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Abstract

Reliable projections of sea-level rise depend on accurate representations of how fast-
flowing glaciers slip along their beds. The mechanics of slip are often parameterized
as a constitutive relation (or ‘sliding law’) whose proper form remains uncertain.
Here, we present a novel deep learning-based framework for learning the time
evolution of drag at glacier beds from time-dependent ice velocity and elevation
observations. We use a stochastic neural network, informed by the governing
equations of ice flow, to infer spatially and temporally varying basal drag and
associated uncertainties from data. We test the framework on 1D and 2D ice flow
simulation outputs and demonstrate the recovery of the underlying basal mechanics
under various levels of observational and modeling uncertainties. We apply this
framework to time-dependent velocity data for Rutford Ice Stream, Antarctica, and
present evidence that ocean-tide-driven changes in subglacial water pressure drive
changes in ice flow over the tidal cycle.

1 Introduction

Fast-flowing outlet glaciers that drain the Greenland and Antarctic Ice Sheets are major contributors
to sea-level rise (SLR) [9, 66]. While widespread acceleration of these glaciers in response to
changing climate conditions has magnified their importance in future projections of SLR, fundamental
uncertainties about their long-term dynamical behavior and stability persist [67]. One of the key
sources of uncertainty is the unknown form of the parameterization used to describe how drag at
the base of glaciers is related to basal sliding velocity, bed roughness, bed composition, and water
pressure [66, 2]. The resistive force provided by basal drag plays a significant role in the evolution of
glaciers in response to changes in atmospheric and oceanic conditions. The collection of proposed
parameterizations for basal drag are commonly referred to as sliding laws, and the wide range of
physical processes governing the interaction between ice, bed materials, and basal hydrology have
led to a wide spectrum of proposed sliding laws for quantifying drag dependence on sliding velocity.
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Despite considerable advances in our understanding of the mechanics of slip along glacier beds, no
consensus has emerged as to which sliding law offers the best balance of model simplicity and model
fidelity, though one model has emerged as a candidate for a universal sliding law that is applicable
to glaciers with rigid and deforming beds [72, 32, 85]. Since the physical processes meant to be
represented by the sliding law are not directly observable outside of laboratory settings, inference
of the form of the the sliding law and the value of its parameters requires inverse modeling using
observations of ice surface velocity and elevation coupled with an accurate physical model of ice
flow [34, 75, 17, 8].

Fortunately, the Earth science community has seen a sharp rise in remote sensing data availability over
the past two decades. This rise is due to an ever-increasing number of spaceborne and airborne Earth-
observing platforms in combination with increased computational capabilities and data-providing
services that operationally produce analysis-ready data sets. The glaciology community has benefited
enormously from continent-wide observations of ice surface velocities and elevation over much of
the Greenland and Antarctic Ice Sheets [65, 31, 56, 28]. However, within the context of modeling
of basal drag, use of these observations in modeling efforts have traditionally involved assimilating
instantaneous or time-averaged velocity observations into ice flow models in order to estimate static
distributions of basal drag [42, 51, 39, 75]. A few studies have expanded upon this approach by
estimating basal drag at different time epochs, which can be used to attribute changes in drag to
known changes in environmental factors like surface meltwater [47] or to better constrain parameters
in sliding laws [23, 17]. The increasing availability of time-dependent velocity fields, which in many
places capture the evolution of glacier velocities on sub-monthly timescales in high-spatial resolution,
could potentially provide much finer resolution on the time-evolution of basal drag in order to obtain
the underlying space- and time-varying functional form of the sliding law.

Within the past decade, machine learning algorithms have exploded in popularity due to their ability
to discover patterns and relationships in large volumes of data which are used to inform numerous
predictive and analytical tasks [40]. In particular, the recent success of deep learning has been
attributed to the ability to learn hierarchical, abstract features in unstructured data which can interact
in highly non-linear ways [5]. The coincident increase in computing power, in large part from the
increased utility of graphics processing units, has led to rapid development of specialized network
architectures able to learn patterns from video streams, images, and word sequences. Recently,
many studies have demonstrated the potential for deep learning algorithms to be integrated with
scientific knowledge in order to bridge theoretic gaps, discover new and robust patterns in scientific
observations, and predict the evolution of dynamical systems [35, 58, 62]. This type of “theory-
guided” learning combines the robustness provided by decades of theoretical and experimental work
with the pattern recognition and representation power of deep learning.

In this work, we develop a hybrid modeling framework that can exploit contemporary remote sensing
data by incorporating well-known ice dynamics and constitutive laws with a deep neural network
model representing the unknown sliding law. In developing this framework, our goal is to demonstrate
a general approach for inferring various components of a glacier system from large volumes of data
without requiring access to sophisticated ice flow models. We further discuss how we can pose the
learning problem in a probabilistic manner that partially allows for the quantification of uncertainties
due to both data errors and uncertainties in the governing equations of ice flow. Since the focus of this
work is on learning a spatiotemporal representation for basal drag, we apply our method to several
one- and two-dimensional flowline simulations that are representative of real-world basal sliding
scenarios that would be challenging to analyze with traditional inverse modeling approaches. Finally,
we apply our methods to real velocity data over Rutford Ice Stream in West Antarctica and present
observational evidence for the role of subglacial hydrology in propagating tidally driven variations in
ice flow roughly 100 km inland.

2 Results

2.1 Ice Flow Governing Equations

The flow of ice is well-approximated by incompressible Stokes flow, which describes the motion of
a viscous fluid where inertial forces are negligibly small relative to viscous forces. In Stokes flow,
the momentum equations (stress balance) reduce to gravitational body forces resisted by stresses
induced through ice deformation and shear stresses at the interfaces between ice and the bed and
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sidewalls. For many fast-flowing outlet glaciers and ice streams, flow is dominated by basal sliding
where sliding velocity is comparable to surface velocity, and forward motion due to vertical shearing
is negligible. In this case, the full three-dimensional Stokes equations can be reduced by neglecting
certain components of the stress divergence and averaging the resulting momentum balance over
depth (see Materials and Methods). This approximation, commonly referred to as the Shallow Ice
Shelf/Stream Approximation (SSA), leads to the following two-dimensional relation in a Cartesian
coordinate system with z defined parallel to the gravity vector:
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where u and v are the horizontal velocity components of the velocity vector, u, along the x- and
y-directions, respectively, and taken to be constant with depth; h is the ice thickness; τbx and τby
represent the x- and y-components of basal drag; s is the ice surface elevation; η is the effective
dynamic viscosity; ρi is the mass density of ice; and g is the gravitational acceleration. Basal drag is
modeled with a sliding law using a power-law relationship [83]:

τbx = cb‖u‖
1
m

u

‖u‖ , (2a)
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where ‖u‖ =
√
u2 + v2, cb acts as a drag coefficient, and m is a scalar. Thus, the basal drag

magnitude is a (potentially nonlinear) function of the surface velocity, which is assumed to be
approximately equal to the basal velocity. The range of possible values for m is wide and determines
whether sliding at the bed is rate-weakening (m < 0, basal drag decreases with sliding velocity),
rate-strengthening (m > 0, basal drag increases with sliding velocity), or rate-independent (m→∞).
The mode of sliding can have strong implications on how stress perturbations at the termini of glaciers
propagate upstream [22]. Recent laboratory work [85] has shown that these sliding modes can be
represented as a spectrum of sliding behavior corresponding to rate-strengthening sliding over rigid
beds at velocities below a certain threshold, above which till deformation dominates and basal drag is
largely rate-independent.

In this work, we simulate and analyze ice flow in both 1D and 2D in order to demonstrate our
proposed learning framework on systems of increasing complexity. For both classes of simulations,
we model tidewater glaciers where their termini end at the ocean but are grounded throughout the
entire modeling domain. In 1D, the particular model form we use in this work reduces the 2D
momentum balance equations (Equations 1a,b) by assuming that lateral shear stresses are negligible,
which is appropriate for ice streams that are much wider than they are thick [74]. Thus, Equations
1a,b reduce to:
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with x defined as parallel to flow. We induce velocity variations by periodically varying the lon-
gitudinal stress conditions at the terminus, which approximates the periodic rising and falling of
ocean levels due to tides (see Materials and Methods). Thus, the final simulation outputs we use as
inputs and data for the machine learning models are the time-dependent velocity components and ice
thickness.

We use a basal drag sliding relationship where the prefactor cb can vary in both space and time and
the exponent m can vary in space such that:

τb (x, t) = cb (x, t) |u|1/m(x). (4)

The spatial variation of cb and m can represent changes in bed roughness and composition, ice
cavity density, and basal water pressure, among other factors. The temporal variation of cb can
represent local changes in basal water pressure due to an evolving subglacial hydrological system,
which has been shown to be an important process in many fast-flowing tidewater glaciers around the
globe [73, 26]. It is not possible to recover estimates of cb and m using traditional inverse modeling
techniques with velocity observations at a single epoch due to the non-uniqueness of these parameters

3



for a given value of basal drag, τb. Therefore, simulations generated with these types of variations are
both realistic and useful for demonstrating the utility of time-dependent velocity and elevation fields
for inferring basal mechanics.

2.2 Neural Network Representation of Basal Drag

Large uncertainties on the form of the sliding law motivate a more flexible representation of basal drag
as a function of sliding velocity, as well as a function of space and time in the case of spatially-varying
till properties or subglacial hydrology. To that end, let us consider the following:

τ̂b = fθ (u, x, t) , (5)

where basal drag predictions τ̂b are generated by a generic nonlinear function of sliding velocity,
spatial coordinate, and time. The nonlinear function is itself represented by a feedforward neural
network parameterized by θ, the weights and biases of the hidden layers. The utility of multi-layer
neural networks as universal function approximators (for sufficient layer widths, depth, and non-linear
activation functions) makes them well suited to represent an approximation to the τb function [7].
We emphasize that in the general case, any neural network representation for a given function is
a “black-box” and not immediately interpretable. However, for the case of glacier mechanics, the
ability to evaluate the basal drag model for any combination of sliding velocity and space and time
coordinate permits subsequent interpretation of the nonlinear model and possible inference of the
underlying functional form.

2.2.1 Learning Basal Drag Function with Hybrid Modeling

Basal drag is not directly observable. To learn the functional approximation, we must combine
quantities that are readily observable (e.g., ice velocity and surface elevation) within the physical
modeling framework provided by the momentum balance equations (Equations 1a,b). The data
distribution for direct observables are thus transformed into a distribution of pseudo-observables,
which is then used to train the neural network. As an illustration, let us consider the cost function for
the learning objective for the 1D shallow ice stream case (Equation 3):
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1
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)
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)
for brevity. The

variable τ̃b represents the “expected” basal drag as computed from the momentum balance, which for
the 1D case (Equation 3) is:
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Equation 7 can be extended to 2D or 3D to include lateral and vertical shear stress effects. The cost
function (Equation 6) is thus a mean square error (MSE) over Q examples between the drag neural
network predictions and the expected basal drag.

We can supplement Equation 6 with additional known physical constraints encapsulated in a separate
loss function Lph (θ). For example, we may wish to enforce that drag can only resist flow (never
drive flow) so that drag is negative by the convention in Equation 7. Additionally, we may wish to
encourage spatially smooth drag predictions since the viscous nature of ice flow nominally damps
out basal drag variations at smaller wavelengths [24]. These two constraints can be implemented as:

Lph (θ) =
1

P
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[
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(
fkθ
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)2

+
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)2
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, (8)

where the rectified linear unit (ReLU) function is zero for negative values and identity for positive
values, and the second term implements Laplacian smoothing. The first constraint may also be
implemented by applying a negative ReLU activation on the outputs of fθ. Note that the number
of examples P for Lph (θ) is not necessarily equal to the number of examples Q used for Lpde (θ).
For the latter, the Q examples are dictated by the availability of velocity and ice thickness gradients,
whereas the P examples for the former can be evaluated anywhere within the training domain.
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For all formulations of the longitudinal stress gradients and any additional gradient-based penalties,
first- and second-order spatial derivatives of velocity and elevation are required. These gradients may
be computed a priori from the velocity and elevation measurements and used to train fθ directly.
However, the highly-nonlinear form of the non-Newtonian effective ice viscosity (see Materials and
Methods) can result in large amplification of the gradients and any errors associated with them. The
gradients themselves may be difficult to compute when data are missing or are scattered in space.
We approach these challenges by modeling the velocity and elevation observations themselves with
another neural network, such that:

d̂ = gφ (x, t) , (9)
where the network weights are parameterized by φ. In addition to velocity predictions, û, the predic-
tion vector d̂ can contain either surface elevation or thickness predictions which are interchangeable
when knowledge of the bed is assumed to be error-free. In the general case where the bed is known to
have non-negligible uncertainties, d̂ may include velocity, elevation, and thickness. For the purpose
of this discussion, we assume d̂ = [û, ĥ] where ĥ is the predicted thickness.

The loss function for gφ is a standard MSE between predictions and observations, d = [u, h]:

Lmse (φ) =
1

M

M∑
k=1

[
(uk − ûk)2 + (hk − ĥk)2

]
, (10)

where gkφ = gφ
(
xk, tk

)
, and M data points are used for training gφ. The key advantage of the neural

network representation gφ is the ability to evaluate derivatives of u and h at arbitrary space and
time coordinates at machine precision using automatic differentiation [4, 58]. Essentially, the neural
network learns a smooth hypersurface between scattered observations in data space and can return
the hypersurface value and slope at any given point. Of course, the smoothness of this surface will
depend on the network capacity (i.e., layer size and depth), as well as the activation function used
between layers (see Appendix B for network and training details). These smoothed predictions and
their gradients are then used to generate the inputs and expected basal drag for training fθ . Thus, we
use û and ĥ rather than u and h to compute the losses Lpde and Lph (Figure 1).

Figure 1: Diagram of neural network architecture and learning process. Scattered spatial and time
coordinates are input into network gφ, which is trained to generate predictions of ice surface velocity
and thickness, û and ĥ, at those coordinates. Velocity and thickness predictions and space and time
coordinates (which may differ from coordinates input to gφ) are input into a second network, fθ,
which is trained to predict basal drag estimated from ice flow momentum balance equations (1D
momentum balance used here as an example). A combined loss function is then used to train the
neural network weights, φ and θ, simultaneously.

To train fθ and gφ simultaneously, we formulate the joint learning objective:

θ,φ = arg min
θ,φ

[Lmse (φ) + λLpde (θ) + αLph (θ)] , (11)

where the hyperparameters λ and α control the relative strengths of the partial differential equation
(PDE) consistency and additional physical constraint loss functions, respectively. The choice of
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Figure 2: Experimental setup and initial ice geometry for 1D simulations of a marine-terminating
glacier. A) Initial grounded ice (light blue) slides on its bed (dark brown) below sea level (dark blue;
dashed black line). For perturbation experiments, ocean level S(t) is periodic in time. X-coordinates
indicate distance upstream from terminus. The ice surface, s(X, t), varies in space and time while
the bed, b(X), varies only in space. Spatial distributions of prefactor values, cb (B) and exponents,
1/m (C) for two different simulation scenarios with different sliding modes but similar levels of basal
stress. Case I (blue lines) corresponds to a constant exponent and slowly-varying prefactor while
Case II (red lines) corresponds to periodically varying exponent and prefactor profiles. The values for
Case II are chosen such that the steady-state basal drag values are roughly equal to the steady-state
drag for Case I.

these parameters will generally be controlled by data quality (noise level, spatiotemporal coverage,
accuracy of bed topography, etc.) and a priori uncertainties on the parameterization of ice flow (e.g.,
rheology, spatial smoothness of drag, etc.) and can be computed using standard model selection
techniques like cross-validation or using an L-curve (Figure S5). A key point to reiterate is that for
the above learning objective, observed data are only used for the cost function Lmse (φ). Evaluation
points for the other two cost functions can be evaluated anywhere within the training domain, which
can be useful for study areas that are data limited [59].

2.2.2 Bayesian Neural Networks

Standard feedforward neural networks are parameterized by the weights and biases between each
hidden layer. Training these parameters via stochastic gradient descent will result in a single set of
optimal parameter values for the above loss functions, which will correspondingly lead to a single set
of predictions for given input coordinates. For the hybrid physical modeling framework discussed
here, the efficacy of the basal drag neural network depends in large part on the appropriateness of the
assumed momentum balance, ice rheological model, etc. Any uncertainties in these assumptions will
propagate to uncertainties in the modeled basal drag. Proper quantification of these uncertainties is
hence critical for subsequent interpretation of the inferred basal drag.

Here, we utilize Bayesian neural networks with probabilistic loss functions to learn a distribution
over the neural network weights for the basal drag network (see Materials and Methods). The
weight posterior distribution allows us to generate a distribution of basal drag predictions and derived
statistical properties (e.g., mean and sample covariance). Spatial patterns of basal drag covariance can
provide important insight into uncertainties within the data and any modeling assumptions. One type
of uncertainty can stem from errors in the ice rheology (the exponent n and the flow rate parameter
A that influence the dynamic viscosity, as discussed in Materials and Methods) that are propagated
through the momentum balance when computing basal drag.

2.3 1D Spatially Varying Drag

To evaluate the neural network representation of basal drag, we first generate 1D SSA simulations for
two different cases of frictional parameter distributions (Figure 2). In the first case, we prescribe a
constant exponent ofm = 3 and a spatially varying prefactor, cb, with values that slowly increase with
upstream distance to approximate increasing basal drag. In the second case, we prescribe periodic
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exponent values with values ranging from approximately 1 to 6, which spans the regimes from linear
to approximately plastic sliding. Additionally, we assign values of cb such that the modeled basal
drag is approximately equal to the drag from the first case. In this way, both cases will have similar
values of basal drag throughout the simulation but different time-dependent sliding, providing a good
test for the recovery of the true frictional parameters from time-dependent observations. For both
simulations, we force the system through periodic variations of the longitudinal stress at the terminus
to simulate periodic ocean tides. The resulting velocity time series show strong periodicity in time
while the ice thicknesses are roughly constant throughout the simulation (Figure S1).

For training the networks gφ (predicting surface velocity and ice thickness) and fθ (predicting basal
drag), we select a spatial subset spanning the minimum terminus position and 50 km upstream of that
position to use as training data for the neural networks gφ and fθ. This subset includes the portions
of the glacier with measurable periodic velocity fluctuations. In principle, one could use the entire
simulation domain to reconstruct the full basal drag profile, but we take a subset since we expect
recovery of sliding law behavior to be poorly constrained at low velocity variations. To simulate
for measurement noise, we add white noise with a standard deviation of 0.5 m/year and Gaussian
correlated noise with a lengthscale of 5 km (equivalent to approximately 10 ice thicknesses) and an
amplitude of 2 m/yr (approximately 5% of the mean velocity variation, consistent with observations)
to the velocity data [52, 45]. Generally, the correlated noise will have a much larger effect on
the inferred basal drag since coherent velocity gradients will be mapped to spurious basal drag
variations. Similarly, we add white noise with an amplitude of 0.5 m and correlated noise with the
same lengthscale and an amplitude of 2 meters to the ice thickness data, which is equivalent to perfect
knowledge of the bed and observation noise of high-quality digital elevation models [48]. While
models of bed topography using mass conservation techniques are more accurate for fast-flowing
glaciers [49], we still expect errors on the order of several tens of meters which would likely require
the addition of an extra topographic variable to gφ to allow for approximation of uncertain bed
topography (as is done for our analysis on Rutford Ice Stream). For the simulated cases here, we
assume perfect knowledge of the bed in order to isolate the effects of velocity and surface errors on
inferred drag.

After training gφ and fθ, we can query fθ for various values of u, x, and t in order to reconstruct
the full time history of the basal drag at any point along the simulation domain used during training.
In this manner, we can visually examine the τb vs. u relationship to infer the underlying physical
relationship without needing a closed-form symbolic expression of that relationship. A natural
domain for viewing τb vs. u is in log space where, for the power-law form of the sliding law, the
slope corresponds to 1/m and the intercept corresponds to log (cb). For the forcing environment
simulated here (longitudinal stress perturbations applied at the terminus), the sliding parameters are
expected to be time-invariant and can be estimated for each point along the glacier. Additionally,
since we use Bayesian neural networks for the basal drag, we can generate stochastic predictions of
τb for any triplet of (u, x, t) in order to compute the mean and standard deviation of the 1/m and cb
estimates. As a comparison, we also compute basal drag directly from the noisy surface observations
using Equation 7 where we apply a spatial smoothing window of approximately 5 ice thicknesses to
the data prior to computation.

For both simulation cases, we are able to accurately recover the true sliding law parameters for the
region of the glacier with sufficiently large velocity variations (within≈40 km of the terminus; Figure
3). As the upstream distance increases, the amplitudes of the velocity fluctuations caused by the
stress perturbations applied at the terminus attenuate. Correspondingly, the stochastic predictions for
τb become more scattered, which ultimately results in increasing uncertainties in both 1/m and cb as
the linear fits in log space become more ill-conditioned. Another factor influencing uncertainties is
proximity to the edges of the training domain. Here, spatial gradients are not as well constrained as
the interior, which will affect computation of the expected basal drag τ̃b. Therefore, in practice, it is
advisable to extend the training domain to slightly outside the area of interest in order to properly
constrain spatial gradients. In a few places along the profile, we observe larger deviations from the
true parameter values where higher noise amplitudes affect drag predictions. However, these regions
are also associated with larger parameter uncertainties. This association is likely due to the KL-
divergence loss in the probabilistic formulation (see Materials and Methods) which provides a spatial
smoothing effect by encouraging predictions with low variance. Higher prediction uncertainties are
then required to maximize the data likelihood for the locations where the spatially-correlated noise is
commensurate with the amplitude of the velocity variations.
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Figure 3: Inferred basal parameter profiles and predicted time-dependent basal drag τb vs. sliding
velocity u for 1D simulations. Left column corresponds to results for the simulations with spatially-
varying prefactor (case I) while the right column correspond to results for simulations with spatially-
varying prefactor and exponent (case II). A) Log-domain plot of basal drag vs. sliding velocity for
case I. Colors indicate distance upstream of the terminus, where dark lines correspond to a linear fit
of stochastic samples and shaded regions correspond to sample standard deviation (3σ). Thin black
dashed line indicates true mean basal drag over simulation period, and solid black lines at the bottom
illustrate theoretical slopes for m = 1, 3, and 6. B) Same as (A) but for case II. C) and (E) Profiles
of estimated prefactor, cb, and exponent, 1/m, respectively, for case I. Blue lines correspond to the
neural network predictions while blue shaded areas are the prediction uncertainties (3σ). Red lines
correspond to direct estimates of basal drag using momentum balance of surface observations. Thick
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Another key result is that estimates of basal drag using direct application of Equation 7 lead to highly
biased and noisy sliding law parameter estimates, even when significant spatial smoothing is applied
to the data prior to application of the momentum balance (Figures 3C-F). The ability of the neural
network framework to accurately recover the true parameter values (to the extent where velocity
variations are large enough) indicates similar levels of robustness to noise as traditional inverse
modeling schemes that apply some form of regularization on the modeled basal drag. Overall, these
results show that the neural network framework functions as a time-dependent inversion scheme for
the basal drag where common regularization strategies can be implemented analogously through
the learning objective [16]. The ability to quantify uncertainties in predictions of basal drag is an
important additional benefit of the Bayesian neural network formulation that does not change the
complexity of implementation relative to standard neural networks. These uncertainties can be crucial
in determining the overall resolving capacity of surface observations in determining the dominant
sliding modes.

2.4 1D Time Varying Drag

In the previous section, the sliding law parameters were simulated to be time-invariant. However, for
some glaciers and ice streams, basal drag has been hypothesized to evolve in time, e.g. in response to
changes in the subglacial hydrological system. As water flows into and out of the hydrological system,
the basal water pressure compensates some of the overburden pressure and thus changes the effective
pressure (the difference between overburden and water pressures) at the bed. The overall change in
effective pressure will thus affect the magnitude of the basal drag and the corresponding flow of ice
[29, 73, 26, 15, 71, 47, 78]. Here, we implement a simplified model for temporally varying water
pressure by representing the prefactor in the power-law sliding law as a Mohr-Coulomb yield criteria
such that

cb (x, t) = µ (ρigh (x, t)− pw (x, t)) , (12)
where µ is a constant friction coefficient, and the function pw (x, t) represents spatially and temporally
varying basal water pressure. We model the basal pressure as a periodic pressure wave that propagates
upstream in the following manner:

pw (x, t) = p̄w + p̂we
−x/L cos

(
−ωt+

ω

vp
x

)
, (13)

where p̄w is a constant water pressure, p̂w is the amplitude of the pressure oscillations, L is a decay
lengthscale (allowing for upstream exponential decay of the pressure perturbation), ω is the angular
frequency of the oscillation, and vp is the wave speed (phase velocity) controlling the upstream
propagation speed of the pressure wave. This functional form for the pressure wave approximates
diffusive models for subglacial hydrology [71] where the phase velocity and decay lengthscale of the
pressure wave is controlled by the conductivity of the hydraulic system. Using the same ice geometry
as the previous two 1D simulations, we set values of µ = 2× 10−3, p̄w = 1000 kPa, p̂w = 500 kPa,
L = 45 km, ω = 1 rad/year, and vp = 0.27 km/day. Furthermore, to investigate the dynamics of
a plastically-deforming bed subject to hydrological variations, we generate simulations for m = 3
and 10, where the latter approximates a plastic bed. In order to maintain a similar velocity range for
the two sliding exponents, we increase the friction coefficient for m = 10 to µ = 5× 10−3 (in order
to match the secular velocities for the m = 3 outputs) and reduce the pressure wave amplitude to
p̂w = 200 kPa since a plastic bed will result in large velocity variations for a given stress perturbation.
The resulting velocity fields for both simulations show similar annual variations as the simulations
forced by periodic variations at the terminus (Figure 4A, B). While the velocity variation amplitudes
are similar at the terminus for m = 3 and 10, the upstream extent of the variations is larger for the
latter case, even with a substantially reduced pressure wave amplitude.

Using the same training procedure for gφ and fθ as the previous two cases (but without noise added to
the data in order to highlight the mechanical effects of the pressure wave), we reconstruct the full time
history of the modeled basal drag. The stochastic predictions for τ̂b demonstrate that, similar to the
previous experiments, drag variations are well constrained in the regions where velocity variations are
higher (Figure 4C,D). Generally, decreases in drag are associated with increases in velocity since the
propagating pressure wave is the primary driver of speedups in ice flow. However, this trend changes
with upstream distance as the pressure wave amplitude decays and longitudinal stress perturbations
become the dominant forcing mechanism. The crossover point at which longitudinal stresses become
more important is controlled by the pressure wave decay lengthscale, phase velocity, and sliding law
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Figure 4: Neural network velocity and basal drag predictions for temporally varying drag simulation.
Simulations were conducted with spatially-uniform sliding law exponent values of m = 3 and
m = 10. A) and (B) show spacetime evolution of predicted velocity for m = 3 and m = 10,
respectively. C) Profiles of estimated basal drag periodic phase delay where blue and orange lines
correspond to m = 3 and m = 10, respectively. D) Profiles of estimated basal drag periodic
amplitude. E) Log drag. vs. log velocity for select points for m = 3 where color indicates distance
upstream from the grounding line. Solid lines correspond to mean drag predictions while shaded
regions correspond to 3σ uncertainties. F) Same as (E) but for m = 10. The amplitude and phase
delay profiles combined with the ellipticity of log τb vs. log u can be used to infer the propagating
pressure wave.
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exponent. To illustrate this point further, we fit a temporal function consisting of a linear trend and
an annual sinusoid to the τ̂b time series at each point while accounting for the uncertainties in τ̂b.
The amplitude and phase delay of the sinusoids, as well as their formal uncertainties, can then be
estimated along the glacier (Figure 4C,D). For m = 3, we observe a significant phase offset between
the first 10 km upstream of the terminus and the rest of the ice stream; this phase offset is minimized
for m = 10. For the sinusoidal amplitudes, recall that the imposed water pressure variations for
m = 3 were 2.5x larger than those for m = 10. However, the recovered maximum drag amplitude is
only twice as large for m = 3 compared to m = 10, which indicates a negative feedback between
the reduction in drag from the pressure wave and an increase in drag resulting from the induced
speedup [71]. This negative feedback also manifests as a sharper drop-off in amplitude with upstream
distance for m = 3. The amplitude reaches a local minimum at the same location where the drag
phase gradients are at their peak. For m = 10, as with the phase gradients, the amplitude drop-off is
much less pronounced.

Another important difference in these pressure wave-driven simulations is that the relationship
between τb vs. u in the log domain exhibits a cycle (Figure 4E, F), with elliptical behavior arising
from varying levels of phase lag between the periodic velocity and basal drag signals (Figure S2).
The varying phase lag is again a consequence of competing basal drag perturbations from the pressure
wave and balancing of longitudinal stress perturbations resulting from the initial speedup where the
latter generally propagates upstream with a higher phase velocity.

The similarity in the velocity variations between the pressure wave-forced simulations in this section
and the terminus-forced simulations in the previous section obscures the stark differences in the basal
drag evolution between the two model classes. While the neural network-based drag reconstruction is
well-constrained for both cases, attribution of the dominant forcing mechanism for a given glacier
without a priori information is considerably more uncertain. Nevertheless, the strong inverse
proportionality between τ̂b and u in Figure 4E,F for regions closer to the terminus does suggest that
glaciers and ice streams exhibiting similar cycles are likely influenced by time-varying effective
pressure. Considering that effective pressure changes can be subsumed into a time-varying sliding
law prefactor, simultaneous recovery of both the sliding law prefactor and exponent as shown in the
previous section is not possible for glaciers influenced by substantial subglacial hydrological effects.
In these cases, independent observations of basal water pressure variations (and thus, prefactor
variations) would be needed to recover values of the exponent. Conversely, if a priori information
about the exponent were available (e.g., the bed is well-approximated by plastic deformation), then it
is possible to derive estimates of basal water pressure variations from the time-varying drag [47].

2.5 Rutford Ice Stream, Antarctica

Rutford Ice Stream (RIS) in West Antarctica is a fast-flowing ice stream which flows into the Filchner-
Ronne Ice Shelf (Figure 5A). RIS is laterally confined with an average width of approximately 23
km, and most of the forward velocity is due to basal sliding [33, 18, 76]. The high width-to-thickness
and slip ratios support the use of the SSA approximations for examining basal drag variations at
intermediate to long spatial wavelengths [19, 11]. Furthermore, RIS exhibits strong variations in
flow velocity due to tidal forcing where non-zero variations are measured almost 100 km away from
the grounding line. While variations in vertical velocity are mostly modulated by diurnal and semi-
diurnal tides, along-flow variations are observed primarily at the fortnightly Msf (14.77 day) period
[20, 53, 45], which indicates a non-linear response of RIS flow to tidal forcing [22, 71, 69]. While
several recent studies have compared different mechanisms for originating along-flow variations at
the Msf frequency on the ice shelf [68, 70], our focus in this study is on using the response of ice
flow in the grounded ice stream to infer the mechanics of slip at the ice-bed interface. Thus, our
analysis focuses on regions of the ice stream greater than 10 km upstream of the grounding line
in order to avoid elastic effects due to bending stresses, which are not incorporated into the SSA
approximations [69]. We emphasize that a rigorous exploration of the ice stream stress response
(including the elastic response) to tidal forcing is outside the scope of this work. Rather, our aim
is demonstrate the machine learning-based techniques for inferring time-dependent basal drag on
high-quality surface observations.
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2.5.1 Data and learning objectives

We use existing data sets to constrain the surface velocity fields and ice-stream geometry. The 3D
surface velocity fields were derived from 9 months of synthetic aperture radar (SAR) data collected
from multiple viewing angles in order to constrain a parametric surface displacement model consisting
of sinusoids corresponding to the primary tidal constituents and a steady-state velocity [45]. Since
our main focus is on the along-flow velocity variations (where variations at diurnal and semi-diurnal
constituents are minimal [53]), we use only the steady-state velocity and sinusoid periods at the
Msf frequency. Geometric information (surface elevation and ice thickness) were obtained from
BedMachine V1 [50]. While our analysis is focused on the regions of the ice stream greater than
10 km upstream of the grounding line, our training domain spans from 150 km upstream of the
grounding line to regions of the ice shelf within 45 km downstream of the grounding line. With this
extended domain, we can confidently constrain the spatial gradients of the observation variables.
Additionally, inclusion of the ice shelf also provides a means to validate the rheological parameters
since basal drag is expected to be negligible on the shelf (seawater offers very little resistance to ice
flow). Here, we use a characteristic temperature of -10◦ C to calculate an effective depth averaged
value of A from tabulated values [10] and a stress exponent n = 3 to compute ice viscosity (Materials
and Methods), which results in minimal steady-state drag values on the ice shelf.

We use one neural network, gφ, to predict the time-varying velocity components and time-invariant
ice thickness and surface elevation. At the fortnightly timescales, ice thickness and driving stress
are assumed to be constant in time. By adding the surface elevation variable to the outputs of gφ (as
opposed to adding a known bed elevation to the thickness predictions as was done with the simulated
data), we implicitly account for uncertainties in the bed topography by treating s = h + b as an
additional noisy observation. For the velocity components, rather than outputting the velocity values
at any given input (x, t), we instead output the spatially-varying coefficients of a periodic temporal
model (independently for the u and v components), e.g.:

u (x, t) = a (x) cos (ωsf t) + b (x) sin (ωsf t) + u0 (x) , (14)

where ωsf = 2π/Tsf is the fortnightly angular frequency for the Msf tidal constituent (Tsf = 14.77
days), and the coefficients [a, b, u0] vary in space only. This approach reduces the dimensionality
of the neural network inputs to two spatial coordinates while providing physical constraints on the
temporal form of the predictions.

We adopt a similar temporal functional form for the outputs of the basal drag network, fθ , where the
weights θ are again trained with probabilistic loss functions. The values of the expected drag, τ̃b, are
now computed from the 2D SSA equations (Equations 1a, 1b), which only requires an additional input
and output dimension for gφ. We assume an ice density ρi = 917 kg/m3. For the basal drag network,
fθ, we add another input dimension but restrict the network to predict basal drag magnitude, which
simplifies implementation of physics-based loss functions for Lph and improves physical-consistency
of drag predictions (see Supplementary S1 for an example application to 2D simulated data generated
with realistic modeling uncertainties). Values for the hyperparameter controlling spatial smoothness
of basal drag were chosen using a standard L-curve (Figure S5).

2.5.2 Secular Velocity and Basal Drag Predictions

The predicted along-flow steady-state velocity magnitudes for RIS are in good agreement with the
observed velocities (Figure 5B), while the velocity amplitude and phase are also in good agreement
with prior studies [45]. The steady-state basal drag magnitudes show a region of very low basal drag
from approximately 10–50 km upstream of the grounded line, transitioning to higher drag over short
distances (Figure 5G). This transition from a weak to a stronger bed has been inferred in several prior
studies [33, 57] and has been associated with a transition from dilatant to stiff sediment [76]. Since
RIS is close to steady-state [21], drag variations are mostly in balance with the driving stress (Figure
5E). The drag magnitudes in our training area peak at around 100 km upstream of the grounding line,
which is colocated with a local high in the basal topography (Figure S6). Previous numerical studies
of RIS have shown that basal topography is the dominant control on surface undulations, which in
turn implies that basal topography is the dominant control on secular drag variations at the spatial
scale of tens of kilometers [57, 11]. Under the functional form of Equation 12 where µ represents
the internal friction coefficient for till, these results support the view that variations in the friction
coefficient µ are at much longer wavelengths (> 20 ice thicknesses), with the exception of the low
basal drag region. By further assuming a plastic bed with a uniform value of µ = 0.5 (median of
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Figure 5: Rutford Ice Stream (RIS) study area and secular surface velocity and basal drag. (A)
RIS (red arrow) feeds into the Filchner-Ronne Ice Shelf (FRIS, blue arrow) in West Antarctica.
(B) The neural-network-predicted secular velocity magnitude, which is in good agreement with the
observed secular velocities from [45] (blue contours at levels of 0, 295, 320, 345, and 370 m/year).
The predicted amplitude (C) and phase (D) of the time-dependent velocity variations are also in
good agreement with [45] (areas of high phase uncertainty, due to low amplitude variations, masked
out). The driving stress (E) is mostly balanced by the neural-network-predicted basal drag (G). By
assuming a plastic bed with yield stress determined by the Mohr-Coulomb yield criteria (Eq. 12),
effective pressure equals basal drag divided by the internal friction coefficient, µ = 0.5 (pressure
values shown in square brackets and italics in (G)). Secular water pressure (F) may then be derived
from the effective pressure. Scalar uncertainties for predicted basal drag (H) are generally high in
areas with relatively rapid changes in bed slope, such as the margins and near the grounding line
(uncertainty values saturate at 10 kPa).

published values [30]), the effective pressure is simply twice the basal drag (Figure 5E), and we can
obtain a testable estimate of basal water pressure at RIS by subtracting the effective pressure from
the overburden stress (Figure 5F). We explore the implications of bed plasticity on water pressure
changes in a later discussion. Finally, uncertainties for the predicted drag are generally highest at the
margins and areas with high bed slopes where data gradients are large and work against the Laplacian
smoothing penalty (Figure 5H). The zone of large uncertainty in the vicinity of the grounding line
is thus also likely driven by a combination of large changes in bed slope and uncertainties in those
slopes. Quantification of drag and grounding line migration in these areas has proven challenging
and will only improve once more high-quality bed topography data are acquired [70].
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2.5.3 Time-dependent Velocity and Basal Drag Predictions

By quantifying the change in velocity and basal drag at different times within the Msf tidal period,
we observe significant basal drag variations propagating upstream with values spanning 4 – 6 kPa over
the course of the tidal period (Figure 6). Perhaps the most interesting observation is that the upstream
propagation of positive velocity variations is associated with a propagating decrease in basal drag,
which suggests some form of a pressure wave driven by subglacial hydrology (analogous to Figure 4).
During the initial speedup of the ice stream, the associated basal drag decreases only slightly, which
may signify destructive interference of basal drag reduction and longitudinal stress perturbations
originating from loss of buttressing stresses downstream [68, 70]. We reiterate that the inferred basal
drag near the grounding line is likely inaccurate since we do not incorporate elasticity of the ice
into our stress calculations and bed slopes there are subject to larger uncertainties. However, later in
the tidal cycle when velocity speedups have propagated to about 70 km upstream of the grounding
line, the basal drag decrease has also propagated upstream while becoming more widespread within
the ice stream (Figure 6E,F). We do observe a phase lag between the velocity and drag variations
which can be confirmed by the elliptical relationship between τb vs. u (Figure 7), a characteristic
we previously observed for the 1D simulated pressure waves. The exceptions to this behavior are
near the grounding line and in the weaker bed where drag variations are minimal compared to the
velocity variations. At greater upstream distances, we can observe a gradual transition in the ellipse
orientation, signifying a transition to a stress regime where longitudinal stresses become the primary
driver of the velocity variations.

3 Discussion

The availability of time-dependent surface observations of velocity and elevation permit direct
estimation of time-varying basal drag satisfying the global stress balance. Coupled with a machine
learning model for reconstructing the spatiotemporal function for basal drag, we can retrieve important
sliding parameters under certain stress and loading conditions. We discuss the robustness and
implications of these results below.

3.1 Inference of Sliding Law Parameters

Under the condition that ice surface velocity variations are driven by processes other than changes
in drag at the bed – such as longitudinal stress perturbations at the terminus or grounding line,
as may be expected in some cases for seasonal calving cycles, ocean tide effects via hydrostatic
stress differences, or changes in buttressing stresses from ice shelves – then, for a general power-law
formulation of the sliding law, it is possible to recover both the prefactor and exponent from a linear fit
of time-dependent sliding velocity and basal drag predictions in the log domain. Parameter estimation
for recently proposed augmented sliding laws that combine the power-law sliding relationship at
lower velocities and a rate-independent (plastic) relationship at higher velocities [32, 85, 46] can be
accomplished in a similar manner through a nonlinear optimization in the log domain. Verification
and refinement of such a law from remote sensing data sets would make significant progress towards
unification of laboratory, observational, and theoretical approaches towards understanding glacier
sliding dynamics.

For all proposed sliding law functional forms, if the sliding law parameters are known to be time-
invariant (but may be spatially-varying), then simultaneous parameter recovery is possible. In cases
where the parameters may vary in time, such as when changes in the prefactor are driven by subglacial
hydrological processes, then simultaneous recovery is not possible, and one would need additional
information about the physical properties of the bed, such as water pressure variations or bed plasticity
(which is equivalent to knowing the value of the exponent in the power-law form of the sliding law,
as discussed in the following section).

Under applicable conditions, successful recovery of sliding law parameters is largely dependent on
the availability and temporal sampling of time-dependent velocity fields. Static velocity snapshots
allow only for the estimation of the magnitude of basal drag. Inference of one of the sliding law
parameters would require some assumption on the value of the others, as well as an assumption on
the form of the sliding law. Time-dependent velocity fields allow for quantification of time-dependent
basal drag, permitting joint estimation of all sliding law parameters by quantifying the relationship
between drag and sliding velocity at different points within the spatial domain. Furthermore, the
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Figure 6: Time-dependent velocity and basal drag magnitude variations for Rutford Ice Stream,
Antarctica. Velocity and basal drag variations are shown in the left and right columns, respectively.
By assuming a plastic bed, basal water pressure variations can be inferred by scaling drag variations
by the internal friction coefficient µ = 0.5 (values indicated in square brackets and italics in (B)).
Beginning at a reference time that approximately corresponds to the beginning of the Msf cycle
(minimum velocity near the grounding line), velocity and drag variations are measured in 2.5-day
intervals: (A, B) 0 – 2.5 days; (C, D) 2.5 – 5 days; (E, F) 5 – 7.5 days; and (G, H) 7.5 – 10
days. Markers in (A) indicate points extracted for Figure 7. Grey contours for right-column plots
correspond to the log secular basal drag uncertainties in Figure 5H in intervals of 0.5. In general, an
upstream-propagating increase in velocity is associated with an upstream-propagating decrease in
basal drag, which suggests that a pressure wave in the subglacial till is responsible for the observed
variations in surface velocity.

larger the amplitude of velocity variability at any given location (e.g., amplitude of periodic variations
due to ocean tides or seasonal effects), the better constrained the parameters (Figure 3, for example).
For study areas where velocity and elevation measurements are more sparse or exhibit higher noise
levels, the methods presented here would greatly benefit from a time series preprocessing stage that
can fit some smoothly varying time function to the available data to inject stronger a priori knowledge
about the underlying flow variations [45, 64], as was done for the RIS velocity data.

In this work, surface observations are used to compute the global stress balance directly via momentum
balance equations under the assumptions that the rheology of the ice is reasonably well constrained
and surface velocities are approximately equal to basal sliding velocities. However, the viscous nature
of ice flow acts as a low-pass filter on basal stress variations such that variations with spatial scales
< 1 ice thickness can result in similar surface velocities and elevations [24]. Therefore, inversion
techniques using finite element models and noisy surface observations generally use regularization
schemes to promote smoother basal stress fields [39, 24, 75]. Theoretically, noise-free surface velocity
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Figure 7: Time series of basal drag vs. velocity for select points along a centerline. Points are colored
by distance upstream of the grounding line with locations shown in Figure 6A. Shaded regions
indicate 1σ uncertainties in predicted drag.

observations with spatial resolution less than the wavelength of basal stress variability can be used
to reconstruct the true basal drag (as demonstrated in this work). Moreover, it has been shown that
the transfer function amplitude between variability in basal stress and surface velocities decreases
with decreasing spatial wavelengths, but higher slip ratios (ratio of sliding to deformation velocity)
can increase the transfer function amplitude [19]. Overall, our method should be most applicable to
fast-flowing glaciers which are dominated by basal sliding and where the spatial scale of basal stress
variability is greater than the intrinsic resolution of the velocity fields [77].

3.2 Joint Estimation of Basal Drag and Ice Rheology

In this work, we assumed a uniform ice rheology for computing the stress divergence terms of the
momentum balance in Equations 1a and 1b. Any underlying variations in the rheology will lead to
variations in the inferred basal drag via spatial gradients of the effective dynamic viscosity. When
these gradients are small, as would be expected in the central trunk of the glacier, errors in the inferred
drag should also be correspondingly small. While uncertainties in the rheology may be partially
modeled as uncertainties in the basal drag (Supplementary S1), it may also possible to jointly estimate
rheological parameters and drag when certain conditioning and regularizing factors can be applied.
As an example, a third neural network can be trained to predict a spatially-varying flow rate parameter,
A(x, y), under a different set of physical constraints, e.g. softer ice in high strain-rate areas (such as
lateral shear margins) and anisotropic smoothing to enforce lower spatial gradients in the along-flow
direction. As demonstrated by [60], such constraints can effectively reduce the inherent trade-offs
between rheology and drag variations.

3.3 Rutford Ice Stream and Subglacial Hydrology

In general, speedups in ice flow respond to changes in driving, longitudinal, and basal stresses.
A localized perturbation in longitudinal or driving stress (e.g., as a result of a calving event for
a tidewater glacier) will result in a non-local redistribution of longitudinal stresses and velocity
variations well away from the original perturbation. Similarly, a localized perturbation in basal
drag will result in non-local redistribution of longitudinal stresses and velocity changes upstream
[32]. On the other end of the spectrum, subglacial hydrological variations that result in traveling
“pressure waves” are governed primarily by the properties of the hydraulic network, although indirect
effects could arise from changes in surface slope [25, 44]. In this case, surface velocity will respond
to a combination of local reductions in basal drag (corresponding to the pressure wave front) and
non-local variations in longitudinal stress. Consequently, quantifying velocity variation magnitudes
without examining spatial gradients (i.e., strain rate variations) will not distinguish between these
different forcing mechanisms, and an analysis of the stress states of the glacier is required [69].
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While a comprehensive comparison of the stress response to the different forcing mechanisms is
reserved for future work, a simplified analysis of the evolution of longitudinal normal stresses can
be used to infer the sign of the corresponding change in basal drag (Section S2). For RIS, gradients
of longitudinal normal stresses decrease (become more negative) in response to increases in surface
velocity. Therefore, assuming that lateral shear stress also becomes more resistive for increases in
velocity, then it follows that a decrease in basal drag is driving the velocity increases upstream. This
simplified analysis, which is not subject to any modeling assumptions other than bulk ice rheology,
further supports the inferred pressure wave.

Several recent modeling studies have proposed sub-glacial hydrology as the primary driver of long-
period along-flow velocity variations near the grounding zone for RIS [70, 82], as well as the high
velocity variation amplitudes further upstream [71]. From the perspective of the work presented here,
we implicitly assume that the basal drag is varying only at the Msf frequency when we enforce the
periodic time representation. This assumption is likely to be valid for the upstream portions of RIS
(greater than a few ice thicknesses from the grounding zone) where elastic stress variations have
decayed, thus limiting the response of ice flow to viscous effects [80, 71]. Simultaneous tracking
of the velocity and basal drag variations suggests that the possible pressure wave lags behind the
traveling wave of surface velocity (Figures 6 and 7), which is consistent with a pressure wave speed
below the speed of longitudinal stress transmission. This constraint is almost certainly valid for real-
world glaciers since pressure-driven subglacial water flow will be resisted by drag in the hydraulic
network, so even for highly connected distributed systems, longitudinal stresses will propagate faster
than basal drag variations [82].

As previously discussed, estimation of the underlying sliding law parameters from surface obser-
vations is not possible without additional information if the parameters vary in time. However, we
may still consider different endmembers for the sliding law exponents to explore the implications
of the basal water pressure variations. Let us again consider the case where the bed is perfectly
plastic such that the secular basal drag is equal to the yield stress, τy, of the bed. In this case, drag
variations are entirely determined by the Mohr-Coulomb yield criteria in Equation 12. By assuming
that ice thickness is approximately constant over (fortnightly) tidal timescales, then it follows that
variations in drag take the form ∆τb = µ∆pw, so that drag is proportional to changes in basal water
pressure. For an estimated basal drag variation amplitude of 4 – 5 kPa roughly 20 km upstream
of the grounding line, the corresponding water pressure variation would then be 8 – 10 kPa for
internal friction coefficient µ = 0.5 (Figure 6). Following the subglacial hydrological model of
[71], which assumes subglacial hydrology at RIS can be described as a homogenous porous medium,
changes in water pressure can be related to changes in hydrologic head. At the grounding line where
the hydrological system is in direct contact with the ocean, hydrologic head is equal to the ocean
elevation, and basal water pressure variations can be computed as:

∆pw = ρwg∆S, (15)

where ρw is the density of seawater and S is the height of the ocean surface. From tidal models and
GPS records, tidal amplitudes are approximately 3 meters at RIS [71, 45, 55], which would lead to
water pressure amplitudes of approximately 30 kPa at the grounding line. Thus, our estimate of 10
kPa basal water pressure change at a distance of 20 km upstream indicates an e-folding distance of
approximately 20 km. Note that doubling the basal water pressure change to 20 kPa is equivalent to an
e-folding distance of approximately 50 km, which is the same value for the velocity amplitudes [45].
The amplitudes of basal drag variations estimated for RIS are likely on the lower end of plausible
values due to our higher choice for the smoothing hyperparameter (Figure S5), which was necessary
to handle uncertainties in the surface and bed topographies. Thus, it is reasonable to expect that
estimates of basal water pressure variations are as high as 15 – 20 kPa.

The upstream diffusion of hydrological head variations is a function of the conductivity of the
hydrological system and the temporal frequency of the tidal forcing. While estimation of head
variations over the grounded ice is beyond the scope of the work, the relative consistency between the
estimated basal water pressure variations assuming a plastic bed and those predicted from a simple
subglacial hydrological model provides some support for the possibility that the bed of RIS deforms
plastically. If the sliding exponent was instead closer to m = 3, the negative feedback between of the
increased basal drag resistance caused by the velocity speedup would necessitate a nearly factor of
two larger water pressure variation (e.g., Figure 4), which would be on the higher end of plausible
values. Therefore, independent measurements of time-dependent basal water pressures would likely
provide substantial information for constraining the sliding law exponent for RIS.
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3.4 Hybrid Physical Modeling and Physics-Informed Neural Networks

Although the use of neural networks for solving ordinary and partial differential equations was
introduced over two decades ago [38], only recently have they been widely adopted due to powerful
deep learning frameworks and increased compute capabilities [58, 59, 84]. In particular, physics-
informed neural networks (PINNs) have proven to be a powerful and flexible approach for predicting
outputs of a physical system where data may be limited but the governing equations are known with
reasonably high confidence [59]. PINNs work by training a single neural network on a joint loss
function of data misfit and physics consistency (e.g., satisfaction of known PDEs). In the terminology
of this work, we would train only gφ to reconstruct the velocity and thickness data while ensuring
that the expected basal drag (the term in parentheses in Equation 6) satisfied some set of physical
and smoothness constraints. By introducing fθ for predicting basal drag separately, we essentially
approximate the distribution of basal drag values with a neural network representation. The primary
benefit to this approach is computational due to the nested gradients used for calculating stresses
and Laplacian smoothing penalties, which may require up to four nested automatic differentiation
calls if smoothness is imposed on drag predictions computed from gφ outputs. Thus, enforcing
physical constraints on fθ improves computational efficiency over the standard PINN approach while
affording more flexibility on the types of constraints that can be used. In this work, we demonstrated
how smoothness constraints combined with Bayesian regularization of network weights improved
prediction of basal drag in the presence of data noise and uncertainties in rheology, analogous to
regularization in inverse methods for basal drag (e.g., Figure 3). The additional computational
complexity required for optimizing the additional weights for fθ is significantly less than imposing
the full suite of physical constraints on the network weights for gφ.

An alternative learning approach to the hybrid physical modeling discussed here is to learn the
dynamics of the entire glacier system. Essentially, a neural network could be trained to predict
the time evolution of ice velocity and thickness completely from velocity and thickness time series
without utilizing physical information from the momentum balance equations [58]. In this way,
the representation of the glacier dynamics would be purely generic and could be learned with
minimal supervision, i.e. “end-to-end” learning. However, the main challenge for this approach is
generalizability. In order for a pure neural network model to robustly predict the time evolution of a
glacier or ice stream not seen during training, one would have to train the network with many different
simulations spanning the expected parameter sets of all glaciers and ice streams over the globe. In
other words, as the distribution of desired testing examples becomes wider, the distribution of training
examples would also have to become wider to ensure that predictions are done in an interpolatory
manner rather than an extrapolatory one. Considering the wide variety of bed topographies, sliding
conditions, ice shelf conditions, climatic environment, and ice geometries, the training data would
need to be prohibitively large in order to ensure generalizability without using any prior physics
information. One potentially promising area of research utilizes flexible relational inductive biases
encoded in graphs for improving generalizability of neural networks [3]. This type of learning would
relax the usage of a specific set of momentum balance equations while still utilizing additional
information known from physical interactions between velocity and thickness.

3.5 Uncertainty Quantification

Bayesian neural networks allowed for straightforward uncertainty quantification of basal drag pre-
dictions where uncertainties are driven by a combination of data noise and ice flow modeling
uncertainties. The drag uncertainties could then be propagated to downstream inference of specific
sliding law parameters. While the variational Bayesian techniques used here significantly reduced the
computational demand for inferring the posterior distributions of the network weights and biases,
the use of a mean-field Gaussian approximation for the surrogate posteriors likely results in underes-
timation of uncertainties when modeling errors are present (Supplementary S1). These limitations
may be rectified by using a more complicated error model in the likelihood distribution [14]. From
a broader perspective, we believe that the probabilistic learning framework takes a significant step
towards general quantification of both data and modeling uncertainties within a geophysical context
while lowering the burden to run computationally expensive MCMC methods. This uncertainty
quantification for hybrid physical and machine learning models has proven to be useful in related
fields such as atmospheric dynamics [79]. Other probabilistic machine learning models, such as
Gaussian processes [61], may also be a suitable surrogate for the basal drag, although joint training
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of neural networks for the surface observation and a Gaussian process for the basal stress would be
less straightforward.

Looking to the future, rapid quantification of uncertainties can aid in the development of targeted
data acquisition plans. Regions that show large uncertainties in basal drag predictions are likely
under-observed either spatially or temporally due to poorly constrained hypersurfaces learned by the
neural networks. Therefore, we envision a future data acquisition scenario where neural network
models for observed velocity and elevation fields and inferred basal shear stress fields are updated in
an online manner, and the corresponding uncertainty fields dictate what datasets would most likely
improve the predictions of those models.

4 Conclusion

We have presented a hybrid machine learning framework for learning the time-evolution of basal
mechanics for glaciers and ice streams. This approach integrates into the learning procedure well-
known ice flow momentum balance equations at various approximation levels. The a priori physical
knowledge allows for the transformation of ice velocity and thickness/elevation measurements into a
domain where a neural network can directly predict basal drag. Furthermore, we demonstrated the
utility of variational Bayesian inference for quantifying uncertainties for the basal drag predictions,
which will prove to be invaluable for subsequent interpretation of the drag, inference of sliding law
parameters, and development of future data acquisition plans. As a real-world example, application
of these techniques to time-dependent velocity data over Rutford Ice Stream, Antarctica, resulted in
observational evidence of subglacial hydrological effects during the tidal cycle.

From a broader perspective, this work demonstrates a new and rapidly advancing approach for
combining the physical knowledge gained from decades of theoretical and experimental work with
modern data-driven techniques in order to address an outstanding problem in glacier dynamics,
mainly determination of the sliding mode via the form of the inferred sliding law. Under certain
forcing environments, we demonstrated that estimation of the value and uncertainty of the exponent
in the power-law form of the sliding law is possible with these methods. The exponentially increasing
data volume over the fastest flowing areas in the cryosphere demands techniques that combine data
efficiency, modeling flexibility, and robustness in the presence of noise, data gaps, and modeling
uncertainties. The methods presented here take an important step towards those requirements and
present a path forward for future data assimilation tasks for a multitude of disparate data sources.

Appendix A Ice Flow Model

A.1 Governing Equations

In its most general form, glacier flow can be described as an incompressible Stokes flow:
∇ · σ + ρig = 0, (16)

Tr (ε̇) = 0, (17)
where ∇ · σ is the divergence of the Cauchy stress tensor, σ, ρi is the density of ice, g is the
gravitational acceleration, ε̇ is the strain rate tensor, and Tr is the trace operator (here, bold font
indicates tensor and vector quantities while regular font represents scalars). Equation 16 describes
the stress balance (also referred to as the momentum balance) while Equation 17 represents the
incompressibility of ice. The strain rate tensor describes the rate of deformation of ice and is
calculated as the symmetric component of the velocity gradient:

ε̇ =
1

2

(
∇u + (∇u)

T
)
, (18)

where u = [u, v, w] is the velocity vector. To relate the stress tensor components in Equation 16 to
velocity components, the constitutive law for incompressible viscous fluids is used:

τ = 2ηε̇, (19)
where τ = σ + pI is the deviatoric stress tensor, p = Tr(σ)/3 is the isotropic pressure, and I is the
identity matrix. The non-Newtonian effective ice dynamic viscosity, η, is given as:

η =
1

2
A−

1
n ε̇

1−n
n

e , (20)
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where n is the stress exponent in Glen’s flow law, ε̇e is the effective strain rate (square root of the
second invariant of the strain rate tensor), and A is the flow rate factor which depends on properties
of the ice (e.g., temperature, interstitial liquid water content, crystal size/orientation, and impurity
content). In practice, many studies have found that various approximations to the computationally-
expensive full Stokes equations (Equations 16-17) are able to reconstruct observed velocity fields
fairly well for certain glacier geometries and result in similar implied glacier mechanics. For the types
of glaciers and ice streams we examine in this study, the Shallow Ice Shelf/Stream Approximation
(SSA) [41] is most commonly used and assumes: i) ice thickness is much smaller than the horizontal
span; ii) most of the forward motion of glaciers is due to sliding at the bed (i.e., vertical shearing is
negligible); and iii) total vertical normal stress is equal to the ice overburden pressure. Under these
assumptions, the 3D momentum balance can be depth averaged along the z-dimension, and by using
the constitutive law in Equation 19, the approximate 2D momentum balance is expressed as (identical
to the main text):

∂

∂x

(
2ηh

(
2
∂u

∂x
+
∂v

∂y

))
+

∂

∂y

(
ηh

(
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+
∂v

∂x

))
− τbx = ρigh
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∂x
, (21a)

∂

∂y

(
2ηh

(
2
∂v

∂y
+
∂u

∂x

))
+

∂

∂x

(
ηh

(
∂u

∂y
+
∂v

∂x

))
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where h is the ice thickness, τbx and τby represent the x- and y-components of basal shear stress,
and s is the ice surface elevation. The vertical velocity component w can be recovered using the
incompressibility condition. The above momentum balance states that the gravitational horizontal
driving stresses of ice flow (terms on the right-hand side) are balanced by a combination of horizontal
gradients of deviatoric stresses and drag at the base of the glacier, τb.

A.2 1D Shallow Ice Stream Model Boundary Conditions

Following previous work on 1D flowline models, we enforce two Neumann boundary conditions at
the edges of the spatial domain [81, 54]. At the ice divide boundary condition (x = 0), a symmetric
ice sheet is assumed such that ∂u/∂x = 0. At the grounding line (assuming no ice shelf), the
boundary condition is derived from the difference between the hydrostatic pressure of water and ice:

∂u

∂x
= fsA

[
1

4
ρigh

(
1− ρi

ρw

)]n
, (22)

where ρw is the density of ocean water and fs is a scalar factor used to apply a time-varying force
on the calving face [54]. While Equation 22 is not strictly applicable to marine-terminating ice
streams with no ice shelf, it provides a convenient way to apply longitudinal stress perturbations
originating at the terminus. Thus, we can generate time-dependent ice velocity and thickness fields
representative of those observed at tidewater glaciers that respond to changes in regional oceanic
and climate conditions. For all 1D simulations, we use a flow rate factor A = 1.2× 10−24s−1Pa−3,
which corresponds to a temperature of -5◦ C and an exponent n = 3 [10]. We solve these equations
in a staggered fashion by solving for u in Equation 3 under the stated boundary conditions for a
given thickness profile, h, using Newton’s method. Mass continuity gives the time evolution of ice
thickness, h:

∂h

∂t
= a− ∂q

∂x
, (23)

where a is the surface mass balance (difference between snow accumulation and ablation) and q = hu
is the width-averaged ice flux. Thus, we implement a forward Euler step for Equation 23 to update
the thickness profile.

Appendix B Neural Network Architecture and Training

We use feedforward networks for all neural networks in this work. The hidden layers have the form
Wx+b followed by an activation with a hyperbolic tangent (tanh) function. During our experiments,
we found that activation functions that were continuously differentiable (e.g., tanh or exponential
rectified linear units (ELU)) resulted in smoother spatial gradients of output variables than the rectified
linear unit (ReLU). We found very little difference in training convergence speed between tanh and
ELU activations. The outputs of all networks are linear (i.e., no activation is applied).
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Neural networks tasked with reconstructing velocity and thickness observations were prescribed 4-6
hidden layers where each hidden layer consisted of 50 or 100 hidden units. The exact architectures
varied for each problem and were qualitatively chosen based on a balance between reconstruction
accuracy, spatial smoothness of the reconstruction, and computational efficiency. Regardless, the
tradeoffs between the metrics were minor, and the data reconstructions for all network architectures
were largely consistent. The neural networks for basal drag predictions were prescribed 4 hidden
layers where each hidden layer consisted of 50 units. In this way, we effectively applied more
regularization for these networks as compared with the data networks since our prior assumption for
the spatial distribution of basal shear stress is one that is smooth.

B.1 Bayesian Neural Networks

In this work, we quantify uncertainties within our hybrid model using Bayesian neural networks
[12, 43]. These networks place probability distributions over the weights and biases, which results
in probability distributions for predictions rather than a single value. Without loss of generality, let
us consider a single-layer neural network model (perceptron) with inputs x, outputs d, and a tanh
activation function:

d = tanh (Wx) +N (0,σ) , (24)

where N (0,σ) represents zero-mean, normally-distributed errors scaled by the standard deviation
σ (for notational brevity, we have omitted the bias vector b in this discussion). The likelihood of
observing the data d given certain values for W can be described by the distribution p(d|W). Then,
using Bayes’ theorem:

p (W|d) ∝ p(d|W)p (W) , (25)

where the posterior distribution p (W|d) describes the probability of the values of W after observing
the data, and p (W) are the prior probabilities for W. This formulation allows us to encode our prior
beliefs on the range of values for the layer weights, as well as the uncertainty structure of the data.

Samples from the posterior distribution p (W|d) can be drawn using Markov Chain Monte Carlo
(MCMC) techniques, but for large neural networks with many layers, the computational cost becomes
prohibitive [6]. Alternatively, one can use variational Bayesian methods which have proven to be
computationally efficient for deep learning models [37, 63]. These methods make use of a surrogate
posterior distribution to approximate the true posterior distribution, e.g. qλ (W|d) ≈ p (W|d).
The form of the surrogate distribution qλ (W|d) is specified beforehand and is parameterized by
λ, e.g. the mean and standard deviation of a normal distribution. The learning objective becomes
finding the optimal values for λ such that qλ (W|d) best approximates the true posterior p (W|d).
Mathematically, the variational learning objective is expressed as a minimization of the Kullback-
Leibler (KL) divergence between the surrogate posterior and the true posterior:

λ = arg min
λ

DKL

(
qλ
(
W|dk

)
‖p (W|d)

)
. (26)

It can be shown that minimization of the KL-divergence is equivalent to maximization of the Evidence
Lower Bound (ELBO) [6]:

L
(
λ;dk

)
= Eqλ(W|dk)

[
log p

(
dk|W

)]
− βDKL

(
qλ
(
W|dk

)
‖p (W)

)
. (27)

The first term in the ELBO corresponds to expectation of the data log-likelihood for the k-th data
example while the second term measures the KL-divergence between the surrogate posterior and
the prior. This second term acts as a form of regularization on the estimated weights of the neural
network and can help prevent overfitting. Additionally, we multiply the KL-divergence by a scalar β
in order to weight the relative contribution of the regularization effect on the ELBO [27].

In this work, we use the TensorFlow Probability package [13] to train a Bayesian neural network
for the basal drag function. We use normal distributions for the prior probabilities for the weights
and biases (zero mean with unit variance). The surrogate posterior distributions are assigned to
be independent normal distributions, i.e. the network weights are assumed to be independent of
each other. This approach, referred to as a mean-field variational approximation, can often result
in underestimation of uncertainties when compared to using full MCMC. Finally, we use a normal
distribution for the likelihood function, but we parameterize the standard deviation of the likelihood,
σ, as a learnable parameter to (partially) represent the situation where we expect modeling errors, i.e.
epistemic uncertainty.
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B.2 Training

Weight matrices for all networks are initialized from a normal distribution with variances specified
by s = 1/

√
a where a is the number of input hidden units for each layer. Inputs to all networks are

normalized to be zero-mean with unit variance. We use the Adam optimizer [36] with a learning
rate of 0.0002 and train for 500–1000 epochs (each epoch is defined as a complete pass through the
training data). Finally, we use a train/test split where 85% of the data is used for training and the
remaining 15% is used for validation.

We use the Python API for TensorFlow [1] and TensorFlow Probability [13] for neural network
construction and training.
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