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Key points

• The state variable reveals regime-like behavior in the catchment history

• The linear dynamic model has higher accuracy than conventional linear regression

• The model can generate stochastic replicates of both streamflow and catchment state
time series

ABSTRACT

Catchment dynamics is not often modeled in streamflow reconstruction stud-
ies; yet, the streamflow generation process depends on both catchment state
and climatic inputs. To explicitly account for this interaction, we contribute
a linear dynamic model, in which streamflow is a function of both catchment
state and paleo-climatic proxies. The model is learned using a novel variant of
the Expectation-Maximization algorithm, and it is used with a paleo drought
record—the Monsoon Asia Drought Atlas—to reconstruct 406 years of stream-
flow for the Ping River (northern Thailand). Results on the instrumental pe-
riod show that the dynamic model has higher accuracy than conventional linear
regression; all performance scores increase by 40–67%. Furthermore, the recon-
structed trajectory of the state variable provides valuable insights about the
catchment history—e.g., regime-like behavior—thereby complementing the in-
formation contained in the reconstructed streamflow time series. The proposed
technique can be used as a replacement of linear regression, since it only re-
quires information on streamflow and climatic proxies (e.g., tree-rings, drought
indices); furthermore, it is capable of readily generating stochastic streamflow
replicates. With a marginal increase in computational requirements, the dy-
namic model brings more desirable features and value to streamflow recon-
structions.
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1. Introduction
Since the seminal works of Stockton (1975); Stockton and Jacoby (1976), streamflow re-
construction has brought forth insights that were unattainable with short instrumental
records. Most notably, streamflow reconstructions have revealed extreme events (droughts
and pluvials) in the distant past, and put recent extreme events into perspective (Meko
and Woodhouse, 2011). In some cases, the paleo period was found to have more extreme
droughts (e.g., Güner et al., 2017), and both more extreme droughts and pluvials (e.g.,
DeRose et al., 2015; Schook et al., 2016), than the instrumental period. In other cases,
the opposite was observed (Woodhouse et al., 2006; Littell et al., 2016). Although varying
in details, these studies—and many others (e.g., Maxwell et al., 2011; Bekker et al., 2014;
Razavi et al., 2015)—came to the consensus that reconstructed streamflow data provide
more understanding about streamflow variability than do instrumental data alone. Such
added understanding are being transformed into water management practice in the U.S.
(Meko and Woodhouse, 2011) and Canada (Sauchyn et al., 2015); streamflow reconstruc-
tions may likely see wider applications in other countries.

The majority of reconstruction studies are based on a statistical modeling approach
that first establishes an empirical relation between climatic proxies (e.g., tree-rings) and
streamflow for the instrumental period, and then carries out the streamflow reconstruction
by feeding the paleo period’s climatic proxies into the established relation (e.g., Hidalgo
et al., 2000; Woodhouse et al., 2006; Littell et al., 2016; Allen et al., 2017). The following
principal component linear regression is often adopted:

yt = α+ βut + εt (1)

where t is the time index, y the streamflow (transformed to a Gaussian distribution), u
the climatic proxies (typically pre-processed with Principal Component Analysis (Jolliffe,
2002), or other statistical techniques), ε the noise, α the intercept term, and β the vector of
regression coefficients. This approach has been proven to provide reliable reconstructions
for a variety of modeling conditions—e.g., catchment size, length of instrumental and paleo
period, hydrological regime—but it assumes that the streamflow yt depends only on the
climatic proxies ut. In other words, equation (1) neglects the catchment dynamics and
their effect on streamflow generation. As a consequence, linear regression models may not
fully capture some important phenomena, such as long-range dependence in streamflow,
complex flood generation mechanisms, or temporal clustering of extreme events (Pelletier
and Turcotte, 1997; Koutsoyiannis, 2011). This might translate into an underestimation
(or overestimation) of the actual streamflow.

The most natural way to incorporate catchment dynamics into streamflow reconstruc-
tion is to adopt a mechanistic modeling approach. This idea was explored by Saito et al.
(2015) and Gangopadhyay et al. (2015). The former used the Thornwaite water balance
model and reconstructed seasonal temperature and precipitation records to reconstruct
streamflow in the West Walker River Basin (California, US). The latter introduced a hy-
brid paleo-water balance approach consisting of two main steps: first, precipitation and
temperature data are resampled to create their nonparmetric reconstructions (Lall and
Sharma, 1996); then, the reconstructions are fed into a water balance model to recon-
struct streamflow. Naturally, the main limitation of a mechanistic approach stands on its
reliance on a large amount of hydrological data, either instrumental, simulated, or recon-
structed. Such data may not always be available with the required spatial and temporal
resolution.

Recently, Bracken et al. (2016) developed a statistical modeling approach based on a
hidden Markov model for streamflow reconstruction. The hidden state is derived from cli-
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mate proxies and interpreted as the “state of the climate”; streamflow is then reconstructed
from the climate state via a log-linear function. In this hierarchical model, streamflow gen-
eration depends on climate dynamics.

The main motivation for this work is to develop a streamflow reconstruction tech-
nique that accounts explicitly for the catchment dynamics without requiring a substantial
amount of data. We address this challenge by appealing to linear dynamical systems—a
class of models that has been used widely in hydrology, as it provides a good approxima-
tion for many natural phenomena, including the rainfall-runoff process (e.g., Cooper and
Wood, 1982a; Ramos et al., 1995). Concretely, we model the relationship between climatic
proxies and streamflow using the state-space representation of a discrete, linear dynamical
system, which allows us to account for the dynamics of the catchment state as well as the
effect of both climate proxies and catchment state on the streamflow generation process.
Traditionally, linear dynamical systems are learned using the Expectation-Maximization
(EM) algorithm (see Cheng and Sabes (2006), and references therein). However, EM
cannot be used directly for streamflow reconstructions, because the length of the climate
proxies differs from that of the streamflow time series. To overcome this, we propose a
novel variant for the EM algorithm.

The technique is tested in the Ping River Basin (northern Thailand), where we recon-
struct 406 years of annual streamflow based on the time series of the Palmer’s Drought
Severity Index—retrieved from the Monsoon Asia Drought Atlas (Cook et al., 2010a). We
show that the proposed model yields two important advantages. First, the reconstructed
streamflow time series is complemented by a corresponding time series of a catchment
state variable that provides information on the catchment’s dynamics (e.g., regime-like
behavior), thereby assisting with the analysis of historical droughts and pluvials. Second,
we show that the linear dynamic model has higher accuracy than a conventional princi-
pal component linear regression (on the instrumental period), especially during droughts
and pluvials. We also show that the model can readily generate stochastic streamflow
replicates. These advantages are obtained with a marginal increase in computational
requirements compared to linear regression.

2. Study Site and Data
2.1. The Ping River Basin
The Ping River drains a catchment of 33,900 km2 (Komori et al., 2012) located in northern
Thailand. Along with the Nan River, the Ping is one of the main tributaries of the Chao
Phraya, whose basin covers 30% of the country’s surface (Figure 1a). The water flowing in
the Chao Phraya Basin serves multiple users—i.e., agricultural, industrial, and domestic
supply, hydropower generation, navigation, and prevention of seawater intrusion in the
Gulf of Thailand—supporting a population of approximately 25 million people, including
8 million in Bangkok (Divakar et al., 2011; Takeda et al., 2016). A key component of the
water system is the Bhumibol Reservoir, located on the Ping River. The reservoir has a
large active storage capacity—about 9,700 Mm3—that helps control floods and meet the
demand of the different water users.

In this study, we aim to reconstruct annual streamflow (on a water year basis) at the
P1 stream gauge station, located in Chiang Mai, upstream of Bhumibol Reservoir (Figure
1a). In this area, monthly streamflow exhibits a strong seasonal pattern, with higher
flow observed during the South-West Monsoon season (early May to October-November)
(Figure 1b). Peak flows and, therefore, floods are generally observed during the second part
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of the Monsoon season, during which heavy rainfall events occur over a wet catchment. The
flood generation mechanism can vary on an annual basis, as it depends on the intertwining
interactions between Monsoon rainfall, global circulation, and tropical storms (Lim and
Boochabun, 2012). For instance, the 2006 flood appears to be caused solely by Monsoon
rainfall—whose intensity is amplified in La Niña years (Kripalani and Kulkarni, 1997)—
while larger events, such as the 1973 or 2005 one, were caused by the combination of
Monsoon rainfall and tropical storm activity (Lim and Boochabun, 2012). Naturally,
such complex streamflow generation process makes the reconstruction exercise difficult,
especially when using data derived from moisture-limited trees, because saturated overland
flow is not reflected in the tree-ring widths.
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Figure 1. a) Map of the Chao Phraya River Basin and main tributaries, including the
Ping River. The stream gauge station P1 is indicated with a red dot. b) Box
plots showing the distribution of the monthly streamflow measured at P1.
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Monthly streamflow data at P1 station were retrieved from the Thai Royal Irrigation
Department’s database (http://www.hydro-1.net). To match the last year of our paleo
data source (described in the next section), we used 85 water years—from April 1921 CE
to March 2005 CE—and aggregated the monthly data into annual streamflow on a water
year basis (April to March). The summary statistics of annual streamflow at P1 station
are provided in the Supporting Information (Table S1).

2.2. The Monsoon Asia Drought Atlas
In Southeast Asia, streamflow reconstruction studies are rare, because the necessary in-
strumental data for calibration are often limited and, most importantly, tree-ring records
are scarce; an issue partially attributable to the lack of suitable tree species (Sano et al.,
2009). In fact, to the authors’ knowledge, there has been only one streamflow reconstruc-
tion attempt in Southeast Asia (D’Arrigo et al., 2011). To address the problem of data
scarcity, we proposed to use the Palmer’s Drought Severity Index (PDSI). While there
are only a few tree-ring sites in Southeast Asia, the PDSI is available in a gridded dataset
called the Monsoon Asia Drought Atlas (MADA) (Cook et al., 2010a)—a spatial-temporal
drought map over the Asian Monsoon region, with resolution 2.5°×2.5°. The map com-
prises 534 grid points, each containing an annual time series of the PDSI, from 1300 to
2005, reconstructed from tree-ring chronologies.The theoretical ground for using the PDSI
as climate proxy is that both PDSI and streamflow are regression functions of tree-rings;
hence, one can build a regression function between them. Based on this idea, Ho et al.
(2016) utilized the Living Blended Drought Atlas (LBDA) (Cook et al., 2010b)—a grid
of PDSI time series reconstructed from tree-rings over North America—to reconstruct
streamflow in the Missouri River Basin, yielding good reconstruction skills (adjusted R2

ranged between 0.56 and 0.90).
Preliminary analyses showed that annual streamflow at P1 station has higher correlation

with the nearby MADA grid points than with nearby tree-ring chronologies (Table 1,
Figure 2). The analysis also showed that 1,200 km is the optimal search radius to include
the MADA grid points (Supporting information, Figure S1). There are three possible
explanations for this result. Firstly, this radius incorporates valuable information from the
Bidoup-Nui Ba tree-ring site in Vietnam, about 1,200 km south-east of P1. The chronology
from this site was a major “anchor” for PDSI reconstruction in this region (Cook et al.,
2010a). Secondly, the chronologies at the south-most ends of the Tibetan Plateau may
have contributed to the reconstruction (Figure 2) [Cook, 2017, personal communication].
Finally, going beyond 1,200 km means leaving the climate zone characterizing the region.
Based on these analyses, we used 51 MADA grid points (within the optimal radius) for the
period 1600–2005 as the paleoclimatic data for our streamflow reconstruction. The use of
a shorter time series is justified by the fact that most tree-ring chronologies in Southeast
Asia started from the 17th century onwards (Buckley et al., 2007; Sano et al., 2009)—so,
data for the period before 1600 may be less reliable.
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Figure 2. Map showing MADA grid points (colour-scaled circles) within 1,200 km of P1
station (red square), and nearby tree-ring sites (green triangles). The MADA
grid points show a radially decreasing correlation pattern. Beyond 1,200 km,
correlation decreases significantly.

Table 1. Correlation between tree-ring chronologiesa and streamflow, arranged by in-
creasing distance from station P1

ID Starting year Ending year Distance to P1 (km) Correlation p-value
TH001 1558 2005 55.37 0.20 0.06
TH006 1648 2004 85.10 -0.04 0.75
TH002 1786 1993 354.29 0.13 0.28
TH003 1616 1993 369.80 -0.04 0.76
LS001 1743 2005 406.71 -0.22 0.04
TH004 1693 2006 423.49 0.18 0.09
LS002 1785 2005 438.75 -0.14 0.19
a Standardized chronology indices are obtained from the dendrobox
project (dendrobox.org) (Zang, 2015)
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3. Linear Dynamical System Learning–Reconstruction
In this section, we provide a brief overview of linear dynamical systems, and then describe
in greater details our proposed variant of the Expectation-Maximization algorithm used
for the reconstruction exercise. Finally, we show how the linear dynamic model can be
used to generate stochastic streamflow replicates, and report the experimental setup of
our study.

3.1. Linear Dynamical Systems
We consider a stochastic, discrete, time-invariant, linear dynamical system with the fol-
lowing state-space representation:

xt+1 = Axt +But + wt (2)
yt = Cxt +Dut + vt (3)
wt ∼ N (0, Q)

vt ∼ N (0, R)

where x ∈ Rp is the system state; u ∈ Rm and y ∈ Rq are the input and output; w ∈ Rp

and v ∈ Rq are white noises, independent of each other. Henceforth, we refer to the
system governed by equations (2) and (3) as a linear dynamical system (LDS), and its
parameters A ∈ Rp×p, B ∈ Rp×m, C ∈ Rq×p, D ∈ Rq×m, Q ∈ Rp×p, and R ∈ Rq are
collectively referred to as θ. Furthermore, we assume that, at time t = 0, the system
starts from an initial state x0 ∼ N (µ0, V0). Note that the LDS model is a state-space
representation of the ARMAX model (Auto-Regressive–Moving Average with eXogeneous
input) (Ramos et al., 1995; Shumway and Stoffer, 2011), but it has an advantage over
ARMAX: the system state is modeled explicitly. In rainfall-runoff modeling applications
(e.g., Ramos et al., 1995), x, u, and y represent the catchment state, rainfall, and runoff
(or streamflow), respectively. In the context of this study, x and y maintain the same
meaning, whereas the input u is represented by the climatic proxy, namely the MADA
grid points. Note that the model can be used for both single- and multi-site applications
(Cooper and Wood, 1982a,b). In the latter case, x

(j)
t and y

(j)
t represents the state and

output at the jth site, and the matrices A,C,Q and R capture the spatial dependence
between the sites.

One observes that linear regression is a sub-class of the LDS model: the state-dependent
term Cx in equation (3) is replaced by the constant intercept term α in equation (1),
and the state transition equation (2) is unused in linear regression. As a result, linear
regression may not fully capture phenomena related to the catchment dynamics, such as
flood generation mechanisms or long-range dependence (Koutsoyiannis, 2011). In this
respect, LDS is better suited, since it uses the information regarding both catchment state
and climate proxies to estimate streamflow. Another key advantage of LDS over linear
regression concerns the autocorrelation structure of the input variables. When the linear
model is learned using least square estimators, serial independence is implicitly assumed; in
other words, each input time series is considered not autocorrelated—an assumption that
is often not valid for climatic and hydrological processes (see e.g. Pelletier and Turcotte
(1997)). This, on the other hand, is not a problem for the LDS model, which is learned
using a maximum likelihood method, as we shall see in Section 3.2.
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3.2. Learning the System States and Parameters with the Expectation
Maximization Algorithm

Equations (2) and (3) indicate that in order to model the annual streamflow (i.e., the
system output y), input u, state x, and parameters θ must be known. When the state
trajectory is known, the task of estimating the parameters is generally referred to as the
system identification problem (Roweis and Ghahramani, 2001). When the system param-
eters are known, the task of estimating the state trajectory is called the state estimation
problem [ibidem]. Interestingly, the task at hand is a combination of both: only the system
output y and input u (i.e., PDSI) are available, so neither the state nor the parameters are
known. One possible solution is to iterate between state estimation and system identifica-
tion: this idea employs the Expectation-Maximization (EM) algorithm (Dempster et al.,
1977), and it was first proposed by Shumway and Stoffer (1982) (and further developed
by Ghahramani and Hinton (1996); Cheng and Sabes (2006)). The algorithm starts with
an initial parameter set θ̂0. At the kth iteration, given the current parameter set θ̂k, the
Expectation step (E-step) estimates the hidden states

X̂(θ̂k) = E
[
X | Y, θ̂k

]
;

where t = 1, ..., T is the time index, X = (x1, ..., xT ) is the state trajectory, Y = (y1, ..., yT )
is the output trajectory, and the hat notation denotes the estimator for the respective
unknown quantity. In other words, this step solves the state estimation problem. Then,
given the newly estimated state, the Maximization step (M-step) finds a new parameter
set θ̂k+1 that maximizes the likelihood of the output; that means, the M-step solves the
system identification problem. Mathematically, the goal of the M-Step is to find

θ̂k+1 = argmaxL
(
Y | X̂(θ̂k), U

)
where L(.) denotes the likelihood function, and U = (u1, ..., uT ) the input trajectory. The
critical property of the EM formulation is that the likelihood is non-decreasing after each
iteration step (Dempster et al., 1977), so equation (4) always holds.

L
(
Y | X̂(θk+1), U

)
− L

(
Y | X̂(θk), U

)
≥ 0 (4)

EM iterates between the E-step and the M-step until convergence, i.e., when the left-hand-
side of equation (4) is less than a predetermined threshold τ . In the case of Gaussian
likelihood, convergence is always guaranteed (Wu, 1983). In the remaining of this section,
we describe the mathematical details of the EM algorithm.

E-step. Throughout the E-step, the system parameters are kept at the values deter-
mined in the previous M-step. Given the observed output trajectory Y , the state trajectory
X is estimated using the Kalman smoother (Anderson and Moore, 1979). Let

x̂t|s = E [xt | y1, ..., ys]
V̂t|s = V

[
x̂t|s | y1, ..., ys

]
Thus, x̂t|s is the estimated state at time t given observations up to time s, and V̂t|s is
the estimated variance of that state estimator. When s > t, the estimation task is called
smoothing, when s < t, it is called prediction, and when s = t, it is called filtering. The
overall goal of the Kalman smoother is to compute x̂t|T (hence the name smoother). This
task is done in two passes: forward and backward.
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The forward pass utilizes the Kalman filter (Kalman, 1960) to estimate x̂t|t (hence the
name filter). First, we assume an initial state x0 ∼ N (µ0, V0), so x̂0|0 = µ0 and ŷ0|0 = Cµ0.
For t = 1, ..., T , given the latest available estimate x̂t−1|t−1 based on observations up to
time t− 1, we predict the current state using equation (2):

x̂t|t−1 = Ax̂t−1|t−1 +But

V̂t|t−1 = AV̂t−1|t−1A
′ +Q

The system output for the current time step is predicted using equation (3)

ŷt|t−1 = Cx̂t|t−1 +Dut (5)

Once the actual output yt is observed, the difference between the predicted output (equa-
tion (5)) and observation is useful for improving the state estimation:

x̂t|t = x̂t|t−1 +Kt(yt − ŷt|t−1) (6)

where
Kt = V̂t|t−1C

′(CV̂t|t−1C
′ +R)−1 (7)

is the Kalman gain. The computation in equation (6) is called measurement update, which
adds an updating term to x̂t|t−1 to obtain x̂t|t. Equation (6) also shows that the updating
term is proportional to the prediction error

δt := yt − ŷt|t−1 (8)

Finally, the variance of the state estimation can be updated as well

V̂t|t = (I −KtC)V̂t|t−1 (9)

where I is the identity matrix. One can think of the distribution of x̂t|t−1 as the prior
distribution of xt, and the distribution of x̂t|t as the posterior distribution, once new data
yt is obtained. Furthermore, the Kalman filter can be proved to be the optimal estimator,
in that it minimizes the mean squared error. The detailed proofs can be found in Shumway
and Stoffer (2011, Chapter 6).

The Kalman filter is the optimal estimator for xt given all observations up to time t.
However, if one has all the observations y1, ..., yT , one can improve the state estimation fur-
ther using the Rauch-Tung-Striebel (RTS) recurssion (Rauch et al., 1965) in the backward
pass. This pass is initialized with x̂t|T and V̂t|T from the forward pass. For t = T −1, ..., 0,
the following quantities are computed

Jt = V̂t|tA(V̂t+1|t)
−1 (10)

x̂t|T = x̂t|t + Jt(x̂t+1|T − x̂t+1|t) (11)
V̂t|T = V̂t|t + Jt(V̂t+1|T − V̂t+1|t)J

′
t (12)

ŷt|T = Cx̂t|T +Dut (13)

In the forward pass, one updates the state estimation based on (yt − ŷt|t−1). In the
backward pass, one does so based on (x̂t+1|T − x̂t+1|t). The multiplier Jt acts as a gain,
similarly to the Kalman gain in equation (7).
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M-Step. Throughout the M-step, the state values are fixed as those obtained in the
last E-step. The goal of the M-step is to find the maximum likelihood estimators for the
system parameters. Let xt = x̂t|T . The expression for the log-likelihood is

E
[
logL

(
Y | X̂(θ̂), U

)]
=−

T∑
t=1

1

2
(yt − Cxt −Dut)

′R−1(yt − Cxt −Dut)

−
T∑
t=2

1

2
(xt −Axt−1 −But−1)

′Q−1(xt −Axt−1 −But−1)

− 1

2
(x1 − µ0)

′V −1
1 (x1 − µ0)−

1

2
log |V0|

− T

2
log |R| − T − 1

2
log |Q| − T (p+ q)

2
log 2π

(14)

where p and q are the dimensions of the state and output vector x and y. Observe that
this expression is a sum of quadratic terms, i.e., the log-likelihood is a concave function,
because the relationships in equations (2) and (3) are linear, and the noises are Gaussian.
Thus, the parameters can be determined analytically by taking the derivative of the log-
likelihood and setting it to 0; the solution is a global optimzer. Since the analytical
expressions for Â, B̂, Ĉ, D̂, Q̂, and R̂ are quite cumbersome, some further shorthand
notations are necessary. Let

Pt = xtx
′
t + V̂t|T

Pt,s = xtx
′
s + Cov(xt, xs)

where s, t are time step indices and

Cov(xt, xs) = V̂t|TJ
′
s

Finally, the expressions for Â, B̂, Ĉ, D̂, Q̂, and R̂ are (Cheng and Sabes, 2006)

[A B] =

[
T−1∑
t=1

Pt+1,t

T−1∑
t=1

xt+1u
′
t

][ ∑T−1
t=1 Pt

∑T−1
t=1 xtu

′
t∑T−1

t=1 utx
′
t

∑T−1
t=1 utu

′
t

]−1

(15)

[C D] =

[
T∑
t=1

ytx
′
t

T∑
t=1

ytu
′
t

][ ∑T
t=1 Pt

∑T
t=1 xtu

′
t∑T

t=1 utx
′
t

∑T
t=1 utu

′
t

]−1

(16)

Q =
1

T − 1

T−1∑
t=1

(
Pt+1 −APt,t+1 −Butx

′
t+1

)
(17)

R =
1

T

T∑
t=1

(yt − Cxt −Dut)y
′
t (18)

The EM algorithm is summarized in Algorithm 1. It requires the system input and
output trajectory (Y and U), and returns the parameter set θ̂ and the estimated state
and output trajectory (X̂ and Ŷ ). Note that the solution returned by the EM algorithm
is a local optimum—since the global optimizer found at each M-Step may not correspond
to the global one.
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Algorithm 1 Learning a linear dynamical system with the expectation–maximization
algorithm

Require: Y, U
k = 0
Initialize θ̂0
Initialize x0
repeat

for t = 1, ..., T do
x̂t|t ← E(xt | y1, ..., yt, θ̂k) ◃ Kalman filter (equations (??) to (9))

end for
for t = T − 1, ..., 0 do

x̂t|T ← E(xt | y1, ..., yT , θ̂k) ◃ RTS recursion (equations (10) to (13))
end for
θ̂k+1 = argmaxL(Y | X̂(θ̂k), U) ◃ M-Step (equations (15) to (18))
k = k + 1

until L
(
Y | X̂(θk+1), U

)
− L

(
Y | X̂(θk), U

)
≤ τ ◃ Convergence

Return: X̂, Ŷ , θ̂

3.3. Simultaneous Learning–Reconstruction
Typically, a paleoreconstruction problem is solved in two steps; learning and reconstruc-
tion. Accordingly, the study horizon should be divided into two parts: the paleo period
(with −Tp ≤ t ≤ 0) and the instrumental period (1 ≤ t ≤ T ), as illustrated in Figure
3a. Learning involves building a regression model for the instrumental period. Recon-
struction is then carried out by feeding the paleo period’s input into the regression model
to obtain the paleo period’s output. Although this conventional approach works well for
linear regression, it is not suitable for LDS models because of two issues. First, the EM
algorithm not only learns the system parameters, but it also derives an estimate for the
initial state x0, which is necessary to commence the state transition. When the LDS is
learned with only the instrumental period’s data, the modeller faces a question in the
reconstruction phase: which initial state to use at time t = −Tp? As it turns out, this is
not a major problem. Equation (2) implies that the state transition is Markovian. Thus,
regardless of the initial state at time t = −Tp, the effect of the initial conditions dimin-
ishes as the system evolves through time, and, eventually, the state trajectory converges.
One, therefore, just needs to discard the initial transition period. The second, and most
critical, problem arises when the paleo period meets the instrumental one. At this point
in time, the system state may be different from the estimated x0 (see Figure 3b). While
the estimated θ is optimal for the original x0, it may not be optimal for the new x0. Worse
still, if the system is propagated further into the instrumental period, the state trajectory
may also be different from what is learned, effectively invalidating the learned model. It
is not possible to force the system to the desired x0, because, once the system parameters
are given, the system is only driven by the input.

To solve these issues, we can drop the paleo/instrumental period delineation and provide
the EM algorithm with the entire input time series (Figure 3c). Since the time spans of
the input (climatic proxy) and output (instrumental data) no longer match each other, we
propose a simple, but essential, modification to the EM algorithm: when yt is missing, its
best available estimate is used instead. Concretely, in the forward pass (i.e, the Kalman
filter step), we fill in the missing yt with ŷt|t−1, calculated from equation (5), which is the
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best estimate available in the forward pass. Referring to equation (6), one sees that, with
this gap filling, the measurement update is effectively skipped. Next, in the M-step, which
is done after the backward pass, the Kalman-smoothed state estimation becomes available,
hence the missing yt is filled with the value calculated from equation (13). Equation (14)
suggests that this replacement does not affect the likelihood function (more details are dis-
cussed in Appendix A). With this modification, a new estimation for y in the entire study
horizon is created at each iteration. As a result, when the EM algorithm converges, the
system state and parameters are learned, and the reconstruction is completed at the same
time. Simultaneous learning-paleoreconstruction is achieved. The modified algorithm is
summarized in Algorithm 2.

Algorithm 2 Simultaneous learning-reconstruction with the expectation–maximization
algorithm

Require: Y, U
k = 0
Initialize θ̂0
Initialize x0
repeat

for t = 1, ..., T do ◃ Kalman filter (equations (??) to (9))
if yt ̸= NA then

x̂t|t ← E(xt | y1, ..., yt, θ̂k)
else

x̂t|t ← E(xt | y1, ..., yt−1, ŷt|t−1, θ̂k) ◃ (equation (5))
end if

end for
for t = T − 1, ..., 0 do ◃ RTS recursion (equations (10) to (13))

x̂t|T ← E(xt | y1, ..., yT , θ̂k)
end for
Replace missing yt with ŷt|T ◃ (equation (13))
θ̂k+1 = argmaxL(Y | X̂(θ̂k), U) ◃ M-Step (equations (15) to (18))
k = k + 1

until L
(
Y | X̂(θk+1), U

)
− L

(
Y | X̂(θk), U

)
≤ τ ◃ Convergence

Return: X̂, Ŷ , θ̂

This modification brings two additional benefits. First, it enables cross-validation.
Without this modification, cross-validation could not be carried out, because the origi-
nal EM algorithm does not handle missing data. The only way to validate the model
results, as seen in Shumway and Stoffer (2011) and Cheng and Sabes (2006), would be
by way of bootstrapping and hypothesis testing—a validation procedure that yields an
empirical distribution of each model parameter and determines the importance of the in-
put variables, but that does not provide any information on the model’s predictive skills.
Second, the gap filling modification enables the learning algorithm to handle missing data
in the instrumental record itself—these missing data points can be replaced by their best
available estimates during the learning-reconstruction process.
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3.4. Stochastic streamflow generation
The LDS model formulated in Section 3.1 is a stochastic process model. Once the model’s
parameters are know, it can be used readily as a stochastic streamflow generator. To do
so, one first generates an initial state x0 ∼ N (µ0, V0). Then, sequentially for each time
step t = 1, ..., T , the noises wt ∼ N (0, Q) and vt ∼ N (0, R) are generated; and xt+1 and
yt are computed according to equations (2) and (3). This yields one stochastic replicate
of the streamflow process and catchment state. The procedure is repeated for the desired
number of replicates.

Note that the stochastic replicates generated this way are only associated with one
realization of u. As with other stochastic models with exogenous inputs (e.g., linear
regression and ARMAX), a hierarchical procedure can be used: one first creates stochastic
replicates of u, and, then, for each realization of u, generates replicates of y. When u is
the PDSI, generating its stochastic replicates using a time series model can be difficult
(Alley, 1984). To alleviate this, one may adopt a nonparametric resampling method, such
as the stationary bootstrap (Politis and Romano, 1994).

3.5. Experimental setup
As a basis to gauge the performance of our dynamic model, we created a benchmark
reconstruction using principal component linear regression, a well-known method in pa-
leohydrology (cf. Hidalgo et al., 2000; Woodhouse et al., 2006). Specifically, we used a
procedure very similar to Woodhouse et al. (2006). First, we performed principal compo-
nent analysis on the 51 MADA grid points falling within 1,200 km from P1 station, and
retained the highest principal components that cumulatively account for at least 95% of
the input variance. We then carried out a backward stepwise linear regression using the
retained principal components as predictors, and log-transformed annual streamflow as
predictand.

So as to have a fair comparison with the linear regression model, the same input and
output variables were used for the LDS model, that is, the principal components selected
for the benchmark and log-transformed annual streamflow. For this seminal experiment,
we started with a one-dimensional system state for two main reasons: this parsimonious
model works well without heavy computational load, and it simplifies the physical interpre-
tation. To further facilitate the physical interpretation, the log-transformed streamflow
time series was centralized by subtracting the mean, so that the state x is centralized
around zero too. We adopted the MATLAB code published by Cheng and Sabes (2006)—
available at http://keck.ucsf.edu/~sabes/documents/lds-1.0.tgz.gz—and tweaked
it to accommodate the variant described in Section 3.3. Since EM is a local optimization
algorithm, it may converge to a different maximum likelihood for different initial values
of the parameter set θ̂0. Therefore, we implemented an exhaustive search for the initial
values of A,B,C,D,Q and R—in the range from 0 to 1, with an increment of 0.1—and
selected the initial values that yielded the highest likelihood. We fixed the value of the
algorithm convergence threshold τ equal to 10−5 (Shumway and Stoffer, 2011, p. 342) and
x0 ∼ N (0, 1). All experiments were carried out in MATLAB on a dual core Intel i7-6700
CPU @ 3.40 GHz with 32 GB RAM running Microsoft Windows 10. The average runtime
is 1.4 seconds for one setup of θ̂0.

Both the benchmark and the LDS model were cross-validated with a leave-10%-out cross
validation scheme. The reconstruction skills were gauged using coefficient of determination
(R2), normalized root mean squared error (nRMSE), coefficient of efficiency (CE), and
reduction of error (RE). The last two metrics were proposed by Cook et al. (2010a), and
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are similar to the Nash-Sutcliffe efficiency (Nash and Sutcliffe, 1970), but differ in the way
that the residual sum of squares is normalized. Concretely,

RE = 1−
∑T

t=1(yt − ŷt)
2∑N

i=t(yt − yc)
2

(19)

and
CE = 1−

∑T
t=1(yt − ŷt)

2∑T
i=1(yt − yv)

2
(20)

where yc is the mean streamflow in the calibration set, and yv is the mean streamflow
in the validation set. Thus, while the Nash-Sutcliffe efficiency is a single metric that
measures the model performance on the whole training set, RE and CE separates the
model performance into two separate measures: fitness, in the case of RE, and predictive
skill, in the case of CE.

Finally, we generated 100 stochastic replicates for the annual streamflow and catchment
state following the procedure in Section 3.4 Since our purpose here is only to demonstrate
that the LDS model can be used directly as a stochastic streamflow generator, we did not
consider the case requiring a stochastic model for the PDSI. In addition, we generated 100
stochastic replicates for the linear regression model by simulating the noise εt in equation
(1) in order to compare the two stochastic models.

4. Results and Discussion
We first report the results obtained with the LDS model on the instrumental period (1921–
2005), and compared them against those provided by a conventional principal component
linear regression. Then, we illustrate the reconstructed catchment state and streamflow
time series for the entire study period (1600–2005), and discuss their relation with El Niño
Southern Oscillation, as well as other climate drivers. Finally, we analyze the stochastic
replicates from the LDS model.

4.1. Model performance
The LDS model performed remarkably better than linear regression on the instrumental
period (1921–2005): R2 increased by 51%, RE by 67%, CE by 56%; and nRMSE decreased
by 40% (Table 2). Better streamflow estimation was observed mainly where linear regres-
sion overestimated or underestimated streamflow for several consecutive years; see for ex-
ample the periods 1921–1930 and 1948–1954 (Figure 4a). We argue that this improvement
must be attributed to the use of a system state variable—and state-transition equation—
in the LDS model. Mathematically, the system state x is a filtered and smoothed version
of streamflow; we interpret it as a flow regime state. Thus, the flow regime state x is
a quantity that characterizes the annual flow volume compared to the long term mean:
x > 0 indicates a wet regime, and x < 0 a dry regime. The regime state trajectory re-
vealed regime-like behavior (cf. Turner and Galelli, 2016): the catchment stayed for years
(sometimes decades) in one regime, and then shifted to another regime (Figure 4b). Note
that linear regression tended to overestimate streamflow when the catchment was in a
dry regime (e.g., 1921-1930) and to understimate it when the catchment was wet (e.g.,
1948–1954), while the LDS model matched observation better (cross-referencing Figures
4a and b). This shows that information about the catchment state may be beneficial.

The catchment state contributes to the streamflow prediction in the LDS model by
means of equation (3), which states that the system output is the sum of two terms: the
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state term Cxt and the input term Dut—in other words, streamflow is the result of two
components related to the catchment state and exogenous inputs. Given this relationship,
the modified EM algorithm model derived the best combination of the state coefficient
C and the input-output coefficients D. As C was found positive (0.22), a quantity of
|Cxt| was added to (subtracted from) the input term (Dut) when xt > 0 (xt < 0). But
this increase (decrease) did not lead to overestimation (underestimation), because the
algorithm derived the input coefficients D that have the same signs, but smaller magnitude,
than the linear regression coefficients β (Table 3). Consequently, the LDS model was able
to account for the situations in which the catchment is still wet (dry) following a previous
wet (dry) year, although the PDSI for that particular year may not be high (low).

Table 2. Model comparison based on performance statistics.
Model R2 REa CEb nRMSEc

Linear regression 0.54 0.48 0.53 0.28
LDS model 0.82 0.80 0.80 0.17
a Reduction of error. b Coefficient of efficiency. c Normalized root mean
squared error.

Residual analysis (Figure 5) showed that the assumption of independent Gaussian noise
was not violated in both models. However, large deviations from Gaussian were observed
in both positive and negative tails for the linear regression residuals. On the positive tail
(overestimation), the two points of large deviation corresponded to the years 1931 CE and
1992 CE, during both of which the catchment was in a very dry flow regime (Figure 4b).
On the negative tail (underestimation), the two points of large deviation corresponded to
the years 1973 CE and 2005 CE, during both of which the catchment was in a very wet
flow regime (Figure 4b). These large deviations were not present in the LDS results where
the flow regime was taken into account. Thus, residual analysis further corroborates that
catchment dynamics should not be neglected in streamflow reconstruction.

Table 3. Comparing exogenous input coefficients for linear regression and LDS models.
Principal components βa Db

PC1 -0.0298 -0.0273
PC3 -0.0286 -0.0165
PC4 -0.0239 -0.0140
PC6 -0.0682 -0.0646
PC9 -0.1075 -0.0930
PC11 0.0748 0.0581
PC12 -0.1029 -0.0695
a Linear regression coefficients (equation (1))
b LDS coefficients (equation (3))
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Figure 4. Results of the LDS model in the instrumental period: (a) Reconstructed
streamflow, plotted with 95% confidence interval, compared with the instru-
mental time series and the results from a benchmark linear regression model
(section 3.5); b) Trajectory of the system state (flow regime) with 95% con-
fidence interval. LDS generally provided higher streamflow estimates during
periods of high flow regime (1935–1955, 1968–1978), and lower streamflow es-
timates during periods of low flow regime (1921–1935, 1980–1995).
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Figure 5. Residual analysis results for the linear regression (left column) and linear dy-
namical systems (right column) models. The analysis was based on the log-
transformed streamflow. Panels (a) and (b) show the quantile-quantile plots of
the residuals compared to Gaussian distributions; both models’ residuals are
close to Gaussian, but larger deviations are observed in the tails for linear re-
gression. Panels (c) and (d) show the autocorrelation function of the residuals;
no significant autocorrelations are observed.
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4.2. A Reconstructed Hydrological History of the Ping River
Results revealed a history of droughts, floods and regime shifts in the Ping River over
the last four centuries (1600–2005). The LDS model and linear regression yielded similar
results in normal years, but the LDS model provided lower streamflow estimates in dry
years and higher streamflow estimates in wet years (Figure 6a). Most importantly, the
LDS model provided a dryer picture than what was seen in linear regression results,
especially during the low flow periods. This result may have important implications to
water management—for instance, in the form of more conservative operating policies for
the Bhumibol Reservoir.

The reconstructed flow regime shows different patterns of regime shift over time (Figure
6b). At first, the flow regime shifted infrequently in the 17th century; there were four
main wet and dry epochs that lasted more than a decade (an epoch is a period where
streamflow stays consecutively in the same regime). The flow regime then shifted more
rapidly in the 18th and 19th century, where each wet or dry epoch lasted only a few years.
The pattern of regime shift is most varied in the 20th century. In terms of frequency,
there were prolonged wet and dry epochs of decadal to bi-decadal scales (similarly to
the 17th century). However, in terms of magnitude, the flow regime fluctuated more
vigorously than the previous three centuries. As a result, the last century contains both
the wettest period (including the wettest year) and the driest year on record. During
the wettest period (1966–1979 CE), two consecutive strong La Niña events occured, and
the driest year (1998 CE) corresponded to a very strong El Niño event. We discuss this
correspondence further in Section 4.3.

The LDS model results are in agreement with the MADA, in that all four Asian
megadroughts in the last millennium each had impacted northern Thailand (Cook et al.,
2010a). These droughts are the Ming Dynasty Drought (1638–1641), the Strange Parallels
Drought (1756–1768), the East India Drought (1790, 1792–1796) and the Great Drought
(1876–1878). But, more interestingly, while the MADA provided a geographical footprint
of these droughts, our reconstruction provided more insights pertinent to the Ping River
(Figure 6). The Ming Dynasty Drought seemed to trigger, or at least contributed, to a
prolonged dry epoch in the Ping. By 1638, the Ping River was coming out of a short
dry epoch. The occurrence of the Ming Dynasty Drought then coincided with three years
of declining streamflow, which set the Ping back to a dry epoch that took two decades
to vanish. The Strange Parallel Drought was in the middle of several decades where
streamflow was mostly at or below normal (Figure 6a) and the flow regime was mostly
around zero (Figure 6b). Hydrologically, this drought was mild, yet it coincided with a
tumultuous part of Southeast Asia’s history (Lieberman, 2003; Cook et al., 2010a), indi-
cating that the socio-economic damage of this drought may have been more serious than
its hydrologic features. The East India Drought coincided with a dry epoch in the Ping
River (Figure 6b), but this drought seemed to have a lesser impact in Thailand than other
megadroughts. The Victorian Great drought was similar to the Ming Dynasty Drought,
in that it also set into motion a dry epoch. As this drought was set in Southeast Asia, it
seemed that there was a transition from a meteorological drought (indicated by the PDSI)
to a hydrological drought (indicated by the flow regime). There was a major drought
between 1687–1696 that was not identified as a megadrought in Cook et al. (2010a), sug-
gesting that this drought was more localized to Thailand. It should be noted that PDSI
is a meteorological drought index (Palmer, 1965; Alley, 1984) that does not always reflect
correctly hydrological droughts (Mishra and Singh, 2010). Hence, droughts identified by
the PDSI and those identified by the flow regime may have similarities and differences.
This implies that a regional drought footprint and a local streamflow reconstruction can

19



compliment each other to provide better understanding, as we demonstrated here.
The LDS results also identified multiple wet epochs in the three centuries preceding the

age of instruments, with several pluvial years having flow comparable to the highest ones
in the instrumental period (Figure 6). Notably, a prolonged wet epoch occurred between
1659–1672 CE, corresponding to a period of seven floods circa 1658 ± 7 years, identified by
a study on the river sediment [Wasson, 2017, personal communication]. The same study
also identified a major flood in 1831, corresponding to the wet epoch between 1830–1838
CE as shown in the state trajectory. This result somewhat reflects the flood generation
mechanism of the Ping River, where floods are due to heavy rainfall events occurring over a
wet catchment. It should also be noted that the sediment study identified peak discharge
events, while we reconstructed annual streamflow. Maximum annual flow volume and
peak discharge may not necessarily occur in the same year, but our results showed that
the catchment stayed in the wet regime several years after a major flood.
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Figure 6. Full reconstruction results: a) Reconstructed streamflow, compared with lin-
ear regression; b) Flow regime state trajectory, with 95% confidence inter-
val. The orange bands are the megadroughts discussed in Cook et al. (2010a),
namely the Ming Dynasty Drought (1638–1641), the Strange Parallels Drought
(1756–1768), the East India Drought (1790, 1792–1796) and the Great Drought
(1876–1878). The yellow bands are the dry epochs revealed by the flow regime
state variable in the paleo period (a dry epoch is a period of consecutive neg-
ative flow regime).
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4.3. Frequency Analyses
To characterize the most important temporal modes of variability contained in the recon-
structed streamflow time series, we carried out a wavelet analysis using the Morlet wavelet
(Roesch and Schmidbauer, 2014). We also applied the same technique to the reconstructed
anomalies of Sea Surface Temperature (SST) in the Eastern Pacific (Tierney et al., 2015).
As shown in Figure 7, reconstructed streamflow shows a mode of variability that partially
coincides with the frequency of the El Niño Southern Oscillation (ENSO); about 2 to
7 years. This result is consistent with previous studies for Thailand and Vietnam (i.e.,
Buckley et al. (2007); Sano et al. (2009)), which suggest that positive ENSO anomalies
result in reduced PDSI, and, hence, reduced precipitation. Yet, our results do not indi-
cate a perfect match between inter-annual variability in SST anomalies and reconstructed
streamflow. This may be explained by the fact that SST anomalies in the the Eastern
Pacific do not always lead to ENSO events (Dunbar et al., 1994; Buckley et al., 2007).
Furthermore, Singhrattna et al. (2005) reported that the effect of ENSO on the Thailand
summer monsoon exhibits time dependence. In particular, the same authors shown that
the relationship between ENSO and Thailand rainfall became stronger after the 1980s;
this might explain the steady ENSO-like temporal mode of variability we observe for the
reconstructed streamflow during that period. Our results for the reconstructed streamflow
also show features of inter-decadal variance in the 17th, 19th, and 20th century, which are
consistent with the prolonged wet and dry epochs described in Section 4.2. As noted in
previous studies (Buckley et al., 2007; Sano et al., 2009), these results indicate that other
climate drivers may cause decadal streamflow variability in region. For instance, Sano
et al. (2009) found a significant positive correlation between tree-ring reconstructions in
Vietnam and SST in the northern Pacific Ocean, suggesting a possible link with the Pacific
Decadal Oscillation (Mantua and Hare, 2002).

 

(a) 

(b) 

Figure 7. Wavelet analysis of a) Reconstructed streamflow; and b) Reconstructed East-
ern Pacific SST anomalies (Tierney et al. (2015)). The color bars indicate the
wavelet power. (Values in the fainted region are outside of the cone of influence
and should not be interpreted.)
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4.4. Stochastic Replicates
There are stark differences between the stochastic replicates generated by LDS and those
generated by linear regression (Figure 8). The replicates from linear regression varied
widely, with extremely high annual flow, more than twice the highest flow in the linear re-
gression reconstruction (Figure 8a). On the other hand, the replicates from the LDS model
follow its reconstruction more closely, for both the regime state and annual streamflow.
The differences are due to the characteristics of the two models. Linear regression only
explains about 54% of the streamflow variance (Table 2); the remaining variance is due to
noise, which includes unmodeled phenomena. Thus, the noise process in linear regression
can generate a large volume of streamflow. On the other hand, from the perspective of
LDS, the catchment is largely input-driven (the exogenous input drives the state, and the
state-input interaction accounts for 82% of streamflow variation). As a result, stochastic
replicates of the LDS reconstruction are also driven by the exogenous input.
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Figure 8. Stochastic replicates generated from linear regression (a) and LDS (b, c) mod-
els. The black lines are the reconstructions, and the grey lines are the stochastic
replicates.
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From the stochastic replicates of the LDS model, the pluvial in the 1970s CE was
extreme: only one replicate exceeded the reconstructed streamflow in 1971 CE, and none
of the replicates exceeded the highest regime state in 1973 CE. Contrarily, the extreme
streamflow volumes in linear reconstruction were frequently exceeded in the stochastic
replicates. Similar results were observed for droughts. Most notably, the extreme low
flow in 1998 CE, which corresponded to a very strong El Niño event, was very frequently
exceeded in the stochastic replicates of the linear regression model, while it remained
extreme in the LDS ones. Overall, this indicates that the LDS model may be better suited
for stochastic streamflow generation and its application to downstream studies.

5. Conclusions
In this work, we contributed a technique for streamflow reconstruction based on the state-
space representation of a discrete, linear dynamical system, which was learned using a
novel variant of the Expectation-Maximization algorithm. The use of a state-space rep-
resentation yields two key advantages: it estimates the trajectory of the catchment state
during the paleo and instrumental period, and it accounts for the effect of both catchment
state and climate proxies on the streamflow generation process. The technique was tested
to reconstruct 406 years of annual streamflow for the Ping River, northern Thailand, using
the Monsoon Asia Drought Atlas gridded PDSI dataset (Cook et al., 2010a) as the paleo-
climate proxy. Somewhat differently from most of previous reconstructions, we found that
the instrumental record contains both the wettest period and the driest year.

The model’s reconstruction in the instrumental period is reliable, supporting the finding
by Ho et al. (2016) that a paleo drought record can be used to reconstruct streamflow.
The model scores are notably higher than the conventional principal component linear
regression (R2 of 0.82 and 0.54, respectively), suggesting that it is important to account for
catchment dynamics, especially in systems characterized by complex streamflow generation
processes. Besides, our linear dynamical system model has several desirable features.
(i) The reconstructed trajectory of the state variable provides more insights about the
catchment’s history than the reconstructed streamflow alone. For instance, we shown that
the model’s state variable can be interpreted as a flow regime state that reveals regime-
like behavior. (ii) The Expectation-Maximization algorithm used to learn the model is
computationally efficient, and does not require any assumption on the autocorrelation
structure of the input variables. (iii) The model can be readily used as a stochastic
streamflow generator, and it is easily extendable to multi-site applications.

A natural expansion of our technique is the identification of a nonlinear dynamical
system model, in which the state and output equations are nonlinear. In this case, as
suggested by Roweis and Ghahramani (2001), the Kalman smoother in the E-step needs
to be replaced by an extended Kalman smoother, and the global optimizer in the M-
step can no longer be determined analytically. Such model is thus more computationally
expensive, but it may yield better results—particularly in catchments that present strong
nonlinearities associated to the streamflow generation process. The benefit and cost of
such nonlinear model should be investigated. Another possible expansion is to use a
multi-dimensional state vector, as only one state variable was used here. It is perceivable
that multiple state variables may contain more information or improve model performance;
how to interpret them remains an open question.

Perhaps, the most relevant application of this work that should be the topic of imme-
diate research is to transfer the added understanding of catchment dynamics to water
management practices, such as reservoir operation models. Recently, Turner and Galelli
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(2016); Ng et al. (2017) have shown that regime-like behavior in streamflow time series
contributes to the sub-optimality of reservoir operating policies derived with conventional
optimization methods; the flipside is that better operating policies can be obtained by in-
corporating a regime state variable into reservoir operations. In addition, robust operating
policies require longer streamflow records, since more training data are likely to provide
more robust operating policies. Reconstruction studies that model regime state, such as
this work, address both needs.

The encouraging results and the desirable features of the LDS model suggest that it can
be used as a replacement for linear regression in future streamflow reconstruction studies.
Most importantly, the model’s regime state, not available in conventional methods, may
add value to downstream applications such as reservoir operations studies. Through the
findings in this work, not only has the values of streamflow reconstruction been strength-
ened, but its potential applications have also been widened.

A. Rationale for the Gap Filling Modification
Recalling equation (14), the component of the log-likelihood due to y is

T∑
t=1

1

2
(yt − Cxt −Dut)

′R−1(yt − Cxt −Dut) (21)

where xt is the shorthand notation for x̂t|T , the best available estimate for the system
state at time t after the previous E-step. If the missing yt is replaced by ŷt|T , substituting
(13) into (21), we see that the summand for time step t is zero. Consequently, when the
log-likelihood is differentiated term by term, the term corresponding to yt is already zero.
The missing data point is effectively skipped in the M-step, similarly to what happens in
the E-step.

Notation
x The hidden system state, x ∈ Rp

u Exogenous input, u ∈ Rm

y Observed system output, y ∈ Rq

w State noise, w ∼ N (0, Q)

v Observation noise, v ∼ N (0, R)

A State transition matrix, A ∈ Rp×p

B Input-state matrix, B ∈ Rp×m

C Observation matrix, C ∈ Rq×p

D Input-observation matrix, D ∈ Rq×m

Q Covariance matrix of the state noise, Q ∈ Rp×p

R Covariance matrix of the observation noise, R ∈ Rq×q

θ Model parameters, θ = (A,B,C,D,Q,R).
µ0 Mean of initial state x0

V0 Variance of initial state x0
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