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Abstract

Characterising spatially variable geological fields from sparse, noisy measurements remains
challenging, particularly where abrupt geological contacts occur between sensors. This study
presents GeoPFN, a prior-data fitted network that reconstructs clean hydraulic conductivity
and pointwise predictive uncertainty from readings on irregular sensor layouts and a supplied
noise level in less than a second on a GPU. Beyond the predictive mean, GeoPFN yields two
constrained uncertainty maps. The structural component responds to observations and sensor
geometry and can highlight incompletely sampled contacts, channels and lenses, whereas the
measurement component depends on sensor layout and the supplied noise level. Evaluated on
thousands of held-out fields from a synthetic geological prior, GeoPFN attained near-nominal
pooled coverage with sharp predictive intervals. In paired synthetic benchmarks, it achieved
better probabilistic scores and narrower intervals than kriging at similar coverage. A smaller

exploratory comparison showed lower prediction error, narrower intervals and coverage closer
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to nominal than TabPFN-3.5. Sequential-sensing demonstrations showed that the maps can be
updated rapidly as observations accumulate. These findings suggest that GeoPFN could support

uncertainty-aware geotechnical site characterisation and automated survey updates.

Keywords: prior-data fitted networks; uncertainty quantification; probabilistic calibration; site

characterisation; geotechnical engineering; hydraulic conductivity

1. Introduction

Site characterisation requires the inference of subsurface geological conditions and the spatial
distribution of geotechnical properties from limited observations. Natural formations contain
stratigraphic boundaries, depositional structures and discontinuities, so hydraulic conductivity
K can vary by several orders of magnitude across geological contacts, channels and lenses.
These variations affect seepage paths and hydraulic gradients in embankments and foundations
(Cho, 2012; Liu et al., 2017). Sparse observations may be consistent with multiple geological
configurations, and measurement noise can further obscure the underlying structures. Reliable
site characterisation therefore requires reconstructing property fields, quantifying their predictive

uncertainty and updating both efficiently as observations become available.

Random fields provide a probabilistic framework for this variability. Phoon and Kulhawy (1999)
distinguished inherent variability, measurement error and transformation uncertainty, and sub-
sequent developments established a basis for reliability-based design and uncertainty-informed
decision-making (Otake and Honjo, 2022; Phoon et al., 2022a). Because natural formations are
often nonstationary, trend and random components have been estimated using sparse Bayesian
learning and Gaussian process regression (Ching and Phoon, 2017; Yoshida et al., 2021). More
recent approaches jointly characterise stratigraphic configurations and property variability (Gong
etal., 2021; Li et al., 2025; Ching et al., 2026) and use machine-learning and Bayesian methods to
reconstruct geological structures and properties from incomplete borehole and cone penetration
test data, including evaluations at real sites (Chen et al., 2023; Bouayach et al., 2025; Qian and

Shi, 2026; Zhou et al., 2026).

Despite these advances, two challenges remain. First, most approaches require covariance func-
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tions, trend assumptions or calibration procedures tailored to particular geological conditions and
observation layouts. Consistent probabilistic inference for fields containing abrupt stratigraphic
boundaries and localised discontinuities therefore remains difficult when the number, arrange-
ment and precision of observations vary, and such changes usually require refitting or retraining.
Second, beyond the overall magnitude of predictive uncertainty, it is important to know whether
the uncertainty arises from unresolved geological structure or from the quantity, arrangement and
precision of the observations. This distinction provides a basis for deciding where to investigate,
how many observations to obtain and what measurement precision is required, and thus supports

value-of-information analysis and exploration design (Yoshida et al., 2018; Zhao et al., 2023).

Given the scarcity of real-world geotechnical property data, conditioning on site observations
alone cannot sufficiently constrain the predictive uncertainty (Wang et al., 2016; Phoon et al.,
2022b; Ching et al., 2026). Prior-data fitted networks (PFNs) address this limitation and the first
challenge by learning conditional prediction across tasks sampled from a prior distribution, which
amortises the cost of probabilistic inference so that a new task requires a single forward pass
(Miiller et al., 2022; Hollmann et al., 2025). In this study, we develop GeoPFN, a PFN for rapid
probabilistic reconstruction of hydraulic conductivity, a property with strong spatial heterogeneity
and abrupt contrasts across geological structures. GeoPFN is trained on reconstruction tasks
drawn from a synthetic geological prior containing layers, channels, lenses, faults, fractures and
other structures. Given an unordered set of sensor locations, noisy readings and the supplied
noise level, it predicts the clean log,, K field and its pointwise predictive distribution at arbitrary

query coordinates without site-specific retraining.

To address the second challenge, GeoPFN represents predictive uncertainty with two architec-
turally constrained variance components instead of a single variance. The structural component
responds to observed values and sensor geometry and is intended to highlight insufficiently
resolved contacts and features. The measurement component depends on sensor geometry and
the supplied noise level, with a prescribed monotonic response to noise magnitude. Because
the likelihood depends only on their sum, the components do not form a uniquely identifiable
physical decomposition. They nevertheless show how predictive uncertainty responds to geologi-

cal information and to measurement conditions, and they provide a basis for future studies of
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uncertainty reduction and observation design.
The main contributions of this study are as follows.

1. Geological prior generator. We develop a generator of synthetic geological fields that
spans diverse classes and supports both prior-data fitting and controlled comparisons under
varied observation conditions.

2. Rapid, noise-aware field reconstruction. In a single forward pass, GeoPFN converts
irregular, noisy observations into a clean-field prediction with pointwise uncertainty,
enabling the maps to be updated as new site data become available.

3. Spatially informative uncertainty maps. GeoPFN provides two constrained variance
maps with distinct input responses. Ridges in the structural map highlight incompletely
sampled contacts, channels and lenses that may merit further investigation.

4. Systematic evaluations under matched conditions. We examine predictive accuracy,
probabilistic calibration, interval sharpness and sensitivity across geological classes, sensor
densities and noise levels, comparing GeoPFN with paired kriging baselines, a single-

variance ablation and TabPFN-3.5 (Jéager et al., 2026).

Sections 2—7 present related work, the model, the evaluation protocol, results, discussion and

conclusions.

2. Related work and methodological position

Geological field inference. Site characterisation must account for spatial variability and mea-
surement uncertainty (Wang et al., 2016). Coupled methods represent stratigraphy and property
variability (Gong et al., 2021; Li et al., 2025), while database-informed conditional simula-
tion generates geological and geotechnical realisations from sparse data (Ching et al., 2026).
Multiple-point statistics and learned generative inversion provide further ways to encode geo-
logical structure in a prior (Strebelle, 2002; Laloy et al., 2018). GeoPFN learns a conditional
predictor of pointwise log hydraulic conductivity from noisy readings and a synthetic geological

prior.

Sampling and engineering decisions. Value-of-information methods guide the placement of
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geotechnical observations (Yoshida et al., 2018), and information-oriented construction has
used sparse site data (Otake et al., 2019). Reliability assessment then relates uncertain ground
properties to an engineering response and limit state (Otake and Honjo, 2022). Rapidly updated

conductivity maps may provide inputs to these workflows.

Prior-data fitted networks. Conditional neural processes predict at query points from sets of
observations (Garnelo et al., 2018). PFNs learn conditional prediction across tasks sampled from
a prior (Miiller et al., 2022); TabPFN demonstrates this approach for tabular data (Hollmann et
al., 2025), and a tabular foundation model has been applied to geotechnical site characterisation

(Saito et al., 2026). GeoPFN adapts prior-data fitting to noisy spatial fields.

Predictive uncertainty. GeoPFN uses a Student-7 predictive marginal related to the Normal-
inverse-gamma hierarchy of deep evidential regression (Amini et al., 2020). Architectural
constraints assign two variance outputs with different input responses; the predictive likelihood
depends on their sum, so the split is not an identified physical decomposition (Meinert et al.,
2023). Proper scores and interval coverage assess the resulting predictive distributions (Gneiting

and Raftery, 2007).

Methodological position. Kriging represents spatial dependence with a covariance model
(Cressie, 1993); GeoPFN learns conditional conductivity prediction across fields sampled from a
geological prior. Conditional simulation generates joint field realisations, while GeoPFN returns
pointwise predictive distributions and two constrained variance maps in one inference pass.
TabPFN-3.5 (Jager et al., 2026) provides a general-purpose tabular comparator; we evaluate
standard and noise-aware variants. GeoPFN trains on geological fields and directly accepts the
supplied noise level. Section 5.6 compares predictive accuracy, probabilistic scores, interval
coverage and width, and inference time on matched synthetic observations, including a single-

variance GeoPFN ablation.
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3. Model formulation

3.1 Observation task

Let Y (x) = log,,[K(x)/(1m s~1)] be the clean log-conductivity field on the normalised domain
x € [0, 1], where K is saturated hydraulic conductivity in m/s. The synthetic prior confines Y to

[-12,0]. Sensors at N locations x; record

Z,=Y(x)+¢e, 90062, i=1,..,N, (1)

where the noise standard deviation o, in log10 K units, is known and the same for every sensor
in a field. The sensor context for one task is D = (X,Z,0), with X = (xy,...,Xy) and Z =
(Zy,...,Zy). At each query q € @, the model outputs the predictive mean of the clean field,
two variance components and the degrees of freedom of its predictive distribution. The mean
provides a point estimate, whereas the full distribution quantifies uncertainty about the clean

value under the assumed prior and observation model.

The model accepts any query location in the domain. Training and most quantitative evaluations
use the centres of a 64 x 64 grid (4,096 cells), with sensors sampled from those cells without
replacement. Unless stated otherwise, the reported accuracy therefore refers to this grid. At

N = 4,096, every cell is observed.

3.2 Architecture overview

GeoPFN maps the sensor context D and a set of query locations to the predictive mean m,, the
structural variance S, the measurement variance M, and the degrees of freedom v, at every
query (Figure 1). An observation head receives encoded locations, readings and noise level
through the Transformer encoder and decoder. A geometry head receives query position, nearest-

sensor distance and sensor count, but no readings or noise level. Fixed variance-split constraints

transform these outputs into S, and M,, (Table 1).

Fourier coordinate features (Tancik et al., 2020) and attention over unordered sensor sets (Lee et
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Table 1. Main components of GeoPFN. For each component, the table gives its role in the network
and the property that it provides to the predictions. Layer sizes and parameter counts are given
in Appendix B.

Component Role Property
Sensor embeddings Encode location, reading and ~ Supplies information for
noise level ¢ noise-aware prediction
Sensor encoder Self-attention among sensors, Variable-size sensor sets with
without ordering irregular layouts; order
invariance
Query decoder Cross-attention from each Predictions at arbitrary query

query to the sensors, biased to  coordinates
nearby ones

Observation head Predicts the mean, structural ~ Mean and structural variance
amplitude and tail weight can respond to the readings
from encoded sensor context
(Sections 3.3-3.4)

Geometry head Predicts zero-noise Measurement-variance
measurement variance and response is independent of the
noise-response scale from readings
geometry alone (Section 3.3)

Variance-split constraints Fixed formulas that assign and ~ Structural floor at sensors;
bound both variance measurement variance
components (Section 3.3) increases with o

al., 2019) support predictions at arbitrary coordinates. The training fields contain abrupt contacts

between materials and therefore provide examples of sharp geological boundaries.

A single model is trained for six sensor densities and for noise levels between 0 and 1; Section
5.2 examines additional densities and noise levels of up to 2. Sensor encodings can be reused
across query sets, and the Student-# marginal provides intervals and exceedance probabilities
(Section 5.6). The model comprises 5.8 million trainable parameters, and its layer specifications

are given in Appendix B.

3.3 Architectural constraints on the variance split

At each query, GeoPFN divides predictive variance into V, = S, + M,. We refer to S, as the
structural variance, because it responds to the readings and can highlight inferred boundaries,
and to M, as the measurement variance, because it responds to the sensor geometry and the noise

level.
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Inputs Transformer-based backbone Heads Uncertainty constraints Outputs

. . 3
o Sensor encoder Query decoder Observation head
Y o o —
S e e d 4 self-attn. layers 3 cross-attn. blocks Mg, aq, Vq
. .

Field estimate mgq

Sensors aq
(i, Zi, 0) Structural std \/Sq
dg
x; only Sgq = Smin + (Smax — Smin) 9(dq) aq
Measurement std /Mg
Query features Geometry head Mg = Mo,q + (Mmax — Mo, g) (0, Tg) | —
position, dg, N Mo,q. Tq
Queries
°q; ‘

[ Learned module [ Fixed model

Figure 1. Architecture of GeoPFN, shown with illustrative inputs and outputs. Grey boxes
denote learned modules, and white boxes denote the fixed constraints that assign the variance
components. The observation head receives the sensor locations, readings and noise level
through the Transformer encoder and decoder, whereas the geometry head receives only the

query coordinates and the sensor geometry. The output maps show the predictive mean m, and

the structural and measurement standard deviations, ‘[S p and ‘/M Ph each map has its own colour
scale. Attn., attention. The GeoPFN-V ablation is shown in Appendix Figure B.1.

Structural variance. Let dq = min, [|q — X, be the distance to the nearest sensor. Then

_d2/Q2
Sq = Siin + (Smax — Smin) g(dq) ag» g(dq) =l-e """, (2)

where S,,;, and S;,,x bound the structural variance, g(0) = 0, and ¢ sets the gate’s distance scale.
The observation head learns a, € (0,1) from the sensor context. Because a, varies with the
readings, S, can remain low in apparently homogeneous regions and rise near inferred contacts;

it need not increase monotonically with distance.

Measurement variance. For the supplied noise level o,

o2

My(0) = Mo g+ (Mupax = Mo ) hy(0, 7). hy(0.7,) = ——,
g +Tq

3)

where M, bounds the measurement variance. From query position, d, and N, the geometry

head learns the zero-noise variance M, , < M}, and response scale T, > 0. It receives neither



the readings nor . Consequently, M, increases monotonically with o, grows approximately as

2

o< near zero and approaches M,,,, at high noise.

Bounds. We set both floors to S,;,, = M,;,, = 1074, corresponding to a standard deviation of
0.01. These floors keep both components strictly positive and prevent division by zero in the
underlying NIG model (Section 3.4). We set the ceilings to Sp,x = M, = 18, so that V,, < 36,
the largest possible variance of a variable confined to the 12-unit log, K range of the prior.
Together, the floors and ceilings also bound the variance ratio used in that model. The remaining

constants and transforms are given in Appendix B.1.

Irrespective of the learned weights and the sensor readings, these constraints guarantee four
properties. Atasensor (d, = 0), S, = Syin, Whereas S, > S, everywhere else. For a fixed sensor
layout, M, increases with o. Both components are bounded, so that V,, = M, +S, < M, + Spax-
Finally, M, does not depend on the readings, and S, depends on them only through a,,. It follows

that the total variance increases with ¢ at sensors, where S q 18 fixed, but not necessarily elsewhere.

3.4 Student-7 prediction and Normal-inverse-gamma consistency

The model predicts a Student- marginal distribution for the clean field at each query:

-2
Y(@) | D~ 1, (my, s3), 2= 4

o 52 2= L (St M) vy > 2 )

q
q

Here my is the predictive mean, sé is the Student-# scale squared, and Vq = Sq +M q isits finite
variance. The heavier-than-Gaussian tails accommodate occasional large errors near unresolved

contacts.

This parameterisation is mathematically consistent with the Normal-inverse-gamma (NIG) hier-

archy used in deep evidential regression (Amini et al., 2020):

Y(Q) | #q, (L)LZI ~ ‘/Vl(ﬂq’ (‘)621)7
fg | 02~ N (mg, 02/ 2,  2q>0,a,>1 B,>0. (5)

2
c‘)q ~ IG(aq7 ﬁq)9

10
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Seta, =v,/2, A, =M,/S, and B, = (a, — 1)M,. Integrating out p, and “)3 then recovers

the Student-f marginal of Eq. (4). The law of total variance gives

V, = Var[Y(q) | D] = E[w2 | D]+ Var[p, | D]. (6)

M, S

q

The bounds keep 4, finite and positive, while M, > 0 and a, > 1 ensure §, > 0. The

q

2

4 1s a parameter in an equivalent predictive hierarchy and is distinct from the

latent variance w
sensor-noise variance o2. The NIG identity does not establish the physical meaning or unique
identification of either component; their prescribed input responses arise from the constraints of

Section 3.3. The full conversion and the likelihood are given in Appendix B.2.

3.5 Training objective

Training data. Our prior generator produces clean log,, K fields from 12 classes (Figure 2);
no measured fields are used. The evaluation archive contains 100,000 generated fields: 90,000
for training, 5,000 for validation and 5,000 for testing. All splits come from the same prior. A
fixed subset of 32 validation fields is used for checkpoint selection, and the test fields are used
only for the reported results. Training-split statistics normalise the readings, noise level and
predicted mean. The generator classes and sampling ranges are specified in Appendix A; code

for regenerating the archive is described under Data and code availability.

Optimisation objective. Training fields, sensor layouts and noise draws are sampled from this
prior. Let py (- | D, q) denote the predictive density of the model with network weights 6, and let
p(- | D, q) denote the posterior predictive density implied by the prior. The expected negative log

likelihood (NLL) of the clean field satisfies

£(0) = Ep yq[—logpg(Y(q) | D.q)] = Ep ¢[KL(p(- | D,q) Ipg(- | D,q))] +C. (7)

Here q is uniform over the query grid, and C is the expected entropy of p(- | D, q), which does
not depend on 6. The equivalence follows the prior-data fitted network objective (Miiller et al.,

2022); the decomposition and the Student-r NLL are given in Appendix B.2. This NLL depends

11
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Layers Graded bedding Cross-bedding Unconformity Fault Intrusion

Channel Channel network Lenses

Figure 2. Synthetic geological classes used to train GeoPFN. Each panel shows one held-out
example of one of the 12 classes produced by the prior generator, as alog,, K field on the colour
scale used in Figures 10—12 and 15. The classes range from layered and channelised sediments
to faulted, fractured and karst-like settings (Appendix A). These examples are also included in
the TabPFN-3.5 comparison (Table 4).

on M, and S, only through V, = M, + S, so the likelihood alone cannot determine their split.

The constraints of Egs. (2) and (3) assign the split, and the loss contains no regulariser.
The training procedure comprises three components.

Paired noise views. Each training field has two views that share the clean target, sensor positions
and a standardised Gaussian draw ¢ with independent 4" (0, 1) entries. View j observes ZV) =
Y (X) + &, The first view uses a scheduled level ¢! € {0,0.05,0.1,0.2,0.5, 1}; the second
uses 02 ~ 9]0, 1]. Both are scored against the clean field. For batch size B and |@| = 4096

query cells, the Monte Carlo NLL estimate is

2 B
£(0) = ——@Z Z Y logpe(Yy(q) | X,. 2 0 q). (8)
j=1b=1qe@

Both views contribute to the same optimiser update, and the loss contains no pairwise consistency

term.

Exhaustive schedule. The schedule crosses six sensor counts, N € {4, 16, 64,256, 1024,4096},
with six noise levels, o € {0,0.05,0.1,0.2,0.5, 1} in log, , K units, and uses a batch size of B = 2
fields per optimiser update. For each field and visit, the N sensor cells are drawn uniformly
at random without replacement from the 4,096 cells of the 64 x 64 grid, so that N = 4096

senses every cell. Each of the 90,000 training fields is visited once under each of the 36 sensor-

12



count/noise combinations, giving 90,000 x 36/B = 1,620,000 updates. Field order is randomised
independently for each combination, and updates cycle through combinations. Each field therefore
appears 36 times with newly sampled sensor layouts and noise draws. This schedule retains a
reproducible field archive while sampling new tasks at each update, as in PFN training (Miiller et

al., 2022).

Optimisation and checkpoint selection. We used AdamW with learning rate 10~%, weight
decay 10~#, a 1,000-step warmup and cosine decay. The checkpoint with the lowest NLL on 32
fixed validation fields, at step 1,505,000, was used for all reported results. Further optimisation

and numerical details are given in Appendix C.

4. Evaluation protocol

4.1 Evaluation stages

The 32 fixed validation fields were evaluated every 5,000 steps, and the checkpoint with the lowest
NLL was selected (Figure 3). This checkpoint was then tested on 5,000 held-out fields across six
sensor counts and eleven noise levels, with two draws per combination (66 conditions). Additional
tests vary the supplied noise level and sensor count. At the maximum sensor count, every grid

cell is observed and the task reduces to denoising. The full protocol is given in Appendix C.

For paired comparison, we evaluate all models on the same sensor locations and noisy measure-
ments from 1,200 held-out fields, balanced across 12 geological classes, at six sensor counts
and six scheduled noise levels (36 conditions). The comparators comprise GeoPFN-V, three
kriging variants and three point-prediction models. GeoPFN, GeoPFN-V and kriging all receive
the known noise level. Appendix C specifies the models and protocols. Additional tests vary
sensor layout, error process and noise information (Appendices F-H). The separate 120-field

TabPFN comparison is described in Section 5.6.

4.2 Metrics and uncertainty intervals

We assess point accuracy with root-mean-square error (RMSE) of the predictive mean, and prob-

abilistic accuracy with negative log-likelihood (NLL) and continuous ranked probability score

13
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(CRPS); lower values indicate better scores. RMSE and CRPS are reported in log , K units; NLL
is the negative log density on that target scale. We assess probabilistic calibration through empir-
ical versus nominal coverage of central predictive intervals, probability integral transform (PIT)
uniformity and predicted spread versus observed error. Interval width measures sharpness and
must be interpreted jointly with coverage. Brier skill evaluates threshold-exceedance probabilities
against a training-set climatology: positive values indicate an improvement over this reference,
zero indicates equal performance and negative values indicate worse performance. For individual
fields, the spread—skill ratio (SSR) compares root-mean-square predictive standard deviation
with RMSE; values below one indicate under-dispersion and values above one over-dispersion

(Fortin et al., 2014). Appendix C defines the metrics and their aggregation.

Confidence intervals use whole-field bootstrap resampling within geological classes, retaining
all conditions for each field and keeping spatially dependent cells together (Roberts et al., 2017).
We use 2,000 resamples for full-model results and 1,000 paired resamples for model differences.
These intervals reflect field-sampling variability, not variation across training seeds; the full

procedure is described in Appendix C.

5. Results

This section reports the inference cost, predictive quality, responses of the uncertainty components,
geological examples and paired comparisons. Across the full synthetic test set, GeoPFN achieved

a pooled RMSE of 1.508 log,, K units and 0.8975 coverage for nominal 90% intervals.

5.1 Training and inference time

Training and periodic validation required approximately 110 h on an NVIDIA RTX 6000 Ada
GPU.

Training convergence. Training and validation NLL declined together (Figure 3). Over the final
220,000 steps, their mean values were 0.830 and 0.826, respectively. The selected checkpoint
achieved a validation NLL of 0.8245 and a test NLL of 0.782 on 5,000 held-out fields. The close

training and validation losses, together with the test result, provide evidence of generalisation to
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unseen fields drawn from the same synthetic prior. Appendix C describes how the sensor-count

schedule affects the training-loss curve.
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Figure 3. Training history of GeoPFN and test diagnostics of the selected checkpoint. (a) Training
NLL (rolling mean), validation NLL on 32 fixed fields and test NLL on 5,000 fields. (b) Validation
RMSE on the fully sensed grid, which measures denoising, for each noise level. (c) Pooled
coverage of the central 50%, 90% and 95% intervals. (d—f) Test coverage of the 90% interval,
mean 90% interval width and mean squared residual divided by predictive variance, for each
sensor count. Dashed horizontal lines mark the ideal values, the vertical line marks the checkpoint
selected by validation NLL, and circles mark its test results. The training and validation losses
decline together, which is consistent with generalisation to unseen fields from the same prior.

Inference time. Table 2 reports forward-prediction latency for 4,096 query cells, including
sensor encoding and all predictive outputs. Mean GPU latency was 13.4—14.0 ms for 4—1,024
sensors and 32.8 ms for 4,096 sensors; single-thread CPU latency was 135.6-4,201.9 ms. No

per-field parameter fitting is required. The increase at high sensor counts is consistent with the

encoder’s quadratic self-attention cost.

Five warm-up calls preceded timing, and GPU calls were synchronised. Each call recomputed
sensor embeddings and query features; inputs and weights remained in memory, while loading,

preparation and transfers were excluded. Appendix I reports medians, variability and the full
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Table 2. Mean inference time of GeoPFN per 4,096-cell field for each sensor count. Each value
is the mean over 1,000 test fields (batch size one, o = 0.2, float32, query chunks of 256 cells) and
includes sensor encoding and all predictive outputs. The CPU is an Intel Xeon Platinum 8461V
running one thread, and the GPU is an NVIDIA RTX 6000 Ada. GPU time is nearly constant
up to 1,024 sensors and increases at 4,096 sensors, consistent with the quadratic cost of sensor
self-attention.

Sensors CPU mean (ms) GPU mean (ms)

4 140.6 14.0

16 135.6 13.4
64 150.1 13.5
256 208.5 13.4
1,024 585.7 13.6
4,096 4,201.9 32.8

protocol. The timings in Table 2 do not constitute a comparative benchmark; a separate same-

session comparison is reported in Table 4.

5.2 Accuracy and probabilistic calibration across sensor sparsity and noise

Pooled results. Across 5,000 test fields and 66 conditions, pooled RMSE was 1.508 log , K units
(95% field-bootstrap interval 1.498-1.519), and mean NLL was 0.782 (0.776-0.787). Mean 90%
interval coverage was 0.8975 (0.8968—0.8983), close to nominal in aggregate. Pooled over noise
levels, RMSE fell from 2.201 with 4 sensors to 0.886 with 1,024 sensors and 0.172 with every
cell observed (Figure 4). Coverage ranged from 0.877 to 0.904 across incomplete sensor layouts;
on the fully observed grid, intervals were conservative (0.924). Across individual conditions,
coverage ranged from 0.852 to 0.996. All three conditions that deviated from 0.90 by more than
five percentage points had N = 4096. Architecture checks found no violations of the structural

floor or measurement-variance monotonicity; the maximum numerical error of the floor at sensor

cells was 2.5 x 10712,

Calibration was weaker at material contacts. Across the 5,000-field test set, nominal 90% intervals
covered 77.9% of boundary cells, compared with 92.0% of interior cells (Figure 5; Appendix E);
these aggregates include sensed cells and fully sensed grids. In the paired benchmark excluding
fully sensed grids, coverage was 74.4% at unsensed boundary cells and 91.8% at unsensed interior

cells (Appendix E.1, Table E.1).
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Figure 4. Performance of GeoPFN across sensor counts and noise levels on the 5,000 test fields.
The panels show (a) NLL, (b) 90% interval coverage, (c) RMSE and (d) mean 90% interval
width in log,, K. Rows correspond to sensor counts, with the densest layout at the top, and
columns correspond to noise levels, with noise-free readings on the left. Errors and interval
widths decrease as sensors are added, while coverage stays close to 0.90 except in some fully
sensed conditions.
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Figure 5. Coverage of nominal 90% intervals, in percent, at (a) material boundaries and (b)
interior cells on the 5,000 test fields. Each cell of the heat maps pools two noise draws for one
combination of sensor count and noise level. Boundary coverage remains below the nominal
90% at every sensor count short of full sensing, whereas interior cells are covered at close to the
nominal rate.
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At nominal 50% and 95% levels, pooled coverage was 0.479 and 0.939, respectively (Figure
6). The 95% field-bootstrap interval for 90% coverage (0.8968—0.8983) excludes the nominal
value, indicating slight but detectable pooled undercoverage. Observed RMSE tracked predicted
standard deviation from approximately 0.1 to 4 log,, K; in the lowest-spread bin, which was
dominated by sensor cells, observed errors were smaller than predicted. These pooled diagnostics
do not offset the substantial undercoverage at unsensed boundaries. Appendix J reports additional

failure cases and condition-level results.
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Figure 6. Probabilistic calibration of GeoPFN on the 5,000 test fields, shown separately for each
sensor count. (a) Empirical coverage of central prediction intervals against their nominal level.
(b) Density of the probability integral transform (PIT), which is uniform for a calibrated model.
(c) Observed RMSE against predicted standard deviation, with cells binned by predicted spread.
Dotted lines indicate ideal probabilistic calibration, in (b), a uniform PIT density equals one.
Curves close to these lines indicate that the predicted uncertainty matches the realised error.

Distance to the nearest sensor. Figure 7 resolves scores by distance to the nearest sensor.
Coverage of the 90% interval was 0.92-0.96 at sensor cells, 0.88-0.89 in the adjacent band and
generally 0.87-0.92 farther away. Predicted standard deviation tracked RMSE across distance
bands, while the structural standard deviation rose from its floor of 0.01 at sensors to about 1-2.4

beyond six cells.

Sensitivity to misspecified noise and untrained settings. Because ¢ is an input, calibration de-
pends on the value supplied at inference. With 16 or 256 sensors, 90% coverage was 0.832-0.897
across supplied ratios o /¢ from O to 2 for nonzero true noise levels (Figure 8a). Sensitivity
was greater on the fully observed grid: at true ¢ = 0.5, coverage was 0.921 with the correct
input, 0.075 with o = 0 and 0.709 with ¢ = 2. Dense sensor sets therefore require an accurate

noise estimate; Appendix H evaluates two estimation methods. At true ¢ = 1.5 or 2, beyond the
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Figure 7. Accuracy and uncertainty of GeoPFN as functions of the distance to the nearest sensor,
pooled over noise levels on the 5,000 test fields. (a) RMSE (solid) and root-mean predictive

standard deviation \/\:/ (dashed); (b) 90% interval coverage; (c) root-mean structural standard

deviation \/§ Overbars denote means over the cells in each distance band, and bands with fewer
than 10,000 cells are omitted. At N = 4,096 every cell is a sensor, so only the sensor band exists.
The predicted spread follows the error as the distance increases, and the structural standard
deviation rises from its floor at the sensors.

trained range, coverage was 0.891-0.933 across the six trained sparsity levels (Figure 8b). At
five untrained sparsity levels, RMSE fell between values at neighbouring trained counts (Figure

8c); coverage was 0.883-0.915 except at N = 2048 with ¢ = 0 and 1 (0.952 and 0.930). These

tests alter only the inference inputs and use the same synthetic prior as training.

a b c
2
Q0% gy 00% - Sttt
14
N
o 710% A o 70% A < 05
g g ]
§ § Sensors N beyond training 8,
8 50% 1 3 50% - 4 2 02
=3 o w
S 5 —- 16 2 o1
@ 30% A Sensors N, true o @ 30% 4 —— 64 14 Noise o, sensors N
— 16 -+- 01 —— 256 0059 o 0 o trained
— 256 —— 05 —— 1,024 —— 0.2 < untrained
06 - 0, -
10% — 4,096 10% 1 4096 0.02 1 1
T T T T T T T T T T T T T T
0.0 0.5 1.0 2.0 0.0 0.5 1.0 15 2.0 4 16 64 256 1,024 4,096
Supplied 6 / true o Noise o (log1oK) Sensors N

Figure 8. Sensitivity of GeoPFN to its inference inputs on the 5,000 test fields. (a) 90% coverage
when the supplied noise level o differs from the true level . (b) 90% coverage for true noise
levels that include o = 1.5 and 2, beyond the training range (shaded). (c) RMSE at the trained
sensor counts (lines) and at untrained counts (diamonds). Dotted lines mark the nominal 90%.
Coverage is insensitive to the supplied noise level at sparse sensor counts but depends strongly
on it when every cell is sensed.

5.3 Uncertainty-map responses to sensor noise and sparsity

Overall test-set response. Across 5,000 test fields, the measurement standard deviation increased

monotonically with ¢ at every sensor count (Figure 9): from 0.07 to 0.49 on the fully sensed
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grid and from 0.80 to 1.20 with 4 sensors, and it decreased as the sensor count increased. The
structural standard deviation also depended on sensor count but changed by less than 0.15 between
o =0 and I at every count; it stayed at its floor of 0.01 on the fully sensed grid. RMSE changed
little with o for N < 1024, where interpolation error dominated, but rose from 0.016 to 0.34 on

the fully sensed grid, where measurement noise dominated.

The decrease of the measurement standard deviation with sensor count is learned, not imposed:
the constraints fix only its monotone increase with o, whereas M, , and 7, depend on N and d,
through the geometry head. Two effects are consistent with the observed trend. First, the target
is the clean field, so the noise that remains in the predictive mean decreases as more readings
inform each query. Between o = 0 and 1, the pooled measurement variance increased by 0.81
with 4 sensors, of the same order as ¢2 = 1, and by 0.23 on the fully sensed grid, where the
mean averages neighbouring readings. With 4 sensors, however, the structural variance decreased
by 0.68 over the same range, so that the total predictive variance increased by only 0.13, close
to the realised increase in mean squared error (0.13); the model therefore reallocated part of
the variance between the components rather than adding it. Second, the zero-noise standard
deviation, 0.80 with 4 sensors and 0.07 on the fully sensed grid, is not caused by measurement
noise. Because the likelihood constrains only the total variance, the geometry head can assign
part of the sparsity-dependent interpolation error to M, ,. At low noise, the measurement map
therefore partly reflects sensor geometry rather than measurement error alone.
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Figure 9. Average response of the two variance components to sensor count and noise level on the
5,000 test fields. (a) Root-mean measurement standard deviation \/ﬁ (b) root-mean structural
standard deviation VS and (c) RMSE, each plotted against the noise level for every sensor count.
Overbars denote means over fields and cells. The measurement component increases with the
noise level at every sensor count, whereas the structural component changes little with noise and
mainly reflects sensor density.
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These responses confirm the intended input dependencies; calibration itself is assessed by the

distributional scores and coverage.

Response to noise level. Figures 10 and 11 vary one input at a time on a graded-bedding test field
with oblique contacts. In Figure 10, every cell is sensed while ¢ varies over the six training levels.
Structural standard deviation stays at 0.01 everywhere. Measurement standard deviation does not
decrease at any cell as o rises; its spatial mean increases from 0.074 at ¢ = 0to 0.484 at o = 1.
Predictive-mean RMSE rises from 0.013 to 0.357 over the same range, so the measurement map
broadly tracks residual error on this field. At ¢ = 1, the mean reduces the error of raw readings
by a factor of about 2.8. The measurement map remains smooth rather than following contacts

because the geometry head receives no readings.

Response to sensor sparsity. Figure 11 varies sensor count with noise-free readings (¢ = 0).
With 4 or 16 sensors, the predictive mean approaches a smooth background (RMSE 2.549 and
2.271), and structural standard deviation is high across both contacts and interiors. Its mean
is higher with 16 than with 4 sensors (2.62 versus 1.79), so the response is not monotone at
the sparsest layouts. From 64 sensors onward, structural standard deviation concentrates along
contacts: its mean on contact cells exceeds that on interior cells by factors of 1.2, 1.9 and 1.8 at 64,
256 and 1,024 sensors, respectively. The distance gate contains no boundary information, so this
localisation comes from the reading-dependent amplitude a,. With every cell sensed, structural
standard deviation reaches its 0.01 floor, and the mean reproduces clean readings (RMSE 0.013).
Mean measurement standard deviation also falls, from 0.644 with 4 sensors to 0.074 with 4,096,
as its geometry inputs change. These figures illustrate the prescribed input responses rather than

separately identified physical sources of uncertainty.

5.4 Reconstructing geological contacts and features

Reconstruction from a regular sensor grid. Figure 12 shows six contrasting test fields: dipping
layers, a buried channel, low-contrast lenses, a fault zone, a channel network and weathered
bedrock. Each field uses the same 256 sensor locations on a regular 16 x 16 grid (¢ = 0.3). The
predictive means recovered the main layer contacts, channel, fault zone and the branches of the

channel network, but smoothed within-material variation and the narrow connections between
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Figure 10. Response of the variance components to the noise level on a graded-bedding test
field in which all 4,096 cells are sensed. Columns correspond to the six training noise levels,
all using the same standardised noise draw scaled by o. The rows show the ground truth and
the noisy observations, the model outputs (predictive mean and structural and measurement
standard deviations) and the absolute error. Because every cell is sensed, the structural standard
deviation stays at its 0.01 floor, while the measurement standard deviation increases with ¢ and
broadly tracks the resulting prediction error. SSR, spread—skill ratio.

channel branches. Field RMSE ranged from 0.434 for lenses and weathered bedrock to 0.950 for

the channel network.

Structural standard deviation formed ridges along several reconstructed contacts and around the
channel and lenses, despite lens-background contrasts of at most 1.73 log, , K. It reached its floor
at sensors and remained low along the low-contrast weathering front. We used ¢ = 0.3 because
log,, 2 ~ 0.30: one noise standard deviation corresponds to a factor of two in K. Because these
fields were chosen for illustration, interval calibration is assessed by the aggregate tests rather

than by these examples.
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Figure 11. Response of the variance components to sensor sparsity on the same field as Figure
10, with noise-free readings (o = 0). Columns range from all 4,096 cells sensed to only 4 sensors,
and the rows are arranged as in Figure 10. The structural standard deviation stays at its 0.01
floor when every cell is sensed, concentrates near contacts at 256—1,024 sensors and is elevated
across the whole field at 4—16 sensors. The measurement standard deviation also changes with
sensor geometry, even though the readings are noise-free. SSR, spread—skill ratio.

Ilustrative uncertainty-guided sensor placement. We applied a greedy policy to the six
Figure 12 fields (¢ = 0.3). Beginning with four sensors at quadrant centres, we repeatedly
selected the unsensed cell with the highest structural standard deviation at least four grid cells
from existing sensors, added its noisy reading from the same draw and updated GeoPFN. We
capped the sequence at 64 sensors to emulate sparse field measurements. Structural standard
deviation was used because the measurement map was nearly uniform within each field at fixed
o; the separation rule discouraged repeated sampling along one contact. Neither retraining nor

covariance fitting was required. Each of the 60 updates required one forward pass; at up to 64

sensors, a pass took about 14 ms on a GPU or 150 ms on one CPU thread (Table 2). The 64-sensor
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Figure 12. Reconstruction of six held-out fields with contrasting geological structure. Each field
is observed at the same 256 locations on a regular 16 x 16 grid with noise level 0 = 0.3. The
rows show the clean field, the observations, the predictive mean, the structural and measurement
standard deviations and the absolute error. The measurement maps are identical across fields
because the sensor geometry and the supplied noise level are the same. The fields were chosen
for their structure, not for their reconstruction error (Appendix E.3). SSR, spread—skill ratio.
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sequential placement therefore required less than 1 s of GPU time in total, excluding acquisition
and input preparation. Supplementary Video 1 animates this procedure up to 256 sensors, and
Supplementary Video 2 shows a continuous sensing path that moves step by step towards the
highest structural standard deviation; in both, sensors gather along unresolved contacts, channel

margins and lens boundaries. The videos are illustrations, not evaluations of a sensing strategy.

The sequential reconstructions retained the main layer contacts, channel, fault zone and weathering
front. The smaller lens remained faint, and branches of the channel network merged into one body;
the channel-network field had the largest RMSE (1.398; Figure 13). Although ¢ was fixed, the
selected sensor locations differed across fields, producing distinct layouts and measurement maps.
Together, these examples show that GeoPFN updates field predictions rapidly as observations

accumulate on irregular sensor layouts.

5.5 Unseen synthetic patterns and finer query grids

Figure 14 combines synthetic spatial forms absent from the training classes with a numerical
target rescaling and a finer query grid. The six forms are a uniform field, an anisotropic random
field, a thin seam, a diapir (an elliptical cap on a narrow stem), a chevron fold with straight limbs
and sharp hinges, and scattered elliptical inclusions. These fields are synthetic shape analogues,

not measured soil units.

The field values were mapped affinely to the Soil Behaviour Type Index range /. = 1.2-3.8. This
is a numerical rescaling of synthetic fields, not independent /.. data or a physical conversion from
conductivity to /.. The unchanged conductivity checkpoint received the noise-free block means
as z = —I., and we display its negated predictive mean —m,,. Neither retraining nor recalibration

was performed.

The fields were generated at 256 x 256 cell centres. A shared regular 16 x 16 sensor grid provided
256 readings, each the mean of a 4 x 4 fine-cell block. The model was queried at all 65,536 fine-
grid centres. RMSE was 0.025 and 0.082 /.. units for the uniform and anisotropic fields, 0.330 for
the thin seam and 0.305 for the diapir. The chevron fold (0.741) had missed or displaced limbs and

hinges; the inclusions (0.637) were sometimes omitted or merged. Structural-standard-deviation
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Figure 13. Uncertainty-guided sequential sensor placement on the six fields of Figure 12 (o = 0.3).
Placement starts from four sensors at the quadrant centres (red circles); each of the following 60
sensors is placed at the cell with the highest structural standard deviation among cells at least
Sour grid cells from every existing sensor. The rows are arranged as in Figure 12, and the RMSE
of each final reconstruction is printed below its field. Each layout is selected independently for its
field. The example illustrates rapid prediction updates as observations accumulate on irregular
sensor layouts.
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ridges followed several reconstructed interfaces, while measurement maps were identical across
fields because the sensor geometry and supplied noise were fixed. Median single-thread CPU

forward time was 2,764.9 ms per field, excluding loading, preparation and plotting.

This illustrative test shows reconstruction of several unseen synthetic shapes at finer query
resolution, but it changes structure, target scale and resolution together. It does not establish
transfer to measured /. data or calibration of uncertainty on the rescaled target. Finer queries

also cannot recover structure unresolved by the sensors.

5.6 Comparison with a matched ablation and baseline models

For the 1,200-field paired benchmark, all methods used the same sensor locations, noisy readings
and clean targets. GeoPFN-V is the matched single-variance ablation. Other comparators were
three kriging variants with globally fitted, class-specific (oracle) or per-field restricted maximum
likelihood (REML) covariance parameters (Cressie, 1993; Patterson and Thompson, 1971), and
three point interpolators: inverse-distance, nearest-neighbour and natural-neighbour (Shepard,
1968; Park et al., 2006). GeoPFN, GeoPFN-V and kriging received the known noise level. The

full protocols are given in Appendix C.2.

Both GeoPFN variants had lower pooled CRPS and NLL than the kriging baselines and lower
RMSE than all point predictors (Table 3). GeoPFN-V had marginally lower RMSE, CRPS
and NLL than GeoPFN (1.491, 0.588 and 0.755 versus 1.499, 0.591 and 0.768). GeoPFN had
coverage closer to nominal (0.900 versus 0.895) and slightly narrower intervals (2.81 versus 2.84).
The variance split therefore provides two diagnostic maps with little change in pooled predictive
performance, without improving the scores. Compared with per-field REML kriging, GeoPFN
reduced CRPS by 13% (0.591 versus 0.677) and mean 90% interval width by 28% (2.81 versus
3.92), with similar coverage (0.900 versus 0.899). The pooled RMSE advantage does not hold at
every sensor count: per-field kriging had lower RMSE at 64—1,024 sensors, whereas GeoPFN

retained lower CRPS. The full condition-level results are reported in Appendix D.

GeoPFN had lower CRPS than each kriging variant in all 12 generator classes; class-level CRPS

differed from GeoPFN-V by at most 0.014. The largest gains over kriging occurred with 4 or
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Figure 14. Reconstruction of six unseen synthetic patterns at 256 x 256 resolution after numerical
rescaling of the target to the soil behaviour type index I... In every field, the model receives 256
noise-free block means on the same 16 x 16 sensor grid, encoded as z = -1, and the displayed
estimate is —mg. The rows show the ground truth, the observations, the estimated field, the
structural and measurement standard deviations and the absolute error. The variance maps were
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Table 3. Pooled scores on the 1,200-field paired benchmark. Scores are pooled over 36 conditions
(six sensor counts x six noise levels), and all models use the same fields, sensor layouts and
noise draws. RMSE, CRPS and interval width are in loglo K. Bold marks the best value in each
column; for coverage, it marks the value closest to the nominal 0.90. Point predictors provide
no predictive distribution, so their probabilistic scores are not available (). Results by sensor
count are given in Appendix D.

Model RMSE| CRPS| NLL| Cov.90 Width90 |
GeoPFN (this study) 1.499 0.591 0.768 0.900 2.81
GeoPFN-V 1.491 0.588 0.755 0.895 2.84
Kriging, global prior 1.529 0.710 1.214 0.905 4.29
Kriging, class prior (oracle) 1.519 0.693 1.147 0.898 4.09
Kriging, per-field REML 1.509 0.677 1.172 0.899 3.92
Inverse-distance weighting 1.628 - - - -
Nearest neighbour 1.917 - - - -
Natural neighbour 1.670 - - - -

16 sensors. At 64—-1,024 sensors, per-field kriging had slightly lower RMSE, although GeoPFN
retained lower CRPS. With all cells observed, GeoPFN had lower denoising RMSE than per-field
kriging (0.179 versus 0.297). These class and sensor-count comparisons remain within the same

synthetic generator (Appendices D-E).

Where the two variance parameterisations differ. GeoPFN-V covered more unsensed contact
cells (0.774 versus 0.744 for nominal 90% intervals), but its coverage fell further when the
observations departed from the training conditions. With 64 sensors on survey lines, coverage
was 0.827 for GeoPFN-V and 0.858 for GeoPFN; with 256 sensors in four clusters it was 0.816
and 0.842. GeoPFN also had lower CRPS than GeoPFN-V for every survey-line layout up to
256 sensors and for all cluster and half-domain layouts. Under 10-cell spatially correlated sensor
errors with 4,096 sensors, coverage was 0.246 for GeoPFN-V and 0.341 for GeoPFN (Appendices
F-G). Both models undercovered severely in these conditions, and each was trained with one
seed, so these differences indicate a tendency rather than a general advantage of the constrained

split across changed observation conditions.

Threshold-exceedance forecasts. For exceedance of the 10th, 50th and 90th percentiles of
clean training values, GeoPFN achieved Brier skills of 0.621, 0.548 and 0.482 against training
climatology. GeoPFN-V was marginally higher at each threshold (0.623, 0.550 and 0.483); both

neural models outperformed the kriging variants (Appendix D).
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Additional TabPFN comparison. We evaluated the pretrained TabPFN-3.5 regressor (Jager
et al., 2026) on 120 held-out fields (10 per class) under the same 36 conditions; every model in
Table 4 and Figure 15 used identical fields, sensor layouts and noise draws. This is an exploratory
comparison between a geological-prior-trained predictor and a general-purpose pretrained tabular
regressor; the models use different training priors. Standard TabPFN-3.5 receives no noise input.
Because its preprocessing removes task-constant columns, the noise-aware variant encodes o in

two coordinate-derived features rather than as a constant column (Appendix C.2).

GeoPFN had lower RMSE and CRPS than both TabPEN variants (Table 4). In the local timing
comparison, GeoPFN required 17 ms per field, versus 730 and 750 ms for standard and noise-aware
TabPFN-3.5, respectively; TabPFN times include fitting and prediction under its default mixed
precision. The timed spans have different input/output conventions (Appendix 1.2). GeoPFN
coverage was 0.901, closest to nominal among the Table 4 models. Per-field REML kriging had
similar coverage (0.902) but 37% wider intervals (3.77 versus 2.76) and higher CRPS and NLL;
at similar coverage, the narrower intervals of GeoPFN therefore represent more concentrated
predictive distributions.

Table 4. Scores and inference times on the 120 matched fields (10 per class) under the 36
conditions of Table 3. RMSE, CRPS and interval width are in log,, K. GPU times (ms per field)
are means over 12 class representatives and six sensor counts at o = 0.2; TabPFN times include
both fitting and prediction under its default GPU mixed precision. GeoPFN and GeoPFN-V
times include CPU inputs and outputs; TabPFN and kriging times exclude transfers. Bold marks
the best score (for coverage, the value closest to 0.90) and the shortest time. The timing protocol
is described in Appendix 1.2.

RMSE CRPS NLL Cov. Width  Inference time |

Model l 1 l 90 90 | (ms/field)
GeoPFN (this study) 1.427 0.574 0.758 0.901 2.76 17
GeoPFN-V 1.427 0.574 0.746  0.895 2.76 14
TabPFN-3.5 1.516 0.648 0940 0.917 3.70 730
TabPFN-3.5 (with o) 1495 0.628 0924 0917 3.61 750
Kriging, global prior 1452 0.681 1.166 0.910 4.29 20
Kriging, class prior 1.440 0.666 1.119 0.903 4.10 20
(oracle)

Kriging, per-field REML  1.435 0.649 1.097 0.902 3.77 725

Calibration across interval levels. GeoPFN’s 50% interval covered 48.4%, and its PIT histogram

was nearly uniform. Kriging’s 50% intervals covered 61-64%, indicating over-dispersion near the
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distribution centre (Appendix Figure D.2). The 120-field comparison showed the same pattern

for GeoPFN; TabPFN-3.5’s 50% interval covered 59.8% (Figure 15).
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Figure 15. Probabilistic calibration of the probabilistic models on the 120 matched fields of
Table 4. (a) Empirical coverage of central prediction intervals against their nominal level; (b)
PIT density; (c) observed RMSE against predicted standard deviation. Dotted lines indicate
ideal probabilistic calibration. GeoPFN-V predicts a single total variance instead of separate
structural and measurement components. The same diagnostics for the 1,200-field benchmark
are shown in Appendix Figure D.2.

Figure 16 shows six of these models on the layers field of Figure 2 (256 observations, ¢ = 0.3).
GeoPFN preserves the two main contacts, which the standard local TabPFN-3.5 mean smooths

out (RMSE 0.576 versus 0.686).

6. Discussion

GeoPFN reconstructs clean hydraulic-conductivity fields from observations on irregular sensor
layouts and a supplied noise level. On 1,200 paired synthetic fields, it achieved 0.900 pooled
90%% coverage; relative to per-field REML kriging, CRPS was 13% lower (0.591 versus 0.677)
and mean interval width was 28% narrower (2.81 versus 3.92). RMSE was similar (1.499 versus
1.509). GPU inference for a 64 x 64 field took 13-33 ms, depending on sensor count. Because
each update requires only one forward pass of the trained network, with neither retraining nor per-
field covariance fitting, GeoPFN is a fast computational component for probabilistic conductivity
mapping under the tested synthetic prior. The sequential sensor-placement example in Section

5.4 illustrates repeated prediction updates, but it does not establish a better investigation strategy.

Meaning of the variance split. The labels structural and measurement describe the input

dependencies imposed by the architecture. The structural component responds to observations
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Figure 16. Predictions of six probabilistic models for one held-out layers field observed at the
same 256 locations (¢ = 0.3). The top row shows the clean target and the observations; the
following rows show the predictive mean, the predictive standard deviation and the absolute error
of each model. The labels below the panels give the root-mean predictive standard deviation and
the RMSE over all 4,096 cells, whose ratio is the SSR. For GeoPFN, the standard deviation is

‘/m; GeoPFN-V predicts a single variance. Standard deviations above \/1_ ~ 4.24 are
saturated in the colour scale. The TabPFN panel uses the same local TabPFN-3.5 checkpoint
and inference settings as Table 4.

and sensor geometry and often highlights contacts; the measurement component responds to
sensor layout and the supplied noise level. These are operationally distinct maps, not uniquely
identified physical uncertainty sources. The predictive likelihood depends on their sum, so it
cannot identify the split. Moreover, the measurement component remains nonzero at zero supplied
noise and increases with sensor sparsity, indicating that it can also absorb geometry-dependent
interpolation error. We therefore interpret the maps as model diagnostics for field structure and

measurement conditions, not as a physical decomposition.

Predictive value and calibration. The matched GeoPFN-V ablation achieved slightly better
pooled RMSE, CRPS and NLL than GeoPFN, while GeoPFN had coverage closer to nominal

and marginally narrower intervals. The variance split therefore provides two diagnostic maps
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with little change in pooled predictive performance, without improving accuracy. Its practical
appeal lies in interpretation: in the illustrative example of Figure 1 and Appendix Figure B.1, the
structural map highlights contacts more clearly than the single total-variance map of GeoPFN-V,
which combines structure- and measurement-related variance. This comparison is qualitative and
was not quantified across the test set. GeoPFN-V covered more unsensed boundary cells than
GeoPFN (0.774 versus 0.744), whereas GeoPFN had higher coverage under several clustered and
survey-line layouts. Both models nevertheless undercovered substantially at boundaries and under
spatially correlated errors. Because the comparison rests on a single training seed, it supports
descriptive differences rather than a general advantage across sensor layouts and error processes.
Pooled calibration was close to nominal, but subgroup performance was not: 90% intervals
covered 74.4% of unsensed boundary cells in the paired benchmark, compared with 91.8% of
unsensed interior cells. Boundary undercoverage is a central limitation because contacts motivate

the use of spatially resolved uncertainty maps.

Scope and limitations. Training and primary evaluation used one 12-class synthetic conductivity
generator, with one training seed for each neural model. The TabPFN-3.5 comparison used
only 120 fields and unequal access to prior and noise information; it is exploratory and does
not establish a general model ranking. The sequential-placement example on six selected fields
shows that GeoPFN also accommodates irregular sensor layouts that expand one sensor at a time;
it does not assess the value of information or a geotechnical limit state. Its pointwise predictive
distributions do not specify the spatial dependence needed to propagate conductivity uncertainty
through a seepage or reliability analysis. Inference timings exclude data preparation and transfer.
No measured-site data, property-transformation model or engineering response calculation was
evaluated. Consequently, neither transfer to field sites nor an engineering decision benefit of the

maps has been demonstrated.

Engineering interpretation. Spatially uncertain conductivity is relevant to seepage through
embankments and foundations (Cho, 2012; Liu et al., 2017). A calibrated conductivity model
could eventually provide input to such analyses, but the present pointwise predictions cannot
be interpreted as seepage-flow or failure-probability forecasts. Before using them in reliability

engineering, the spatial dependence of the field, hydraulic boundary conditions, geometry and
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limit state must be specified and validated. In particular, the boundary undercoverage reported

here concerns the very contacts that can govern preferential flow.

Future work. Evaluation on independent geological priors and measured conductivity data, with
multiple training seeds, is needed to assess generalisation and uncertainty calibration. Direct
tests or a validated transformation from indirect observations would be required to establish an
observation model for a real site. Further matched ablations could test the contribution of noise
conditioning and the stability of the variance split. Extensions to unknown or sensor-specific
noise and joint field predictions would relax the current modelling assumptions. Prospective
comparisons with conventional investigation layouts and decision-specific seepage analyses are

needed to determine whether the maps improve engineering outcomes.

7. Conclusions

Sparse, noisy measurements can miss geological contacts and obscure the value of further
investigation. GeoPFN combines observations on irregular sensor layouts with a known noise
level to predict a clean hydraulic-conductivity field in one GPU forward pass, together with
two constrained variance maps with different input responses. These properties support rapid

probabilistic conductivity mapping in the tested synthetic setting.

On held-out fields from the synthetic prior, GeoPFN was probabilistically well calibrated in
aggregate: the empirical coverage of its central predictive intervals closely matched the nominal
level from 50% to 95% (0.479, 0.8975 and 0.939 for nominal 50%, 90% and 95% intervals), and
its probability integral transform histograms were nearly uniform. Relative to per-field REML
kriging, it reduced CRPS by 13% and 90% interval width by 28%, with similar coverage; a
matched single-variance ablation had slightly better pooled scores. The variance split therefore
provides diagnostic maps with little difference in predictive performance rather than a gain in
accuracy. Coverage was substantially lower at unsensed boundaries. The structural map often
highlighted incompletely sampled contacts, channels and lenses, while the measurement map

reflected sensor layout and supplied noise level.

Evaluation on independent priors and measured sites, with multiple training seeds, is needed to
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establish transfer and calibration. The current synthetic evidence does not establish a reliable
conductivity map for any particular field site or a benefit in seepage or reliability assessment.
Further work should test unknown or sensor-specific noise, joint field predictions and the value

of uncertainty-guided measurement placement against established survey designs.

Data and code availability

The following are openly available on Zenodo: the training, validation and test fields (Geoprior
2-D dataset, v1.0.0; https://doi.org/10.5281/zenodo.23975277), the code of the generator that
produced them (Geoprior v1.0.0; https://doi.org/10.5281/zenodo.23984677) and the GeoPFN
and GeoPFN-V code with trained weights (v1.0.0; https://doi.org/10.5281/zenodo.23984593).
Baseline implementations, evaluation scripts and figure data are available from the corresponding

author on reasonable request.
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Appendices

These appendices provide the methods and condition-level evidence that support the main text.
Appendices A—C specity the generator, model and evaluation protocols; Appendices D—H report
comparative and stress-test results; Appendix I documents timing and reproducibility; Appendix

J summarises the principal calibration failures.

Evaluation sets and conventions. Three evaluation sets are used. The full test set comprises
all 5,000 held-out fields under 66 conditions (6 sensor counts x 11 noise levels), with two noise
draws per condition; it underlies the full-test results of the main text and the overview in Appendix
E. The paired benchmark comprises 1,200 held-out fields, namely the first 100 task IDs of each
of the 12 classes, under 36 conditions (6 sensor counts x 6 noise levels) with one noise draw per
condition. All models receive the same fields, layouts and noise draws, and this benchmark is
used in Appendices D—H unless stated otherwise. The matched TabPFN set consists of the first
ten fields of each class in the paired benchmark (120 fields) and is used for Table 4 and Figure 15.
GeoPFEN is the proposed model and GeoPFN-V is its matched single-variance ablation (Section

B.4); the three kriging variants and three point interpolators are specified in Section C.2.

Throughout, ¥ = log,([K/(1 m s~1)]. Because a cell is not an independent replicate, confidence
intervals are obtained by resampling whole fields within geological classes. In the score tables,
bold marks the lowest error or the coverage closest to the nominal level unless the caption states

otherwise.

Appendix contents

Appendix Contents

A Geological prior: natural analogues, class geometry
and material distributions

B Architecture: attention, output transforms,
predictive distribution, response guarantees and the

GeoPFN-V ablation
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Appendix

Contents

Protocols: training and selection, comparative and
stress-test designs, metrics and resampling

Pooled and per-sensor-count comparison,
calibration across probability levels and exceedance
forecasts

Boundary, sensor-status, class and material
diagnostics; selection of the qualitative examples
Repeated random layouts and structured sensor
layouts

Non-Gaussian, correlated and biased sensor errors;
sensitivity to the supplied noise level

Estimating an unknown noise level from the sensors
Latency, the same-session timing of Table 4, and
computational cost

Conditions in which calibration fails

Appendix A. Geological prior

The prior generator produces synthetic fields in 12 classes representing broad plan-view patterns

of layers, channels, lenses, weathered rock, faults, fractures and karst-like features (Table A.1).

These analogues illustrate geometry only; the generator neither simulates site formation nor infers

class frequencies and hydraulic properties from natural sites.

41



Table A.1. Natural settings that the 12 synthetic classes are intended to resemble. The analogues

describe geometric patterns only; they are not classifications of real sites.

Generator class Natural analogue

layers Contrasting coarse and fine sediment beds
graded_bedding Fining or coarsening sediment cycles
cross_bedded Inclined sand laminae

unconformity Erosional truncation beneath younger sediment
channel Buried sand or gravel channel in valley fill
channel network Connected channel fills in alluvium

lens field Discontinuous sand or gravel lenses in fine deposits

weathered_bedrock Weathering mantle above fractured bedrock

fault Fault core and surrounding damage zone

fracture_network  Water-bearing bedrock fractures
intrusion Dyke or sill with altered contacts

karst_proxy Dissolution conduits and cavities

Table A.2 lists the main sampled geometry parameters, and Table A.3 lists the default mate-

rial properties. Beds and weathering are plan-view patterns rather than vertical profiles, and

karst_proxy is a conductivity pattern rather than a discrete-conduit flow model. The complete

sampling procedure is defined in the generator code described under Data and code availability.

Table A.2. Main geometry parameters of each generator class. Counts refer to one field, and

lengths are given as fractions of the domain extent. Each value is either a sampling range or a

fixed setting, as indicated.

Class Main pattern Principal sampled values
layers Alternating beds 3-6 bands; dip —0.28 to 0.28 rad;
contact waviness 0.030-0.060.
graded_bedding Fining or coarsening bands 2—4 cycles of 3—4 sub-bands.
cross_bedded Beds with inclined laminae 3—6 bands; lamina spacing
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Class

Main pattern

Principal sampled values

unconformity

channel

channel_network

lens_field

weathered_bedrock

fault

fracture_network

intrusion

karst_proxy

Older beds cut by erosion, then
capped

One sinuous high-conductivity
body

A trunk with branches

High- or low-conductivity
ellipses

Three weathering labels

Displaced beds with a sealing or
conducting zone

Conducting finite fractures

A dyke or sill with a contact

aureole

One conduit with

high-conductivity cavities

3—6 older bands; erosional
amplitude 0.10; cap width 0.12.
Width 0.05-0.12; meander
amplitude 0.03-0.10.

2-3 branches; trunk width as in
channel.

3—7 lenses; size scale 0.06-0.14.

Gaussian-field range 0.22; labels
split at the 35th and 75th
percentiles.

Throw 0.06-0.18; zone
half-width 0.02-0.05.

5-11 fractures; radius 0.15-0.45;
half-width 0.01-0.03.

Sheet half-width 0.03-0.07;
aureole extends to 2.2 times this
width.

3—6 cavities; conduit width
0.05-0.10; cavity radii

0.03-0.09.
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Table A.3. Material roles used by the generator, with the default mean ,u,(g ) and the within-
material standard deviation o, of Y inlog,, K units. The roles are labels inside the generator

and are not soil or rock classifications.

ID Generator role ,ui,? ) Om
0 Background =52 045
1 Fines or seal -8.0 0.35
2 Sand -3.6 040
3 Gravel or conduit -2.1 0.35
4 Intact rock -85 0.25
S5 Weathered zone -5.8 0.50

6 Low-conductivity anomaly -8.5 0.25

7 High-conductivity anomaly -1.7 0.30
For each field, a shared contrast factor (0.7-1.35) and independent normal mean shifts (standard
deviation 0.3) perturb the Table A.3 means. Each connected body has macro- and microscale
Gaussian residuals with correlation ranges of approximately 0.02—0.85 and 0.015-0.05 of the do-
main extent, respectively. The generator samples nine covariance families, including exponential,
Matérn and Gaussian. Final values are clipped to Y € [—12,0], equivalent to K € [10~!2, 1] m/s.
These parameter choices generate variability within the synthetic prior and were not calibrated

against the analogues in Table A.1.

Appendix B. Architecture and parameterisation

The main text defines the observation task, the variance split, the predictive distribution and the
training objective. This appendix specifies the network and its output transforms. Coordinates lie
in [0, 1]2; standard evaluations query the 4,096 cell centres of a 64 x 64 field. The model has a

width of 256 and eight attention heads of dimension 32.

Table B.1. Layers and trainable parameters of GeoPFN. The observation head produces m, a,,

and v ;, and the geometry head produces M , and T ,. Dropout in the encoder is zero.
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Module Specification Trainable parameters

Fourier features Fixed 2 x 64 frequencies; 128 0
sine/cosine outputs
Sensor embedding 130 - 256 —» 256, GELU 99,328
Sensor encoder Four pre-LayerNorm 3,159,552
self-attention layers without
positional order, as in set
attention (Lee et al., 2019);
eight heads; feed-forward
width 1,024; final LayerNorm
Query embedding 128 — 256 — 256, GELU 98,816
Query decoder Three spatial cross-attention 2,369,304
blocks; eight heads;

feed-forward width 1,024

Observation head LayerNorm then 256 — 3 1,283
Geometry head 130 = 256 - 2, GELU 34,050
Total 5,762,333

B.1 Attention and output transforms

Sensors and queries use the same fixed Fourier coordinate features, which facilitate the represen-

tation of sharp and oblique boundaries (Tancik et al., 2020):

¢ (x) = [sinRaWTx),cosRarWTx)], W ~ N (0,82), (B.1)

y

The 64 frequency vectors are drawn once (seed 0), yielding 128 features. A sensor embedding
concatenates ¢ (X;), the standardised reading (Z; — y)/ Sy and the standardised noise level o/ Sy-
A multilayer perceptron projects this vector to width 256, and four Transformer layers encode the
sensor set. Queries use a separate embedding of their Fourier features. In cross-attention block r,

head / weights sensor i for query q by
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T
llq’th,h

V32

(r,h)
qi

a = softmax; —exp(rc, 5)lq — X,~||2 . (B.2)

The first term compares learned query and sensor features, whereas the second favours nearby
sensors. Each head computes a weighted sum of sensor value projections, followed by an output
projection, residual update and pre-normalised 256 — 1024 — 256 GELU feed-forward update.
Head log precision is initialised as x;, = — log(ZL,%), with L;, logarithmically spaced from 1/64
to 0.5. Jointly permuting sensor coordinates and readings leaves predictions unchanged up to
numerical rounding. Because there is no query-to-query attention, predictions are independent
of the other locations queried. Sensor embeddings and the Fourier features of a fixed query set

can be cached, although both are recomputed in the timings of Appendix I.

A linear observation head maps the decoded query representation to raw mean, structural-
amplitude and tail outputs. The mean is m, =y + $,01can, 4> Where y and s, are the training-split
mean and standard deviation of Y, and the structural amplitude is a, = sigmoid(og; ;). The dis-
tance gate of the structural variance carries no information about the field, whereas the amplitude
depends on the readings; consequently, the structural variance between sensors can follow the
observed structure. The mean remains a learned estimate of the clean value, even at a noisy

SENSor.

The geometry head receives [¢(q),d,,log(1 + N)/log(1 +4096)] but neither the readings nor o.
Consequently, for fixed weights and a fixed layout, M, , and T, cannot depend on the readings

or on the supplied noise level. Raw outputs 0y, , and 0, , are transformed as

7.9

My, = Myin + (Mpax — App — Myyip) sigmoid(opy ),
(B.3)
Ty = Tmin t (Tmax — Tmin) sigmoid(or’q).
The constants are M,,;, = S,,;, = 107 (standard deviation 0.01), M., = Spax = 18, Ay, = 0.01,
Tmin = 0.05, T = 10 and € = 4/64. The margin A,, ensures that M,,,, — My, = 0.01,

thereby preventing a flat noise response. The gate length € corresponds to four grid cells. These

values are design choices rather than fitted physical constants. The measurement variance equals
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My, at ¢ = 0 and lies halfway between M, , and M, at o = 7, The bound V, < 36 is
the maximum variance of a variable confined to the prior’s 12-unit log, , K range; the Student-z

predictive distribution itself is unbounded.

The derivative of the measurement variance in Eq. (3),

My m M, 207, 0 0 B.4
W_( max ~ o,q)m> (0 >0), (B.4)

is positive because My,,x > My , and 7, > 0. Foro < v, M, = Mg , + (M, — Mo’q)az/rfl;
that is, the response initially scales with the noise variance. For identical sensor geometry and
supplied noise, two fields therefore yield identical measurement maps, although their predictive

means and structural maps may differ.

B.2 Predictive distribution and negative log likelihood

Integrating u, and wfl out of the NIG hierarchy in Eq. (5) gives

(B.5)

1+A
Y(q)|D ~ tZaq(mqa M)’ M, = By g By

Agt, a, -1’ T dgla, = 1)

The network predicts m,, M, S, and v, = 2.1 + softplus(oy;; ). The equivalent NIG parameters

v M
ag=5, 4= S—: B, = (a,— DM, (B.6)

return ]E[a)(% | D] = M, and Var[p, | D] = S, and the marginal becomes t,,q(mq,sf]) with
s?l =V,

By >0.

(vy=2) /v, The variance floors and ceilings bound Lgs My, >0 and a, > 1 ensure

For each query, the expected NLL under the generative prior decomposes as
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Ep.y[-logpy(Y(q) | D,q)] = Ep[KL(p(- | D,q) lpy(- 1 D,q))] + Ep[3(p(- |1 D,q))],
(B.7)

where p(- | D, q) is the posterior predictive distribution implied by the prior and its entropy 96
does not depend on 6. For one query with clean value y and residual e, = y — m,, the Student-

NLL is

I'(v,/2) 1 v +1 e2
-1 =1 q +=1 2y 4+ 24 ool 1+ —2L |, B.8
ngﬁ(y) Og r((vq i 1)/2) 2 Og(Vqﬂsq) 2 Og( Vqsé ( )

which depends on M, and S, only through V.

B.3 Scope of the response guarantees

Training uses the Student-¢ likelihood directly; the NIG parameters constitute an equivalent
description and are not computed during training. Table B.2 summarises the response properties

that follow from the formulas.

Table B.2. Response properties of the variance components that follow from the architecture, and
the scope of each guarantee. Properties that the formulas do not guarantee, including probabilistic

calibration and the physical meaning of each component, must be assessed empirically.

Property Scope

Structural variance equals its floor at a sensor Guaranteed by d, = 0

Measurement variance rises with ¢ > 0 Guaranteed for fixed weights and layout

Total variance rises with ¢ at a sensor Structural variance is fixed there

Total variance rises with ¢ away from sensors Not guaranteed; structural variance can change
Predictive interval width rises with ¢ Not guaranteed; tail weight can change
Calibration or physical identification of the Not implied by the formulas

components

At an exactly sensed, noise-free location, the ideal clean-field conditional law is degenerate; the
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positive variance floors maintain a continuous approximation. The model provides marginal
distributions rather than a joint spatial law. Transformed quantiles yield conductivity quantiles,
and 10™¢ is the conductivity median. An untruncated finite-degree Student-z in log conductivity
has no finite positive exponential moment, so estimating mean conductivity or sampling whole

fields requires additional modelling assumptions.

B.4 Matched ablation: GeoPFN-V

GeoPFN-V examines the effect of the constrained variance head (Figure B.1). It retains GeoPFN’s
encoder—decoder backbone, Fourier features, noise input, mean and degrees-of-freedom outputs,
Student-r NLL, paired noise views, data, training schedule and checkpoint-selection rule. It
removes the geometry head, distance gate, noise-response formula and component bounds;
the observation head instead outputs V, = softplus(r,) + 1076, with the constant ensuring
numerical positivity. Under the same seed, the shared parameters are initialised with identical
values. GeoPFN-V has 5,728,283 trainable parameters versus GeoPFN’s 5,762,333; their selected
checkpoints are at steps 1,620,000 and 1,505,000, respectively. Because both models receive o,

this ablation does not test noise conditioning.

Inputs Transformer-based backbone Head Positive variance Outputs
Field estimate mq
| :
o5t Sensor encoder Query decoder Observation head | mq
o e °
e 4 self-attn. layers 3 cross-attn. blocks Mg, Iq: Vq I .
Sensors
*(x;, Zj, 0) a
Total std \/ Vg
X ¥ M )
W
QESjisaties Vg = softplus(ry) + 107° ¥
Fourier position
n no upper bound; 10~° is a numerical floor —
Queries PP T Vg

°q;

Removed relative to GeoPFN: geometry head (M g, T,), distance gate g(d,), noise response hq(0, T,), and the split V, = Mg + Sg

[ Learned module [ Fixed model

Figure B.1. Architecture of the GeoPFN-V ablation, drawn in the same way as Figure 1 and
shown with the same illustrative inputs. The dashed box lists the components removed from
GeoPFN. GeoPFN-V outputs a single predictive standard deviation, whose map has its own
colour scale. Grey boxes denote learned modules, and white boxes denote fixed operations. Attn.,
attention.
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Appendix C. Training and evaluation protocols

C.1 Training, selection and full-test protocol

Training schedule and selection. Training minimises mean Student- NLL against clean target
cells. Each optimiser step uses two fields (batch size 2) and two noise views per field. The views
share the clean field, sensor layout and standardised Gaussian draw but use different noise levels:
one scheduled value in {0, 0.05,0.1,0.2,0.5, 1} and one drawn uniformly from [0, 1]. The two
NLLs are averaged before a single update. No pairwise consistency loss is used, and the effect of

the pairing was not isolated.

The seed-0 schedule visits each of 90,000 training fields once at each of six sensor counts
N € {4,16,64,256,1024,4096} and six scheduled noise levels: 90,000 x 36/2 = 1,620,000
optimiser steps. Layouts and noise draws differ between visits. AdamW is used with a learning
rate of 1074, a weight decay of 10~%, a 1,000-step warmup, cosine decay and gradient-norm
clipping at 1, with bfloat16 autocast on CUDA. The checkpoint at step 1,505,000 minimised NLL
on 32 fixed validation fields. This small selection subset contained no unconformity field, and

the full validation and test splits remained separate.

Interpreting the training curve. Mean training and validation NLL declined from 1.010 and
1.072 between steps 100,000 and 200,000 to 0.830 and 0.826 over the final 220,000 steps. No
validation field duplicated a training field; the closest training field to each validation field differed
by RMSE 1.03-3.18 (median 1.59) log,, K. Figure 3a averages 50 logged training losses per
5,000-step window. After step 1,200,000, sensor count explained 86% of the logged-loss variance;
mean loss was 2.02 at N = 4 and —0.49 at N = 4096. Logging every 100 steps samples only 9
of the 36 scheduled conditions (all six counts at ¢ € {0.05,0.2, 1}). The training curve therefore

cannot be interpreted as the validation NLL over all conditions.

Full-test evaluation. The selected checkpoint was evaluated once on 5,000 held-out fields at
six sensor counts and 11 noise levels {0, 0.025,0.05,0.075,0.1,0.15,0.2,0.35,0.5,0.75, 1} (66
conditions), with two independent noise draws per condition. For each field and count, one

random layout is reused across noise levels and draws; within each draw, the same standardised
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Gaussian noise is scaled by the chosen o. At N = 4096, every cell is sensed; this setting therefore

assesses denoising rather than interpolation.

C.2 Comparative and stress-test protocols

Paired benchmark. The comparison uses the first 100 test task IDs from each geological class
(1,200 fields), selected without reference to scores. The equal class counts assign equal weight to
each class. Selecting by task ID avoids any dependence on the scores, but because the subset is
not a random sample, it is not guaranteed to be representative. The grid comprises six sensor
counts and six noise levels ¢ € {0,0.05,0.1,0.2,0.5, 1} (36 conditions), with one noise draw per
condition. Pooled scores from this benchmark and from the full test set are therefore reported

separately.

Comparators. All methods receive identical fields, layouts and noise draws. GeoPFN and
GeoPFN-V (Section B.4) receive the true o. Kriging receives the sensor-noise variance and uses
an anisotropic exponential covariance, a profiled constant mean and microscale variance. Its three
variants use a global covariance prior, a class-specific prior supplied with the true class label
(oracle), or per-field covariance fitting by regularised restricted maximum likelihood (REML)
around the global parameters. Global and class-specific hyperparameters are fitted on clean
training fields. At 4,096 sensors, per-field fitting uses 1,024 sensors, whereas prediction uses all

Sensors.

Three point predictors are scored by RMSE: inverse-distance weighting, nearest neighbour and
natural neighbour. The natural-neighbour method uses the discrete Sibson scheme of Park et
al. (2006) on the 64 x 64 grid. Each grid cell passes its nearest sensor’s reading to every cell
closer to it than that sensor; each cell then averages the readings it receives. The bounded grid

defines predictions outside the sensors’ convex hull, and sensed cells retain their readings.

Exceedance forecasts. The three thresholds are the 10th, 50th and 90th percentiles of clean
training values, Y;o = —8.87, Y50 = —5.53 and Y9y = —2.24. The climatological reference
forecasts the constant training exceedance probabilities 0.9, 0.5 and 0.1; its Brier score is evaluated

against the test outcomes. Reliability plots bin forecast probabilities into ten groups.
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Stress tests. Further paired suites vary the random layout (Appendix F.1), use structured layouts
(Appendix F.2), replace independent Gaussian sensor errors with other error processes (Appendix
G.1), supply incorrect or untrained noise levels and untrained sensor counts (Appendix G.2),
and estimate an unknown ¢ from the sensors (Appendix H). All suites remain within the same

synthetic generator and involve no retraining.

TabPFN-3.5 comparison. Table 4 and Figure 15 compare TabPFN-3.5 (Jager et al., 2026) on
the first ten fields of each class (120 fields), selected before scoring under all 36 conditions. All
listed methods share fields, layouts and noise draws; we confirmed that the field identities and
the scores of the other methods agree with a separate 120-field run. Each field is a separate
regression task: normalised sensor coordinates are features, noisy readings are labels and the
4,096 query coordinates receive predictive distributions. Standard TabPFN-3.5 receives no noise
input. The version with o uses features x, y, x> + ox and y? + oy so that the noise level survives
preprocessing that removes task-constant columns. These features do not specify a sensor-noise

likelihood. Neither variant is fine-tuned.

Both variants ran locally with tabpfn 9.2.0, checkpoint tabpfn-v3.5-20260909. safetensors,
eight estimators, random state zero and default GPU mixed precision. The timing protocol is

described in Section 1.2.

C.3 Metrics and uncertainty intervals

For clean target y;, predictive mean m;, predictive distribution function F; and density p;, the

scores over J evaluated cells are

1 J
RMSE = J7 > j-m)?  NLL=-- Z log p; (y;),
o = (C.1)
1
CRPS = 7 Zf [F;(z) - I{y; < 2}]? dz.

RMSE measures the error of the predictive mean, NLL penalises low density at the clean value,
and CRPS compares the full predictive distribution with that value in the units of y; lower values

are better for all three scores. NLL depends on the scale of the target and can be negative for a
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concentrated density. Pooled RMSE is computed from pooled squared errors, not by averaging
condition-level RMSEs; other pooled scores average cell-level contributions, and every condition

contributes equally because all conditions have the same numbers of fields and cells.

The central (1 — «) interval is [Fj‘l(a /2),Fj‘1(1 — a/2)]. Coverage is the fraction of clean
targets inside it, and width is the mean distance between its endpoints; coverage should equal the
nominal level, and narrower intervals are preferable only at adequate coverage. The probability
integral transform (PIT) value u; = F;(y;) is uniform for calibrated continuous marginals; a peak
near 0.5 indicates excess spread, and excess mass near 0 and 1 indicates insufficient spread. A
pooled PIT histogram can conceal subgroup miscalibration. In spread—skill plots, predicted
spread is ‘H > y V; and observed error is RMSE; their ratio (SSR) compares aggregate second

moments, not full distributions.

For threshold 7, the forecast exceedance probability is p](-t )= 1-F ;(t). The Brier score is
% Zj[p](.t ) — Ky; > 1}1%, and Brier skill 1 — BS,,o4e1/BSejim iS positive when the model has a
lower squared probability error than climatology. Reliability diagrams compare the mean forecast
probability with the observed event frequency in each probability bin. Material-boundary cells

have a different material ID in at least one of their four neighbours; interior cells do not.

Reported confidence intervals resample whole fields within geological classes, keeping each
field’s conditions, layouts and noise draws together: 2,000 resamples for the full test set and
1,000 paired resamples for model differences. These intervals quantify variation across sampled

fields, not across training seeds or independent sensor layouts.

Appendix D. Comparative scores and sensor density

Table D.1 pools the 36 paired conditions. Both GeoPFN variants have lower CRPS, NLL, 90%
interval width and Yq, Brier score than all three kriging variants. GeoPFN-V improves on
GeoPFN by 0.0026 in CRPS and 0.0084 in RMSE (paired 95% intervals 0.0021-0.0030 and
0.0072-0.0094), while GeoPFN is closer to nominal coverage and has slightly narrower intervals.
The paired CRPS advantage of GeoPFN over per-field kriging is 0.0834-0.0894. Among point

predictors, natural neighbour (RMSE 1.670) lies between inverse-distance weighting (1.628) and
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nearest neighbour (1.917). It outperforms inverse-distance weighting at 64—1,024 sensors but not

at 4 or 16, where many query cells lie outside the convex hull of the sensors.

Table D.1. Pooled scores on the 1,200-field paired benchmark across all 36 conditions. RMSE,

CRPS and interval width are in log,, K units, and Brier q90 is the Brier score for exceeding

Yyo. ARMSE is the RMSE of each model minus that of GeoPFN, with its paired 95% confidence

interval; positive values indicate a higher error than GeoPFN. Bold marks the best value in each

column; for coverage, it marks the value closest to 0.90.

ARMSE
Width90  Brier @90 vs. GeoPFN

Model RMSE | CRPS | NLL | Cov. 90 d l (95% CI)
GeoPFN 1.499 0.591 0.768 0.900 2.81 0.0452
(this
study)
GeoPFN- 1.491 0.588 0.755 0.895 2.84 0.0452  —-0.009 to
\Y% —-0.007
Kriging, 1.529 0.710 1.214 0.905 4.29 0.0541 0.024 to
global 0.036
prior
Kriging, 1.519 0.693 1.147 0.898 4.09 0.0536 0.014 to
class 0.026
prior
(oracle)
Kriging, 1.509 0.677 1.172 0.899 3.92 0.0516 0.003 to
per-field 0.016
REML
Inverse- 1.628 - - - - - 0.121 to
distance 0.135
weight-
ing
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ARMSE

Width 90  Brier 90 vs. GeoPFN
Model RMSE | CRPS | NLL | Cov. 90 d l (95% CI)
Nearest 1.917 - - - - - 0.407 to
neigh- 0.429
bour
Natural 1.670 - - - - - 0.161 to
neigh- 0.181
bour

The pooled RMSE advantage over per-field kriging does not hold at every count (Table D.2,

Figure D.1): kriging has the lowest RMSE at 64—1,024 sensors. At 1,024 sensors, its RMSE

is 0.799 versus GeoPFN'’s 0.880; GeoPFN-V also has lower RMSE and CRPS than GeoPFN

(0.836 and 0.255 versus 0.880 and 0.264). GeoPFN nevertheless retains a lower pooled RMSE

and CRPS because its gains at the other counts outweigh these differences. Results at N = 4096

assess denoising, not sparse interpolation.

Table D.2. Paired-benchmark scores for each sensor count, pooled over the six noise levels.

RMSE, CRPS and interval width are in log,, K units. Bold marks the best value within each

sensor count; for coverage, it marks the value closest to 0.90. These scores are not directly

comparable with Figure 4, which uses the separate 5,000-field test set.

Model RMSE | CRPS | NLL | Cov.90  Width 90 |
N=4

GeoPFN 2.198 1.159 2.011 0.878 5.84
GeoPFN-V 2.195 1.160 2.015 0.877 5.80
Kriging, global prior 2.318 1.278 2.250 0.885 7.28
Kriging, class prior (oracle) 2.318 1.263 2211 0.878 7.14
Kriging, per-field REML 2.315 1.255 2.357 0.887 6.92
Inverse-distance weighting 2431 - - - -
Nearest neighbour 2.883 - - - -

55



Model RMSE | CRPS | NLL | Cov.90  Width 90 |
Natural neighbour 2.602 - - - -
N =16

GeoPFN 1.929 0.924 1.646 0.890 4.47
GeoPFN-V 1.930 0.926 1.652 0.889 4.44
Kriging, global prior 1.948 1.050 2.062 0.899 6.23
Kriging, class prior (oracle) 1.930 1.022 2.004 0.884 5.90
Kriging, per-field REML 1.933 1.011 2.233 0.880 5.60
Inverse-distance weighting 1.976 - - - -
Nearest neighbour 2418 - - - -
Natural neighbour 2.074 - - - -
N =64

GeoPFN 1.603 0.674 1.184 0.898 3.08
GeoPFN-V 1.601 0.673 1.183 0.899 3.09
Kriging, global prior 1.599 0.826 1.831 0.904 5.11
Kriging, class prior (oracle) 1.575 0.799 1.744 0.892 4.77
Kriging, per-field REML 1.567 0.779 1.714 0.889 4.59
Inverse-distance weighting 1.651 - - - -
Nearest neighbour 1.990 - - - -
Natural neighbour 1.647 - - - -
N =256

GeoPFN 1.247 0.448 0.670 0.898 1.90
GeoPFN-V 1.224 0.441 0.653 0.902 2.03
Kriging, global prior 1.222 0.595 1.463 0.908 3.81
Kriging, class prior (oracle) 1.208 0.579 1.358 0.901 3.60
Kriging, per-field REML 1.175 0.553 1.283 0.903 3.47
Inverse-distance weighting 1.371 - - - -
Nearest neighbour 1.555 - - - -
Natural neighbour 1.283 - - - -
N =1,024

GeoPFN 0.880 0.264 0.068 0.906 1.09
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Model RMSE | CRPS | NLL | Cov.90  Width 90 |

GeoPFN-V 0.836 0.255 0.044 0.903 1.24
Kriging, global prior 0.841 0.380 0.755 0.915 2.51
Kriging, class prior (oracle) 0.842 0.372 0.664 0.913 2.42
Kriging, per-field REML 0.799 0.347 0.583 0.914 2.26
Inverse-distance weighting 1.120 - - - -
Nearest neighbour 1.138 - - - -
Natural neighbour 1.037 - - - -
N =4,096

GeoPFN 0.179 0.075 -0.972 0.929 0.48
GeoPFN-V 0.178 0.075 -1.019 0.901 0.44
Kriging, global prior 0.323 0.128 -1.076 0.920 0.77
Kriging, class prior (oracle) 0.310 0.123 -1.100 0.921 0.74
Kriging, per-field REML 0.297 0.118 -1.136 0.922 0.71
Inverse-distance weighting 0.466 - - - -
Nearest neighbour 0.466 - - - -
Natural neighbour 0.466 - - - -

Calibration across probability levels. GeoPFN and GeoPFN-V tracked nominal coverage at
every central interval level (50% intervals covered 48.4% and 47.5%), and their PIT histograms
were nearly flat (Figure D.2). The kriging variants were conservative at central levels and
approached nominal coverage only near 90%. For predicted standard deviations of about 0.05-3
log,, K, observed RMSE broadly followed predicted spread for all probabilistic models. GeoPFN-
V predicted standard deviations down to about 0.01 log, , K, and below about 0.1 its observed
RMSE slightly exceeded its predicted spread. Figure 15 repeats these diagnostics on the matched
TabPFEN set; there, the observed RMSE of TabPFN-3.5 exceeded its predicted standard deviation

between about 0.06 and 1 log,, K and fell below it above about 1 log,, K.

Exceedance forecasts. At the thresholds Y, Y50 and Yoy (Appendix C.2), the test exceedance

frequencies were 0.90072, 0.49624 and 0.09676, giving climatological Brier scores of 0.08942,
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Figure D.1. Comparison of all models on the paired benchmark. The top row shows RMSE, CRPS
and 90% coverage against sensor count, pooled over the six noise levels; the bottom row shows
the same scores against noise level at N = 64 and 1,024. The dotted line marks the nominal
90% coverage. The neural models have the lowest CRPS at every sensor count, whereas per-field
kriging has the lowest RMSE at 64—1,024 sensors.
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Figure D.2. Probabilistic calibration of the probabilistic models on the paired benchmark. (a)
Observed coverage of central intervals against their nominal level; (b) PIT density; (c) observed
RMSE against predicted standard deviation. Dotted lines mark ideal probabilistic calibration.
Panel (c) omits kriging bins with RMSE below 10=%, which come from noise-free sensor cells
that kriging reproduces exactly. The curves pool spatially dependent cells and are therefore
descriptive.
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0.25000 and 0.08741. GeoPFEN Brier scores were 0.03390, 0.11305 and 0.04523, and GeoPFN-V
scores 0.03369, 0.11252 and 0.04517. The corresponding Brier skills were 0.621, 0.548 and
0.482 for GeoPFN, 0.623, 0.550 and 0.483 for GeoPFN-V and 0.478, 0.522 and 0.409 for per-field
kriging; the two neural models differ considerably less from each other than from kriging or
climatology. Reliability curves of the neural models lie close to the diagonal at the outer thresholds,
whereas the kriging curves are steeper than the diagonal (Figure D.3). Plotted reliability bins

contain at least 500 cell-condition observations, which is not a count of independent fields.

a P(Y> Yio) b P(Y> Yeo) c
1.0 7 1.0 7 1.0 9
Perfect reliability Perfect reliability
(dotted diagonal) (dotted diagonal)
> 0.8 1 > 0.8 1 0.8
o [3)
c = [0
[ Q =
2 2 8
3 0.6 3 0.6 @ 0.6
° ° =
g o4 $ 041 5 04
g 2 5
Kol Qo 0
O 02 O o2 0.2
0.0 T T T T 1 0.0 T T T T 1 0.0 -
00 02 04 06 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 Y10 Yso Yoo
Forecast probability Forecast probability Threshold
—8— GeoPFN (this study) GeoPFN-V —&— Kriging, global prior Kriging, class prior (oracle) ~@- Kriging, per-field REML

Figure D.3. Threshold-exceedance forecasts on the paired benchmark. Panels (a) and (b) show
reliability diagrams for exceeding Y,y and Yo, and panel (c) shows the Brier skill of each model
relative to training climatology. Points close to the diagonal in (a) and (b) indicate that forecast
probabilities match observed frequencies. The thresholds are defined in Section C.2.

Appendix E. Geological and spatial diagnostics

Full-test overview. Material boundaries showed the clearest calibration failure on the 5,000-field
test set. They comprised 15.9% of evaluated cells, with RMSE 2.405 and 0.779 coverage for
nominal 90% intervals, versus RMSE 1.268 and coverage 0.920 in interiors (Figure 5). Cells
adjacent to sensors were covered less often than sensed cells (0.887 versus 0.928). Across classes,
RMSE ranged from 0.979 for weathered bedrock to 2.059 for fracture networks; coverage ranged
from 0.856 for cross-bedded fields to 0.914 for layers. These comparisons locate calibration

failures but do not attribute them to a specific architectural component.

E.1 Boundaries and sensor status

Excluding fully sensed fields from the paired benchmark, GeoPFN covered 0.744 of unsensed

boundary cells and 0.918 of unsensed interior cells; GeoPFN-V covered 0.774 of unsensed
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boundary cells (Table E.1). Per-field kriging had lower boundary RMSE (2.439 versus 2.617 for
GeoPFN) but lower coverage. Every model missed unsensed boundary targets in both tails (Table
E.1; panel (c) of Figure E.1). The full-test boundary coverage of 0.779 differs from this value

because it includes sensed cells, all six sensor counts, 11 noise levels, two draws and 5,000 fields.
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Table E.1. Paired-benchmark scores for groups of cells defined by boundary and sensor status,

excluding N = 4096. Boundary cells have at least one four-neighbour with a different material

ID, and sensor status is assigned independently of boundary status. RMSE and CRPS are in

log,, K units, and tail-miss rates are the percentages of targets below the 5% or above the 95%

predictive quantile. For calibrated 90% intervals, coverage is 0.90 and each tail-miss rate is 5%;

bold marks the value closest to these targets, or the lowest error, within each group.

Model RMSE | CRPS | Cov.90 Below q05  Above q95
Boundary

GeoPFN 2.617 1.410 0.756 11.0 13.4
GeoPFN-V 2.581 1.385 0.785 9.5 12.0
Kriging, global prior 2.468 1.394 0.711 13.5 15.5
Kriging, class prior (oracle) 2.459 1.377 0.704 13.2 16.4
Kriging, per-field REML 2.439 1.351 0.705 13.4 16.2
Interior

GeoPFN 1.382 0.559 0.920 35 4.6
GeoPFN-V 1.381 0.560 0.915 3.7 4.8
Kriging, global prior 1.471 0.719 0.938 29 33
Kriging, class prior (oracle) 1.460 0.700 0.929 3.1 4.0
Kriging, per-field REML 1.451 0.683 0.930 3.1 3.8
Sensor, boundary

GeoPFN 0.330 0.118 0.918 4.1 4.1
GeoPFN-V 0.384 0.130 0.943 29 2.8
Kriging, global prior 0.532 0.202 0.861 7.1 6.8
Kriging, class prior (oracle) 0.503 0.194 0.861 7.0 6.8
Kriging, per-field REML 0.482 0.187 0.863 6.9 6.9
Sensor, interior

GeoPFN 0.210 0.089 0.948 2.6 2.6
GeoPFN-V 0.213 0.089 0.932 3.5 33
Kriging, global prior 0.326 0.131 0.929 35 3.6
Kriging, class prior (oracle) 0.316 0.127 0.929 3.5 3.6
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Model RMSE | CRPS | Cov.90 Below q05  Above q95

Kriging, per-field REML 0.308 0.124 0.930 3.5 3.5

Unsensed, boundary

GeoPFN 2.707 1.502 0.744 11.5 14.1
GeoPFN-V 2.670 1.475 0.774 10.0 12.7
Kriging, global prior 2.551 1.480 0.700 13.9 16.1
Kriging, class prior (oracle) 2.542 1.462 0.692 13.7 17.1
Kriging, per-field REML 2.521 1.435 0.693 13.8 16.8

Unsensed, interior

GeoPFN 1.429 0.593 0.918 3.5 4.7

GeoPFN-V 1.429 0.594 0.913 3.7 4.9

Kriging, global prior 1.520 0.761 0.939 2.8 33

Kriging, class prior (oracle) 1.508 0.741 0.929 3.1 4.0

Kriging, per-field REML 1.500 0.723 0.931 3.1 3.8
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Figure E. 1. Boundary diagnostics on the paired benchmark. (a) RMSE and (b) 90% coverage
against distance to the nearest material boundary; (c) GeoPFN tail-miss rates by sensor and
boundary status. Dotted lines mark the nominal 90% coverage and the nominal 5% per tail.
Errors and undercoverage are concentrated at boundaries; tail misses alone, however, do not
distinguish intervals that are too narrow from means that are biased.

E.2 Geological classes and materials

GeoPFN and GeoPFN-V class CRPS differed by at most 0.014 (fracture network); GeoPFN-V
was lower in eight classes, GeoPFN in three, with one tie (Figure E.2). GeoPFN had lower CRPS

than all kriging variants in every class, although cross-bedded fields remained undercovered.
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Class-specific kriging reduced several coverage errors of global kriging. These classes represent

mechanisms within a single generator rather than independent datasets.
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Figure E.2. CRPS and 90% coverage of each model for each synthetic geological class on the
paired benchmark (100 fields per class). The dotted line marks the nominal 90% coverage.
GeoPFN has lower CRPS than all kriging variants in every class, although some classes, most
clearly cross-bedded fields, remain undercovered.

E.3 Qualitative reconstruction examples

Figure 12: field selection. The figure uses test IDs 96560 (layers), 95008 (channel), 98215 (lens
field), 95007 (fault), 95054 (channel network) and 95011 (weathered bedrock). The classes were
chosen for their contrasting structures, and no field was selected on the basis of reconstruction
error. The layers field was selected visually for four steep, parallel layers among 42 finite test
fields with four or five large layer regions and contacts crossing both grid directions. The lens field
minimised the contrast between its most distinct lens and the background mean (1.73 log, , K)
among finite examples with at least 8% lens coverage. The channel network was selected visually
for branching channels among the first 12 finite examples. The remaining three fields are the first

finite test realisations of their classes.

Figure 12: common protocol. All six fields use the same 256 sensor locations on a regular
16 x 16 grid, ¢ = 0.3 and the same standardised Gaussian noise draw at each location (seed

20261136). Predictions used float32 on one CPU thread and the step-1,505,000 checkpoint.
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Field RMSE is 0.596, 0.590, 0.434, 0.791, 0.950 and 0.434 in the order listed above. Clean,
observed and predicted values use one colour scale; readings outside its range saturate. Each
standard-deviation row has a separate scale starting at 0.01, so colours cannot be compared across
components. Identical sensor geometry and noise input yield identical measurement maps. We
verified that all outputs are finite, that each field has 256 unique sensor cells and that V = § + M

holds.

Figures 10 and 11. Both use test ID 95010, the first finite graded-bedding realisation, selected
for its oblique contacts. Figure 11 places noise-free sensors at the centres of 2 x 2,4 x 4, 8 x 8§,
16 x 16 and 32 x 32 tiles, and at every cell; Figure 10 senses every cell at the six scheduled noise
levels. The upper-left panel of each figure is the noise-free, fully sensed field and equals the
clean target. Each layout uses a standardised Gaussian draw (seed 20261008 + N), scaled by o.
Boundary cells have a four-neighbour with a different material ID. We verified that the structural
variance equals its floor at every sensed cell and that the measurement variance does not decrease

between consecutive noise levels in Figure 10.

Figure 14: unseen-pattern protocol. Six synthetic patterns are generated directly at 256 x 256
cell centres. The 256 sensors form a regular 16 x 16 subset of the 64 x 64 grid of 4 x 4 fine-cell
blocks; each reads the mean of its block. The locations are shared across fields. The unchanged
checkpoint receives the negative of each rescaled /.. reading and is queried at all 65,536 fine-grid
centres; the negated predictive mean is displayed. This test examines new shapes, numerical target
rescaling and query resolution together; it does not assess calibration or transfer to measured /..

data.

Appendix F. Sensor-layout studies

F.1 Repeated random layouts

Five additional random layouts per field were evaluated alongside the main layout at 4-1,024
sensors and ¢ € {0.1,0.5} (Figure F.1). Across the six layouts, GeoPFN’s between-layout
standard deviation was at most 0.0021 for coverage, 0.0069 for CRPS and 0.0107 for RMSE; the

largest values occurred with 4 or 16 sensors. Per-field kriging varied similarly (at most 0.0030,
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0.0110 and 0.0181). The main-grid results therefore varied little across the tested random layouts,
although this does not establish similar stability under structured layouts (Section F.2).
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Figure F.1. Sensitivity of RMSE, CRPS and 90% coverage to the random sensor layout. Each
field was evaluated with six random layouts at o = 0.1 (solid lines) and 0.5 (dashed lines).
Points show the mean, and error bars show one standard deviation between layouts, they do not
represent training-seed uncertainty. The small error bars indicate that the main results depend
little on the particular random layout.

F.2 Structured sensing

Regular grids, survey lines, sparse lines, four clusters and half-domain layouts were tested at
o = 0.1 and 0.5. Survey lines use all cells along evenly spaced rows; sparse lines sample every
fourth cell along more rows at the same total sensor count. Clusters draw sensors around four

centres, and half-domain layouts leave one half unsensed. Figure F.2 shows the results at o = 0.5.

One of the two GeoPFN variants had the lowest CRPS at every tested layout and count. GeoPFN
had lower CRPS than GeoPFN-V on survey lines up to 256 sensors and on all cluster and half-
domain layouts; GeoPFN-V performed better on regular grids and sparse lines. GeoPFN had
higher coverage on survey lines and clusters (0.858 versus 0.827 for 64 sensors on survey lines;
0.842 versus 0.816 for 256 clustered sensors). Nevertheless, its coverage fell to 0.842 with clusters
and 0.870 on half-domain layouts, whereas global-prior kriging ranged from 0.889 to 0.912
across the tested layouts. Per-field kriging had lower RMSE with 256 clustered sensors (1.872
versus 1.956) and 512 half-domain sensors (1.560 versus 1.671). A lower CRPS therefore did

not guarantee coverage near 0.90 for every sensor geometry.
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Figure F.2. Performance under structured sensor layouts at ¢ = 0.5: (a) CRPS and (b) 90%
coverage for regular grids, survey lines, sparse lines, four clusters and half-domain layouts.
Dotted markers show GeoPFN under a random layout with the same sensor count, where available.
Coverage falls below nominal when large parts of the domain are unsensed.

Appendix G. Sensor-error processes and noise-input sensitivity

G.1 Changing the sensor-error process

The error-process suite uses 16, 256, 1,024 and 4,096 sensors at ¢ = 0.2 and 0.5. Along-
side independent Gaussian errors, it tests variance-scaled Student-z3 errors, a mixture with 5%
fivefold-standard-deviation Gaussian outliers, and independent heteroscedastic errors whose
sensor standard deviations are uniform on [0, \/§ o). The heteroscedastic input is their root-mean-
square standard deviation. It also tests Gaussian errors smoothed over 3 or 10 grid cells and
rescaled to marginal standard deviation o, plus a common +¢ bias. None of the models is

retrained. Figure G.1 shows the results at o = 0.5.

Under the three independent non-Gaussian or heteroscedastic processes, GeoPFN’s 90% coverage

remained near nominal, between 0.889 and 0.927.

Spatial correlation and common bias caused larger deterioration as sensor density increased.
Under 10-cell correlation, GeoPFN coverage fell from 0.877 at 16 sensors to 0.341 at 4,096; under
common +¢ bias, it reached 0.283 at 4,096. GeoPFN-V exhibited even lower coverage under

correlation (0.453 and 0.246 at 1,024 and 4,096 sensors, versus 0.509 and 0.341 for GeoPFN) and
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under bias at 4,096 sensors (0.239). Global-prior kriging retained coverage of 0.800 and 0.679
in the two dense cases and lower CRPS under 10-cell correlation (0.309 versus 0.358). Denser
sensing alone cannot remove an error that is shared across sensors. These synthetic tests reveal a

limitation of the independent-error training assumption but do not validate an error model for a

field site.
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Figure G.1. Sensitivity to alternative sensor-error processes at o = 0.5: 90% coverage (a—d)
and CRPS (e—h) with 16, 256, 1,024 and 4,096 sensors. The dotted line marks the nominal 90%
coverage. Independent non-Gaussian errors are tolerated, whereas spatially correlated errors
and a common bias reduce coverage increasingly as sensors are added.

G.2 Supplied noise and untrained observation settings

Changing the supplied ¢ had a smaller effect with sparse than with fully observed grids. At
N = 4096 and true ¢ = 0.5, supplying o = 0 gave 90% coverage of 0.075, while o = 20 gave
0.709. These are controlled changes to the input rather than evaluations of a noise estimator
(Appendix H). For true ¢ = 1.5 or 2, beyond training, coverage was 0.891-0.933 over the six
trained sensor counts. At five untrained counts, coverage was 0.883-0.915 except at N = 2048
with ¢ = 0 and 1, where it reached 0.952 and 0.930. Figure 8 presents these results; all fields are

still drawn from the training generator.
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Appendix H. Estimating unknown noise

The unknown-noise suite compares GeoPFN supplied with true ¢ against two estimates from
the noisy observations, at o € {0.1,0.2,0.5,1} and N € {64,256, 1024,4096}. The covariance
method jointly fits spatial covariance and a free sensor-noise variance by per-field REML. The
held-out method uses five sensor folds and selects the candidate ¢ maximising held-out predictive
log density; the predictive variance for a held-out reading includes the candidate sensor-noise
variance. Its candidate grid runs from O to 1.25, so an upper quantile at 1.25 signals grid saturation,

not a precise estimate.

With 64-1,024 sensors, held-out estimates gave 90% coverage of 0.880—-0.914 and covariance
estimates 0.860-0.895 (Figure H.1). At 4,096 sensors, these ranges were 0.800—0.904 and
0.751-0.877. GeoPFN also undercovered at true ¢ = 0.2 and 4,096 sensors (0.853), so estimation
error cannot account for all of the dense-grid miscalibration. At 64 sensors and true ¢ = 1, the
covariance estimate had median 0.445 and the held-out estimates varied widely across fields. Near-
nominal coverage with moderate sensor counts therefore does not imply accurate identification

of o.
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Figure H.1. 90% coverage of GeoPFN when the noise level is supplied exactly or estimated from
the observations, at 256, 1,024 and 4,096 sensors. The dotted line marks the nominal coverage.
Departures that also occur with the true o cannot be attributed to noise estimation.
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Appendix I. Computation and reproducibility

1.1 Per-field latency

Table 1.1 reports GeoPFN latency on an Intel Xeon Platinum 8461V CPU (one numerical-library
thread) and an NVIDIA RTX 6000 Ada GPU (48 GB). Both used float32 without autocast or
TF32, evaluation mode, no gradients and 256-cell query chunks. For each device and sensor
count, five warm-up calls preceded one timed forward pass on each of 1,000 distinct test fields
(batch size one, 4,096 queries, ¢ = (0.2). Fields, layouts and noise draws were matched across
devices. Timing used Python perf_counter with PyTorch 2.11.0 and CUDA 12.8 on 18 October
2026, synchronising the GPU around each call. Sensor embeddings and query features were
recomputed; inputs and weights were already device-resident, so loading and transfer were

excluded.

Table I.1. Distribution of GeoPFN latency per 4,096-cell field: median and 10th—90th percentiles
over 1,000 fields for each setting. The percentiles describe variation across the timed fields; the

corresponding means are given in Table 2.

CPU 10th-90th GPU 10th—90th

Sensors  CPU median (ms) (ms) GPU median (ms) (ms)
4 139.7 137.3-144.9 13.94 13.86-14.40

16 134.9 133.0-139.2 13.29 13.23-13.74

64 149.4 146.8-154.3 13.36 13.30-13.77

256 207.7 204.7-212.9 13.28 13.24-13.68
1,024 5834 557.9-617.0 13.44 13.40-14.00
4,096 4,187.5 3,781.9-4,677.2 32.77 32.64-32.94

1.2 Same-session comparative timing

Table 4 reports local timing on one GPU, with each model timed on the first field of each class
(12 fields), at ¢ = 0.2 and all six sensor counts. Batch size was one, TF32 was disabled, and
five untimed warm-up calls preceded each count. GeoPFN, GeoPFN-V and kriging used float32

without autocast; TabPFN used its default GPU mixed precision, matching the scored predictions.
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Each model was timed in a separate block and GPU calls were synchronised. A separate GPU
process was observed at the end of the TabPFN timing run, so the measurements should not be

read as isolated-hardware benchmarks.

GeoPFN and GeoPFN-V timing starts with inputs in CPU memory, includes encoding the 4,096
query coordinates and ends with CPU outputs. Caching query features changed GeoPFN times by
less than 1 ms. Kriging starts with GPU-resident inputs; per-field REML includes 80 fitting steps.
TabPFN timing includes synchronised fitting and prediction but excludes construction, checkpoint
loading, transfers and scoring. Under TabPFN’s default mixed precision, the means were 732
and 745 ms per field (rounded to 730 and 750 ms in Table 4), with fitting taking approximately
278 ms. Separate float32 TabPFN measurements took 1,681 and 1,725 ms; their predictions
differed from the scored mixed-precision predictions by at most 0.016 log,, K RMS per field.

The different transfer and precision conventions limit direct comparison of the elapsed times.

1.3 Computational cost

Sensor self-attention scales quadratically with sensor count, and decoder cross-attention scales
with the product of query and sensor counts. Query chunking bounds decoder memory but not
encoder cost. Training and periodic validation took 109.69 h of elapsed time, excluding data

generation, tuning and evaluation. No deployment break-even point was estimated.

Appendix J. Limitations

Pooled coverage close to 0.90 concealed conditional failures (Table J.1). At unsensed boundaries,
GeoPFN’s coverage was 0.744, with misses in both tails (11.5% below the 5% quantile; 14.1%
above the 95% quantile). Coverage also fell to 0.842 for four sensor clusters and 0.870 for
half-domain sensing. The largest failures occurred with shared sensor error: at 4,096 sensors,
coverage was 0.341 under 10-cell correlation and 0.283 under common +¢ bias, versus 0.800
and 0.679 for global-prior kriging. Estimating the noise level further reduced coverage in some
dense-grid conditions (Appendix H). These failures restrict the use of the marginal intervals for
site decisions unless they are validated for the intended geology, layout and error process. The

protocols and full comparisons are given in Appendices E-H.
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Table J.1. Coverage of nominal 90% intervals in selected stress conditions of the paired bench-
mark. Boundary results pool 4—1,024 sensors, and the layout and error-process rows use o = 0.5.
Values are proportions. The conditions were selected to summarise the main failures and do not

form an exhaustive list.

Condition (V) GeoPFN  GeoPFN-V  Global kriging REML kriging
Unsensed boundary (4-1,024) 0.744 0.774 0.700 0.693
Four clusters (256) 0.842 0.816 0.897 0.866
Half domain (512) 0.870 0.858 0.901 0.886
Student-5 errors (1,024) 0.900 0.896 0.915 0.913
10-cell correlation (1,024) 0.509 0.453 0.883 0.787
10-cell correlation (4,096) 0.341 0.246 0.800 0.699
Common +o¢ bias (4,096) 0.283 0.239 0.679 0.630
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