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Abstract Of the three satellite geodetic techniques con-
tributing to the International Terrestrial Reference Frame
(ITRF), Satellite Laser Ranging (SLR) is generally held to
provide the most reliable time series of geocentre coordi-
nates and exclusively defines the ITRF origin. Traditionally,
only observations to the two LAser GEOdynamics Satellite
(LAGEOS) and Etalon pairs of satellites have been used for
the definition of the ITRF origin. Previous simulation stud-
ies using evenly sampled LAGEOS-like data have shown
that only the Z component of geocentre motion suffers mi-
nor collinearity issues, which may explain its lower qual-
ity compared to the equatorial components. Using collinear-
ity diagnosis, this study provides insight into the actual ca-
pability of SLR to sense geocentre motion using the ex-
isting geographically unbalanced ground network and real
observations to eight spherical geodetic satellites. We find
that, under certain parameterisations, observations to the low
Earth orbiters (LEOs) Starlette, Stella, Ajisai and LAser
RElativity Satellite (LARES) are able to improve the ob-
servability of the geocentre coordinates in multi-satellite so-
lutions compared to LAGEOS-only solutions. The higher
sensitivity of LEOs to geocentre motion and the larger num-
ber of observations are primarily responsible for the im-
proved observability. Errors in the modelling of Starlette,
Stella and Ajisai orbits may contaminate the geocentre mo-
tion estimates, but do not disprove the intrinsic strength of
LEO tracking data. The sporadically observed Etalon satel-
lites fail to make a significant beneficial contribution to the
observability of the geocentre coordinates derived via the
network shift approach and can be safely omitted from SLR
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data analyses for terrestrial reference frame (TRF) determi-
nation.
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1 Introduction

Geocentre motion has attracted increasing interest in recent
years due to its relevance for TRFs (Lavallée et al 2006;
Collilieux et al 2009; Wu et al 2011; Dong et al 2014),
ocean and ice mass balance estimates (Chambers et al 2004;
Chambers 2006; Barletta et al 2013), geocentric sea level
observations (Chen et al 2005; Collilieux and Wöppelmann
2011; Baur et al 2013; Melachroinos et al 2013) and other
geodetic products (Wu et al 2012). Geocentre variations are
induced by the redistribution of fluid mass within and at the
surface of the Earth at time scales ranging from sub-daily
to secular. The differential motion of the centre of mass of
the entire Earth system (i.e. the solid Earth and its fluid en-
velope), denoted as CM, with respect to the centre of sur-
face figure (CF) is conventionally adopted as the definition
of geocentre motion (Petit and Luzum 2010). The CF frame
is theoretically realised by a uniform and infinitely dense
network of ground stations. Its ideal nature prompted Wu
et al (2002, 2003) to propose the centre of network (CN)
frame, the origin of which is the centre of the polyhedron
formed by all operating stations at a particular epoch.

Since artificial satellites orbit about the instantaneous
CM, all satellite geodetic techniques should theoretically
be capable of sensing geocentre motion. However, due to
technique-specific errors, the quality of GNSS and Doppler
Orbitography and Radiopositioning Integrated by Satellite
(DORIS) geocentre motion estimates is restricted. For both
techniques, the complex satellite geometries complicate
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the modelling of solar radiation pressure (SRP) effects.
Mismodelling of SRP introduces spurious signals in the
time series of geocentre coordinates estimated from GNSS
(Meindl et al 2013) and DORIS data (Gobinddass et al
2009a), particularly along the Z axis. GNSS geocentre mo-
tion estimates are particularly vulnerable to modelling errors
due to their strong collinearity with other parameters rou-
tinely estimated in standard GNSS data analyses, as demon-
strated by Rebischung et al (2014). The agreement between
DORIS- and SLR-derived geocentre coordinates can be im-
proved by empirically rescaling the SRP model of each
satellite using time-dependent coefficients (Gobinddass et al
2009b).

Laser ranges to passive geodetic satellites are among the
most unambiguous and accurate observation types in satel-
lite geodesy. The zenith atmospheric delays of laser signals
can be accurately determined (Mendes and Pavlis 2004) and
mapped for elevation angles above 3◦ (Mendes et al 2002),
without the necessity to estimate any tropospheric param-
eters. Moreover, the spherical shapes and favourable area-
to-mass ratios of geodetic satellites facilitate the modelling
of non-gravitational forces acting on their surfaces. These
are among the reasons why the origin of the International
Terrestrial Reference Frame 2008 (ITRF2008), the latest re-
alisation of the International Terrestrial Reference System
(ITRS), is defined solely by SLR measurements (Altamimi
et al 2011). The ITRF origin resembles a mean CM at secu-
lar time scales and CF (or CN) at seasonal and shorter time
scales (Dong et al 2003). Its current stability was appraised
to be around 0.5 mm yr−1 for the equatorial components but
worse by a factor of two along the axial component (Wu et al
2011; Argus 2012), lower than the standard of 0.1 mm yr−1

set by the Global Geodetic Observing System (GGOS) for
geosciences applications (Gross et al 2009). Considering the
slow development and densification of the SLR network, ac-
curacy improvements of the ITRF origin in the near future
will most likely arise from advances in SLR data modelling.

Traditionally, the LAGEOS-1 and 2 and Etalon-1 and
2 medium Earth orbiters (MEOs) have been used for TRF
determination with SLR. The combined solution submit-
ted by the International Laser Ranging Service (ILRS) for
the computation of ITRF2008 resulted from the analysis
of LAGEOS-1 data spanning the period 1983.0–1992.8,
LAGEOS-1 and 2 data from 1992.8 to 2002.5 and a combi-
nation of LAGEOS-1 and 2 and Etalon-1 and 2 observations
over the period 2002.5–2009.0.1 The LEOs Starlette, Stella
and Ajisai have been predominantly used, in conjunction
with LAGEOS-1 and 2, for recovering low degree and order
(d/o) geopotential coefficients (Cheng et al 1997; Cheng and
Tapley 1999; Moore et al 2005; Maier et al 2012). Recent
studies (Cheng et al 2013; Sośnica et al 2014) reported geo-

1 http://ilrs.gsfc.nasa.gov/docs/ILRS_contribution_to_

ITRF2008.pdf

centre coordinates from combined LAGEOS-LEO data, but
no conclusive evidence that multi-satellite solutions improve
the observability of the geocentre coordinates compared to
LAGEOS-1 and 2 solutions has been provided. The higher
sensitivity of LEOs to the long-wavelength harmonics of
the gravity field and the quasi-polar orbit of Stella are of-
ten speculatively quoted as arguments for the potentially su-
perior quality of geocentre motion time series derived from
multi-satellite data (Angermann and Müller 2008; Sośnica
et al 2014). LARES data analysis results have yet to be
widely reported due to the short tracking history of the satel-
lite launched on February 13, 2012, but its inclusion in ILRS
products is envisaged for the near future.2

Using simulated observations sampled every 5 minutes
to two LAGEOS-like satellites and an ideal network of 100
stations, Rebischung et al (2014) concluded that the SLR
geocentre determination is free of major collinearity issues,
especially for the equatorial geocentre coordinates. In this
study, we extend the analysis to sparse and asymmetric real
networks acquiring measurements at irregular time intervals
to provide an indication of the current capability of SLR to
sense geocentre motion. Additionally, the potential of Etalon
and LEO observations to strengthen the tie of the SLR-
derived TRF origin to CM, and thus improve the accuracy
of the ITRF origin, is also assessed. Various satellite combi-
nations and solution parameterisations are investigated. The
conclusions of this study apply exclusively to the network
shift approach, a translational procedure for the determi-
nation of geocentre motion that has been in extensive use
over the past two decades (Bouillé et al 2000; Crétaux et al
2002; Moore and Wang 2003; Feissel-Vernier et al 2006;
Collilieux et al 2009).

Section 2 introduces the concept of collinearity in
geodetic parameter estimation by least squares and outlines
the generalised technique proposed by Rebischung et al
(2014) for detecting collinearity problems among geodetic
parameters, with particular emphasis on geocentre coordi-
nates. The satellite data and the standards and conventions
adopted for SLR data processing are described in Sect. 3.
Section 4 presents the results obtained following the appli-
cation of the collinearity diagnostic procedure to the deter-
mination of geocentre coordinates from multi-satellite SLR
data via the network shift approach. Finally, Sect. 5 draws
the conclusions of the study.

2 Collinearity diagnosis in geodetic data analysis

The problem of perfect collinearity among the parameters
of a least squares problem arises when linear dependencies
exist between the parameters. This issue translates to a rank

2 http://ilrs.gsfc.nasa.gov/docs/2014/Minutes_ILRS_

AWG_19th_ILW_2014.10.26_Meeting.pdf
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deficient design matrix A (i.e. at least one linear function
of its columns equals the zero vector) and a singular nor-
mal matrix N, a ubiquitous occurrence in geodetic analyses
in the absence of a priori information. When N is near to
singularity rather than singular, a unique but very unstable
solution of the normal equations system can be determined.
This latter complication is known as the collinearity (or mul-
ticollinearity) problem. In its presence, even minor changes
in the data or in the functional model (e.g. the addition or
removal of parameters) severely affect parameters suffering
collinearity issues. Nearly collinear parameters are poorly
determined from observational data and have large associ-
ated variances.

Collinearity can have dramatic effects on parame-
ter estimation (Rawlings et al 1998; Montgomery et al
2012). Analysis of correlations between parameters can un-
cover pairwise near-linear dependencies, but it is unsuit-
able and inefficient for identifying severe non-orthogonality
among several parameters. Proper detection and handling
of collinearity problems are crucial for the estimation of
geophysically meaningful and unbiased geodetic parame-
ters. This section summarises the procedure developed by
Rebischung et al (2014) for diagnosing the collinearity
of geodetic parameters in general and, in particular, the
collinearity of geocentre coordinates obtained through the
network shift approach.

To reduce the rank defect r of the design matrix A, it is
customary in geodesy to augment the normal equations with
minimum (or inner) constraints (Blaha 1982), leading to the
following system of conditional equations:[

N C
CT 0

][
x
k

]
=

[
b
0

]
, (1)

where C is a u× r constraint matrix, x a vector of u un-
known parameters, k a vector of r Lagrange multipliers and
b the right-hand side of the normal equations system. The
constraint matrix for station coordinates has a standard form
(e.g Rebischung et al 2014). It removes the three orientation
singularities by imposing a no-net-rotation condition with
respect to the a priori reference frame and a fourth singular-
ity stemming from the correlation between UT1–UTC and
the longitudes of the orbital ascending nodes by fixing UT1–
UTC to a known value.

The network shift approach for geocentre motion de-
termination involves the computation of six- or seven-
parameter similarity transformations between successive
CM-centred epoch reference frames and a secular frame
such as ITRF2008. The average global displacement of the
entire network forming an epoch reference frame is equated
to the translation vector between the origins of the epoch
frame and the secular frame. Geocentre information is in-
herently contained in the station coordinates estimated in the
CM frame. The geocentre coordinates are therefore implicit

parameters realised via station coordinates. Simultaneous
estimation of geocentre coordinates and station coordinates
may cause collinearity problems since the two interdepen-
dent parameter types represent similar information in differ-
ent forms.

The signature (or effect of a unit variation) of an implicit
parameter y on the observations vector l can be expressed as

sy =
∂ l
∂y

= Aλλλ , (2)

where λλλ = ∂x/∂y contains the partial derivatives of the ex-
plicit parameters x with respect to the implicit parameter y.
The signatures of the three geocentre coordinates on station-
satellite ranges are as follows:

sX = A
[
δ p,0,0,δ p,0,0, . . . ,δ p,0,0,0,0,0,0, . . . ,0

]T
,

sY = A
[
0,δ p,0,0,δ p,0, . . . ,0,δ p,0,0,0,0,0, . . . ,0

]T
,

sZ = A
[︸ ︷︷ ︸

station coordinates

0,0,δ p,0,0,δ p, . . . ,0,0,δ p,︸ ︷︷ ︸
other parameters

0,0,0,0, . . . ,0
]T

,

(3)

where δ p is the geocentre offset, assumed here to be identi-
cal along all three axes for simplicity. A positive geocentre
offset along any axis has the effect of shortening the ranges
to satellites orbiting in the positive hemisphere of the axis
and lengthening the ranges to satellites in the negative hemi-
sphere.

The first step for diagnosing the collinearity of a partic-
ular geocentre coordinate with the other parameters consists
in introducing a fictitious geocentre offset (e.g. δ p = 1 cm)
and calculating λλλ c from the system[

N C
CT 0

][
λλλ c
k

]
=

[
Nλλλ

0

]
. (4)

The partial derivatives λλλ c represent the variations (under
minimum constraints) of the explicit parameters due to a
change in the implicit parameter.

In the second stage, the following system of equations is
solved: N C λλλ c

CT 0 0
λλλ

T
c 0 0

xc
k
k′

=

 0
0

λλλ
T
c λλλ c

 . (5)

Its solution is xc = λλλ c− γγγy,c, where the term −γγγy,c repre-
sents the optimum response of the system to account for the
artificially introduced offset λλλ c. Examination of −γγγy,c can
reveal which explicit parameters are most affected by varia-
tions of the implicit parameter y and thus responsible for its
potential collinearity problems.

The final step of the collinearity diagnosis consists in
computing the variance inflation factor (VIF) of y using the
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formula

Vy,c =

∥∥sy
∥∥2∥∥sp

y,c
∥∥2 =

‖Aλλλ c‖2

‖Axc‖2 , (6)

where sp
y,c is the observable component of sy, known as the

proper signature of y. If the full design matrix is unavailable,
Aλλλ c and Axc can be obtained by successively evaluating the
functional model at the a priori parameters x0, x0 +λλλ c and
x0 +xc and pairwise differencing the observation residuals.

The VIF is one of the most commonly used indicators
of collinearity. It represents the ratio of the actual variance,
1/‖sp

y,c‖2, of a parameter and the theoretical variance, 1/‖sy‖2,
of the same parameter unaffected by collinearity problems.
In an ideal case when the VIF equals unity, the investigated
parameter is free of collinearity issues. A maximum value of
10 is generally considered admissible, but, as Rebischung
et al (2014) suggested, this value is most likely unsuitable
for geodetic problems involving hundreds to tens of thou-
sands of parameters. Numerical VIF values vary logarithmi-
cally due to their quotient nature. To facilitate interpretation,
each VIF value can be accompanied by a percentage value
obtained from

Ry,c =

√
1− 1

Vy,c
, (7)

where Ry,c represents the multiple correlation coefficient of
y with the other parameters.

Collinearity diagnosis provides a platform for investi-
gating the observability of parameters. The VIF, however,
is defined as the ratio of two variances and thus lacks abso-
lute meaning. Relative comparisons of VIFs are only mean-
ingful when their values are derived from the same set of
observations since the signature norm

∥∥sy
∥∥ and, implicitly,

the variance 1/‖sy‖2 of a parameter are constant when vary-
ing the analysis settings alone. The formal error 1/‖sp

y,c‖ is
generally a better measure of observability and has the ad-
vantage of being readily interpretable. Of particular interest
for the observability of a parameter is how the formal error
1/‖sp

y,c‖ compares to the required level of accuracy.

3 Satellite data and processing strategy

3.1 Data, network and conventions

Normal point (NP) observations to eight spherical geodetic
satellites (i.e. LAGEOS-1 and 2, Etalon-1 and 2, Starlette,
Stella, Ajisai and LARES) were homogeneously processed
using an updated version of the precise orbit determina-
tion software Faust (Moore et al 1999). The data used
in this study span 52 weeks from 30 December 2012 to
28 December 2013 and represent a combined data set re-
trieved from the two ILRS data centres, namely the Crustal
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Fig. 1 The SLR network during the period 30 December 2012 - 28
December 2013. Core stations are represented by triangles and non-
core stations by circles. The colour scale shows the total number of
NPs to LAGEOS-1 and 2, Etalon-1 and 2, Starlette, Stella, Ajisai and
LARES

Dynamics Data Information System (CDDIS; Noll 2010)
and the EUROLAS Data Center (EDC). Satellite arcs, with
a standard length of seven days, were simultaneously anal-
ysed in a multi-step iterative parameter estimation process.
Four types of solutions involving different data combina-
tions were generated in this study, namely (1) LAGEOS-1
and 2 solutions (which will be referred to as type A solu-
tions), (2) LAGEOS-1 and 2 and Etalon-1 and 2 solutions
(type B), (3) LAGEOS-1 and 2, Starlette, Stella and Ajisai
solutions (type C), and (4) LAGEOS-1 and 2 and LARES
solutions (type D).

A total of 34 SLR stations contribute to the analysed data
set. Their spatial distribution and contributions to the data
set are depicted in Fig. 1, which clearly illustrates the preva-
lence of stations located in the northern hemisphere of the
Earth. The core network comprises 16 stations, 12 of which
were chosen in accordance with ILRS recommendations for
the time span of the data set.3 Monument Peak (7110), Tahiti
(7124), Arequipa (7403) and Wettzell (8834) are the four ad-
ditional stations part of the core network used in this study.
The core set of stations serves as a reference network for the
application of minimum constraints.

The SLR network is dynamic by nature due to sev-
eral limiting factors. In contrast to GNSS, only one satel-
lite can be observed by an SLR station at any moment of
time. Furthermore, weather dependency prohibits the acqui-
sition of regularly spaced observations over time. Finally,
the complex equipment installed at SLR stations is suscepti-
ble to failures leading to interruptions in data collection and
provision. An exemplification of the dynamic nature of the
SLR network is given in Fig. 2, which depicts the percent-
ages of stations situated in the positive X , Y and Z hemi-

3 http://ilrs.dgfi.badw.de/fileadmin/data_handling/

ILRS_Discontinuities_File.snx

http://ilrs.dgfi.badw.de/fileadmin/data_handling/ILRS_Discontinuities_File.snx
http://ilrs.dgfi.badw.de/fileadmin/data_handling/ILRS_Discontinuities_File.snx
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Table 1 Selected orbital and physical parameters of the spherical geodetic satellites

Satellite Perigee Inclination SRP Diameter Mass Area-to-mass Standard CoM
[km] [◦] coefficient [cm] [kg]

[
cm2 kg−1

]
corr. [mm]

LAGEOS-1 5,860 109.8 1.130 60 406.965 6.948 251
LAGEOS-2 5,620 52.6 1.130 60 405.380 6.975 251
Etalon-1 19,120 64.9 1.240 129.4 1415 9.294 576
Etalon-2 19,120 65.5 1.280 129.4 1415 9.294 576
Starlette 812 49.8 1.134 24 47.294 9.565 75
Stella 800 98.6 1.131 24 48 9.425 75
Ajisai 1,490 50.0 1.035 215 685.2 52.985 1,010
LARES 1,450 69.5 1.125 36.4 386.8 2.690 133
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Fig. 2 Percentages of stations located in the hemispheres defined by
the positive X , Y and Z Cartesian axes in LAGEOS-1 and 2 (type
A) and LAGEOS-Starlette-Stella-Ajisai (type C) weekly solutions.
Printed numerical values represent average percentages over the entire
time span

spheres as a function of time for solutions of types A and C.
In LAGEOS-only solutions, the network is biased towards
the positive hemispheres and the incorporation of Starlette,
Stella and Ajisai data further degrades the distribution along
the X and Z axes. Figure 3 illustrates the variations over time
in the number of stations and the number of NPs in solutions
of types A, C and D. The contribution of the Etalon satellites
is limited and therefore omitted from Fig. 3. Conversely, the
addition of LEO data to LAGEOS data inflates the network
size, but more significantly the number of measurements.

The geographical coverage of LAGEOS-1 and 2 ob-
servations is restricted mainly to continental regions and

displays polar gaps (Fig. 4). On the other hand, Starlette,
Stella, Ajisai and LARES NPs have a much more con-
fined spatial extent owing to the lower altitudes of the satel-
lites. Overall, the distribution of NPs is biased towards the
northern hemisphere, despite the fact that the two most pro-
lific stations in terms of data yield for the eight spherical
geodetic satellites considered in this study are situated in
the southern hemisphere (i.e. 7090 Yarragadee and 7825
Mount Stromlo). Together, 7090 and 7825 provide nearly
one quarter of the data set. The third most prolific station is
Zimmerwald (7810).

The main characteristics of the selected satellites are
summarised in Table 1. All satellites, with the exception
of Ajisai, are characterised by small area-to-mass ratios
which reduce non-gravitational perturbations such as SRP
and atmospheric drag. In particular, the area-to-mass ratio of
LARES is approximately 2.6 times lower than that of each
LAGEOS satellite, making LARES the densest known ob-
ject in the Solar System (Paolozzi and Ciufolini 2013). Apart
from atmospheric drag, the non-gravitational perturbations
experienced by the orbit of LARES are typically the smallest
in magnitude among all satellites. In contrast to LAGEOS-1
and 2, LARES is constructed of a solid single-piece sphere
of smaller diameter and higher thermal conductivity. These
particular physical characteristics minimise the thermal ef-
fects on LARES.

Ajisai contributes approximately 29 % to the data set
used in this study, more than the combined contribution of
both LAGEOS satellites (∼ 27 %). The 1436 large cube
corner reflectors aboard Ajisai ensure a high return rate of
photons which, in conjunction with the favourable inclina-
tion for low- and mid-latitude tracking and longer satellite
passes compared to Starlette and Stella, explains the preva-
lence of Ajisai NPs. Despite being the second largest targets
and having the highest number of retro-reflectors, the con-
tribution of the Etalon satellites amounts to less than 3 %
of the data set. Owing to their nearly equal inclinations,
Starlette and Ajisai have similar perturbation spectra (Cheng
et al 1997). Ajisai and LARES exhibit less sensitivity than
Starlette and Stella to variations in the Earth’s gravity field
due to their higher altitudes. The quasi-polar orbit of Stella
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Fig. 3 Number of stations with more than 20 NPs (left) and number of NPs (right) in LAGEOS-1 and 2 (type A), LAGEOS-Starlette-Stella-Ajisai
(type C) and LAGEOS-LARES (type D) weekly solutions
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Fig. 4 Observed ground tracks of LAGEOS-1 (red circles), LAGEOS-2 (blue circles) and LARES (cyan circles) during the week 28 July - 3
August, 2013 (left). Observed ground tracks of Starlette (green circles), Stella (brown circles) and Ajisai (yellow circles) over the same time period
(right)

was thought to positively influence the determination of the
Z geocentre coordinate (Sośnica et al 2014), but Kuang et al
(2015) showed that the orbital inclination of 90◦ is the least
favourable for the observability of the Z geocentre coordi-
nate due to the poor information content of the tracking data
in the axial direction.

Starlette, Stella, Ajisai and LARES are placed in low
Earth orbits, which allow most SLR stations to track them
on a regular basis. Despite their long tracking histories,
Starlette, Stella and Ajisai are absent from the contribu-
tions submitted by the ILRS analysis centres (ACs) for the
computation of the ITRF. The prime justifications for their
omission are the large orbital perturbations related to tem-
poral changes in the Earth’s gravity field and the neces-
sity to model atmospheric drag acting as a deceleration
force on LEO orbits, mainly in the along-track direction.
The drag force is a function of the atmospheric density at
the satellite’s position. Even though various thermospheric
density models of different complexity are available (see,
e.g., Montenbruck and Gill 2000), atmospheric density mod-
elling remains a challenge in orbit determination since lim-

ited progress has been achieved over the past few decades.
NRLMSISE–00 (Picone et al 2002) is the model of choice
in the current study.

Table 2 describes the models and conventions adopted
for orbit determination and parameter estimation. These are
in general agreement with the IERS Conventions (2010)
(Petit and Luzum 2010) and the current processing standards
of the ILRS ACs. System-dependent centre of mass (CoM)
corrections (Otsubo and Appleby 2003) were applied for the
LAGEOS, Etalon and Ajisai satellites, whereas for Starlette
and Stella we adopted the value of 78 mm recommended by
Ries (2008) rather than the standard value of 75 mm. A re-
cent independent study (Otsubo et al 2015) also reported an
average Starlette and Stella CoM correction of 78–79 mm
for the current SLR network. The standard CoM correction
of 133 mm was applied to LARES range observations.

The chosen satellite-dependent scale factors (see
Table 2) are equivalent to assigning a priori standard devia-
tions of 1 cm to LAGEOS data, 1.5 cm to Etalon, 2.5 cm to
Starlette and Stella, 3 cm to Ajisai and 2 cm to LARES. This
weighting strategy was selected based on the typical post-fit
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Table 2 Data processing standards, models and conventions

Measurement models
Observation weighting Station-dependent standard deviations: 10-50 cm

Satellite-dependent scale factors: 1.0 LAGEOS, 0.44 Etalon, 0.16 Starlette and Stella, 0.11 Ajisai, 0.25
LARES

Elevation cut-off angle 10◦

Data editing 5 cm window outlier rejection
Minimum of 20 NPs per station per week

Troposphere Mendes-Pavlis zenith delay (Mendes and Pavlis 2004)
Mendes-Pavlis FCULa mapping function (Mendes et al 2002)

Relativity Light-time corrections
Satellite centre of mass corrections System-dependent for LAGEOS, Etalon and Ajisai (Otsubo and Appleby 2003), 78 mm for Starlette and

Stella (Ries 2008), 133 mm for LARES

Force models
Geopotential EGM2008 (Pavlis et al 2012)

Static terms up to d/o 60 for MEOs and d/o 120 for LEOs
Time-dependent terms: C20, C21, S21, C30 and C40

Tidal forces Solid Earth tides: IERS Conventions (2010)
Solid Earth pole tide and ocean pole tide: IERS Conventions (2010)
Ocean tides: FES2004 (Lyard et al 2006)

Third-body Planets: Earth’s Moon, Sun, Venus, Jupiter, Mars, Mercury
Ephemeris: JPL DE403 (Standish et al 1995)

Solar radiation pressure Direct, albedo and Earth thermal radiation applied
Atmospheric drag Modelled for Starlette, Stella, Ajisai and LARES

Thermospheric density model: NRLMSISE–00 (Picone et al 2002)
Relativity Schwarzschild effect

Numerical integration
Integrator Gauss-Jackson 8th order predictor-corrector
Step size 60 s
Arc length 7 days

Reference frames
Inertial J2000.0
Terrestrial SLRF20081 (a priori station coordinates and velocities)

Solid Earth tides: IERS Conventions (2010)
Ocean loading: Bos and Scherneck model2 based on FES2004 including centre of mass correction
Atmospheric pressure loading: diurnal S1 and semidiurnal S2 (Ray and Ponte 2003) including centre of
mass correction
Pole tide: IERS Conventions (2010)
Ocean pole tide loading: Desai (2002) model

Interconnection Precession-nutation: IAU2006/2000A
Celestial pole offsets: IERS Conventions (2010)
Earth Orientation Parameters: IERS EOP 08 C04 (IAU2000A) a priori

1 http://ilrs.gsfc.nasa.gov/docs/2014/SLRF2008_140210_2014.04.10.snx
2 http://holt.oso.chalmers.se/loading/

root mean square (RMS) of the observation residuals in an
unweighted case. Downweighting LEO data is also desirable
to counterbalance their dominance over MEO observations.

3.2 Standard parameterisation

The orbital parameterisations for MEOs and LEOs are de-
scribed in Table 3, along with the estimated global param-
eters. The minimal set of parameters was sequentially sup-
plemented by additional parameters to study the effects of
various parameterisations on the observability of the geo-
centre coordinates, as described in Sect. 4. The only differ-
ence between LEO and MEO orbits consists in the estima-

tion of drag coefficients for LEO orbits in place of empirical
along-track acceleration parameters. These two types of pa-
rameters are modelled using piecewise linear functions in
Faust.

Unmodelled thermal drag forces acting on LAGEOS
(Rubincam 1988, 1990) and the other satellites, as well as
deficiencies in the modelling of direct and indirect SRP are
accounted for by empirical along-track accelerations. The
mismodelling of other non-conservative forces is compen-
sated by OPR acceleration parameters in the along-track (Ss,
Sc) and cross-track (Ws, Wc) directions. The cross-track OPR
parameters also compensate for unmodelled variations in the
Earth’s gravity field and the mismodelled part of ocean tide

http://ilrs.gsfc.nasa.gov/docs/2014/SLRF2008_140210_2014.04.10.snx
http://holt.oso.chalmers.se/loading/
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constituents. There is a lack of consensus in the SLR com-
munity on the spacing of empirical parameters over time.
ILRS ACs routinely parameterise LAGEOS solutions with
either one or two sets of along-track and OPR along-track
and cross-track accelerations per week.

Drag coefficients account mainly for the lack of precise
knowledge of the atmospheric density in the upper atmo-
sphere and are usually solved for either as piecewise con-
stant or piecewise linear parameters. In a piecewise linear
model, as employed in Faust, the first and last parameters
are less well constrained by data than the middle parame-
ters. An overparameterisation of an arc with unconstrained
drag coefficients may thus lead to unrealistic negative values
of the coefficients at the two ends. Parameterising a standard
seven-day arc with only a pair of drag coefficients is equiva-
lent to modelling drag as a linear function of time (i.e. drag
and drag rate). Hereinafter, this practice will be referred to
as weekly estimation of drag coefficients.

It is customary to set up daily (Cheng and Tapley 1999;
Moore et al 2005; Maier et al 2012; Sośnica et al 2014)
or even 12-hourly (Lejba and Schillak 2011; Cheng et al
2013) drag coefficients for LEO orbits to reduce the RMS of
the observation residuals and hence improve the orbital fit.
Solving for a high number of drag coefficients does, how-
ever, lead to increased correlations between parameters and
potential collinearity issues. Despite lowering the residuals’
RMS, such a routine casts doubt on the quality of the deter-
mined orbit and even the fidelity of the model with respect
to physical reality. Using the RMS as a measure of the ab-
solute quality of a solution is problematic, although it does
offer insight into the relative difference in quality between
two solutions.

In the current practice of the ILRS ACs, SRP coefficients
are fixed to best-fit satellite-dependent values. Most ACs ap-
ply a value of 1.13 for both LAGEOS-1 and 2, but recent
studies (Sośnica 2014; Zelensky et al 2014) indicated that
a lower value of 1.10–1.11 better characterises the optical
properties of LAGEOS-2, which may have changed since
the launch of the satellite (Lucchesi et al 2004). We con-
formed to the practice of the ACs by fixing the SRP coeffi-
cients to the values listed in Table 1 in the standard parame-
terisation.

Pole coordinates and excess length of day (LOD) were
estimated at noon of each day, whereas the UT1–UTC
differences were fixed at noon to values obtained by lin-
ear interpolation of midnight offsets published by the
International Earth Rotation and Reference Systems Service
(IERS). Range biases were only estimated for certain sta-
tions suggested by the ILRS.4 The orientations of the esti-
mated CM-centred frames were aligned with respect to the
Satellite Laser Ranging Frame 2008 (SLRF2008) through

4 http://ilrs.dgfi.badw.de/fileadmin/data_handling/

ILRS_Data_Handling_File.snx

Table 3 Estimated orbital and global parameters in standard solutions

Parameter Spacing

Orbital parameters MEOs LEOs
Initial position and velocity Weekly Weekly
Drag coefficients – Weekly
Empirical along-track accelerations Weekly –
Empirical OPR along-track accelerations Weekly Weekly
Empirical OPR cross-track accelerations Weekly Weekly

Global parameters
Station coordinates Weekly
Pole coordinates Daily
Excess length of day Daily
Range biases for selected stations Weekly

no-net-rotation conditions applied over the core network in
each weekly solution. Both orbital and global parameters
were freely estimated.

4 Results

The simulations carried out by Rebischung et al (2014) us-
ing a synthetic SLR network yielded VIF values of 1.04
(20.4 %), 1.04 (19.1 %) and 8.6 (94.0 %) for the X , Y and
Z geocentre coordinates, respectively. A 100-station uni-
formly distributed network with simulated observations ev-
ery 5 minutes over 7 days to two LAGEOS-like satellites
was used. However, this idealised network geometry and ob-
servation schedule are unrealistic for SLR. In this section,
we extend the analysis to the actual SLR network and real
data by introducing a 1 cm geocentre offset along each axis
and applying the collinearity diagnostic procedure described
in Sect. 2. To facilitate a direct comparison of the observabil-
ity of the geocentre coordinates derived from different solu-
tion types, formal error values are provided in the following
sections instead of VIFs. The formal error 1/‖sy‖ represents
the theoretical uncertainty of each geocentre coordinate es-
timated in isolation of other parameters, whereas 1/‖sp

y,c‖ is
the actual uncertainty of each geocentre coordinate under in-
dependent parameter variations. The squared ratio of 1/‖sp

y,c‖
and 1/‖sy‖ gives the VIF value.

4.1 LAGEOS-1 and 2 solutions

Seven solutions labelled A1 to A7 were produced for the
LAGEOS-1 and 2 combination. The differences in parame-
terisation with respect to the standard solution described in
Table 3 are as follows:

– A1: no differences,
– A2: two sets of empirical along-track and OPR along-

track and cross-track accelerations,
– A3: geopotential coefficients up to d/o 2,

http://ilrs.dgfi.badw.de/fileadmin/data_handling/ILRS_Data_Handling_File.snx
http://ilrs.dgfi.badw.de/fileadmin/data_handling/ILRS_Data_Handling_File.snx


Collinearity assessment of geocentre coordinates derived from multi-satellite SLR data 9

Table 4 Median formal errors of the geocentre coordinates derived from LAGEOS-1 and 2 (type A), LAGEOS-Etalon (type B), LAGEOS-
Starlette-Stella-Ajisai (type C) and LAGEOS-LARES (type D) solutions

Solution Median formal error 1/‖sy‖ [mm] Median formal error 1/
∥∥sp

y,c
∥∥ [mm]

X Y Z X Y Z

A1 0.357 0.352 0.300 1.407 1.195 3.541
A2 0.358 0.352 0.300 1.443 1.177 3.503
A3 0.357 0.352 0.300 1.482 1.172 3.368
A4 0.357 0.352 0.300 1.529 1.216 3.493
A5 0.372 0.365 0.312 1.400 1.247 3.355
A6 0.357 0.352 0.300 1.528 1.238 3.722
A7 0.357 0.352 0.300 1.794 1.495 3.696

B1 0.342 0.335 0.284 1.354 1.161 3.442
B2 0.342 0.335 0.285 1.434 1.188 3.600

C1 0.224 0.225 0.196 0.821 0.724 1.932
C2 0.220 0.223 0.194 0.807 0.689 1.887
C3 0.221 0.223 0.195 0.811 0.715 1.874
C4 0.256 0.261 0.220 0.832 0.832 2.066
C5 0.222 0.222 0.194 1.629 1.010 3.547
C6 0.244 0.248 0.214 0.806 0.767 1.934
C7 0.243 0.245 0.214 0.871 0.817 2.069
C8 0.243 0.245 0.213 0.848 0.771 2.098

D1 0.282 0.280 0.238 6.594 5.148 15.902
D2 0.282 0.280 0.238 0.887 0.841 2.580
D3 0.282 0.280 0.238 0.910 0.892 2.582
D4 0.280 0.280 0.236 0.978 0.912 2.737
D5 0.280 0.279 0.236 1.037 0.888 2.801
D6 0.280 0.279 0.236 1.027 0.911 2.633
D7 0.280 0.279 0.236 1.110 0.940 2.873

– A4: geopotential coefficients up to d/o 3,
– A5: geopotential coefficients up to d/o 3 and no OPR

accelerations,
– A6: geopotential coefficients up to d/o 3 and two sets of

empirical accelerations, and
– A7: geopotential coefficients up to d/o 4.

Only geopotential coefficients up to a maximum of degree 4
(excluding degree 1) were recovered given the insensitivity
of LAGEOS-1 and 2 to harmonics of degree 5 and above
(Cheng et al 1997; Moore et al 2005).

Weekly values of the formal errors were computed for
each geocentre coordinate. Fluctuations in the values of the
formal errors occur due to changes in network configuration,
as well as variations in data coverage, quantity and quality.
Table 4 contains the median formal errors over the consid-
ered 52-week time frame for each of the seven LAGEOS-1
and 2 solutions. The median values offer insight into the ac-
tual capability of the SLR technique to observe geocentre
motion under different parameterisations. We will show that
the parameterisation can indeed affect the observability of
the geocentre coordinates in SLR solutions, just as in the
case of the GNSS geocentre determination.

Solutions A1 and A2 closely follow the processing stan-
dards of the ILRS ACs. The mean RMS of observation resid-
uals is 9.1 mm for LAGEOS-1 and 9.2 mm for LAGEOS-2

in solution A1, whereas in solution A2 the mean RMS is 8.5
mm for each of the two LAGEOS satellites. In addition to
the improved orbital fit, the estimation of two sets of empir-
ical accelerations per week instead of one set results in a re-
duced scatter of formal errors at the expense of only a minor
increase in median formal error 1/‖sp

y,c‖ of the X geocentre
coordinate. If geopotential coefficients are additionally re-
covered, the formal errors 1/‖sp

y,c‖ of the equatorial geocentre
coordinates are slightly amplified, particularly when OPR
accelerations are also estimated (cf. solutions A4, A5 and
A6). When geopotential coefficients beyond degree 3 are
determined, the formal errors 1/‖sp

y,c‖ increase progressively,
most likely due to the reduced sensitivity of the LAGEOS
satellites to higher degree harmonics and the increased cor-
relations between geopotential coefficients and OPR accel-
erations.

In solution A1, the parameters that experience the largest
variations −γγγy,c in response to imposing a geocentre offset
of 1 cm along any of the axis are, in order of magnitude, the
following:

– the satellite initial state vectors, particularly the velocity
components,

– OPR accelerations, mainly in the cross-track direction
(Ws, Wc), and

– station coordinates and range biases to similar extents.
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When determining geopotential coefficients, however, the
OPR accelerations are the most affected parameters (Ws and
Wc in solution A3; Ss and Wc in solutions A4 and A7). The
ability of OPR accelerations to absorb the signature of the
geocentre offset increases with increasing degree of esti-
mated harmonics. Nevertheless, OPR accelerations appear
to play a minor role in LAGEOS-only solutions since nei-
ther their removal (solution A5) nor their increase in number
(solution A6) greatly alter the formal error values.

Compared to the simulations conducted by Rebischung
et al (2014), range biases were additionally estimated
for selected stations in this study. We also processed the
LAGEOS-1 and 2 data using the standard parameterisation
but without solving for range biases. The median formal er-
rors 1/‖sp

y,c‖ decreased by 5, 3 and 10 % for the X , Y and
Z geocentre coordinates, respectively, with respect to solu-
tion A1. This result highlights the importance of both rigor-
ous calibrations of tracking systems and system-dependent
CoM corrections. The application of well-established range
biases at the pre-processing level and of system-dependent
CoM corrections for all spherical geodetic satellites may al-
low the removal of range biases from the estimated param-
eters and, thus, a more accurate determination of geocentre
motion and potentially other parameters.

4.2 LAGEOS-Etalon combined solutions

The Etalon satellites are inserted in GNSS-like orbits which
complicate their tracking and limit their sensitivity to tempo-
ral variations in the Earth’s gravity field. In the current study,
only 27 of the 34 contributing stations provided Etalon data.
Despite being sparsely tracked, the Etalon satellites con-
tribute to the definition of the ITRF origin. For complete-
ness, they are thus included here to appraise their effect on
the observability of the geocentre coordinates.

We generated two LAGEOS-Etalon combined solutions
with the following differences with respect to the standard
parameterisation:

– B1: no differences, and
– B2: geopotential coefficients up to d/o 3.

In solution B1, the mean RMS of observation residuals is
12.2 mm for Etalon-1 and 11.8 mm for Etalon-2, whereas
in solution B2 the orbital fits are 12 mm for Etalon-1 and
11.7 mm for Etalon-2. Table 4 lists the obtained median for-
mal errors of the geocentre coordinates. Comparing solu-
tions B1 to A1 and B2 to A4 reveals that the addition of
Etalon observations to LAGEOS data has a limited effect
on the observability of the geocentre coordinates. Etalon-
1 and 2 provide beneficial information for the determina-
tion of the geocentre location only when geopotential co-
efficients are omitted. The limited sensitivity of the Etalon
satellites to time-varying gravity signals is reflected by the

typically higher spreads of formal errors 1/‖sp
y,c‖ in solution

B2 relative to solutions A3–A7 and a degraded observabil-
ity of the Z geocentre coordinate. We consequently decided
against including Etalon data in the MEO-LEO combined
solutions described in Sections 4.3 and 4.4.

4.3 LAGEOS-Starlette-Stella-Ajisai combined solutions

The orbits of low Earth satellites Starlette, Stella and
Ajisai are subject to large non-gravitational perturbations
due to atmospheric drag, which pose difficulties for or-
bit modelling and restrict its accuracy. With the exception
of geopotential coefficients, the geodetic products derived
from Starlette, Stella and Ajisai data are typically of lower
quality than their LAGEOS-derived equivalents (e.g. Lejba
and Schillak 2011), but recent LAGEOS-Starlette-Stella-
Ajisai data combinations involving complex modelling or
LEO orbits yielded promising results (Cheng et al 2013;
Sośnica et al 2014). However, to compensate for the effects
of non-conservative forces and to improve the orbital fit to
LAGEOS-like values, a large number of empirical parame-
ters need to be solved for. Such parameters may also absorb
geophysical signals in addition to modelling errors.

The orbits of Starlette, Stella and Ajisai are routinely pa-
rameterised with daily drag coefficients. To assess the con-
sequences of such a practice on the observability of the geo-
centre coordinates in LAGEOS-Starlette-Stella-Ajisai com-
binations, we derived solutions with different temporal spac-
ing of drag coefficients, ranging from one day to one week.
As Fig. 5 (left) shows, median formal errors 1/‖sp

y,c‖ increase
exponentially as the number of drag coefficients increases.
For each geocentre coordinate, over 98.8 % of the variability
in median formal errors 1/‖sp

y,c‖ can be explained by an expo-
nential function of the type aexp(−bx)+c with coefficients
a, b and c. On the other hand, the orbital fit for Starlette,
Stella and Ajisai is characterised by a gradual but limited
improvement with increasing number of drag coefficients,
as illustrated in Fig. 5 (right). The average differences in the
RMS of the observation residuals between the solution with
weekly drag coefficients and the solution with daily drag co-
efficients are 1.9, 0.5 and 1.1 mm for Starlette, Stella and
Ajisai, respectively. Weekly differences are generally within
5 mm and sensibly lower for Ajisai (Fig. 6). The mean RMS
of LAGEOS-1 and 2 observation residuals is at the level of
1 cm, irrespective of the drag coefficient spacing.

In LAGEOS-Starlette-Stella-Ajisai combined solutions,
the independent parameters most affected by the artificial
geocentre offset are drag coefficients. The more estimated
drag coefficients, the larger the variations and the better the
drag coefficients are able to absorb the signatures the geo-
centre offsets on the observed ranges. Additionally, the first
or first few drag coefficients are moderately to strongly cor-
related with the elements of the initial state vectors, which
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spectively. Dotted lines represent average differences

are the second most affected parameters by the introduced
geocentre offset if geopotential coefficients are not esti-
mated. These correlations also increase as the number of
drag coefficients increases and play an important but sec-
ondary role in the collinearity issues of the geocentre co-
ordinates with the other parameters in LAGEOS-Starlette-
Stella-Ajisai solutions.

These findings led to the decision to parameterise
Starlette, Stella and Ajisai orbits with weekly drag co-
efficients in the remainder of the analysis to isolate the
collinearity problems induced by drag coefficients. To inves-
tigate the influence of other parameters on the observability
of the geocentre coordinates, eight solutions labelled C1 to
C8 were produced. They display the following differences
with respect to the standard parameterisation:

– C1: no differences,
– C2: two sets of empirical along-track and OPR along-

track and cross-track accelerations for LAGEOS orbits

and two sets of OPR along-track and cross-track accel-
erations for LEO orbits,

– C3: geopotential coefficients up to d/o 2,
– C4: geopotential coefficients up to d/o 2 and no OPR

accelerations for LEO orbits only,
– C5: geopotential coefficients up to d/o 3,
– C6: geopotential coefficients up to d/o 3 and no OPR

accelerations for LEO orbits only,
– C7: geopotential coefficients up to d/o 4 and no OPR

accelerations for LEO orbits only, and
– C8: geopotential coefficients up to d/o 5 and no OPR

accelerations for LEO orbits only.

Starlette, Stella and Ajisai are sensitive to harmonic coef-
ficients beyond degree 20 (Cheng et al 1997; Moore et al
2005). Our analysis was, however, restricted to degree 5 fol-
lowing the conclusion of Maier et al (2012) that the esti-
mation of geopotential coefficients above degree 5 leads to
ill-conditioned systems of normal equations.

The computed median formal errors of the three geo-
centre coordinates are given in Table 4. In addition to the
lower spread of values, the median formal error 1/‖sp

y,c‖ of
any geocentre coordinate is typically smaller by 40 to 45 %
in LAGEOS-Starlette-Stella-Ajisai solutions compared to
LAGEOS-only. Since the source of the improvement is not
an ameliorated station distribution (see Fig. 2) and the for-
mal errors 1/‖sp

y,c‖ are only weakly correlated with the net-
work size and moderately correlated with the number of ob-
servations, the intrinsic sensitivity of Starlette, Stella and
Ajisai to geocentre motion is partly responsible for the en-
hanced observability of the geocentre coordinates. Unlike
the formal errors 1/‖sp

y,c‖, the values of 1/‖sy‖ are very
strongly correlated with the size of the data set. The direc-
tion of the correlation is negative in both cases.

As previously mentioned, drag coefficients exhibit the
largest variations −γγγy,c following the introduction of an ar-
tificial geocentre offset of 1 cm along any Cartesian axis.
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y,c (blue circles) of a 1 cm geocentre offset along each axis on ranges to LAGEOS-1 and 2

(left) and ranges to Starlette, Stella and Ajisai (right). Plotted data are for the arcs spanning the week 28 July - 3 August, 2013 and solution C1

In solution C3, the second most affected parameters are
the OPR acceleration components Wc, whereas in solution
C5 both Ss and Wc experience large variations. Increasing
the degree of estimated geopotential coefficients inflates the
variations of drag coefficients and OPR accelerations, thus
enhancing their ability to jointly compensate the geocen-
tre offsets (see, e.g., solution C5). Nevertheless, omitting
the OPR accelerations for the Starlette, Stella and Ajisai
when estimating geopotential coefficients greatly reduces
the collinearity problems of the geocentre coordinates, as
illustrated by solutions C6, C7 and C8. Hence, we conclude
that the simultaneous determination of OPR accelerations
for Starlette, Stella and Ajisai and geopotential coefficients
above degree 2 reduces the observability of the geocen-
tre coordinates in LAGEOS-Starlette-Stella-Ajisai solutions
due to the correlations between the OPR terms, mainly in
the cross-track direction, and the geopotential coefficients.

An alternative parameterisation to C1 with weekly drag
coefficients fixed to the widely used value of 2.2 (see, e.g.,
Cook 1965) and weekly empirical along-track accelerations
was performed, but resulted in only a small improvement
(∼ 5 %) in the formal errors 1/‖sp

y,c‖ over solution C1. Using
such a parameterisation, however, the RMS of observation
residuals can be reduced for Starlette, Stella and Ajisai by
reasonably increasing the number of empirical accelera-
tions without the risk of compromising the observability of

the geocentre coordinates when geopotential coefficients are
omitted.

Independent parameter variations are less able to absorb
the signature of the geocentre offset on ranges to Starlette,
Stella and Ajisai than on ranges to LAGEOS-1 and 2.
Figure 7 presents the case of the weekly combined solution
with the lowest formal errors 1/‖sp

y,c‖ for all three geocentre
coordinates. The spatial coverage of NPs during the same
week is shown in Fig. 4. In all weekly solutions of type C,
with the exception of C5, the proper signature is larger for
Starlette, Stella and Ajisai ranges than for LAGEOS-1 and 2
ranges. This constitutes evidence of the higher sensitivity of
LEOs to geocentre motion.

Observations to Starlette, Stella and Ajisai were also
separately integrated with LAGEOS-1 and 2 data to ap-
praise the relative contribution of each LEO to combined
solutions. The standard parameterisation was adopted for
both LAGEOS and LEO orbits. The combination of Starlette
with LAGEOS-1 and 2 provides the most stable results (i.e.
the lowest spread of formal errors 1/‖sp

y,c‖). Ajisai appears
to contribute the most to the observability of the Z geo-
centre coordinate rather than Stella, as argued by Sośnica
et al (2014). This result is partly due to the large number of
Ajisai observations, but confirms through real data analysis
the finding of Kuang et al (2015) that a polar orbit is the least
favourable for the determination of the Z geocentre coordi-
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Fig. 8 Median formal errors 1/‖sp
y,c‖ of the three geocentre coordinates

in solutions A1, C1 and separate combinations of Starlette, Stella and
Ajisai with LAGEOS-1 and 2

nate. Kuang et al (2015) obtained this result using synthetic
SLR data from a network of 40 stations tracking a single
box-wing LEO and estimating an SRP coefficient, which is
strongly correlated with the Z component of the geocentre
vector (see, e.g., Meindl et al 2013). For polar orbits, the
Z geocentre vector component lies in the orbital plane and
can be compensated by the in-plane (i.e. radial and along-
track) periodic orbital perturbations induced by SRP. Our
study shows that this statement holds even when the SRP
coefficients are fixed, since Stella has an insignificant con-
tribution to the observability of the geocentre coordinates
compared to Starlette, despite the similar construction and
altitudes of the two satellites. The quasi-polar orbit of Stella
also hampers its tracking by the current SLR network that
abounds in stations located at low and medium latitudes.

The observability of the geocentre coordinates is im-
proved by combining LAGEOS-1 and 2 with Starlette or
Ajisai, whereas Stella fails to contribute significantly. No
single LEO can fully explain the reduction in formal errors
1/‖sp

y,c‖ and their spread from solution A1 to C1 (Fig. 8).
Important factors for the uncertainty reduction are the larger
number of observations and the higher sensitivity of LEOs
to geocentre motion.

4.4 LAGEOS-LARES combined solutions

Among the LEOs considered in this study, LARES is ar-
guably the most suitable target for TRF determination given
its favourable design features. As the inclusion of LARES
in the ILRS operational products is imminent, we derived
seven LAGEOS-LARES solutions to investigate the poten-
tial benefits of incorporating LARES data for the origin of
the TRF. The seven solutions display the following differ-
ences with respect to the standard parameterisation:

– D1: no differences,
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Fig. 9 Differences in the RMS of LARES observation residuals be-
tween the solution with daily drag coefficients (designated as daily CD)
and solutions D1 and D2. Daily CD minus D1 and D1 minus D2 values
are shifted by−5 mm and +5 mm, respectively. Dotted lines represent
average differences

– D2: one set of empirical along-track accelerations for
LARES orbits instead of drag coefficients,

– D3: two sets of empirical along-track and OPR along-
track and cross-track accelerations for all orbits,

– D4: one set of empirical along-track accelerations for
LARES orbits and geopotential coefficients up to d/o 2,

– D5: one set of empirical along-track accelerations for
LARES orbits and geopotential coefficients up to d/o 3,

– D6: one set of empirical along-track accelerations for
LARES orbits and geopotential coefficients up to d/o 4,
and

– D7: one set of empirical along-track accelerations for
LARES orbits and geopotential coefficients up to d/o 5.

The mean RMS of LARES observation residuals improves
from 18.8 mm in solutions D1 and D2 to 13.1 mm in so-
lution D7, whereas the orbital fits of LAGEOS-1 and 2 ob-
servations lie in the confined interval 8.5–9.7 mm, with the
lowest value in solution D7. Table 4 contains the computed
median formal errors of the geocentre coordinates in solu-
tions of type D.

In solution D1, drag coefficients vary the most among
all parameters after the introduction of a 1 cm geocentre off-
set along any axis. The variations are larger than in type C
solution and can compensate the artificial geocentre offset
to a great extent, even when drag coefficients are estimated
weekly rather than daily. The orbital perturbations due to at-
mospheric drag are smaller in magnitude for LARES than
for any other LEO included in this study. This allows the
efficient modelling of atmospheric drag effects on LARES
using a single set of empirical along-track acceleration pa-
rameters instead of drag coefficients, as illustrated in Fig. 9
by the small differences in the RMS of observations resid-
uals between the alternative parameterisations D1 and D2
and a solution with daily drag coefficients for LARES or-
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bits. The next most affected parameters in solution D1 after
drag coefficients are the velocity components of the initial
state vectors, followed by station coordinates.

The parameters displaying the largest variations−γγγy,c in
solution D2 are the same as in solution A1, namely the satel-
lite initial state vectors, the OPR acceleration parameters Ws
and Wc, station coordinates and range biases. Similarly to
LAGEOS-only solutions, when geopotential coefficients are
also estimated, the OPR accelerations are the most affected
parameters (Wc in solution D4; Ss and Wc in solutions D5,
D6 and D7), followed by the satellite velocity components.
Unlike in type C solutions, the observability of the geocen-
tre coordinates is unaffected by the simultaneous determi-
nation of OPR accelerations for LARES and geopotential
coefficients beyond degree 2 (cf. solutions C5 and D5). In
an alternative solution to D1 and D2 with weekly drag coef-
ficients fixed to the value of 2.2 for LARES and weekly em-
pirical along-track accelerations, the orbital fits are identical
to solutions D1 and D2 for all three satellites, whereas the
observability of the geocentre vector is largely unaffected.

The median formal errors 1/‖sp
y,c‖ of the geocentre coor-

dinates are generally smaller by 20 to 35 % in LAGEOS-
LARES solutions relative to LAGEOS-only and LAGEOS-
Etalon. Given the low altitude of LARES, the estimation
of geopotential coefficients in LAGEOS-LARES solutions
may be necessary to account for unmodelled and mismod-
elled long-wavelength variations in the Earth’s gravity field.
For the sake of an accurate determination of the geocen-
tre location, a maximum truncation degree of 4 is prefer-
able. The degraded observability of the geocentre coordi-
nates in LAGEOS-LARES solutions with estimated geopo-
tential coefficients beyond degree 4 (see solution D7) can be
attributed to the insensitivity of LAGEOS-1 and 2 to these
harmonics.

In combination with LAGEOS and other LEOs, LARES
may also contribute to the separation of correlated geopo-
tential coefficients. Preliminary analyses performed by
Ciufolini et al (2012) demonstrated a significant reduction
in the uncertainties of geopotential coefficients determined
from LARES data compared to observations of other spher-
ical geodetic satellites.

4.5 Effects of solar radiation pressure modelling

Direct SRP represents the dominant source of non-
gravitational perturbations for the orbits of Ajisai, LARES
and satellites at higher altitudes. Atmospheric drag may ex-
ert larger perturbations than direct SRP on the orbits of
Starlette and Stella. For spherical geodetic satellites, the ac-
celeration due to direct SRP is more accurately modelled
than the acceleration due to atmospheric drag owing to
the lower uncertainty of the SRP force model components
(see, e.g., Milani et al 1987). In addition, Gobinddass et al
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Fig. 10 Median formal errors 1/‖sp
y,c‖ of the three geocentre coordi-

nates when the SRP coefficients of all satellites are estimated instead
of being fixed in solutions A1, B1, C1 and D2. The median formal er-
rors of the geocentre coordinates in solutions A1, B1, C1 and D2 are
plotted as black pluses for comparison

(2009a) and Meindl et al (2013) showed that the effects of
SRP mismodelling on the estimated geocentre coordinates
are much less problematic for laser ranging to spherical
geodetic satellites than for DORIS and GNSS. In SLR anal-
yses, SRP coefficients are commonly held fixed to satellite-
specific a priori values, as done throughout this study. SRP
introduces periodic orbital perturbations only in the radial
and along-track directions. The along-track OPR accelera-
tion parameters Ss and Sc are correlated with the SRP coef-
ficients and can compensate the mismodelled part of SRP to
a large extent. SRP modelling deficiencies are typically re-
flected in the power spectra of the geocentre coordinates by
anomalous harmonics occurring at periods corresponding to
the draconitic years of the spherical geodetic satellites, as
well as at multiples of the draconitic frequencies.

To investigate the effects of the correlation between SRP
coefficients and along-track OPR acceleration parameters on
the observability of the geocentre coordinates, we adopted
the parameterisations from solutions A1, B1, C1 and D2, but
freely estimated the SRP coefficient for each satellite. As il-
lustrated in Fig. 10 via median formal errors 1/‖sp

y,c‖, SRP co-
efficients and along-track OPR acceleration parameters have
the potential to absorb the fictitious geocentre offset and thus
reduce the observability of the geocentre vector, in particu-
lar of the Z component. The reduction in observability is
more prominent in multi-satellite combinations (especially
LAGEOS-Starlette-Stella-Ajisai) due to the larger variations
of the SRP coefficients of LEOs. Fixing the SRP coefficients
to a priori values can alleviate this collinearity issue without
significant compromise in orbital fit. Omitting the estima-
tion of along-track OPR terms is another but less justifiable
option.
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y,c‖ obtained for

the three geocentre coordinates in eight different solutions of types
A (LAGEOS-1 and 2), B (LAGEOS-Etalon), C (LAGEOS-Starlette-
Stella-Ajisai) and D (LAGEOS-LARES)
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Fig. 12 Box plots displaying the 25th (Q1), 50th (median) and 75th
(Q3) percentiles and the 1.5 interquartile ranges (IQR = Q3−Q1) of
the formal errors 1/‖sp

y,c‖ computed for the Z geocentre coordinate in six
different solutions. Mean formal errors are represented by red circles
and outlying formal errors (i.e. larger than Q1 +1.5 · IQR in this case)
are plotted as hollow circles

4.6 Comparison of solutions

Although not theoretically expected, variations in the formal
error 1/‖sy‖ among solutions of the same type (see Table 4)
are due to the different number of accepted observations fol-
lowing the rejection of outliers. Low values of 1/‖sy‖ are in-
dicative of a high acceptance rate and vice versa. Solving for
a high number of empirical parameters typically increases
the acceptance rate (cf. solutions C3 and C4, also C5 and
C6). A similar effect of the number of accepted observa-
tions on the formal error 1/‖sp

y,c‖ is expected, but the statisti-
cal relationships between parameters are the main driver of
fluctuations in 1/‖sp

y,c‖ numerical values.
The median formal errors 1/‖sp

y,c‖ obtained for the geo-
centre coordinates in six of the most representative solu-
tions of types A, B, C and D are compared in Fig. 11. In

LAGEOS-Etalon combinations, median formal errors are
marginally lower than in LAGEOS-only solutions, except
for the formal error of the Z geocentre coordinates when
geopotential coefficients are also recovered. Combining
LAGEOS-1 and 2 with Starlette, Stella and Ajisai or only
with LARES significantly reduces the median formal errors,
particularly for the Z geocentre coordinate. By using only
observations acquired by the core network shown in Fig. 1
and the standard parameterisation, the median formal errors
1/‖sp

y,c‖ are largely unaltered for any data combination. This
approach results in improved network distributions at the ex-
pense of greatly diminished network sizes and data cover-
age.

The box plots of the Z coordinate formal errors 1/‖sp
y,c‖

shown in Fig. 12 illustrate the differences in the observabil-
ity of this component in the eight solutions compared in
Fig. 11. Solutions A1 and D2 contain outliers which no-
tably shift the arithmetic means away from the medians.
Estimating geopotential coefficients in LAGEOS-only and
LAGEOS-LARES solutions reduces the scatter of formal er-
rors, but a similar effect can be achieved by doubling the
number of empirical acceleration parameters. The relative
improvement in observability from solutions of types A–B
to solutions of types C–D is indicated by the lower place-
ment of the box plots for the latter. The distribution of for-
mal errors is generally skewed towards large values, which
explains the larger averages compared to the medians.

Among the two equatorial components of the geocentre
vector, X is less observable in SLR data analyses involv-
ing any combination of observations to spherical geodetic
satellites, potentially due to its higher sensitivity to network
effects (Collilieux et al 2009). The considerably stronger
collinearity of the Z coordinate with other parameters en-
genders an increase of its formal error by a factor of 2–3
compared to the formal errors of the X and Y geocentre co-
ordinates. The geocentre coordinates are typically more ob-
servable in LAGEOS-LEO combinations than in LAGEOS-
only solutions due to both the higher sensitivity of LEOs to
geocentre motion and the larger number of observations.

To validate the inferences from the analysis of for-
mal errors, we derived time series of geocentre coordinates
from the eight solutions compared in Fig. 11 using the net-
work shift approach with no scale factors estimated be-
tween weekly CM-centred frames and SLRF2008. Figure 13
depicts the unfiltered series from the LAGEOS-only,
LAGEOS-Starlette-Stella-Ajisai and LAGEOS-LARES so-
lutions. Due to their similarity with the LAGEOS-only series
and to avoid clutter, the LAGEOS-Etalon series are omit-
ted from Fig. 13. The RMS of the differences between the
LAGEOS-only and LAGEOS-Etalon series derived from so-
lutions with identical parameterisation varies between 0.9
mm and 1.6 mm, depending on the geocentre coordinate.
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Fig. 13 Unfiltered geocentre coordinates obtained via the network shift approach from solutions A1, C1 and D2 (left) and solutions A4, C5 and
D5 (right). Six parameters (i.e. three translations and three rotations) were estimated weekly with respect to SLRF2008

This casts further doubt on the value added by Etalon data
in LAGEOS-Etalon combinations.

The scatter of the geocentre motion series, quantified
through the weighted root mean square (WRMS) of the geo-
centre coordinates, is typically lower in solutions with esti-
mated geopotential coefficients. This is particularly true for
the Z geocentre coordinate, which experiences a reduction in
scatter of up to 26 % in LAGEOS-only solutions. However,
the annual variation of the axial geocentre motion compo-
nent appears to be absorbed by the estimated geopotential
coefficients, possibly due to Z being exclusively determined
by orbital perturbations due to the geopotential (Angermann
and Müller 2008). Both the geopotential and Earth rotation
affect the equatorial geocentre coordinates.

The LAGEOS-Starlette-Stella-Ajisai series exhibit the
largest high-frequency variations and consequently have the
largest scatter. Orbit modelling deficiencies may have con-
taminated the geocentre coordinates estimated from type C
solutions given the simplistic force modelling applied for
Starlette, Stella and Ajisai to circumvent collinearity is-
sues. Despite the strong collinearity of the geocentre coor-
dinates, the solution with daily drag coefficients estimated
for Starlette, Stella and Ajisai (not shown in Fig. 13) is very
similar to solution C1, but still noisier than other types of so-
lutions. Without significant advances in surface force mod-
elling, a beneficial contribution of Starlette, Stella and Ajisai

to the definition of the ITRF origin appears unlikely, despite
the improved observability of the geocentre coordinates.

The estimates of the equatorial geocentre coordinates
from LAGEOS-only and LAGEOS-LARES solutions are
in good agreement, despite the marginally larger scatter of
the LAGEOS-LARES series. The WRMS of the Z geocen-
tre coordinates is, nevertheless, lower in LAGEOS-LARES
solutions, suggesting a potential improvement relative to
LAGEOS-1 and 2 solutions. More conclusive evidence
should be provided by the analysis of longer times series,
which may constitute the topic of a future study.

5 Discussion and conclusions

By means of collinearity diagnosis, this study set out to de-
termine the actual current capability of SLR to sense geo-
centre motion and whether observations to the Etalon satel-
lites and the LEOs Starlette, Stella, Ajisai and LARES can
improve the observability of the geocentre coordinates with
respect to standard LAGEOS-1 and 2 solutions. The pro-
cessing of LAGEOS and Etalon NP data closely followed
the standards of the ILRS ACs and the IERS Conventions
(2010) (Petit and Luzum 2010). Numerous solutions involv-
ing various data combinations were generated to investigate
the effect of different parameterisations on the collinearity
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of the geocentre coordinates with the other parameters in
the analyses.

Under ideal conditions, the determination of the X
and Y geocentre coordinates from simulated observations
to LAGEOS-like satellites is free of collinearity issues,
whereas the determination of the Z coordinate suffers minor
collinearity issues. We showed that under real world condi-
tions, the determination of the X and Y coordinates also suf-
fers minor collinearity problems, whereas the Z coordinate
is less observable by a factor of 2–3. The collinearity prob-
lems of the geocentre coordinates obtained from real SLR
data are largely attributable to network effects and the un-
evenly spaced and imperfect observations of heterogeneous
quality. The estimation of geopotential coefficients beyond
degree and order 3 further amplifies the collinearity issues
in LAGEOS-only solutions.

The combination of LAGEOS observations with Etalon
data has a marginally positive effect on the observability
of the geocentre coordinates only when geopotential co-
efficients are omitted. One reason for this result is that,
in LAGEOS-Etalon solutions, the doubling of the number
of orbital parameters (leading to increased correlations be-
tween parameters) is only accompanied by an increase of a
few percent (∼ 10 %) in the size of data set. We thus con-
sider the incorporation of Etalon data in SLR analyses to be
questionable for the purpose of geocentre motion determi-
nation using the network shift approach.

Observations to the low altitude satellites Starlette,
Stella and Ajisai can potentially improve the ties of the
SLR-derived weekly TRFs to the CM frame subject to
two parameterisation constraints. First, the parameterisa-
tion of orbital arcs of Starlette, Stella and Ajisai with
frequent (i.e. sub-weekly) drag coefficients has a detri-
mental effect on the observability of the geocentre coor-
dinates in LAGEOS-Starlette-Stella-Ajisai combined solu-
tions. Second, the simultaneous estimation of OPR acceler-
ation parameters for Starlette, Stella and Ajisai and geopo-
tential coefficients above degree 2 also negatively affects the
determination of geocentre motion, but on a smaller scale
than frequently spaced drag coefficients. A third parameteri-
sation constraint applies to all satellite combinations, but es-
pecially to LAGEOS-Starlette-Stella-Ajisai. The concurrent
determination of SRP coefficients and along-track OPR ac-
celeration parameters increases the formal errors of the geo-
centre coordinates due to the well-known correlations be-
tween the two types of parameters. Despite these collinearity
issues, the real geophysical signal is expected to be recover-
able in multi-satellite solutions involving LEOs.

The larger proper signature on Starlette, Stella and Ajisai
ranges compared to LAGEOS ranges constitutes evidence
of the higher sensitivity of LEOs to geocentre motion. The
Z component of geocentre motion benefits most in an ab-
solute sense from the combination of LAGEOS and LEO

data. However, the geocentre coordinates estimated from
LAGEOS-Starlette-Stella-Ajisai solutions are likely to be
contaminated by force modelling errors that cannot be ac-
commodated using a simplistic modelling strategy required
to avoid collinearity issues. Until a satisfactory compro-
mise between minimising orbital errors and circumventing
collinearity issues is found, the exploitation of the high sen-
sitivity of Starlette and Ajisai to geocentre motion appears
unlikely. The sensitivity of Stella is lower due to its quasi-
polar orbit, which also negatively affects the tracking of the
satellite by the current SLR network.

Drag coefficients are predominantly used to absorb er-
rors in atmospheric density modelling. Thus, an obvious
path to more accurate geocentre motion estimates from
LAGEOS-Starlette-Stella-Ajisai combinations is significant
improvements of atmospheric models. Such developments
would, in turn, allow the routine estimation of a low num-
ber of drag coefficients without major compromises in or-
bital quality. Parameterisations involving a high number of
empirical parameters for the sake of deceptively small ob-
servation residuals can corrupt the geophysical significance
of SLR-determined parameters.

The lower bound uncertainty of the equatorial geocen-
tre coordinates determined from LAGEOS-Etalon data is
around 1.5 mm and 4 mm for the Z coordinate, higher than
the target of 1 mm geocentre vector accuracy pursued by
GGOS (Gross et al 2009). Primarily designed to test fun-
damental and gravitational physics, LARES may prove a
useful addition to the solutions derived by the ILRS ACs
for TRF determination. The modelling of non-conservative
forces acting on LARES is greatly simplified by the very low
area-to-mass ratio of this satellite. Our analysis shows that,
on average, an improvement of 25–30 % in the observability
of the geocentre coordinates can be achieved by combining
LAGEOS-1 and 2 with LARES data. Future ITRF releases
following ITRF2014 will directly benefit from this improve-
ment and edge closer towards meeting the stringent origin
accuracy and stability requirements imposed by highly de-
manding geosciences applications such as the monitoring of
sea level change.

In this study, all solutions involved the estimation of
OPR acceleration parameters and occasionally geopotential
coefficients of degree and order 2 and higher. Both OPR pa-
rameters and geopotential coefficients are correlated with
the geocentre coordinates to some extent. The annual sig-
nal of the Z geocentre coordinate is likely to be absorbed
by geopotential coefficients, as illustrated in Fig. 13 (right).
However, we have found no conclusive evidence that OPR
parameters negatively affect the observability of the geocen-
tre coordinates when geopotential coefficients are omitted
and SRP coefficients are fixed. OPR parameters are neces-
sary to accommodate orbit modelling errors. Solutions with-
out OPR parameters have not been generated, as such pa-
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rameterisations result in poor orbital fits and and are unlikely
to be adopted by any ILRS AC.

The differences in the median formal errors reported in
this study for different parameterisation are primarily driven
by the strengths of statistical relationships between parame-
ters. Collinearity diagnosis is particularly useful for identi-
fying the effect of correlations between several parameters
on the observability of the geocentre coordinates and pro-
vides optimistic formal error values that do not account for
modelling errors. As argued by Kuang et al (2015), the ob-
servability of a parameter and the contamination level of
its estimate by modelling errors are distinct matters since
models, including surface force models, are subject to re-
finements. Modelling errors do not constitute an inherent
limitation for the sensitivity of satellite geodetic techniques
to geophysical parameters. The main factors that govern the
observability are rather the intrinsic quality, the quantity and
spatial distribution of observations, along with the orbital
configuration. Modelling errors can, however, alias into the
estimates of parameters, particularly parameters affected by
collinearity issues. Strongly collinear parameters may still
be satisfactorily determined if their proper signatures on the
observations are considerably larger than the modelling er-
rors.

Satellite laser ranging remains the state-of-the-art satel-
lite geodetic technique for geocentre motion observation and
is unlikely to be surpassed in the near term. Further densifi-
cation of the tracking network and enhancements in data and
force modelling are, however, required for the technique to
achieve its potential of delivering accurate geocentre coordi-
nates which are free of collinearity issues. Improvements in
the observability of geocentre motion with SLR greatly de-
pend on the homogenisation of the network in terms of both
station distribution and tracking performance. Since this is
a lengthy process with limited short-term benefits, advances
in the processing of existing data sets are more likely to lead
to improved geocentre motion estimates in the near future.
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