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Melting of a vertical ice face in otherwise quiescent saline water generates a buoyant plume
that rises along the ice. Heat and salt transfer through the thin near-wall boundary layers
controls the melt rate and must be parameterized in models that do not resolve these layers.
In plume models, the three-equation framework of Holland & Jenkins (1999) is commonly
coupled to transfer laws based on plume-induced shear. Under weak-shear conditions,
however, laboratory experiments and simulations show that melting is controlled by
buoyancy-driven convection and is approximately independent of plume velocity. Here,
we develop a boundary-layer theory that unifies these two transfer regimes. The melt rate is
set by the boundary-layer thicknesses, which in turn is governed by two competing length
scales: a viscous length and a buoyancy viscous length scale. The resulting flux laws recover
existing shear-driven and buoyancy-driven models as limits, retain the algebraic structure
of the three-equation model, and predict a regime transition when the two length scales
become comparable, corresponding to a plume velocity of roughly 6-8 cm/s for typical
fjord conditions. We test the theory using large-eddy simulations that resolve the diffusive
sublayers adjacent to a melting vertical ice face. In these simulations a melt-driven plume
starts in the buoyancy-driven regime and transitions into the shear-driven regime. The melt
rates across the transition are well described by the unified theory.
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Turbulent transition in a buoyant plume

1. Introduction

Buoyant plumes along ice—ocean interfaces entrain ambient seawater and transport heat
towards the ice, influencing submarine melting. These flows are particularly relevant at
marine-terminating glaciers in Greenland fjords: mass loss from the Greenland Ice Sheet
is a leading contributor to global sea-level rise, and a substantial fraction of this loss
occurs at marine-terminating glaciers in narrow fjords (Mouginot et al. 2019). In these
fjords, relatively warm and salty fjord water comes into contact with the ice, and two types
of buoyant plume might exist. The first are vigorous but localized subglacial discharge
plumes, which are fed by surface meltwater that drains through the glacier and enters the
fjord at depth. These plumes typically have velocities of order 0.1-1 ms~! and widths of
order 100 m (Jackson et al. 2017; Hewitt 2020). The second are much weaker, spatially
distributed meltwater plumes, which are driven by submarine melting of the ice face itself.
They typically have velocities of order 0.03 ms~! and thicknesses of order 1 m or less
(Kimura et al. 2014; Magorrian & Wells 2016; Nash et al. 2024). Both plume types entrain
ambient warm seawater and enhance melting of glaciers. In natural glacier settings, calving
(Shaya et al. 2025) and internal waves (Cusack et al. 2023) can also energize the ice—ocean
boundary layer, such that melting need not be driven primarily by local meltwater buoyancy.
In this study, we focus on melting associated with buoyant plumes. Some of the dynamics
explored here may also be relevant to situations in which the boundary layer kinetic energy
is supplied primarily by external flows, as observed by Weiss et al. (2026).

The melt rate associated with both plume types is controlled by the thin ocean boundary
layer, which is millimetres thick and has to be modelled. The standard approach to
parameterize the melt rate in ocean models is the ‘three-equation’ model of Holland &
Jenkins (1999), in which the turbulent fluxes of heat and salt toward the ice are proportional
to the friction velocity u.. The physical picture underlying this closure is the shear-driven
turbulence boundary layer theory, originally developed from turbulence measurements in
the boundary layer beneath drifting sea ice (McPhee er al. 1987). This closure is well
supported at near-horizontal interfaces beneath sea ice and ice shelves, where the shear is
supplied by tides, mean currents or the drift of the ice itself, by observations (Jenkins et al.
2010) and by turbulence-resolving simulations (Vreugdenhil & Taylor 2019; Vreugdenhil
et al. 2022). At a near-vertical ice—ocean interface, this parameterization is appropriate
when the plume velocity is strong, but may substantially underestimate the melt rate
when the plume velocity is weak, a regime commonly associated with meltwater plumes
(McConnochie & Kerr 2017; Zhao et al. 2026).

When the plume velocity is weak, turbulence near the ice is created through the vertical
buoyancy flux instead of shear production. This scenario is closely related to the natural
convection boundary layer (NCBL) along a heated vertical wall, whose structure has been
characterized by theory (George & Capp 1979), laboratory measurements (Cheesewright
1968; Tsuji & Nagano 1988, 1989) and direct numerical simulations (DNS) (Versteegh &
Nieuwstadt 1999; Ng et al. 2015; Nakao et al. 2017; Ke et al. 2020; Howland et al. 2023).
Building on the flux scalings established for the NCBL, Kerr & McConnochie (2015)
developed a model for this regime, in which the melt rate is controlled by the buoyancy
anomaly at the interface and is independent of the plume velocity. This model reproduces
the melt rates and interface temperatures measured in laboratory experiments on melting
vertical solid surfaces, and is further supported by DNS of a melting vertical ice face
(Gayen et al. 2016).

For brevity, we refer to the shear-driven three-equation closure of Holland & Jenkins
(1999) as the HJ model, and to the velocity-independent, buoyancy-driven model of Kerr
& McConnochie (2015) as the KM model. The transition between these two models is
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Figure 1. Schematic of a buoyant plume at a vertical ice face, where x is the wall-normal coordinate and z the
along-face coordinate in the direction of the plume. (@) The plume rises along the ice, entraining ambient water
of temperature T, and salinity S, and accelerates with height; W is the maximum of its velocity profile w(x).
The ice-ocean boundary layer is buoyancy-driven where the plume is weak and becomes shear-driven once W
exceeds the transition velocity W*. (b) Structure of the boundary layer in the region marked in (@), which is
common to both regimes. Salinity S (blue) and temperature 7' (red) increase from their interface values S and
T} to the ambient values S, and T, across diffusive sublayers of thickness s and 67 (dashed lines), while the
vertical velocity w (green) increases from zero at the ice to the plume velocity W. The wall-normal fluxes of
salt Fg and heat Fr (arrows) are directed towards the interface and sustain the melt rate 71, expressed as an
ice-equivalent thickness per unit time. The horizontal axis is not to scale, in order to highlight the boundary-layer
structure.

most clearly illustrated in Figure la. Initially, when the plume is very weak, melting is
controlled primarily by buoyancy, and the melt rate is well described by the KM model
and is independent of the plume velocity W. If the plume accelerates and W exceeds the
transition velocity W, the melt rate becomes velocity-dependent and the shear-driven HJ
model becomes an accurate description of the melt rate.

Conditions at real glacier fronts are understood to span both the KM and the HJ regimes,
although direct observational constrains remain limited. Within subglacial discharge
plumes plume velocities can reach 1-3 ms~! (Ovall e al. 2025), where the HJ model
holds. Away from discharge outlets the plume velocity is weak, and there the HJ model,
driven by the upwelling velocity of the melt plume alone, underpredicts observed melt
rates by one to two orders of magnitude (Sutherland ez al. 2019; Jackson et al. 2020). Part
of this gap is unresolved horizontal flow (Jackson et al. 2020), but direct measurements
at near-vertical ice faces reveal a more basic failure of the HJ model: observed melt rates
become independent of velocity below roughly 0.04 m s~ (Weiss et al. 2025; McConnochie
& Kerr 2017), where buoyant meltwater plumes dominate the near-boundary turbulence
(Nash et al. 2024). A shear-driven model with constant coefficients cannot produce a melt
rate that stays finite as the velocity vanishes. What these observations call for is a single
model that captures both the KM and the HJ regimes and, crucially, the transition between
them.
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Turbulent transition in a buoyant plume

Efforts to model the transition from the buoyancy-driven regime to the shear-driven
regime in a meltwater plume date back to Wells & Worster (2008), who predicted that the
transition occurs at a critical value of the Rayleigh number Ra, = 4b 7>/ (vk), where z is the
distance from the origin of the plume and « the relevant diffusivity and 46 = g(pe—pp)/ 00
the buoyancy anomaly caused by different densities between the far-field water p., and the
ice-ocean interface p; (also referred to as reduced gravity by Wells & Worster (2008).)
Based on the scaling theory of Rayleigh—Bénard convection (Grossmann & Lohse 2000),
Kerr & McConnochie (2015) proposed a critical Rayleigh number of Ra. ~ 10?! for the
transition. McConnochie & Kerr (2017) subsequently used an empirical plume scaling law
derived from laboratory experiments to translate this criterion into a threshold velocity of
0.04 ms~! under laboratory conditions. Beyond the context of idealised simulations and
lab experiments, the distance from the plume origin, z, is somewhat ambiguous. In reality,
the plume at a given height depends on the upstream evolution of the entire plume, whose
information is often hard or impossible to know, particularly when the geometry of the ice
face is complex. What is still lacking is a local theory that predicts the transition from the
local properties of the flow.

Despite the lack of a predictive local theory for the transition, simplified melt parameter-
izations spanning both regimes have recently been proposed (Schulz et al. 2022; Zhao et al.
2024, 2026). In these parameterizations, the melt rate is effectively taken to be the larger of
the HJ and KM predictions, so that a transition velocity emerges naturally as the velocity
at which the two models agree. Of these studies, Zhao et al. (2026) resolves the transition
itself, using direct numerical simulations across a range of externally imposed velocities,
stratifications and wall slopes. However, the behaviour of the melt rate near the transition
velocity, and the near-wall mechanism governing the crossover, remain unexplained.

Two questions therefore arise, and they motivate this paper: (i) can we build a predictive
theoretical model for the transition between two regimes of buoyant plumes? (ii) can
we properly parameterize the melt rate behavior across the transition in a single unified
model? We address both questions first with a unified boundary-layer theory, and then test
its predictions against boundary-layer-resolving simulations.

We first develop a boundary-layer theory for the vertical ice-ocean interfaces of buoyant
plumes (§ 2). After reviewing the HJ and KM models, we show that they can be recast as
statements about a near-wall turbulent diffusivity that grows as the cube of the distance
from the ice and thereby sets the thickness of the diffusive sublayers controlling the melt
rate. The magnitude of this diffusivity is fixed by one of two length scales, the viscous scale
l, = v/u. under shear-driven turbulence (where v is the kinematic viscosity of seawater, u.
is the friction velocity), and the buoyancy-viscous scale /5, = (v?/4b)'/? under buoyancy-
driven convection. Combining the two scales yields unified flux laws that recover the KM
model when [, < [, recover the HJ model when [, < [, and predict a transition at
us ~ (v Ab)'/3, a plume velocity of 0.06-0.08 ms~".

We then test the theory with LES of the meltwater plume that resolves the diffusive
sublayers at a melting vertical ice face (§ 3). Experiments and simulations to date have
concentrated on the buoyancy-driven limit, and to our knowledge, the shear-driven regime
developed from these meltwater plumes has not previously been realized in the laboratory
or in wall-resolved simulations. Following the temporally evolving configuration for natural
convection boundary layers used by Ke et al. (2020) (see also Ke et al. 2021, 2023), we
apply periodic boundary conditions in the along-ice direction, which converts the spatial
development of the meltwater plume with height into temporal evolution. These simulations
successfully capture the transition across different flow regimes, and the predicted melt
rates are consistent with the theoretical model.
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The remainder of the paper is organized as follows. Section 2 reviews the shear-driven
(§ 2.1) and buoyancy-driven (§ 2.2) models and develops the unified boundary-layer theory
(§ 2.3). Section 3 describes the LES configuration (§ 3.1), documents the regime transition
(§ 3.3) and tests the theory against the simulations (§ 3.4). Implications for ocean and fjord
modelling are discussed together with the conclusions in § 4.

2. A unified parameterization scheme at a vertical ice-ocean interface

In this section we review the two existing melt rate parameterizations and their underlying
assumptions, before discussing the unified parameterization scheme. All of these parame-
terization schemes share the same idealized thermal and haline boundary layer structures,
as sketched in Figure 1(b), where x is the wall-normal coordinate (zero at the interface,
increasing into the ocean), z is the along-face coordinate in the direction of the plume, and
y is the horizontal along-face direction, with velocity components (u, v, w).

We consider a buoyant plume rising through a quiescent ambient, with no externally
imposed current. The boundary layer is taken to be statistically steady and homogeneous
along the ice, so that mean quantities depend on x alone and the wall-normal fluxes of
heat and salt are independent of x because there are no divergence/convergence of fluxes
in a steady state. We denote these fluxes as Fr, Fs, the ambient (far-field) temperature and
salinity by T., and S, their values at the ice-ocean interface by 73, and Sj, and the melt
rate, expressed as an ice-equivalent thickness per unit time, by 1. Strictly, the boundary
layer responds to the temperature and salinity inside the plume, rather than to the far-field
values. For the meltwater plumes simulated in § 3 the two are close: the difference is less
than 1% of Se — S} for salinity and about 10 % of T, — T} for temperature, and for
simplicity we do not distinguish between them. For a subglacial discharge plume, which is
much fresher and colder than the ambient, the difference is not negligible, and 7., and So,
(and hence 4b) should be taken as the plume values, as in plume models (Jenkins 2011).

All of the parameterizations considered here share the same interface thermodynamics:
a linearized liquidus constraint together with conservation laws for heat and salt at the
interface (Holland & Jenkins 1999),

Ty :/llsb+/lz+/13P, (2.1a)
piLm = pycy Fr, (2.1b)
piSp 1 = py, Fs. (2.1¢0)

Here p,, and p; are the densities of seawater and ice, c,, is the specific heat capacity
of seawater, L is the latent heat of fusion, and P is the sea water pressure. The liquidus
coeflicients A1, 45,43 are linearized expression for the freezing point of seawater (Jenkins
2011). Equation (2.1b) represents the balance of the latent heat consumed by melting
against the turbulent heat flux supplied by the ocean, neglecting heat conduction into the
ice, and (2.1¢) states that melting dilutes the interface salinity with the ice assumed to
be salt-free. Throughout, we also neglect the slow retreat of the interface produced by
melting itself: the melt velocity (72 ~ 107® ms™!) is orders of magnitude smaller than the
boundary-layer velocities, so the retreat of the interface does not enter the flow and appears
only through the interface conditions (2.1).

Given the ambient state (7w, Sw), (2.1) constitutes three equations for the five unknowns
(Tp, Sp, Fr, Fs,m); a melt parameterization is therefore closed by supplying flux laws
relating Fr and Fs to the temperature and salinity differences across the boundary layer.
The parameterizations reviewed below differ only in these flux laws.

0 X0-5
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2.1. The shear-driven regime: the three-equation (HJ) model
Holland & Jenkins (1999) model the turbulent fluxes as proportional to the friction velocity

u. = \/7/po, where 7 is shear stress at the ice-ocean interface and pg a reference density
(the HJ model). This leads to the ‘three-equation model’” when combined with scaling
expressions for the heat and salt flux:

Fr=TItu, (Tw —Tp), Fs =Tsu.(Seo —Sp), (2.2)

where It and I's are dimensionless transfer coefficients. The HJ model further assumes
a quadratic drag law relating the turbulent Reynold stress 7, to the flow velocity, with a
constant drag coefficient C4. For the plume system, the friction velocity u. is therefore
given by

o= |2 =\JCqw, 2.3)

PO

where W is the plume velocity and py is the reference density. It should be noticed that at a
vertical interface the wall stress at the ice Ty, does not equal to the turbulent Reynold stress
T, outside the viscous layer, because part of the interfacial stress supports the buoyancy of
the fluid next to the ice. In this paper u. is based on the turbulent stress 7, which is the
one that follows (2.3), as shown in § 3.3.

The physical picture underlying (2.2) is a forced turbulent boundary layer: heat and salt
are transferred by shear-driven turbulence, whose intensity is represented by the friction
velocity u.. The non-dimensional transfer coefficients I and Is can, in principle, be
derived from the theoretical wall-layer model of Kader & Yaglom (1972), but in practice
they are most often calibrated against observations (Jenkins et al. 2010; Weiss et al. 2025).
A limitation of this formulation is that the predicted melt rate vanishes in the absence of
plume velocity, and so it underestimates melting in the weak-flow limit, where turbulence
is buoyancy-driven.

2.2. The buoyancy-driven regime: the convective (KM) model

In the limit of weak plume velocity, the buoyancy input from melting drives turbulence
directly. Meltwater is fresh and cold; at temperature typical of the polar oceans the
freshening dominates, so that fluid adjacent to the ice is buoyant, with an interface buoyancy
anomaly

A = P2 = g [B (S = $1) = (T = Ty)] ¥ 88 (S0 = $1) > 0. (24
where « and S are the thermal expansion and haline contraction coefficients in the linear
equation of state, and T, and S, are the far-field temperature and salinity, respectively.

Kerr & McConnochie (2015) developed a model for melting in this regime (the KM
model), building on the classical measurements of turbulent natural convection at a heated
vertical wall (Warner & Arpaci 1968; Cheesewright 1968; Tsuji & Nagano 1988), which
are well described by the one-third power law

3
Nu=yRal/3, Nu=ﬂ, Ra = w, (2.5)
k7 AT KTV

with H the height of the wall and v =~ 0.1 a measured constant. At a melting ice face
the buoyancy anomaly (2.4) is dominated by the salinity difference, so salinity takes over
the role that temperature plays at a heated wall. KM therefore replaced the temperature
terms in (2.5) with the corresponding terms in salinity: k7 — ks, AT — A4S = So — Sp,
Fr — Fs, ga AT — Ab, solving which for the flux then gives

0 X0-6
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Fs =yv 13 ab' (So - Sp). (2.6)
Note that Fs is independent of H, implying that the salt flux is independent of the wall
height and of the position along the wall, a direct consequence of the one-third exponent.
The heat flux follows from the structure of the diffusive sublayers. In a quasi-steady
boundary layer the wall-normal fluxes of heat and salt are independent of distance from
the wall, so the turbulent fluxes in the outer layer equal the molecular fluxes across the
diffusive sublayers adjacent to the ice. Since most of the variation of 7 and S occurs within
these sublayers (a good approximation at large Pr = v/« and Sc = v/«kgs), the fluxes are
assumed to be set by the sublayer thicknesses,

Too - Tb Soo - Sb FT KT Too - Tb 55
9 FS z KS 9 — z - I

or Os Fs ks Seo—SpoT
KM obtained the sublayer thicknesses ratio (07/ds) from a surface-renewal description:
they assumed that the sublayers grow diffusively, o7 ~ v/«k7t and 65 ~ +/kst, until they are

swept away by the convective eddies at some time A¢, so that their thicknesses is set by
diffusion alone:

FT X KT (27)

172
or _ ("_T) — L\, (2.8)
0s Ks

where Le = k7 /ks is the Lewis number. Combining (2.6)—(2.8) gives
Fr=yv PP cll® ab'P (T — T). 2.9)

The physical picture described by the KM model is that convective turbulence, driven by
salinity, sets the magnitude of the fluxes through (2.6), whereas the partition between heat
and salt is set by molecular diffusion alone through (2.8). Equations (2.1), (2.6) and (2.9)
form a closed system that represents meltrate in the buoyancy-driven regime.

The KM model is supported by melt rates and interface temperatures measured in
the laboratory (Josberger & Martin 1981; Kerr & McConnochie 2015). The closed KM
model predicts the measured melt rates to within about 10 %, and the same quantities are
reproduced by DNS of a melting vertical ice face (Gayen et al. 2016).

2.3. A unified boundary-layer theory

Neither of the two models above captures the full range of plume velocities: the HJ model
fails at low velocities and the KM model cannot capture the enhancement of melting by a
strong plume velocity. We therefore seek a single set of flux laws containing both limits.

The difficulty in directly connecting the two models comes from the very different ways
in which they were originally framed. Here, we frame both models as statements about the
diffusive sublayers of temperature and salinity, whose thicknesses are set by the profile of
the near-wall turbulent diffusivity. This common framework allows shear-driven turbulence
and convection to contribute jointly to the turbulent diffusivity.

2.3.1. Fluxes controlled by the diffusive sublayers

As has been widely recognized in previous studies (Kerr & McConnochie 2015; Gayen et al.
2016; Howland et al. 2023), the fluxes delivered to the ice are controlled by thin diffusive
sublayers of temperature and salinity, within which turbulent motions are suppressed by the
boundary and the wall-normal transport of heat and salt is carried by molecular diffusion.
To make this precise, we decompose the mean wall-normal fluxes into molecular and
turbulent contributions. We use (-) to denote an average over time and the directions

0 X0-7
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parallel to the ice (over a scale that is large compared to the turbulent motions but small
compared to variations in outer layer properties) and primes for the fluctuations about this
average; Fr and Fs are defined as positive when directed towards the ice. Then

Fr =k 0T —w'T’ = (k7 + K¥™(x)) 0,T, (2.10)

where the turbulent flux has been modelled with an eddy diffusivity acting on the mean
gradient, —u/'T’ = K‘T“rb (x) 05T, and likewise for Fs with K‘S“rb (x). Since Fr is independent
of x, only its partition between the molecular and turbulent terms varies with distance from
the wall. The turbulent diffusivities, K%“b and Kg‘rb, vanish at the ice and increase outward,
and hence the total diffusivity is molecular next to the ice, while the turbulent diffusivity
dominates outside of the diffusive sublayers. We define the diffusive sublayer edge as the
position where the two are equal (Howland et al. 2023),

K¥™(67) =k, K§™(8s) = ks. .11)

Other definitions of 7 and dg used in the literature (e.g. Kerr & McConnochie (2015))
are essentially consistent with this.

Because the Prandtl number Pr = v/x7 and the Schmidt number Sc = v/kg are large,
the sublayers are thin and the mean gradients within them are much steeper than outside,
so most of the temperature and salinity difference across the boundary layer is taken up
within x < 07, ds, where transport is predominantly molecular. The fluxes therefore scale
as

T — Tb Seo =S b
5T , FS ~ Kg§ 65 . (212)
The ~ sign acknowledges an order-one prefactor with two contributions: turbulent transport
already contributes somewhat within the sublayer, and part of the temperature and salinity
difference is taken up outside it, for instance in the logarithmic layers that develop beyond
the sublayer (Kader & Yaglom 1972; Tsuji & Nagano 1988). Both are order-one corrections
and are absorbed into the constants of the flux laws below. The problem of predicting the
melt rate is thus reduced to predicting the sublayer thicknesses: given a model for K%“b (x)

and Kgurb(x), (2.11) fixes 7 and s, and (2.12) then gives the fluxes.

Fr ~«r

2.3.2. Near-ice turbulent diffusivity: shear and buoyancy contributions

Our central assumption is that, close to the ice, the turbulent diffusivities grow as the cube
of the distance from the ice:

Kr,Ks o x°. (2.13)

This is a well-known result for near-wall turbulence: a cubic near-wall eddy diffusivity was
proposed as early as Murphree (1932), was placed on an asymptotic footing by Monin &
Yaglom (1971) and Chapman & Kuhn (1986), underlies the high-Pr, high-Sc transfer laws
of Kader & Yaglom (1972), and has been confirmed directly in numerical simulations of
near-wall scalar transport (Kasagi e al. 1992; Schwertfirm & Manhart 2007).

The underlying reason for the cubic dependence can be seen by expanding the fluctuating
fields about the interface. The wall-normal velocity fluctuation u” vanishes to second order:
its value at the ice is zero by impermeability, and its wall-normal derivative also vanishes
since continuity gives dyu’ = —d,v" — d,w’ while the tangential velocities v and w’ are
identically zero everywhere on the ice by no-slip. Therefore, the wall-normal velocity
fluctuation scales as u’ o x%. The scalar fluctuations, by contrast, vanish only to first order:
the interface fixes the scalar values, so 7’ (0) = §’(0) = 0, but their wall-normal gradients
(the fluctuating diffusive fluxes) need not vanish, giving 7”, S” « x. Note that the interface

0 X0-8
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conditions (2.1) are more complicated than fixed-value conditions, but because 7}, and
S, vary only weakly they are close to Dirichlet in practice. The turbulent fluxes therefore
grow as u’'T’, u’S’ « x3, and since the mean gradients T, S, are approximately uniform
across the diffusive sublayers (except for at the edge of the boundary layer), the turbulent
diffusivities inherit the cubic form (2.13) close to the ice.

For forced (shear-driven) wall turbulence, the length scale of the cubic scaling law is set
by the viscous length scale

=2, (2.14)
U
with u, given by (2.3) , corresponding to
x\? x\’
K =ahv| =], K =daiv|(—]|, (2.15)
Ly Ly

where a7, and af are dimensionless constants; the prime marks them as intermediate
variables, to be absorbed shortly into the constants of the flux laws. The cubic form has
been extensively tested against experiments and numerical simulations of forced wall
flows (Kader & Yaglom 1972). The two constants are often taken to be equal since both
scalars are passive and transported by shear-induced eddies (Kader & Yaglom 1972), but
DNS shows that the limiting near-wall diffusivity depends on the Pr or Sc of the scalar,
because molecular diffusion damps the response of the scalar to the faster near-wall velocity
fluctuations (Na & Hanratty 2000). We therefore allow a’. and ag to differ.

In the buoyancy-driven regime there is very weak friction velocity driven by the plume,
but the interface buoyancy anomaly 4b determines a viscous-buoyancy velocity and the
corresponding viscous length,

y V2 1/3
up = (v 4b)'3, Iy = = (E) . (2.16)

Equivalently, [, is the length at which the Grashof number Gr = A4b I? /v? is unity: a parcel
of fluid with buoyancy anomaly 4b and size [ < [, is held back by viscosity, whereas one
of size [ > [}, accelerates freely, so that [, is the smallest scale at which buoyancy can drive
turbulent motion and uy, is the velocity such motion attains (upl,/v = 1). Therefore, I,
and up can be interpreted as the viscous cutoff scales of buoyancy-driven turbulence, and
they play the same role as /,, and u.. do for shear-driven turbulence in (2.14).

Note that the convective and shear-driven regimes are both characterised by a viscous
length v/u, with the velocity scale u set by the shear (u..) or by the buoyancy forcing (4b).
The cubic law then takes the form

Kguoy =C:9V(i)3, K;uoy :C’Ty(i)S, 2.17)
where ¢, and ¢ are dimensionless intermediate constants.
This form of Kguoy in (2.17) recovers the KM salinity flux law: substituting it into
the sublayer condition (2.11) gives s = (/<5/(c:9v))1/3 lp = (KS v/(c Ab))1/3, which is
exactly the KM sublayer thickness of § 2.2 with y = (cg)l/ 3

2.3.3. A unified diffusivity and the resulting flux laws

In general, both shear and buoyancy contribute to the near-wall turbulence. To combine the
two cubic profiles (2.15) and (2.17) we first write them in a common form. Using [, = v/u.

0 X0-9
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and lb = v/ub,

3 3 3 3
s =a;ﬁv(%) Sy (S) K C;,v(%) =cv(=2) . @)
where the subscript ¢ stands for either 7 or S, so that both are the same cubic law,
Ky o v(xu/ v)3, evaluated with different velocity scales: u = u, for shear-driven and u = uy,
for buoyancy-driven turbulence. In both cases u is the velocity scale of the turbulent eddies
at the edge of the viscous sublayer, whose imprint on the wall sets the sublayer transport,
and v/u is their size. We stress that u characterises the near-wall eddies only; farther from
the ice, in the logarithmic region or the outer plume, the turbulence is governed by other
scales (the distance from the wall, the plume velocity).

When shear and buoyancy act together the near-wall eddies still have a single velocity
scale, which we denote u"™, and the kinematic constraints at the wall that produce the
cubic dependence are unchanged. The unified diffusivity is therefore again a cubic law,

) x b
Kuni _ 7 i 219
o= av (2] 219

and the problem reduces to expressing »"™ in terms of u, and uj.

To combine the velocity scales, we appeal to the turbulent kinetic energy (TKE) budget
of the near-wall layer. TKE is produced by shear, drawing energy from the mean flow, and
by convection, drawing kinetic energy from the potential energy,

Pshear —— AV — ww' O W, peony — w’'b’, (2.20)

and in a statistically steady layer the two sources combine to balance the dissipation,
8uni — Pshear + peonv. (221)

The additivity of the two contributions is exact at the level of the energy budget. To turn
it into a statement about u"™ we express each term of (2.21) through the velocity scale of
the eddies that sustain it. In the viscous sublayer the eddies have velocity u and size v/u,
so their dissipation rate scales as

u? ut

£~ — = —; (2.22)
viu v

this is the near-wall form of the familiar estimate & ~ u>/I, and the fourth power appears
because the eddy size in the sublayer is not an external length but the viscous length itself. In
purely shear-driven turbulence the whole dissipation is sustained by shear production and
the sublayer velocity scale is u., SO Pgpear = gshear 4 /y:in purely convective turbulence
it is sustained by convective production with velocity scale up, $0 Peopy = €™ ~ ui /v.
When the two coexist, each mechanism is assumed to inject energy at the rate it sustains
on its own, while the total dissipation is that of eddies with the unified velocity scale 1"
The budget (2.21) then reads

4
uni 4 4
. u u u . A4
gl = pshear peonv (") ~24 b ie. (Mum) ~ul+uy. (223)
v v v

Because K o u? in (2.19), and with each term matched to its single-mechanism limit
(2.18), this is equivalent to a statement about the turbulent diffusivities, namely that their
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4/3 powers add, '
) _ i 4/373/4
, 4/3 4/373/4 a\*3 (¢
Kgm — (K;hear) + (KEUOY) = V)C3 (—g) + —:f s (2.24a)
I | L L,
) ] i 4/373/4
‘ 473 43 3/4 a’ 4/3 ¢
K;{m — (K;hear) + (K;UOY) = yx3 (_3T) + —3T s (2.24b)
] | L L,
which reduce to (2.15) for /,, < [}, and to (2.17) for I, < [,.. The two limits and the

transition between them (§ 3.3) do not depend on the exponent in (2.23); only the shape of
the crossover does.
Substituting (2.24) into (2.11) gives the sublayer thicknesses

431" 1/4 431" 1/4
s (KS)'] (95 3 (e \Y e\ | (@ eh !
s=(5) 7)) +lE = (T F] F ’
v 3 B v B B
(2.25)
and hence, with (2.12), the unified flux laws
[ a\¥3 [\ 4
Fs =102 (_;v) N _38) (S — Sp). (2.26a)
B B
[\ o\ e
Fr=v"33P (1_3T) + l—f) (T — Tp). (2.26b)
v b

Note that we have absorbed the order-one constants from equation (2.12) into ar, as,
cr and cg, so that (2.26) now read as an equality. Our notational convention is thus:
primed constants (a’T,afg,c’T, cg) characterize the turbulent-diffusivity profiles, while their
unprimed counterparts (a7 ~ a’, as ~ ag and cr ~ ¢, cs ~ cg), which absorb these
order-one prefactors, appear in the flux laws. Only the unprimed constants need to be
calibrated and are set empirically based on the simulations.

Substituting the flux laws (2.26) into the interface conditions (2.1) eliminates F7 and Fg
and leaves three equations for the three unknowns (7, Sp, m1), exactly as in the HJ model.
The complete system is (2.1) with the fluxes given by (2.26), together with the definitions
of 4b (2.4), 1, (2.14), I (2.16) and u, (2.3). Given the ambient temperature and salinity
(T, S«) and the plume velocity W, the system of equations can be solved for the melt rate

i = 11 (Tooy Seos W), 2.27)

because /;, depends on 7}, and Sp, through 4b. Note that the basic structure of the closure
is the same as the three-equation model in HJ and that the difference is associated with the
flux laws.

IThe relation (2.23) is a scaling, and each term carries an order-one weight. These weights need not be
specified: they are fixed by requiring the unified profile to recover the single-mechanism profiles (2.18) in the
two limits, which is why the constants “:p and c:ﬁ of (2.18) reappear in (2.24).

0 X0-11
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Turbulent transition in a buoyant plume

2.3.4. Connections to previous models

The two established models are recovered as limits of (2.26). In the low-velocity limit, a
weak plume velocity W gives a small friction velocity u., and therefore a large viscous
length [,,, so that the buoyancy-associated term dominates (2.26). In this limit the flux laws
(2.26) reduce to

Fs=c>vI13:P 4" (S - Sp), (2.28q)
Fr=cP v B3P ap' B (T, - T). (2.28b)

The fluxes are independent of the plume velocity: apart from the temperature and salinity
differences T, — Tp and S — S, themselves, they depend on the ambient state only through
the interface buoyancy anomaly 4b.

Equations (2.28) are identical to the KM laws (2.6) upon identifying y = c;/ 3 However,
the heat flux in (2.28)b differs from (2.9), which reflects a different treatment of how
turbulence acts on the sublayers. KM treat it as intermittent: the sublayers are swept away
by convective eddies and regrow by pure diffusion in between, so their thickness is set by

a renewal time and ¢ o KIT/ 2 giving (2.8). Here turbulent transport extends continuously
into the sublayer as the diffusivity grows away from the ice, so the thickness is set by the
scalings for the ratio of thermal to haline diffusive sublayer thicknesses: 67 /s o Le'/? in
the KM model and 67/8s o Le'/? in our model, where Le = k7 /s is the Lewis number.
Howland ef al. (2023) discussed both scaling regimes and argued that the Le'/? scaling is
more appropriate for vertical ice faces, which is consistent with our current theory. In this
paper, we could not directly test this Le-dependence because k7 and kg are fixed in our
simulations.
When shear dominates (/,, < [p,), the flux laws reduce to

position where it reaches xr and § o« k' ~. The two formulations therefore imply different

Fs=ay” Sc™Pu.(Sw - Sp), (2.29q)
Fr=a)® PrPu,(T. - Ty). (2.29b)

This recovers the HJ closure (2.2) with transfer coefficients given by I't = alT/ 3 pr=23 and

I's=a ;/ 35c72/ 3, where Pr = v/kr and Sc = v/ks are the molecular Prandtl and Schmidt
numbers; this is consistent with the high-Pr, high-Sc form of Holland & Jenkins (1999).

With these connections, the flux law (2.26) can be rewritten in a form that connects
directly with the existing parameterizations:

1/4
Fs = [(Fs )t + (FS” Mb)j (Seo — Sp), (2.30a)

1/4
Fr=|(Iru)*+ (r;’ ubﬂ (Too = Tp), (2.30D)

where u, = VCqaW, up = (v4b)'3, and I'Y = (cs/Sc)'3, Il = (cp/Pr)'/? are
the transfer coefficients of the buoyancy-driven limit, defined in the same way as Iy =
(as/ScA)'? and I+ = (arp/Pr?*)'? for the shear-driven limit. Table 1 collects the two
limits in both forms, together with the velocity and length scales that define them.

0 X0-12
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shear-driven limit buoyancy-driven limit
sublayer velocity scale u, =\Cqg W up = (v 4b)'13
sublayer length scale I, =v/u, Iy =v/up

heat Fr=vPr 23 all® (Tw-Ty)/l, Fr=vPrP el (To-Ty) /1y

flux law, form (2.26)
salt Fs =vSc™3ayf? (Sw—Sp)/l, Fs=vSc™ > (S = Sp)/ly

heat Fr=Tru. (T =T, Fr=Ttup (T - T,
flux law, form (2.30) ca =l (T = Tp) T =17 up (T = Tp)
salt Fs =Tsu, (Seo — Sp) Fs =T up (Seo = Sp)
i heat It = (ap/Pr*)' Iy = (cp /P23
coefficient correspondence 1/3 )
salt Is = (ag/Sc*)1/3 FSb:(cs/Sc )13

Table 1. The two limits of the unified closure, written in the form of (2.26), in terms of the sublayer constants
(ar,as, cr,cs) and the length scales (1,,1p), and in the form of (2.30), in terms of the transfer coefficients
Iy, Is, T Th T Sh ) and the velocity scales (u., up). In both limits the fluxes enter the same interface conditions
(2.1).

2.3.5. Transition velocity

The transition between the regimes occurs where the two contributions in (2.30) are
comparable. Taking the salinity equation as the nominal case, this is where the two transfer
velocities are equal, I's u, = FSb up,i.e.

Fb

us = ==y, (2.31)

Iy
so that the transition occurs when the friction velocity reaches a fixed fraction of up.
Equivalently, since [, /I, = uyp/u., the transition occurs when the viscous length scale
falls to a fixed fraction of the buoyancy length scale. In terms of the plume velocity that
generates the wall stress, this gives the critical velocity

oud _Fsb (v 4b)'/3
VCd FS VCd

The criterion involves only the plume velocity and the interface buoyancy anomaly, so
it applies whenever a plume velocity exceeds W¢. The temperature equation gives the
analogous WS = (I /I7) (v 4b)'/3 /N/Cy, which differs from (2.32) only through the
ratio of transfer coefficients. For the coefficients calibrated in § 3.4 the two transition
velocities differ by about 6%.

For melting into water with S, = 35 psu, S; ~ 20 psu and temperatures of a few degrees
Celsius, 4b ~ gB8(Se — Sp) ~ 0.1 ms™2. With the transfer coefficients estimated from
previous literature, ag ~ 1073 (Kader & Yaglom 1972) and cs ~ 73 ~ 1073 (Kerr &
McConnochie 2015), so that I'? /Ts ~ 1, and C4 = 2.5 X 1073, (2.32) gives

wet (2.32)

W ~0.11 ms™ L. (2.33)
0 X0-13
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This estimate is higher than the previously estimated threshold of 0.04 ms~! reported
by McConnochie & Kerr (2017), but comes closer once the coeflicients are calibrated
against our simulations (§ 3.4), which give TS”/FS ~ 0.5, C4 ~ 1.65 x 1073 and hence

W ~ 0.07 ms~! for these conditions.

2.3.6. Summary of the unified theory

In both regimes the turbulent heat and salt fluxes are carried to the ice by near-wall eddies
of velocity u and size [ = v/u. The diffusive sublayers have thicknesses proportional to [,
so that the fluxes are proportional to u. The regimes are distinguished by the source of the
near-wall turbulence. The mean shear of the plume sustains eddies of velocity u, = VCyq W
and size [, = v/u,., whereas the buoyancy of the fresh layer at the ice sustains eddies
of velocity up = (v4b)'3 and size I, = v/up. The limiting behaviour of the sublayer
thickness is set by the smaller of the two lengths.

When [, <« [, (equivalently u. <« up) the boundary layer is buoyancy-driven: the
sublayer thicknesses scale with /3, which depends on the buoyancy anomaly 4b but not on
W, so that the fluxes are independent of the plume velocity and the KM model is recovered.
When [, < [, (u. > up) the boundary layer is shear-driven: the sublayer thicknesses
scale with [,,, the fluxes grow in proportion to W, and the HJ model is recovered. For a
given ambient state /,, is essentially fixed, whereas [, shrinks as the plume accelerates with
height. A meltwater plume therefore starts in the buoyancy-driven regime when the mean
velocity is small, and it enters the shear-driven regime when the mean velocity accelerates
to the point where the two lengths become comparable, [/, ~ [, and when W ~ W¢" of
(2.33).

3. Large-eddy simulations of a melting vertical ice face

In this section, we perform LES of the vertical ice-ocean interface to verify our theory, and
to quantify the parameters to be used in the unified parameterization.

Our goal is to capture the transition between buoyancy-driven turbulence and shear-
driven turbulence in a melt-driven plume. As discussed in the introduction, both regimes
arise naturally within the melt plume along a vertical ice face (Wells & Worster 2008): close
to the bottom of the domain the plume is weak and the near-wall turbulence is buoyancy-
driven; sufficiently far downstream the plume velocity is large and the near-wall turbulence
is expected to become shear-driven (Wells & Worster 2008; Jenkins 2011). However,
simulating this spatial development directly requires a tall domain and near-wall resolution
sufficient to capture the small-scale turbulence near the ice-ocean interfaces, a combination
that is computationally prohibitive. We therefore adopt a small-domain configuration that
focuses on the near-wall boundary layer, using periodic boundary conditions in the vertical
direction to convert the spatially developing problem into a temporally evolving one. A
similar setting has been previously used to study the NCBL (Ke et al. 2020, 2021, 2023,
2026).

3.1. Simulation setting

We consider seawater of temperature 7', salinity S and velocity # = (u, v, w) adjacent
to a flat, vertical ice face, in the configuration sketched in Figure 2a: x is normal to the
ice, y is spanwise and z is vertical, anti-parallel to gravity. The flow is governed by the
Navier-Stokes equations under the Boussinesq approximation,

ou

E+u-Vu=—Vp+b2+vV2u, V.u=0, (3.1a)
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oT oS
—+u-VT =krV?T,  —+u-VS=ksV2S, (3.1b)
ot ot

where p is the pressure divided by the reference density po. The buoyancy is related to
temperature and salinity through a linear equation of state,

b=gla(T-Ts) - (S-S, (3.2)

so that b = 0O in the ambient fluid with uniform temperature and salinity, 7 and
S, respectively. Molecular and thermodynamic parameter values representative of cold
seawater are used throughout and are collected in table 2. In this setting, the dimensional
form of the equations and variables is more convenient as it allows a coupling with the
ice-ocean boundary condition (2.1).

Periodic boundary conditions are applied in the vertical (z) and spanwise (y) directions.
The ice-ocean interface lies on the left boundary, where (2.1) is imposed with Fp =
k70T /0x and Fs = ksdS/0x evaluated as the diffusive fluxes at the interface. Because the
diffusive sublayers are well resolved in the simulations, the melt rate emerges without any
wall model or parameterization of the interfacial fluxes and can be used to test the theories.
A no-slip velocity condition is applied at the ice face, whereas a free-slip condition is
employed at the right boundary. To be consistent with the theory, the ice face is held fixed
atx = 0 and its retreat is not simulated. Wall-resolved simulations that include the retreating
boundary find that it thins the haline sublayer by 10-15 % while leaving temperature and
momentum profiles essentially unaffected (Zhao et al. 2026).

The simulations are initialized with uniform temperature and salinity 7., and Se
throughout the domain. Melting supplies cold, fresh water at the ice face, and because
the domain is periodic in the vertical there is no outflow to remove it. As a result, the
water in the domain cools and freshens with time, and entrainment acts only to thicken
the meltwater plume rather than to establish the steady balance of the spatially developing
case as in Figure 2b. No steady state is therefore reached, and the plume accelerates and
thickens continuously in time.

The simulations are performed with Oceananigans (Ramadhan er al. 2020), a GPU-
accelerated incompressible finite-difference solver. The domain has size Ly X L, X L, =
25 mx 1 mx2m, and the grid contains 256 x 512 X 512 points. The wall-normal
grid (x direction) is stretched, with a minimum spacing Axpyi, = 0.07 mm at the ice and
Axmax = 30 mm in the far field; the grid is uniform in y and z with 4y = 1.96 mm and
Az = 3.91 mm. In the wall-normal direction Axp;, resolves the thin haline diffusive sublayer
(65 ~ 1 mm) with multiple grid points, so that the interfacial fluxes and the melt rate are
carried by resolved molecular diffusion. The relatively coarse resolution in the far field
does not significantly affect our primary focus in the boundary layer. In the wall-parallel
directions, the most stringent requirements for Ay and 4z arise in the shear-driven regime:
the characteristic viscous length [/, = v/u, shrinks as the plume accelerates, so the late
shear-driven stage of each simulation is the hardest to resolve. For the velocity field, our
resolution reaches the standards of classical DNS of wall-bounded turbulence (4z < 121,
Ay < 71, as in Kim et al. (1987); Moin & Mahesh (1998)) up to W ~ 0.14 ms™!,
where W is the maximum plume velocity. However, the high Pr and Sc lead to very small
Batchelor scales for temperature and salinity, and resolving them throughout the domain
is computationally infeasible (Yeung et al. 2004; Donzis et al. 2010). We therefore make
no attempt to resolve the scalar microscales away from the ice. Instead, the scalar variance
cascading below the grid scale is removed by the numerical dissipation of the WENO
advection scheme (Silvestri et al. 2024), which thereby acts as an implicit subgrid-scale
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Figure 2. Schematic of the LES configuration. (a) The melting ice face (shaded plane) lies at x = 0, and periodic
boundary conditions are applied in the along-ice directions y and z. The sketched curves illustrate the mean
profiles of salinity (blue), temperature (red) and vertical velocity (green), the last of which peaks close to the
ice at the plume velocity W; the shaded band indicates the meltwater plume of width D. (b) The same domain
at three successive times. Since the domain is periodic in z, the plume does not grow with height but widens
and accelerates in time, so that D and W depend on ¢ alone.

closure at the smallest resolved scales. For this reason our simulations should be regarded
as implicit LES rather than DNS. The sensitivity of the results to resolution is discussed
in Appendix A.

Eight simulations are performed, spanning the ambient temperatures and salinities listed
in table 2. The reference case (case 1) has (7w, Se) = (0°C, 35 psu), representative of
cold sea water in polar oceans; three further cases reduce the ambient salinity from 30
to 20 psu at fixed temperature (cases 2—4), and four cases vary the ambient temperature
between —1 and 4 °C at a fixed salinity of 34.5 psu (cases 5-8). The interface conditions
and transition velocities predicted for each case by the unified model, which require the
calibrated parameters of table 3, are collected in table 4 in § 3.4.

3.2. Basic Flow Evolution

The basic flow evolution can be seen in the x — z slices of Figure 3: the meltwater at the ice-
ocean interface drives the meltwater plume, which accelerates and expands as it entrains
ambient water. The plume is characterized by positive mean vertical velocity adjacent to
the ice, and its growth can be described by the plume velocity W and plume width D,
defined by:

W(t) = max[w(x,1)], (3.3a)
0 X0-16
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(a) Physical constants

v 1.8x10%m?s7! A; -5.73x1072°Cpsu~!
KT 14x107m2s™! 2, 832x1072°C

Ks Ix107%m?s™' A3 —-7.53x107* °Cdbar™!
Pr=v/kr 14 cyw 3974 Jkg’1 oc-!
Sc=v/ks 1800 L 3.35x10% Jkg™!

@ 3.87x1075°C! g 98I ms?

B 7.86x 10~ psu=! P 500 dbar

(b) Ambient conditions
Case 1 (Reference) 2 3 4 5 6 7 8

T (°C) 0.0 00 00 00 -1.0 00 20 40
Seo (psw) 35.0 30.0 25.0 20.0 34.5 345 345 345

Table 2. Simulation parameters. (a) Molecular and thermodynamic constants, representative of cold seawater,
used in all simulations. (b) Ambient temperature T, and salinity S., of the eight cases.

1 oo_ ’ ’
D(1) = W./o w(x’, t)dx (3.3b)

where = denotes an average over y and z. The time evolution of w(x) and T (x) can be more
clearly seen in Figure 4(a,b), and the resulting time evolution of W(¢) and D(t) is shown
in Figure 4(c,d), for the reference simulation (case 1 of table 2).

The growth of W and D follows from the two basic ingredients of plume theory (Morton
etal. 1956). The plume accelerates because the wall continuously supplies it with buoyancy,
and it thickens because it entrains ambient fluid. For a spatially developing wall plume
fed by a vertically distributed source of buoyancy, this theory with a constant entrainment
coeflicient gives a thickness growing linearly with height and a velocity growing as its
one-third power, D oc z and W « 713 (Wells & Worster 2008; Cooper & Hunt 2010;
McConnochie & Kerr 2016; Parker et al. 2021). Our plume is instead periodic in the
vertical and develops in time (cf. Abedin et al. 2009; Ke et al. 2020), so that W and D
increase with ¢ rather than with z. The temporal evolution of the boundary layer allows us
to evaluate the theory for a range of W and D values.

The plume dynamics here are more complex than in classical plume theory. The wall
buoyancy flux is not prescribed and begins to depend on W once the boundary layer
becomes shear-driven, and the entrainment into the plume need not be the same in the two
regimes. A plume model that spans the transition would have to account for both sources
of buoyancy. Such a plume model that predicts the evolution of W and D is beyond the
scope of this paper which focuses on boundary layers, and we leave this for future work.

A useful organizing principle, here and in the analyses that follow, is that the outer plume
dynamics and the near-wall boundary-layer dynamics are distinct, but coupled. This two-
layer structure is well established for natural convection boundary layers (George & Capp
1979; Tsuji & Nagano 1988; Wells & Worster 2008; Ke et al. 2020, 2021). The two layers
are coupled through the maximum plume velocity. The time evolution of W is determined
by the plume dynamics (Morton et al. 1956); turbulence in the near-wall boundary layer is
controlled by W, but this turbulence also feeds back on the plume evolution by influencing
the heat and salt fluxes and viscous stress at the boundary. Figure 4(c,d) characterizes the
outer plume, whose influence on the melting is felt entirely through W.
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Figure 3. Instantaneous slices in the x—z plane from the reference simulation (7., = 0°C, Se = 35 psu): (a,b)
vertical velocity w at ¢+ = 6 min and ¢ = 20 min; (c,d) temperature anomaly 7 — T, at the same two times.
The buoyant meltwater plume adjacent to the ice face at x = 0 accelerates and thickens with time as it entrains
ambient fluid.

The finite computational domain places restrictions on the interpretation of the sim-
ulations. Plume-scale diagnostics such as the time-evolution of D(f) and W(¢) are only
meaningful before #4,m, When the plume reaches the outer boundary (Figure 4). However,
the boundary layer dynamics, which only depend on the local W and the ice-ocean interface,
are unaffected even after t > t4on. Since our focus here is the boundary layer dynamics,
we retain data beyond 4o, and mark #4o, in the figures below where such data appear.
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Figure 4. Evolution of the horizontally averaged flow in the reference simulation. (a) Mean vertical velocity
w(x) and (b) mean temperature anomaly T—Ts att = 10, 20 and 30 min and at = fgom (dashed); the graphical
construction of the plume velocity W and the plume width D defined in (3.3) is indicated in (a). (c,d) Time
series of W(¢) and D(t), which characterize the outer plume dynamics; the outer flow couples to the near-wall
boundary layer through W alone (see text). The vertical dashed line marks #4om, the time at which the plume

reaches the outer boundary of the domain.
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3.3. Regime transition

Figure 5(a) shows the evolution of the melt rate with time. The domain is initially filled
with warm water, so the melt rate is at first very high and falls rapidly as a cold, fresh
laminar layer forms at the ice face. This laminar stage is double-diffusive: because heat
diffuses much faster than salt, the thin fresh layer next to the ice rises while the thicker,
cooled but still salty layer outside it sinks, the bidirectional flow observed at melting ice
walls by Josberger & Martin (1981) and analysed by Carey & Gebhart (1982). The laminar
flow becomes unstable at ty,;, & 2.3 min. The melt rate then recovers as turbulence erodes
the cold, fresh layer accumulated during the laminar stage and brings warm, salty water
back towards the ice. Turbulent fluxes are established within a few minutes, and from
t ~ 6 min the melt rate settles into a plateau, consistent with convection-driven turbulence
that is independent of the plume velocity. The plateau is not perfectly flat: the melt rate
overshoots slightly and then declines slowly. The slight time-dependence of the melt rate
during this stage can be explained by the slow molecular diffusion of salt. The salinity
profile inside the diffusive haline sublayer, where there is no turbulent transport, can adjust
only by molecular diffusion, on a time scale 6%/ ks ~ 10 min. When turbulence sets in it
transports salty water close to the ice, leaving the diffusive haline sublayer thinner than its
equilibrium thickness. The sublayer then relaxes by diffusion, so that the salt flux at the ice
and the melt rate lag the flux delivered by the turbulence just outside the sublayer. This lag
is comparable to the duration of the buoyancy-driven stage, and the wall flux never fully
settles before the transition to shear-driven turbulence (§3.4).

To illustrate the flow structures in two regimes, Figure 6 shows the vertical velocity in a
y—z plane 1 cm from the ice-ocean interface, a visualization inspired by the wall-parallel
snapshots of Ke er al. (2023). At ¢+ = 5 min, when turbulence is driven primarily by the
convective buoyancy flux, the flow is organized into a collection of small buoyant plumes. A
similar state is found in vertical natural convection at moderate Grashof number, where the
turbulence is sustained by the plume-like structures rather than by the near-wall shear (Ng
etal. 2017; Ke et al. 2023). Att = 33 min, when shear production is the dominant source
of turbulence, the snapshot instead shows thin elongated streaks, the classical signature of
shear-driven wall-bounded turbulence (Kline et al. 1967).
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Figure 5. Melt rate m in the reference simulation, plotted (a) as a function of time and (b) as a function of
the plume velocity W. Vertical dashed lines mark the transition to turbulence (fub), the transition from the
buoyancy-driven to the shear-driven regime (#ans) and the time at which the plume width reaches the domain
size (f4om). The melt rate is approximately constant in the buoyancy-driven regime and increases with W once
the boundary layer becomes shear-driven.
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Figure 6. Snapshots of the vertical velocity w in a y—z plane located 1 cm from the ice-ocean interface, for
the reference simulation. (@) t = 5 min, in the buoyancy-driven regime: the near-wall flow is organized into
small-scale coherent buoyant plumes. (b) t = 33 min, in the shear-driven regime: the flow is organized into
elongated streamwise (vertical) streaks characteristic of sheared wall-bounded turbulence. Note the different
colour scales in the two panels.
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The transition between the two flow regimes can also be seen from the perspective of the
vertical momentum budget. In the quasi-steady state for melting, we find that the tendency
for the vertical velocity is small, and the momentum budget for the vertical velocity w(x)
reduces to:

ow -
0~ a_v: = 8, (vivy) + b — 0, (W) (3.4)
Integrating from O to x leads to the accumulated momentum budget. Defining the wall stress
Twall = YWx|x=0, the viscous stress 7, (x) = VWy (x), the Reynolds stress 7,,(x) = —u’w’(x)
and the integrated buoyancy 5 (x) = fox b(x")dx’, this reads

Twall ® Ty (X) + 7, (x) + 7 (x), (3.5)

so that the total stress Ty = T, + T, + Tp 1s independent of x. This is verified in our
simulation in Figure 7(a). The slightly higher i, compared with 7y, reflects a weak
overall acceleration of the plume, consistent with the system being in a slowly evolving
quasi-steady state.

The viscous stress 7, decreases from 7y, at the ice to near zero at x ~ 2 cm, where
wyx = 0; 13, rises to more than half of 1y, within the first millimetre, the haline sublayer,
whereas 7,, only becomes appreciable beyond x ~ 2 mm, so that in between the momentum
supplied by buoyancy is transmitted to the ice viscously. Since 7, is negligible beyond x ~ 2
cm, we quantify the buoyancy and Reynolds-stress contributions to the wall stress through
Twall ® Tp(2 cm) + 7,(2 cm), so that the stress at the ice-ocean interface is contributed by
both the thin buoyancy boundary layer (contributed mainly by the salinity), and the turbulent
Reynolds stress which reflects the strength of the shear-driven turbulence. The evolution of
Twall, Tu (2 cm) and 7 (2 cm), is shown in Figure 7b. The wall stress, Tyay, is dominated by 75,
in the convection-driven regime, while 7, increases with W, until it becomes comparable
with the buoyancy contribution near the transition. Throughout the turbulent stage, 7,
follows the quadratic drag law 7,, = C,W? with a best-fit C; = 1.65x 1073 (dashed curve),
whereas Ty, Which also carries 7, and remains finite as W — 0, does not. This is why u.
is based on the Reynolds stress rather than on the interfacial stress (§ 2.1).

The momentum budget connects directly to the transition criterion of Section 2, because
the contributions to the wall stress scale with the two velocity scales of the theory:

Tu = u’, T ~ Ab s ~ Ab 1, = u3, (3.6)
where the first follows from the definition of u, (§ 2.1), and the second follows because
at large Schmidt number the buoyancy anomaly is confined to the diffusive sublayer,
whose thickness ds scales with [, = v/ujp, in the convection-driven regime. The transition
criterion u,. ~ up of (2.31) is therefore equivalent to 7,, ~ 7. The transition occurs when
the Reynolds stress, growing quadratically with W, becomes comparable with the buoyancy
contribution. The ratio 7,,/75 at the transition is about 0.15 (Figure 7(b)) due to the non-
dimensional coefficients in (2.31) and the two stresses become equal only near #4om. The
transition is also visible in 7, itself, which is constant in the convection-driven regime and
decreases beyond it. Since 75 is essentially the interfacial buoyancy anomaly times d,
and the interfacial anomaly changes little across the transition, this decrease reflects the
thinning of the sublayer: 65 scales with [, in the shear-driven regime and therefore shrinks
as W increases, for the same reason that the melt rate increases.
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Figure 7. Decomposition of the vertical momentum budget (3.5) in the reference simulation. (a) Wall-normal
profiles of the viscous stress 7, (x) = v W, (x), the Reynolds stress 7, (x) = —u’w’(x), the integrated buoyancy
Tp(x) = fox Z(x’) dx’ and their sum 7y, averaged over ¢ = 30-31 min; the horizontal line marks the wall stress
Twall = ¥V Wx|x=0. The viscous stress falls to near zero by x ~ 2 cm, beyond which 7y =~ 75 + 7,,. (b) Evolution
of Tyall, 7, and 7, evaluated at x = 2 cm, as functions of the plume velocity W; the dashed curve shows the
quadratic drag law CyW? fitted to T, with the best-fit C; = 1.65 x 1073, and the vertical dashed lines mark
tourbs firans and tdom as in figure 5.

3.4. Comparison with the theoretical prediction

We now test whether the simulations are consistent with the unified model of § 2.3. The ref-
erence simulation is used to determine the four dimensionless parameters (I's, I'r, I, Sb , T Tb ).
These parameters, together with the drag coefficient diagnosed in § 3.3, is then used to
predict the melt rate in all the other cases.

(a) 4 x10°6 best fit T = 4.3 x 104, T§ = 2.2 x 10 (b) o ¥10°8 best fit [y = 1.25 x 10°%, T} = 6.8 x 10°°
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Figure 8. Determination of the four transfer coefficients of the unified flux law (2.30) from the reference
simulation. The simulated transfer velocities Fs/(Sew — Sp) (@) and Fr/(Te — Tp) (b) (black) are compared
with the unified law [(I w.)* + (I'’up)*]"/* (purple) and its two limits, the shear-driven I u, (red dashed)
and the buoyancy-driven I"u;, (blue dashed). The coefficients are obtained by a least-squares fit of the unified
law to the transfer velocities for > 6 min, giving I's = 4.3 X 1074, FS” =22x107%, I =125x% 1072 and
I .}’ = 6.8 x 1073, The grey band marks the first six minutes, during which the boundary layer is still adjusting
from the laminar stage, which is excluded from the fit. The vertical dashed lines mark fp, ftrans and zgom as in
figure 5.
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Is Ir rg rk Cy

T
43%x107* 1.25%1072 22x10™* 6.8x 1073 1.65%x 1073

Table 3. Best-fit transfer coefficients of the unified flux law (2.30), obtained by a least-squares fit to the reference
simulation as illustrated in figure 8, together with the drag coefficient C,; diagnosed in § 3.3. The shear-driven
coefficients (I's, I'T) and the buoyancy-driven coefficients (I Sb , ﬁ ) are defined in table 1. All are dimensionless,
independent of the ambient state (7w, Se) and of the plume velocity W, and are used unchanged in all the
comparisons of § 3.4.

Figure 8 illustrates how the parameters are determined: the simulated transfer velocities
Fs/(Seo — Sp) and Fr/(Ts — Tp) are compared with the unified law (2.30), and the four
transfer coefficients are obtained by a least-squares fit. The first 6 minutes of evolution,
shown in grey, are excluded from the fit because the boundary layer is still adjusting from the
laminar stage (Section 3.3). The transfer velocities continue to decline slowly throughout
the subsequent convection-driven stage, introducing uncertainties in the fitted coefficients
(ré,r. Tb ). The fitted values are listed in table 3. All parameters are dimensionless and
independent of (7w, S, W). The same fit applied to the other seven simulations gives
values within 10% of the parameter values given in the table.

With the parameters in 3, we solve (2.1) together with the unified flux laws (2.30), to
obtain the melt rate 71(Tw, Seo, W). In the classical three-equation formulation the transfer
coefficients yr = Fr/(Tw — Tp) and ys = Fs/(Sw — Sp) are constant, so eliminating
reduces the system to a quadratic in the interface salinity S; with a closed-form root. In
the unified model y7 and ys are themselves functions of Sp, through the buoyancy-flux
dependence of the transfer coefficients, which destroys the quadratic structure and leaves a
nonlinear scalar residual R(Sp) = 0. We therefore solve for S;, numerically with a bracketed
Brent method, and then derive the melt rate.

The solutions for each case are compared with all eight simulations in Figure 9(a,b).
With a single parameter set the prediction reproduces the melt rate across both families
of simulations, in both regimes. The prediction does reasonably well in all cases, but
performs less well in the buoyancy-driven regime when 7., and S, are large. Specifically,
the prediction does not capture the time-dependent melt rate during the buoyancy-driven
regime when, as noted above, the haline sublayer takes ~ 10 minutes to equilibrate
through molecular diffusion. This weak time-dependence is likely a result of the temporally
developing simulation configuration. Unfortunately this makes it difficult to quantify the
sharpness of the regime transition, and as a result we cannot validate the precise exponent
in (2.30).

Beyond the melt rate, the predicted interface temperature and salinity track the values
diagnosed from the simulations closely in every case (not shown for brevity). This is a
nontrivial consistency check since (T, S3) emerge from the coupled interface conditions
rather than being imposed. Perhaps most importantly, the predicted transition velocity,
marked by the filled circles in Figure 9(a,b), is consistent with the regime transition seen
in the simulations. In the theory the transition occurs when the friction velocity u. reaches
the critical value (I, Sb /Ts)up (2.32), and the two are compared in Figure 9(c,d). The
magnitudes of the characteristic velocity scales are worth noting. The buoyancy velocity
up is 47 mms~! across the cases, while u, grows linearly with the plume velocity
and reaches about 6 mms~! by the end of the simulations. The transition occurs once
u, =~ 2-3.5 mms~!. Because 4b varies only weakly through (7}, Sp,), this critical value is
nearly fixed for each case, and the predicted transition is where u.. crosses it as the plume
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Case To (°C) Se (psu) Sy, (psu) T (°C) 4b (ms~2) W< (ms~h)
1 (Reference) 0.0 35.0 223 -1.57 98x1072  0.071
2 0.0 30.0 197 -1.42 7.8x107%2  0.066
3 0.0 25.0 171 -127 6.1x1072  0.060
4 0.0 20.0 142 -1.11 44x1072 0054
5 -1.0 34.5 266 -1.82 6.1x1072  0.060
6 0.0 34.5 220 -1.55 9.6x1072  0.070
7 2.0 34.5 159 -120 1.4x107! 0.080
8 4.0 34.5 122 -099 1.7x10°'  0.085

Table 4. Ambient conditions (7w, S« ) together with the interface salinity Sy, interface temperature 7}, interface
buoyancy anomaly 4b = g(B(Se — Sp) — @(Te — Tp)) and transition velocity W< predicted by the unified
closure for the eight cases of table 2, using the parameters of table 3. The interface values are evaluated in the
buoyancy-controlled (free-convection) limit, in which they are independent of W; W' is the transition velocity
given by (2.32).

(a) (b)
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Figure 9. Comparison between the simulated melt rates and the unified parameterization, using the single set of
parameters of table 3 fitted to the reference simulation. (a) Simulations with fixed 7o, = 0°C and S = 20-35
psu; (b) simulations with fixed Se = 34.5 psu and 7, = —1 to 4 °C. Solid curves show the simulated melt rate
as a function of the plume velocity W, dashed curves the theoretical prediction 11 (T, S, W), and filled circles

the predicted transition velocity. (c,d) The competing length scales [,/ als/ 3 (solid) and 1,/ cls/ 3 (dashed) for the
same two sets of simulations; their crossover gives the predicted transition velocities marked in (a,b).

accelerates. The predictions for all eight cases are collected in table 4. Note that T, and S
jointly influence (7, Sp), and thereby 4b and W*'. Across the eight cases 4b spans close to
a factor of four, but u;, depends only on Ab'/3, and the corresponding transition velocities
fall in the range 0.06-0.08 ms~! in the parameter space relevant for fjords (S > 30).
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4. Conclusions and discussion

We have developed a boundary-layer theory for the melt rate at a vertical ice—ocean interface
beneath a buoyant plume which resulted in a unified model describing the melt rate (2.30),
and tested it against boundary-layer-resolving large-eddy simulations. The theory assumes
that the turbulent diffusivity grows as the cube of the distance from the ice, with an
amplitude set by the near-wall eddies, which have a velocity u and a size v/u. When the
turbulence is driven by the shear associated with the plume, these scales are the friction
velocity u. and the viscous length /,, = v/u,.. When turbulence is driven by convection
near the ice face, the characteristic velocity and length scales are the buoyancy velocity
up = (v Ab)'/3 and the buoyancy length I, = v/u;, = (v2/4b)'/3.

The result can be interpreted in two equivalent ways. In terms of lengths, the diffusive
sublayers, whose thicknesses set the fluxes, are controlled by /;, when the plume is weak
and by /,, when the plume is strong. The scale [}, is essentially fixed by the ambient state,
whereas [, shrinks as the plume accelerates. The flow transitions from buoyancy-driven to
shear-driven when the viscous length falls to about twice the buoyancy length. In terms of
velocities, the flux laws take the algebraic form of the three equation model described in
Holland & Jenkins (1999) (referred to here as the HJ model), with the transfer velocity I" u..
replaced by one that never falls below I"?u;,. The transition between buoyancy-driven and
shear-driven turbulence occurs when u,. = 0.5 up. The velocity-independent convective law
of Kerr & McConnochie (2015) (referred to here as the KM model) and the shear-driven
HJ model are recovered as limits, and the transition corresponds to a plume velocity of
0.06-0.08 ms~! for conditions relevant to glaciers in fjords.

The large-eddy simulations resolve the diffusive sublayers at a melting vertical ice
face and, by exploiting vertical periodicity, follow a plume driven by melting alone as
it transitions from the buoyancy-driven into the shear-driven regime within a single run.
With one set of coefficients fitted to a single reference simulation, the parameterization
predicts the melt rate in all eight cases, spanning ambient temperatures of —1 to 4 °C and
salinities of 20-35 psu. The plume velocity at the regime transition is well-predicted by the
theory. The flow in the buoyancy-driven regime is characterised by coherent plumes, while
streamwise streaks characterise the shear-driven regime. Given the ambient temperature
and salinity and the plume velocity, the predicted melt rate matches the simulations across
the buoyancy-driven, transitional and shear-driven regimes.

Unlike previous criteria based on a Rayleigh number built on the distance along the ice
face (Wells & Worster 2008; Kerr & McConnochie 2015; McConnochie & Kerr 2017),
the transition criterion in our theory depends only on local flow properties, specifically
the plume velocity and the interface buoyancy anomaly. The regime transition predicted
by our theory is not highly sensitive to the properties of the ambient water in fjords.
For example, since the transition velocity scales as Ab3, the factor-of-three difference
in thermal driving between Atlantic-water-filled fjords in southeast Greenland, near 4 °C,
and colder fjords in the north, near 0 °C, shifts the transition velocity by less than a factor
of 1.5. Which regime a given part of an ice face is in is therefore decided mainly by the
strength of the plume.

For many applications a simpler expression for the melt rate may suffice. The transition
between the two regimes is rapid. In the theory this follows from the fourth-power
combination in (2.30), and the simulations also show a sharp regime transition. A closure
may therefore simply take the larger of the shear-driven and buoyancy-driven transfer
velocities, as in Schulz et al. (2022) and Zhao et al. (2024, 2026). Our model can also
be viewed as a version of the HJ model with a floor on the friction velocity of about
half the buoyancy velocity u;, which for typical ambient salinities is nearly constant and
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corresponds to a plume velocity of roughly 0.07 m s~!. With a constant floor, the HI model
retains its closed-form solution and is straightforward to implement in existing models.

To apply the parameterization, one needs the plume velocity close to the ice and the
ambient temperature and salinity. Fjord-scale ocean models resolve neither the boundary
layer nor the plume, so they do not provide this velocity and the closure cannot be used in
them directly. The plume velocity has to come from one of three sources. First, it can be
measured: ice-mounted instruments such as the Meltstake (Nash ef al. 2024; Weiss et al.
2025) record the velocity within tens of centimetres of the ice together with the melt rate,
and so offer a direct test of the closure (although the velocity maximum of a thin plume
is difficult to resolve acoustically so close to the ice (Weiss et al. 2025)). Second, it can
be taken from simulations that resolve the plume but not the diffusive sublayers (e.g. Zhao
et al. 2024), for which the closure acts as a wall model for the melt rate. Third, it can
be predicted from far-field hydrography with a plume model of the Morton et al. (1956)
type, which is how melt rates at glacier termini are usually estimated (e.g. Sutherland et al.
2019). This route, however, requires a more accurate plume model than those in current
use. Existing plume models (e.g. Jenkins 2011; Cowton et al. 2015) assume that the melting
is shear-driven everywhere along the ice face and compute it with the HJ flux laws, so they
account neither for the buoyancy-driven regime nor for the transition. A plume model that
does is left for future work.

Several further simplifications remain. The drag coefficient was calibrated on the
maximum velocity of the plume, whereas plume models carry a width-averaged velocity.
The maximum and mean plume velocities differ by an order-one factor that must be
accounted for when the closure is driven by a plume model. The ice face is vertical and
smooth, whereas real ice faces are inclined, rough and sculpted by the melting itself
(Mondal et al. 2019; Zhao et al. 2026; Pegler & Davies Wykes 2020; Couston et al. 2021).
Roughness may modify C,, although in the shear-driven simulations of Couston et al.
(2021) the channels generated by melting did not significantly change it. The forcing is
steady, whereas unsteady near-ice flows appear to enhance melting (Weiss et al. 2025).

The present model considers only shear generated by the buoyant plume and does not
account for externally driven shear. Observations near glacier termini and icebergs reveal
horizontal currents, waves, and eddies whose velocities can exceed those of the plume and
which appear to contribute substantially to observed melting (Jackson et al. 2020; Weiss
et al. 2025). The transition criterion derived here therefore cannot be assumed to apply
unchanged when these ambient flows are present. Zhao et al. (2026) have taken a first step
toward understanding this coupled problem through DNSs with an imposed horizontal
current, showing that the melt rate increases above its convective value as the imposed
velocity increases. A general theory accounting for both plume-generated and externally
driven shear remains to be developed. The present model provides the theoretical basis for
the buoyancy-driven case against which the effects of these ambient flows can be assessed.
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Appendix A. Sensitivity of the simulations to grid resolution

As discussed in §3.1, the grid does not resolve the Batchelor scales of temperature and, in particular, salinity.
Scalar variance cascading below the grid scale is instead removed by the implicit numerical dissipation of the
WENO advection scheme, which acts as an effective subgrid closure. Unresolved scalar variance does not by
itself imply that the fluxes are misrepresented: the wall-normal flux is carried by the near-wall eddies of the
velocity field, which the grid resolves to the standard of wall-bounded DNS (§3.1), whereas the finest scalar
structures carry variance rather than flux. It is nevertheless important to verify that the quantities central to this
study, specifically the melt rate and the boundary-layer statistics from which the transfer coefficients and the
sublayer thicknesses are inferred, are not sensitive to the grid resolution.

Because the simulations are run on a single GPU, memory constraints prohibit a uniform refinement of the
grid in all three directions. We therefore test the resolution dependence in two complementary steps. First, the
grid is refined in the spanwise and streamwise directions while keeping the wall-normal resolution fixed, giving
256 x 768 x 768 grid points; this tests whether the results are limited by the resolution of the turbulence in the
plane parallel to the ice face. Second, the grid is refined in the wall-normal direction, giving 512 X 512 x 512
grid points with the same tanh stretching described in §3.1; this tests the sensitivity to the resolution of the
diffusive sublayers adjacent to the ice. Both refined simulations use 7oc = —0.12°C, Ss = 34.5psu and a
reference pressure of 1000 dbar, with all other parameters identical to those listed in table 2.

Figure 10(a,b) compares the melt rate /2 and the plume velocity W as functions of time for the three grids.
In the buoyancy-driven regime, neither depends sensitively on the resolution, indicating that the near-wall
structures controlling the melt rate in this regime are adequately resolved. Some dependence emerges in the
shear-driven regime and becomes more pronounced as the velocity increases. This is expected: as W, and hence
u,, grows, the viscous length /,, = v/u, decreases and the near-wall shear layer becomes progressively harder
to resolve. The simulations are therefore not fully converged in the shear-driven regime at the largest velocities
reached. This affects the fitting of the transfer coefficients, but the resulting variation in /7 and I's across the
three grids is less than 10 %.

Figure 10(c,d) shows the corresponding sublayer thicknesses d7 and ds and their ratio. Both thicknesses, and
in particular the haline sublayer, whose thickness is comparable to the lateral grid spacing, are indistinguishable
across the three grids in both regimes, and the ratio §7/ds is unchanged.
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