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Abstract  

In seismic source inversion using teleseismic P waves, P-wave arrival times are picked from observed 

waveforms and used to adjust their timing relative to the predicted arrivals. However, uncertainty in the 

picked arrival times remains after this correction. Picking errors shift the entire waveform and produce 

temporally correlated waveform errors. If these errors are not properly accounted for, small differences in 

arrival-time picks may substantially alter the inferred source models and contribute to discrepancies among 

analysts. In this study, I propose a waveform-shift covariance approach that approximately constructs the 

component of the data covariance matrix associated with P-wave picking uncertainty from observed 

waveforms and a probability distribution of time shifts. I incorporate this approach into potency density tensor 

inversion (PDTI) and compare it with a conventional approach that neglects picking uncertainty, using 125 

synthetic waveform datasets that differ only in picking errors. Relative to the conventional approach, the 

proposed method reduces the normalized model root mean square error (RMSE) by approximately 0.09 and 

reduces the variability among inferred source models across datasets to less than 40% of that for the 

conventional approach. Although the normalized data RMSE is comparable between the two approaches, the 

normalized model RMSE for individual datasets is concentrated within 0.32–0.36 for the proposed method, 

whereas it spans 0.35–0.50 for the conventional approach. These results show that incorporating P-wave 

picking uncertainty into the data covariance matrix yields more accurate and stable source models, even 

though the proposed and conventional approaches fit the observed waveforms similarly well. Application to 

real earthquake data with uncertain P-wave picks suggests that neglecting the data error structure may lead to 

overfitting in the conventional approach. Accounting for picking uncertainty changes how waveform 

discrepancies are weighted in the inversion, reducing the tendency to interpret waveform-shift errors as source 

complexity. These findings underscore the importance of returning to a basic principle for reliable estimation 

of earthquake rupture processes: interpreting source signals in observed data requires an understanding of not 

only the signal structure but also the error structure. 

Keywords: Seismic source inversion; P-wave picking uncertainty; Data covariance 

  



 3 

1 Introduction 

An earthquake involves rupture propagation along faults. Stable estimation of the rupture process, 

including fault geometry, is important not only for understanding earthquake phenomena but also for 

predicting strong ground motion and tsunamis from future large earthquakes (e.g., Geist, 2002; Klinger et al., 

2018; Taufiqurrahman et al., 2023). 

However, as multiple source models have been published for individual large earthquakes, substantial 

differences among models obtained by different researchers have become an issue in seismic source studies 

(e.g., Beresnev, 2003; Vallée and Bouchon, 2004; Gallovič and Ampuero, 2015; Mai et al., 2016). In general, 

observational and modeling errors can introduce correlations among data, making it important to account for 

their error structure. In geodetic data analysis, methods have been developed to account for temporal and 

spatial correlations in observational errors (e.g., Langbein and Johnson, 1997; Fukahata and Wright, 2008). In 

seismic waveform inversion for source processes, studies have mainly focused on correlations in modeling 

errors, including errors associated with discretization of the source process (Yagi and Fukahata, 2008) and 

uncertainty in Green’s functions (Yagi and Fukahata, 2011). Subsequent studies have also shown the 

importance of properly accounting for error correlations in source inversions (e.g., Minson et al., 2013; 

Dettmer et al., 2014; Duputel et al., 2014; Ragon et al., 2018). 

In particular, accounting for Green’s-function uncertainty opened a path toward stable estimation of 

seismic source processes without imposing the non-negativity constraints commonly used in source inversions 

(Yagi and Fukahata, 2011). This development led to potency density tensor inversion (PDTI), which estimates 

the source process together with information on fault geometry (Shimizu et al., 2020). PDTI relaxes 

assumptions about fault orientation and estimates the spatiotemporal distribution of potency density tensors. 

The underlying idea is to extract information on fault geometry from waveform discrepancies that were 

previously treated as modeling errors. Methods for estimating fault geometry from observed data have also 

been proposed from this perspective (e.g., Shimizu et al., 2021; Dutta et al., 2021; Sato et al., 2026). 

In source inversion using teleseismic P waves, P-wave arrival times calculated from assumed source 

parameters and Earth structure do not necessarily agree with actual arrival times because of three-dimensional 
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structural heterogeneity. To reduce the effects of these travel-time errors, P-wave arrival times are picked from 

observed waveforms and used to correct their time alignment (e.g., Ohara et al., 2023). The importance of 

arrival-time corrections for source estimation has also been noted (e.g., Ji et al., 2004; Shao et al., 2011). 

Back-projection (BP) studies likewise use time corrections based on cross-correlation among observed 

waveforms to reduce the effects of travel-time errors (e.g., Ishii et al., 2007). However, compared with BP 

analyses using waveforms recorded within an array, seismic source inversions require stations spanning a 

broad azimuthal range to limit uneven station coverage. Waveforms may differ considerably because of the 

azimuthal dependence of radiation patterns and differences in propagation paths, so time corrections based on 

cross-correlation among observed waveforms require careful assessment. Moreover, accurate P-wave picking 

is difficult at stations with high background noise, such as those on oceanic islands (e.g., Okuwaki et al., 

2016). Completely eliminating picking uncertainty is not practical. Picking errors shift the entire waveform 

and thus produce waveform errors that are correlated across time. Therefore, accounting for picking errors 

requires incorporating the uncertainty remaining after arrival-time correction into the inversion through the 

waveform-error covariance. 

In this study, I represent P-wave picking errors as waveform time shifts and derive an approximate 

expression for the covariance of the resulting waveform errors. I propose a waveform-shift covariance 

approach that can be incorporated into existing seismic source inversion methods, including PDTI, and 

evaluate its effectiveness through synthetic tests using PDTI. I also discuss its applicability to other waveform 

analyses. 
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2 Mathematical Formulation 

I represent the teleseismic P waveform 𝑢!(𝑡) from an earthquake observed at station 𝑗 as a 

superposition of potency-rate density functions for five basis double-couple components (Kikuchi and 

Kanamori, 1991) distributed over a model plane (Shimizu et al., 2020): 

 

𝑢!(𝑡) = '( 𝐷̇"(𝑡, 𝜉) ∗ .𝐺"!(𝑡, 𝜉) + 𝛿𝐺"!(𝑡, 𝜉)2𝑑𝜉
#

$

"%&

+ 𝑒'!(𝑡) + 𝑒(!(𝑡). (1) 

 

Here, 𝐷̇" is the potency-rate density function for the 𝑞th basis double-couple component, 𝐺"! is the 

calculated Green’s function for unit potency, and 𝛿𝐺"! is the difference between the true and calculated 

Green’s functions. The terms 𝑒'! and 𝑒(! represent background noise and waveform errors caused by P-

wave picking errors, respectively. The variable 𝜉 denotes a position on the model plane 𝑆, and ∗ denotes 

convolution in time. 

I define 𝛿𝑡 as the picked P-wave arrival time minus the true arrival time and approximate its probability 

density function 𝑝!(𝛿𝑡) by a Gaussian distribution with zero mean and variance 𝜎(!) . When the picked 

arrival time is taken as the time origin, a pick later than the true arrival shifts the waveform toward earlier 

times. I approximate the waveform error associated with this time shift by the difference between the shifted 

and unshifted observed waveforms: 

 

𝑒(!(𝑡; 𝛿𝑡) ≈ 𝑢!(𝑡 + 𝛿𝑡) − 𝑢!(𝑡). (2) 

 

In constructing the data covariance function below, I treat the observed waveform 𝑢!(𝑡) as a fixed reference 

waveform. 

Even when the time shift has zero mean, the waveform-shift error in eq. (2) does not necessarily have 

zero mean. To simplify the error model in the observation equation, I approximate 𝑒(!(𝑡) by a Gaussian 
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process with zero mean and covariance function 𝐶(!(𝑡, 𝑡*). I use the second moment of the waveform-shift 

error as the covariance of this Gaussian approximation: 

 

𝐶(!(𝑡, 𝑡*) = (𝑒(!(𝑡; 𝛿𝑡) 𝑒(!(𝑡′; 𝛿𝑡)𝑝!(𝛿𝑡)𝑑𝛿𝑡. (3) 

 

Because the mean waveform-shift error is not subtracted, this definition accounts for the magnitude of the 

error, including its nonzero mean. 

If the time shift is sufficiently small compared with the timescale of waveform variation, a first-order 

Taylor expansion of eq. (2) gives 

 

𝑒(!(𝑡; 𝛿𝑡) ≈ 𝑢̇!(𝑡)𝛿𝑡, (4) 

 

where 𝑢̇! is the time derivative of the observed waveform. Under this linear approximation, the waveform-

shift error has zero mean, and eq. (3) becomes 

 

𝐶(!(𝑡, 𝑡*) = 𝜎(!) 𝑢̇!(𝑡)𝑢̇!(𝑡*). (5) 

 

I refer to the covariance constructed using this linear approximation as LinearCov. 

Even when the linear approximation is not valid, eq. (3) can be evaluated directly by applying finite time 

shifts to the observed waveform. Let ∆𝑡! be the sampling interval of the observed waveform and define 

discrete time shifts as 

 

𝛿𝑡+! = 𝑚𝛥𝑡! 						H𝑚 = −𝑀!⋯𝑀!K. (6) 

 

Discretizing eq. (3) gives 
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𝐶(!(𝑡, 𝑡*) = ' 𝑤!+

,!

+%-,!

𝑒(!N𝑡; 𝛿𝑡+!O𝑒(!N𝑡′; 𝛿𝑡+!O, (7) 

 

where the weights are normalized over the finite shift interval: 

 

𝑤!+ =
𝑝!N𝛿𝑡+!O∆𝑡!

∑ 𝑝!N𝛿𝑡.!O∆𝑡!
,!
.%-,!

	 . (8) 

 

The range of time shifts used in the calculation is chosen based on the standard deviation of the picking error 

𝜎(! to limit numerical approximation errors. I refer to the covariance constructed from finite waveform shifts 

as ShiftCov. 

For sampling times 𝑡/ and 𝑡/* used in the inversion, the elements of the covariance matrix 𝑪!( are 

given by 

 

.𝑪(!2//* = 𝐶(!(𝑡/ , 𝑡/"). (9) 

 

Following Yagi and Fukahata (2011), I discretize eq. (1) and express it in vector form as 

 

𝒅! = 𝑯!𝒂 + 𝒆0!(𝒂) + 𝒆'! + 𝒆(! . (10) 

 

Here, 𝒅! is the data vector at station 𝑗, 𝑯! is the kernel matrix constructed from the calculated Green’s 

functions and the spatial and temporal basis functions, and 𝒂 is the vector of expansion coefficients for the 

discretized potency-rate density functions. The vectors 𝒆0!, 𝒆'! and 𝒆(! represent errors arising from 

Green’s-function uncertainty, background noise, and P-wave picking errors, respectively. 

Neglecting cross-covariances among these error terms, the error covariance matrix is expressed as 
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𝑪1!N𝜎0), 𝜎'!) , 𝜎(!) , 𝒂O = 𝜎0)𝑪0!(𝒂) + 𝜎'!) 𝑪'! + 𝑪(!N𝜎(!) O. (11) 

 

Here, 𝜎0) is a hyperparameter controlling the scale of Green’s-function errors, 𝑪0!(𝒂) describes their model-

dependent covariance structure, and 𝑪'! describes the correlation structure of background noise. 

In general, uncertainty in P-wave arrival-time picks increases with the background-noise variance 𝜎'!) . 

Conversely, a steeper slope 𝑣! at the P-wave onset reduces the effect of a given noise amplitude on the 

picked arrival time. Based on these properties, I use the following empirical relation to convert amplitude 

uncertainty into timing uncertainty: 

 

𝜎(!) = 𝜀 𝜎'!) 𝑣!),\ (12) 

 

where 𝜀 is a dimensionless tuning parameter specified empirically. For LinearCov, 𝑪(! is proportional to 

the background-noise variance. For ShiftCov, changing the background-noise variance also changes the width 

of the time-shift distribution, so 𝑪(! is not simply proportional to that variance. 

To incorporate the proposed covariance into the framework of Yagi and Fukahata (2011), I adopt an 

approximation that fixes the structure of the picking-error covariance constructed from the observed 

waveform and applies a common scale factor to the background-noise and picking-error covariances. First, I 

estimate the background-noise variance 𝜆'!)  from the 10 s of observed waveform preceding the P-wave 

arrival. Taking the sampling interval as an assumed lower bound on the standard deviation of the picking 

error, I define 

 

𝜎̂(!) = 𝑚𝑎𝑥N∆𝑡!), 𝜀 𝜆'!) 𝑣!)\ O, (13) 

 

and construct a reference picking-error covariance matrix 𝑪a(!. I then introduce a dimensionless scale factor 

𝜎̂'), common to all stations, and approximate the error covariance matrix as 
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𝑪1!N𝜎0), 𝜎̂'), 𝒂O ≈ 𝜎0)𝑪0!(𝒂) + 𝜎̂').𝜆'!) 𝑪'! + 𝑪a(!2. (14) 

 

For ShiftCov, this approximation scales the entire covariance matrix while keeping the width of the time-shift 

distribution fixed. For LinearCov without a lower bound on the picking-error variance, this operation is 

equivalent to scaling the background-noise variance according to eq. (12). With the lower bound introduced in 

eq. (13), however, it is also an approximation for LinearCov. 

Using this covariance model, I estimate the hyperparameter 𝛾)(= 𝜎0) 𝜎̂')⁄ ), which controls the relative 

scales of Green’s-function and observational errors, together with the smoothing hyperparameters based on 

Akaike’s Bayesian Information Criterion (ABIC; Akaike, 1980; Yabuki and Matsu’ura, 1992; Sato et al., 

2022), following the framework of Yagi and Fukahata (2011). This allows the error structure associated with 

P-wave picking uncertainty to be incorporated into PDTI. 
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3 Synthetic Tests 

I conducted synthetic tests to evaluate the effectiveness of ShiftCov and LinearCov. In general, 

background-noise levels vary among stations, and stations with high noise levels, such as those on oceanic 

islands, may be concentrated within particular azimuths. To incorporate these observational conditions, I used 

waveforms recorded during the 2008 Wenchuan earthquake. Broadband vertical-component records from 66 

stations were obtained through the Seismological Facility for the Advancement of Geoscience (SAGE) using 

Wilber 3 (Fig. 1a). After removing the instrument responses and converting the records to velocity waveforms, 

I estimated the background-noise variance 𝜆'!)  from the 10 s preceding the P-wave arrival and used these 

estimates to generate the synthetic input data. 

To keep the computational cost manageable, I constructed an input source model representing a 

moderate-sized, thrust earthquake (Fig. 1b). The model plane had a strike of 225°, a dip of 30°, and 

dimensions of 34 km × 22 km, with a spatial grid interval of 2 km. The temporal knot interval was 0.4 s, and 

the time function at each spatial knot ended at 8.4 s after the origin time. To reduce the number of model 

parameters, I introduced a hypothetical front propagation velocity of 3.5 km/s and set the starting time of the 

temporal knots at each spatial knot to the arrival time of this hypothetical front. 

Within this model setting, I constructed an input source model in which the main rupture propagated from 

the hypocenter toward shallower parts of the fault, while a smaller rupture propagated southwestward along 

strike. Local strike angles varied spatially so that the fault trace formed a gentle curve.  

Green’s functions were calculated using a modified version of the program of Kikuchi and Kanamori 

(1991). I adopted the ak135 reference velocity model (Kennett et al., 1995), calculated ray parameters and 

related quantities using TauP (Crotwell et al., 1999), and set the teleseismic anelastic attenuation parameter 𝑡∗ 

to 1 s. To generate synthetic waveforms, I added zero-mean Gaussian errors to the Green’s functions, with a 

standard deviation of 2.5% of their maximum amplitude, and convolved the perturbed Green’s functions with 

the potency-rate density functions of the input model. Zero-mean Gaussian background noise with variance 

𝜆'!)  was then added to the resulting waveforms.  
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Picking-error variances were specified using eq. (13) (Fig. 2a), with the dimensionless tuning parameter 

𝜀 set to 1. I generated 125 input datasets by applying station-specific time shifts drawn from zero-mean 

Gaussian distributions with these variances. The Green’s-function errors and background noise were identical 

across all datasets; only the time shifts varied. The datasets were resampled at an interval of 0.4 s. Exploiting 

the characteristics of teleseismic body waves, I used the low-pass effect of anelastic attenuation for anti-

aliasing, allowing the background-noise correlation matrix 𝑪'! to be approximated by the identity matrix 

(e.g., Yamashita et al., 2022; Tadapansawut et al., 2022). 

Each dataset was inverted using the same model plane, spatial grid interval, temporal knot interval, and 

hypothetical front propagation velocity as those used for the input model. I adopted time-adaptive smoothing 

(Yamashita et al., 2022) and set one of the basis double-couple components to represent pure reverse slip with 

the strike and dip of the model plane. I performed PDTI with ShiftCov and LinearCov, as well as conventional 

PDTI that neglects picking uncertainty. I refer to the conventional approach as FixedPick. 

I evaluated the estimated models using the root mean square error (RMSE), which measures deviations 

from the true model; the root mean square (RMS) of the differences between the ensemble mean model and 

the true model (bias-RMS); and the RMS of the differences between individual estimated models and their 

ensemble mean (spread-RMS), which quantifies variability across datasets. Each measure was normalized by 

the RMS of the true model. Let 𝐿 be the number of datasets, 𝒂3 the model vector estimated from dataset 𝑙, 

𝒂4567 the true model vector, and 𝒂f the mean model vector for each approach. The measures are defined as 

 

 

RMSE = k
∑ ‖𝒂3 − 𝒂4567‖))8
3%&
𝐿‖𝒂4567‖))

, (15) 

 

bias-RMS = k
‖𝒂f − 𝒂4567‖))

‖𝒂4567‖))
, (16) 
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spread-RMS = k
∑ ‖𝒂3 − 𝒂f‖))8
3%&
𝐿‖𝒂4567‖))

, (17) 

 

where ‖∙‖)) denotes the squared L2 norm. The normalized RMSE, bias-RMS, and spread-RMS can also be 

calculated for each dataset individually. Corresponding measures for the moment-rate function and potency 

density distribution can be obtained by replacing the model coefficient vectors in these equations with vectors 

representing these quantities. For simplicity, I hereafter refer to the potency density distribution as slip and the 

potency-rate density as slip rate. 

Table 1 summarizes the results for ShiftCov, LinearCov, and FixedPick. ShiftCov yielded the smallest 

RMSE, reducing it by approximately 0.09 relative to FixedPick. The reduction for LinearCov was only 

approximately 0.02. The bias-RMS values differed little among the approaches, indicating similar magnitudes 

of deviation between the mean and true models. In contrast, the spread-RMS for ShiftCov was 0.097, less than 

40% of the values for LinearCov and FixedPick. This result indicates that the improvement in RMSE achieved 

with ShiftCov was mainly due to reduced variability among datasets. The limited improvement obtained with 

LinearCov suggests that the picking errors in these tests were not sufficiently small relative to the timescales 

of waveform variation for the linear approximation to be adequate.  

The slip-rate evolution broadly reproduced both the main rupture propagating from the deeper part of the 

fault toward shallower regions and the smaller rupture propagating along strike in the deeper part after 2 s, for 

all approaches and datasets (Fig. 3). Consistent with the spread-RMS results, variations among datasets were 

small for ShiftCov but larger for LinearCov and FixedPick. 

The moment-rate functions broadly reproduced the peaks near 1.6, 4, and 7 s for all approaches and 

datasets (Fig. 4). These main features were common to all approaches, but variations among datasets were 

smaller for ShiftCov than for LinearCov and FixedPick. The spread-RMS of the moment-rate function was 

0.014 for ShiftCov, less than 40% of the values for the other approaches (Table 2). Differences among 

approaches therefore remained evident in the moment-rate functions derived from spatial integration of the 

potency-rate density tensor components. 
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The final slip distributions broadly reproduced the peak near the hypocenter and the peak approximately 

10 km from the hypocenter in the dip direction for all approaches and datasets (Fig. 5). Variations among 

datasets were small for ShiftCov but larger for LinearCov and FixedPick. The spread-RMS of the final slip 

distribution was 0.055 for ShiftCov, less than 40% of the values for the other approaches (Table 2). Thus, 

differences among approaches also remained evident in the final slip distributions derived from time 

integration of the potency-rate density tensor components. 

For all approaches, the normalized RMSE of the final slip distribution was approximately half that of the 

model coefficient vector, while the normalized RMSE of the moment-rate function was less than 15% of that 

of the model coefficient vector. In these synthetic tests, quantities obtained by temporal or spatial integration 

therefore had smaller relative estimation errors than the model coefficients. Furthermore, the spread-RMS 

values in Table 2 also show that moment-rate functions varied less among datasets and were estimated more 

stably than final slip distributions.  

The spatial strike distributions broadly reproduced the curved strike pattern for all approaches and 

datasets (Fig. 6), although the estimated variations were smoother than those in the input model. ShiftCov 

yielded consistent strike distributions across datasets, whereas the strike directions inferred using the other 

approaches varied to some extent among datasets. 
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4 Discussion 

4.1 Time correction using cross-correlation 

Methods have been proposed to reduce the effects of uncertainty in phase arrival times by correcting 

waveform alignment through cross-correlation between observed waveforms and synthetics obtained from an 

initial inversion, followed by reinversion (e.g., Fan et al., 2014). Source inversion software with cross-

correlation-based time-correction capabilities is also available (e.g., Goldberg et al., 2026). To evaluate the 

improvement obtained from a single time correction and reinversion, I calculated synthetic waveforms from 

the FixedPick models and determined the time corrections that maximized their cross-correlation with the 

observed waveforms. I then shifted the observed waveforms using these corrections and repeated the 

conventional inversion. I refer to this approach as CorrPick. 

Figure 2b shows the frequency distribution of differences between the estimated and true time 

corrections. The differences were concentrated between −0.05 and 0.05 s, although residual timing errors 

remained after cross-correlation-based correction. Relative to FixedPick, CorrPick reduced the normalized 

RMSE by 0.050 and the spread-RMS by 0.070, but both reductions were smaller than those obtained with 

ShiftCov. Consistent with the spread-RMS results, CorrPick yielded less variability across datasets than 

FixedPick and LinearCov, but more than ShiftCov, in the spatiotemporal potency-rate density distributions, 

moment-rate functions, final slip distributions, and spatial strike distributions (Figs. 3–6). The normalized 

RMSE of the moment-rate function was comparable for CorrPick and ShiftCov (0.041 and 0.044, 

respectively), whereas the spread-RMS for ShiftCov was less than half that for CorrPick (Table 2). 

In these synthetic tests, time correction based on cross-correlation between observed and synthetic 

waveforms reduced variations in the inferred models caused by picking errors. However, variability across 

datasets remained despite the concentration of residual timing errors between −0.05 and 0.05 s, and the 

reduction was smaller than that achieved with ShiftCov. This correction requires careful assessment for 

earthquakes with complex rupture processes, for which multiple peaks in the cross-correlation function may 

make the appropriate time shift difficult to identify. 

4.2 Data RMSE and model RMSE 
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Waveform fit is evaluated using the squared L2 norm of the difference between observed and synthetic 

waveforms or a normalized residual. The residual mean square divided by the mean square of the observed 

data is equal to the square of the data RMSE normalized by the RMS of the observed data. I therefore used 

this normalized data RMSE to examine the relationship between waveform fit and model RMSE. 

Figure 7 shows the relationship between model RMSE and data RMSE for individual datasets. The 

horizontal axis represents the deviation of the estimated model from the true model, while the vertical axis 

represents the discrepancy between observed and synthetic waveforms. The horizontal spread indicates the 

variation in model estimation accuracy among datasets. The normalized data RMSE values for ShiftCov, 

LinearCov, and FixedPick were mostly within the range of 0.19–0.23. In contrast, the normalized model 

RMSE values were concentrated within 0.32–0.36 for ShiftCov but were more broadly distributed within 

0.35–0.50 for LinearCov and FixedPick. Thus, models with comparable waveform fits can differ substantially 

in estimation accuracy and stability. Waveform residuals that do not account for the error correlation structure 

are therefore insufficient to assess the quality of inferred models. 

For CorrPick, the normalized data RMSE evaluated against the time-corrected observed waveforms fell 

approximately within 0.15–0.19 and was smaller than for the other approaches. However, although the 

normalized model RMSE improved relative to FixedPick before correction, it remained broadly distributed 

within 0.32–0.46. Improving waveform fit through time correction therefore does not consistently improve 

model estimation accuracy. These results show the limitations of assessing source-model reliability solely 

from the L2 norm of waveform differences or normalized residuals based on its square, consistent with the 

discussion of Fan et al. (2014). These results highlight the need to evaluate waveform fit using measures that 

account for the data covariance matrix, rather than relying solely on waveform residuals. 

4.3 Application to a real earthquake 

To examine the practical applicability of the proposed approach, I applied it to teleseismic P waves from 

the 2008 Wenchuan earthquake. I used the broadband waveform records from the same 66 stations used in the 

synthetic tests. P-wave arrivals were picked only once, without the repeated reassessment of picks normally 

performed during source analysis. The observed velocity waveforms used to estimate background noise for 
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the synthetic tests were resampled at an interval of 0.8 s. Exploiting the characteristics of teleseismic body 

waves, I used the low-pass effect of anelastic attenuation for anti-aliasing (e.g., Yamashita et al., 2022; 

Tadapansawut et al., 2022). 

Following Yamashita et al. (2022), I adopted a model plane with a strike of 225°, a dip of 32°, and 

dimensions of 350 km × 70 km, with spatial knots spaced at 10 km intervals. The hypothetical front 

propagation velocity was set to 3.5 km/s. Slip was allowed at each spatial knot for up to 60 s after passage of 

the hypothetical front, but all rupture was required to end by 130 s after the origin time. The temporal knot 

interval of the potency-rate density functions was 0.8 s. Green’s functions were calculated using a modified 

version of the program of Kikuchi and Kanamori (1991). Ray parameters and related quantities were 

calculated using TauP (Crotwell et al., 1999) with the ak135 global reference velocity model (Kennett et al., 

1995). The teleseismic anelastic attenuation parameter 𝑡∗ was set to 1 s. For the velocity structure near the 

source, I adopted the model used by Yamashita et al. (2022), which was slightly modified from CRUST1.0 

(Laske et al., 2013). I adopted time-adaptive smoothing and set one of the basis double-couple components to 

correspond to the best-fitting double-couple component of the global centroid moment tensor solution 

(Dziewonski et al., 1981; Ekström et al., 2012). The dimensionless tuning parameter 𝜀 was set to 1. The 

resulting standard deviations of picking errors, 𝜎(!, had a mean of 0.41 s and a median of 0.22 s. 

Figure 8 shows the results obtained with ShiftCov and FixedPick. Although the ShiftCov moment-rate 

function contained a sharp peak, it was generally smoother and had less high-frequency content than the 

FixedPick function. Both approaches yielded reverse slip with a strike-slip component. Both models also 

showed large final slip near the epicenter, although the slip distribution obtained with ShiftCov was smoother 

than that obtained with FixedPick, as also observed for the moment-rate functions. For ShiftCov, final slip 

peaked near the epicenter and approximately 140 km northeast of the epicenter, with peak slip values of 

approximately 8.6 and 3.8 m, respectively. This slip pattern was broadly consistent with those reported in 

previous studies (Shen et al., 2009; Feng et al., 2010; Fielding et al., 2013; Hartzell et al., 2013). In contrast, 

FixedPick yielded slip peaks near the epicenter and approximately 80 km northeast of the epicenter. 
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The normalized residual mean square was 0.298 (normalized data RMSE = 0.546) for ShiftCov and 

0.176 (normalized data RMSE = 0.419) for FixedPick, indicating a better waveform fit for FixedPick. 

However, as shown by the synthetic tests, a better waveform fit does not necessarily imply more accurate 

source estimation. Comparison of observed and synthetic waveforms showed small differences in peak times 

at station KDAK, where the P-wave arrival was easy to identify. At station PAF, where picking was difficult, 

the synthetic waveform peaks obtained with ShiftCov were consistently delayed relative to the observed 

peaks. For FixedPick, the synthetic peaks corresponding to the initial rupture were also delayed, whereas 

differences in peak times were smaller after 20 s. The systematic delay observed for ShiftCov is consistent 

with the possibility that the P-wave arrival at PAF was picked later than its true arrival time, because picking 

the arrival later than the true onset shifts the aligned observed waveform toward earlier times.  

Neglecting error correlations or uncertainty in model predictions can lead to overfitting of error-

contaminated observations and distort inferred source models (e.g., Yagi and Fukahata, 2008; Duputel et al., 

2014; Agata et al., 2022). The data covariance matrix determines how waveform discrepancies are weighted in 

the inversion. Accounting for picking uncertainty reduces the penalty for discrepancies that can be explained 

by waveform time shifts. The smaller timing discrepancies after 20 s for FixedPick suggest that some of the 

mismatch associated with picking errors was instead accommodated through changes in the source model. 

Together with the synthetic-test results, these findings support the interpretation that accounting for P-wave 

picking uncertainty helps reduce overfitting and obtain more stable source models from real earthquake data. 

4.4 Applicability to other inversion methods 

I have proposed an approach that incorporates waveform errors caused by P-wave picking uncertainty 

into seismic source inversion through a covariance matrix. The synthetic tests show that even small picking 

errors can affect inferred models if waveform-shift errors are not properly accounted for. In tsunami waveform 

inversion, temporally correlated errors have been addressed using covariance matrices (Dettmer et al., 2016), 

and phase corrections have been shown to affect inferred tsunami source distributions (Takagawa et al., 2025). 

The proposed approach may be applicable to tsunami waveform analyses involving arrival-time uncertainty. 

Moreover, unlike the covariance of Green’s-function errors, which depends on model parameters (Yagi and 
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Fukahata, 2011), the proposed covariance can be constructed from observed waveforms and a probability 

distribution of time shifts. 

Although application to and validation with other inversion methods are beyond the scope of this study, I 

describe how the proposed covariance can be incorporated into existing algorithms such as nonnegative least 

squares (NNLS; Lawson and Hanson, 1974), which is used in many seismic source inversions. Let 𝑪9! be the 

diagonal covariance matrix conventionally used at station 𝑗, and 𝑪(! the covariance matrix associated with 

picking errors. I assume that cross-covariances between the two error terms can be neglected. If the data 

covariance matrix 𝑪9! + 𝑪(! is positive definite, its Cholesky decomposition is 

 

𝑪9! + 𝑪(! = 𝑳!𝑳!: , (18) 

 

where 𝑳! is a lower triangular matrix. Neglecting error correlations among stations, the objective function to 

be minimized is the sum of squared Mahalanobis distances: 

 

'N𝒅! −𝑯!𝒂O
!

:
N𝑳!𝑳!:O

-&
N𝒅! −𝑯!𝒂O. (19) 

 

This can be rewritten in the standard least-squares form: 

 

'x𝑳!-&𝒅! − 𝑳!-&𝑯!𝒂x)
)

!

. (20) 

 

Thus, for a fixed covariance matrix, existing NNLS and other least-squares algorithms can be used after 

transforming the data vector and kernel matrix by 𝑳!-&. The covariance matrices can be constructed and 

decomposed separately for each station, without constructing a large covariance matrix containing data from 

all stations. 
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5 Conclusions 

I proposed a waveform-shift covariance approach (ShiftCov) that represents P-wave picking errors as 

time shifts common to the entire waveform and incorporates the resulting temporal error correlations into 

seismic source inversion. The covariance matrix is constructed from observed waveforms and a probability 

distribution of time shifts. I incorporated this covariance matrix into the PDTI framework. 

Synthetic tests using 125 datasets that differed only in time shifts showed that ShiftCov reduced model 

RMSE and variability among datasets compared with FixedPick, which neglects picking uncertainty, and 

LinearCov, which uses a linear approximation. A single cross-correlation-based time correction followed by 

reinversion also improved the estimated models, but its effect was smaller than that of ShiftCov. Models with 

comparable waveform fits differed in estimation accuracy, highlighting the need to account for the data error 

covariance when evaluating waveform fit and source-model reliability. Application to the 2008 Wenchuan 

earthquake suggests that ShiftCov helps reduce overfitting by accounting for picking errors that might 

otherwise be interpreted as features of the rupture process. 

In addition to efforts to improve arrival-time picks, accounting for the waveform error correlations 

associated with the remaining picking uncertainty reduces the sensitivity of inferred source models to the 

picked arrival times. The proposed covariance matrix can also be incorporated into existing least-squares 

methods, including NNLS, through a Cholesky-based transformation of the data and kernel matrices. 
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List of abbreviations 

ABIC: Akaike’s Bayesian Information Criterion 

CorrPick: Conventional inversion with cross-correlation-based time correction 

FixedPick: Conventional inversion without accounting for picking uncertainty 

GCMT: Global Centroid Moment Tensor 

GMT: Generic Mapping Tools 

LinearCov: Linear approximation of waveform-shift covariance 

NNLS: Non-negative least squares 

PDTI: Potency density tensor inversion 

RMSE: Root mean square error 

RMS: Root mean square 

SAGE: Seismological Facility for the Advancement of Geoscience 

ShiftCov: Waveform-shift covariance approach 
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Table 1. Normalized RMSE, bias-RMS, and spread-RMS calculated using the full model coefficient vector 
for each method. 
 

 RMSE bias-RMS spread-RMS 

ShiftCov 0.338 0.324 0.097 
LinearCov 0.409 0.327 0.246 
FixedPick 0.427 0.342 0.256 
CorrPick 0.377 0.327 0.186 

 
 
Table 2. Normalized RMSE and spread-RMS for the moment-rate function and final slip distribution obtained 
with each method. 
 

 Moment-rate function Final slip distribution 

 RMSE spread-RMS RMSE spread-RMS 

ShiftCov 0.044 0.014 0.152 0.055 
LinearCov 0.051 0.036 0.207 0.151 
FixedPick 0.057 0.039 0.216 0.150 
CorrPick 0.041 0.028 0.178 0.117 
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Figure 1. Station distribution and input source model. (a) Distribution of seismic stations. The black star and 
triangles indicate the epicenter and stations, respectively. (b) Input potency density tensor distribution. Beach 
balls represent the final potency tensors, and the open star indicates the epicenter. 
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Figure 2. Distributions of picking errors and residual timing errors. (a) Frequency distribution of the imposed 
P-wave picking errors. (b) Frequency distribution of the differences between the time corrections estimated by 
cross-correlation and the true corrections. 
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Figure 3. Temporal evolution of slip-rate distributions. Sky-blue, blue, and navy contours indicate slip rates of 
0.2, 0.4, and 0.6 m/s, respectively. (a) Input model. (b–e) Results for the 125 datasets obtained using (b) the 
waveform-shift covariance approach (ShiftCov), (c) the linear approximation to the picking-error covariance 
(LinearCov), (d) the conventional method that neglects picking uncertainty (FixedPick), and (e) the 
conventional method following cross-correlation-based time correction (CorrPick). 
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Figure 4. Moment-rate functions. (a) Input model. (b–e) Moment-rate functions for the 125 datasets obtained 
using (b) ShiftCov, (c) LinearCov, (d) FixedPick, and (e) CorrPick. 
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Figure 5. Final slip distributions. Sky-blue, blue, and navy contours indicate slip amplitudes of 0.4, 0.8, and 
1.2 m, respectively. (a) Input model. (b–e) Results for the 125 datasets obtained using (b) ShiftCov, (c) 
LinearCov, (d) FixedPick, and (e) CorrPick. 
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Figure 6. Spatial distributions of fault strike. (a) Input model. The star indicates the epicenter. (b–e) Results 
for the 125 datasets obtained using (b) ShiftCov, (c) LinearCov, (d) FixedPick, and (e) CorrPick. 
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Figure 7. Relationship between normalized model RMSE and normalized data RMSE. Each symbol 
represents the result for one dataset. Pink circles, yellow squares, blue triangles, and green diamonds indicate 
ShiftCov, LinearCov, FixedPick, and CorrPick, respectively. 
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Figure 8. Source models and waveform fits for the 2008 Wenchuan earthquake. Results obtained using (a) 
ShiftCov and (b) FixedPick. The panels show the potency density tensor distribution (left), moment-rate 
function (upper right), and observed and synthetic waveforms (lower right). 

103° 104° 105°

31°

32°

33°

(a) ShiftConv

100 km

0 3 6 9 12

Slip (m)

0

50

M
R

F
 (

e
1
8

 N
m

/s
)

0 50 100 150

KDAK BHZ, Az.=33.°, Del.=71.°
Amp: 0.503E+02 µm/s

0 50 100 150

Time (s)

PAF BHZ, Az.=201.°, Del.=85.°
Amp: 0.750E+02 µm/s

103° 104° 105°

31°

32°

33°

(b) FixedPick

100 km

0 3 6 9 12

Slip (m)

0

50

M
R

F
 (

e
1
8
 N

m
/s

)

0 50 100 150

KDAK BHZ, Az.=33.°, Del.=71.°
Amp: 0.503E+02 µm/s

0 50 100 150

Time (s)

PAF BHZ, Az.=201.°, Del.=85.°
Amp: 0.750E+02 µm/s


