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Abstract
Sediment transport by wind or water near the threshold of grain motion is dominated by rare transport events. This intermittency
makes it difficult to calibrate sediment transport laws, or to define an unambiguous threshold for grain entrainment, both of
which are crucial for predicting sediment transport rates. Intermittency in sediment transport has been observed in many
contexts, but few studies have attempted to explain its origins or its impact on transport rates. Here we present a model
that captures this intermittency and show that the noisy statistics of sediment transport contain useful information about the
sediment entrainment threshold and the variations in driving fluid stress. Using a combination of laboratory experiments and
analytical results from the study of stochastic systems we determine the threshold for grain entrainment in a novel way that is
independent of any previous method. Furthermore, our analysis reveals a new property, the “bed sensitivity”, which can be
used to predict conditions under which transport will be intermittent. Our work suggests strategies for improving measurements
and predictions of sediment flux and hints that the sediment transport law may change close to the threshold of motion.

Significance
Sediment transport by wind or water is intermittent – displaying long periods of low transport followed by sudden large transport
events. Intermittency is commonly seen as unwanted noise that makes it difficult to predict sediment flux. We uncover why and
when intermittency occurs, and we show that the noisy statistics of intermittent sediment transport encode information about
the threshold of sediment motion and the variations in driving fluid forces. This knowledge can help improve the accuracy of
sediment transport predictions, which are central to many engineering and geological applications. The ingredients necessary
for intermittency – noise near a transition – apply to many systems beyond sediment transport.

Introduction
Sediment transport by wind and water shapes many of Earth’s landscapes. Models that predict how rapidly a flow can move
sediment are essential for understanding the evolution of Earth’s surface1, 2 , mitigating risks posed by natural hazards, designing
engineering structures that will interact with moving sediment3–5, and restoring landscapes that have been modified by human
activities6–8. Most sediment transport models consist of empirical formulas used to estimate the time-averaged sediment
flux9–18. These formulas use fluid and bed properties, such as the time-averaged fluid shear stress at the bed and the critical
shear stress necessary for grain motion, to estimate the sediment flux. A crucial component of this relation is the critical shear
stress, below which little or no sediment transport occurs15, 19. Most transport in gravel-bedded rivers occurs near this threshold,



when fluid stresses are just able to dislodge grains20, 21, and involves grains rolling and hopping along the bed without becoming
suspended in the fluid, a regime known as bed load transport.

Sediment flux near the threshold of motion is intermittent – characterized mostly by low transport, but punctuated by
short, rare events in which the instantaneous sediment flux is much larger than the mean. Intermittency poses a challenge for
calculating time averages and thus contributes to large uncertainties in predictions of bed load sediment flux, in part because the
critical shear stress becomes difficult to measure22. Intermittency has been observed in sediment flux driven by wind23, 24 and
water, both laminar25 and turbulent26–34. Intermittency increases the convergence time – the length of the averaging window
necessary for calculating the true value of the mean sediment flux29, 35. Convergence times of tens of hours have been observed
in experiments at low transport rates36. This makes it difficult to accurately calculate the average flux as a function of the
average shear stress, which is the basis for most estimates of the critical shear stress22. More generally, intermittency makes it
difficult to define universal sediment transport laws.

Few studies of bed load transport have attempted to account for intermittency. While the observation of noise in sediment
flux time series has inspired probabilistic models of sediment transport10, 27, 28, 36–40, these studies commonly ignore correlations
between fluctuating variables, an approximation that breaks down as the critical shear stress is approached27, 36, 37, 39. It is
therefore problematic to use such models to investigate intermittency in sediment transport near the threshold of motion.

Here we present a model of bed load sediment transport that reproduces intermittency by explicitly accounting for these
correlations, and in doing so provides us with a method of calculating the critical shear stress that utilizes the intermittency
rather than avoiding it. We first present a series of laboratory flume experiments and show how the intermittency of sediment
flux increases as the threshold of motion is approached. We then propose a dynamical equation for sediment flux that includes a
stochastic term that describes the noise in bed shear stress. This equation makes predictions that are consistent with bed load
transport statistics in flume experiments. We show how to use our model to extract valuable information from a noisy bed
load time series. This includes two new independent ways to estimate the critical shear stress and a method for calculating
the distribution of waiting times between sediment transport events, which can be used to estimate the convergence time at
other shear stress values. We also predict the range of shear stress at which sediment flux will be strongly intermittent, and
introduce a new property called the “bed sensitivity” that quantifies the shear stress fluctuations experienced by a particular
bed configuration. In addition to aiding predictions of bed load transport, our model implies that widely used empirical bed
load transport formulas should be modified close to the threshold of motion, where coarse sediment transport most commonly
occurs in gravel bedded rivers20, 21.

Intermittent bed load time series
We performed a series of experiments in a narrow flume under bed load transport conditions (Figure 1a, Methods). In each
run we set the sediment feed rate and water discharge, allowed the sediment bed to aggrade until the bed reached a constant
slope angle and the sediment flux out of the downstream end of the flume equaled the sediment feed rate, and then captured
the motions of grains from the side using a high-speed camera. We used two types of grains: glass spheres 5 mm in diameter
(Figure 1b), and natural river sediment sieved to include intermediate diameters between 4.0 mm and 5.6 mm (Figure 1c).
Image frames from each experiment were then analyzed with a grain detection and tracking algorithm yielding grain positions,
tracks, and velocities for each frame (Figure 1b,c; Methods). For each experiment we measured two quantities, (i) a time series
of the instantaneous non-dimensional downstream sediment flux, q∗, and (ii) the time-averaged non-dimensional shear stress,
〈τ∗〉, also sometimes referred to as the Shields Number, where 〈·〉 denotes a time average (Methods). The non-dimensional
shear stress gives an estimate for the ratio of fluid drag and lift forces19, which act to move grains, to the submerged weight of
grains, which acts to resist motion.

Figures 2a-2c show snapshots of three different glass sphere runs with low, intermediate, and high time-averaged sediment
flux, corresponding to progressively increasing time-averaged shear stress. A sample of the sediment flux time series for each
of these runs is shown in Figures 2d-2f. Each time series features periods of low transport followed by bursts in transport, the
tell-tale sign of intermittency. This is more pronounced for the low shear stress values, consistent with previous observations
that intermittency increases as the shear stress decreases towards the threshold of motion26–30, 33, 34, 40. The same behavior is
seen for the natural grain experiments (Extended Data Figure 1).

We quantify the intermittency by calculating probability density functions (PDFs) of the sediment flux (Figure 2g). Whereas
a non-intermittent time series of a fluctuating signal would typically display a Gaussian PDF (grey dashed line, Figure 2g), an
intermittent time series spends most of its time at values much smaller than the average, with occasional bursts of transport
at rates larger than the average, and hence its PDF is skewed to small values. The more intermittent the time series is, the
more time it spends close to zero, and the larger the values of the PDF would be at small values of q∗. Our flume experiments
show exactly this trend: experiments with lower average shear stress have more intermittent time series of q∗ (Figure 2d-f)
and PDFs of q∗ with steeper negative slopes at small values of q∗ (Figure 2g). In the next section we describe a model of bed
load transport that captures these properties of intermittent sediment flux and enables better characterization and prediction of
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Figure 1. Experimental setup and grain tracking. a, Schematic side view of laboratory flume. b Image frame from an
experiment using glass spheres, with particle centers and velocities calculated from grain tracking overlain (Methods). Arrow
lengths indicate velocity magnitude. The thick solid line indicates the top of the bed, below which grains were stationary over a
sufficiently long time (Methods). c, Same as b, but for an experiment using natural grains. Grains have been painted to aid
grain tracking.

sediment transport near the threshold of motion.

Stochastic model of sediment transport near the threshold of grain motion
Intermittent time series displaying bursting behavior are seen in many systems undergoing a transition from an inactive to
an active state. This particular kind of intermittency is called on-off intermittency41–43 and has been observed in systems
ranging from chemical reactions to turbulent magnetic field amplification44–54. The key ingredient for on-off intermittency is
multiplicative noise (a noisy growth rate) at the onset of a bifurcation, so that the solution experiences both exponential decay
and growth. Following previously established results from the study of such systems, we developed a model for the dynamics
of sediment transport near the threshold of motion.

We expect the dynamical equation for q∗ to have the form dq∗/dt∗ = N (q∗), where t∗ is a dimensionless time (Methods)
and N (q∗) is a nonlinear operator that depends implicitly on the time-averaged shear stress 〈τ∗〉, the critical shear stress
〈τ∗〉c, and the temporal statistics of the shear stress. Although N (q∗) is not known, we approximated it using a standard
approach in the study of bifurcations and phase transitions55, 56. This procedure amounts to assuming that the sediment flux
close to the threshold of motion is very small (q∗� 1), allowing one to approximate the dynamical equation with only a few
polynomial terms which are dominant in that regime (Methods). By further requiring that nonzero sediment transport occurs for
〈τ∗〉> 〈τ∗〉c, the resulting expression for the nonlinear operator is N (q∗)≈ (〈τ∗〉−〈τ∗〉c)q∗−β (q∗)2, where β is a positive
dimensionless constant coefficient that can be determined empirically with measurements, but which does not enter into our
results (Methods). We then include a stochastic, zero-mean noise term ξ , that represents fluctuations in the shear stress (which
can arise from fluctuations of turbulent fluid motion or irregular bed protrusions that can enhance local shear stress). The final
model equation is then

dq∗

dt∗
= (〈τ∗〉−〈τ∗〉c +ξ )q∗−β (q∗)2. (1)

To understand how Equation (1) produces intermittent sediment flux, note that, for small q∗, it admits an exponential
solution with a growth rate equal to the noisy shear stress offset, 〈τ∗〉−〈τ∗〉c +ξ . If the shear stress is larger than the critical
value, the time-averaged flux 〈q∗〉 will be positive. Despite this, at times when the noise ξ is sufficiently negative such that
〈τ∗〉−〈τ∗〉c+ξ is negative, the sediment flux will decay exponentially towards zero. As the noise changes and 〈τ∗〉−〈τ∗〉c+ξ
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Figure 2. Intermittent bed load sediment flux. Sample data from three flume experiments using glass spheres, representing
typical runs with low sediment flux (a and d), intermediate sediment flux (b and e), and high sediment flux (c and f). a-c,
High-speed video frames showing grain centers and velocities and the location of the bed, as in Figure 1b. d-f, Samples of the
corresponding sediment flux time series. g, Probability density function (PDF) calculated from the sediment flux time-series.
The red dashed line shows the theoretical exponent of the PDF tail, −1, at the threshold of motion. The grey dashed line shows
a Gaussian distribution with the same mean and variance as the high sediment flux case.

becomes positive again, the sediment flux will grow towards (and sometimes beyond) 〈q∗〉. This repeated growth and decay of
the sediment flux is the intermittency. Equation (1) also produces less intermittency for larger 〈τ∗〉−〈τ∗〉c (as illustrated in
Figure 2d-f), because this makes it more rare for the noise to be large enough to cause the sediment flux to decay.

Stochastic analysis of equation (1) (Methods) makes two useful predictions about bed load transport near the threshold of
grain motion that we can test with our experimental data. First it predicts the shape of the PDF of q∗ at steady state. Although
the functional form of the full PDF is known, we consider only its “tail” at small values of q∗, which is predicted to be a
power-law with an exponent that depends on the shear stress offset:

PDF(q∗) ∝ (q∗)(〈τ
∗〉−〈τ∗〉c)/S−1, (2)

where S =
∫

∞

0 ξ (0)ξ (t∗′) dt∗′ is the autocorrelation of the noise, with the overbar denoting an average over different realizations
of the noise. Equation (2) predicts that the exponent of the power-law tail of the PDF becomes more negative as the critical shear
stress is approached, reaching a minimum value of −1 when 〈τ∗〉= 〈τ∗〉c. This implies larger and larger probabilities for small
values of sediment flux, consistent with the observation that sediment flux in our experiments becomes more intermittent as the
critical shear stress is approached (Figure 2d-f). This prediction is also consistent with the PDFs of q∗ from our experiments
(Figure 2g), which have power-law tails with exponents that become more negative as average shear stress decreases and the
intermittency increases. The most intermittent case has a PDF tail exponent of approximately −1, the theoretical value at the
threshold of motion.

Second, our stochastic model predicts how rare the intermittent bursts of sediment flux are. As the shear stress approaches
the threshold of motion, long waiting times between transport events of a certain size become more likely and the bursts of
transport occur as more irregular and extreme events. The distribution of waiting times, ∆t, between transport events of an
arbitrary threshold q∗0 (Methods) is42, 57:

PDF(∆t) ∝ ∆t−3/2e−∆t/δ , (3)

provided q∗0� 1, where δ ∝ S/(〈τ∗〉−〈τ∗〉c)2 is a characteristic time-scale for the longest waiting times under the specified
flow conditions. The proportionality in equation (3) allows us to work with the dimensional waiting time ∆t, instead of its
dimensionless counterpart ∆t∗, since they are related by a constant (Methods). Hereafter we use the dimensional time t for
clarity.

The PDF of waiting time has a power-law tail, but, unlike the PDF of q∗, the waiting time PDF has an exponent that is
always −3/2, independent of shear stress. Instead, as the shear stress approaches the threshold of motion, long waiting times
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between transport events of a certain size become more likely and the bursts of transport occur as more irregular and extreme
events. Figure 3 shows waiting time PDFs for our flume experiments with glass spheres and natural grains, along with the
power-law PDF predicted by our stochastic model (Equation (3)) at the threshold of motion. This comparison confirms that,

Figure 3. Waiting times between sediment transport events. Probability density functions (PDFs) for waiting times
between transport events of size q∗0 = 0.05, for various values of shear stress 〈τ∗〉, in the experiments with a glass spheres, and
b natural grains. The red-dashed line shows the theoretical shape of the waiting time PDF at the threshold of motion.

as the shear stress approaches the entrainment threshold, long waiting times become more likely. Furthermore, experiments
with the lowest shear stresses (darkest curves) have PDF tail exponents close to −3/2. Power-law waiting time distributions
consistent with an exponent of −3/2 have also been observed in other bed load sediment transport experiments using glass
spheres28 and natural grains34 as well as in experiments with wind-blown sand24. The ability of our stochastic model to predict
probability distributions of both sediment flux and waiting times between transport events suggests that it robustly captures the
statistics of intermittent bed load transport near the threshold of motion.

Critical shear stress, bed sensitivity, and average waiting times
The stochastic model of bed load sediment transport offers new ways to estimate the critical shear stress, and it also reveals a
measure of flow-sediment interaction that has not previously been described. Equation (2) predicts that the exponent of the tail
of PDF(q∗) is equal to (〈τ∗〉−〈τ∗〉c)/S−1, making it linear in 〈τ∗〉 with a slope of 1/S and taking the value of −1 at 〈τ∗〉c.
Thus, the statistics of intermittent bed load transport carry information about two properties of the system: the critical shear
stress 〈τ∗〉c and the quantity S. Since the noise term ξ represents temporal fluctuations in the shear stress (Equation (1)), the
noise autocorrelation S measures the low frequency variability of shear stress, and in a more informal sense the ‘strength’ of the
noise. We call S the ‘bed sensitivity’ because variability in bed shear stress can be a result of both flow properties (turbulent
fluctuations) and bed properties (bed heterogeneity and grain protrusions). We expect a uniform and flat bed in a less turbulent
flow to have low bed sensitivity because the bed feels similar shear stresses throughout, whereas a rough bed in a more turbulent
flow might experience larger fluctuations in shear stress and therefore have high bed sensitivity. This analysis assumes that S is
not a function of 〈τ∗〉, which is consistent with the observation that our experiments can be characterized by a single value
of S. However, this could break down if bed conditions vary substantially with 〈τ∗〉, for example with the growth of dunes
or ripples in sand bed rivers or the development of bed structures in gravel bed rivers (clusters, lines and cells) that inhibit
entrainment58, 59.

By performing a series of experiments for different values of 〈τ∗〉 and measuring the exponent of the PDF of q∗ for
each experiment, we use the linear relation above to calculate both the critical shear stress 〈τ∗〉c and the bed sensitivity S.
Experiments with glass spheres and natural grains each define a linear trend (Figure 4), consistent with the prediction of the
stochastic model. By fitting this line we calculate 〈τ∗〉c = 0.026± 0.002 and S = 0.048± 0.003 for the glass spheres, and
〈τ∗〉c = 0.040±0.008 and S = 0.06±0.01 for the natural gravel (uncertainties are one standard error of the estimated value).
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Figure 4. Determination of critical shear stress and bed sensitivity. The tail exponent of PDF(q∗) for each experiment
plotted versus the shear stress. The more negative the exponent, the more intermittent the time series. On-off intermittency
predictions state that a minimum exponent of −1 (“theoretical lower bound”) occurs at the threshold of motion. a shows data
from experiments using glass spheres and b shows data from experiments using natural grains. Point colors correspond to the
shear stress color scale in Figure 3. Vertical uncertainty bars represent minimum and maximum values for exponents measured
over a series of smaller intervals of q∗. The horizontal error bars represent one standard error of the estimated mean shear stress
(Methods). Dashed black lines are fits to the data determined by orthogonal distance regression (Methods). Dashed red lines
indicate the estimated value of the critical shear stress, which corresponds to the value of the fit at a PDF(q∗) tail exponent of
−1, rose shading indicating one standard error.

Unlike most previous estimates of 〈τ∗〉c, our estimates do not depend on any assumed form of the sediment transport law, yet
they are consistent with typical values reported for gravel-bedded rivers22, 60, 61. These are also the first measurements of a
new property, the bed sensitivity, S. On-off intermittency occurs if the power-law exponent in equation (2) is negative, which
requires that 〈τ∗〉−〈τ∗〉c < S. The bed sensitivity therefore determines how close to the threshold of motion a bed load system
must be to experience substantial intermittency. If the values of 〈τ∗〉c and S are known, they can be used to predict whether
intermittency will be present for a given 〈τ∗〉. For example, our results for the glass spheres tell us that intermittency is expected
to be present for 〈τ∗〉< 0.074.

A practical consequence of intermittency is that it requires long time-averages for convergence29, 35, 36, yet it is difficult
to know a priori whether or not the averaging time is long enough. Since intermittent bursts of sediment flux dominate
the averaging procedure, the convergence time is expected to be proportional to the average waiting time between sediment
transport events. From equation (3), the expected waiting time at a specific value of 〈τ∗〉 is proportional to:

〈∆t〉 ∝

√
S

〈τ∗〉−〈τ∗〉c
. (4)

The average waiting time between transport events of a certain size thus diverges at the critical shear stress: the closer to the
threshold of motion, the rarer transport events become. This would suggest a similar divergence of convergence time, since
bursts become rarer. Divergence of the time necessary for a converged average has been observed in laminar25 and turbulent33

flume experiments, but the functional form of this relation has not previously been predicted or confirmed with experiments.
Comparison of the average waiting times between transport events of size q∗0 = 0.05 for each experiment with equation (4)
(Figure 5) reveals not only that the average waiting time varies as 1/(〈τ∗〉−〈τ∗〉c), as predicted by the stochastic model, but
also an agreement between the values of 〈τ∗〉c calculated using the two completely independent methods – the PDF of q∗

(Figure 4) and the average waiting time (Figure 5) – particularly in the case of glass spheres. This approach could prove useful
for both laboratory experiments and field measurements, since it does not require particularly precise measurements of the
sediment flux. Indeed, despite state-of-the-art methods, tracking of the natural grains was more difficult and resulted in larger
noise levels, particularly in the tail of PDF(q∗). This caused an apparent disagreement between the two estimates of the critical
shear stress for natural grains (Figure 5b). We believe that with longer time series, these two estimates would converge, as is
seen in the case of the glass spheres.
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Figure 5. Average waiting times between sediment transport events. The average waiting time between transport events
of size q∗0 = 0.05 for various values of shear stress 〈τ∗〉 in the experiments with a glass spheres, and b natural grains. Point
colors correspond to the shear stress color scale in Figure 3. Uncertainty bars are one standard error of the mean. Dashed black
curves are fits of equation (4) to the data using an orthogonal distance regression. Values of the critical shear stress 〈τ∗〉c,
determined from the fits are denoted by vertical black dashed lines with grey shading indicating one standard error. Red dashed
lines with rose shading indicate the critical shear stress determined from the PDF of q∗ (Figure 4). The black dashed line in
panel a is not visible because the two estimates of the critical shear stress overlap almost exactly.

Convergence times required for a reliable average flux measurement in our experiments ranged from around one second to
a few minutes (Extended Data Figure 2). These convergence times are two to three orders of magnitude longer than the average
waiting time between transport events (fractions of a second), but both follow the same functional form given by equation (4)
(Figures 5 and Extended Data Figure 2). Intermittent sediment flux time series at lower transport stages than our experiments
can have even longer convergence times while still displaying similar statistical properties. In Extended Data Figure 3, for
example, we show that the experiments of Ancey et al.36, which have convergence times of a few hours, are consistent with our
intermittent transport model. Given a set of bed load flux time-series and shear stress measurements, the new theory presented
here offers a way to find both the critical shear stress and also an estimate for the time-averaging window required for a properly
converged average sediment flux. Measuring the convergence time for each experiment and fitting these values to equation (4)
would result in an estimate of 〈τ∗〉c, and would also provide estimates of convergence times given the extrapolation to smaller
(or larger) average shear stress values.

Our results show that a stochastic model of bed load sediment transport close to the threshold of motion reproduces
intermittent sediment flux time-series like the ones observed in our experiments as well as in previous studies. Comparing
this model with finely resolved sediment flux measurements from grain tracking reveals that there is information in the noise
of sediment transport, including two independent ways to estimate the critical shear stress for grain entrainment without
fitting a transport law; a new quantity called the bed sensitivity, which determines whether a bed load system will experience
intermittency or not; and a way of using waiting times between intermittent transport events to calculate the minimum time
required to characterize the average sediment flux. The presence of on-off intermittency should also result in a modified
(“anomalous”) transport law62, 63 close to the threshold of motion: the average sediment flux should depend linearly on the
shear stress offset, 〈q∗〉 ∝ (〈τ∗〉−〈τ∗〉c), instead of the classical transport law, 〈q∗〉 ∝ (

√
〈τ∗〉−

√
〈τ∗〉c)(〈τ∗〉−〈τ∗〉c). This

change in transport law could make it difficult to determine the critical shear stress from extrapolation of the classical transport
law, a common technique22. It could also result in an apparent under-estimation of sediment flux for shear stresses near the
threshold of motion, which are typical conditions in gravel-bedded rivers20, 21.

Materials and Methods

Laboratory Flume Experiments
The experiments were performed in the narrow flume facility in the River Dynamics Laboratory at Simon Fraser University
in Burnaby, Canada. The experimental setup (Figure 1a) consisted of a flume 2.5 m long, 45 cm tall, 1 cm wide (slightly
larger than two grain diameters), which was tilted 3 degrees from horizontal. Water was recirculated at a fixed discharge
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with a pump, with a bulk mean velocity of u≈ 1 m/s. The mean water depth was H = 0.1 m and the mean hydraulic radius
was R = WH/(W + 2H) = 0.005 m. This corresponds to a Reynolds number Re = uR/ν ≈ 4800 and a Froude number
Fr = u/

√
gH ≈ 1. Grains were fed into the flume at a fixed rate by a ‘tinker feeder’ grain hopper64, 65, making the sediment

flux a fixed input parameter in our experiments. Once inside the flume, the grains accumulated, forming an aggrading bed until
steady-state was reached, at which point the bed stopped aggrading and grains exited the flume, where they were collected
by a sediment trap. Once at steady state, the experimental observations commenced. Data collection consisted of high-speed
recordings of the grains from the side (Fig. 1b and 1c). We focused a series of high-speed Edgertronic cameras on a back-lit
region seen in the middle of the schematic in Fig. 1a. This region had approximate dimensions of 14 cm long by 4 cm tall and
was chosen to be far enough away from both ends of the flume so as to avoid effects from the entrance and exit. Multiple videos
were recorded for each experiment, with frame rates varying between different recordings, but were either 520 or 1040 frames
per second. Other measurements included: sediment flux by collecting and weighing sediment exiting the flume, steady-state
bed slope and water discharge.

For each experiment, instead of specifying the fluid shear stress at the bed, we specified the grain input rate (and thus
the average sediment flux). The time-averaged shear stress was then measured once steady state was reached using the 1D
momentum balance for shallow-water flow, 〈τ〉= ρgRσ , where ρ is the density of water, g the acceleration due to gravity, R
the hydraulic radius, and σ is the slope of the water taken at steady-state. The slope σ was calculated using a linear fit of the
measured steady-state water surface. The non-dimensional time-averaged shear stress, i.e. Shields number, was calculated as
〈τ∗〉= 〈τ〉/((ρs−ρw)Dg).

We performed experiments with two types of grains: uniformly-sized spherical grains (glass beads) with a diameter of
5 mm and a density of 2550 kg/m3, and river gravel sieved to yield intermediate diameters between 4.0 mm and 5.6 mm. We
collected data for 18 glass sphere experiments, with 〈q∗〉 ranging from 0.00395 to 0.876 and 〈τ∗〉 ranging from 0.0293 to
0.0766 (Extended Data Figure 4a). We also performed 7 experiments with natural grains, with 〈q∗〉 ranging from 0.0108 to
0.546 and 〈τ∗〉 ranging from 0.0380 to 0.0750 (Extended Data Figure 4b).

Grain tracking
Over the course of the experiments, more than a million image frames were recorded. This large data set required the use of
automatic grain tracking. The images were processed using the open-source package OpenCV66, 67. For the glass spheres, we
used an efficient ring finding algorithm to identify individual grains68. The algorithm was able to locate > 95% of all grains in
our images. Once the grains had been located by the ring finding algorithm, we tracked them from frame to frame using the
python libraries TrackPy69 and PIMS70. The high frame rate allowed the grains to be accurately tracked. In order to track the
natural grains, we painted the grains 8 different colors in equal numbers. The colors were chosen to occupy the 8 corners of a
cube in RGB space. We then used a pretrained machine learning algorithm to locate the grains in each image (YOLO271). The
algorithm was primed on a set of 50-100 image-subsets, where each subset contained about 50 grains that had been annotated
by hand. The machine learning algorithm found about 75% of the grains in each image. Once the grains had been recognized in
each image, we again used TrackPy and PIMS to link grains between frames. We only linked grains of the same color from
frame to frame. The color information reduced the number of possible matches for each grain from one image frame to the next.
Both versions of our workflow processed a single frame in less than a second on a normal workstation.

Apart from grain tracking, a ‘bed line’ was defined at each time. Below this line is the bed, which comprises grains that did
not move significantly over the course of s seconds. The bed line at a time t was calculated by averaging image frames from
t− s/2 to t + s/2. Any grains that moved significantly in this time interval are effectively averaged away. Once the average was
performed, a watershed algorithm was used to automatically find the bed surface and thus define the bed line. For the glass
spheres, s = 1.5 seconds and for the natural grains s = 2 seconds. Although a definition of a bed was not necessary for any of
the theory or calculations done in this work, filtering out grains in the bed (locations below the bed line) proved to significantly
reduce noise in the data analysis, discussed in the next section.

Data analysis
The grain tracking algorithm resulted in positions, tracks, and velocities for every identified grain in each frame. Additionally,
the natural grains were given an ‘effective’ spherical shape with a radius to match their measured density. In this study, we
measured time-series of the downstream sediment volume flux per unit flow width, qs. To measure this based on our grain
tracking data, we did the following for each video: first, we took the average velocity of all grains and rotated the frame so
that the average velocity in the vertical direction was zero, leaving only an average velocity in the downstream direction. This
accounted for the slope of the channel. Second, we picked a downstream (x-direction) location halfway along the frame for
measuring the flux. Any grain intersecting a vertical line at that location was considered in the calculation of the sediment flux.
However, we excluded any grains in the bed: those whose centers were more than a grain radius below the bed line. Suppose
that, at a time t, each grain above the bed that was intersecting the vertical line was enumerated with the index i. The sediment
flux was then finally computed qs(t) = ∑i uiAi/b, where ui is the downstream velocity of the grain, Ai is the cross-sectional
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area of that grain intersecting the vertical line, and b is the width of the flume. The normalized, dimensionless sediment flux is
then defined using the Einstein Number as q∗ = qs/(D

√
(ρs−ρw)gD/ρw), where D is grain diameter, ρs is grain density, ρw is

the density of water, and g is the acceleration due to gravity. This procedure was carried out for each video. The time-series
from videos of the same experiment were then concatenated so as to have a single time series for each experiment. Although
Figure 2 shows only two and a half seconds, most experiments have more than a minute of data, the lowest transport stages up
to about 10 minutes.

For each experiment, we calculate the probability density function (PDF) of the time series q∗(t) . The PDFs all flattened
for q∗ < 10−3, which we considered to be the presence of measurement noise based on frame rate and video resolution.
Therefore, all of our PDFs were truncated at around that value (see Figure 2g). The exponents of the PDF tails were calculated
by performing a linear fit to the loglog plot of PDF(q∗) for small values of q∗, which we consider to be the tail. For the
glass spheres, the interval in which the fit was performed was 10−3 < q∗ < 10−1, whereas for the natural grains it was
5×10−3 < q∗ < 4×10−1. The slope of this fit is the measured tail exponent, plotted in Figure 4. The error for the measured
exponents were calculated by making a series of secondary fits over smaller intervals d < q∗ < d×10, for 10−3 < d < 10−2.
The minimum slope found is the lower bound in the error bars and the maximum slope found is the upper bound.

Apart from taking the PDF of the sediment flux time series, a waiting time analysis was also performed. In this analysis an
arbitrary fixed ‘threshold’ value of q∗ was chosen, q∗0, and the waiting time ∆t between sediment transport events of size q∗0
were measured. This is done in practice by increasing ∆t by one over the frame rate as long as q∗ < q∗0, and once q∗0 is reached
stopping the count, saving that ∆t and starting a count for a new ∆t in the sequence. Over a single time series, a sequence of
waiting times {∆ti} were measured, and the PDF of this sequence was taken to get PDF(∆t). For both experiments q∗0 = 0.05.
In theory, as long as q∗0 is in the tail and the time series is long enough, any value of q∗0 should give the same results42. However,
values for q∗0 lower than 10−3 run into issues with measurement noise, and a value larger than roughly 5×10−1 result in a
sequence of waiting times that is too small for good statistics, due to the limited length of the time series.

The curve fitting performed in both Figures 4 and 5 were done using the ‘orthogonal distance regression’ (ODR) method,
part of the SciPy72 package for Python. This method accounts for errors in both variables, not just the ‘dependent’ variable like
an ordinary least-squares regression. For each fit we specified the functional form being fit, with two free parameters to be
estimated from the data. The ODR method results in both the values and standard errors of these estimated parameters. For
Figure 4 we assumed a linear function, with the slope and intercept as the free parameters. For Figure 5 we assumed a function
of the form of equation (4), with the free parameters being 〈τ∗〉c and the constant of proportionality.

Stochastic analysis
Assuming that the sediment flux close to the threshold of motion is very small (q∗� 1), we can approximate the nonlinear
operator with a power series expansion in 〈τ∗〉−〈τ∗〉c and q∗ as:

N (q∗,〈τ∗〉−〈τ∗〉c)≈ c00 + c10q∗+ c01(〈τ∗〉−〈τ∗〉c)+ c11(〈τ∗〉−〈τ∗〉c)q∗+ c20(q∗)2 + c02(〈τ∗〉−〈τ∗〉c)2 + · · ·

The coefficients of this expansion are then narrowed down using arguments about what kind of behavior is expected or observed.
We assume that zero flux is a possible solution (stable or unstable) for all 〈τ∗〉−〈τ∗〉c, which means that c00 = c01 = c02 = 0.
Furthermore, we want to capture the threshold of motion, and so we want q∗ = 0 as a stable steady-state solution for 〈τ∗〉< 〈τ∗〉c
and some nonzero sediment flux as the stable steady-state solution for 〈τ∗〉> 〈τ∗〉c. This is achieved by setting c10 = 0 and
letting c20 < 0. Dividing all terms by c11 yields a dimensionless time t∗ ≡ c11 t and a dimensionless pre-factor β ≡ c20/c11.
Thus the resulting equation that can capture this behavior is N (q∗)≈ (〈τ∗〉−〈τ∗〉c)q∗−β (q∗)2. To obtain the results in our
study, it is not necessary to know c11 and β . It is possible to estimate the value of β in our experiments using the full PDF
of q∗ (equation (6)), which is derived below. However, estimating c11 is only possible via time-dependent statistics of q∗ and
therefore it is not possible to estimate the value of c11 given the steady-state results presented in this work.

An important final step in the development of our stochastic model is the inclusion of the noise, ξ , whose time-average is
zero. The noise captures instantaneous deviations from the average bed conditions, since otherwise the effects of time-averaged
quantities are included in the evolution equation of the instantaneous sediment flux. The noise could represent fluctuations
of turbulent fluid motion or heterogeneities in the bed, all of which represent fluctuations in the local shear stress. The final
model equation is the one seen in equation (1). In the absence of noise, equation (1) has two steady state solutions, q∗ = 0
and q∗ = 〈τ∗〉− 〈τ∗〉c, the former of which is stable for 〈τ∗〉 < 〈τ∗〉c but unstable for 〈τ∗〉 > 〈τ∗〉c. This can be shown by
considering very small values of sediment flux, whereby we ignore the second term on the right hand side. Equation (1) then
predicts exponential decay or growth at a rate 〈τ∗〉− 〈τ∗〉c, depending on if the shear stress offset is negative or positive,
respectively. In the latter case, the nonlinear term acts to stop the exponential growth and the other solution, which is stable, is
approached.

Although it is nonlinear, equation (1) is still amenable to theoretical stochastic analysis, even when the fluctuations are large
compared to mean quantities. Below we summarize the steps by which equation (1), a stochastic ordinary differential (ODE)
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equation which we interpret in the Stratonovich sense73, leads to the PDF of q∗ at steady state, equation (2). We also outline the
reason for the shape of the waiting time PDF, equation (3).

We assume that the noise term in equation (1), ξ , is Gaussian white noise with zero mean and variance 2S. For this case
there exists a standard procedure to arrive at the equation for the PDF of q∗, known as the Fokker-Planck equation73, 74. The
procedure can be thought of as taking a histogram of the many trajectories that result from the many possible realizations of
the noise, if one were to imagine each realization of the noise as a different deterministic forcing that depends on time. The
Fokker-Planck equation for the PDF of q∗ based on equation (1) can be shown to be74:

∂PDF(q∗, t∗)
∂ t∗

=− ∂

∂q∗

[(
(〈τ∗〉−〈τ∗〉c)q∗−β (q∗)2 +Sq∗

)
PDF(q∗, t∗)

]
+S

∂ 2

∂q∗2

(
q∗2PDF(q∗, t∗)

)
. (5)

We look for steady state solutions of equation (5), PDF(q∗, t∗) = PDF(q∗), where ∂PDF/∂ t∗ = 0. Solving equation (5) for
PDF(q∗) based on the steadiness assumption gives the following distribution:

PDF(q∗) = (q∗)(〈τ
∗〉−〈τ∗〉c)/S−1e−βq∗/SN, (6)

where N is a normalization factor. One then arrives at equation (2) by noting that the exponential term is approximately equal
to one for small q∗.

This analysis assumes that the noise ξ is uncorrelated in time (‘white noise’)46, 47, 74. However, these results have more
recently been expanded to the case when the noise has some non-zero correlation time t∗c (‘colored noise’)57, 75, which is
more physically relevant to sediment transport. In order for the analysis to be valid for colored noise, one must assume that√

2S t∗c � 1, where t∗c is the correlation time of the noise57, 73. The final PDF has a form that differs from (6) , but the PDF tail
for small q∗ is still given by equation (2). The full expression for PDF(q∗) for the colored noise, but for a cubic nonlinearity
rather than a quadratic one, can be seen in Aumaître et al.57.

The PDF of waiting times between transport events of a certain size (equation (3)) is the ‘first return time’ distribution of a
biased random walk. This calculation for on-off intermittency was first performed by Heagy et al.42 for the case of white noise,
and the colored noise case is discussed in the work of Aumaître et al.57. The waiting time refers to how long the time series
q∗(t∗) spends below a value q∗0 (the ‘off’ phase), and once q∗ > q∗0 (the ‘on’ phase) the counting stops. If the defined threshold
q∗0 is small enough that, during the off phase, the nonlinearity in equation (1) is negligible, the dynamics of the off phase are
purely determined by the linearized version of equation (1), which can be expressed in terms of logarithms as

d log(q∗)
dt∗

≈ 〈τ∗〉−〈τ∗〉c +ξ . (7)

Therefore, for 〈τ∗〉= 〈τ∗〉c and q∗ < q∗0, the time series performs an unbiased random walk in logarithmic space. When the
random walk approaches zero (corresponding to q∗ ∼ 1), the nonlinearity becomes important and acts as a barrier that prevents
the random walk from reaching much larger values. Passing this barrier means that an on phase has begun. Therefore, the
time interval that starts when the random walk falls below the nonlinear barrier and ends when the random walk exceeds the
nonlinear barrier is the duration of an off phase. Thus, the distribution of waiting times is analogous to the well-established
‘first return time’ distribution of random walks, which specifies the distribution of times it takes for a random walk to return
to a specified value. The first return time has a distribution ∆t−3/2. Due to the central limit theorem, this result is universal
and holds for any kind of noise, as long as the mean is zero and the variance is finite. When 〈τ∗〉> 〈τ∗〉c, the trajectory is no
longer that of an unbiased random walker, and tends to favor going towards zero. This means that extremely long waiting times
become less and less likely, and therefore alters the power law first return time distribution to have an exponential cut-off at
large waiting times, resulting in equation (3).

It may seem counter-intuitive that the exponential cutoff of the distribution (equation (3)) depends only on 〈τ∗〉−〈τ∗〉c and
not on q∗0. The reason for this is the assumption that q∗0 is small enough that the nonlinearity in the dynamical equation, equation
(1), is negligible when q∗ ∼ q∗0. The return time therefore depends only on the dynamics in equation (7), which specifies that
return time statistics depend not on the returning value, but rather on whether the walk is biased or not, which is determined by
〈τ∗〉−〈τ∗〉c.

Data Availability
The sediment flux time series data is available at https://doi.org/10.6084/m9.figshare.14450445.v1. For
raw experimental data, contact the corresponding author.
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Code Availability
The python scripts used to analyze the raw experimental footage will be made available in a subsequent publication focusing
broadly on the experimental data set, but for the time being anyone interested in the code can contact the corresponding author.
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Supplementary Data and Figures

Extended Data Fig. 1. Intermittent bed load sediment flux. Sample data from three flume experiments using natural
grains, representing typical runs with low sediment flux (a and d), intermediate sediment flux (b and e), and high sediment flux
(c and f). a-c, High-speed video frames showing grain centers and velocities and the location of the bed, as in Figure 1c. d-f,
Samples of the corresponding sediment flux time series. g, Probability density function (PDF) calculated from the sediment
flux time-series. The red dashed line shows the theoretical slope of the PDF tail at the threshold of motion. The grey dashed
line shows a Gaussian distribution with the same mean and variance as the high sediment flux case.

15/18



Extended Data Fig. 2. Convergence time for the average sediment flux. The averaging time necessary to converge to
within 15% of the final average for various values of shear stress 〈τ∗〉 in the experiments with a glass spheres, and b natural
grains. Point colors correspond to the shear stress color scale in Figure 3. Uncertainty bars in the shear stress are one standard
error of the mean. Uncertainty bars in the convergence time represent the time needed to converge to within 20% of the final
average (lower limit) and within 10% of the final average (upper limit). Dashed black curves are fits of equation (4) to the data
using an orthogonal distance regression. Values of the critical shear stress, 〈τ∗〉c, determined from the fits are denoted by
vertical black dashed lines, with grey shading indicating one standard error. Red dashed lines with rose shading indicate the
critical shear stress determined from the PDF of q∗ (Figure 4).
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Extended Data Fig. 3. Data from the experiments of Ancey et al.36 Intermittent sediment flux time series taken from an
experiment performed by Ancey et al.36 in a flume 2.5 m long and 8 cm wide, using gravel with mean diameter d50 = 6.25 mm,
feed rate of approximately q∗in = 0.0003, or 0.37 particles per second, and average water depth of h = 1.37 cm so that
h/d50 = 2.2. This experiment was performed for over 50 hours and produced intermittent bursts of transport orders of
magnitude larger than the input rate (a). Both the PDF of q∗ (b) and of the waiting time (c) are consistent with our findings,
which state that the tail exponent for the PDF of q∗ should be approximately −1 (equation (2)) and that the waiting time
distribution PDF should be a power law with exponent −3/2 (equation (3)). Despite the average waiting time of only 〈∆t〉= 6
mins between transport events of q∗0 = 5×10−4, the convergence time for a correctly determined average was found to be 10
hours36. This factor of 100 ratio between average waiting time and convergence time is similar to our experimental findings.
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Extended Data Fig. 4. Average sediment flux. Time-averaged sediment flux for every experiment performed for this study
using (a) glass spheres and (b) natural grains.
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