚𝐺; 𝐬), (A-56a)
𝐛𝐺 = 𝐵𝜃𝐵 (𝜙𝐺, 𝑘𝐺), (A-56b)
𝝉(𝐬) = 𝑇𝜃𝑇 (𝛾(𝐬)). (A-56c)

Here 𝓵𝐺(𝐬) denotes the geometry feature available at the query coordinate. This notation covers two common
implementations. In the first, the Leaf Network outputs a global geometry latent vector, in which case𝓵𝐺(𝐬) = 𝓵𝐺
is constant with respect to 𝐬. In the second, the Leaf Network outputs a spatial feature map, and 𝓵𝐺(𝐬) is obtained
by sampling or interpolating that feature map at the query coordinate. The second form is particularly natural
for pore-scale pressure prediction because it allows the geometry representation to vary with spatial location.

With these definitions, the GeONet hypothesis class is

GeONet =
{

̂𝜃 ∶ (𝑚𝐺, 𝜙𝐺, 𝑘𝐺, 𝐬) ↦ 𝐷𝜃𝐷

[

𝑀𝜃𝑀

(

𝐿𝜃𝐿 (𝑚𝐺; 𝐬), 𝐵𝜃𝐵 (𝜙𝐺, 𝑘𝐺), 𝑇𝜃𝑇 (𝛾(𝐬))
)]

∶ 𝜃 ∈ Θ
}

, (A-57)

where

𝜃 = (𝜃𝐿, 𝜃𝐵 , 𝜃𝑇 , 𝜃𝑀 , 𝜃𝐷) (A-58)

collects all trainable parameters, 𝑀𝜃𝑀 is the feature-fusion module, and 𝐷𝜃𝐷 is the decoder. Thus, each element
of GeONet is a candidate geometry-conditioned operator that maps a solid–void mask, material fields, and a
coordinate to a predicted physical response.

A representative gated bilinear fusion module can be written as follows. First, the three latent streams are
projected to a common dimension 𝑟:

𝓵̃𝐺(𝐬) = 𝑃𝓁𝓵𝐺(𝐬), (A-59a)

𝐛̃𝐺 = 𝑃𝑏𝐛𝐺, (A-59b)
𝝉̃(𝐬) = 𝑃𝜏𝝉(𝐬), (A-59c)
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where

𝓵̃𝐺(𝐬), 𝐛̃𝐺, 𝝉̃(𝐬) ∈ ℝ𝑟. (A-60)

The gate is then defined by

𝐠𝐺(𝐬) = 𝜎
(

𝑊𝑔

[

𝓵̃𝐺(𝐬), 𝐛̃𝐺, 𝝉̃(𝐬)
]

+ 𝐜𝑔
)

, (A-61)

where 𝜎 is applied componentwise. The fused representation is

𝐡𝐺(𝐬) = 𝐠𝐺(𝐬)⊙ 𝑈𝓁𝜏

(

𝓵̃𝐺(𝐬)⊙ 𝝉̃(𝐬)
)

+
(

𝟏 − 𝐠𝐺(𝐬)
)

⊙ 𝑈𝑏𝜏

(

𝐛̃𝐺 ⊙ 𝝉̃(𝐬)
)

+ 𝑈𝓁𝑏

(

𝓵̃𝐺(𝐬)⊙ 𝐛̃𝐺
)

+ 𝑈𝓁𝑏𝜏

(

𝓵̃𝐺(𝐬)⊙ 𝐛̃𝐺 ⊙ 𝝉̃(𝐬)
)

.

(A-62)

where ⊙ means the element-wise (Hadamard) product. The predicted output is then

𝑦𝜃(𝐬;𝑚𝐺, 𝜙𝐺, 𝑘𝐺) = 𝐷𝜃𝐷

(

𝐡𝐺(𝐬)
)

. (A-63)

The exact channel widths, nonlinearities, and linear maps used in an implementation may vary. Please see the data
availability and software section, which provides details on the GeONet code availability. The defining property
is the same: GeONet forms multiplicative interactions among geometry, material state, and query coordinates
before decoding the physical response.

Definition A.3 (Geometry-coordinate cross-interaction). A predictor

𝑦 = 𝐹 (𝓵,𝐛, 𝝉) (A-64)

has a geometry-coordinate cross-interaction if the sensitivity of the output with respect to the coordinate latent
variable depends on the geometry latent variable. Equivalently,

𝐷𝓵
(

𝐷𝝉𝐹
)

≠ 0 (A-65)

for at least some admissible inputs. For scalar outputs, this condition reduces to the existence of a nonzero mixed
derivative

𝜕2𝑦
𝜕𝓁𝑖 𝜕𝜏𝑗

≠ 0 (A-66)

for some pair of latent coordinates (𝑖, 𝑗).

This condition is important for the RCP pressure problem. If changing the geometry only shifts a global
latent vector but does not alter the coordinate sensitivity of the prediction, then the model has limited ability
to represent geometry-dependent pressure gradients. In contrast, a geometry-coordinate cross-interaction allows
the same coordinate 𝐬 to be interpreted differently depending on whether it lies near an open channel, a pore
throat, a dead-end region, or a solid barrier.

Proposition A.3 (Gated bilinear fusion induces geometry-coordinate cross-interactions). Assume that the
decoder and fusion weights are not identically zero. Then the GeONet fusion module defined above contains
geometry-coordinate cross-interactions.
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PROOF. Consider the bilinear term

𝑈𝓁𝜏

(

𝓵̃𝐺(𝐬)⊙ 𝝉̃(𝐬)
)

. (A-67)

For simplicity, we write

𝐳𝓁𝜏 = 𝓵̃ ⊙ 𝝉̃ . (A-68)

The derivative of 𝐳𝓁𝜏 with respect to 𝝉̃ is

𝐷𝝉̃𝐳𝓁𝜏 = diag
(

𝓵̃
)

. (A-69)

Therefore, the coordinate sensitivity of this term depends directly on the geometry latent variable. Differentiating
once more with respect to 𝓵̃ gives a nonzero mixed derivative whenever the corresponding weights in 𝑈𝓁𝜏 and
the decoder are nonzero. The gate 𝐠𝐺(𝐬) also depends jointly on 𝓵̃𝐺(𝐬), 𝐛̃𝐺, and 𝝉̃(𝐬), which introduces additional
geometry-coordinate interactions. Hence GeONet contains terms for which the coordinate response changes with
the geometry representation.

Proposition A.4 (DeepONet is a limiting case of GeONet). A standard Branch–Trunk DeepONet of finite
rank 𝑟 is contained in the GeONet hypothesis class as a special case.

PROOF. A scalar DeepONet approximation has the form

𝑦DON(𝐬) =
𝑟
∑

𝑖=1
𝑏𝑖(𝜙𝐺, 𝑘𝐺) 𝑡𝑖(𝐬) + 𝑐, (A-70)

where 𝑏𝑖 are Branch-network features and 𝑡𝑖 are Trunk-network features. To recover this form from GeONet,
choose the Leaf output to be a constant vector independent of 𝑚𝐺, set the gate to select only the Branch–Trunk
interaction, set

𝐡𝐺(𝐬) = 𝐛𝐺 ⊙ 𝝉(𝐬), (A-71)

and choose a linear decoder

𝐷𝜃𝐷 (𝐡) = 𝟏⊤𝐡 + 𝑐. (A-72)

Then, we have

𝑦𝜃(𝐬) =
𝑟
∑

𝑖=1
𝑏𝑖(𝜙𝐺, 𝑘𝐺) 𝑡𝑖(𝐬) + 𝑐, (A-73)

which is exactly the canonical DeepONet representation. Therefore, DeepONet is a special limiting case of
GeONet obtained when the geometry stream is ignored or made constant.

Remark A.1. Why the hypothesis class is geometry-aware? The preceding proposition shows that GeONet
can reproduce the Branch–Trunk structure of DeepONet. However, GeONet is not limited to that structure.
Through the Leaf stream and the gated bilinear fusion, GeONet can represent terms such as

𝓵𝐺(𝐬)⊙ 𝝉(𝐬), 𝓵𝐺(𝐬)⊙ 𝐛𝐺, 𝓵𝐺(𝐬)⊙ 𝐛𝐺 ⊙ 𝝉(𝐬). (A-74)

These terms allow the predicted pressure at a coordinate to depend jointly on local geometry, material state,
and spatial position. This is the mathematical mechanism by which GeONet represents pore-boundary effects,
connectivity constraints, bottlenecks, and geometry-induced pressure gradients.

Remark A.2. Connection to the finite-volume pressure operator: In the finite-volume graph view, the
solid–void mask determines the active pore-cell set 𝑉𝐺, the edge set 𝐸𝐺, and the transmissibility pattern
of the discrete pressure matrix 𝐴𝐺. The Branch Network can encode hydraulic properties that affect the
magnitudes of transmissibilities, while the Leaf Network encodes the pore-space structure that determines
which transmissibility connections exist. The GeONet hypothesis class is therefore aligned with the discrete
physics: it provides separate latent streams for material coefficients, coordinate evaluation, and geometry-induced
connectivity, and then fuses those streams before predicting the pressure response.
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A.6. Why explicit geometry is mathematically identifiable
Here, we formalize why the geometry mask is not an optional auxiliary input for the RCP pressure problem.

In a geometry-conditioned flow problem, the material fields (𝜙𝐺, 𝑘𝐺) and the query coordinate 𝐬 do not, in
general, uniquely determine the pressure response. The binary solid–void mask 𝑚𝐺 defines the fluid domain,
the admissible flow paths, and the local pore-space connectivity. Therefore, unless the mask is already encoded
redundantly in the Branch inputs, a model that ignores 𝑚𝐺 may be unable to distinguish two physically different
pressure operators. Let the target pressure operator be

𝑝𝐺(𝐬) = †(𝑚𝐺, 𝜙𝐺, 𝑘𝐺)(𝐬), (A-75)

A predictor that ignores geometry has the form

𝑓 (𝜙𝐺, 𝑘𝐺, 𝐬), (A-76)

and must return the same value for any two geometries that share the same Branch inputs and query coordinate.

Theorem A.5 (Irreducible error without explicit geometry). Suppose there exist two admissible RCP geome-
tries 𝐺𝑎 and 𝐺𝑏 whose Branch-network inputs are identical:

in(𝐺𝑎) = in(𝐺𝑏), (A-77a)
in(𝐺) ∶= (𝜙𝐺, 𝑘𝐺). (A-77b)

Equivalently,

𝜙𝐺𝑎
= 𝜙𝐺𝑏

, (A-78a)
𝑘𝐺𝑎

= 𝑘𝐺𝑏
. (A-78b)

However, assume their geometry masks differ, 𝑚𝐺𝑎
≠ 𝑚𝐺𝑏

, and that this difference produces distinct pressure
fields on a set of positive measure. That is, their pressure fields differ on a measurable set 𝑆 ⊂ Ω with positive
measure:

|𝑝𝐺𝑎
(𝐬) − 𝑝𝐺𝑏

(𝐬)| ≥ 𝛿 for 𝐬 ∈ 𝑆, (A-79)

for some 𝛿 > 0. Assume that, conditional on the observed Branch and Trunk inputs, the two geometries occur
with probabilities

ℙ(𝐺 = 𝐺𝑎) = 𝜋, (A-80a)
ℙ(𝐺 = 𝐺𝑏) = 1 − 𝜋, (A-80b)

where 0 < 𝜋 < 1. Then every predictor 𝑓 (𝜙, 𝑘, 𝐬) that does not observe 𝑚𝐺 has pointwise conditional mean-
squared error at least

𝜋(1 − 𝜋)𝛿2 for 𝐬 ∈ 𝑆. (A-81)

In the equal-probability case 𝜋 = 1∕2, the lower bound is

𝛿2

4
. (A-82)

If the risk is averaged over coordinates and 𝜈(𝑆) denotes the probability of sampling a coordinate in 𝑆, then the
integrated conditional risk is at least

𝜈(𝑆)𝜋(1 − 𝜋)𝛿2. (A-83)

PROOF. Fix a query coordinate 𝐬 ∈ 𝑆 and condition on the observed Branch–Trunk inputs (𝜙, 𝑘, 𝐬). By
assumption, the two geometries 𝐺𝑎 and 𝐺𝑏 have the same Branch inputs and the same query coordinate.
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Therefore, a predictor that does not observe the geometry mask 𝑚𝐺 cannot distinguish between the two cases. It
must output a single value

𝑓 (𝜙, 𝑘, 𝐬) (A-84)

whether the hidden geometry is 𝐺𝑎 or 𝐺𝑏. For notational simplicity, we define

𝑎 = 𝑝𝐺𝑎
(𝐬), (A-85a)

𝑏 = 𝑝𝐺𝑏
(𝐬). (A-85b)

Conditional on the observed inputs, the target pressure is a two-point random variable:

𝑝𝐺(𝐬) =
{

𝑎, with probability 𝜋,
𝑏, with probability 1 − 𝜋.

(A-86)

Thus, for any geometry-blind prediction 𝑓 , the conditional squared-error risk is

𝑅(𝑓 ) = 𝜋(𝑎 − 𝑓 )2 + (1 − 𝜋)(𝑏 − 𝑓 )2. (A-87)

Completing the square gives

𝑅(𝑓 ) = [𝑓 − (𝜋𝑎 + (1 − 𝜋)𝑏)]2 + 𝜋(1 − 𝜋)(𝑎 − 𝑏)2. (A-88)

Therefore, the risk is minimized when

𝑓 ∗(𝜙, 𝑘, 𝐬) = 𝜋𝑎 + (1 − 𝜋)𝑏 = 𝜋𝑝𝐺𝑎
(𝐬) + (1 − 𝜋)𝑝𝐺𝑏

(𝐬). (A-89)

This is the conditional mean of the unobserved pressure value. At this optimum, the first term vanishes, so the
minimum achievable conditional mean-squared error is

𝑅(𝑓 ∗) = 𝜋(1 − 𝜋)(𝑎 − 𝑏)2. (A-90)

Returning to the pressure notation,

𝑅(𝑓 ∗) = 𝜋(1 − 𝜋)
(

𝑝𝐺𝑎
(𝐬) − 𝑝𝐺𝑏

(𝐬)
)2

. (A-91)

Because the two pressure fields differ by at least 𝛿 on 𝑆,
|

|

|

𝑝𝐺𝑎
(𝐬) − 𝑝𝐺𝑏

(𝐬)||
|

≥ 𝛿 for 𝐬 ∈ 𝑆, (A-92)

we obtain

𝑅(𝑓 ∗) ≥ 𝜋(1 − 𝜋)𝛿2. (A-93)

Since 𝑓 ∗ is the best possible geometry-blind predictor under squared-error loss, no predictor that ignores 𝑚𝐺
can achieve a smaller conditional mean-squared error. Finally, averaging this pointwise lower bound over the
coordinate distribution gives the integrated lower bound. If 𝜈(𝑆) is the probability of sampling a coordinate in
𝑆, then

𝔼𝐬
[

𝑅(𝑓 ∗)
]

≥ 𝜈(𝑆)𝜋(1 − 𝜋)𝛿2. (A-94)

Theorem A.5 is specific to the GeONet setting. It does not simply state that a larger neural network is more
expressive. Rather, it states that when pore topology is not determined by material inputs, the geometry mask
is statistically identifiable. That is, without observing 𝑚𝐺, the pressure operator may be non-unique. The Leaf
Network removes this ambiguity by making the geometry an explicit input to the learned operator. The key idea
is the

𝑅(𝑓 ) = [𝑓 − (𝜋𝑎 + (1 − 𝜋)𝑏)]2 + 𝜋(1 − 𝜋)(𝑎 − 𝑏)2. (A-95)

It separates the error into two parts: avoidable error + unavoidable geometry ambiguity. The avoidable error
disappears when the model predicts the conditional mean. The unavoidable term,

𝜋(1 − 𝜋)(𝑎 − 𝑏)2, (A-96)

remains because the model does not know which geometry produced the pressure field. This is why the theorem
supports the Leaf Network: observing (𝑚𝐺) removes this ambiguity.
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A.7. Geometry stability under an RCP metric
Section A.6 showed that the geometry mask can be necessary for identifiability: two samples may have

identical material-property inputs but different pressure fields because their solid–void masks define different
pore-space connectivity. We now consider the complementary question: once geometry is included as an input,
when should two similar RCP geometries produce similar pressure responses? This question is central to
cross-domain generalization. A GeONet model trained on an ensemble of RCP geometries can be expected to
interpolate successfully to a new, unseen geometry when the target pressure operator varies continuously within
the admissible geometry class. Informally, nearby geometries should induce nearby pressure fields, provided that
the perturbation does not create a major topological transition, such as opening or closing a critical inlet–outlet
flow path (e.g., only possible when mineral dissolution or precipitation occurs).

A direct pointwise distance between binary masks is not well suited to this purpose. Since

𝑚𝐺(𝐱) ∈ {0, 1}, (A-97)

changing a single grid cell from solid to fluid produces

‖𝑚𝐺 − 𝑚𝐺′‖𝐿∞(Ω) = 1, (A-98)

even if that isolated change has negligible influence on the pressure field. Thus, the 𝐿∞ distance treats all cell
flips as equally large, regardless of their hydraulic consequence. This is too rigid for comparing RCP geometries.

Moreover, GeONet does not process the geometry mask as an abstract scalar descriptor. The Leaf Network
operates on the complete binary mask using a multiscale spatial encoding procedure. At successive spatial
resolutions, coarse representations of the mask and associated summary statistics are retained before the resulting
multiscale features are mapped to the geometry latent representation. Therefore, the geometry comparison should
reflect spatial patterns over multiple length scales rather than isolated pixelwise differences. This motivates a
smoothed geometry-aware distance. Therefore, the geometry comparison should reflect local spatial patterns
rather than isolated pixelwise differences. This motivates a smoothed geometry-aware distance.

Let 𝑆𝜎 denote a local smoothing, or mollification, operator with length scale 𝜎 comparable to a few grid
cells. For example, one may define

𝑆𝜎𝑚𝐺 = 𝜂𝜎 ∗ 𝑚𝐺, (A-99)

where 𝜂𝜎 is a nonnegative smoothing kernel with characteristic width 𝜎 and unit integral. Equivalently,

(𝑆𝜎𝑚𝐺)(𝐱) = ∫Ω
𝜂𝜎(𝐱 − 𝐲)𝑚𝐺(𝐲) 𝑑𝐲. (A-100)

Thus, although 𝑚𝐺 is binary, 𝑆𝜎𝑚𝐺 is a locally averaged field. It is close to one in regions surrounded by pore
space, close to zero in regions surrounded by solid material, and intermediate near solid–void interfaces.

This smoothing is used only to define a comparison measure between geometries. It does not modify the
physical geometry used in the finite-volume or PFLOTRAN simulation. This smoothing is used only to define
a comparison measure between geometries; it does not modify the physical geometry used in the finite-volume
or PFLOTRAN simulation. The goal is to compare masks over spatial scales relevant to the multiscale Leaf
representation and to the local flow response, rather than at the scale of isolated single-pixel perturbations.

We define the RCP geometry-material distance

𝑑Geo(𝐺,𝐺′) = 𝛼𝑚‖𝑆𝜎(𝑚𝐺−𝑚𝐺′ )‖𝐿2(Ω)+𝛼𝜙‖𝜙𝐺−𝜙𝐺′‖𝐿2(Ω)+𝛼𝑘‖ log(𝑘𝐺+𝑘𝜖)−log(𝑘𝐺′+𝑘𝜖)‖𝐿2(Ω). (A-101)

Here 𝛼𝑚, 𝛼𝜙, and 𝛼𝑘 are scaling weights that make the three terms comparable, and 𝑘𝜖 > 0 is a small regularization
constant that avoids taking the logarithm of zero or near-zero permeability values. The first term compares the
solid–void masks after local smoothing and measures whether the two geometries exhibit similar pore-space
patterns over the spatial scales represented by the multiscale Leaf encoder. The second term compares porosity
fields, and the third term compares permeability fields on a logarithmic scale. The logarithmic permeability
term is appropriate because permeability commonly spans several orders of magnitude and is normalized before
training.
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The quantity 𝑑Geo should be interpreted as a local RCP similarity measure rather than as a universal
topological metric. It is designed to compare geometries within the same admissible RCP class, where inlet–
outlet connectivity, boundary access, and coefficient bounds remain controlled. A global Lipschitz theorem
cannot hold for arbitrary binary masks because a small local change can sometimes cause a large global effect.
For example, opening or closing a single critical pore throat can create or destroy an inlet–outlet flow path. Such
a perturbation may be small in a smoothed image norm but large in hydraulic consequence. Accordingly, the
stability result below should be interpreted as local: it applies to perturbations that do not leave the admissible
geometry class or trigger a connectivity transition. Within this regime, the pressure operator varies continuously
with respect to changes in geometry and material properties. This provides a mathematical explanation for why
cross-domain generalization is plausible when unseen RCP geometries remain close to the training distribution
under 𝑑Geo.

Theorem A.6 (Local Lipschitz stability of the geometry-conditioned pressure operator). Let 𝐺 and 𝐺′ be
two admissible RCP geometries that can be compared on a common fluid domain Ω𝑐 with the same pressure-
prescribed boundary Γ𝐷 = Γin ∪ Γout . Let

𝑉0 = {𝑣 ∈ 𝐻1(Ω𝑐) ∶ 𝑣 = 0 on Γ𝐷}. (A-102)

Assume that the normalized pressures 𝑝𝐺 and 𝑝𝐺′ satisfy the weak Darcy problems

∫Ω𝑐

𝜅𝐺∇𝑝𝐺 ⋅ ∇𝑣 𝑑𝐱 = 0, ∀𝑣 ∈ 𝑉0, (A-103a)

∫Ω𝑐

𝜅𝐺′∇𝑝𝐺′ ⋅ ∇𝑣 𝑑𝐱 = 0, ∀𝑣 ∈ 𝑉0, (A-103b)

with the same normalized inlet–outlet pressure drop. Here

𝜅𝐺 =
𝑘𝐺
𝜇

, (A-104a)

𝜅𝐺′ =
𝑘𝐺′

𝜇
(A-104b)

are the effective hydraulic conductivities. Suppose the conductivities are uniformly bounded:

0 < 𝜅min ≤ 𝜅𝐺, 𝜅𝐺′ ≤ 𝜅max < ∞ a.e. in Ω𝑐 . (A-105)

Assume further that the conductivity perturbation is controlled by the RCP geometry-material distance:

‖𝜅𝐺 − 𝜅𝐺′‖𝐿∞(Ω𝑐 ) ≤ 𝐶𝜅 𝑑Geo(𝐺,𝐺′). (A-106)

Then there exists a constant 𝐶 > 0 such that

‖𝑝𝐺 − 𝑝𝐺′‖𝐻1(Ω𝑐 ) ≤ 𝐶 𝑑Geo(𝐺,𝐺′). (A-107)

The constant 𝐶 depends on the ellipticity bounds, the Poincaré constant of Ω𝑐 , the boundary partition, and the
imposed pressure-drop normalization.

PROOF. Let

𝑒 = 𝑝𝐺 − 𝑝𝐺′ . (A-108)

Because 𝑝𝐺 and 𝑝𝐺′ satisfy the same normalized Dirichlet pressure values on Γ𝐷, their difference satisfies

𝑒 ∈ 𝑉0. (A-109)

Subtracting the weak equation for 𝑝𝐺′ from the weak equation for 𝑝𝐺 gives

∫Ω𝑐

𝜅𝐺∇𝑒 ⋅ ∇𝑣 𝑑𝐱 = ∫Ω𝑐

(𝜅𝐺′ − 𝜅𝐺)∇𝑝𝐺′ ⋅ ∇𝑣 𝑑𝐱, ∀𝑣 ∈ 𝑉0. (A-110)
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Choosing 𝑣 = 𝑒 gives

∫Ω𝑐

𝜅𝐺|∇𝑒|2 𝑑𝐱 = ∫Ω𝑐

(𝜅𝐺′ − 𝜅𝐺)∇𝑝𝐺′ ⋅ ∇𝑒 𝑑𝐱. (A-111)

Using the lower bound 𝜅𝐺 ≥ 𝜅min, we obtain

𝜅min‖∇𝑒‖2𝐿2(Ω𝑐 )
≤
|

|

|

|

|

∫Ω𝑐

(𝜅𝐺′ − 𝜅𝐺)∇𝑝𝐺′ ⋅ ∇𝑒 𝑑𝐱
|

|

|

|

|

. (A-112)

By Hölder’s inequality,

𝜅min‖∇𝑒‖2𝐿2(Ω𝑐 )
≤ ‖𝜅𝐺 − 𝜅𝐺′‖𝐿∞(Ω𝑐 )‖∇𝑝𝐺′‖𝐿2(Ω𝑐 )‖∇𝑒‖𝐿2(Ω𝑐 ). (A-113)

If 𝑒 ≠ 0, division by ‖∇𝑒‖𝐿2(Ω𝑐 ) yields

‖∇𝑒‖𝐿2(Ω𝑐 ) ≤
1

𝜅min
‖𝜅𝐺 − 𝜅𝐺′‖𝐿∞(Ω𝑐 )‖∇𝑝𝐺′‖𝐿2(Ω𝑐 ). (A-114)

The energy estimate from Theorem A.1 gives

‖∇𝑝𝐺′‖𝐿2(Ω𝑐 ) ≤ 𝐶𝐸 , (A-115)

where 𝐶𝐸 is proportional to the imposed pressure drop. For normalized pressures, the pressure drop is fixed, so
𝐶𝐸 is a geometry-class constant. Using the assumed relation

‖𝜅𝐺 − 𝜅𝐺′‖𝐿∞(Ω𝑐 ) ≤ 𝐶𝜅𝑑Geo(𝐺,𝐺′), (A-116)

we obtain

‖∇𝑒‖𝐿2(Ω𝑐 ) ≤
𝐶𝐸𝐶𝜅
𝜅min

𝑑Geo(𝐺,𝐺′). (A-117)

Finally, since 𝑒 ∈ 𝑉0, the Poincaré inequality gives

‖𝑒‖𝐿2(Ω𝑐 ) ≤ 𝐶𝑃 ‖∇𝑒‖𝐿2(Ω𝑐 ). (A-118)

Therefore,

‖𝑒‖𝐻1(Ω𝑐 ) =
(

‖𝑒‖2𝐿2(Ω𝑐 )
+ ‖∇𝑒‖2𝐿2(Ω𝑐 )

)1∕2
≤
√

1 + 𝐶2
𝑃 ‖∇𝑒‖𝐿2(Ω𝑐 ). (A-119)

Combining the previous estimates gives

‖𝑝𝐺 − 𝑝𝐺′‖𝐻1(Ω𝑐 ) ≤ 𝐶 𝑑Geo(𝐺,𝐺′), (A-120)

with

𝐶 =
√

1 + 𝐶2
𝑃
𝐶𝐸𝐶𝜅
𝜅min

. (A-121)

This completes the proof.

The lower-bound assumption on 𝜅𝐺 and 𝜅𝐺′ should be interpreted locally. It excludes geometry perturbations
that create or destroy an inlet–outlet connection or introduce truly disconnected zero-conductivity regions in the
comparison domain. Thus, the result is not a global stability theorem for arbitrary binary masks. Rather, it states
that within an admissible RCP class with controlled connectivity and uniformly bounded conductivities, small
changes in the geometry-material metric lead to small changes in the pressure field.
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Proposition A.7 (Discrete stability of the finite-volume pressure operator:). Let 𝐺 and 𝐺′ be two admissi-
ble RCP geometries whose finite-volume pressure systems can be compared on a common set of free pressure
degrees of freedom. Equivalently, assume that the pressure vectors have been restricted to a common active
pore-cell set or embedded into a fixed background grid with inactive cells masked out. After applying Dirichlet
pressure boundary conditions, let

𝐴𝐺𝐩𝐺 = 𝐛𝐺, (A-122a)
𝐴𝐺′𝐩𝐺′ = 𝐛𝐺′ (A-122b)

denote the corresponding finite-volume systems. Assume that the matrices are uniformly positive definite on the
free pressure degrees of freedom:

𝜆min(𝐴𝐺) ≥ 𝛼, (A-123a)
𝜆min(𝐴𝐺′ ) ≥ 𝛼, (A-123b)

𝛼 > 0. (A-123c)

Assume further that the geometry-material distance controls the perturbations in the pressure matrix and right-
hand side:

‖𝐴𝐺 − 𝐴𝐺′‖2 ≤ 𝐿𝐴𝑑Geo(𝐺,𝐺′), (A-124)

and

‖𝐛𝐺 − 𝐛𝐺′‖2 ≤ 𝐿𝑏𝑑Geo(𝐺,𝐺′). (A-125)

Then the discrete pressure solutions satisfy

‖𝐩𝐺 − 𝐩𝐺′‖2 ≤
1
𝛼
(

𝐿𝑏 + 𝐿𝐴‖𝐩𝐺′‖2
)

𝑑Geo(𝐺,𝐺′). (A-126)

Thus, within an admissible geometry class with uniformly well-conditioned finite-volume operators, small
changes in the RCP geometry-material metric lead to small changes in the discrete pressure vector.

PROOF. Let

𝐞 = 𝐩𝐺 − 𝐩𝐺′ . (A-127)

Subtract the two finite-volume systems:

𝐴𝐺𝐩𝐺 − 𝐴𝐺′𝐩𝐺′ = 𝐛𝐺 − 𝐛𝐺′ . (A-128)

Add and subtract 𝐴𝐺𝐩𝐺′ :

𝐴𝐺(𝐩𝐺 − 𝐩𝐺′ ) + (𝐴𝐺 − 𝐴𝐺′ )𝐩𝐺′ = 𝐛𝐺 − 𝐛𝐺′ . (A-129)

Therefore,

𝐴𝐺𝐞 = (𝐛𝐺 − 𝐛𝐺′ ) − (𝐴𝐺 − 𝐴𝐺′ )𝐩𝐺′ . (A-130)

Since 𝐴𝐺 is positive definite and 𝜆min(𝐴𝐺) ≥ 𝛼, we have

‖𝐴−1
𝐺 ‖2 ≤

1
𝛼
. (A-131)

Hence,

‖𝐞‖2 ≤ ‖𝐴−1
𝐺 ‖2

(

‖𝐛𝐺 − 𝐛𝐺′‖2 + ‖𝐴𝐺 − 𝐴𝐺′‖2‖𝐩𝐺′‖2
)

. (A-132)
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Using the assumed perturbation bounds,

‖𝐛𝐺 − 𝐛𝐺′‖2 ≤ 𝐿𝑏𝑑Geo(𝐺,𝐺′), (A-133)

and

‖𝐴𝐺 − 𝐴𝐺′‖2 ≤ 𝐿𝐴𝑑Geo(𝐺,𝐺′), (A-134)

we obtain

‖𝐩𝐺 − 𝐩𝐺′‖2 ≤
1
𝛼
(

𝐿𝑏 + 𝐿𝐴‖𝐩𝐺′‖2
)

𝑑Geo(𝐺,𝐺′). (A-135)

This proves the stated bound.

In this discrete statement, the constant 𝛼 measures the conditioning of the finite-volume pressure operator. If 𝛼
is bounded away from zero, the pressure system is well anchored by the Dirichlet boundaries and does not contain
nearly disconnected floating components. If 𝛼 becomes small, small changes in geometry or boundary forcing can
produce large changes in pressure. This is the discrete analog of losing coercivity in the weak Darcy formulation.
The perturbation term ‖𝐴𝐺 − 𝐴𝐺′‖2 captures changes in graph connectivity and edge transmissibilities. In a
finite-volume graph view, one may write schematically

𝐴𝐺 ≈ 𝐵⊤
𝐺𝑊𝐺𝐵𝐺 +𝐷𝐺, (A-136)

where 𝐵𝐺 is an incidence matrix encoding pore-cell connectivity, 𝑊𝐺 contains edge transmissibilities, and 𝐷𝐺
contains Dirichlet boundary contributions. The solid–void mask affects both 𝐵𝐺 and 𝑊𝐺: it determines which
neighboring cells are connected and what conductance is assigned to each open face. The vector 𝐛𝐺 also depends
on geometry through the boundary faces connected to prescribed inlet and outlet pressures.

This discrete perturbation estimate is directly aligned with the GeONet training setting. GeONet observes
pressure values on a finite-volume grid, while the Leaf Network encodes the binary mask that determines the
graph structure of 𝐴𝐺. Therefore, if an unseen RCP geometry remains close to the training distribution under
𝑑Geo and does not undergo a connectivity-changing transition, its matrix 𝐴𝐺, right-hand side 𝐛𝐺, and pressure
solution 𝐩𝐺 are expected to vary continuously. This provides a discrete mathematical rationale for cross-domain
generalization.

A.8. Low-rank smoothing in coordinate-separable operator models
A standard Branch–Trunk DeepONet represents the pressure field as

𝑝(𝐬) =
𝑟
∑

𝑖=1
𝑏𝑖(𝜙, 𝑘) 𝑡𝑖(𝐬), (A-137)

where 𝑏𝑖(𝜙, 𝑘) are Branch-network coefficients and 𝑡𝑖(𝐬) are Trunk-network coordinate functions. After training,
the functions 𝑡1,… , 𝑡𝑟 define a fixed coordinate basis that is shared across all samples. The Branch Network
changes only the coefficients multiplying these basis functions.

Therefore, for a fixed trained model, every predicted pressure field lies in the same finite-dimensional
coordinate space,

𝑝 ∈ span{𝑡1,… , 𝑡𝑟}. (A-138)

This is a coordinate-separable representation: material-property information enters through the coefficients,
while spatial variation is represented through a fixed set of coordinate modes. This observation does not imply
that DeepONet is incapable of approximating complex pressure fields. With sufficiently large rank, additional
inputs, or architecture modifications, a DeepONet-type model can represent richer solution families. Rather, the
point is that a finite-rank coordinate-separable model can smooth localized geometry-induced pressure features
when those features occur at geometry-dependent locations. In that case, a single fixed coordinate basis must
represent many possible locations of sharp pressure drops, bottlenecks, and pore-boundary effects.
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Proposition A.8 (Projection error for geometry-induced pressure modes). Let {𝑝𝐺𝑗
}𝐽𝑗=1 be pressure fields

associated with 𝐽 admissible RCP geometries, evaluated on a common grid or common comparison domain.
Let

𝑝̄ = 1
𝐽

𝐽
∑

𝑚=1
𝑝𝐺𝑚

(A-139)

be the empirical mean pressure field, and define the centered fields

𝑝𝐺𝑗
= 𝑝𝐺𝑗

− 𝑝̄. (A-140)

Let

𝜆1 ≥ 𝜆2 ≥ ⋯ (A-141)

be the eigenvalues of the empirical covariance operator associated with the centered pressure fields. Then
any representation whose coordinate dependence lies in a fixed 𝑟-dimensional subspace has average squared
reconstruction error at least

∑

𝑖>𝑟
𝜆𝑖. (A-142)

PROOF. Let 𝑟 be any 𝑟-dimensional coordinate subspace, and let Π𝑟
denote the orthogonal projection onto

that subspace. The average squared reconstruction error of projecting the centered pressure fields onto 𝑟 is

1
𝐽

𝐽
∑

𝑗=1

‖

‖

‖

𝑝𝐺𝑗
− Π𝑟

𝑝𝐺𝑗
‖

‖

‖

2
. (A-143)

Among all 𝑟-dimensional subspaces, this quantity is minimized by the span of the first 𝑟 empirical principal
modes of the pressure ensemble. The minimum achievable error is the sum of the neglected covariance
eigenvalues,

∑

𝑖>𝑟
𝜆𝑖. (A-144)

A coordinate-separable model with 𝑟 fixed trunk functions produces pressure fields in one such 𝑟-dimensional
coordinate subspace. Therefore, its average squared reconstruction error cannot be smaller than the optimal
rank-𝑟 projection error.

For RCP geometries, solid barriers, pore constrictions, disconnected regions, and preferential channels
generate pressure features whose locations depend on the geometry mask. For example, a sharp pressure drop
may occur at one location in 𝐺𝑎 but at a different location in 𝐺𝑏 because the constriction or high-resistance
pathway has moved. Such moving localized features typically require many global coordinate modes to represent
accurately. If the effective rank 𝑟 is too small, the best fixed-basis approximation tends to represent these features
by their average effect, producing a smoother pressure field.

GeONet addresses this limitation by allowing geometry to modify the coordinate response before decoding
the pressure. Through Leaf–Trunk and Leaf–Branch–Trunk interactions, GeONet can form geometry-dependent
coordinate features of the form

Ψ𝑖
(

𝓵𝐺(𝐬), 𝐛𝐺, 𝝉(𝐬)
)

, (A-145)

where 𝓵𝐺(𝐬) is the geometry feature, 𝐛𝐺 is the material-property feature, and 𝝉(𝐬) is the coordinate feature.
Thus, the effective coordinate basis is no longer fixed across all geometries. It can shift, deform, or activate
differently depending on the solid–void mask. In this sense, GeONet replaces a single global coordinate subspace
with a geometry-conditioned family of coordinate responses. This provides a mathematical explanation for why
GeONet can preserve sharp pressure transitions and localized pore-scale features that are finite-rank coordinate-
separable, which a baseline tends to smooth.
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Proposition A.9 (Geometry-gated basis enrichment). Suppose the Leaf Network and gating module partition
the geometry latent space into 𝑄 distinguishable regimes. Suppose further that, within each regime, the decoder
can represent a rank-𝑟 Branch–Trunk coordinate model. Then the resulting GeONet class can represent a union
of 𝑄 rank-𝑟 coordinate subspaces. The dimension of the span of this union is at most 𝑄𝑟, and it can reach 𝑄𝑟
when the regime-specific coordinate subspaces are linearly independent.

PROOF. Let 𝑞 denote the rank-𝑟 coordinate subspace used in regime 𝑞, where 𝑞 = 1,… , 𝑄. Within a fixed
regime, the model represents pressure fields in 𝑞 . Across all regimes, the possible coordinate responses lie in
the union

𝑄
⋃

𝑞=1
𝑞 . (A-146)

The linear span of this union is

1 +2 +⋯ +𝑄, (A-147)

whose dimension is at most 𝑄𝑟. If the subspaces are linearly independent, the dimension is exactly 𝑄𝑟.

The model does not need to explicitly label these regimes. They are learned through the Leaf features and
gates. The practical effect is that GeONet can place pressure transitions, bottleneck-induced gradients, and local
extrema at geometry-dependent locations instead of forcing all geometries through a single global coordinate
basis.

A.9. Residual-to-error estimate for GeONet pressure predictions
Although the GeONet models reported in this manuscript are trained using supervised pressure losses, their

predictions can also be interpreted through the residual of the Darcy pressure equation. This provides a bridge
between data-driven training and physics-informed error analysis.

Given a predicted pressure field 𝑝𝐺, define the interior Darcy residual

𝐺(𝑝𝐺) = −∇ ⋅
(

𝜅𝐺∇𝑝𝐺
)

in Ω𝑓 (𝐺), (A-148)

where

𝜅𝐺 =
𝑘𝐺
𝜇

. (A-149)

If 𝑝𝐺 satisfies the same Dirichlet pressure values as the true solution 𝑝𝐺, then the error

𝑒 = 𝑝𝐺 − 𝑝𝐺 (A-150)

belongs to 𝑉0,𝐺 and satisfies

∫Ω𝑓 (𝐺)
𝜅𝐺∇𝑒 ⋅ ∇𝑣 𝑑𝐱 = ⟨𝐺(𝑝𝐺), 𝑣⟩ ∀𝑣 ∈ 𝑉0,𝐺. (A-151)

Theorem A.10 (Energy-norm error controlled by Darcy residual). Assume 𝑝𝐺 satisfies the same Dirichlet
boundary values as 𝑝𝐺. Then

‖∇(𝑝𝐺 − 𝑝𝐺)‖𝐿2(Ω𝑓 (𝐺)) ≤
1

𝜅min
‖𝐺(𝑝𝐺)‖𝑉 ∗

0,𝐺
, (A-152)

where 𝑉 ∗
0,𝐺 is the dual space of 𝑉0,𝐺 with norm

‖‖𝑉 ∗
0,𝐺

= sup
𝑣∈𝑉0,𝐺 , 𝑣≠0

⟨, 𝑣⟩
‖∇𝑣‖𝐿2(Ω𝑓 (𝐺))

. (A-153)

M.L. Mamud et al.: Manuscript submitted to Elsevier: Engineering Applications of Artificial Intelligence Page 59 of 67



GeONet for Predicting Flow in Heterogeneous Porous Media

PROOF. Set 𝑣 = 𝑒 in the residual equation:

∫Ω𝑓 (𝐺)
𝜅𝐺|∇𝑒|2 𝑑𝐱 = ⟨𝐺(𝑝𝐺), 𝑒⟩. (A-154)

Using 𝜅𝐺 ≥ 𝜅min gives

𝜅min‖∇𝑒‖2𝐿2(Ω𝑓 (𝐺)) ≤ ⟨𝐺(𝑝𝐺), 𝑒⟩. (A-155)

By the definition of the dual norm,

⟨𝐺(𝑝𝐺), 𝑒⟩ ≤ ‖𝐺(𝑝𝐺)‖𝑉 ∗
0,𝐺

‖∇𝑒‖𝐿2(Ω𝑓 (𝐺)). (A-156)

Dividing by 𝜅min‖∇𝑒‖𝐿2(Ω𝑓 (𝐺)) yields the desired bound.

If the predicted pressure does not exactly satisfy the Dirichlet boundary conditions, the error estimate can
be extended by adding a boundary mismatch term. In that case, one first lifts the boundary discrepancy into
the domain and applies the same residual argument to the remaining homogeneous error. This residual bound is
useful for future physics-informed extensions of GeONet. It also explains why prediction errors often concentrate
near sharp pressure gradients, pore constrictions, and solid barriers: these are the regions where local residuals
are most sensitive to geometry, edge transmissibility, and finite-volume discretization.

A.10. Coordinate-sampling loss and unbiased grid-risk estimation
GeONet is trained by sampling coordinates from high-resolution pressure fields rather than by processing

every grid point at every optimization step. This coordinate batching is memory efficient and is consistent with
the operator learning objective.

Let 𝐹𝐺 denote the set of active fluid cells for geometry 𝐺. The full-grid pressure risk for a model 𝑝𝜃 is

ℎ(𝜃;𝐺) = 1
|𝐹𝐺|

∑

𝑖∈𝐹𝐺

|

|

𝑝𝜃(𝐱𝑖;𝑚𝐺, 𝜙𝐺, 𝑘𝐺) − 𝑝𝐺(𝐱𝑖)||
2 . (A-157)

During training, a subset of coordinates

𝐺 ⊂ 𝐹𝐺 (A-158)

is sampled. The mini-batch estimator is

̂ℎ(𝜃;𝐺) = 1
|𝐺|

∑

𝑖∈𝐺

|

|

𝑝𝜃(𝐱𝑖;𝑚𝐺, 𝜙𝐺, 𝑘𝐺) − 𝑝𝐺(𝐱𝑖)||
2 . (A-159)

Theorem A.11 (Unbiasedness of coordinate-sampled training). If 𝐺 is sampled uniformly from 𝐹𝐺, then

𝔼𝐺

[

̂ℎ(𝜃;𝐺)
]

= ℎ(𝜃;𝐺). (A-160a)

If the sampled coordinates are independent and the pointwise squared error has finite variance, then

Var
[

̂ℎ(𝜃;𝐺)
]

= 𝑂(|𝐺|
−1). (A-160b)

PROOF. For a uniformly sampled coordinate 𝑖 ∈ 𝐹𝐺,

𝔼𝑖

[

|

|

𝑝𝜃(𝐱𝑖;𝑚𝐺, 𝜙𝐺, 𝑘𝐺) − 𝑝𝐺(𝐱𝑖)||
2
]

= ℎ(𝜃;𝐺). (A-161)

Linearity of expectation gives the unbiasedness result for the sample average. If coordinates are sampled
independently, the variance of the average decreases inversely with the number of samples, giving the stated
𝑂(|𝐺|

−1) scaling.

If coordinates are sampled nonuniformly, for example to oversample high-gradient regions or pore bound-
aries, the same estimator can be made unbiased by applying standard importance weights. Uniform sampling,
however, directly estimates the full-grid mean-squared error over the active pore cells. This result clarifies why
coordinate batching is compatible with operator learning. GeONet minimizes the expected prediction error over
geometries and coordinates while avoiding the memory cost of full-field optimization at every training step.
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A.11. Relationship between training loss and reported metrics
Let

𝐞 = 𝐩̂ − 𝐩 (A-162)

denote the vector of prediction errors on the evaluated fluid cells, and let 𝑁 be the number of evaluated cells.
The root mean squared error is

RMSE =
‖𝐞‖2
√

𝑁
. (A-163)

The normalized RMSE reported in the one-to-one pressure comparisons is

NRMSE =
‖𝐞‖2

√

𝑁
(

𝑃max − 𝑃min
)

. (A-164)

Thus, minimizing the mean-squared training loss directly reduces the numerator of RMSE and NRMSE.
The coefficient of determination can be written as

𝑅2 = 1 −
‖𝐞‖22

‖𝐩 − 𝑃𝟏‖22
, (A-165)

where 𝑃 is the spatial mean of the reference pressure field. Therefore, a high 𝑅2 indicates that the squared error
is small relative to the intrinsic spatial variance of the pressure field.

The mean absolute percentage error is

MAPE = 100
𝑁

𝑁
∑

𝑖=1

|

|

|

|

𝑒𝑖
𝑝𝑖 + 𝜖

|

|

|

|

, (A-166)

where 𝜖 > 0 prevents division by values close to zero. This is important when pressure is shifted or normalized
so that outlet values may approach zero. MAPE provides an interpretable percent-scale error, while NRMSE and
𝑅2 measure error relative to the pressure range and spatial variance.

The pressure histograms and profile plots complement these scalar metrics. NRMSE, MAPE, and𝑅2 quantify
global agreement, whereas histograms and one-dimensional pressure slices assess whether the model preserves
distributional tails, localized pressure drops, and geometry-induced gradients.

A.12. DeepONet-BC Hyperparameter Optimization Diagnostics
This subsection reports the complete DeepONet-BC HPO diagnostics corresponding to the GeONet analyses

in the main text. DeepONet-BC was evaluated using the same data partitions, trial budgets, optimization
objective, and applicable search ranges. Its trunk formulation emphasizes the prescribed boundary conditions,
and its leading configurations use zero or mild random Fourier features. These figures document how the BC-
focused branch–trunk architecture responds to the reduced- and full-data optimization stages.

During Stage I, the parameter-wise distributions occupy a comparatively narrow loss range (Fig. 21).
Learning rate provides the clearest separation among trials, while changes in weight decay, gradient-loss weight,
latent dimensions, Fourier features, and trunk depth produce extensive overlap. The global analysis reaches the
same conclusion (Fig. 22a): learning rate has the largest rank correlation with validation loss (𝜌 = +0.60),
followed by much weaker associations for trunk depth (𝜌 = −0.24) and trunk width (𝜌 = −0.20). Architecture-
level distributions overlap strongly (Fig. 22b), and the isolated lowest-loss trial visible in the search trajectory
(Fig. 22c) does not alter the broader pattern of limited separation among configurations.

Following transfer to 𝑁 = 5000, the DeepONet-BC trials separate into a lower-loss band near 0.567–0.579
and a distinct high-loss band near 0.623 (Fig. 23). The poorest trials occur at the lowest learning rate, while
several architecture and optimizer settings map to nearly the same lower band. Accordingly, the Stage II rank
analysis identifies learning rate as the dominant variable (𝜌 = −0.74), followed by weight decay (𝜌 = −0.45);
the remaining correlations are modest (Fig. 24a). The architecture distributions and trial sequence separate
configurations into two performance regimes (Fig. 24b,c). The best loss of 0.56718 represents an 8.4% reduction
from the Stage I optimum, demonstrating that the BC-focused formulation benefits from the larger training
cohort. The separation also shows that this improvement depends on selecting an effective transferred seed and
optimization schedule.
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Figure 21: Parameter-wise variation in Stage I DeepONet-BC validation performance (𝑁 = 500). Best validation
loss is shown against each sampled optimization and architecture hyperparameter; marker color denotes validation
loss. Learning rate produces the most visible separation, whereas the remaining parameters exhibit strongly
overlapping loss distributions. The broad overlap indicates limited sensitivity to isolated changes in model width,
Fourier features, or trunk depth within the evaluated Stage I space. The minimum loss of 0.61911 is attained by
free-form trial 040, which uses a wide, six-layer trunk and 𝑛𝑓 = 0.

M.L. Mamud et al.: Manuscript submitted to Elsevier: Engineering Applications of Artificial Intelligence Page 62 of 67



GeONet for Predicting Flow in Heterogeneous Porous Media

Figure 22: Stage I sensitivity and architecture analysis for DeepONet-BC (𝑁 = 500). (A) Absolute Spearman
rank correlations between sampled hyperparameters and best validation loss; bar color indicates correlation sign.
(B) Validation-loss distributions by architecture preset, with orange median lines and green mean markers. (C) Best
validation loss across the 100-trial search. (D) Joint learning-rate–weight-decay projection, with the top 10% of trials
outlined. Learning rate is the dominant sampled control, while the extensive overlap among architecture families
indicates weak architecture-level separation.
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Figure 23: Parameter-wise variation in Stage II DeepONet-BC validation performance (𝑁 = 5000). Best validation
loss is plotted against the optimization and architecture settings evaluated during transferred refinement; marker
color denotes validation loss. The trials separate into a narrow lower-loss band and a high-loss regime associated
most clearly with the lowest learning rate. The Stage II minimum of 0.56718 is achieved by trial 001 using a trunk
width of 384, 𝑛𝑓 = 4, 𝜎𝑓 = 1, and 𝜂 = 3 × 10−4.
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Figure 24: Stage II sensitivity and architecture analysis for DeepONet-BC (𝑁 = 5000). (A) Absolute Spearman
rank correlations between locally varied hyperparameters and best validation loss; bar color indicates correlation sign.
(B) Validation-loss distributions for transferred architecture families, with medians and means shown by orange lines
and green triangles. (C) Best validation loss across the 24 refinement trials. (D) Weight-decay–cosine-end-fraction
projection, with the top 10% of trials outlined. Learning rate and weight decay provide the strongest rank separation
between the two performance regimes. As in the GeONet analysis, these correlations are descriptive of a small,
restricted transfer pool and should not be interpreted as independent causal effects.
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A.13. Implications for the reported GeONet results
The mathematical analysis above supports four claims made by the empirical results. First, the pressure

operator is geometry-conditioned. The weak formulation and finite-volume graph interpretation show that the
solid–void mask changes the fluid domain, the admissible boundary partition, and the connectivity of the discrete
pressure system. Therefore, the geometry input is not cosmetic; it changes the physical operator being learned.
Second, omitting geometry can create an irreducible identifiability error. Theorem A.5 shows that if two RCP
geometries share the same material-property inputs but have different pressure fields, no Branch–Trunk model
that ignores the mask can recover both solutions exactly. Third, the gated Leaf–Branch–Trunk fusion gives
GeONet a mechanism for local geometry-coordinate interactions. These interactions allow pressure features to
move with pore boundaries, constrictions, and connectivity changes, rather than being represented only by a fixed
coordinate basis. Fourth, the residual and stability estimates explain why cross-domain generalization is plausible
within the admissible RCP distribution. If unseen geometries remain close to the training support under the
geometry-material metric and do not violate connectivity or ellipticity assumptions, then the underlying pressure
solution varies continuously. A trained GeONet can therefore interpolate this geometry-conditioned operator in
a physically meaningful way. Together, these points provide a mathematical rationale for the observed behavior
of GeONet: the model preserves sharp pressure transitions, distributional tails, and geometry-controlled pressure
profiles more faithfully than a coordinate-centric baseline, while maintaining strong agreement on unseen RCP
geometries.
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