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Abstract

Interferometric Synthetic Aperture Radar (InSAR) is able to estimate ground-surface
displacements but interpreting deformation mechanisms and infrastructure risk requires
analysis of spatial displacement gradients. The recently introduced strapdown method en-
ables three-dimensional displacement velocities to be estimated from InSAR observations
alone, including the east and north components required for horizontal strain-rate analysis.
Here, we present an approach that inverts these east and north velocity components using a
finite-element framework to estimate a continuous horizontal velocity field and subsequently
derive the horizontal strain-rate tensor and other deformation metrics with quantified un-
certainties. Applied to Jakarta, these results show that horizontal strain-rate analysis can
distinguish between two distinctly different mechanisms driving subsidence and identify re-
gions of differential deformation relevant to infrastructure risk. The method enables horizon-
tal deformation to be quantified from InSAR observations alone without requiring external
geodetic velocity constraints.

Plain Language Summary
Ground deformation occurs when neighboring parts of Earth’s surface move in ways that
stretch, compress, or distort the ground. Measuring the rate of this deformation, known as
strain rate, helps reveal the processes driving ground motion and identify areas where
infrastructure may be affected. Interferometric synthetic aperture radar (InSAR) provides
spatially dense measurements of surface motion from space with millimeter-scale
sensitivity. However, its satellite viewing geometry reduces the sensitivity to the north
component of the motion. The recently developed strapdown method enables north-south
motion to be estimated from InSAR observations alone. We present a method that uses
strapdown-derived 3D velocities to map horizontal stretching, contraction, and distortion
and assess the precision of the estimates. Applied to Jakarta, Indonesia, where land
subsidence has been documented for nearly a century, the approach reveals contrasting
deformation patterns. Several major subsiding areas show bowl-shaped patterns consistent
with deeper sources of subsidence. In Central Jakarta, however, pronounced horizontal
distortion occurs despite relatively modest subsidence, which can be an indication of
shallower subsidence sources. Our method helps distinguish subsidence-related
deformation patterns and identify areas of potential concern for buildings and
infrastructure without requiring additional ground-based constraints.

1 Introduction

Geodetic velocity fields describe the motion of the Earth’s surface, while their spatial
derivatives provide the strain-rate tensor, which quantifies local rates of horizontal extension,
shortening, and shear. Early geodetic estimates of strain accumulation and strain rate relied
on repeated terrestrial surveys (Savage & Burford, 1970; Welsch, 1986). The development
of dense Global Navigation Satellite Systems (GNSS) networks enabled strain-rate fields to
be reconstructed from regional to global scales (Shen et al., 1996; Kreemer et al., 2014).
Various estimation methods and spatial representations have since been developed, with
increasing focus on uncertainty quantification (Shen et al., 2015; Tape et al., 2009; Okazaki
et al., 2021; Nozue & Fukahata, 2025). Geodetic strain-rate fields are widely used to study
tectonic deformation, seismic hazard, land subsidence, ground fissuring, and differential
deformation affecting buildings and infrastructure.

Interferometric Synthetic Aperture Radar (InSAR) provides substantially denser spa-
tial sampling than typical GNSS networks, (Hanssen, 2001), enabling strain-rate estimation
at finer spatial scales. However, InSAR measures only the projection of 3D motion onto
the radar line of sight (LoS), and near-polar SAR acquisition geometries provide weak
sensitivity to north-south motion (Wright et al., 2004). Consequently, LoS velocities are
often projected onto the vertical or decomposed into east and up components by assuming
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negligible north-oriented motion (Brouwer & Hanssen, 2023). Horizontal strain-rate esti-
mation, however, requires both east and north velocity components. GNSS observations
have therefore been used to constrain the poorly observed north–south motion, either by
prescribing or interpolating north velocities (Tymofyeyeva & Fialko, 2018; Xu et al., 2021;
Weiss et al., 2020; Ou et al., 2022), or by combining GNSS and InSAR observations to
reconstruct continuous horizontal velocity fields (Walters et al., 2014; Kim et al., 2026).
These approaches have enabled InSAR-based horizontal strain-rate estimation from local to
continental scales (Tymofyeyeva & Fialko, 2018; Weiss et al., 2020; Elliott et al., 2026).

A common approach reconstructs the horizontal velocity field using piecewise-linear
triangular meshes (Walters et al., 2014; Pagli et al., 2014; Wang et al., 2019). Each velocity
observation is treated as a point value used to estimate the velocities at the triangle ver-
tices. Linear interpolation of these estimated vertex velocities produces a constant velocity
gradient, and hence a constant strain rate, within each triangle. Representing strain-rate
variations over shorter spatial scales therefore requires finer triangulation and correspond-
ingly more unknowns.

Building on the strapdown method of Brouwer and Hanssen (2024), we use its east
and north velocity estimates for Regions of Uniform Motion (RUMs). Unlike the velocity
observations treated as point values in the approach described above, each RUM velocity
represents the average horizontal motion over its area. Applying this point-observation
formulation to RUM velocities would require assigning each area average to a representative
point, such as the RUM centroid. This assignment is exact at the centroid for a linear
velocity field but may introduce errors when the velocity varies nonlinearly. Such errors can
distort the reconstructed velocity gradients and derived strain rates. Consistent strain-rate
estimation therefore requires an observation model that accounts for the spatial support
of each RUM. Moreover, representing nonlinear velocity variation over short spatial scales
requires a sufficiently flexible representation of the velocity field.

Here, we develop an InSAR-only method for estimating horizontal strain-rate fields
from strapdown-derived east and north RUM velocities without requiring additional GNSS
velocity constraints. The domain is discretized using eight-node quadratic quadrilateral
(Q8) finite elements, constructed such that each observed RUM coincides with one element.
Quadratic interpolation of the unknown nodal velocities allows nonlinear velocity variation
over short spatial scales, while an observation model formulated for RUM velocities accounts
for their spatial support through area averaging. Weighted Tikhonov regularization is then
used to estimate these nodal velocities, from which element-averaged horizontal strain-rate
tensors and derived strain-rate quantities are computed, with uncertainties propagated from
the input RUM velocity covariance information. We demonstrate the method using an
InSAR-derived 3D RUM velocity field spanning 2014–2025 over Jakarta, with 450 × 450 m
RUMs.

The remainder of the paper is organized as follows. Sec. 2 introduces the mathemat-
ical background on horizontal deformation and strain rate. Sec. 3 presents the estimation
method. Sec. 4 applies the method to Jakarta and assesses the resulting strain-rate fields,
their precision, and consistency. Sec. 5 discusses the deformation patterns, the performance
and limitations of the method, followed by the conclusions in Sec 6.

2 Background: Horizontal deformation and strain-rate quantities

Displacements and velocities describe how points move through space. A horizontal
velocity field can be described by

(︁
vx(x, y), vy(x, y)

)︁
, where vx and vy are the velocity com-

ponents along two arbitrary orthogonal horizontal coordinate directions at location (x, y).
Together, these components define the horizontal velocity field

v(x, y) =

[︃
vx(x, y)
vy(x, y)

]︃
, (1)

–3–



manuscript submitted to Journal of Geophysical Research: Solid Earth

where the bold-faced notation v denotes the vector field. Whereas displacement and velocity
describe motion, deformation describes spatial differences in that motion that change the
shape or size of a finite ground-surface area. Such deformation occurs when points within an
area undergo different displacements, changing their relative distances and/or orientations.
Changes in relative distances produce normal strain, i.e., extension or shortening, whereas
changes in relative orientation produce shear strain, i.e., angular distortion. Because geode-
tic displacement observations do not provide the pre-existing strain state, deformation is
typically described through its temporal rate of change, i.e., the strain rate, which is derived
from the velocity field.

The spatial variation of the horizontal velocity field in Eq. (1) is described by the
velocity-gradient tensor

∇v =

⎡⎢⎣
∂vx
∂x

∂vx
∂y

∂vy
∂x

∂vy
∂y

⎤⎥⎦ , (2)

which contains deformation rates and rigid-body rotation rates; translation is eliminated by
spatial differentiation. These contributions are separated into the symmetric and antisym-
metric parts of the velocity-gradient tensor,

∇v =
1

2

(︁
∇v + (∇v)T

)︁
+

1

2

(︁
∇v − (∇v)T

)︁
= ε̇+W , (3)

where the symmetric component ε̇ represents the deformation rate, and the antisymmetric
component W the rigid-body rotation rate.

For the small deformations typically encountered in geodetic applications, the infinitesimal-
strain approximation is adopted, under which higher-order deformation terms are neglected.
The horizontal strain-rate tensor is therefore given by the symmetric part of the velocity-
gradient tensor,

ε̇ =
1

2

(︁
∇v + (∇v)T

)︁
=

⎡⎢⎢⎣
∂vx
∂x

1

2

(︃
∂vx
∂y

+
∂vy
∂x

)︃
1

2

(︃
∂vx
∂y

+
∂vy
∂x

)︃
∂vy
∂y

⎤⎥⎥⎦ =

[︃
ε̇xx ε̇xy
ε̇xy ε̇yy

]︃
. (4)

The diagonal components, ε̇xx and ε̇yy, are the normal strain rates along the x- and y-
directions, respectively. Positive values indicate extension and negative values shortening
along the corresponding direction. The off-diagonal component, ε̇xy, is the tensorial shear
strain rate and equals one half of the engineering shear strain rate,

γ̇xy =

(︃
∂vx
∂y

+
∂vy
∂x

)︃
, (5)

which describes the rate of angular distortion between material lines initially aligned with
the x- and y-directions. All strain-rate components have units of inverse time.

Because the normal and shear components are defined relative to the x-y axes, their nu-
merical values depend on the selected horizontal coordinate system. Rotating the coordinate
axes changes the tensor components, but not the underlying physical deformation. Since
geodetic horizontal velocities are conventionally expressed in an east-north (E-N) coordi-
nate system, we take x = E and y = N, such that vx = vE and vy = vN. The corresponding
strain-rate components are denoted by ε̇EE, ε̇NN, and ε̇EN.

At each location, the horizontal strain-rate tensor defines two orthogonal principal
directions along which the normal strain rate attains its maximum and minimum values.
Aligning the coordinate axes with these directions eliminates the shear component and
defines the principal strain-rate coordinate system. As illustrated in Fig. 1 (top), when the
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Figure 1. Schematic illustration of horizontal strain-rate quantities. Top: The same deforma-

tion expressed in the east-north (E-N) and principal strain-rate (n1-n2) coordinate systems. In the

latter, the shear component vanishes, leaving only the principal strain rates (ε̇1) and (ε̇2). Bot-

tom: Idealized deformation states for the first invariant I1, representing horizontal areal dilatation

or contraction, and the maximum engineering shear strain rate γ̇max representing angular distor-

tion.
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principal directions are not aligned with E–N, an initially square area with sides aligned
with the E–N axes generally deforms into a parallelogram. In the E–N coordinate system,
this deformation is represented by both normal and shear strain-rate components. In the
principal coordinate system, the same deformation is represented solely by the principal
strain rates ε̇1 and ε̇2 along the orthogonal directions n1 and n2, respectively.

These directions are the eigenvectors of ε̇, and the corresponding eigenvalues are

ε̇1,2 =
1

2

[︃
ε̇EE + ε̇NN ±

√︂
(ε̇EE − ε̇NN)

2
+ 4ε̇2EN

]︃
, ε̇1 ≥ ε̇2, (6)

where ε̇1 and ε̇2 are the maximum and minimum normal strain rates along n1 and n2,
respectively. Together, the principal strain rates and directions characterize the normal
deformation and the orientations along which the strongest extension or shortening occurs,
providing a direct measure of the directional character of the deformation.

To facilitate mapping, comparison, and spatial interpretation, the principal strain rates
and their directions can be complemented with scalar measures that are independent of the
selected coordinate system. The first invariant I1 quantifies areal deformation, whereas the
maximum engineering shear strain rate γ̇max quantifies distortional deformation, see Fig. 1
(bottom).

The first invariant is the trace of the strain-rate tensor,

I1 = tr (ε̇) = ε̇EE + ε̇NN = ε̇1 + ε̇2, (7)

and represents the fractional rate of change of horizontal area, or dilatation rate (Savage et
al., 2001). Positive values (I1 > 0) indicate expansion (dilatation), whereas negative values
(I1 < 0) indicate contraction. Spatial patterns in I1 therefore identify where the ground
surface expands or contracts and can help interpret the geometry and possible mechanism
of the deformation.

Distortional deformation is quantified by the maximum engineering shear strain rate,

γ̇max =

√︂
(ε̇EE − ε̇NN)

2
+ 4ε̇2EN = ε̇1 − ε̇2, (8)

which represents the maximum rate of angular distortion, i.e., the greatest rate at which
an initially right angle changes. This maximum occurs along directions rotated by 45◦ with
respect to the principal directions, see Fig. 1 (bottom). Large values of γ̇max identify areas of
strong differential deformation and are therefore particularly relevant for assessing potential
deformation-induced effects on buildings and linear infrastructure.

All strain-rate quantities introduced above are derived from spatial derivatives of the
horizontal velocity field. The practical challenge is therefore to obtain stable spatial deriva-
tives from the strapdown velocities, which represent spatial averages over discrete RUMs,
rather than point samples of a continuous velocity field. Direct differentiation of neigh-
boring RUM velocities would make the resulting strain-rate estimates sensitive to observa-
tional noise and abrupt RUM-to-RUM velocity differences. This motivates the finite-element
Tikhonov estimation presented in the following section, which reconstructs a continuous hor-
izontal velocity field from the RUM velocities and spatially differentiates this field to obtain
the strain-rate tensor and derived deformation quantities.

3 Methodology

The objective is to derive a continuous horizontal strain-rate field from the east and
north RUM velocities obtained by the strapdown decomposition, while propagating their
uncertainties and correlations. Two characteristics of the RUM velocity observations must
be accounted for. One is that the velocities are available only for discrete RUMs, whereas
strain-rate estimation requires spatial derivatives of a continuous horizontal velocity field.
The other is that each RUM velocity represents the area-averaged motion over its area
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rather than the velocity at a single point. The estimation framework therefore reconstructs
a continuous horizontal velocity field while explicitly accounting for the spatial support of
the RUM observations.

The methodology consists of four steps. First, the domain is discretized using a finite-
element mesh, with the east and north nodal velocities as unknowns. Second, an observation
model relates these nodal velocities to the observed RUM velocities by averaging the interpo-
lated velocity field over each RUM. Third, the nodal velocities are estimated using weighted
Tikhonov regularization, incorporating the RUM velocity variance–covariance information.
Finally, the estimated velocity field is spatially differentiated and area-averaged to obtain
the horizontal strain-rate tensor for each finite element, from which the derived strain-rate
quantities and their uncertainties are computed.

3.1 Finite-element representation of the horizontal velocity field

The first step uses a finite-element mesh to construct a continuous finite-element rep-
resentation of the horizontal velocity field. A continuous representation is needed because
horizontal strain rates require spatial derivatives of the horizontal velocity field, whereas
the strapdown decomposition provides discrete estimates of east and north RUM velocities
(Brouwer & Hanssen, 2023, 2024).

Computing velocity derivatives by directly differencing neighboring RUM velocities
can amplify their uncertainties and produce large local gradients where abrupt velocity
differences occur, resulting in noisy strain-rate estimates.

Fig. 2 shows the finite-element mesh, which is constructed such that each observed RUM

1 2

34
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6

7

8

ξ

η

ξ
=

−1

ξ
=

1

η= 1

η= −1

RUM i = Q8 element e
area-average domain Ωe

3×3 Gauss
points

Q8 nodes
(unknown nodal velocities)

(vE, vN)
E

N

Figure 2. Finite-element representation of the horizontal velocity field. The hatched square

represents a RUM, coinciding with one finite element of domain Ωe. Each element uses eight-node

quadratic quadrilateral (Q8) interpolation, with unknown east and north velocities at the four

corner and four midside nodes (black dots). Adjacent elements share boundary nodes, ensuring

continuity of the interpolated velocity field. Black crosses indicate the (3 × 3) Gauss points used

for numerical integration.

(hatched square) corresponds to a finite element of the same spatial extent. Because RUM
velocity estimates are available only at selected locations, the mesh also contains elements
without RUM observations to maintain spatial connectivity across the domain. The velocity
field is represented using eight-node quadratic quadrilateral (Q8) elements, with four corner
and four midside nodes. The east and north velocity components at the mesh nodes are the
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estimation unknowns. Adjacent elements share their boundary nodes and therefore share
the corresponding nodal velocity unknowns.

Each finite element e has eight nodes, indexed by a = 1, . . . , 8. The horizontal velocity
field within the element is represented by quadratic interpolation of the unknown nodal
velocities,

ve(ξ, η) =

8∑︂
a=1

Na(ξ, η)va, (9)

where (ξ, η) ∈ [−1, 1] × [−1, 1] are the local element coordinates, Na(ξ, η) is the quadratic
shape function associated with node a (see App. S1.1), and va = [vE,a, vN,a]

T contains the
unknown east and north velocity components at that node.

Adjacent elements share their boundary nodes and corresponding nodal velocity un-
knowns, ensuring continuity of the interpolated horizontal velocity field across the entire
mesh. The next step relates the nodal velocity unknowns to the observed area-averaged
RUM velocities.

3.2 Observation model relating nodal velocities to RUM velocities

The second step formulates the observation model relating the unknown nodal velocities
to the observed RUM velocities. Whereas Eq. (9) provides the horizontal velocity at any
location within a finite element, each RUM observation represents the average horizontal
velocity over the corresponding RUM area. The observation model therefore averages the
interpolated velocity field over the same region, ensuring that the modeled and observed
velocities have the same spatial support.

For each observed RUM i, element e denotes the corresponding finite element. Aver-
aging the interpolated velocity field over this element gives

ŷi =
1

|Ωe|

∫︂
Ωe

ve(ξ, η) dΩ =

8∑︂
a=1

N̄a,e va, (10)

where Ωe denotes the domain of element e, |Ωe| its area, and N̄a,e the area average of shape
function Na over the element. The integral is evaluated numerically using 3 × 3 Gauss
quadrature (Bathe, 1996). The velocity field is evaluated at the nine Gauss points (black
crosses in Fig. 2). The explicit quadrature formulation is given in App. S1.2.

Stacking the observed RUM velocities and nodal velocity unknowns with all east com-
ponents followed by all north components gives the observation model[︃

y
E

y
N

]︃
=

[︃
AE 0
0 AN

]︃ [︃
xE

xN

]︃
+

[︃
η

E

η
N

]︃
(11)

where A = diag(AE,AN) maps the nodal velocity unknowns to the area-averaged RUM
velocities, and η contains the observation errors. The blocks AE and AN are assembled from
the area-averaged shape functions N̄a,e of the elements associated with RUM observations;
their explicit construction is given in App. S1.2.

The observation errors are assumed to have zero mean and variance-covariance matrix
Qyy, which retains the east-north covariance within each RUM and assumes zero covariance
between different RUMs (Brouwer & Hanssen, 2023, 2024). The corresponding weight ma-
trix is W = Q−1

yy . The observation model and weight matrix are used in the next step to
estimate the nodal velocities by weighted Tikhonov regularization.

3.3 Regularized estimation of the nodal velocities

The third step estimates the unknown nodal velocities from the RUM observations us-
ing weighted Tikhonov regularization. Regularization is needed because the finite-element
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representation contains more nodal velocity unknowns than observed RUM velocity compo-
nents, so the nodal velocities cannot be uniquely determined from the observations alone.
This non-uniqueness permits solutions with large local velocity gradients that are weakly
constrained by the observations, and would consequently produce an unrealistically rough
strain-rate field.

To stabilize the estimation and suppress poorly constrained spatial variability, the
weighted Tikhonov formulation uses a regularization operator L comprising two comple-
mentary terms,

L =

[︃
Lv

Lε̇→x

]︃
, (12)

where Lv penalizes spatial variations in velocity gradients, while Lε̇→x penalizes differences
in the element-averaged horizontal strain-rate tensors between neighboring elements.

The velocity regularization Lv is constructed from the spatial derivatives of the quadratic
shape functions, ∂Na/∂E and ∂Na/∂N, and thereby penalizes rapid spatial variations in ve-
locity gradients in the interpolated field.

The second regularization term promotes similarity between the strain-rate tensors of
nearby elements with similar deformation characteristics through coupling that weakens as
their spatial separation or deformation dissimilarity increases. The neighborhood Ne of
element e comprises all elements k whose centroid-to-centroid distance dek does not exceed
a prescribed threshold dthresh. For each pair e and k ∈ Ne, a coupling weight wek is assigned
as the product of a distance factor wdist and a deformation-similarity factor wε̇.

The distance factor wdist depends on dek relative to dthresh, whereas the deformation-
similarity factor wε̇ depends on differences in principal strain rates. Because the strain-rate
field is not yet available, a proxy strain-rate tensor is obtained for each element by fitting a
planar velocity field to nearby RUM velocities within dthresh of its centroid. The resulting
proxy principal strain rates are used solely to determine the deformation-similarity factor wε̇,
and are not estimation unknowns. The coupling weight and its distance and deformation-
similarity factors are defined as

wek = wdist wε̇, wdist =
1

1 + (dek/dthresh)2
, wε̇ = exp

(︃
−∆λ2

ek

σ2
ε̇

)︃
. (13)

Here, ∆λek is the Euclidean distance between the proxy principal strain-rate vectors of
elements e and k, and σε̇ is estimated from the median absolute deviation of ∆λek over
all considered element pairs. Hence, wek is largest for spatially close elements with similar
proxy principal strain rates and decreases with increasing spatial separation or increasing
differences in the proxy principal strain rates.

These coupling weights define the strain-rate regularization matrix Lε̇, which acts on
the components of the element-averaged strain-rate tensors. Because the estimation un-
knowns are the nodal velocities rather than these strain-rate components, the regularization
is mapped to nodal-velocity space as

Lε̇→x = Lε̇B, (14)

where B maps the nodal velocities to the element-averaged strain-rate components, as de-
tailed in Sec. 3.4.

Before combining the two regularization terms Lv and Lε̇→x in L, the two terms are
normalized to comparable scales to prevent either from dominating the regularization solely
because of differences in magnitude. Their explicit construction and normalization, including
the planar fits used to derive the proxy strain rates, are given in App. S1.3.

With the observation model A, weight matrix W, and regularization operator L de-
fined, the nodal velocities are estimated using weighted Tikhonov regularization (Aster et
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al., 2018; Tarantola, 2005),

x̂ = argmin
x

⃦⃦⃦
W1/2

(︁
Ax− y

)︁⃦⃦⃦2
2
+ α2 ∥Lx∥22 , (15)

where the first term measures the weighted observation residual and the second term imposes
the regularization defined by L. The regularization parameter α > 0 controls the balance
between the observation fit and the imposed regularization. For a fixed α, the estimated
nodal velocities satisfy the normal equation(︁

ATWA+ α2LTL
)︁
x̂ = ATWy. (16)

The regularization parameter α is selected using the Morozov discrepancy principle (Nair
et al., 2003; Anzengruber & Ramlau, 2010; Ding et al., 2026), which chooses α such that
the squared weighted residual norm is consistent with the assumed observation-error model.
With W = Q−1

yy and 2nr observed horizontal velocity components, the target squared
weighted residual norm is 2nr. Hence, the selected α satisfies⃦⃦⃦

W1/2
(︁
Ax̂− y

)︁⃦⃦⃦2
2
= 2nr. (17)

The variance–covariance matrix of the estimated nodal velocities, obtained by prop-
agating the covariance of the observed RUM velocities through the regularized estimator,
is

Qx̂ =
(︁
ATWA+ α2LTL

)︁−1
ATWA

(︁
ATWA+ α2LTL

)︁−1
. (18)

This covariance quantifies the uncertainty propagated from the RUM velocity covariance
Qyy, conditional on the selected α and L.

Substituting the estimated nodal velocities x̂ into the observation model in Eq. (11)
gives the fitted RUM velocities, ŷ = Ax̂. Interpolation of x̂ using Eq. (9) yields the estimated
continuous horizontal velocity field.

3.4 Strain-rate field derivation and uncertainty propagation

The final step derives element-averaged horizontal strain-rate tensors from the esti-
mated continuous horizontal velocity field and computes the strain-rate quantities (Î1, ˆ̇︁γmax, ˆ̇ε1,2)
with their associated uncertainties. For each finite element, the strain-rate tensor is derived
from the spatial derivatives of the horizontal velocity field, after which the resulting strain-
rate components are averaged over the element.

The velocity derivatives are obtained by differentiating the quadratic shape functions
Na in Eq. (9) with respect to the physical east and north coordinates. These derivatives are
evaluated at the nine Gauss points shown in Fig. 2 and combined according to Eq. (4) to
obtain the normal strain-rate components ε̇EE and ε̇NN and the shear strain-rate component
ε̇EN.

These three components are then averaged over the element using 3× 3 Gauss quadra-
ture to form the element-averaged horizontal strain-rate tensor. For element e, this tensor
is

ˆ̇︁εe = 1

|Ωe|

∫︂
Ωe

⎡⎢⎢⎣
∂v̂E
∂E

1

2

(︃
∂v̂E
∂N

+
∂v̂N
∂E

)︃
1

2

(︃
∂v̂E
∂N

+
∂v̂N
∂E

)︃
∂v̂N
∂N

⎤⎥⎥⎦ dΩ =

[︃
ˆ̇εEE

ˆ̇εEN

ˆ̇εEN
ˆ̇εNN

]︃
. (19)

Because the tensor in Eq. (19) is symmetric, it is fully described by the three independent
components: (ˆ̇εEE, ˆ̇εNN, ˆ̇εEN). Interpolation, spatial differentiation, and Gauss averaging are
all linear operations and can therefore be combined into a single linear mapping from the
nodal velocities to these element-averaged strain-rate components. For element e,[︂

ˆ̇εEE
ˆ̇εNN

ˆ̇εEN

]︂T
= Bex̂e, (20)

–10–



manuscript submitted to Journal of Geophysical Research: Solid Earth

where x̂e contains the estimated east and north nodal velocities of element e, and Be

is the corresponding strain-rate mapping matrix. Assembling Be over all elements gives
the global matrix B, which maps the complete vector of estimated nodal velocities to the
element-averaged strain-rate components over the finite-element mesh. The construction
and assembly of Be and B are elaborated in App. S1.3.

From each element-averaged horizontal strain-rate tensor, the principal strain rates ˆ̇ε1,2,
the first invariant Î1, and the maximum engineering shear strain rate ˆ̇︁γmax are computed
using Eqs. (6)–(8). Their uncertainties are propagated in two stages. First, the covariance
matrix of the estimated nodal velocities, Qx̂ in Eq. (18), is propagated through the linear
mapping B to obtain the covariance matrix of the element-averaged strain-rate components,

Qˆ̇ε = BQx̂B
T . (21)

For each finite element, the corresponding 3 × 3 block on the diagonal of Qˆ̇ε contains the
variances and covariances of its three strain-rate components. In the second stage, the un-
certainties of ˆ̇ε1,2, Î1, and ˆ̇︁γmax are obtained from these element-specific covariance matrices
by first-order Taylor linearization. The Jacobian of each derived quantity with respect to
the three element-averaged strain-rate components is used for covariance propagation; the
explicit Jacobians are given in App. S1.4.

The spatial patterns of the resulting strain-rate quantities (Î1, ˆ̇︁γmax, ˆ̇ε1,2) and their
propagated uncertainties are analyzed in the following section for Jakarta, Indonesia.

4 Application and results for Jakarta

We apply the proposed methodology to the Jakarta metropolitan area to derive hor-
izontal strain-rate quantities from the InSAR-derived RUM velocity field and assess their
precision and internal consistency.

4.1 Data and analysis setup

Jakarta, the world’s largest megacity (UN, 2025), is a major land-subsidence hotspot,
where subsidence has been documented for almost a century (Schepers, 1926). InSAR stud-
ies have revealed strong spatial variability, with localized subsidence bowls superimposed
on broader regional subsidence (Abidin et al., 2005; Ng et al., 2012; Koudogbo et al., 2012;
Chaussard et al., 2013; Widodo et al., 2019; Harintaka et al., 2024; Sidiq et al., 2025; Lapa-
dat et al., 2026). This makes Jakarta well suited for examining horizontal velocity gradients
and associated strain-rate patterns, particularly in densely built-up areas where differential
ground deformation may affect buildings and infrastructure.

We apply the proposed method to the InSAR-derived 3D RUM velocity field of Lapadat
et al. (2026), covering October 2014–June 2025 (10.7 years) with a spatial discretization of
450 × 450 m. The field contains 4779 observed RUMs with east and north velocity obser-
vations, which are used in the Tikhonov estimation together with their variance–covariance
information. The complete 3D RUM velocity dataset is available from (Lapadat & Hanssen,
2025). The input RUM velocity field is shown in Fig. 3. Each RUM is represented by one
finite element with identical boundaries, forming a finite-element mesh of 6650 elements. Ad-
ditional elements without associated RUM observations are included across gaps in RUM
coverage to keep the finite-element mesh connected and maintain a continuous velocity-field
representation.

To select the spatial extent for the strain-rate regularization, a spherical variogram is
fitted to the first invariant (I1) of the proxy strain-rate tensors, yielding a variogram range
of ∼1770 m. Because deformation patterns may change over relatively short distances
within subsidence regions, we selected a shorter centroid-to-centroid distance threshold of
three RUM widths, i.e., dthresh = 1350 m. This limits regularization across deformation
transitions and reduces attenuation of localized strain-rate amplitudes.
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Figure 3. InSAR-derived 3D RUM velocity field of the Jakarta metropolitan area (2014–2025),

adapted from Lapadat et al. (2026), and used as input to the strain-rate estimation. Vertical

velocities are shown by color. For clarity, only a subset of the horizontal velocity vectors whose

magnitudes exceed their 2σ uncertainties is displayed, together with their 2σ confidence ellipses (see

the enlarged inset in the lower-right corner). Dashed contours show the iso-displacement lines to

which the transversal horizontal velocity vectors are perpendicular. Dashed contours in subsequent

figures represent the same iso-displacement lines. Magenta outlines mark the six major subsidence

regions (I–VI) identified in Lapadat et al. (2026), while purple outlines mark regions VII–VIII in

Central Jakarta, which exhibit pronounced spatial variation in the horizontal velocity field.
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Table 1. Strain-rate quantities for the outlined areas in Fig. 4. Î1: first invariant (areal strain

rate); ˆ̇︁γmax: maximum engineering shear strain rate (maximum angular distortion rate); ˆ̇ε1,2: prin-

cipal strain rates (maximum and minimum normal strain rates). Extrema are computed indepen-

dently within each region and do not necessarily occur at the same RUM location.

Strain-rate quantities

Region # RUMs Î1 [µε/yr] ˆ̇︁γmax [µε/yr] ˆ̇ε1 [µε/yr] ˆ̇ε2 [µε/yr]

min max max min max min max

I 121 −1.2 0.4 0.7 −0.5 0.4 −0.7 0.1

II 299 −0.7 0.2 0.7 −0.3 0.3 −0.6 0.0

III 46 −0.3 1.0 1.0 0.1 0.7 −0.7 0.4

IV 41 −0.5 0.5 0.9 −0.1 0.7 −0.4 −0.0

V 38 −0.4 1.4 0.9 −0.2 1.2 −0.3 0.2

VI 360 −0.5 0.3 0.4 −0.2 0.2 −0.3 0.1

VII 263 −1.4 1.5 1.8 −0.4 1.5 −1.3 0.6

VIII 152 −1.0 1.8 1.4 −0.3 1.4 −1.1 0.6

Since Jakarta had only one long-term GNSS station operating during the 2014–2025
study period (Lapadat et al., 2026), there is no independent validation for the derived spatial
variability of the strain-rate field. We therefore assess the precision and internal consistency
of the results using two diagnostics: (i) the propagated strain-rate uncertainties, (ii) residuals
between the observed and fitted RUM velocities.

4.2 Horizontal strain-rate field

Fig. 4 shows the spatial distributions of the first invariant Î1 and the maximum engi-
neering shear strain rate ˆ̇︁γmax across Jakarta. Principal strain-rate glyphs are superimposed
in Fig. 4a, to show the orientations and relative magnitudes of the maximum and minimum
principal strain rates. Only scalar estimates whose magnitudes exceed twice their propa-
gated standard deviation are shown.

In several of the major subsidence regions (I–VI) previously identified from the InSAR-
derived 3D RUM velocity field of Jakarta (Lapadat et al., 2026), negative Î1 (indicating
areal contraction) occurs near the region centers, accompanied by inward-oriented principal
shortening glyphs. Positive Î1 occurs along parts of the outer flanks and surrounding areas,
see Fig. 4a. Several of these flanks also show large maximum engineering shear strain ratesˆ̇︁γmax, particularly near transitions between contraction and dilatation, see Fig. 4b. This
pattern is particularly apparent in the southern part of region II. In contrast, two areas in
Central Jakarta, labeled VII and VIII, show elongated patterns of alternating contraction
and dilatation, accompanied by locally large maximum engineering shear strain rates.

Tab. 1 quantifies the spatial variability evident in Fig. 4. Most regions contain both
contraction (Î1 < 0) and dilatation (Î1 > 0), demonstrating that the horizontal deforma-
tion varies spatially within the subsidence regions. Yet, it is striking that the range of the
areal deformation Î1 within regions VII and VIII is 2.9 and 2.8 µε/yr, respectively, which
is more than twice the average range of 1.23 µε/yr across the six other subsidence regions
(I–VI). Moreover, the maximum engineering shear strain rate ˆ̇γmax in regions VII and VIII
is 1.8 and 1.4 µε/yr, respectively, approximately twice the average regional maximum of
0.77 µε/yr across the six other subsidence regions (I–VI). The distinctly larger spatial vari-
ation in areal strain rate and angular distortion in regions VII and VIII indicates a different
deformation pattern, potentially reflecting differences in the underlying deformation mech-
anism. Cumulative strain values for the 10.7-year observation period can be easily derived
by multiplication with the time interval.
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(a)

(b)

Figure 4. Horizontal strain-rate quantities across Jakarta. Colored cells coincide with the

450×450 m RUMs; only scalar estimates whose magnitudes exceed twice their propagated standard

deviation are shown. Magenta outlines mark six major subsidence regions (I–VI), while purple

outlines mark regions VII–VIII in Central Jakarta, which exhibit distinct horizontal deformation

patterns; the same regions are indicated in the input RUM velocity field in Fig. 3. (a) First invariant

Î1, representing horizontal areal contraction (Î1 < 0) and dilatation (Î1 > 0). Principal strain-rate

glyphs indicate the orientations and relative magnitudes of the maximum and minimum principal

strain rates, with black and perpendicular white arrows, respectively. (b) Maximum engineering

shear strain rate ˆ̇︁γmax, representing the maximum rate of angular distortion. Regions VII and VIII

show pronounced differential deformation.
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4.3 Precision and consistency assessment

The propagated uncertainties of Î1 and ˆ̇︁γmax are lowest in the interior of the finite-
element mesh and increase toward its boundaries, where fewer surrounding RUM obser-
vations constrain the estimated nodal velocities, see Fig. 5a and b. Approximately 51%

(a) (b)

(c) (d)

Figure 5. Propagated strain-rate uncertainties and horizontal velocity residuals across Jakarta.

Propagated 2σ uncertainties of (a) the first invariant, 2σI1 , and (b) the maximum engineering

shear strain rate, 2σγ̇max . (c,d) East and north velocity residuals between the observed RUM

velocities and their corresponding area-averaged fitted velocities, ê = y− ŷ; inset histograms show

their distributions. Magenta outlines mark the six previously identified major subsidence regions

(I–VI), and purple outlines regions VII–VIII, as in Fig. 4.

and 55% of the Î1 and ˆ̇︁γmax estimates, respectively, have magnitudes exceeding twice their
propagated standard deviations. These locations therefore show deformation signals that
are well resolved relative to their propagated uncertainties.

The residuals between the observed RUM velocities and their corresponding area-
averaged fitted velocities are shown in Fig. 5c and d. Their distributions are centered
close to zero, with RMS values of 0.57 and 0.67 mm/yr for the east and north components,
respectively. These residuals show little systematic spatial structure, indicating that the
estimated continuous velocity field reproduces most of the spatial variation in the observed
RUM velocities. The clearest exception occurs in the north component within region III,
where a spatially coherent residual pattern remains.
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5 Discussion

We interpret the horizontal strain-rate patterns derived for Jakarta by comparing them
with the vertical and horizontal RUM velocity fields, and discuss the performance, limita-
tions, and applicability of the proposed method.

5.1 Interpretation of the Jakarta deformation

Several of the major subsidence regions in Fig. 4 show a similar horizontal strain-rate
pattern, with contraction near the center, large maximum engineering shear strain rates
along the flanks, and dilatation farther outward. This pattern is most clearly expressed in
the southern part of region II, which we compare with a synthetic axisymmetric subsidence
bowl in Fig. 6. The synthetic bowl (Fig. 6a,c) is adapted from empirical settlement models
in which vertical displacement follows a Gaussian profile and horizontal displacement follows
the gradient of that Gaussian profile (O’Reilly & New, 1982; Mair & Taylor, 1997; Kratzsch,
1983; Franza et al., 2020). For this comparison, the bowl serves as a kinematic reference and
is defined by independently prescribed vertical and transversal horizontal velocity fields,

vU (r) = vU (0) exp

(︃
− r2

2σ2

)︃
, vT (r) = vT (σ)

r

σ
exp

(︃
1

2
− r2

2σ2

)︃
, (22)

where r is the radial distance from the bowl center and σ controls the radial extent of the
deformation. Here, vU (0) is the vertical velocity at the bowl center (r = 0), and vT (σ) is the
maximum inward transversal velocity at r = σ. Following the local strapdown coordinate
convention for subsidence, U is positive upward, T is radial and positive toward the bowl
center, and L is tangential to the iso-displacement contours, with vL = 0. To match the
450 × 450 m spatial discretization of the strain-rate estimates, the reference horizontal
velocity field is sampled on the RUM grid. Per cell, one area-averaged horizontal strain-rate
tensor is derived.

The RUM velocity fields and radial profiles for the southern part of region II (Fig. 6b,d,j)
show the same center-to-flank variation as the synthetic bowl (Fig. 6a,c,i): vertical subsi-
dence is largest near the center, whereas the horizontal velocity increases toward the flanks.
The corresponding synthetic strain-rate maps (Fig. 6e,g) show (i) areal contraction (I1 < 0)
near the bowl center, (ii) increasing maximum engineering shear strain rate toward the
flanks, and (iii) dilatation (I1 > 0) farther outward.

Because the synthetic horizontal velocity field is axisymmetric, the transversal and lon-
gitudinal directions coincide with the principal directions. The radial profiles in Fig. 6k
therefore show how the spatial variation of the principal strain rates, ε̇1 and ε̇2, determines
the center-to-flank contraction→shear→dilatation pattern. Near the bowl center, both prin-
cipal strain rates are negative, resulting in areal contraction (I1 < 0). Toward the bowl’s
flanks, the transversal principal strain rate ε̇1 becomes less negative, reaches zero, and then
becomes positive, whereas the longitudinal principal strain rate ε̇2 remains negative. As
the difference between the principal strain rates increases toward the flanks, γ̇max increases
according to Eq. (8). The maximum γ̇max occurs at the transition between contraction and
dilatation (I1 = 0), where ε̇1 and ε̇2 have equal magnitudes and opposite signs. Farther
outward, transversal extension (ε̇1 > 0) dominates and I1 becomes positive, indicating areal
dilatation. The corresponding strain-rate maps and radial profiles for the southern part of
region II (Fig. 6f,h,l) show the same pattern. Thus, the southern part of region II exhibits
the horizontal deformation pattern expected for bowl-shaped subsidence. Similar but less
symmetric patterns occur in several other subsidence regions, most clearly in regions IV, V,
and the southern part of region VI, see Fig. S1.

The radial extent of the synthetic strain-rate pattern in Fig. 6e,g is controlled by σ in
Eq. (22), with larger values extending the deformation over a wider area. Similarly, in simple
elastic source models, increasing source depth produces broader surface deformation (Mogi,
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Figure 6. Comparison of the vertical and horizontal velocity fields and derived horizontal strain-

rate quantities for a synthetic axisymmetric subsidence bowl (Eq. 22, with σ = 1.5 km, vU (0) =

−40.0 mm/yr, and vT (σ) = 3.0 mm/yr) and the southern part of region II in Fig. 4. Panels (a–h)

show map views of the synthetic bowl and the southern part of region II: (a,b) vertical velocity

vU ; (c,d) horizontal velocity magnitude |vH |, with arrows showing the horizontal velocity direction;

(e,f) first invariant I1 and principal strain-rate glyphs; and (g,h) maximum engineering shear strain

rate γ̇max. Panels (i–l) compare the corresponding radial profiles of the synthetic bowl and region

II: (i,j) vU , |vH |, and vT ; and (k,l) I1, γ̇max, ε̇1, and ε̇2. For region II, the profiles are obtained by

grouping cells at similar distances from the bowl center and plotting the median in each distance

bin symmetrically about the center. Gray shading in (j,l) shows the 2σ uncertainty ranges of the

velocity and strain-rate quantities, respectively. Vertical dashed lines in (k,l) mark I1 = 0, and red

shading marks contraction (I1 < 0). The southern part of region II shows the same center-to-flank

contraction→shear→dilatation pattern as the synthetic bowl.
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1958; Geertsma, 1973). Therefore, the relatively wide contraction→shear→dilatation pat-
terns identified in regions II, IV, V, and VI are consistent with deep subsidence sources.

By contrast, regions VII and VIII in Central Jakarta contain some of the largest ˆ̇︁γmax

values in Jakarta, see Tab. 1, together with localized non-concentric dilatation–contraction
patterns shown in Fig. 7. Along the transects from A to A′, vT increases to a local max-
imum near the dilatation–contraction transition (Î1 = 0) and decreases beyond it without
reversing direction. Along the same transects, vU decreases, indicating increasing subsi-
dence toward the contracting side (Î1 < 0), although the subsidence rates remain smaller
than in the major subsidence regions I–VI in Fig. 3. The strong spatial variation in the hor-
izontal motion across these dilatation–contraction transitions produces large ˆ̇︁γmax. These
differential-subsidence patterns may reflect shallower, more localized subsidence sources or
lateral transitions between sediment layers compacting at different rates.

To place the estimated horizontal strain rates in region VII in an engineering context,
the largest resolved principal strain rate of approximately 1.5 µε/yr is compared with a con-
servative onset-of-cracking threshold of 200 µε for masonry buildings (Korff, 2009; Burland
et al., 2004; Boone, 2001). If the present ground strain rate were sustained, assuming that
strain is accumulating linearly and is being transferred directly to structures, this threshold
would be reached after approximately 130 years. This timescale is of the same order as the
documented history of subsidence in Jakarta, which extends back to at least 1926 (Schepers,
1926; Schuitenvoerder, 1926). If comparable differential ground deformation has persisted
over this period, some structures may already have accumulated strains relevant to the onset
of light damage.

5.2 Performance and limitations

The proposed method uses Tikhonov regularization to stabilize the underdetermined
estimation of a continuous horizontal velocity field, from area-averaged RUM velocities. The
small residuals in Fig. 5c,d. indicate a close fit to the observed RUM velocities, while the
comparisons in Figs. 6 and 7 show that the method resolves strain-rate patterns consistent
with the observed RUM velocity variations. More than half of the resulting estimated
first invariants and maximum engineering shear strain rates exceed twice their propagated
standard deviations, see Sec. 4.3. These patterns include bowl-shaped deformation in major
subsidence regions, see Fig. 6, and localized dilatation–contraction patterns associated with
strong horizontal velocity variation, see Fig. 7.

A key advantage is that the method operates directly on strapdown-derived east and
north RUM velocities without requiring any additional GNSS velocity constraints. By av-
eraging the interpolated velocity field over each RUM area,the observation model respects
the spatial support of the observations while allowing nonlinear velocity variation within
individual elements. Furthermore, the RUM velocity covariance information is propagated
to the derived strain-rate quantities.

The spatial resolution and precision of the estimated strain-rate field depend on the
RUM size, observation coverage, input velocity uncertainties, and regularization. The
quadratic finite-element representation accommodates nonlinear velocity variation within
elements, but constraining such variation requires sufficient neighboring observations. Con-
sequently, uncertainties increase near mesh boundaries and gaps in RUM coverage (Fig. 5).
Regularization introduces an additional trade-off between stability and spatial detail, con-
trolled partly by the neighborhood threshold (dthresh), which should be selected to reflect the
spatial scale of the deformation patterns of interest. For Jakarta, the approximately 1770 m
variogram range spans almost four RUM widths, indicating spatial coherence across several
neighboring RUMs. Guided by this range, we selected dthresh = 1350 m, or three RUM
widths, to retain local coupling while limiting smoothing across sharp transitions between
deformation regimes. The 450 × 450 m RUM size therefore provides a spatial sampling
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Figure 7. Velocity and strain-rate quantities across the dilatation–contraction transitions in

regions VII and VIII. Panels (a,b) show the spatial distribution of Î1 and the horizontal RUM

velocity vectors. Transects AA′ cross the transition between dilatation (Î1 > 0) and contraction

(Î1 < 0). Panels (c,d) show the vertical velocity vU and transversal horizontal velocity vT along the

transects, and panels (e,f) the corresponding profiles of Î1 and ˆ̇︁γmax. Gray shading in panels (c–f)

denotes the corresponding 2σ uncertainty ranges, and the vertical dashed lines mark the dilatation–

contraction transitions at Î1 = 0. In both regions, vT reaches a local maximum near this transition

and decreases beyond it, coinciding with the change in sign of Î1 and large ˆ̇︁γmax. Across these

transitions, vU decreases toward the contracting side, although the subsidence rates remain smaller

than in the major subsidence regions I–VI. The strong spatial variation in the horizontal motion

produces the largest ˆ̇︁γmax values in Jakarta.
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scale suitable for the city-scale patterns examined here, although finer-scale deformation
may remain unresolved.

The method is applicable where the strapdown decomposition provides east and north
RUM velocities from multi-track InSAR observations. Its performance depends on the view-
ing geometry of the available InSAR tracks and on the magnitude and spatial variation of the
deformation signal, which control the ability to resolve the horizontal velocity components.
The method is particularly relevant for urban areas with limited GNSS coverage, where
horizontal strain rates can be estimated without additional GNSS velocity constraints.

6 Conclusions

We developed a method for estimating horizontal strain-rate tensors and derived de-
formation quantities from strapdown-derived east and north InSAR velocities. The method
uses a quadratic finite-element representation with Tikhonov regularization to estimate a
continuous horizontal velocity field while explicitly accounting for the area-averaged nature
of the RUM observations. The input velocity covariance information is propagated to the
derived strain-rate quantities, enabling their precision to be assessed.

Applied to the 2014–2025 velocity field of Jakarta, the method reveals distinct hori-
zontal deformation patterns. Several major subsidence regions exhibit center-to-flank con-
traction–dilatation patterns consistent with bowl-shaped subsidence originating at greater
depth. In Central Jakarta, by contrast, localized non-concentric contraction–dilatation pat-
terns coincide with some of the largest maximum engineering shear strain rates, despite
comparatively small vertical subsidence rates. These patterns suggest localized differential
deformation, potentially associated with shallower driving mechanisms or lateral variations
in sediment compaction. If comparable deformation has persisted since subsidence was first
documented in Jakarta in 1926, the accumulated horizontal strains could be relevant to the
structural integrity of buildings and infrastructure.

The quadratic finite-element representation accommodates nonlinear horizontal veloc-
ity variation over short spatial scales, subject to the constraints imposed by neighboring
observations and regularization. By combining this representation with consistent area av-
eraging and uncertainty propagation, the method enables spatially varying horizontal strain
rates to be estimated from InSAR observations without requiring additional GNSS veloc-
ity constraints, supporting the investigation of localized ground deformation in areas with
limited geodetic infrastructure.
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S1. Finite-element operators, regularization, and uncertainty propagation

This supplementary section provides the mathematical and implementation details of

the methodology introduced in Sec. 3. Specifically, it gives the explicit construction of the

observation matrix A, the strain-rate mapping matrix B, and the regularization operator

L, and details the propagation of the RUM velocity uncertainties to the derived strain-rate

quantities (Î1, ˆ̇︁γmax, ˆ̇ε1,2).

The input consists of the area-averaged east and north velocity observations for Regions

of Uniform Motion (RUMs) and their variance–covariance information, while the east and

north velocities at the finite-element nodes are the estimation unknowns. The four subsec-

tions below detail the finite-element representation and Q8 interpolation, the observation
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model and construction of the observation matrix, the strain-rate mapping and regular-

ization operators, and uncertainty propagation to the derived strain-rate quantities.

S1.1. Finite-element representation and Q8 interpolation

The horizontal velocity field is represented by a mesh of eight-node quadratic quadri-

lateral (Q8) finite elements. Each observed RUM coincides with one finite element of the

same spatial extent, while elements without RUM observations are retained to maintain

connectivity of the finite-element mesh. The east and north velocity components at the

mesh nodes are the estimation unknowns. Adjacent finite elements share their boundary

nodes and, consequently, the corresponding nodal velocity unknowns.

Each finite element e has eight nodes, indexed by a = 1, . . . , 8. Within the element, the

horizontal velocity field is obtained by quadratic interpolation of the nodal velocities,

ve(ξ, η) =
8∑︂

a=1

Na(ξ, η)va, (S1)

where (ξ, η) ∈ [−1, 1]× [−1, 1] are the local element coordinates, Na(ξ, η) is the quadratic

shape function associated with node a, and va = [vE,a, vN,a]
T contains the unknown east

and north velocity components at that node.

For the adopted node ordering, nodes 1–4 are the southwest, southeast, northeast, and

northwest corner nodes, respectively, while nodes 5–8 are the south, east, north, and west

midside nodes. The corresponding quadratic interpolation functions are

N1 = −1
4
(1− ξ)(1− η)(1 + ξ + η), N2 = −1

4
(1 + ξ)(1− η)(1− ξ + η), (S2)

N3 = −1
4
(1 + ξ)(1 + η)(1− ξ − η), N4 = −1

4
(1− ξ)(1 + η)(1 + ξ − η), (S3)

N5 =
1
2
(1− ξ2)(1− η), N6 =

1
2
(1 + ξ)(1− η2), (S4)

N7 =
1
2
(1− ξ2)(1 + η), N8 =

1
2
(1− ξ)(1− η2). (S5)
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Because adjacent elements share their boundary nodes and corresponding nodal velocity

unknowns, Eq. (S1) defines a continuous horizontal velocity field across the finite-element

mesh.

S1.2. Observation model and construction of the observation matrix

To relate the nodal velocity field to the area-averaged RUM observations, the obser-

vation matrix A is constructed from area-averaged quadratic shape functions. Because

each observed RUM velocity represents the average horizontal motion over its area, the

corresponding prediction is obtained by averaging the interpolated velocity field over the

same area. This ensures that the predicted and observed RUM velocities have the same

spatial support.

For each observed RUM i, element e denotes the corresponding finite element with the

same spatial extent. Averaging Eq. (S1) over this element gives

1

|Ωe|

∫︂
Ωe

ve(ξ, η) dΩ =
8∑︂

a=1

N̄a,eva, N̄a,e =
1

|Ωe|

∫︂
Ωe

Na(ξ, η) dΩ, (S6)

where Ωe denotes the domain of element e, |Ωe| its area, and N̄a,e the area average of

shape function Na over the element.

The integral defining N̄a,e is evaluated numerically using 3× 3 Gauss quadrature. The

local element coordinates (ξ, η) are related to the physical east-north coordinates (E,N)

through the Jacobian

Je =

[︃
∂E/∂ξ ∂E/∂η
∂N/∂ξ ∂N/∂η

]︃
, (S7)

whose absolute determinant converts an area element in local coordinates to physical area.

Using the three Gauss points (−
√︁

3/5, 0,
√︁

3/5) with corresponding quadrature weights
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(5/9, 8/9, 5/9) in each coordinate direction, gives

N̄a,e ≈
1

|Ωe|

3∑︂
p=1

3∑︂
q=1

wpwq Na(ξp, ηq) |detJe(ξp, ηq)| . (S8)

The area-averaged shape functions N̄a,e form the nonzero entries of the observation

matrix A. Denoting the mesh-wide index of local node a of element e by je(a), the row

corresponding to RUM i contains

(AE)i,je(a) = (AN)i,je(a) = N̄a,e, a = 1, . . . , 8, (S9)

for both the east and north observation-matrix blocks, with all remaining entries in that

row equal to zero.

Stacking the observed RUM velocity components in y, with all east components followed

by all north components, and arranging the nodal velocity unknowns in x in the same

order, gives the observation model

y = Ax+ η, A =

[︃
AE 0
0 AN

]︃
, (S10)

where A maps the nodal velocity unknowns to the predicted area-averaged RUM veloci-

ties, and η contains the RUM velocity observation errors.

The observation errors are assumed to have zero mean and variance–covariance matrix

Qyy. This matrix retains the east–north covariance within each RUM and assumes zero

covariance between different RUMs (Brouwer & Hanssen, 2023, 2024). The corresponding

weight matrix used in the regularized estimation is W = Q−1
yy .

S1.3. Construction of the strain-rate mapping and regularization operators

The regularization operator L combines two terms. The first, Lv, penalizes spatial

variations in gradients of the horizontal velocity field. The second, Lε̇→x, penalizes large

differences in element-averaged horizontal strain-rate tensors between neighboring finite
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elements. Because the estimation unknowns are the nodal velocities, construction of the

second term requires a mapping from the nodal velocities to the element-averaged strain-

rate components. We therefore first construct this mapping, represented by B.

For finite element e, the three independent components of the horizontal strain-

rate tensor are ε̇EE,e, ε̇NN,e, and ε̇EN,e, with ε̇EE = ∂vE/∂E, ε̇NN = ∂vN/∂N, and

ε̇EN = 1
2
(∂vE/∂N + ∂vN/∂E). These components are obtained by differentiating the

quadratic interpolation in Eq. (S1). Since the interpolation functions Na are defined

in the local element coordinates (ξ, η), their derivatives are transformed to the physical

east–north coordinates (E,N) using[︃
∂Na/∂E
∂Na/∂N

]︃
= J−T

e

[︃
∂Na/∂ξ
∂Na/∂η

]︃
, (S11)

where Je is the Jacobian defined in Eq. (S7).

The methodology in Sec. 3 derives one element-averaged horizontal strain-rate tensor for

each finite element. The transformed derivatives are therefore averaged over the element

using the same 3×3 Gauss quadrature as in Eq. (S8). Here, ∂Na/∂E and ∂Na/∂N denote

these element-averaged derivatives.

Let xe ∈ R16 contain the eight east nodal velocities followed by the eight north nodal

velocities of element e. The three element-averaged strain-rate components are then ob-

tained from

[ε̇EE,e ε̇NN,e ε̇EN,e]
T = Bexe, Be =

⎡⎢⎣ ∂N1

∂E
. . . ∂N8

∂E
0 . . . 0

0 . . . 0 ∂N1

∂N
. . . ∂N8

∂N
1
2
∂N1

∂N
. . . 1

2
∂N8

∂N
1
2
∂N1

∂E
. . . 1

2
∂N8

∂E

⎤⎥⎦ . (S12)

Assembling the element matrices Be over the finite-element mesh gives B ∈ R3ne×2nn ,

where ne and nn denote the total numbers of finite elements and distinct mesh nodes,
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respectively. This matrix maps the nodal velocities to the three element-averaged strain-

rate components of every finite element.

We next construct the velocity regularization term Lv. For one velocity component,

the spatial derivatives of the quadratic interpolation functions are collected at each Gauss

point in

Ge =

⎡⎢⎢⎢⎢⎢⎣
∂EN1 · · · ∂EN8

∂NN1 · · · ∂NN8

∂EN1 · · · ∂EN8

∂NN1 · · · ∂NN8
1
2
(∂EN1 + ∂NN1) · · · 1

2
(∂EN8 + ∂NN8)

1
2
(∂EN1 + ∂NN1) · · · 1

2
(∂EN8 + ∂NN8)

⎤⎥⎥⎥⎥⎥⎦ ∈ R6×8, (S13)

where ∂ENa and ∂NNa denote the physical-coordinate derivatives from Eq. (S11). The

corresponding element contribution to the velocity regularization term is

Lv,e ≈
3∑︂

p=1

3∑︂
q=1

wpwq Ge(ξp, ηq)
TGe(ξp, ηq) |detJe(ξp, ηq)| . (S14)

The element contributions Lv,e are assembled over the finite-element mesh to form the

velocity regularization term for one velocity component. Applying the same term to

the east and north nodal velocities gives Lv = blkdiag(LvE ,LvN), and the associated

regularization penalty is ∥Lvx∥22.

The second regularization term Lε̇→x penalizes differences between the horizontal strain-

rate tensors of neighboring finite elements. Rather than coupling all neighboring elements

equally, the coupling is stronger for elements that are spatially close and have similar

deformation. Because the estimated strain-rate field is not yet available when the regu-

larization is constructed, deformation similarity is approximated from proxy strain-rate

tensors obtained by fitting planar horizontal velocity fields to nearby observed RUM ve-

locities. For each finite element e, the planar horizontal velocity field

vE(E,N) = β0 + β1E + β2N, vN(E,N) = γ0 + γ1E + γ2N (S15)
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is fitted by ordinary least squares to the observed RUM velocities whose centers lie within

dthresh of the element centroid. The symmetric part of the fitted velocity gradient tensor

gives the proxy strain-rate tensor,[︃
˜̇εEE,e ˜̇εEN,e

˜̇εEN,e
˜̇εNN,e

]︃
=

[︃
β1

1
2
(β2 + γ1)

1
2
(β2 + γ1) γ2

]︃
. (S16)

Its two eigenvalues, λ̃e = [˜̇ε1,e ˜̇ε2,e]
T , are the proxy principal strain rates. These proxy

quantities are used only to determine the regularization weights and are not estimation

unknowns.

For element e, let Ne = {k : dek ≤ dthresh} denote its neighboring elements, where

dek is the centroid-to-centroid distance between elements e and k. For each neighboring

pair, ∆λek = ∥λ̃e − λ̃k∥2 denotes the Euclidean distance between their proxy principal

strain-rate vectors, indicating how much their local deformation states differ.

The coupling weight for each neighboring pair is

wek = wdist wε̇, wdist =
1

1 + (dek/dthresh)2
, wε̇ = exp

(︃
−∆λ2

ek

σ2
ε̇

)︃
, (S17)

where σε̇ is estimated from the median absolute deviation of ∆λek over the neighbor-

ing element pairs. Thus, wek decreases with increasing spatial separation or increasing

differences between the proxy principal strain-rate vectors.

These weights define the strain-rate regularization matrix Lε̇. For each element, this

matrix forms the weighted differences between its three strain-rate tensor components and

those of its neighboring elements. The contribution associated with element e is

∑︂
k∈Ne

wek

⎛⎝⎡⎣ε̇EE,eε̇NN,e

ε̇EN,e

⎤⎦−

⎡⎣ε̇EE,kε̇NN,k

ε̇EN,k

⎤⎦⎞⎠ . (S18)
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Because these strain-rate components are obtained from the nodal velocities through B,

the strain-rate regularization matrix is mapped to nodal-velocity space as

Lε̇→x = Lε̇B. (S19)

Before the two regularization terms are combined, they are normalized so that their

relative influence is not determined by differences in numerical scale. The velocity reg-

ularization term Lv and the strain-rate regularization matrix Lε̇ are first normalized by

their mean absolute row sums. After mapping Lε̇ to nodal-velocity space, the three

strain-rate component groups of Lε̇→x are rescaled to the Frobenius norm of Lv. The final

regularization operator is

L =

[︃
Lv

Lε̇→x

]︃
. (S20)

With the observation matrix A, weight matrix W, and regularization operator L de-

fined, the nodal velocities are estimated using weighted Tikhonov regularization, with the

regularization parameter α selected using the Morozov discrepancy principle, as described

in Sec. 3 (Eqs. (15)–(17)).

S1.4. Uncertainty propagation to the strain-rate quantities

The uncertainty propagation starts from the variance–covariance matrix Qyy of the

observed east and north RUM velocities, whose inverse defines the weight matrix W =

Q−1
yy in Eq. (S1.2). The RUM velocity uncertainties are first propagated through the

regularized estimation to the estimated nodal velocities, then through the strain-rate

mapping B to the element-averaged strain-rate components, and finally to the computed

strain-rate quantities Î1, ˆ̇︁γmax, and ˆ̇ε1,2by first-order Taylor linearization.
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Treating the selected regularization parameter α and regularization operator L as fixed,

the variance–covariance matrix of the estimated nodal velocities is

Qx̂ =
(︁
ATWA+ α2LTL

)︁−1
ATWA

(︁
ATWA+ α2LTL

)︁−1
. (S21)

The three element-averaged strain-rate components are obtained from the estimated

nodal velocities through the linear mapping B. Their variance–covariance matrix is there-

fore

Qˆ̇ε = BQx̂B
T . (S22)

For finite element e, Qˆ̇ε,e denotes the corresponding 3×3 diagonal block ofQˆ̇ε and contains

the variances and covariances of [ˆ̇εEE,e ˆ̇εNN,e
ˆ̇εEN,e]

T .

The uncertainties of the computed strain-rate quantities are propagated from Qˆ̇ε,e using

first-order Taylor linearization. For a strain-rate quantity f , this gives

σ2
f,e ≈ Jf,eQˆ̇ε,eJ

T
f,e, (S23)

where Jf,e is the Jacobian of f with respect to [ε̇EE,e ε̇NN,e ε̇EN,e]
T , evaluated at the

estimated strain-rate components of element e.

For the first invariant, Î1,e = ˆ̇εEE,e+ ˆ̇εNN,e, and therefore JI1 = [1 1 0]. For the nonlinear

quantities, define de = ˆ̇εEE,e − ˆ̇εNN,e and ∆e =
√︂
d2e + 4ˆ̇ε 2

EN,e. Then ˆ̇︁γmax,e = ∆e and

ˆ̇ε1,2,e =
1
2
[ˆ̇εEE,e + ˆ̇εNN,e ±∆e]. The corresponding Jacobians are

Jγ̇max,e =

[︃
de
∆e

− de
∆e

4ˆ̇εEN,e

∆e

]︃
, (S24)

Jε̇1,e =

[︃
1
2

(︃
1 +

de
∆e

)︃
1
2

(︃
1− de

∆e

)︃
2ˆ̇εEN,e

∆e

]︃
, (S25)

Jε̇2,e =

[︃
1
2

(︃
1− de

∆e

)︃
1
2

(︃
1 +

de
∆e

)︃
−2ˆ̇εEN,e

∆e

]︃
. (S26)
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Substituting these Jacobians into Eq. (S23) gives the propagated standard deviations of

Î1, ˆ̇︁γmax, and ˆ̇ε1,2.
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S2. Additional Horizontal Strain-rate Maps
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Figure S1. Close-up of the Jakarta strain-rate maps in Fig. 4, showing the estimated

first strain-rate invariant Î1 with principal strain-rate glyphs (top row) and maximum

engineering shear strain rate ˆ̇︁γmax (bottom row) in subsidence regions IV, V, and the

southern part of region VI (left to right). Magenta outlines delimit the regions. These

regions show center-to-flank contraction→shear→dilatation patterns, similar to that ob-

served in the southern part of region II, consistent with bowl-shaped subsidence.
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