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Abstract—Instantaneous state InSAR (ISI) enables epoch-wise
parameterization, estimation and prediction for the dynamic
motion of individual scatterers in near real-time displacement
monitoring. Yet, it introduces a coupling problem: the state
prediction (time-update) and the integer ambiguity resolution of
double-difference phase (measurement-update) depend on each
other in a recursive loop. An inaccurate prediction can lead
to an incorrect integer ambiguity number, that subsequently
contaminates the state estimate and degrades every subsequent
prediction. We analyze this coupling within the ISI framework
and propose a two-step approach to address the problem. First,
we represent the smoothness doublet of the time-update, i.e., the
standard deviation and decorrelation time of the instantaneous
velocity, with two physically interpretable metrics: the fractal di-
mension and the maximum absolute average velocity, and derive
empirical relations between them, so that for a particular case
study, the smoothness constraint can be introduced from prior
physical expectations rather than by trial and error. Second, for
the measurement-update, we propose a probabilistic ambiguity-
resolution strategy that evaluates a small set of candidate integer
ambiguities and assigns each a likelihood derived from the
predicted-residual distribution.

Index Terms—InSAR point scatterers, Kalman filter, smooth-
ness constraints, ambiguity resolution, implicit phase unwrapping

I. INTRODUCTION

Instantaneous State InSAR (ISI) has been introduced for
recursive, near-real-time estimation of the instantaneous dis-
placement and velocity of individual scatterers, allowing
new SAR acquisitions to be incorporated without reprocess-
ing the complete observation history [1]. Unlike conven-
tional InSAR approaches that rely on a prescribed temporal
functional model, ISI represents the displacement dynamics
through a stochastic state-space formulation. However, the
non-uniqueness of InSAR solutions, primarily arising from the
unknown integer phase ambiguities associated with individual
observations, necessitates the introduction of constraints on the
temporal evolution of displacement [2], [3].

In conventional InSAR approaches, temporal constraints are
commonly imposed implicitly through the choice of a func-
tional model, such as constant velocity, low-order polynomials,
or periodic functions. These models restrict the admissible
displacement histories to a predefined class of functions. For
example, a constant-velocity model assumes zero acceleration
throughout the observation period, thereby precluding any
temporal variations in velocity within the assumed model.
Consequently, displacement signals that cannot be adequately
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represented by the selected functional model may be misrepre-
sented, with deviations potentially attributed to measurement
noise or excluded from the solution. This motivates the use
of stochastic temporal models that can accommodate more
general displacement dynamics while retaining sufficient con-
straints for parameter estimation and ambiguity resolution.

ISI introduces temporal constraints by modeling the instan-
taneous velocity as an exponentially autocorrelated, mean-
reverting Ornstein—Uhlenbeck (OU) process [4]. The OU
process is characterized by two parameters: the stationary stan-
dard deviation of the instantaneous velocity, o, and its decor-
relation time, 7,. Together, these parameters constitute the
smoothness doublet, (0,,7,). The parameter o, characterizes
the magnitude of velocity fluctuations, whereas 7, determines
their temporal persistence. Unlike a random-walk velocity
model, whose variance increases without bound over time [5],
[6], the OU process has a finite stationary variance and an
exponentially decaying temporal correlation. The smoothness
doublet therefore provides a physically interpretable stochastic
description of the expected displacement dynamics, allowing
the temporal constraints to be adapted to the characteristics of
the monitored object and the monitoring objective.

Within the recursive Kalman-filter formulation of ISI [7],
the state estimate at each epoch is obtained through two
coupled operations. The time update propagates the state
estimate and its covariance from the previous epoch according
to the stochastic model defined by the smoothness doublet. The
measurement update incorporates the new SAR observation
after resolving its unknown integer phase ambiguity. These op-
erations are closely related: the smoothness doublet determines
the predicted state distribution and thereby influences the
probability distribution of the predicted phase residuals, which
provides the basis for integer ambiguity resolution. If the
assumed stochastic model does not adequately represent the
actual displacement dynamics, the predicted phase distribution
may become inconsistent with the observations, increasing the
probability of incorrect ambiguity resolution. Moreover, an in-
correctly resolved ambiguity may affect subsequent estimates
because the updated state is propagated to the next epoch.
The choice of the smoothness doublet is therefore relevant not
only to the estimated displacement dynamics but also to the
ambiguity-resolution performance of the recursive estimator.

This coupling introduces two important challenges. First,
selecting appropriate values for o, and 7, requires prior
knowledge of the expected displacement dynamics, which may
be difficult to quantify. Second, integer ambiguity resolution
in InSAR is commonly formulated as a deterministic phase-



unwrapping problem, for example by imposing a minimum-
gradient assumption [8]. Such an approach does not explicitly
account for the uncertainty of the predicted phase or evaluate
the relative probabilities of alternative integer ambiguities. In
a recursive state-space formulation, however, the predicted
phase distribution provides information that can be exploited
for probabilistic ambiguity resolution.

In this study, we address both challenges within the ISI
framework. First, we investigate the relationship between the
smoothness doublet and two empirical metrics describing
displacement dynamics: the fractal dimension Dy and the
maximum absolute average velocity |Umax|. These metrics
serve as physically interpretable proxies for temporal rough-
ness and the magnitude of displacement rates, respectively.
We investigate how these metrics relate to the stochastic
properties represented by the smoothness doublet, with the aim
of providing physically interpretable guidance for selecting its
parameters based on prior expectations of displacement behav-
ior. Second, we introduce a probabilistic integer ambiguity-
resolution strategy for the measurement update. Rather than
selecting an ambiguity based on a deterministic minimum-
gradient criterion, the proposed approach evaluates multiple
candidate integer ambiguities and assigns likelihoods based
on the predicted phase-residual distribution. This explicitly
incorporates the uncertainty of the recursive state estimate into
the ambiguity-resolution procedure.

The remainder of this paper is organized as follows.
Section II summarizes the ISI state-space formulation and
examines the coupled influence of the smoothness doublet
and integer ambiguity resolution on recursive state estimation.
Section III introduces the two empirical smoothness metrics
and investigates their relationship with the smoothness dou-
blet. Section IV develops the probabilistic integer ambiguity-
resolution strategy. Section V evaluates the resulting ambi-
guity likelihoods using real data and discusses the influence
of the smoothness doublet and measurement noise. Finally,
Section VI presents the conclusions.

II. COUPLING BETWEEN SMOOTHNESS CONSTRAINTS
AND AMBIGUITY RESOLUTION

In ISI, the smoothness doublet and integer ambiguity reso-
lution jointly influence the estimated displacement dynamics.
The smoothness doublet governs the stochastic evolution of the
instantaneous state and its uncertainty, while integer ambiguity
resolution determines how new modulo-27 phase observations
are incorporated into the recursive estimator. This section
summarizes the instantaneous-state formulation and examines
the interaction between these two components.

A. Instantaneous State Estimation

We briefly summarize the instantaneous-state estimation
framework underlying ISI; a complete derivation is provided
in [1].

For a spatial arc connecting two coherent point scatterers,
the instantaneous state at epoch ¢ consists of two kinematic
components: the instantaneous relative line-of-sight position

p: and its instantaneous velocity v;, expressed in meters and
meters per unit time, respectively. The state vector is defined
as [1]

Tt = [pt Ut}T- (D

The instantaneous velocity is modeled as a stationary Orn-
stein—Uhlenbeck process, characterized by the smoothness
doublet (o,,7,). Here, o, denotes the stationary standard
deviation of velocity, and 7, its decorrelation time. These
parameters jointly determine the temporal covariance structure
of the displacement process.

The recursive estimation consists of a time update and
a measurement update. During the time update, the state
estimate and its covariance are propagated from epoch ¢ — 1
to epoch ¢ through a state-transition model [9],
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Here, ®;,_1 denotes the 2 x 2 state-transition matrix, and
Q#,,_, 1s the predicted state-estimation error covariance.
The process-noise (or difference) vector d, represents the
stochastic evolution of the state between consecutive epochs,
with covariance Qa¢+. Both ®;; 1 and Qa+ depend on the
smoothness doublet (o, 7,) and the elapsed time At.

The state transition matrix ®;,_; can be expressed as [9]
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2| qi1 q12
= 6
@ac =0y { go1  G22 } ©)

with
qu1 = 21, At — 72 <3 —de~ At/ 4 e_ZAt/T”) ,

2
@21 = Q12 = T (1 - 67&””) ; @)

(1 _ 672At/7})>

where At indicates the absolute value of the time difference
between epoch ¢ and t — 1, see [1] for the derivation of
these components. Note that transition matrix ®;;_; requires
the decorrelation time 7, as input, and QQa; requires the
smoothness doublet (o, 7,) as input.

Once the prediction Z,,_, is obtained, the updated state
vector @t‘t and its corresponding VCM @3, |, can be computed
by including the new observation

q22 =
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where ¢} € [—m,+m) C R denotes the modulo-27 phase
observation, and ¢§k) € R the corresponding candidate abso-
lute phase, conditional on the integer ambiguity ki, using the
measurement-update equation [9, p.217],
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The updated covariance is conditional on the selected integer
ambiguity and does not account for uncertainty associated with
ambiguity resolution. The design matrix A, is defined by

A= % 0],

(10)
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where the first entry transforms the position p; into radians.
The second entry is null since the position is captured in
pt, while vy is not relevant in the expectation of @ik). The
variance @)y, of the phase observation is approximated by the
normalized median absolute deviation of the amplitude [10].
The updated state estimate is obtained by combining the
predicted state with the candidate absolute-phase observation.
The contribution of the observation is governed by the Kalman
gain, while the resulting state-estimation error covariance
is conditional on the selected integer ambiguity. The state
correction AZ,,_; is determined by the second term on the
right-hand side of Eq. (9), i.e.,
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The Kalman gain K, determines the contribution of the new
observation to the updated state estimate, based on the pre-
dicted state covariance and the measurement-noise variance.
Since the predicted covariance depends on the smoothness
doublet (o,,7,), these parameters influence the measurement
update. Moreover, the predicted phase residual gi‘kt)_l depends
on the candidate integer ambiguity k;. Consequently, the
smoothness doublet and ambiguity resolution jointly influence
the updated state estimate and, through recursive propagation,
potentially affect subsequent estimates.

B. Influence of the Smoothness Doublet

The smoothness doublet (o,,7,) determines the stochastic
properties of the instantaneous velocity and, consequently,
influences the recursive state estimates. The stationary velocity
standard deviation ¢, controls the magnitude of velocity fluc-
tuations, whereas the decorrelation time 7, determines their
temporal persistence. The decorrelation time 7, determines
the state-transition matrix ®;, ; , while both parameters
determine the process-noise covariance (Qa;, which together
govern the time update.

The two parameters influence the stochastic model differ-
ently. Increasing o, increases the process-noise covariance
proportionally to ¢, whereas changing 7, modifies the tem-
poral correlation structure. A large 7, implies more persistent

velocity fluctuations, while a small 7, implies more rapid
decorrelation. Consequently, the effect of the smoothness dou-
blet on the predicted state covariance and Kalman gain cannot
generally be classified as uniformly strong or weak. Table I
summarizes the distinct influences of the two parameters.

Through the time update, the smoothness doublet influences
the predicted state covariance Q;,,_,, which subsequently
determines the Kalman gain K;. The Kalman gain determines
how the predicted phase residual is weighted in the mea-
surement update. Consequently, different smoothness doublets
may lead to different state corrections for the same phase
observation, even when the selected integer ambiguity remains
unchanged.

The smoothness doublet also influences integer ambiguity
resolution. Since the predicted phase and its uncertainty de-
pend on the assumed stochastic displacement model, different
smoothness doublets may yield different predicted phase-
residual distributions. These differences can affect the relative
likelihoods of candidate integer ambiguities and, consequently,
the selected ambiguity. An incorrect ambiguity may subse-
quently propagate through the recursive estimation, influencing
later state estimates and ambiguity decisions.

The appropriate choice of the smoothness doublet therefore
depends on the expected displacement dynamics and the mon-
itoring objective. Applications involving slowly varying de-
formation may benefit from longer velocity correlation times,
whereas applications requiring sensitivity to rapid changes
may require shorter correlation times. The magnitude of the
expected velocity fluctuations should be reflected in the choice
of o,. Both parameters should be selected jointly, based
on prior expectations of the monitored behavior, rather than
interpreted as a single measure of smoothness strength.

C. Influence of Ambiguity Resolution

The selected integer ambiguity determines the candidate
absolute-phase observation and, consequently, the predicted
phase residual used in the measurement update. An incorrect
ambiguity therefore introduces an error into the phase residual,
which may affect the updated state estimate through the
Kalman gain and propagate into subsequent epochs.

To quantify this effect, let k; denote the correct integer
ambiguity and k; the selected ambiguity. Their difference is

Sk =ky — k} € Z. (15)

An incorrect ambiguity introduces a phase offset of 27wdk;
into the candidate absolute-phase observation. For the same
predicted state and Kalman gain, the resulting difference
between the updated state estimates obtained with the selected
and correct ambiguities is

5it|t = i(kt)

Ly - i'(k:) = 27TKt5kt.

7t|t (16)
This expression illustrates the interaction between ambiguity
resolution and the smoothness doublet: the effect of an ambi-
guity error on the updated state depends on the Kalman gain,
which is influenced by the assumed stochastic displacement

model.



TABLE I: Qualitative influence of the smoothness doublet on instantaneous-state estimation. Comparisons assume fixed
observation intervals, measurement-noise covariance, initial conditions, and the other smoothness parameter. Covariance

comparisons use the positive-semidefinite ordering.

Parameter change Process-noise covariance Q¢

Predicted covariance Q; tle—1 Kalman gain magnitude | K|

Smaller o, Decreases
Larger o, Increases
Smaller 7, Component-dependent
Larger 7, Component-dependent

Generally decreases
Generally increases
Model-dependent
Model-dependent

Generally smaller
Generally larger

Model-dependent
Model-dependent

Two cases can be distinguished:

1) Successful ambiguity resolution: When ke = kf, no
ambiguity-induced phase offset is introduced. The pre-
dicted phase residual may still contain measurement
noise and state-prediction errors, but the measurement
update introduces no additional error attributable to
ambiguity selection.

2) Failed ambiguity resolution: When ky # k7, the selected
phase differs from the correct candidate by 27wdk;.
According to Eq. (16), this produces an ambiguity-
dependent difference in the updated state estimate.
Through subsequent time updates, this difference may
affect later state estimates and ambiguity decisions. Its
persistence depends on the filter dynamics and subse-
quent observations.

The  ambiguity  success  probability, defined as
P, = Pr(k, = k}), characterizes the probability of correct
integer ambiguity selection at epoch ¢ [11], [12]. However, this
probability alone does not fully characterize the consequences
of ambiguity resolution for state estimation. The magnitude
and probability distribution of the ambiguity estimation errors
also influence the recursive state estimates. This motivates an
ambiguity-resolution strategy that accounts for the predicted
phase distribution and its uncertainty.

D. Coupled Effects on State Estimation

The smoothness doublet and integer ambiguity resolution
jointly influence instantaneous-state estimation through two
mechanisms. First, the smoothness doublet influences the pre-
dicted state and its covariance, thereby affecting the predicted
phase distribution used for ambiguity selection. Second, the
predicted state covariance determines the Kalman gain, which
governs the effect of an incorrect ambiguity on the updated
state estimate.

To examine these interactions, we consider two contrasting
configurations of the smoothness doublet: (i) a small sta-
tionary velocity standard deviation o, combined with a large
decorrelation time 7,, and (ii) a large o, combined with a
small 7,. The first configuration represents velocity fluctuations
of relatively small magnitude and high temporal persistence,
whereas the second represents larger fluctuations with more
rapid temporal decorrelation. Their relative effects on the
predicted state covariance and Kalman gain depend on the
observation interval, the numerical values of both parameters,
and the preceding estimation history. Consequently, neither

configuration can universally be associated with a smaller or
larger Kalman gain.

The influence on ambiguity selection can be characterized
through the predicted phase-residual variance,

020 =AQay, Al + 03, (17)

where o, is the standard deviation of the predicted phase
residual and ai’t is the phase-observation noise variance. Since
neighboring integer ambiguity candidates differ by 2, their
statistical distinguishability depends on the discrimination
ratio

21
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Under a correctly specified, unbiased Gaussian prediction
model, a larger p; indicates greater separation between neigh-
boring integer ambiguity hypotheses relative to the predicted
phase-residual uncertainty, favoring correct ambiguity selec-
tion. Conversely, a smaller p; implies greater overlap between
their probability distributions, making ambiguity discrimina-
tion less reliable. This interpretation assumes that the predicted
phase is unbiased and that the stochastic model adequately
represents the actual displacement dynamics.

The second mechanism concerns the consequences of in-
correct ambiguity selection. As established in Eq. (16), an
ambiguity error dk; introduces a difference of 2w K,;dk; into
the updated state estimate. Thus, the same ambiguity error
may have different effects under different smoothness doublets
because the resulting Kalman gains differ. Correct ambiguity
selection introduces no such ambiguity-induced error, regard-
less of the smoothness-doublet configuration.

Together, these mechanisms demonstrate that the smooth-
ness doublet influences both the probability of correct am-
biguity selection and the consequences of ambiguity errors.
Reliable instantaneous-state estimation therefore requires an
appropriate stochastic displacement model and an ambiguity-
resolution strategy that accounts for the predicted phase un-
certainty.

IITI. A PRIORI SPECIFICATION OF THE SMOOTHNESS
DOUBLET

The time update in ISI requires the smoothness doublet
(0y,7) to be specified a priori. These parameters represent
assumptions about the expected displacement dynamics and
should therefore be selected independently of the InSAR
observations used in the recursive estimation. However, their



numerical values may be difficult to postulate directly, par-
ticularly for users who are more familiar with the physical
behavior of the monitored object than with stochastic process
parameters.

We therefore propose an alternative, more intuitive param-
eterization of the smoothness doublet using two metrics: the
effective fractal dimension Dy, representing the expected tem-
poral roughness of the displacement signal, and the maximum
absolute average velocity |Upax|, representing a probabilistic
bound on its average displacement rate over a specified period.
Both metrics are intended to be postulated from a priori
contextual information, physical expectations, or experience,
rather than estimated from the InSAR observations.

Through analytical relationships and simulations of the as-
sumed stochastic displacement model, we establish a mapping
from these metrics to the smoothness doublet (o, 7). This
allows the stochastic constraints required by ISI to be specified
either directly through the smoothness doublet or indirectly
through more physically interpretable characteristics of the
expected displacement behavior.

A. Effective Fractal Dimension

The fractal dimension Dy characterizes the geometric com-
plexity of a time series and is commonly used to quantify
temporal roughness [13], [14]. For a self-affine stochastic
process, the fractal dimension of its graph is related to the
Hurst exponent H, which describes how temporal fluctuations
scale with the observation interval. A higher fractal dimension
indicates more irregular temporal behavior, whereas a lower
fractal dimension corresponds to a smoother trajectory.

The scaling behavior can be characterized through the
theoretical semivariogram [15]

188 = BBl + A — p(6)},

where p(t) denotes the relative position process and At is the
temporal lag. For a process with stationary increments, the
semivariogram depends only on At. A self-affine process ex-
hibits power-law scaling over an appropriate range of temporal
lags [13],

19)
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where H is the Hurst exponent [16]. For a one-dimensional
self-affine time series with 0 < H < 1, the graph fractal
dimension is given by [13]

Dy=2—H. 1)

The displacement process considered in ISI is obtained by
integrating a stationary Ornstein—Uhlenbeck velocity process.
Using the OU velocity covariance function [4]

Cy(u) = Covl[v(t), v(t + u)] = gpe /™ (22)
the theoretical displacement semivariogram becomes
v(At) = a2, [At -7 (1 - e‘At/T”)} , (23)

for At > 0. This expression shows that 03 acts as a
multiplicative scale factor, whereas 7, controls the shape of
the semivariogram as a function of temporal lag.

The semivariogram exhibits two limiting scaling regimes:

At)?, At <L T,

7, At,

1,
H(an ~ 4 2% (24)

Oy

At > 7,

At short temporal lags, the quadratic scaling corresponds to
H =1, reflecting the locally smooth displacement trajectory.
At long lags, the approximately linear scaling corresponds to
an effective exponent H = 1/2. The transition between these
regimes is governed by the decorrelation time 7.

Consequently, the integrated OU displacement process does
not exhibit a single scaling exponent across all temporal scales.
We therefore use Dy as an effective fractal dimension, char-
acterizing the temporal roughness of the displacement signal
over a prescribed range of temporal scales. Its value depends
on the temporal sampling and the range of lags considered,
rather than representing the theoretical graph dimension of the
continuous-time displacement process.

In the proposed approach, the effective fractal dimension is
postulated from a priori contextual information or experience
concerning the expected displacement dynamics, rather than
estimated from the InNSAR observations. Its empirical relation-
ship with 7, is established through simulations in Section III.C,
providing a physically interpretable alternative for specifying
the decorrelation time required by ISIL.

B. Probabilistic Bound on Average Velocity

The second metric used to specify the smoothness doublet
is the maximum absolute average velocity, denoted by |Upmax|-
This metric provides a probabilistic bound on the magnitude
of the average displacement rate over a prescribed period 7.
Unlike the stationary standard deviation of instantaneous ve-
locity, o,, such a bound may be more readily postulated
from prior knowledge of the expected displacement dynamics.
The postulated bound is therefore associated with a specified
averaging period 7.

The average velocity over the period 7' is defined as

T J—
o= & [t 22O

where v(t) and p(t) denote the instantaneous velocity and

relative position, respectively. Thus, v represents the net dis-

placement divided by the duration of the observation period.
For a zero-mean, second-order stationary velocity process,

the variance of the average velocity is [16]
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where C,(u) denotes the velocity autocovariance function.

Substituting the stationary OU covariance function in Eq. (22)

into Eq. (26) and evaluating the integral yields
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Two limiting cases illustrate the dependence on the observation
period:

T <,

28
T> 7. (28)

0-1)7

& {mn/2m/T7
For observation periods much shorter than the decorrelation
time, the velocity remains strongly correlated, and averaging
provides little reduction in its standard deviation. Conversely,
for periods much longer than the decorrelation time, temporal
averaging increasingly reduces the contribution of velocity
fluctuations, and o decreases approximately as 7~1/2.

Because the average velocity is a linear functional of a zero-
mean Gaussian process, it is itself normally distributed with
zero mean and standard deviation o;. We define the maximum
absolute average velocity as the two-standard-deviation bound,

_ 27, T T/
"Umax| = 20'17 = 2071)\/T |:1 — ? (1 — € T/ 1’):|,
such that Pr(|0] < |Omax|) = 0.9545. Hence, |Umax| represents
a probabilistic bound rather than an absolute maximum.

Introducing the dimensionless ratio r = T'/7,, Eq. (29) can
be written as

2 1
Umax| = 20,1/ = |1 = =(1 —e7)].
Pmasd a\/[ ~( eﬂ

This relationship shows that, for a prescribed observation
period T, the maximum absolute average velocity depends on
both components of the smoothness doublet. Consequently,
postulating |Upax| constrains a combination of o, and 7,, but
does not uniquely determine either parameter.

For T > 7,, Eq. (29) simplifies to

(29)

(30)

27, 27,
7m' x| ~ 2 v o v~ Oy o 31
|Umax| o/ T o Ovt/ T (31
Therefore, for a fixed T and a prescribed | ax/,
%27;, ~ constant. (32)

An additional assumption is thus required to specify both
parameters independently. The effective fractal dimension in-
troduced in Sec. III-A provides this complementary infor-
mation by characterizing the expected temporal roughness.
Its empirical relationship with 7,, established in Sec. III-C,
enables the decorrelation time to be specified independently
of o,. Together, the postulated Dy and |Umax| provide an
alternative, physically interpretable parameterization of the
smoothness doublet.

C. Calibration of Effective Fractal Dimension

To establish an empirical relationship between the effective
fractal dimension Dy and the OU decorrelation time 7,, we
simulate displacement time series for prescribed smoothness
doublets (o, 7, ). The simulations are based on the time-update
model in Egs. (3) and (4), without additional observation noise.

The simulated displacement trajectories have a sampling in-
terval of At = 6 days and a duration of ten years. We consider

oy € {1,2,...,20} mm/yr, and 7, € {10,20,...,360} days.
This yields 720 smoothness-doublet combinations. For each
combination, we generate 100 independent realizations and
calculate their effective fractal dimensions. For each realiza-
tion, we calculate the empirical semivariogram at a prescribed
set of temporal lags At € {6,12,...,90} days and estimate
an effective Hurst exponent from the slope of its logarithm as
a function of logarithmic lag. The effective fractal dimension
then follows from Eq. (21). The resulting values are averaged
over the 100 realizations.

Fig. 1a shows that the effective fractal dimension is largely
independent of o,, but decreases monotonically with increas-
ing 7,. This behavior is consistent with the theoretical semi-
variogram in Eq. (23): 2 acts as a multiplicative scale factor,
whereas 7, controls the transition between the temporal scaling
regimes. Consequently, the effective fractal dimension primar-
ily reflects the decorrelation time rather than the magnitude of
velocity fluctuations.

To investigate the influence of simulation duration, we
repeat the experiment for 7' € {2,4,6,8,10} years. The
resulting relationships between Dy and 7, are shown in Fig. 1d.
The two-year simulations yield systematically higher effective
fractal dimensions than the longer simulations, particularly at
larger decorrelation times. The results for durations of four to
ten years show closer agreement, suggesting that the empirical
relationship becomes less sensitive to simulation duration over
this range.

The resulting relationship between the effective fractal di-
mension and the decorrelation time can be approximated by

Di(m) =01 (n, +62)"" + D, (33)

where D, = 1 denotes the dimension of the temporal domain,
and 6; = 7 days and 0y = 13 days are empirically fitted
coefficients, rounded for simplicity. The fitted model is shown
in Fig. 1b, while Fig. 1c presents the differences between the
simulated and modeled effective fractal dimensions. The small
discrepancies indicate that Eq. (33) adequately approximates
the simulated relationship over the investigated range of decor-
relation times.

Equation (33) provides a practical mapping from a pos-
tulated effective fractal dimension to the OU decorrelation
time. Thus, 7, can be specified either directly from prior
expectations of velocity persistence or indirectly through the
expected temporal roughness represented by Dy. The calibra-
tion coefficients are specific to the adopted simulation settings
and fractal-dimension estimation procedure.

D. Simulation-Based Validation of the Average-Velocity Bound

We simulate 100 time series of instantaneous velocities
and their corresponding instantaneous positions for each
combination of o, € {1,2,...,10} mm/yr and 7 €
{30,60,...,360} days. We show an example velocity time
series for the selected combinations of o, € {1,10} mm/yr
and 7, € {30, 150,360} days in Fig. 2, and 50 position time
series for the same combinations (100 for each subplot) in
Fig. 3.
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Fig. 1: Empirical relationship between effective fractal dimension D; and OU decorrelation time 7,. (a) Mean effective fractal
dimension of simulated ten-year displacement trajectories for o, € {1,2,...,20} mm/yr and 7, € {10,20,...,360} days.
(b) Empirical model fitted using Eq. (33). (c) Difference between simulated and modeled effective fractal dimensions. (d)
Dependence of the effective fractal dimension on decorrelation time for simulation durations of 2, 4, 6, 8, and 10 years,
together with the empirical calibration based on the ten-year simulations.

In Fig. 2, the left (blue) and right (red) axes show example
time series of instantaneous velocity v for 0, = 1 mm/yr and
o, = 10 mm/yr, respectively, demonstrating that the range of
possible average velocities scales with o,. The dashed lines
indicate the pointwise 95.45% probability interval, +20,, for
the stationary instantaneous velocity. Increasing o, increases
the magnitude of velocity fluctuations, whereas increasing T,
increases their temporal persistence, becoming progressively
smoother. This smoother behavior propagates into the position
time series, see Fig. 3, resulting in a larger range of possible
average velocities, as indicated in the lower-left corner of
each subplot. Thus, the range of possible average velocities
increases with increasing o, and 7,.

We then compute Dy and |Umax| for the corresponding
position time series. For each subplot in Fig. 3, the Dy is the
same for g, = 1 mm/yr (left axis in blue) and ¢, = 10 mm/yr
(right axis in red), which indicates that Dy is unrelated to ;. In
Fig. 3a, when Dy = 1.17, i.e., 7, = 30 days, the signals appear
rough and highly fluctuating, which is considered unrealistic
for most InSAR time series signals in the built environment.
In contrast, when Dy = 1.05, i.e., 7, = 150 days, see Fig. 3b,
the signals are smoother and exhibit more realistic levels of
fluctuation, and when Dy = 1.02, i.e., 7, = 360 days, see
Fig. 3c, the signals are relatively smooth and closely resemble
a steady-state linear trend.

Therefore, Dy decreases only with increasing 7,, whereas
the range of possible average velocities increases with increas-

ing o, (comparing the left and right axes) and/or 7,. Note
that high values of (o,, ,) do not imply that the average
velocity will be high, it is only that higher average velocities
are more likely. Conversely, postulating small values of o,
and 7, reduces the variance of the average velocity over a
fixed period 7T, thereby assigning lower probabilities to large
net displacements. The smoothness doublet thus constrains the
solution probabilistically rather than imposing a deterministic
limit.

Figure 4 compares the maximum absolute average velocity
obtained from the simulated displacement trajectories with
the analytical relationship in Eq. (29). The close agreement
confirms the predicted dependence on o, and 7, for a fixed
averaging period 7', supporting the use of the analytical
expression to specify the velocity variability from a prescribed
probabilistic bound.

E. Mapping the Smoothness Metrics to the Smoothness Dou-
blet

The effective fractal dimension Dy and maximum absolute
average velocity |Umax| provide an alternative, physically
interpretable parameterization of the smoothness doublet. Both
metrics are postulated a priori from contextual information
and expectations of the displacement dynamics, rather than
estimated from the InSAR observations. Given these metrics
and a prescribed averaging period 7', the smoothness doublet
(0y,7) can be determined sequentially.
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Fig. 2: Simulated instantaneous velocity time series for o, €
{1,10} mm/yr and 7, € {30,150,360} days. Left and right
axes refer to 0, = 1 and 10 mm/yr, in blue and red, respec-
tively. The range of the possible average velocities is indicated
in the lower-left corner and scales with o,,. Dashed lines denote
the 95.45% probability interval (+20,). Average velocities
increase with o, and 7,.

First, inverting the empirical relationship in Eq. (33), yields
the OU decorrelation time
7 = 01(Df — D)~ — 0, (34
where D, = 1. This mapping is valid within the range of the
simulation-based calibration described in Sec. III-C.

Next, substituting the resulting 7, into the analytical re-
lationship in Eq. (29) gives the stationary velocity standard
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Fig. 3: Simulated position time series (100 for each subplot)
for 0, € {1,10} mm/yr and 7, € {30,150,360} days.
Left and right position axes refer to the cases with g, =1
and 10 mm/yr, in blue and red, respectively. The fractal
dimension Dy and the range of possible average velocities
are indicated in the lower-left corner. Dashed lines denote the
proposed bounds on the absolute average velocity, &|Umax/,
representing the 95.45% probability interval. The fractal di-
mension Dy decreases with increasing 7,, while average ve-
locities increase with both ¢, and 7.
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Introducing the normalized averaging interval r = T/7,, the
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stationary velocity standard deviation can be expressed as

Iﬂmaxl T
oy = .
2 2[1—r=1(1—e"")]

Thus, the postulated effective fractal dimension determines 7,,
while the probabilistic average-velocity bound, together with
the prescribed averaging period, determines o,. The former
mapping is empirical and depends on the adopted simulation
and fractal-dimension estimation settings; the latter follows
analytically from the stationary Ornstein—Uhlenbeck model.

This procedure allows the stochastic smoothness constraints
required by ISI to be specified using physically interpretable
prior expectations, while keeping their specification inde-
pendent of the InSAR observations subsequently used for
recursive estimation.

(36)

IV. PROBABILISTIC AMBIGUITY RESOLUTION

The smoothness doublet influences the predicted state and
its uncertainty through the time update. As established in
Sec. II, integer ambiguity resolution also affects the recursive
estimation by determining the absolute-phase observation used
in the measurement update. In this section, we develop a
likelihood-based approach for selecting integer ambiguities
using the predicted phase distribution.

If the absolute double-difference (DD) phase ¢; € R were
known, the measurement update in Eq. (9) could be applied
directly. However, the observed DD phase ﬂ” € [-m,m) is
wrapped modulo-27. The candidate absolute phase corre-

sponding to an integer ambiguity k; € Z is therefore
o) = ¥ + 2k 37)

For a given candidate ambiguity, the predicted phase residual
is

(k) _ (k) _ )
€1 = 01 — By, s (38)
where the predicted phase is
?ﬂt,l = At@t\tfl' (39)

The predicted phase residual provides the basis for evaluating
the likelihood of each candidate integer ambiguity.

Under the assumed linear—Gaussian state-space model, and
conditional on a correctly resolved ambiguity history, the
predicted phase residual follows a zero-mean Gaussian dis-
tribution,

eqi—1 ~ N(0,02,), (40)
where the predicted residual variance, as derived in Eq. (17),
is

ol = AQay Al + 03, (41)
The corresponding probability density function (PDF) is
1 e2 >
e)=—exp|——5 | . (42)
P(e) NoZZ < 202,

The residual variance reflects both the uncertainty of the
predicted state and the phase-observation noise. The Gaussian
model is consistent with the linear-Gaussian assumptions un-
derlying the Kalman filter. However, unmodeled displacement
dynamics, phase decorrelation, or previous ambiguity errors
may cause the actual residual distribution to deviate from this
model.

When the integer ambiguity is unknown, each candidate
absolute phase corresponds to a different predicted phase
residual. The smoothness doublet constrains the predicted state
and its uncertainty, thereby providing probabilistic information
for distinguishing among candidate ambiguities. Rather than
relying solely on a minimum-gradient criterion, we evaluate
candidate ambiguities using the predicted residual distribution.

As illustrated in Fig. 5, adjacent integer ambiguities cor-
respond to candidate predicted phase residuals separated by
27. We associate each candidate k; with a half-open interval
of width 27, centered on its predicted residual e ) These

tle—1°
resulting intervals are contiguous and non-overlapping.



The Gaussian probability mass associated with candidate k;
is defined as

Pt(k) =Pr (et‘tfl € [eg\kt)—l -m ei\kt)—l + W))

eift)flJrﬂ'
= / p(e) de.
€

(k)
tlt—1" 7

(43)

The interval probability Pt(k) represents the probability mass
of the predicted phase-residual distribution within the 27-wide
interval centered on the residual associated with candidate
integer ambiguity k. The intervals associated with consecu-
tive integers are contiguous and non-overlapping, and their
probabilities sum to unity over all integer candidates. These
probabilities quantify the support assigned to the respective
residual intervals under the assumed stochastic model; they
are not posterior probabilities of the integer ambiguities con-
ditional on the observed wrapped phase.

For computational efficiency, we restrict the candidate
search to the vicinity of the predicted phase. Defining

a; = ¢t|t—1 - d)t 7 (44)
27
the two adjacent candidate ambiguities are
kY = la), kP =Ta]. (45)

These correspond to the candidate absolute phases immedi-
ately below and above the predicted phase. If a; is an integer,
the prediction coincides with a candidate absolute phase,
and the two expressions yield the same integer. Additional
neighboring candidates can be included when required.

For each candidate, the predicted phase residual follows
from Eq. (38), and its associated interval probability is cal-
culated using Eq. (43). The selected integer ambiguity is

l%t = arg max; Pt(k), (46)

ki €Kt

where K; denotes the set of evaluated integer candidates.

Under the assumed centered Gaussian distribution, maxi-
mizing the interval probability is equivalent to selecting the
candidate with the smallest absolute predicted phase residual.
The predicted residual variance therefore does not change the
selected ambiguity for a fixed predicted phase, but determines
the probability masses assigned to the competing candidates.

As illustrated in Fig. 6, the blue and red shaded areas
represent the probability masses associated with two neigh-
boring candidate residuals. The interval centered closer to
zero receives the larger probability mass. A smaller predicted
residual standard deviation o, ; generally produces a stronger
concentration of probability mass around the candidate nearest
to zero, whereas a larger o, distributes probability mass
across a wider range of candidate intervals.

Once the integer ambiguity has been selected, the corre-
sponding predicted residual is

. ky
Eopr =€y s 47)

and the selected absolute phase is

in 7 (ke) w 7. in N
¢, =¢, =& +2mky = Q1+ Ep—1-

(48)

The selected absolute-phase observation is subsequently in-
corporated into the Kalman measurement update through the
corresponding predicted residual,

@t|t = @t|t71 + Ktét\tflv (49)

where K, denotes the Kalman gain defined in Sec. II. Thus, the
selected integer ambiguity directly determines the correction
applied to the predicted state, while the smoothness doublet
influences both the predicted state and the Kalman gain
through the time update.

The proposed approach integrates integer ambiguity res-
olution and recursive state estimation through the predicted
phase and its uncertainty. The interval probabilities provide a
quantitative indication of the support assigned to competing
ambiguity candidates under the assumed stochastic model.
When several candidates receive appreciable probability mass,
additional candidates may be evaluated or retained for subse-
quent assessment. Multiple-hypothesis propagation, however,
is beyond the scope of the present implementation.

V. RESULTS AND DISCUSSION

The probabilistic ambiguity-resolution approach developed
in Sec. IV assigns Gaussian probability mass to the residual in-
terval associated with each candidate integer ambiguity. These
probabilities depend on the candidate predicted phase residual
and its variance, which are influenced by the postulated
smoothness doublet and the phase-observation noise. In this
section, we investigate how alternative ambiguity selections
affect the resulting ISI solutions and examine the influence of
the smoothness doublet on the associated interval probabilities.

A. Recursive Ambiguity Decisions and Solution Bifurcations

In ISI, integer ambiguity resolution is performed recursively
as each new SAR acquisition becomes available. At epoch
t, the ambiguity decision is based exclusively on the current
observation and the state predicted from observations acquired
up to epoch ¢ —1. Future observations are unavailable and can-
not contribute to the decision. Although Figs. 7 and 8 display
complete time series, they must therefore be interpreted as
sequences of individual decisions made without knowledge
of subsequent observations. The encircled r in each panel
emphasizes this retrospective interpretation of the recursive es-
timation process: the results are displayed retrospectively, but
the decisions themselves were made using only information
available at the respective epochs.

At a given epoch, multiple integer ambiguities may be
compatible with the current wrapped phase observation and
the predicted state, particularly when the prediction uncer-
tainty is large or the displacement dynamics deviate from the
assumed model. Selecting different ambiguities can produce
distinct updated states and, consequently, different predictions
at subsequent epochs. We refer to this divergence of alternative
estimated trajectories as bifurcation. Each branch represents a
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different sequence of ambiguity decisions, characterized by the
interval probabilities introduced in Sec. IV.

Figure 7 illustrates this behavior for an arc between two real
scatterers, using different smoothness doublets and ambiguity
selections. The left column shows the resulting absolute-phase
solutions and the interval probabilities associated with the
selected ambiguities. The right column presents the corre-
sponding selected predicted phase residuals é;;_;, together
with the pointwise 95.45% probability intervals, £20. ;, under
the assumed Gaussian model.

The observations exhibit pronounced temporal phase
changes between mid-2017 and mid-2018. During this period,
the selected interval probabilities decrease at several epochs,
indicating reduced agreement between the candidate absolute-
phase observations and their predictions. At most other epochs,
the selected candidates receive probability masses close to
unity. Importantly, these probabilities are evaluated using the
predictions available at each epoch, without knowledge of
whether subsequent observations will confirm or contradict the
selected ambiguity.

In Fig. 7a, the postulated smoothness doublet is (o,,7,) =
(0.1,90), with units of mm/yr and days, respectively, repre-
senting a relatively restrictive motion model. The resulting
solution exhibits a smooth temporal evolution but does not
closely follow the observed phase variability between mid-
2017 and mid-2018. Consequently, larger predicted phase
residuals occur, accompanied by lower interval probabilities
at several epochs.

The remaining four solutions use a fixed smoothness dou-
blet, (0,,7) = (10, 30), but differ in their integer ambiguity
selections. These alternative selections produce four distinct
solution branches, highlighted in red. The dashed vertical lines
indicate the two principal bifurcation epochs, in mid-2017
and mid-2018. At each bifurcation, the competing ambiguity
candidates are evaluated using the information available at that
epoch. The resulting branches are propagated independently,
without using future observations to revise earlier decisions.

Figure 8 compares the five solutions. At the first bifurcation,
in mid-2017, Solutions 1, 2, and 3 follow the upper branch,
whereas Solutions 4 and 5 follow the lower branch. The
interval probabilities are approximately 0.6 for Solution 1,
0.9999 for Solutions 2 and 3, and 0.0001 for Solutions 4 and 5.
Thus, under their corresponding prediction models, Solutions 2
and 3 strongly favor the selected candidate, whereas Solutions
4 and 5 represent alternative ambiguity hypotheses rather than
outcomes of the maximum-probability selection rule.

At the second bifurcation, in mid-2018, Solutions 2 and
4 select the lower-probability candidate. The corresponding
interval probabilities for Solutions 1-5 are approximately
0.99995, 0.46, 0.54, 0.48, and 0.52, respectively. Except for
Solution 1, these probabilities are relatively close to 0.5, indi-
cating weaker discrimination between neighboring ambiguity
candidates. This may be associated with increased predicted
residual uncertainty following the earlier phase change, dif-
ferences in the candidate residuals, or a combination of both.
Crucially, the ambiguity selection at this epoch cannot exploit
the subsequent evolution of the trajectories, even though that
evolution is visible in Fig. 8.

The alternative solutions demonstrate how an ambiguity
decision at one epoch affects subsequent state predictions
and ambiguity selections. The complete trajectories reveal
differences that could not have been anticipated when the
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Fig. 7: Five alternative ISI solutions obtained from the same wrapped double-difference phase observations, using different
postulated smoothness doublets and integer ambiguity selections. Rows 1-5 correspond to Solutions 1-5, respectively. The

left column shows the absolute-phase observations and updated phase estimates, together with the interval probabilities Pt(k)
associated with the selected ambiguities (blue, right axis). The right column shows the corresponding selected predicted phase

: (k)
residuals €li—1

and their pointwise 95.45% prediction intervals, £2o. ;, under the assumed Gaussian model. The applied

smoothness doublet is specified in each left-panel legend. Vertical dashed lines indicate the two principal bifurcation epochs
in mid-2017 and mid-2018. The alternative trajectories illustrate how different ambiguity selections influence subsequent state
estimates. The circled lowercase r (v) indicates retrospective values, i.e., quantities that depend only on past and present data [1].

This symbol is adopted hereinafter.
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Fig. 8: Comparison of five alternative ISI solutions for the arc shown in Fig. 7. (a) Estimated absolute-phase trajectories,
illustrating the bifurcations resulting from alternative integer ambiguity selections in mid-2017 and mid-2018. (b) Corresponding
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approximately 0.6 for Solution 1, 0.9999 for Solutions 2 and 3, and 0.0001 for Solutions 4 and 5. At the second bifurcation,
the probabilities range from approximately 0.46 to 0.54 for Solutions 2-5, whereas Solution 1 retains a probability close to
unity. These probabilities characterize individual ambiguity selections under their corresponding prediction models, rather than

the probabilities of the complete solution trajectories.

individual decisions were made. For example, Solutions 3 and
4 may appear more plausible when the complete time series
is inspected, but this retrospective assessment does not imply
that these solutions could have been identified as preferable at
the earlier bifurcation epochs.

The results illustrate both the capabilities and limitations
of recursive ambiguity resolution. The interval probabilities
quantify the discrimination between competing ambiguity can-
didates using only the information available at each epoch.
When this discrimination is weak, the estimator may be unable
to identify the correct ambiguity reliably without additional
information or assumptions. The resulting uncertainty cannot
be eliminated by appealing to future observations that were
unavailable at the time of the decision.

B. Influence of the Smoothness Doublet on Ambiguity Dis-
crimination

The postulated smoothness doublet influences the interval
probabilities through both the predicted phase residual and its
variance. These quantities are coupled because the smoothness
doublet determines the state transition and process covari-
ance in the Kalman time update. A smaller o, reduces the
magnitude of the stochastic velocity fluctuations permitted
by the model, whereas 7, controls their temporal persistence.
Consequently, different smoothness doublets produce different
predicted states, covariance matrices, and candidate phase
residuals.

A relatively restrictive smoothness model may yield a
precise prediction during periods of minimal displacement



but produce large predicted residuals when the observed dis-
placement deviates from the assumed dynamics. Conversely,
a more flexible model can accommodate greater temporal
variability, generally at the expense of increased prediction
uncertainty. The interval probability assigned to a candidate
therefore depends on the combination of the predicted residual
magnitude and its uncertainty, rather than on either quantity
independently.

The examples in Fig. 8 illustrate this interaction. At the
first phase jump in mid-2017, Solution 1, with a more re-
strictive smoothness doublet, assigns an interval probability of
approximately 0.6 to the selected ambiguity, compared with
0.9999 for Solution 3. Although Solution 1 has a smaller
predicted residual variance, its larger residual results in a lower
interval probability. At the second phase jump in mid-2018,
the corresponding probabilities are approximately 0.99995 and
0.54, respectively. Here, the smaller residual and predicted
variance of Solution 1 result in a higher interval probability.
These examples demonstrate that a more restrictive model does
not necessarily produce higher ambiguity probabilities.

The choice of the smoothness doublet is therefore appli-
cation dependent. For motion tracking, a sufficiently flexible
model is desirable to accommodate the expected temporal
variability of displacement. For anomaly detection, a more
persistent model may be preferable because departures from
the expected dynamics produce larger predicted residuals,
and are hence detectable with higher power. The appropri-
ate parameterization consequently depends on the monitoring
objective and the acceptable probabilities of false alarms and
missed detections.

Thus, the smoothness doublet affects not only the estimated
displacement trajectory but also the discrimination between
competing integer ambiguity candidates. Its selection should
account for both the expected displacement dynamics and the
intended application.

C. Influence of Measurement Noise on Ambiguity Discrimina-
tion

The measurement-noise variance contributes directly to
the predicted phase residual variance and thereby influences
the interval probabilities associated with candidate integer
ambiguities. The measurement-noise covariance is estimated
separately for each acquisition using incremental amplitude
time series.

The estimated measurement-noise variances indicate high
phase-observation quality before the first bifurcation in mid-
2017. The small measurement-noise contribution favors a
more concentrated predicted residual distribution, allowing
stronger discrimination between neighboring ambiguity can-
didates. This is reflected in the markedly different interval
probabilities associated with Solutions 3 and 5 in Fig. 8.

At the second bifurcation in mid-2018, the phase-
observation quality is lower, increasing the measurement-
noise contribution to the predicted residual variance. The
increased measurement-noise variance contributes to a broader
predicted residual distribution, reducing the discrimination

between neighboring ambiguity candidates, as illustrated by
the comparable interval probabilities for Solutions 2 and 3, and
for Solutions 4 and 5. The extent of this discrimination also
depends on the predicted state uncertainty and the candidate
residuals.

Although the observation quality subsequently improves,
this recovery is unknown at the time of the ambiguity de-
cision. Reduced measurement quality can therefore weaken
ambiguity discrimination precisely when a decision must be
made, without the benefit of future observations.

VI. CONCLUSIONS

We presented a probabilistic ambiguity-resolution approach
for Instantaneous State InSAR (ISI) that incorporates prior
knowledge of displacement dynamics through stochastic
smoothness constraints. The approach enables recursive state
estimation directly from wrapped phase observations, with
integer ambiguity decisions made as each new SAR acquisition
becomes available, without requiring future observations.

The smoothness doublet, consisting of the standard devia-
tion and decorrelation time of instantaneous velocity, governs
the state prediction and its uncertainty. To facilitate its a priori
specification, we introduced two alternative descriptors: the
effective fractal dimension, characterizing temporal roughness,
and a probabilistic bound on the absolute average velocity over
a specified time interval. Relationships between these descrip-
tors and the smoothness doublet were established through sim-
ulation and analytical modeling, providing practical guidance
for selecting the stochastic model parameters.

In the measurement update, candidate integer ambiguities
are evaluated using the predicted phase residual and its
variance. Gaussian probability masses assigned to candidate
residual intervals provide a quantitative measure of ambiguity
discrimination under the postulated stochastic model. The
results demonstrate that different ambiguity selections can
lead to distinct subsequent displacement trajectories, while the
smoothness doublet and measurement noise jointly influence
the discrimination between competing candidates. A restrictive
smoothness model may improve the precision of the prediction
but produce large residuals when the observed displacement
deviates from the assumed dynamics.

The results also highlight an inherent limitation of recur-
sive ambiguity resolution: when competing candidates receive
comparable probability masses, the correct ambiguity may not
be identifiable from the information available at that epoch.
The appropriate smoothness doublet therefore depends on
the monitoring objective, particularly the distinction between
tracking displacement variability and detecting deviations from
expected behavior. Developing application-specific criteria for
ambiguity discrimination and anomaly detection remains an
important direction for future research.
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