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Abstract: Strain transfer analysis is an important means of correcting the measurement
error of embedded or surface-bonded distributed fiber-optic sensors, but the effect of
host strain patterns has not been well elucidated. Here, a theoretical model for strain
transfer analysis of surface-bonded multi-layered fiber-optic sensor subjected to a linear
gradient strain was established. Closed-form solutions were obtained for both single-
and bi-linear strain distributions, and, in particular, a simple method was described for
determining the strain transfer coefficient at the turning point of a bi-linear type strain.
The presented model was validated through laboratory testing with high-spatial
resolution strain profiles acquired by optical frequency-domain reflectometry.
Furthermore, parametric analyses were performed to investigate the influences of
mechanical and geometrical properties of protective and adhesive layers on the strain
transfer performance, shading light on the design, installation, and measurement error
correction of fiber-optic sensors after accounting for the effect of host strain distribution.

Keywords: distributed fiber-optic sensor, measurement error, surface-bonding, strain
transfer, optical frequency-domain reflectometry
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1. Introduction

Distributed fiber-optic (FO) sensors have been widely used in structural health
monitoring (SHM) because of their unique advantages such as distributed and long-
distance measurement, high precision, anti-interference, and easy installation [1-12].

The common sensing optical fiber is only hairline thick and fragile, which usually needs
a multi-layered sheath package to form an FO cable or sensor to resist the harsh
engineering environment [13—15]. However, the strain loss will occur during the

process of strain transfer from the monitored structure to the fiber core, which will result
in the strain measurement error of a distributed FO sensing system [ 16-18]. Therefore,

it is very important to understand the host-to-core strain transfer mechanism for the
evaluation and correction of FO strain measurement error.

The strain transfer theory of FO sensors has attracted a great deal of attention from
researchers and practitioners. To date, most research achievements on this aspect are
based on the shear lag theory of composite materials introduced by Cox [19]. The early
research began with embedded FO sensors in engineering materials [20]. For example,
Nani et al. determined the strain transfer coefficient between FO sensor and concrete
structure and found that the strain transfer coefficient is higher when the Young’s
modulus of the protective layer is close to that of the fiber core [21]. In 1998, Ansari
and Yuan established a strain transfer model of an embedded fiber Bragg grating (FBG)
sensor subjected to uniform strain using the shear lag theory, which provides an
important reference case for later theoretical analysis and engineering practice [16]. Li
et al. improved the model in [ 16] based on the assumption that the strain gradient at the
midpoint of each layer of FO sensor is approximately equal; the derived result was
closer to the actual situation [17]. On this basis, the strain transfer mechanism of FBG
sensors under non-axial uniform strain was studied [22]. By introducing Goodman’s
hypothesis, Wang et al. further considered the properties of host materials around the
fiber and analyzed the influence of host viscoelasticity and environment temperature on
the strain transfer coefficient, which enriched the research on the strain transfer
mechanism of embedded FO sensors [23].

Different from that of embedded FO sensors, strain transfer analysis of surface-
bonded FO sensors should take into extra consideration the influence of geometric and
physical properties of the adhesive layer [24]. Wan et al. introduced an axisymmetric
model of surface-bonded FBG sensor to study the influence of adhesive layer width and
bottom thickness on the strain transfer coefficient, and the reliability of the model was
further validated through experiments and finite element analysis [25]. Considering the
possible gap between FO cable and adhesive layer, Her et al. proposed an elaborate
analytical model for strain transfer analysis of surface-bonded FO sensors [26,27]. Xin
et al. derived the strain transfer model in the polar coordinate system and discussed the
strain transfer phenomenon observed in crack detection [28]. Recently, thanks to the
development of the high-performance distributed FO sensing technology —optical

frequency-domain reflectometry (OFDR), Zhang et al. systematically investigated the
effect of mechanical parameters and bonding method of FO cable on the strain transfer
efficiency from both theoretical and experimental sights [29]. Falceteli et al. developed
a strain transfer model of multi-layered FO cable and derived the distribution of strain
transfer coefficient for a non-zero boundary condition; the theoretical analyses were
more consistent with actual observations [30].

From the above cases, it can be found that the strain transfer theory is primarily
developed for FBG sensors, and most studies have adopted the assumption that the
strain distribution of host material is uniform. However, in actual SHM applications,
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the structural strain is often a complex and non-uniform strain. To this aim, a strain
transfer model of the surface-bonded FO sensor with a multi-layered structure subjected
to a linear gradient strain was established. Analytical solutions for both single- and
multi-linear type strain distributions were derived. The proposed model was validated
by laboratory experiments with high-resolution strain profiles recorded using an OFDR
interrogator. This study may provide a theoretical basis for the error analysis and
correction of the surface-bonded distributed FO sensor subjected to a linear gradient
strain, and guide the design and installation of distributed FO sensors for SHM purposes.

2. Theoretical model
2.1. Model formulation

A distributed FO sensing system usually employs a packaged single-mode optical
fiber (FO cable) as the sensing element and transmission medium. The deformation or
temperature of the structure can be monitored by bonding the sensor on the structure
surface or directly embedding it into the structure. Extending the research of Falcetelli
et al. [30], a strain transfer model of surface-bonded distributed FO sensor with an n-
layered structure subjected to a non-uniform host strain is established (Fig. 1). The
proposed model is based on the following assumptions:

(1) Both the core and cladding of the sensor are silica, which can be regarded
collectively as a single layer named fiber core.

(2) The fiber core, each protective layer, and the adhesive layer are all linear elastic
materials; the bonding between different layers is good and there is no relative slip.

(3) Only the shear stress transfer process of each protective layer and adhesive
layer within the bonding range of FO sensor is considered.

The analytical model is established in the polar coordinate system where x
represents the position along the axis of the sensor, » represents the radial position, and
o represents the angle. Referring to Fig. 1(b), the mechanical equilibrium of the fiber
core element can be expressed as follows:

2n
(0, +do, )’ —o,m” + [ w(x,r,)nd6-dr =0 (1)
where 7. is the outside radius of the fiber core layer, o, donates the normal stress on

the cross section of the fiber core, and 7(x,7,) donates the shear stress on the interface

between the fiber core and the first protective layer.
Eq. (1) can be reduced to the following:

7(x,7.) = D d 2)

According to assumption (3), the force equilibrium of the first protective layer can
be expressed as follows:

[ 2(e.ryd-de- [ r(x.r)rd0-dx =0 3)
where « is the angle between the boundary point of the adhesive layer and the
horizontal line, and 7(x,r) donates the shear stress on the interface between the first

and second protective layers. By combining Eqs. (2) and (3), z(x,r) can be obtained
as follows:

n r’do
L ®)

Based on assumption (2), the fiber core and each protective layer are all linear
elastic materials. Employing Hooker’s law, the shear strain at the interface between the
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first and second protective layers can be expressed as follows:

1 = de
r(x,r)=—— —E,
G n-2ar dx
where y(x,r) donates the shear strain at the interface between the first and second

)

protective layers, G, donates the shear modulus of the first protective layer, £. donates

the Young’s modulus of the fiber core, and &, donates the strain of the fiber core.

Because the radial displacement is far less than the axial displacement, Eq. (5) can be

converted to:

1 =n r* _ de

ou
X, r)—=—— < F —< 6
7w or G n-2ar °dx ©
where u donates the axial displacement. The axial displacement on the boundary of the
first protective layer can be obtained by integrating Eq. (6):

) 2
lﬁ_u: 1_L T rC—'Ecdgch (7)
or Y G m-2ar dx

u —u, = L_® r’E, de j, 1 (8)

¢ G n-2a dx
where u1 and u. donate the axial displacement at the outside boundary of the fiber core
and the first protective layer, respectively.

The same derivation is made for the other protective layers and the adhesive layer,

and the following result can be obtained:

w,—u =— T rczEc dé’c Llnr—a"'iln " +...+L1nr_2+L ni (9)
7t—2a dx Ga rn Gn rn—l 2 ’/i Gl l"c

where u, represents the axial displacement on the interface between the adhesive

layer and the host; », and G, represent the radius and shear modulus of the nth

n

protective layer, respectively; G, donates the shear modulus of the adhesive layer; and

r, donates the equivalent radius of the rubber layer, which can be calculated from Eq.

a

(10) according to the geometric characteristics of the model (Fig. 1(a)):

1 - 2r coso
r = r(l1-sina)+td@=r +t——2—— 10
‘ n—ZaL ["( ) ]d ! -2« (10)

where ¢ represents the thickness of the adhesive layer from the sensor bottom to the host

surface (see Fig. 1(a)). Here, a shear lag coefficient £ is introduced, then Eq. (9) can be
simplified as follows:

1 de,
=t == (11)
where the shear lag coefficient k£ can be expressed as follows:
k= 1 1 e 1 1 (12
wlE | —Inms—Inlpe S S
Ga rn Gn rn—l 2 rl Gl rc

Since the first derivative of axial displacement with respect to x is the axial strain,
Eq. (11) can be converted to:
d2gc 2 2
o —k’e, =—k’¢g,(x) (13)
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where ¢,(x) represents the strain distribution of the host material. The solution of Eq.

(13) is obtained by solving the second order linear nonhomogeneous differential
equation with constant coefficients:

g,(x)=Ce™ +C,e" +¢,(x) (14)
where C, and C, donate the integration constants which can be determined

according to boundary conditions. The strain transfer coefficient of the surface-bonded
FO sensor can be defined as the ratio of the fiber core strain to the host strain:

2(x) =2 (15)

€

2.2. Analytical solutions
2.2.1. Single linear gradient strain

When a cantilever beam with a uniform cross section is subjected to a point load
at the free end, the strain distribution of the beam will be a single linear gradient.
Consider such a strain distribution as shown in Fig. 2, the corresponding strain transfer
coefficient for the boundary condition z(£L)=0 can be derived as:

1 |aL-sinh(kx) . b-cosh (kx)
ax+b| sinh(kL) cosh (kL)

The influences of the bonding length 2L and the strain gradient a on the strain
transfer coefficient are studied through a simple example. In this example, the shear lag
coefficient £ is 6. Fig. 3 shows that the curves of strain transfer coefficient of FO sensor
subjected to a single linear gradient strain is similar to those under a uniform strain—
there are obvious low strain sensing sections at both ends of the sensor, which is defined
as the sensor section with strain transfer coefficients being lower than 0.95 (denoted by

L, ). When the bonding length is long enough (>2 L, ), the strain transfer performance

2(x)=1- (16)

of the middle part of the cable is good. Therefore, in practical applications, the bonding
length of the sensor should be longer than 2 L, . By contrast, when the shear lag

coefficient £ is small (corresponding to a poor strain transfer performance), the strain
transfer coefficient will be affected by the host strain distribution, and the curve will
incline to the side with a lower host strain. These results indicate that when the shear
lag coefficient k is small due to the design or installation method of FO sensor, the
influence of host strain distribution on the strain transfer coefficient should be
considered to better evaluate and correct the measurement error.

2.2.2. Bilinear gradient strain

When a uniform beam is subjected to a three-point loading, its strain distribution
will be a combination of two linear strain gradients as shown in Fig. 4. In this case, the
analytical solution of the strain transfer coefficient can only be derived if the coefficient
value at the turning point of the bilinear curve (e.g., x = 0 in Fig. 4) is predetermined in
addition to the boundary conditions at the two sensor ends (x = -Li, x = L»). Assuming
that the transfer coefficientis z, at the turning point, the analytical solution is derived

as:
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14 (zo =D -b-sinh[k(L, + )f)] —(cL, —b)sinh(kx) L <x<0
(ax+Db)-sinh(kL))
2x)= 1)-b-sinh[k(L aL, +b)sinh(k {17
1+(ZO_). - S1 [ ( Z_X)]_( 2+ )SI ( ) O<XSL2
(ax +b)-sinh(kL,)
Considering the continuity of fiber strain along the axial direction, if both sensor
sections (L1—0, 0—L>) are long enough (> L, ), it is reasonable to assume that the strain

low
transfer coefficient at the turning point is 1. By contrast, when the turning point is still
within the low strain sensing section, the strain transfer coefficient at the turning point
remains undetermined. In a numerical example we assume that the host strain
distribution is as follows:

1000x+1000 —-L,<x<0

£(x) =
—1000x+1000 0<x<L,

Besides, we assume a strain transfer coefticient of 0.95 at the turning point to look at
the strain transfer coefficient distribution along the sensor length (Fig. 5). It can be seen
that the strain transfer coefficient profiles for single linear and bilinear gradient strains
of host material are of the same pattern.

In actual applications, however, it is difficult to directly determine the strain
transfer coefficient at the turning point. Here, a simple method is proposed to address
this issue. First, the host strain along the whole sensor length (-L1—L», Fig. 4) is assumed
to have a gradient equivalent to that of the longer sensor section (0—L», Fig. 4). Then, a
strain transfer coefficient distribution z,(x) is obtained according to the method

(18)

described in section 2.2.1. Next, z, ()c)|x:O is taken as the approximate strain transfer

coefficient z, atthe turning point. Finally, the actual strain transfer coefficient profile

is calculated using Eq. (17). The feasibility of this method will be verified through
laboratory tests described in the following section.

3. Experimental validation
To validate the proposed strain transfer model, two laboratory tests were conducted
where the host materials were subjected to multi-linear strains. In the first test, the cable

bonding length was made sufficiently long and each cable section was longer than L,

to examine whether the transfer coefficient can be set to 1 at the turning point in the
theoretical model. The second test was aimed at validating the analytical solution for a
bilinear host strain distribution in case that the turning point is within the low strain
sensing section.

3.1. Three-point bending test of aluminum alloy inclinometer tube
3.1.1. Test setup and procedure

A three-point bending test was conducted on a 4 m long aluminum alloy
inclinometer tube installed with a 0.9 mm diameter tight-buffered FO strain sensing
cable (Fig. 6). The test setup is shown in Fig. 7.

The FO cable was surface-bonded along the axial direction of the tube with epoxy
resin. After the glue was cured, the inclinometer tube was symmetrically placed on the
supports, and five dial gauges were installed at different positions above the pipe to
record lateral displacements of the tube. The strain distributions of the cable were
collected by an OSI-S OFDR interrogator with a spatial resolution of 1 mm and
measurement accuracy of =1 pe. More details about the principle of OFDR can be
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referred to [34-37]. The loading point was 2 m away from the left support and a 50 mm
wide nylon belt was used for loading. The first loading applied was 16 kg with an
increment of 25 kg, up to 141 kg in the sixth stage. After each loading stage was stable,
the dial gauge and OFDR readings were respectively recorded to obtain the vertical
displacement of the pipe and the strain profile of the cable.

3.1.2. Results and analyses

Fig. 8 shows the lateral displacement of the inclinometer tube recorded by the dial
gauges under each load. According to the theory of elasticity, the theoretical strain
distributions of the tube were calculated from the lateral displacement measurements.
On the other hand, the distributions of strain transfer coefficient were calculated using
Eq. (16) by assuming perfect strain transfers at the turning point and were then used to

correct the OFDR-measured strains. The calculated values of L, were no more than

0.11 m, far less the lengths between the supports to the load point (2 m and 1.82 m).
The parameters of the FO cable and adhesive layer used in the theoretical analysis are
listed in Table 1. These two strain profiles were compared (Fig. 9). The results show
that except for the first loading stage, the corrected FO strains agreed well with the
theoretical strains. It is noted that the strain curves had ~50 mm wide flat sections at the
curve center due to the nylon belt used for loading. Despite this, there were no obvious
low strain sensing sections at the turning point. Combined, this test validated the
proposed analytical model and the assumption that the strain transfer coefficient at the
turning point can be set to 1 when the bonded FO cable is long enough (greater than 2

L., ) while the turning point of host strain is outside the low sensing section. Moreover,

these results highlight the advantage of distributed FO sensing in large-scale SHM
campaigns.

3.2. Three-point bending test of PVC pipe
3.2.1. Test setup and procedure

To further verify the established theoretical model, an elaborate three-point
bending test on a PVC pipe was carried out. A 3 m long PVC pipe with an outer diameter
of 75 mm was used in the test. The G.652 double coating optical fiber manufactured by
Corning Inc. was bonded on the surface of the pipe. The OFDR interrogator used for
FO strain measurement was a Luna OBR 4413. The spatial resolution was 10 mm and
the strain measurement accuracy was %5 pe.

The test setup is shown in Fig. 10. Two FO cables AB (orange) and ab (red) were
bonded in parallel on the lower surface of the PVC pipe with epoxy resin. A redundant
section was reserved at 0.1 m to the left of the loading point. The two ends of the PVC
pipe were fixed by hinge supports. The pipe was deformed by hanging heavy objects in
its middle part. The load from the first to the fourth stages was increased by 3 kg per
stage, and the fifth and sixth stages were increased by 6 kg per stage.

3.2.2. Results and analyses

Strain distributions of the two FO cables obtained by the OFDR interrogator are
shown in Fig. 11. The strain curves of cable AB exhibited symmetrical triangle
distributions, and the position of the maximum strain point was consistent with the
loading point. The strain curves of cable ab were divided into the bc section, redundant
section, and ac section.

A comparison of strain values between sections BC and bc and that between
sections AC and ac are shown collectively in Fig. 12. Although most strains of the two
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cables were consistent, the deviations observed in the vicinity of point ¢ were indicative
of the existence of low strain sensing sections at the free end. According to the
conclusions drawn in section 3.1 and considering that cable AB was sufficiently long,
its strain values may be regarded as the true strains of the pipe. Therefore, the
experimental strain transfer coefficients of section bc (or ac) can be determined by
comparing its strain values to that of section BC (respectively, AC).

For the theoretical strain transfer coefficients of section bc, because the strain
distribution of the pipe was the single linear gradient strain type (as indicated by the
strain measurements of cable BC), they can be readily calculated using Eq. (16). A
comparison between the experimental and theoretical strain transfer coefficients under
the sixth loading stage (24 kg) is shown in Fig. 13. The parameters of the FO cable and
adhesive layer used in the theoretical analysis were the same as those listed in Table 1
(note that the Corning fiber does not have a jacket). It can be seen from Fig. 13 that the
two coefficient curves coincided with each other, hence validating the proposed
theoretical model.

For the theoretical strain transfer coefficients of section ac, because the strain
distribution of the pipe was the bilinear gradient strain type (as indicated by the strain
measurements of cable AC), determining the strain transfer coefficient at the turning
point (loading point) was a prerequisite. In this test, the length of the low strain sensing

section (L, ) of the cable was about 0.11 m according to the experimental results of

cable bc, which was longer than the distance between the loading point and point ¢ (0.1
m). Therefore, the method proposed in section 2.2.2 was employed to determine the
theoretical strain transfer coefficient distribution. The calculated zo was 0.954 and a
comparison between the calculated and experimental strain transfer coefticient profile
of cable ac under the sixth loading is shown in Fig. 14. Good agreement between the
two curves illustrated the feasibility of the proposed method for evaluating the strain
transfer performance of surface-bonded FO sensors subjected to a bilinear gradient
strain.

4. Parametric study

To provide a reference for the design and installation of distributed FO strain
sensors, the influences of the mechanical and geometric parameters of the protective
layer and adhesive layer on the strain transfer efficiency were analyzed with the host
strain distribution considered. The host strain profile was assumed to be a single linear
gradient strain £(x) =1000x +1000, and the bonding length of the FO sensor was 1 m.

The strain transfer coefficients were calculated using Eq. (16). The parameters of the
sensor and adhesive layer used in this parametric study were consistent with those used
in section 3.2.2.

The influence of the shear modulus of the inner coating G on the strain transfer
coefficient is shown in Fig. 15. With the increase of G, the length of the low strain
sensing section at both ends decreased, and the strain transfer performance of the sensor
was greatly improved. Therefore, when designing FO strain sensing sensors, the coating
materials with higher shear modulus should be selected to reduce the adverse effect of
coating on the strain measurement performance of the sensor. Similarly, the effect of
the shear modulus of the outer coating G> was investigated (Fig. 16). The higher the
shear modulus of the outer coating, the better the strain transfer performance was.
However, its influence was less evident compared to that of the inner coating.
Specifically, the theoretical curves of G> = 50 and 5000 MPa almost overlapped,
indicating that the protective layer especially the outer coating can protect the glass core
with a limited impact on its strain transfer performance.

8
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The effects of the shear modulus Ga. and minimum thickness ¢ of the adhesive layer
were also examined. For G.=2.9, 29, and 290 MPa, the calculated shear lag coefficients
k were 30.88, 31.79, and 31.88, respectively. Therefore, the strain transfer performance
of the FO sensor will be slightly better with a larger adhesive shear modulus. The
minimum thickness ¢ was set to 20, 200, and 2000 um; the calculated shear lag
coefficients were 32.00, 31.79, and 31.47, respectively. The results indicated that a
thicker adhesive layer will reduce the strain transfer performance but the impact is also
limited. Considering that the adhesive can protect the surface-bonded FO sensor, the
thickness of the adhesive layer can be increased appropriately to protect the sensor
without significantly decreasing the sensor’s sensing performance. Similarly, in the
process of designing and producing strain sensing cables, the shear modulus of the
protective layer can be larger and the thickness of the protective layer can be increased
appropriately to improve the ability of the sensor to resist the harsh engineering
environment while ensuring its strain transfer performance.

5. Conclusions
In this paper, a strain transfer model of the surface-bonded multi-layered
distributed FO sensor subjected to a linear gradient strain was established. Two
laboratory tests were conducted to validate the proposed model. Once the theoretical
model was verified, a parametric study was performed to investigate the influences of
host strain distribution and mechanical and geometric characteristics of both FO sensor
and adhesive on the strain transfer performance of the sensor. The main findings of this
study are the following:
* The influence of host strain distribution is mainly concentrated in the low strain
sensing section at both ends of the bonding length. When the bonding length is

short and the shear lag coefficient is low (corresponding to a large L, ), the effect

of host strain pattern should be considered for measurement error correction.
*  When the host material has a single linear gradient strain, the value of L, atthe

low

lower strain end decreases with the increase of the gradient while that at the other
end increases. The theoretical model proposed can well simulate the strain transfer
performance of the FO sensor in this case.

* In case that the host material has a multi-linear gradient strain, if the cable bonding

length is sufficiently long (each cable section is longer than L, ), the strain

transfer coefficient of the turning point can be set to 1. If the turning point is in a
low strain sensing section, the strain transfer coefficient of the turning point can be
approximated by assuming that the host strain is of the single linear gradient type.
* The parametric analyses show that the strain transfer performance of the FO sensor
can be significantly improved by employing coating materials with higher shear
modulus. The effect of the protective layer on the strain transfer performance is
limited, so the shear modulus and radius of the protective layer can be appropriately
improved to enhance the sensor’s ability to resist the harsh environment. During
installation, to reduce the measurement error, the adhesive with higher shear

modulus should be adopted, the bonding length should be long enough (>2L, ),
and the sensor should be close to the surface of the host material.
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Table 1. Parameters of FO cable and adhesive layer used for strain transfer coefficient
calculation (after ref. [16, 17, 30-33]).

Parameter Symbol Value Unit
Radius of fiber core re 62.5 um
Young’s modulus E. 72 GPa
Radius of inner coating rl 95 um
Shear modulus of inner coating G 0.12 MPa
Radius of outer coating 2 125  um
Shear modulus of outer coating G 50 MPa
Radius of jacket 3 900 um
Shear modulus of outer coating Gs 500 MPa
Minimum thickness of adhesive t 200 um

Shear modulus of adhesive layer G 29 MPa
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