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SUMMARY

Scalar representations of geodetic strain rate tensors are widely used to characterize crustal 
deformation and, in seismic hazard assessment, to convert strain rate to expected seismic 
moment rate. Existing scalar definitions of shear strain rate, total strain rate and deformation 
style are not defined consistently and, because they depend on eigenvalues that carry both 
dilatation and shear, cannot be read as a partition of mixed-strain deformation. We propose 
definitions motivated by fault kinematics. The strike-slip strain rate (ε̇ s), derived from the shear 

on zero-length-change orientations, is twice the geometric mean of the principal strain rate 
magnitudes and zero when both share a sign. The total strain rate (ε̇ t) is the explicit sum of ε̇ s and 

the absolute dilatation (|ε̇d|); except for uniaxial strain it exceeds the Frobenius norm (ε̇ f ), by up 

to a factor √3. The style parameter equals the fractional dilatational contribution in mixed-strain 
deformation and is extended to classify deformation in which both principal strain rates share a 
sign. We also propose a moment rate (Ṁ split) that releases the strike-slip and dilatational 

contributions on separate strike-slip and dip-slip faults; for Andersonian dips it exceeds the 

minimum moment (Ṁ min) by up to 37% for mixed-faulting settings. An application to 

southwestern U.S. geodetic strain rates shows that the 37% maximum difference is not a corner 
case: in the 53% of the area where each of the strike-slip and dilatational contributions is at least 
a quarter of the total strain rate, Ṁ split exceeds Ṁ min by 34%. The southwestern U.S. example 

demonstrates that these differences can be regionally significant, with moment-rate estimates 
differing by tens of percent in mixed-style deformation zones.

1. INTRODUCTION

Strain rate tensors describing horizontal crustal deformation are useful indicators for 
relating surface kinematics to the driving forces and to the strain released by earthquakes. 
Mapping infinitesimal strain rate fields has become an active research area in recent years, 
spurred by the proliferation of GNSS station velocity data (Blewitt et al., 2018) and the 
development of multiple new estimation approaches (Goudarzi et al., 2015; Haines et al., 2015; 
Kreemer et al., 2018, 2020; Männel et al., 2026; Masson et al., 2014; Okazaki et al., 2021; 
Pagani et al., 2021; Sandwell & Wessel, 2016; Shen et al., 2015; Tape et al., 2009). 

For mapping purposes, comparison between studies, and seismic hazard applications, 
strain rate tensor fields are often reduced to scalar measures. The definition of strain rate scalars 
matters because they set the amount of deformation available for earthquake generation, and are 
central to the estimation of geodetic moment rate. The latter can be compared to the observed 
seismic moment release, the moment rate implied by fault slip rates (with implications for off-
fault deformation), and the expected rate of earthquake occurrence. Strain rate models have 
indeed been used to forecast earthquake rates (Bird et al., 2010, 2015; Bird & Kreemer, 2015; 
Nishimura, 2022; Rhoades et al., 2017; Rong et al., 2016; Wei et al., 2023; Yuliastuti et al., 
2026; Zheng et al., 2018). The choice of scalar strain rate measure, and the assumptions about 

2

17

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

37

38
39
40
41
42
43
44

45
46
47
48
49
50
51
52
53



manuscript submitted to Geophysical Journal International

fault orientations, can lead to ambiguity in the conversion from strain rate to moment rate (e.g., 
Bird et al., 2010; Neha et al., 2025; Nishimura, 2022; Pancha et al., 2006; Stevens & Avouac, 
2021; Wei et al., 2023; Yuliastuti et al., 2026).

Scalar quantities of strain rate — ‘total strain rate’, ‘shear strain rate’ and ‘deformation 
style’ — are not defined consistently across the literature (see, e.g., Tape et al., 2009). Moreover, 
existing definitions are not designed to separate the dilatational and strike-slip contributions: they 
depend on single eigenvalues, or combinations of them, which carry both contributions, so that 
the total strain rate is not the sum of the two contributions and the style cannot be read as the 
fractional contribution of each. The two contributions are most strongly combined in transtension 
and transpression, which we refer to as ‘mixed-strain’.

Here, we propose definitions motivated by fault kinematics for: 1) the strike-slip strain 
rate ε̇ s, derived from the shear resolved on a zero-length-change orientation, and 2) the total 

strain rate ε̇ t=ε̇ s+|ε̇d|, the explicit sum of shear and the absolute dilatation. We also introduce a 

new style parameter Φ that describes the relative contribution of the dilatational mode in mixed-
strain deformation and classifies the remaining styles. The new ε̇ t is additive under the specific 
decomposition used to define it: for a tensor with a zero-length-change orientation, the total 
strain rate equals the sum of the totals of its strike-slip and dilatational parts (Appendix B), 
which existing measures do not satisfy. It does not extend to arbitrary sums of tensors. 

The same mode separation is carried into a new moment rate definition, Ṁ split, which 

assumes that the strike-slip and dilatational contributions are released on separate strike-slip and 

dip-slip fault populations with Andersonian dips (Section 6). For these assumptions, Ṁ split 

exceeds the minimum moment, Ṁ min, of Savage and Simpson (1997), the smallest moment of 

any fault population that accommodates the strain rate tensor, by up to 37% in areas of mixed-
faulting deformation.

We distinguish statements at three levels. Mathematical statements concern the tensor: 
definitions, identities and inequalities. Kinematic statements interpret the tensor through 
orientations of zero length change, the orientations along which a fault could slip without length 
change along it. Tectonic statements concern how deformation is accommodated, for example on 
separate strike-slip and dip-slip fault populations, and are assumptions. Sections 2 to 5 and 
Appendices A to C are mathematical and kinematic; the tectonic interpretation is in Section 6, 
Appendix D and Section 7. The new definitions are proposed for a specific purpose, separating 
the dilatational and strike-slip contributions, and the moment rates derived from them are not 
tested against observed seismic moment release here. Existing definitions serve other purposes, 
for example the maximum shear as a measure of shape change and the Frobenius norm as the 
magnitude of the tensor.

The paper is organized as follows. Section 2 presents existing scalar definitions. Section 
3 compares them with the new definitions in five illustrative cases. Section 4 introduces the new 
definitions, and their formal uncertainties are introduced in Appendix C. Section 5 compares new 
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and existing definitions as a function of deformation style. Section 6 states the tectonic 

assumptions, derives Ṁ split and compares it with existing moment estimates. Section 7 applies the 

new framework to southwestern U.S. geodetic strain rates. Sections 8 and 9 contain a brief 
discussion and conclusion.

2. EXISTING SCALAR MEASURES

The two-dimensional infinitesimal strain rate tensor ε̇ is derived from spatial derivatives 
of the horizontal velocity field v = (v x , v y ), where x and y denote east and north coordinates:

ε̇=(
∂ v x

∂ x
1
2 (∂ v x

∂ y
+

∂ v y

∂ x )
1
2 (∂ v y

∂ x
+

∂ v x

∂ y ) ∂ v y

∂ y
)=( ε̇ xx ε̇ xy

ε̇ yx ε̇ yy
) (1)

The tensor is symmetric by construction: ε̇ xy = ε̇ yx. The principal strain rates (eigenvalues of ε̇) 

are:

ε̇1 , ε̇2=
ε̇ xx+ ε̇ yy

2
±√( ε̇ xx−ε̇ yy

2 )
2

+ ε̇ xy
2 (2)

with ε̇1 ≥ ε̇2. The principal axes are orthogonal, and the direction of the ε̇1 axis, measured counter-

clockwise from east, is:

α=1
2

atan2(2 ε̇xy , ε̇xx−ε̇ yy) (3)

Note that α is undefined for ε̇ xx = ε̇ yy and ε̇ xy=0, when every direction is principal.

The trace of ε̇ equals the dilatation rate:

ε̇d=tr ( ε̇)=ε̇ xx+ ε̇ yy=ε̇1+ ε̇2 (4)

Positive ε̇d indicates fractional area increase. This definition is the first invariant of the tensor 

and is generally not contested, although occasionally it is defined as the tensor equivalent: ε̇d /2. 

The principal strain rates are the sum and difference of the isotropic and deviatoric parts 
of the tensor: ε̇1,2=( ε̇d± γ̇ )/2, where γ̇=ε̇1−ε̇2 is the maximum engineering shear strain rate 

(Table 1). Each eigenvalue therefore carries half of the dilatation and half of the shear, so any 
scalar built from a single eigenvalue depends on both (Section 3). 

Table 1 summarizes the scalar measures of shear strain rate (ε̇ s), total strain rate (ε̇ t), and 

deformation style (Φ) used in the geodetic literature, together with the new definitions proposed 
here. Multiple definitions of total strain rate included in Table 1 have been motivated and used in 
studies relating geodetic strain rates to seismic moment rates (e.g., Kostrov, 1974; Nishimura, 
2022; Pancha et al., 2006; Savage & Simpson, 1997; Wei et al., 2023), see also Table 4. The 
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Frobenius norm is often used to depict total strain rate, and often called the ‘second invariant’. 
The second principal invariant of a 2-D tensor is actually det=ε̇1 ε̇2, which is negative when the 
eigenvalues have opposite sign and zero for uniaxial strain, and therefore does not serve as a 
measure of magnitude (see also Castro-Perdomo et al. (2025)).

Note that, although all expressions are given in Cartesian coordinates for simplicity, all 
definitions and implications remain when ε̇ is expressed in spherical coordinates.

3.  EXISTING DEFINITIONS IN MIXED STRAIN

Existing definitions of shear and total strain rate are simple functions of the principal 
strain rates, which do not depend on the coordinate system. They are not designed to separate 
superimposed dilatational and shear deformation. The two modes involve different tensor 
components, and the tensor of the combined deformation is their sum, but the principal axes 
rotate when the modes are combined, so the eigenvalues of the sum are not the sum of the 
eigenvalues. Any scalar formed from a single eigenvalue, from the difference of the eigenvalues, 
or from their quadratic sum therefore mixes the two contributions, with the dilatation (the sum of 
the eigenvalues) as the exception.  We compare the definitions with two criteria: whether they 
isolate the shear on orientations of zero length change (a kinematic criterion, Section 4.1), and 
whether the total is the sum of its dilatational and shear modes (a mathematical criterion). 
Whether these are the right criteria depends on the tectonic assumptions of Section 6.

We illustrate both criteria with the cases of Figure 1 and Table 2, for a 100×100 km area. 
In case A, uniaxial extension in the y-direction results from a northward velocity of 10 mm/yr on 
the north edge relative to the fixed south edge (ε̇ yy = 1×10-7 yr-1, all other components zero, such 

that ε̇1 = 1×10-7 yr-1 and ε̇2=0). Henceforth, strain rates are in units of 10-7 yr-1. In case B, simple 

shear results from an eastward velocity of 10 mm/yr on the north edge (ε̇ xy = 0.5, ε̇ xx=ε̇ yy=0 and 

ε̇1=0.5 and ε̇2=-0.5). In case C, both velocities are imposed simultaneously; because the strain 

rate tensor is linear in the velocity gradients, the tensor of C is the sum of those of A and B, but 
its eigenvalues are 1.21 and −0.21 rather than 1.5 and −0.5. Case D has half the extension of C 
and the same simple shear, and case E is equal biaxial extension (ε̇ xx = ε̇ yy = 1).

The existing definitions for shear and total strain rate give very different values for the 
same tensor (Table 2). By the first criterion above, existing definitions of shear strain rate do not 
isolate strike-slip deformation. Equations (5) and (6) give the maximum shear, a measure of 
shape change that depends only on the deviatoric components and not on the trace. It is the 
largest shear on any plane, reached at 45° to the principal axes, where the strain rate along the 
plane is ε̇d /2; it should be zero along a fault that slips without length change, so γ̇  is not the 

strike-slip strain rate. In Section 4 we show that γ̇2 is the sum of the squares of the dilatation and 
of the new strike-slip strain rate (8) (Eq. 18). As a result, even though case A contains no strike-
slip component, (5) and (6) assign it shear strain rates of 1.0 and 0.5. Shear as defined by (7) 
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vanishes for uniaxial extension, but not when shear is superimposed on dilatation: it is 1.00 for B 
and about 0.41 for C, although the simple shear is the same. The total strain rates (9)–(11) vary 
less among themselves, but they also depend on whether the dilatation is un- or biaxial: for equal 
biaxial extension (E) they give 1.41, 1.00 and 2.00, although all three give 1.00 for uniaxial 
extension (A). 

By the second criterion above, none of the existing shear and total strain rate definitions 
are additive under the strike-slip/dilatational decomposition considered here: A + B ≠ C. Shear 
definitions (5)–(7) for A and B sum to 2.0, 1.0 and 1.0, but are 1.41, 0.71 and 0.41 for C, and 
equations (9)–(11) for the total strain rate give 1.22, 1.21 and 1.21 for C, whereas the values for 
A and B sum to 1.71, 1.50 and 1.50. Note that the explicit sum is always larger than the 
corresponding value for case C. Additivity is not a mathematical requirement, but it is the 
physical expectation if the two modes are accommodated by independent fault systems (Section 
6). The new shear strain rate (8) and total strain rate (12) introduced in Section 4 satisfy it.

Existing measures of deformation style are not designed to express the fractional 
contribution of each mode, but they are often interpreted that way. For an equal admixture of 
extension and shear (case C), equations (13)–(16) give 0.83, 0.82, 0.71 and 0.78 on their 
respective ranges (Table 1), and for case D, where the dilatational contribution is one third of the 
total, 0.62, 0.58, 0.45 and 0.54. All definitions agree at the end-members (1 for A and 0 for B), so 
the differences arise only in mixed-strain settings, and equation (15) does not distinguish uniaxial 
(A) from equal biaxial (E) extension, since both give 1. We therefore present a new definition for 
style in Section 4.

4.NEW SCALAR DEFINITIONS

4.1 Shear strain rate

We define the shear strain rate ε̇ s as the shear on a fault along a zero-length-change 
(ZLC) orientation, an orientation along which there is no length change, and call it the ‘strike-
slip strain rate’. A fault whose strike is along a ZLC orientation can accommodate the 
deformation by slip without length change along it. ZLC orientations are kinematically 
admissible fault orientations, not necessarily the orientations that faults take (Section 6.2); ε̇ s is 
the strike-slip strain rate if the shear is accommodated on faults along them. The concept of 
deformation localizing along ‘zero-extension lines’ (absent when the principal strain rates share a 
sign) is long established (Hill, 1952; Roscoe, 1970; Stören & Rice, 1975).

We use the engineering convention, so that ε̇ s is twice the tensorial shear component on 
the fault. In Appendix A, we determine the ZLC orientations for a given strain rate tensor and 

derive ε̇ s=2√− ε̇1 ε̇2 by resolving the tensor in a frame aligned with a ZLC orientation. Because 

ε̇1 ε̇2 is the determinant of the tensor, ε̇ s does not depend on the coordinate system (Appendix 
A.3). Below we show that the same result follows geometrically from the Mohr circle for strain 
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rate: the circle crosses the shear axis at two planes whose normals are the ZLC orientations, and 
ε̇ s is twice the shear coordinate at the crossing (Figure 2).

Each point on the Mohr circle represents strain rates on a unique plane, with a value ε̇nn 

normal to a plane and ε̇ tn for the tensorial shear strain rate across the plane. The circle is centered 

at ε̇d /2 on the ε̇nn axis, has a radius γ̇ /2=( ε̇1−ε̇2)/2 (i.e., the maximum tensor shear strain rate 

((6) Table 1)), and crosses the ε̇nn axis at ε̇1 and ε̇2. A plane whose normal makes an angle ϕ with 

the ε̇1 axis plots at an angle 2 ϕ from the point ε̇1, with ε̇nn=ε̇d /2+( γ̇ /2)cos 2 ϕ and 

ε̇ tn=( γ̇ /2)sin 2 ϕ (Appendix A.4). 

The circle crosses the ε̇ tn axis only if the principal strain rates have opposite signs. The 

two points where it does (the stars in Figure 2) are the planes with no strain rate in the direction 
of their normal (ε̇nn=0). There is no length change along the normal of a star plane, so that 
normal is a ZLC orientation, and a fault along it lies perpendicular to the star plane. The two 
ZLC orientations are conjugate: one is left-lateral (upper star) and one right-lateral (lower star). 
Half the angle between the ε̇1 point and a star is ϕZLC. The distance from the origin to the center 

of the circle is |ε̇d|/2, the radius is γ̇ /2, and the shear coordinate of a star, which we denote ε̇ s /2, 

completes a right triangle with these two. Pythagoras’ theorem gives:

( ε̇d

2 )
2

+( ε̇ s

2 )
2

=( γ̇
2 )

2

⇒ ε̇ s /2=±√−ε̇1 ε̇2 (18)

The shear strain rate on a ZLC orientation is ε̇ s=2√−ε̇1 ε̇2, twice the tensorial shear, in 

agreement with Appendix A (Eq. A9). Setting ˙εnn=0 gives cos 2 ϕZLC=−ε̇d / γ̇  from which 

follows tan2 ϕZLC=− ε̇1/ ε̇2 (see Appendix A.4), the same orientations as derived algebraically in 

Appendix A (Eq. A4).

Equation (18) also shows why the maximum shear strain rate γ̇  (5) is not the strike-slip 
strain rate: γ̇2= ε̇d

2+ ε̇ s
2, so γ̇≥ε̇ s, with equality only for zero dilatation (Section 3). For cases C and 

D, γ̇=√2 and √5 /2, whereas ε̇ s=1 for both (Table 2).

Angle ϕ in a Mohr circle represents the angle to the normal of a plane. A fault along a 
ZLC orientation is the plane perpendicular to a star, at the diametrically opposite point of the 
circle, where the strain rate across it is ε̇d and the shear is ±ε̇ s /2.  On a ZLC orientation the shear 

is parallel to the fault and the dilatation acts across it. In the frame of the fault, the tensor has 
only two non-zero components: the shear ε̇ tn along the fault, and the normal strain rate ε̇d across 
it, which carries the whole areal dilatation rate (Appendix A.2). In the isotropic–deviatoric 
decomposition, in contrast, the dilatation is shared equally between the two directions (ε̇d /2
 each), and the deviatoric part mixes strike-slip shear and dilatation (Section 3). Section 6 
interprets the dilatational part in terms of dip-slip faulting.
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For uniaxial strain (ε̇1=0 or ε̇2=0) the circle touches the ε̇ tn axis at the origin, the two 

ZLC orientations coincide and ε̇ s=0, so that only the dilatation remains. When both principal 

strain rates have the same sign (ε̇1 ε̇2>0), the circle does not cross the ε̇ tn axis, confirming 

geometrically that there are no ZLC orientations, and ε̇ s=0.

4.2 Total strain rate

The total strain rate ε̇ t=ε̇ s+|ε̇d| is the sum of the strike-slip strain rate and the absolute 

dilatation strain rate, so that the contributions of the dilatational and strike-slip modes add 
(Appendix B). In this paper ‘total strain rate’ refers to ε̇ t, and the other measures in Table 1 are 

named individually. ε̇ t does not depend on the coordinate system either, because ε̇ s and ε̇d (i.e., 
the trace ) do not.

The total strain rate is never smaller than the Frobenius norm ε̇ f  (9), the most common 

existing measure. When ε̇ s>0, ε̇ f
2=( ε̇d

2+ γ̇2)/2=ε̇d
2+ ε̇ s

2/2, using γ̇2=ε̇d
2+ ε̇ s

2 (Eq. 18), so that

ε̇t
2−ε̇ f

2=(|ε̇d|+ ε̇s)
2−ε̇d

2−
ε̇s

2

2
=2|ε̇d|ε̇s+

ε̇s
2

2
≥0 (19)

When ε̇ s=0, ε̇ t
2−ε̇ f

2=( ε̇1+ ε̇2)
2−ε̇1

2−ε̇2
2=2 ε̇1 ε̇2≥0. Equality therefore holds only for 

uniaxial strain (ε̇1 ε̇2=0). How much smaller ε̇ f  is, as a function of deformation style, is 

quantified in Section 5.

4.3 Deformation style

The deformation style Φ equals the fractional dilatational contribution (Φ=ε̇d / ε̇ t) for the 

range (−1 ,+1). We extend the range to [−2 ,+2] for the same-sign regime (Table 1): 
Φ=+1+ ε̇2 / ε̇1  when ε̇1≥ε̇2>0  and Φ=−1−|ε̇1|/|ε̇2|  when ε̇2≤ε̇1<0 . As a result, Φ=0 

for zero dilatation, |Φ|=1 for uniaxial strain rate, and |Φ|=2 for equal biaxial deformation. Most 
desirably, Φ=1/2 and Φ=−1/2 for equal strike-slip and dilatational contributions, of positive or 
negative dilatation, respectively.

We refer to the regime in which ε̇1 ε̇2<0 (ε̇ s>0, |Φ|<1) as the ‘opposite-sign regime’, and 

the regime in which ε̇1 ε̇2≥0 (ε̇ s=0, |Φ|≥1) as the ‘same-sign regime’; uniaxial strain, where one 
principal strain rate is zero, belongs to the latter.

5 COMPARISON BETWEEN NEW AND EXISTING DEFINITIONS 

Figure 3 compares the definitions as a function of Φ, normalized such that ε̇ t is constant 

across all styles (thus ε̇ t is the reference, and the ratios quantify how the definitions differ). 

Figure 3a shows that only the strike-slip strain rate ε̇ s equals the shear on a zero-length-change 
orientation in all regimes, by construction. In contrast, the maximum engineering shear strain 
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rate (5) peaks at 1.0 not only for Φ=0 but also for |Φ|=1, and has a finite value in the same-sign 
regime: it falls from 1.0 at Φ=0 to a minimum of 1/√2≈0.71 at |Φ|=1/2, returns to 1.0 at 
|Φ|=1, where there is no strike-slip strain rate, and decreases to zero at |Φ|=2 (Table 3). It is 
therefore non-monotonic and does not by itself indicate the style of deformation, and the same 
holds for the maximum tensorial shear strain rate (6), which is half as large (not shown in Figure 
3a for clarity). The definition of Holt et al. (2000) (7) has a shape similar to (8), but it drops off 
non-linearly and is always less than ε̇ s between the end-members, because it is defined by a 
single eigenvalue (Section 3).

Figure 3b shows that no existing total strain rate definition exceeds ε̇ t. They equal it only 
for uniaxial strain, where all definitions agree, and, in the case of (11), throughout the same-sign 
regime, where ε̇ t=|ε̇d|. For the Frobenius norm (9) this is proved in Section 4.2, and (10) is never 

larger than (9). That ε̇ t is never smaller follows from its linear sum of the strike-slip and 
dilatational contributions, whereas the Frobenius norm combines them in quadrature (Section 
4.2). The difference is largest in the mixed-strain regime, where ε̇ f / ε̇ t reaches 1/√3≈0.58 (ε̇ f  is 

42% smaller than ε̇ t,; ε̇ t / ε̇ f =√3) at |Φ|=1/3; for zero dilatation and for equal biaxial 

deformation (|Φ|=2) it is 1/√2≈0.71 (29% smaller). Definitions (10) and (11) coincide in the 

opposite-sign regime, where they are lower than (9) by 0.21 of ε̇ t at Φ=0 and by 0.04 at 
|Φ|=1/3, and by less than 0.01 for |Φ|>0.49; in the same-sign regime (10) falls to 0.50 of ε̇ t at 
|Φ|=2.

In Figure 3c, the existing style definitions (13), (14), (15) and (16) are plotted relative to 
the new definition Φ, and all are positive for 0<Φ<1 and negative for −1<Φ<0. The largest 
positive deviations are +0.33 for (13) at Φ≈0.5, +0.32 for (14) at Φ≈0.5, +0.23 for (15) at 
Φ≈0.6 and +0.29 for (16) at Φ≈0.55 (equal but opposite results for negative Φ), consistent with 
the equal admixture of Section 3. In the same-sign regime (13) equals Φ, (14) saturates at ±√2,  
(15) saturates at ±1 and thus does not distinguish uniaxial from biaxial strain, and (16) deviates 
from Φ by less than 0.1.

Table 3 summarizes the comparison by writing each definition in terms of the dilatation 
ε̇d and, in the opposite-sign regime, the strike-slip strain rate ε̇ s. With the normalization of Figure 

3, ε̇d=Φ and ε̇ s=1−|Φ|, so that the table gives the curves of Figure 3 analytically. Apart from 
(8), (12) and (17), which are linear or a ratio of linear terms, all definitions combine the two 
contributions non-linearly, mostly in quadrature (Sections 4.1 and 4.2), so that neither 
contribution can be recovered from them separately. In the same-sign regime ε̇ s=0, so that 
ε̇ t=|ε̇d| and ε̇d / ε̇ t would give only sgn ( ε̇d), the value of (15); the second variable is therefore Φ 

as defined in Table 1, determined by the ratio ε̇2/ ε̇1. The two columns agree at |Φ|=1.

6. NEW MOMENT RATE DEFINITION
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6.1 From strain rate to moment rate

The Kostrov (1974) relation links the moment rate tensor to the strain rate tensor, 
Ṁ ij=2 μV ε̇ ij where μ is the shear modulus and V =D A, with D being the seismogenic thickness 

and A the area to which the strain rate applies (Appendix D.1). It allows seismic moment tensors 
to be converted to strain rate tensors, which in some cases are directly compared with geodetic 
ones (e.g., Castro-Perdomo et al., 2025; Jackson et al., 1994; Jenny et al., 2004; Kreemer et al., 
2000; Masson et al., 2005; Middleton et al., 2018; Nucci et al., 2025; Shen-Tu et al., 1995, 1998; 
Stevens & Avouac, 2021). However, in most studies only scalar quantities are compared, which 
requires converting the geodetic strain rate tensor to a scalar moment rate. This conversion 
requires two choices: a scalar measure of the strain rate, and the faulting assumed to 
accommodate it. Existing conversions differ in both: they use different scalar strain rates (among 
them (5) and (9) to (11)) and different assumptions about fault orientation. Table 4 gives a 
summary. Because the strike-slip and dilatational contributions are released on different types of 
faults, separating them in the strain rate gives a moment rate for each, whereas a scalar strain rate 
that mixes them cannot be converted to a moment rate without a further assumption about the 
faulting.

To our knowledge, one study based the conversion on γ̇  (20) (Working Group on 
California Earthquake Probabilities, 1995). Stevens and Avouac (2021) combined the Frobenius 
norm ε̇ f  with a geometric factor f =1/(sin δ cos δ ) that depends on the fault dip δ  (21), and 
considered the end-members f =2 and f =4 (dips of 45° and 15°). The combination has since 
been used by Donniol Jouve et al. (2024)  and Nucci et al. (2025). The majority of studies have 
used one of two ‘minimum moment’ definitions: (22), independently proposed by Ward (1994) 
and Holt et al. (1995) (the latter in the tensor form (see Table 1)), and (23) proposed by Savage 
and Simpson (1997) and later also derived by Bird & Liu (2007). (22) and (23) are equal in the 
opposite-sign regime. In the same-sign regime (23) is larger, because it includes the vertical 
strain rate, ε̇3=−ε̇d. This follows from volume conservation: slip in a fault plane causes no 
volume change (Appendix D.1). (23) is a lower bound for the moment rate of any set of faults 
that produces the observed horizontal strain rate tensor, and the smallest possible: faults with 
other orientations, or with slip that partly cancels between faults, need at least as much moment 
as (23) to produce the same net strain (Appendix D.5). (22) is a looser lower bound. We refer to 

(23) as Ṁ min.

6.2 Tectonic assumptions

The new moment rate definition (Section 6.3) rests on four assumptions. They are tectonic, and 
none of them is implied by the strain rate tensor:

1. The strain is released by faulting (full coupling; Section 8 discusses creep, slow slip and 
distributed deformation).

2. The strike-slip contribution ε̇ s is released on strike-slip faults along ZLC orientations 
(Section 4.1).
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3. The dilatational contribution ε̇d is released on dip-slip faults of dip δ  (normal faults for 

extension, thrust faults for contraction). Where ZLC orientations exist (ε̇ s>0), these faults 
are parallel to the strike-slip faults, so that the dilatation acts across them. In the same-
sign regime (ε̇ s=0) there are no ZLC orientations and no strike-slip term, and any set of 
dip-slip faults of the same dip and sense that produces the horizontal strain rate tensor 
gives the same Ṁ split=Ṁ ds (Section 6.3).

4. The two fault populations are separate, and no slip cancels between faults, so that the 
strain rate amplitudes ε̇ s and ε̇d determine the moment of each population.

The partitioning assumption is supported by observations of slip partitioning in seismic 
moment release (Célérier, 2008; Frohlich, 2001), including in mixed-strain tectonic 
environments (e.g., King et al., 2005; Le et al., 2007; Lewis, 2007; Luo & Wang, 2022; Rashidi 
& Derakhshani, 2022). These observations show that partitioning occurs; they do not show that it 
holds at every location or for every strain rate tensor. 

We use the term “mixed-faulting” for moment release on both strike-slip and dip-slip 
faults.

6.3 Definition

The strike-slip and dip-slip contributions are:

Ṁ ss=μ D A ε̇s , Ṁ ds=μ D A f |ε̇d| (25)

where f  is the dip factor (Section 6.1; Appendix D.2 and D.3). Their sum is the moment rate of 
the partitioned model:

Ṁ split(δ)=Ṁ ss+Ṁ ds=μ D A ( ε̇s+ f |ε̇d|) (26)

We denote the sum in (26) as Ṁ split(δ ), the moment rate when the strain is split between 

strike-slip and dip-slip faults. It is the total moment rate of strike-slip faults on ZLC orientations 
and dip-slip faults parallel to them (when in the opposite-sign regime), whereas the minimum 

moment Ṁ min is the smallest total that any set of faults can have for the same strain rate, so that 
Ṁ split is never smaller than Ṁ min, for any dip (Section 6.4).

We consider two sets of dip. For δ=45°, f  is minimized (i.e., f =2) and this case thus 
serves as one reference. The second case uses the dips preferred by Anderson (1905, 1951) 
faulting theory, 60° for normal faults and 30° for thrust faults. For the remainder of this paper, 
Ṁ split without an argument denotes the case with Andersonian angles; i.e., f =4 /√3. Both δ=45° 

and δ=30° /60°are reference cases, not preferred values. Other examples are: f =2.0 ,2.3 , 4.0 
and 5.9 for δ=45° ,30° ,15° and 10° (Section 6.6).
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Bird et al. (2010) replaced the factor of 2 in (23) with f =4.46 (i.e., δ=14°) for subduction 
zones, and Stevens and Avouac (2021) and Donniol Jouve et al. (2024) include f  in (21), in each 

case applied to the full strain rate tensor. In Ṁ split the dip factor applies to the dilatational part 

only, because only the dip-slip faults are inclined, which makes the dip correction tractable. 
Stevens and Avouac (2021) also apply a factor to strike-slip faults, for a conjugate set at an 

assumed angle to the principal axes. The orientation of the strike-slip faults in Ṁ split follows from 

the ZLC condition and the moment from the resolved shear, so no separate factor is applied. 
Other fault orientations imply other partitions (Section 6.4). Only at zero dilatation are the ZLC 
orientations the planes of maximum shear.

6.4 Comparison with the minimum moment and Frobenius norm

Figure 4 shows all moment rate definitions in Table 4 as a function of Φ. For any dip δ , 
Ṁ split(δ )≥Ṁ min, because Ṁ split(δ ) is the moment rate of a set of faults that produces the observed 

horizontal strain rate tensor, and Ṁ min is the smallest moment rate that any such set can have 

(Section 6.1). At zero dilatation (Φ=0), ε̇2=−ε̇1 and ε̇ s=2 ε̇1, so that both moment-rate 

estimates, (22) and (23), which are lower bounds, become 2 μ D A ε̇1=μ D A ε̇ s, which is also 
Ṁ split for any dip, because the dip-slip term vanishes. In the same-sign regime, Ṁ min=2 μ D A|ε̇d| 

and Ṁ split (δ )=μ D A f |ε̇d|, which are equal for δ=45°, where f =2: Ṁ min then corresponds to dip-

slip faults dipping at 45°. In mixed strain (0<|Φ|<1), Ṁ split(δ ) exceeds Ṁ min because of the 

orientations assumed. Ṁ min is itself the moment of a partitioned population: dip-slip faults of 45° 

dip, striking perpendicular to the principal axis of larger magnitude, take up the dilatation, and 

strike-slip faults at 45° to the principal axes take up the remaining shear, 2 min (|ε̇1|,|ε̇2|). In Ṁ split 

the dip-slip faults are parallel to the strike-slip faults on ZLC orientations, which leaves the 

larger strike-slip term ε̇ s=2√−ε̇1 ε̇2. For δ=45° the excess of Ṁ split(δ ) over Ṁ min is at most 

25%, at |Φ|≈0.43. For Andersonian dips the excess is at most 37%, at |Φ|≈0.48, and 15% in the 
same-sign regime, because the dip factor, 4 /√3, exceeds 2. 

The Frobenius-based estimate (21) applies the dip factor f  to all styles, whereas Ṁ split 

applies it to the dilatational part only. For a fair comparison we set f =4 /√3 (Andersonian dips) 

and call the result Ṁ f =(4 /√3) μ D A ε̇ f . The two agree for uniaxial strain. Relative to Ṁ f , Ṁ split 

is 39% lower for zero dilatation, up to 17% higher in mixed strain (at |Φ|≈0.54) and 41% higher 

for equal biaxial strain. The relatively high Ṁ f  at zero dilatation arises because of the geometric 

factor, which is applied to the strike-slip part even though a vertical strike-slip fault has no dip 
correction (Section 6.3).

6.5 What Ṁ split is and is not

Both Ṁ split and Ṁ min assume that all strain is released by faulting; they differ in the 

assumed fault populations. Unlike Ṁ min, which is a lower bound, no upper bound follows from 

the strain rate tensor, and Ṁ split is not one:
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• Slip of opposite sense on different faults raises the scalar moment without changing the 
strain rate tensor. 

• Shallower dips raise it: f =2.0, 2.3, 4.0 and 5.9 for δ=45°, 30°, 15° and 10°.
• Fault populations with other orientations, or with slip that partly cancels between faults, 

can have a larger moment; the smallest is Ṁ min (Section 6.4).

6.6 Equal total strain rate does not imply equal moment rate

For the same ε̇ t, the moment rate of pure dip-slip deformation exceeds that of pure strike-
slip deformation by the factor f  (  Ṁ ds against Ṁ ss in Section 6.3). The reason is geometric. A 

fault dipping at δ  accommodates a horizontal extension or contraction through slip along the dip, 
which exceeds the horizontal displacement by 1/cos δ , and its area exceeds that of a vertical fault 
of the same depth by 1/sin δ. The same geometric factor is already reflected in the minimum-

moment estimate, which Ṁ split(45°) reproduces throughout the same-sign regime (f =2).

6.7 Extension to P split

The moment partition extends to potency. Following Kreemer et al. (2024), potency is 
P=ε̇ T A, with ε̇ a scalar strain rate, T  the time and A the area, and the moment is M=μ D P. 
With the partitioned strain rate, Psplit(δ )=Pss+Pds with Pss=ε̇ s T A and Pds=f |ε̇d| T A, so that 

M split=μ D Psplit=Ṁ split T .

7. APPLICATION TO THE SOUTHWESTERN U.S.

We apply our new scalar strain rate definitions to the geodetic strain rate model of 
Kreemer & Young (2022), present maps of ε̇ s, ε̇ t and Φ, and compare them against γ̇  , ε̇ f  and the 

style measure (13), respectively (Figure 5). We also compare different moment rate definitions 
(Table 5 and Figure 6). The Kreemer & Young (2022) model covers the entire western U.S., but 
we focus on the southwestern U.S., thereby excluding the contractional strain rates that dominate 
the Pacific Northwest and the very low strain rates in the eastern part of their model. The region 
we consider (124-111°W and 32.5-42°N) includes the San Andreas fault system, the Eastern 
California Shear Zone (ECSZ), the Walker Lane, and the Basin and Range. Table 5 shows that 
strike-slip dominated deformation covers 38% of the area, intermediate styles 53%, near-uniaxial 
8%, and near-biaxial 1%. 

Shear strain rate definitions ε̇ s and γ̇  differ very little (Figure 5), mostly because 1) in the 

strike-slip dominated areas their definitions are very close, 2) shear strain rates are generally low 
elsewhere, and 3) there are not many areas with the near-uniaxial and near-biaxial style (9% of 
total), where ε̇ s and γ̇  differ the most (Figure 3).
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We show that ε̇ t≥ε̇ f  for all styles, with the difference the smallest for areas with near-

uniaxial strain rates, of which there are few in the southwestern U.S. Because ε̇ t is highest along 

the San Andreas fault system (Figure 5c), the ε̇ t−ε̇ f  difference is also at a maximum there, with 

the difference up to 4-5×10-7 yr-1 near the San Andreas creeping segments (Figure 5d). 
Elsewhere, the differences are substantial too; e.g., ~2.2×10-8 yr-1 near Reno, Nevada (Φ≈0.14), 
in the Walker Lane. That value reflects the nearest grid point in the Kreemer & Young model, 
and is valid for a 17×17 km area.

Maps of the deformation style (Figure 5e-f) appear quite different between the new 
definition and the one of Kreemer et al. (2014) (13). Many areas that Φ describes as intermediate 
style fall in the near-uniaxial strain category when using (13) (e.g., large parts of Basin and 
Range), and some areas that Φ would imply to be dominated by strike-slip are categorized as 
intermediate by (13) (e.g., parts of the Walker Lane and ECSZ).

Table 5 shows that areas with strike-slip dominated deformation carry 59% of the total 
Ṁ split for the region, whereas areas with intermediate styles account for 34% of the total Ṁ split. 

Ṁ f places 67% of the regional moment in strike-slip dominated areas and 27% in intermediate 

styles (62% and 30% for Ṁ min). Ṁ f is so much higher in strike-slip dominated areas than Ṁ split, 

because of how Ṁ f is defined, with the geometric factor being applied irrespective of style, 

making it 63% higher than Ṁ split in cases of zero dilatation (Figure 4), even though ε̇ f  is actually 

lower there than ε̇ t.

Overall, Ṁ split (incorporating Andersonian dips) is 20% higher than Ṁ min and 12% lower 

than Ṁ f. When only considering intermediate style areas, Ṁ split is 34% higher than Ṁ min. For 

Ṁ split versus Ṁ f, the former is 22% lower than the latter in strike-slip dominated areas, which is 

partly offset with ratios larger than 1.0 in the remainder of the region. In absolute terms, the 
overall 20% moment rate surplus and 12% deficit correspond to the equivalent of one moment-
magnitude (mw) 6.45 earthquake per year (surplus) and one mw 6.38 earthquake per year (deficit). 
For the conversion to mw we use (2/3)log₁₀M − 6.033, with M in N m (Hanks & Kanamori, 
1979), and the conversion assumes all strain is released seismically (Section 8).

Of the overall 20% surplus for Ṁ split−Ṁ min, 51% comes from the intermediate style 

areas, 43% from the strike-slip dominated areas, and 6% from near-uniaxial and near-biaxial 
areas. For the 12% overall deficit for Ṁ split−Ṁ f  the strike-slip dominated areas contribute 130% 

of the net deficit, offset by a ~30% surplus contribution elsewhere. In Figure 6a we grid the mw 

equivalent for Ṁ split applied over a 50-year period (and assuming same D and μ as above). Figure 

6b shows the equivalent for Ṁ split−Ṁ min and Figure 6c-d shows it when Ṁ split−Ṁ f is positive or 

negative, respectively. The largest surplus of Ṁ split compared to Ṁ min occurs near the San 

Andreas creeping segments, and is equivalent to the moment of an mw 6.1–6.2 earthquake over a 
50-year period, although the assumption that all strain is released seismically likely does not 
apply there. Elsewhere, the fraction of geodetic strain released seismically is largely 
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unconstrained, but if all is released seismically, the difference between Ṁ split and Ṁ min 

accumulated over 50 years corresponds to, e.g., an mw 5.18 earthquake near Reno, Nevada. 
Compared to Ṁ f, the smaller Ṁ split at the same locale corresponds to an mw 5.30 event per 50 

years.

8. DISCUSSION

Presently, a number of definitions exist for scalar values describing various components 
of the strain rate tensor (Table 1) or the moment rate (Table 4). The definitions differ in what 
they measure, and the moment rate definitions give estimates that differ by tens of per cent 
(Table 5). We propose an internally consistent set of definitions that are based on kinematic 
mode decomposition and that insist that shear strain rate should reflect strike-slip deformation.

The definition of deformation style matters. The following studies used some sort of style 
measure to infer that 1) strain rates correlate with geothermal potential in areas of transtension 
(Blewitt et al., 2005; Faulds et al., 2012; Kreemer et al., 2006), 2) the style of the tensor 
correlates with the observed type of earthquake clustering (Zaliapin & Ben-Zion, 2016), and 3) 
seismicity’s b-value is higher when the strain rate tensor indicates extension (Taroni & Carafa, 
2023). Because we show how the various definitions vary non-linearly from one another and, 
more importantly, how our definition can vary substantially from previous ones (up to 0.33, 
Section 5), studies that based their analysis on the strain rate tensor derived deformation style 
might benefit from a revisit.

The strain rate tensor alone cannot distinguish partitioned from oblique-slip faulting, or 
one partition from another. We present Ṁ split, which is motivated by the explicit kinematic 

partitioning of the available strain rate onto strike- and dip-slip faults. On the other hand, Ṁ min is 

the moment of a partitioned population with other orientations, and any population, partitioned 

or oblique, has a moment of at least Ṁ min (Section 6.1). The difference between Ṁ split and Ṁ min 

measures the sensitivity of the moment rate to the assumed fault orientations, which is most 
elevated for mixed-strain areas.

The moment rate definitions share a further limitation: each assumes particular fault 

orientations (the most efficient ones for Ṁ min; ZLC orientations and Andersonian dips for Ṁ split). 

Faults are inherited and can deviate from them. A fault that deviates produces strain rate 
components that the observed strain rate tensor does not have (for strike-slip faults a shear 
parallel to the principal axes, for dipping faults a shear in the vertical plane), and other faults 
must slip to cancel them. The moment released in producing and cancelling these components 
adds to the total without adding to the net strain rate. For strike-slip and dip-slip faults alike, the 

moment needed exceeds Ṁ min by a factor 1/cos 2m, where m is the deviation from the optimal 

orientation (45° to the principal axes, or a dip of 45°): 15% for m=15°, the Andersonian dips, 
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and a factor 2 for m=30°. Ṁ min is therefore a lower bound, and the orientations of the mapped 

faults are needed to estimate how much higher the moment rate is.

All new and existing moment rate definitions also still face the intrinsic obstacle that we 
do not know to what extent the available moment rate is released seismically. Fault creep (or 
more generally a coupling below 1.0), as well as distributed aseismic deformation, will result in a 
seismic moment rate less than the geodetic moment rate. The seismic catalogue is, however, too 
short to confidently infer the long-term seismic moment rate (Frohlich, 2007; McCaffrey, 1997; 
Ward, 1998; Zaliapin et al., 2005) and it is thus impossible to ascertain whether an observed 
seismic to geodetic moment rate below 1.0 is significant (Kreemer et al., 2024).

We present standard deviations for the new scalars as a function of the standard 
deviations in strain rate estimates. However, those uncertainties are likely too low because they 
do not account for the epistemic uncertainty revealed by the range of model estimates between 
different models (Maurer & Materna, 2023; Wu et al., 2011).

A comparison between geodetic moment (rate) and seismicity (rate) is statistically more 
robust than comparison with seismic moment, but still suffers from not knowing what fraction of 
the strain is released seismically. Therefore, some studies have introduced an empirical 
correction coefficient reflecting the overall fraction of seismic coupling (Bird et al., 2010; 
Nishimura, 2022; Wei et al., 2023). This factor is not introduced in Table 4, because the 
objective here is to compare the definitions. 

Which scalar strain rate or moment rate definition is used matters for studies relating the 
deformation rate to seismicity rate. Both Wei et al. (2023) and Nishimura (2022) found that (20) 
performs worse than (22) or (23), yet Zeng et al. (2018) used the maximum shear strain rate (5) 
to argue for a temporal change in the relationship between strain and seismicity rate. Kreemer & 
Young (2022) and Kreemer et al. (2024) used (22) and found there to be relatively fewer events 
in the fastest straining areas, whereas Stevens & Avouac (2021) used the Frobenius norm (9) and 
found there to be relatively more events in the fastest straining areas. These inconsistencies 
deserve further attention. Comparisons with seismicity rates should use a moment rate rather 
than a scalar strain rate, because the moment, unlike the scalar, weights the dilatational and 
strike-slip contributions by the geometry of the faults that accommodate them.

9. CONCLUSIONS

We propose scalar definitions of the strike-slip strain rate ε̇ s (8), the total strain rate ε̇ t 

(12) and the deformation style Φ (17), and a moment rate Ṁ split (26) that releases the strike-slip 

contribution on strike-slip faults and the dilatational contribution on dip-slip faults. Table 6 
summarizes which definition answers which question.
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The scalar definitions follow from a kinematic decomposition of the horizontal strain rate 
tensor into shear on a zero-length-change orientation and extension or contraction across it. They 
depend only on the determinant and the trace of the tensor, and ε̇ t is the sum of the two 
contributions. Existing definitions differ from them: the maximum shear strain rate (5) counts 
dilatation as shear, the Frobenius norm (9) is up to 42% smaller than ε̇ t, and existing style 
definitions deviate from Φ by up to 0.33 where dilatation and shear both contribute.

Ṁ split equals the minimum moment Ṁ min (23) at zero dilatation and exceeds it by up to 

37% for Andersonian dips in mixed strain. Ṁ min is the smallest moment of any fault population 

that produces the observed tensor; faults that deviate from the optimal orientation by an angle m 
need 1/cos 2m times as much.

In the southwestern U.S., 53% of the area has a strike-slip and a dilatational contribution 

that are each at least a quarter of the total strain rate. There Ṁ split exceeds Ṁ min by 34%, and 

these areas carry 51% of the regional Ṁ split−Ṁ min difference. This shows that the choice of 

definition can change regional moment rates by a fifth. Which choice is closer to the seismic 
moment release requires a comparison with a seismic moment catalogue of sufficient duration 
and an estimate of coupling, and the partition itself can be tested with focal mechanisms and 
mapped fault orientations. Until then, studies should state the definition, the dip, the shear 
modulus, the seismogenic thickness and the coupling assumed, so that their estimates can be 
compared.
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Figures and Tables

Table 1.  New and existing definitions of shear strain rate, total strain rate and deformation style

Definition Reference* Notes
ε̇1−ε̇2  (5) Love (1927); Frank (1966) Maximum engineering shear strain rate γ̇ , 

often also written as γ̇max
§

S
he

ar
 s

tr
ai

n 
ra

te ( ε̇1−ε̇2)/2   (6) Cauchy (1827); Pope 
(1966)

Maximum tensor shear strain rate, 
equivalent to √(( ε̇ xx−ε̇ yy)/2)2+ ε̇ xy

2 . 

2 min (|ε̇1|,|ε̇2|); ε̇1 ε̇2≤0   (7)
0 ; ε̇1 ε̇2>0

Holt et al. (2000) Described as “strike-slip component of 
faulting”. Adopted without the factor 2 by 
Kreemer & Young (2022).

ε̇ s=2√max (− ε̇1 ε̇2 , 0)   (8) This study Equivalent to 2 √max (−det ( ε̇) , 0)  with 
det ( ε̇)= ε̇ xx ε̇ yy− ε̇ xy

2 = ε̇1 ε̇2 .

T
ot

al
 s

tr
ai

n 
ra

te

 §§  (9) Kreemer et al. (2002;  
2003)

This is the Frobenius norm (√ tr ( ε̇T ε̇)) and 

also equals √ ε̇ xx
2 + ε̇ yy

2 +2 ε̇ xy
2  and, while often 

called the “second invariant”, it is different 
from the general 2D definition of second 
invariant (i.e., det ( ε̇)). To avoid ambiguity 
we call (9) ε̇ f .

 (10) Holt et al. (1995); Ward 
(1994)

Unlike (11), (10) does not assume that 3D 
volume is conserved.

   (11) Savage & Simpson (1997);
Bird & Liu (2007)

Is generally equal to (10) except when both 
eigenvalues have same sign, then (11) is 
larger and equals |ε̇d|

   (12) This study

D
ef

or
m

at
io

n 
st

yl
e

   (13) Kreemer et al. (2014) Range [-2,+2]
 (14) (Hirschberg & Sutherland, 

2024)
Range [−√2 ,+√2]. Based on stress 
analogue of Klein et al. (2009) 

   (15) Maurer et al. (2023) Range [-1,+1]. Takes the same value for uni- 
and biaxial strain. Johnson (2024) assumed 
opposite sign.

 §§§  (16) Métois et al. (2025) Range [0,+1] when tan ¹ is evaluated with ⁻
atan2 (0 for biaxial compression, +1 for 
biaxial extension).

   (17)
Φ=+1+ ε̇2 / ε̇1 ; ε̇1≥ ε̇2>0
Φ=−1−|ε̇1|/|ε̇2| ; ε̇2≤ ε̇1<0

This Study Range [-2,+2]. In terms of eigenvalues: 

Φ=
ε̇1+ ε̇2

|ε̇1+ ε̇2|+2√− ε̇1 ε̇2

; ε̇1 ε̇2 ≤ 0

* We focus on the first study/studies that introduced or popularized the definition.

§ This is sometimes chosen as strain rate scalar in strain-to-moment rate conversions (see table 4, section 
6). Also, note that the definition of Frank (1966) was made for finite strain.

§§ Note that some studies have used a scaled version ( √ ε̇1
2+ ε̇2

2 /√2 ) (Bos et al., 2003; Calais et al., 2006; 

England & Molnar, 2005; Hatem et al., 2026; Li et al., 2017), which equals the “effective” strain rate as 
defined in viscous flow theory (Ranalli, 1995), and we will not consider here. 

§§§ This definition goes back to Houseman & England (1986) and Gordon & Houseman (2015). Also note 

that tan−1( ε̇2 / ε̇1)  was considered by Middleton et al. (2018) as an indicator of the style of faulting.
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√ ε̇1
2+ ε̇2

2

max (|ε̇1|,|ε̇2|,|ε̇d|)

ε̇ t=ε̇s+|ε̇d|

Φ= ε̇d / ε̇ t ; ε̇1 ε̇2≤0

max (|ε̇1|,|ε̇2|)

3
4
+ 1

π
tan−1( ε̇2 / ε̇1)

ε̇d /(|ε̇1|+|ε̇2|)

ε̇d /max (|ε̇1|,|ε̇2|)
ε̇d / ε̇ f
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Table 2.  Values for new and existing definitions of strain rate scalars* for 
cases shown in Figure 1. 

A B C D E

ε̇
 

ε̇1 (2) 1 1/2 ~1.207 ~0.809 1

ε̇2 (2) 0 -1/2 ~-0.207 ~-0.309 1

α (3) 90° 45° 67.5° ~58.3° ─

ε̇d (4) 1 0 1 1/2 2

S
he

ar
 s

tr
ai

n 
ra

te

(5) 1 1 √2 √5 /2 0
(6) 1/2 1/2 √2/2 √5 /4 0
(7) 0 1 √2−1 (√5−1)/2 0
(8) 0 1 1 1 0

T
ot

al
 s

tr
ai

n 
ra

te

(9) 1 √2/2 √3 /2 √3 /2 √2
(10) 1 1/2 (1+√2)/2 (1+√5)/4 1

(11) 1 1/2 ~1.207 (1+√5)/4 2
(12) 1 1 2 3 /2 2

D
ef

or
m

at
io

n 
st

yl
e

(13) 1 0 2√2−2 (√5−1)/2 2
(14) 1 0 √6 /3 √3 /3 √2
(15) 1 0 √2/2 √5 /5 1
(16)§ 1 0 ~0.784 ~0.535 2
(17) 1 0 1/2 1/3 2

* Strain rate units in 1×10-7 yr-1

§  Rescaled from (16) (i.e., 4*(16) -2) to fit [-2,+2] range
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Table 3. Definitions of shear strain rate, total strain rate and deformation style expressed in 
terms of the dilatation ε̇d and, in the opposite-sign regime (ε̇ s>0), the strike-slip strain rate ε̇ s. In 

the same-sign regime (ε̇ s=0), where ε̇d / ε̇ t=sgn ( ε̇d), they are expressed in terms of ε̇d and Φ as 

defined in Table 1 (i.e., the extension to [−2 ,+2]), so that ε̇1=ε̇d /|Φ| and ε̇2=ε̇d (|Φ|−1)/|Φ| for 

extension (the magnitudes of ε̇1 and ε̇2 are interchanged for contraction). The two columns agree 
at |Φ|=1. Numbers refer to Table 1.

Definition In terms of ε̇d and ε̇ s (for ε̇ s>0) In terms of ε̇d and Φ (for ε̇ s=0)

(5) √ ε̇d
2+ ε̇ s

2 |ε̇d| (2−|Φ|)/|Φ|
(6) 1

2 √ ε̇d
2+ ε̇ s

2 |ε̇d| (2−|Φ|)/(2|Φ|)
(7) √ ε̇d

2+ ε̇ s
2−|ε̇d| 0

(8) ε̇ s 0
(9) √ ε̇d

2+ ε̇ s
2/2 |ε̇d|√1+(|Φ|−1)2/|Φ|

(10) 1
2 (√ ε̇d

2+ ε̇ s
2+|ε̇d|) |ε̇d|/|Φ|

(11) 1
2 (√ ε̇d

2+ ε̇ s
2+|ε̇d|) |ε̇d|

(12) ε̇ s+|ε̇d| |ε̇d|
(13) 2 ε̇d / (√ ε̇d

2+ ε̇ s
2+|ε̇d|) Φ

(14) ε̇d /√ ε̇d
2+ ε̇ s

2/2 sgn ( ε̇d)|Φ|/√1+(|Φ|−1)2

(15) ε̇d /√ ε̇d
2+ ε̇ s

2 sgn ( ε̇d)
(16) § 1+(4 /π ) atan2( ε̇d−√ ε̇d

2+ ε̇ s
2 , ε̇d+√ ε̇d

2+ ε̇ s
2) sgn ( ε̇d) [1+(4 /π ) tan−1(|Φ|−1) ]

(17) ε̇d /( ε̇ s+|ε̇d|) Φ §§

§  rescaled (Table 2)

§ §  By definition (see Table 1)
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Table 4. Definitions for the conversion of strain rate to moment rate in terms of the principal 
strain rates, of ε̇d and ε̇ s (opposite-sign regime, ε̇ s>0) and of ε̇d and Φ (same-sign regime, ε̇ s=0). 
All definitions are to be multiplied by μV , with shear modulus μ and volume V =D A .

In terms of ε̇1 and ε̇2 In terms of ε̇d and ε̇ s  
(for ε̇ s>0)

In terms of ε̇d and Φ  
(for ε̇ s=0)

(20) based on (5) 2( ε̇1−ε̇2) 2√ ε̇d
2+ ε̇ s

2 2|ε̇d| (2−|Φ|)/|Φ|
(21) based on (9) f √ ε̇1

2+ ε̇2
2 f √ ε̇d

2+ ε̇ s
2/2 f |ε̇d|√1+(|Φ|−1)2/|Φ|

(22) based on (10) 2 max (|ε̇1|,|ε̇2|) √ ε̇d
2+ ε̇ s

2+|ε̇d| 2|ε̇d|/|Φ|
(23) based on (11) 2 max (|ε̇1|,|ε̇2|,|ε̇1+ ε̇2|) √ ε̇d

2+ ε̇ s
2+|ε̇d| 2|ε̇d|

(24) Ṁ split (this study) 2√max (−ε̇1 ε̇2 ,0)+ f|ε̇1+ ε̇2| ε̇s+ f|ε̇d| f|ε̇d|

f is the dip factor (Section 6.1) and δ  is the fault dip.  Bird et al. (2010) replace the factor 2 in (23) by f  
for subduction zones.
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Table 5.  Breakdown of moment rates, moment ratios, and moment differences as a function of 
deformation style for the southwestern U.S. Except for the ratios, values are shown as 
percentages of the same quantity for the entire region. Italic rows are parts of the row above and 
are not included in the total. In the last row, values in parentheses are total differences as 
percentages of Ṁ min and Ṁ f, respectively. Cells with |Φ| ≥ 1.75 (0.03% of the area) are not 

included.

Style group§ area  Ṁ split  Ṁmin  Ṁ f  Ṁ split / Ṁmin Ṁ split / Ṁ f Ṁ split−Ṁmin Ṁ split−Ṁ f

Strike-slip dominated 38.5 58.9 62.1 67.0 1.14 0.78 42.8 129.5
Intermediate 52.6 33.9 30.5 27.3 1.34 1.10 51.2 −23.2

contractional 10.1 14.9 13.4 12.0 1.34 1.10 22.6 −10.1
extensional 42.5 19.0 17.1 15.3 1.34 1.10 28.6 −13.1

Near-uniaxial 7.7 5.8 6.0 4.7 1.17 1.09 4.9 −3.7
contractional 1.4 3.5 3.6 2.8 1.16 1.10 2.9 −2.4

extensional 6.3 2.3 2.3 1.9 1.17 1.08 2.0 −1.3
Near-biaxial 1.2 1.4 1.5 1.0 1.15 1.28 1.1 −2.5

contractional 1.1 1.1 1.2 0.8 1.15 1.31 0.9 −2.1
extensional 0.1 0.3 0.3 0.2 1.15 1.24 0.2 −0.4

Region total 100 100 100 100 1.20 0.88 100 (+20%) 100 (−12%)
§  Strike-slip dominated is defined as −0.25≤Φ<0.25, Intermediate is the combination of 
contractional (−0.75≤Φ<−0.25) and extensional (0.25≤Φ<0.75) areas, Near-uniaxial is the 
combination of contractional (−1.25≤Φ<-0.75) and extensional (0.75≤Φ<1.25) areas, and 
Near-biaxial is the combination of contractional (−1.75≤Φ<-1.25) and extensional (
1.25≤Φ<1.75) areas. Combined rows are computed from the pooled areas and moments, so 
their ratios are ratios of the pooled moments, not averages of the ratios.

22

578
579
580
581
582
583

584
585
586
587
588
589



manuscript submitted to Geophysical Journal International

Table 6.  The definitions of this study and the question each one answers

Question Definition Note

S
tr

ai
n 

R
at

e

How much is the strike-slip 
deformation?

ε̇ s (8) The shear on zero-length-change 
orientations. The maximum shear (5) 
exceeds it by 41% at Φ=0.5 and by a 
factor 3 at 0.75. In the same-sign regime 
ε̇ s=0 is a convention.

What is the total deformation rate? ε̇ t (12) The sum of the strike-slip and dilatational 
contributions. The Frobenius norm (9) is 
up to 42% smaller.

What is the mix of dilatation and shear? Φ (17) Linear in the dilatational fraction; separates 
uniaxial from equal biaxial strain.

M
om

en
t 

R
at

e

What is the smallest geodetic moment 
rate?

Ṁ min (23) A lower bound for any fault population 
(Appendix D.5).

What is the moment rate for a stated 
faulting model?

Ṁ split(δ ) (26) An explicit partition; the assumptions are 
in Section 6.2.
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A – uniaxial 
extension

B – simple 
shear§

C – mixed-
strain (A+B)

D – alternative 
mixed-strain

E – biaxial 
extension

Figure 1. Graphic display of two end-member cases (A = uniaxial extension, B = simple shear§), 
mixed-strain (C=A+B), alternative mixed-strain (D), and biaxial extension (E).  Strain rates are 
reported in Table 2 and are based on dx,dy=100 km and vx,y = 10 mm/yr, except  vy = 5 mm/yr for 
case D. Thin black and grey vectors are velocity boundary conditions and thick vectors inside 
square indicate the principal strain rate directions and relative magnitudes, with positive values 
(extension) in white and negative values (contraction) in black. § Case B is simple shear by 
construction, but its strain rate tensor is identical to that of pure shear.

24

591
592
593
594
595
596
597



manuscript submitted to Geophysical Journal International

Figure 2.  Mohr circle for strain rate (here ε̇1 : ε̇2 = 3 : −1), showing the strain rate normal to a 
plane (ε̇nn) and the tensorial shear strain rate across a plane (ε̇ tn). A point at angle 2ϕ from the ε̇1 
point (both counter-clockwise) is the plane whose normal makes angle ϕ with the ε̇1 axis. The 
two stars (ε̇nn=0) have normals along the two zero-length-change (ZLC) orientations, at ϕ=±ϕZLC 

from the ε̇1 axis. The ZLC orientation is left-lateral (α + ϕZLC) for the upper star and right-lateral 
(α - ϕZLC ) for the lower. Geographically, θZLC = α ± ϕZLC, counter-clockwise from east, where α is 
the angle of the ε̇₁ axis.
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Figure 3.  Definitions of (a) shear strain rate, (b) total strain rate and (c) deformation style as a 
function of the deformation style Φ, for ε̇ t=1 (all values in (a) and (b) are relative to ε̇ t). In (c), 
each definition is shown relative to Φ, the value of this study (17). In (b), (10) and (11) coincide 
in the opposite-sign regime.
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Figure 4.   Different moment rate definitions as a function of deformation style Φ. Eigenvalues 
are normalized by ε̇ t. The curve based on the Frobenius norm (21) is Ṁ f : it assumes f =4 /√3 
(Andersonian dips, 30° and 60°) for all styles.
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Figure 5.  Geodetic strain rate model of Kreemer & Young (2022) expressed as (a) ε̇ s (8), (b) γ̇  
(5) minus ε̇ s, (c) ε̇ t (12), (d) ε̇ t - ε̇ f  (9), (e) Φ (17), (f) ε̇d /max (|ε̇1|,|ε̇2|) (13).

Figure 6. We define M split=Ṁ split T , M min=Ṁ min T , and M f =Ṁ f T , and set T=50 years, D=15 
km, and μ=30 GPa. For each grid cell (with given area) we then calculate (a) Msplit and express it 
as the corresponding mw, (b) mw corresponding to the difference Msplit - Mmin, (c)  mw 
corresponding to the difference Msplit - Mf, when Msplit > Mf , (d)  mw corresponding to |Mf - Msplit|, 
when Mf > Msplit.
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APPENDIX A: Derivation of ε̇ s from Zero-Length-Change Orientations

A.1. Zero-length-change orientations

Tensor form.  For a unit vector t=(cos θ ,sin θ), with θ measured counter-clockwise from east, 

the strain rate in the direction of t , i.e., the fractional rate of length change of a line element 
along t , is (Jaeger et al., 2007):

ε̇ tt=tT ε̇ t= ε̇ xx cos2 θ+2 ε̇ xy sin θ cos θ+ ε̇ yy sin2 θ (A1)

A zero-length-change (ZLC) orientation tZLC is a direction in which there is no length change, 

ε̇ tt=0. We therefore set (A1) to zero and divide it by cos2 θ:

ε̇ yy tan2 θ+2 ε̇ xy tan θ+ ε̇ xx=0 (A2)

with solutions (θ=θZLC):

tan θZLC=
−ε̇ xy±√ ε̇ xy

2 −ε̇ xx ε̇ yy

ε̇ yy

(A3)

Real solutions exist when ε̇ xy
2 ≥ε̇ xx ε̇ yy. If ε̇ yy=0, dividing by cos2 θ loses the north-south 

orientation (θ=90°), which is then itself a ZLC orientation; the other solution is 
tan θ=−ε̇ xx /(2 ε̇ xy). Eq. (A3) is the same form as that derived by Holt & Haines (1993) (from 

different but related reasoning), who named these orientations “no-length-change”

Principal-axes form.  In the principal frame (ε̇=diag ( ε̇1 , ε̇2)), and for an angle ϕ measured 

counter-clockwise from the ε̇1 axis, (A1) reduces to:

ε̇1 cos2 ϕ+ ε̇2 sin2 ϕ=0⇒ tan2 ϕ=
−ε̇1

ε̇2

(A4)

Real solutions exist only when ε̇1 ε̇2≤0, i.e., when the principal strains have opposite signs (or 

one of them is zero). When both eigenvalues share a sign (the same-sign regime), no ZLC 
orientation exists — every material line is either lengthening or shortening. The two ZLC 
orientations are: ϕZLC=±arctan √−ε̇1/ ε̇2, which are symmetric about the principal axes. In terms 

of the geographic angle, the two solutions are θZLC=α±ϕZLC, where α  is the angle of the ε̇1 axis 

from the x axis (see (3), Figure 2). These are the same two orientations as the solutions of Eq. 
(A3), with α−ϕZLC the plus root and α+ϕZLC the minus root (the slip sense is given in A.2).

A.2. Dilatation and shear at a ZLC orientation
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The strain rate components at a ZLC orientation are most easily found by rotating the 
principal axes counterclockwise by ϕ to a frame (t , n). In that frame, n is rotated 90° 

counterclockwise from t .

ε̇ '=R ( ε̇1 0
0 ε̇2

) RT , R(ϕ)=( cos ϕ sin ϕ
−sin ϕ cos ϕ)

With γ̇=ε̇1−ε̇2, this gives:

( ε̇ tt ε̇ tn

ε̇ tn ε̇nn
)=( ε̇1 cos2 ϕ+ ε̇2 sin2 ϕ − γ̇ sin ϕ cos ϕ

− γ̇ sin ϕ cos ϕ ε̇1 sin2 ϕ+ ε̇2 cos2 ϕ) (A5)

Note that ε̇ tt is expressed similarly to Eq. (A1), but now in principal terms. 

At ϕ=±ϕZLC, t  and n are the ZLC orientation tZLC and its perpendicular nZLC. When we 

combine the ZLC condition ε̇1 cos2 ϕZLC+ ε̇2 sin2 ϕZLC=0 (A4) with the trigonometric identity 

cos2 ϕZLC+sin2 ϕZLC=1 we obtain solutions cos2 ϕZLC=− ε̇2/ γ̇  and sin2 ϕZLC= ε̇1/ γ̇  (for ε̇1 ε̇2≤0). 

Substituting those into (A5) gives:

ε̇ tt=0 , ε̇nn=
ε̇1

2−ε̇2
2

γ̇
=ε̇1+ ε̇2=ε̇d (A6)

So, ε̇ tt=0 recovers the definition of a ZLC orientation, and the full dilatation rate acts in the 

direction nZLC with none along tZLC: a clean kinematic partition of the tensor in the fault frame: 

no normal strain in the shear term, and no shear in the normal-strain term. The shear component 
is:

ε̇ tn
2 = γ̇2 sin2 ϕZLC cos2 ϕZLC=− ε̇1 ε̇2 (A7)

which is consistent with the invariance of the determinant, −ε̇ tn
2 =det ( ε̇)=ε̇1 ε̇2. Therefore,

|ε̇ tn|=√− ε̇1 ε̇2 (A8)

which is real only when ε̇1 ε̇2≤0, the condition for a ZLC orientation to exist (A.1). This is the 

tensorial shear strain rate on the ZLC orientation, determined uniquely by the two principal strain 
rates through their product. The corresponding engineering shear strain rate, twice the tensorial 
component, is

ε̇ s=2|ε̇ tn|=2√− ε̇1 ε̇2 ( ε̇1 ε̇2≤0) , ε̇ s=0 ( ε̇1 ε̇2>0) (A9)

As a check, for simple shear u= γ̇ y, v=0 (the same strain rate tensor results from pure 
shear), ε̇ xy= γ̇ /2 and ε̇1=−ε̇2= γ̇ /2, so Eq. (A9) gives ε̇ s= γ̇ : ε̇ s reproduces the engineering shear 

strain rate, which confirms the factor of two between ε̇ tn and ε̇ s.

From (A5), ε̇ tn=− γ̇ sin ϕ cos ϕ, so ε̇ tn=∓√− ε̇1 ε̇2 at ϕ=±ϕZLC. The sign of ε̇ tn is the slip 

sense: positive for right-lateral and negative for left-lateral slip. The right-lateral orientation is 

37

645
646
647

648

649
650
651
652
653

654
655
656
657

658

659
660
661
662

663
664
665
666
667



manuscript submitted to Geophysical Journal International

therefore α−ϕZLC and the left-lateral one α+ϕZLC. In geographic components, 

ε̇ tn=( ε̇ yy− ε̇ xx)sin θ cos θ+ ε̇ xy(cos2 θ−sin2 θ), which reduces with Eq. (A2) to 

ε̇ tn= ε̇ xy+ ε̇ yy tan θ=±√ ε̇ xy
2 − ε̇ xx ε̇ yy=± ε̇ s /2 at the roots of Eq. (A3). The plus root of Eq. (A3) is 

therefore the right-lateral orientation and the minus root the left-lateral one. If ε̇ yy=0, the north-

south orientation has ε̇ tn=−ε̇ xy and the other root has + ε̇ xy, so which of them is right-lateral then 

depends on the sign of ε̇ xy.

In the frame (tZLC , nZLC) the tensor separates into a strike-slip part and a dilatational part:

( 0 ε̇ tn

ε̇ tn ε̇d
)=( 0 ε̇ tn

ε̇ tn 0 )+(0 0
0 ε̇d

)
The first term is the contribution of a strike-slip fault along the ZLC orientation: shear 

only, with no strain rate along or across the fault. The second term is the dilatation, which acts 
across the fault in the direction nZLC. It cannot be accommodated by strike-slip motion and is 

attributed to dip-slip faults (Appendix D). 

A.3.  Invariance and uniqueness 

Within the construction of A.2, a shear tensor along a fault plus a single normal strain 
across it, the amplitudes ε̇ s in Eq. (A9) and ε̇d do not depend on any choice made in deriving 
them. This is uniqueness within the construction; it does not establish a unique fault population 
(Section 6).

Choice of ZLC orientation. There are two ZLC orientations, ϕ=±ϕZLC. Both give the same |ε̇ tn| 
(A7), and therefore the same ε̇ s and ε̇d, although the tensors assigned to the two modes differ.

Choice of coordinate system. ε̇ s depends only on the product ε̇1 ε̇2, which equals the determinant 

of the tensor (i.e., ε̇ s=2√−det ( ε̇) when ε̇1 ε̇2≤0). It is therefore the same in every frame.

Choice of fault orientation. At an arbitrary orientation ϕ, (A5) gives the strain rate along it as 
ε̇ tt=ε̇d /2+( γ̇ /2)cos 2 ϕ and across it as ε̇nn=ε̇d /2−( γ̇ /2)cos 2 ϕ. Removing the shear ε̇ tn therefore 

leaves a remainder with non-zero strain rates both along and across the fault. Only at the ZLC 
orientations, where cos 2 ϕZLC=−ε̇d / γ̇  is ε̇ tt=0. The remainder is then the single dilatation ε̇d 

acting across the fault (A6), which can be assigned to one set of dip-slip faults, as the partition 
requires.

Same-sign regime. When the principal strain rates share a sign there is no ZLC orientation, and 
ε̇ s=0 is the extension of the definition (A9). It is a convention, not an observation that strike-slip 
faulting is absent.
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A.4. Mohr circle coordinates and the ZLC angle

For a plane whose normal n makes angle ϕ with the ε̇1 axis, the trace t  is at ϕ−90°, since 

n rotated 90° counterclockwise from t  . Applying (A5) with ϕ−90° in place of ϕ, and using 
sin (ϕ−90°)=−cos ϕ and cos(ϕ−90°)=sin ϕ, gives the coordinates of the plane on the Mohr 

circle in Section 4.1,

ε̇nn=ε̇1 cos2 ϕ+ ε̇2 sin2 ϕ=
ε̇d

2
+ γ̇

2
cos 2ϕ , ε̇tn=

γ̇
2

sin 2ϕ (A10)

The planes with no strain rate in the direction of their normal (ε̇nn=0) therefore have

cos 2ϕZLC=
−ε̇d

γ̇
(A11)

Using sin2 ϕ=(1−cos 2 ϕ)/2 and cos2 ϕ=(1+cos 2 ϕ)/2, tan2 ϕ=(1−cos 2 ϕ)/(1+cos 2 ϕ), and 

with γ̇+ ε̇d=2 ε̇1 and γ̇−ε̇d=−2 ε̇2,

tan2 ϕZLC=
γ̇+ ε̇d

γ̇−ε̇d

=
−ε̇1

ε̇2

(A12)

which is (A4): the Mohr circle and the rotation given in A.2 give the same ZLC orientations. For 
ε̇1 : ε̇2=3 :−1 (Figure 2), cos 2 ϕZLC=−1/2, ϕZLC=60° and tan2 ϕZLC=3=− ε̇1/ ε̇2.

Appendix B: Proof of Additivity of ε̇ t

We show that ε̇ t=ε̇ s+|ε̇d| satisfies the additivity property: the total strain rate of a deformation 

equals the sum of the total strain rates of its strike-slip and dilatational parts; we illustrate this 
with two modes applied independently and then combined.

Case A (pure uniaxial extension): ε̇1=a, ε̇2=0. Since ε̇1 ε̇2=0, we have ε̇ s=0, ε̇d=a, and 

ε̇ t
( A )=a.

Case B (zero dilatation): ε̇1=a /2, ε̇2=−a /2. We have ε̇d=0, ε̇ s=2√a2/4=a, and ε̇ t
(B)=a.

Case C (simultaneous combination): The combined strain tensor is:

ε̇=a(0
1
2

1
2

1 ) (B1)

with eigenvalues ε̇1=a(1+√2)/2 and ε̇2=a(1−√2)/2. Then:
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ε̇d=a , ε̇s=2√−ε̇1 ε̇2=2√ a2(√2+1)(√2−1)
4

=2√ a2

4
=a (B2)

Therefore ε̇ t
(C )=a+a=2a= ε̇ t

(A)+ ε̇ t
(B). 

Scope of the additivity. For any strain rate tensor with a ZLC orientation (and using case C as 
an example), the partition in A.2 splits it into a dilatational part (case A), which acts across the 

fault, with ε̇ s
( A )=0 and ε̇d

( A )=ε̇d, and a strike-slip part (case B), with ε̇d
(B)=0 and ε̇ s

(B)=ε̇ s. Hence 

ε̇ t
(C )=ε̇ t

( A )+ ε̇ t
(B) for every such tensor, which is the definition ε̇ t=|ε̇d|+ ε̇ s; the example above is one 

instance. The property is tied to this fault-frame partition and does not extend to arbitrary sums 
of tensors, because ε̇ s is not linear in the tensor: two shears with different ZLC orientations, or a 

dilatation along an axis that is not across a ZLC orientation of the shear, do not add, and 
canceling contributions reduce ε̇ t. In particular ε̇ t is not a norm: it can violate the triangle 

inequality.

Appendix C: Uncertainties for Scalar Strain Rates and Moment Rate

We derive first-order standard deviations of the new definitions. The input quantities are the 
strain rate tensor components ε̇ xx, ε̇ yy, ε̇ xy with standard deviations σ xx, σ yy, σ xy, which we assume 

to be uncorrelated. In general σ xx≠σ yy and the three uncertainties are independent quantities. The 

general propagation of errors for a function g( ε̇ xx , ε̇ yy , ε̇ xy) of the tensor components (here ε̇d, ε̇ s, 
ε̇ t, Φ or Ṁ split) gives:

σg
2=( ∂ g

∂ ε̇xx
)

2

σxx
2 +( ∂ g

∂ ε̇ yy
)

2

σ yy
2 +( ∂ g

∂ ε̇xy
)

2

σxy
2

(C1)

If the covariance matrix of the components is available, the first-order variance of g is

of which (C1) is the special case with only the diagonal terms. A positive correlation between ε̇ xx 

and ε̇ yy, for example, increases σ d, and a negative correlation decreases it.

Results are presented first in terms of tensor components (C.1), then in the more compact 
eigenvalue form (C.2).

C.1. Expressions in Terms of Tensor Components

Dilatation rate ε̇d=ε̇ xx+ ε̇ yy:
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σ ε̇d
=√σxx

2 +σ yy
2 (C2)

Strike-slip strain rate ε̇ s=2√ ε̇ xy
2 −ε̇ xx ε̇ yy:

σ ε̇s
= 2

ε̇s
√ ε̇ yy

2 σxx
2 + ε̇xx

2 σ yy
2 +4 ε̇xy

2 σxy
2

(C3)

The factor 1/ ε̇ s, which also appears in (C4) to (C6), causes the uncertainties to diverge as ε̇ s→0, 
i.e., approaching the boundary between the opposite- and same-sign regimes (|Φ|=1), where 
ZLC orientations disappear. Because the first-order expressions become singular near the regime 
boundary, they should not be read as standard deviations where the uncertainty spans that 
boundary.

Total strain rate ε̇ t=ε̇ s+|ε̇d|=ε̇ s+sd ε̇d, where sd=sgn( ε̇d):

σ ε̇t

2 =(sd−
2 ε̇ yy

ε̇s
)

2

σxx
2 +(sd−

2 ε̇xx

ε̇s
)

2

σ yy
2 +( 4 ε̇xy

ε̇s
)

2

σxy
2

(C4)

Style parameter  Φ=ε̇d / ε̇ t, defined for ε̇ s>0 (the opposite-sign regime), where Φ has the sign of 
ε̇d (the same-sign regime is treated in C.2):

σΦ
2 = 1

ε̇t
2 [(1−|Φ|+

2Φ ε̇ yy

ε̇s
)

2

σxx
2 +(1−|Φ|+

2Φ ε̇xx

ε̇s
)

2

σ yy
2 +( 4 Φ ε̇xy

ε̇s
)

2

σxy
2 ] (C5)

Moment rate Ṁ split=μ D A ( ε̇ s+ f |ε̇d|), where f  is the dip factor (Section 6.1):

σ Ṁ split

2 =(μ D A )2[( f sd−
2 ε̇ yy

ε̇s
)

2

σxx
2 +( f sd−

2 ε̇xx

ε̇s
)

2

σ yy
2 +( 4 ε̇xy

ε̇s
)

2

σxy
2 ] (C6)

   For f =1, Ṁ split /(μ D A )=ε̇ t and (C6) reduces to (μ D A )2 times (C4). The uncertainties of μ, D

, A and δ , which also enter Ṁ split, are not included.

C.2. Expressions in Terms of Eigenvalue Uncertainties

Below are the same uncertainties, but now expressed in terms of the uncertainties of the 
principal strain rates (σ1≡σ ε̇1

,σ 2≡σ ε̇2
). With γ̇=ε̇1−ε̇2, the uncertainty of ε̇1 is:

σ1
2= 1

4 γ̇2 [(ε̇xx−ε̇ yy+ γ̇)2 σxx
2 +(ε̇xx−ε̇ yy− γ̇)2 σ yy

2 +16 ε̇xy
2 σxy

2 ] (C7)
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and that of ε̇2 follows from (C7) by replacing γ̇  with − γ̇ . The two are equal if σ xx=σ yy. The 

covariance is:

C12=
ε̇xy

2

γ̇2 (σxx
2 +σ yy

2 −4 σxy
2 ) (C8)

With C12 and r=−ε̇1/ ε̇2, the standard deviations of the various scalars are a function of 

σ1
2 and σ 2

2 through the form: var (a ε̇1+b ε̇2)=a2 σ1
2+b2 σ 2

2+2a b C12:

Quantity a b
ε̇d 1 1

ε̇ s 1/√r −√r
ε̇ t sd+1/√r sd−√r

Φ (ε̇ s>0) [1−Φ (sd+1/√r ) ] / ε̇ t [1−Φ (sd−√r ) ] / ε̇ t

Φ (ε̇ s=0, extension) −ε̇2/ ε̇1
2 1/ ε̇1

Φ (ε̇ s=0, contraction) −1/ ε̇2 ε̇1/ ε̇2
2

Ṁ split /(μ D A ) f sd+1/√r f sd−√r

Appendix D: From Strain Rate to Scalar Seismic Moment — Kostrov, the Factor 
of Two, and the Definition of Ṁ split

D.1. The Kostrov tensor relation and its factor of two

For a single fault with unit normal n, unit slip direction s in the fault plane (n⋅s=0), slip 
rate u̇ and fault area A f , located in a seismogenic volume V =D⋅A (D = seismogenic thickness, 
A = map-view area), the moment rate tensor is the double couple:

Ṁ ij=μ u̇ A f (ni s j+n j si) (D1)

Here μ u̇ A f  is the scalar moment rate. The term ni s j is a force couple with force along s and arm 

along n, and n j si is the perpendicular couple that cancels the net torque.

The strain rate follows from the velocity gradient averaged over V . Slip on the fault is a 
velocity jump: the velocity changes by u̇ s across the fault plane and is otherwise uniform. The 
velocity therefore varies only in the direction normal to the plane, and its gradient ∂i v j is zero 
everywhere except on the fault, where it is a spike with index i along n (the direction of change) 
and index j along s (the component that changes). The spike integrates across the fault to the 
velocity jump, so integrating over V  leaves the fault area: ∫V ∂i v j d V =u̇ A f ni s j. Dividing by V  

gives the average velocity gradient, u̇ A f ni s j /V , and the strain rate is its symmetric part (1):
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ε̇ij=
u̇ A f

2V
(ni s j+n j si) (D2)

The factor 1
2  in (D2) comes from the symmetrization. 

(D1) and (D2) contain the same tensor ni s j+n j si, so dividing one by the other gives the 
Kostrov (1974) tensor relation:

Ṁ ij=2μV ε̇ij (D3)

The factor of 2 is the ratio between the double couple, which contains both couples, and the 
strain rate, which contains only their symmetric half. Moment rate tensors and strain rate tensors 
both add over faults, so (D3) also holds for the sum of many faults within V . (D3) holds for any 
fault population. It fixes the total moment tensor, not the scalar moments of the individual faults, 
which depend on the population (D.4, D.5).

D.2. Strike-slip faults: the factor of two cancels

For a vertical strike-slip fault with n=(1 ,0), s=(0 ,1), only ˙ε xy=v A f /2V  is nonzero. 

Since ˙ε xy=ε̇ s /2 (tensorial vs. engineering shear), the scalar moment rate is:

Ṁ ss=μ v A f =2μV
ε̇s

2
=μ D A ε̇s (D4)

The Kostrov factor of 2 is exactly canceled by the factor of 1
2  between tensorial and engineering 

shear.

D.3. Dip-slip faults: the dip correction

For a fault dipping at angle δ  from horizontal, two geometric factors enter. The horizontal 
component of slip is s cos δ , giving s=|ε̇d|W /cos δ , where W is the width of the area across 

strike, and the fault area per unit map-view area is A f /V =1/(W sin δ ). The scalar moment rate 

is:

Ṁ ds=μ D A f |ε̇d| (D5)

The dip factor f =1/(sin δ cos δ ) is symmetric about δ=45°: both δ=30° and δ=60° give 

4 /√3≈2.31, while δ=45° gives 2. 

D.4. General definition of Ṁ split

For a partitioned fault system with independent strike-slip and dip-slip populations at dip 
δ , whose slip does not cancel, the moment rate is the sum of the scalar moments for the strike- 
and dip-slip faulting (D4+D5):

Ṁ split=μ D A ( ε̇s+ f |ε̇d|) (D6)
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D.5. The minimum moment Ṁ min of Savage and Simpson (1997)
Savage and Simpson (1997) asked for the smallest moment rate with which faulting can produce 
a given horizontal strain rate tensor. Their answer is:

Ṁ min=2μ D A max (|ε̇1|,|ε̇2|,|ε̇d|) (D7)

The third term enters because faulting causes no volume change: the horizontal dilatation 
requires an equal and opposite vertical strain rate, ε̇3=−ε̇d (D.1), and the largest of the three 

principal values sets the moment. Ṁ min is reached when the strain is released by faults on the 

planes of maximum shear, at 45° to the principal axes. These are vertical strike-slip faults at 45° 
to the horizontal principal axes and dip-slip faults of 45° dip striking perpendicular to a principal 
axis. Any other set of faults that produces the same horizontal strain rate tensor, with other 
orientations or with slip that partly cancels between faults, needs at least as much moment as 
Ṁ min, because the moment spent on misoriented or canceling slip adds to the total without adding 

to the net strain. Ṁ min is therefore a lower bound for any fault population, whatever the 

unobserved vertical shear.

Mathematical argument. For a trace-free moment tensor T , let N (T ) be its largest absolute 

eigenvalue, which is the scalar moment M 0 of a double couple. N  is a norm, so for faults whose 

double-couple tensors T k sum to T , ∑ M 0 , k≥N (T ). The bound is attained: the convex hull of the 

double couples with M 0=1 is the set of trace-free tensors with N (T )≤1, so T  can be built from 

double couples with total scalar moment N (T ). For the strain rate tensor, T=2 μV ε̇ has 
eigenvalues 2 μV ε̇1, 2 μV ε̇2 and ε̇3=−ε̇d, which gives (D7). Removing the unobserved vertical 

shear components from T  cannot increase N (T ), so (D7) is a lower bound whatever the vertical 
shear, and it is reached when the vertical shear is zero. The Frobenius convention for the scalar 

moment of an individual moment tensor, M 0=√ tr (T 2)/2, coincides with N (T ) for a double 

couple but is smaller for other tensors, by up to 13%, and gives a looser bound.
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