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Key Points:

e Sediment transport near the threshold of motion is intermittent, making it hard
to measure average flux, which is crucial for predictions

e We use bifurcation theory in the presence of multiplicative noise to understand
and describe the intermittency

« Applying this to flume experiments, we find a new way of measuring the thresh-
old of motion and predicting when intermittency will be present
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Abstract

Sediment transport by wind or water near the threshold of grain motion is dominated

by rare transport events. This intermittency makes it difficult to calibrate sediment trans-
port laws, or to define an unambiguous threshold for grain entrainment, both of which

are crucial for predicting sediment transport rates. We present a model that captures

this intermittency and show that the noisy statistics of sediment transport contain use-
ful information about the sediment entrainment threshold and the variations in driving
fluid stress. Using a combination of laboratory experiments and analytical results, we
measure the threshold for grain entrainment in a novel way and introduce a new prop-
erty, the “bed sensitivity”, which predicts conditions under which transport will be in-
termittent. Our work suggests strategies for improving measurements and predictions

of sediment flux and hints that the sediment transport law may change close to the thresh-
old of motion.

Plain Language Summary

Sediment transport by wind or water is intermittent — displaying long periods of
low transport followed by sudden large transport events. Intermittency is commonly seen
as unwanted noise that makes it difficult to predict sediment flux. We uncover why and
when intermittency occurs, and we show that the noisy statistics of intermittent sedi-
ment transport encode information about the threshold of sediment motion and the vari-
ations in driving fluid forces. This knowledge can help improve the accuracy of sediment
transport predictions, which are central to many engineering and geological applications.
The ingredients necessary for intermittency — noise near a transition — apply to many
systems beyond sediment transport.

1 Introduction

Sediment transport by wind and water shapes many of Earth’s landscapes. Models that
predict how rapidly a flow can move sediment are essential for understanding the evo-
lution of Earth’s surface (Bridge & Demicco, 2008; Anderson & Anderson, 2010), mit-
igating risks posed by natural hazards, designing engineering structures that will inter-
act with moving sediment (Jones et al., 1986; Gilvear, 1999; Alcantara & Goudie, 2010),
and restoring landscapes that have been modified by human activities (Wohl et al., 2015;
Wilcock, 2012; Simon et al., 2013). Most sediment transport models consist of empir-
ical formulas used to estimate the time-averaged sediment flux (Meyer-Peter & Miiller,
1948; Einstein, 1950; Bagnold, 1956; Ashida & Michiue, 1972; Engelund & Fredsge, 1976;
Luque & Beek, 1976; Parker et al., 1982; Parker, 1990; Wilcock & Crowe, 2003; Wong

& Parker, 2006). These formulas use fluid and bed properties, such as the time-averaged
fluid shear stress at the bed and the critical shear stress necessary for grain motion, to
estimate the sediment flux. A crucial component of this relation is the critical shear stress,
below which little or no sediment transport occurs (Shields, 1936; Parker et al., 1982).
Most transport in gravel-bedded rivers occurs near this threshold, when fluid stresses are
just able to dislodge grains (Parker, 1978; Parker et al., 2007), and involves grains rolling
and hopping along the bed without becoming suspended in the fluid, a regime known

as bed load transport.

Sediment flux near the threshold of motion is intermittent — characterized mostly
by low transport, but punctuated by short, rare events in which the instantaneous sed-
iment flux is much larger than the mean. Intermittency poses a challenge for calculat-
ing time averages and thus contributes to large uncertainties in predictions of bed load

sediment flux, in part because the critical shear stress becomes difficult to measure (Buffington

& Montgomery, 1997). Intermittency has been observed in sediment flux driven by wind
(Stout & Zobeck, 1997; Wang et al., 2014; Carneiro et al., 2015) and water, both lam-
inar (Houssais et al., 2015) and turbulent (Gomez, 1991; Ancey et al., 2006, 2008; Singh
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et al., 2009; Heyman et al., 2013; Saletti et al., 2015; Pahtz & Duran, 2018; Lee & Jerol-
mack, 2018; Liu et al., 2019). Intermittency increases the convergence time — the length
of the averaging window necessary for calculating the true value of the mean sediment
flux (Bunte & Abt, 2005; Singh et al., 2009; Ancey & Pascal, 2020). Convergence times
of tens of hours have been observed in experiments at low transport rates (Ancey et al.,
2015). This makes it difficult to accurately calculate the average flux as a function of the

average shear stress, which is the basis for most estimates of the critical shear stress (Buffington

& Montgomery, 1997). More generally, intermittency makes it difficult to define univer-
sal sediment transport laws.

Few studies of bed load transport have attempted to account for intermittency. While

the observation of noise in sediment flux time series has inspired probabilistic models of
sediment transport (Einstein, 1950; Ancey et al., 2006, 2008; Furbish et al., 2012; Rose-
berry et al., 2012; Heyman et al., 2014; Ancey & Heyman, 2014; Ancey et al., 2015), these
studies commonly ignore correlations between fluctuating variables, an approximation
that breaks down as the critical shear stress is approached (Ancey et al., 2006; Furbish
et al., 2012; Heyman et al., 2014; Ancey et al., 2015). It is therefore problematic to use
such models to investigate intermittency in sediment transport near the threshold of mo-
tion.

We present a model of bed load sediment transport that reproduces intermittency
by explicitly accounting for these correlations, and in doing so provides us with a method
of calculating the critical shear stress that utilizes the intermittency rather than avoid-
ing it. We first present a series of laboratory flume experiments and show how the in-
termittency of sediment flux increases as the threshold of motion is approached. We then
propose a dynamical equation for sediment flux that includes a stochastic term that de-
scribes the noise in bed shear stress. This equation makes predictions that are consis-
tent with bed load transport statistics in flume experiments. We show how to use our
model to extract valuable information from a noisy bed load time series. This includes
two new independent ways to estimate the critical shear stress and a method for calcu-
lating the distribution of waiting times between sediment transport events, which can
be used to estimate the convergence time at other shear stress values. We also predict
the range of shear stress at which sediment flux will be strongly intermittent, and intro-
duce a new property called the “bed sensitivity” that quantifies the shear stress fluctu-
ations experienced by a particular bed configuration.

2 Intermittent bed load time series

We performed a series of experiments in a narrow flume under bed load transport
conditions (Figure Sla, Text S1). In each run we set the sediment feed rate and water
discharge, allowed the sediment bed to aggrade until the bed reached a constant slope
angle and the sediment flux out of the downstream end of the flume equaled the sedi-
ment feed rate, and then captured the motions of grains from the side using a high-speed
camera. We used two types of grains: glass spheres 5 mm in diameter (Figure S1b), and
natural river sediment sieved to include intermediate diameters between 4.0 mm and 5.6
mm (Figure Slc). Image frames from each experiment were then analyzed with a grain
detection and tracking algorithm yielding grain positions, tracks, and velocities for each
frame (Figure S1b,c; Text S2). For each experiment we measured two quantities, (i) a
time series of the instantaneous non-dimensional downstream sediment flux, ¢*, and (ii)
the time-averaged non-dimensional shear stress, (7*), also sometimes referred to as the
Shields Number, where (-) denotes a time average (Text S3). The non-dimensional shear
stress gives an estimate for the ratio of fluid drag and lift forces (Shields, 1936), which
act to move grains, to the submerged weight of grains, which acts to resist motion.

Figures la-1f show snapshots and time series of three different glass sphere runs
with low, intermediate, and high time-averaged sediment flux, corresponding to progres-
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Figure 1. Intermittent bed load sediment flux. Sample data from three flume experiments

using glass spheres, representing typical runs with low sediment flux ((a) and (d)), intermediate
sediment flux ((b) and (e)), and high sediment flux ((c) and (f)). (a)-(c), Image frames from the
experiments using glass spheres, with particle centers and velocities calculated from grain track-
ing overlain (Text S2). Arrow lengths indicate velocity magnitude. The thick solid line indicates
the top of the bed, below which grains were stationary over a sufficiently long time (Text S2).
(d)-(f), Samples of the corresponding sediment flux time series. (g), Probability density function
(PDF) calculated from the sediment flux time-series. The red dashed line shows the theoretical
exponent of the PDF tail, —1, at the threshold of motion. The grey dashed line shows a Gaussian

distribution with the same mean and variance as the high sediment flux case.

port followed by bursts in transport, the tell-tale sign of intermittency. This is more pro-
nounced for the low shear stress values, consistent with previous observations that in-
termittency increases as the shear stress decreases towards the threshold of motion (Gomez,
1991; Ancey et al., 2006, 2008; Singh et al., 2009; Heyman et al., 2013; Ancey & Hey-

man, 2014; Lee & Jerolmack, 2018; Liu et al., 2019). The same behavior is seen for the
natural grain experiments (Figure S2).

We quantify the intermittency by calculating probability density functions (PDFs)
of the sediment flux (Figure 1g). The more intermittent the time series is, the more time
it spends close to zero, and the larger the values of the PDF would be at small values
of ¢*. Our flume experiments show exactly this trend: experiments with lower average
shear stress have more intermittent time series of ¢* (Figure 1d-f) and PDFs of ¢* with
steeper negative slopes at small values of ¢* (Figure 1g).

3 Stochastic model of sediment transport near the threshold of grain
motion

Intermittent time series displaying bursting behavior are seen in many systems un-
dergoing a transition from an inactive to an active state. This particular kind of inter-
mittency is called on-off intermittency (Platt et al., 1993; Heagy et al., 1994; Ott & Som-
merer, 1994) and has been observed in systems ranging from chemical reactions to tur-
bulent magnetic field amplification (Fujisaka & Yamada, 1985; Pikovsky, 1984; Horsthemke
& Malek-Mansour, 1976; Kabashima et al., 1979; Hammer et al., 1994; Feng et al., 1998;
John et al., 1999; Sweet et al., 2001; Bottiglieri & Godano, 2007; Alexakis & Ponty, 2008;
Benavides & Alexakis, 2017). The key ingredient for on-off intermittency is multiplica-



143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

tive noise (a noisy growth rate) at the onset of a bifurcation, so that the solution expe-
riences both exponential decay and growth. Following previously established results from
the study of such systems, we developed a model for the dynamics of sediment trans-
port near the threshold of motion.

We expect the dynamical equation for ¢* to have the form dg*/dt* = N(q*), where

t* is a dimensionless time (Text S4) and A (¢*) is a nonlinear operator that depends im-
plicitly on the time-averaged shear stress (7*), the critical shear stress (7*)., and the tem-
poral statistics of the shear stress. Although A (¢*) is not known, we approximated it
using a standard approach in the study of bifurcations and phase transitions (Crawford,
1991; Kardar, 2007). This procedure amounts to assuming that the sediment flux close
to the threshold of motion is very small (¢* < 1), allowing one to approximate the dy-
namical equation with only a few polynomial terms which are dominant in that regime
(Text S4). By further requiring that nonzero sediment transport occurs for (7*) > (7%),,
the resulting expression for the nonlinear operator is N'(¢*) ~ ((7*)—(7*).)¢*—B(q*)?,
where (3 is a positive dimensionless constant coefficient that can be determined empir-
ically with measurements, but which does not enter into our results (Text S4). We then
include a stochastic, zero-mean noise term &, that represents fluctuations in the shear
stress (which can arise from fluctuations of turbulent fluid motion or irregular bed pro-
trusions that can enhance local shear stress). The final model equation is then

d *

= (") =)+ 97" — Bla")™ (1)

To understand how Equation (1) produces intermittent sediment flux, note that,
for small ¢*, it admits an exponential solution with a growth rate equal to the noisy shear
stress offset, (7*) — (7). + . If the shear stress is larger than the critical value, the
time-averaged flux (¢*) will be positive. Despite this, at times when the noise ¢ is suf-
ficiently negative such that (7*) — (7*). + & is negative, the sediment flux will decay
exponentially towards zero. As the noise changes and (7*) — (7*). + £ becomes posi-
tive again, the sediment flux will grow towards (and sometimes beyond) (¢*). This re-
peated growth and decay of the sediment flux is the intermittency. Equation (1) also pro-
duces less intermittency for larger (7*) — (7). (as illustrated in Figure 1d-f), because
this makes it more rare for the noise to be large enough to cause the sediment flux to
decay.

Stochastic analysis of equation (1) (Text S4) makes two useful predictions about
bed load transport near the threshold of grain motion that we can test with our exper-
imental data. First it predicts the shape of the PDF of ¢* at steady state. Although the
functional form of the full PDF is known, we consider only its “tail” at small values of
q*, which is predicted to be a power-law with an exponent that depends on the shear
stress offset:

PDF(g") oc (q7)\ 7= e/S1 (2)

where S = [ £(0)&(¢*) dt* is the autocorrelation of the noise, with the overbar de-
noting an average over different realizations of the noise. Equation (2) predicts that the
exponent of the power-law tail of the PDF becomes more negative as the critical shear
stress is approached, reaching a minimum value of —1 when (7*) = (7*).. This implies
larger and larger probabilities for small values of sediment flux, consistent with the ob-
servation that sediment flux in our experiments becomes more intermittent as the crit-
ical shear stress is approached (Figure 1d-f). This prediction is also consistent with the
PDFs of ¢* from our experiments (Figure 1g), which have power-law tails with exponents
that become more negative as average shear stress decreases and the intermittency in-
creases. The most intermittent case has a PDF tail exponent of approximately —1, the
theoretical value at the threshold of motion.

Second, our stochastic model predicts how rare the intermittent bursts of sediment
flux are. As the shear stress approaches the threshold of motion, long waiting times be-
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tween transport events of a certain size become more likely and the bursts of transport
occur as more irregular and extreme events. The distribution of waiting times, At, be-

tween transport events of an arbitrary threshold ¢ (Text S3) is (Heagy et al., 1994; Aumaitre

et al., 2006):
PDF(At) oc At=3/2¢=At/9, (3)

provided ¢f < 1, where § oc S/((7*) — (7%).)? is a characteristic time-scale for the
longest waiting times under the specified flow conditions. The proportionality in equa-
tion (3) allows us to work with the dimensional waiting time At, instead of its dimen-
sionless counterpart At*, since they are related by a constant (Text S4). Hereafter we
use the dimensional time ¢ for clarity.

As the shear stress approaches the entrainment threshold, waiting time PDF's (Fig-

ure 2) show that long waiting times become more likely for both spheres and natural grains.

Furthermore, experiments with the lowest shear stresses (darkest curves) have PDF tail

Glass Spheres Natural Grains

N Theoretical
e Tt waiting time PDF at

102E
§ threshold of motion

1015

PDF (1/5)
S

D L A W
1071 10° 102 1071 10°
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0.03 004 005 006 007
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Figure 2. Waiting times between sediment transport events. Probability density functions
(PDFs) for waiting times between transport events of size g5 = 0.05, for various values of shear
stress (77), in the experiments with (a) glass spheres, and (b) natural grains. The red-dashed line

shows the theoretical shape of the waiting time PDF at the threshold of motion.

exponents close to —3/2. Power-law waiting time distributions consistent with an ex-
ponent of —3/2 have also been observed in other bed load sediment transport experi-
ments using glass spheres (Ancey et al., 2008) and natural grains (Liu et al., 2019) as
well as in experiments with wind-blown sand (Carneiro et al., 2015). The ability of our
stochastic model to predict probability distributions of both sediment flux and waiting
times between transport events suggests that it robustly captures the statistics of inter-
mittent bed load transport near the threshold of motion.

4 Critical shear stress, bed sensitivity, and average waiting times

The stochastic model of bed load sediment transport offers new ways to estimate
the critical shear stress, and it also reveals a measure of flow-sediment interaction that
has not previously been described. Equation (2) predicts that the exponent of the tail
of PDF(q*) is equal to ((7*) — (7*).)/S — 1, making it linear in (7*) with a slope of
1/8 and taking the value of —1 at (7*).. Thus, the statistics of intermittent bed load
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transport carry information about two properties of the system: the critical shear stress
(t*). and the quantity S. Since the noise term £ represents temporal fluctuations in the
shear stress (Equation (1)), the noise autocorrelation S measures the low frequency vari-
ability of shear stress, and in a more informal sense the ‘strength’ of the noise. We call
S the ‘bed sensitivity’ because variability in bed shear stress can be a result of both flow
properties (turbulent fluctuations) and bed properties (bed heterogeneity and grain pro-
trusions). This analysis assumes that S is not a function of (7*), which is consistent with
the observation that our experiments can be characterized by a single value of S. How-
ever, this could break down if bed conditions vary substantially with (7*), for example
with the growth of dunes or ripples in sand bed rivers or the development of bed struc-
tures in gravel bed rivers (clusters, lines and cells) that inhibit entrainment (Bradley &
Venditti, 2019; Venditti et al., 2017).

By performing a series of experiments for different values of (7*) and measuring
the exponent of the PDF of ¢* for each experiment, we use the linear relation above to
calculate both the critical shear stress (7*). and the bed sensitivity S. Experiments with
glass spheres and natural grains each define a linear trend (Figure 3), consistent with
the prediction of the stochastic model. By fitting this line we calculate (7). = 0.026+

0.0 Glass Spheres Natural Grains
eé . —0:2
5 A1
= [F] g = +
215 -04 e "_[5
sle A s
|8 -o06 ST
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E -+ — Theoretical Lower Bound 7 Theoretical Lower Bound
& 12 =
14 ) ')
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Shear Stress, {t") Shear Stress, (T")

Figure 3. Determination of critical shear stress and bed sensitivity. The tail exponent of
PDF(q*) for each experiment plotted versus the shear stress. On-off intermittency predictions
state that a minimum exponent of —1 (“theoretical lower bound”) occurs at the threshold of
motion. Point colors correspond to the shear stress color scale in Figure 2. Dashed black lines
are fits to the data determined by orthogonal distance regression (Text S3). Dashed red lines
indicate the estimated value of the critical shear stress, which corresponds to the value of the fit

at a PDF(q") tail exponent of —1, rose shading indicating one standard error.

0.002 and S = 0.048 £ 0.003 for the glass spheres, and (7*), = 0.040 + 0.008 and S =
0.06+0.01 for the natural gravel (uncertainties are one standard error of the estimated
value). Unlike most previous estimates of (7*)., our estimates do not depend on any as-
sumed form of the sediment transport law, yet they are consistent with typical values
reported for gravel-bedded rivers (Miller et al., 1977; Yalin & Karahan, 1979; Buffing-
ton & Montgomery, 1997). These are also the first measurements of a new property, the
bed sensitivity, S. On-off intermittency occurs if the power-law exponent in equation (2)
is negative, which requires that (7*) — (7*). < S. The bed sensitivity therefore deter-
mines how close to the threshold of motion a bed load system must be to experience sub-
stantial intermittency. If the values of (7*). and S are known, they can be used to pre-
dict whether intermittency will be present for a given (7*). For example, our results for
the glass spheres tell us that intermittency is expected to be present for (7*) < 0.074.
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A practical consequence of intermittency is that it requires long time-averages for
convergence (Bunte & Abt, 2005; Singh et al., 2009; Ancey et al., 2015), yet it is diffi-
cult to know a priori whether or not the averaging time is long enough. Since intermit-
tent bursts of sediment flux dominate the averaging procedure, the convergence time is
expected to be proportional to the average waiting time between sediment transport events.
From equation (3), the expected waiting time at a specific value of (7*) is proportional

to:

V'S
e (4)
(T%) = (T%)e
The average waiting time between transport events of a certain size thus diverges at the
critical shear stress: the closer to the threshold of motion, the rarer transport events be-
come. This would suggest a similar divergence of convergence time, since bursts become
rarer. Divergence of the time necessary for a converged average has been observed in lam-
inar (Houssais et al., 2015) and turbulent (Lee & Jerolmack, 2018) flume experiments,
but the functional form of this relation has not previously been predicted or confirmed
with experiments. Comparison of the average waiting times between transport events
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Figure 4. The average waiting time between transport events of size ¢5 = 0.05 for different

shear stresses (7). Point colors correspond to the shear stress color scale in Figure 2. Dashed
black curves are fits of equation (4) to the data. Values of the critical shear stress (7*)., deter-
mined from the fits are denoted by vertical black dashed lines with grey shading indicating one
standard error. Red dashed lines with rose shading indicate the critical shear stress determined
from the PDF of ¢* (Figure 3). The black dashed line in panel (a) is not visible because the two

estimates of the critical shear stress overlap almost exactly.

of size ¢ = 0.05 for each experiment with equation (4) (Figure 4) reveals not only that
the average waiting time varies as 1/((7*)—(7*).), as predicted by the stochastic model,
but also an agreement between the values of (7*). calculated using the two completely
independent methods — the PDF of ¢* (Figure 3) and the average waiting time (Figure
4) — particularly in the case of glass spheres. Tracking of the natural grains was more
difficult and resulted in larger noise levels, particularly in the tail of PDF(q*). We be-
lieve that with longer time series the independent estimates of (7*). would converge, as
is seen for the glass spheres.

Convergence times required for a reliable average flux measurement in our exper-
iments ranged from around one second to a few minutes (Figure S3). These convergence
times are two to three orders of magnitude longer than the average waiting time between
transport events (fractions of a second), but both follow the same functional form given
by equation (4) (Figures 4 and Figure S3). Intermittent sediment flux time series at lower
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transport stages than our experiments can have even longer convergence times while still
displaying similar statistical properties. In Figure S4, for example, we show that the ex-
periments of Ancey et al. (2015), which have convergence times of a few hours, are con-
sistent with our intermittent transport model. Given a set of bed load flux time-series
and shear stress measurements, the new theory presented here offers a way to find both
the critical shear stress and also an estimate for the time-averaging window required for
a properly converged average sediment flux. Measuring the convergence time for each
experiment and fitting these values to equation (4) would result in an estimate of (7*).,
and would also provide estimates of convergence times given the extrapolation to smaller
(or larger) average shear stress values.

Our results show that a stochastic model of bed load sediment transport close to
the threshold of motion reproduces intermittent sediment flux time-series like the ones
observed in our experiments as well as in previous studies. Comparing this model with
finely resolved sediment flux measurements from grain tracking reveals that there is in-
formation in the noise of sediment transport, including two independent ways to esti-
mate the critical shear stress for grain entrainment without fitting a transport law; a new
quantity called the bed sensitivity, which determines whether a bed load system will ex-
perience intermittency or not; and a way of using waiting times between intermittent trans-
port events to calculate the minimum time required to characterize the average sediment
flux. The presence of on-off intermittency should also result in a modified (“anomalous”)
transport law (Pétrélis & Alexakis, 2012; Alexakis & Pétrélis, 2012) close to the thresh-
old of motion: the average sediment flux should depend linearly on the shear stress off-
set, (g*) oc ((7*)—(7*).), instead of the classical transport law, (¢*) oc (\/{(T*)—/(7*)c)((7*)—
(7*)¢). This change in transport law could make it difficult to determine the critical shear
stress from extrapolation of the classical transport law, a common technique (Buffington
& Montgomery, 1997). It could also result in an apparent under-estimation of sediment
flux for shear stresses near the threshold of motion, which are typical conditions in gravel-
bedded rivers (Parker, 1978; Parker et al., 2007).

Data Availability The sediment flux time series data is available at https://doi.org/
10.6084/m9.figshare.14450445.v2.
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Introduction

The supporting texts provide further details on the laboratory flume experiments performed
(Text S1), the grain tracking (Text S2), the data analysis (Text S3), and a summary of the
stochastic analysis required to obtain the results used in the main text (Text S4). The summary
of the stochastic analysis is not a derivation unique to our work, but rather a description of the
process for those who are not very familiar with the background. Figure S1 shows a schematic of
the experimental set-up as well as sample snapshots of the glass spheres and natural grains, with
the grain tracking overlain. Figure S2 is the same as Figure 1, except that it is for the natural
grains, rather than the glass spheres. Figure S3 shows the convergence times for the averaging

procedure, meant to be compared to the work in Ancey, Bohorquez, and Heyman (2015) as well
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as others who look at convergence time rather than waiting time between events of a certain size
(as we do in Figure 4). This figure shows that the relationship observed in the waiting time still
holds for the convergence time, as we expected. Figure S4 shows an intermittent sediment flux
time series taken from an experiment performed by Ancey et al. (2015), which has been analyzed
in a similar way to our experiment. This figure demonstrates the robustness of our results, since
our predicted PDFs seem to be reproduced in this data. Finally, Figure S5 shows the average
dimensionless sediment flux versus the average shear stress for all of the experiments considered.
Text S1: Laboratory Flume Experiments

The experiments were performed in the narrow flume facility in the River Dynamics Laboratory
at Simon Fraser University in Burnaby, Canada. The experimental setup (Figure Sla) consisted
of a flume 2.5 m long, 45 c¢m tall, 1 cm wide (slightly larger than two grain diameters), which
was tilted 3 degrees from horizontal. Water was recirculated at a fixed discharge with a pump,
with a bulk mean velocity of v &~ 1 m/s. The mean water depth was H = 0.1 m and the
mean hydraulic radius was R = WH/(W + 2H) = 0.005 m. This corresponds to a Reynolds
number Re = uR/v &~ 4800 and a Froude number Fr = u/\/gH =~ 1. Grains were fed into
the flume at a fixed rate by a ‘tinker feeder’ grain hopper (Young & Warburton, 1996; Dudill et
al., 2020), making the sediment flux a fixed input parameter in our experiments. Once inside
the flume, the grains accumulated, forming an aggrading bed until steady-state was reached, at
which point the bed stopped aggrading and grains exited the flume, where they were collected
by a sediment trap. Once at steady state, the experimental observations commenced. Data
collection consisted of high-speed recordings of the grains from the side (Fig. S1(b) and S1(c)).

We focused a series of high-speed Edgertronic cameras on a back-lit region seen in the middle of
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the schematic in Fig. S1(a). This region had approximate dimensions of 14 cm long by 4 cm tall
and was chosen to be far enough away from both ends of the flume so as to avoid effects from the
entrance and exit. Multiple videos were recorded for each experiment, with frame rates varying
between different recordings, but were either 520 or 1040 frames per second. Other measurements
included: sediment flux by collecting and weighing sediment exiting the flume, steady-state bed
slope and water discharge.

For each experiment, instead of specifying the fluid shear stress at the bed, we specified the
grain input rate (and thus the average sediment flux). The time-averaged shear stress was then
measured once steady state was reached using the 1D momentum balance for shallow-water flow,
(T) = pgRo, where p is the density of water, g the acceleration due to gravity, R the hydraulic
radius, and o is the slope of the water taken at steady-state. The slope ¢ was calculated using a
linear fit of the measured steady-state water surface. The non-dimensional time-averaged shear
stress, i.e. Shields number, was calculated as (7*) = (7)/((ps — pw)Dg).

We performed experiments with two types of grains: uniformly-sized spherical grains (glass
beads) with a diameter of 5 mm and a density of 2550 kg/m3, and river gravel sieved to yield
intermediate diameters between 4.0 mm and 5.6 mm. We collected data for 18 glass sphere
experiments, with (¢*) ranging from 0.00395 to 0.876 and (7*) ranging from 0.0293 to 0.0766
(Extended Data Figure Sha). We also performed 7 experiments with natural grains, with (¢*)
ranging from 0.0108 to 0.546 and (7*) ranging from 0.0380 to 0.0750 (Extended Data Figure
S5b).

Text S2: Grain tracking
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Over the course of the experiments, more than a million image frames were recorded. This large
data set required the use of automatic grain tracking. The images were processed using the open-
source package OpenCV (Bradski, 2000; Bradski & Kaehler, 2008). For the glass spheres, we
used an efficient ring finding algorithm to identify individual grains (Afik, 2015). The algorithm
was able to locate > 95% of all grains in our images. Once the grains had been located by the
ring finding algorithm, we tracked them from frame to frame using the python libraries TrackPy
(Allan et al., 2019) and PIMS (soft-matter/pims: PIMS v0.5, 2020). The high frame rate allowed
the grains to be accurately tracked. In order to track the natural grains, we painted the grains
8 different colors in equal numbers. The colors were chosen to occupy the 8 corners of a cube in
RGB space. We then used a pretrained machine learning algorithm to locate the grains in each
image (YOLO2 (Redmon et al., 2016)). The algorithm was primed on a set of 50-100 image-
subsets, where each subset contained about 50 grains that had been annotated by hand. The
machine learning algorithm found about 75% of the grains in each image. Once the grains had
been recognized in each image, we again used TrackPy and PIMS to link grains between frames.
We only linked grains of the same color from frame to frame. The color information reduced the
number of possible matches for each grain from one image frame to the next. Both versions of
our workflow processed a single frame in less than a second on a normal workstation.

Apart from grain tracking, a ‘bed line’ was defined at each time. Below this line is the bed,
which comprises grains that did not move significantly over the course of s seconds. The bed
line at a time ¢ was calculated by averaging image frames from ¢ — s/2 to t + s/2. Any grains
that moved significantly in this time interval are effectively averaged away. Once the average was

performed, a watershed algorithm was used to automatically find the bed surface and thus define
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the bed line. For the glass spheres, s = 1.5 seconds and for the natural grains s = 2 seconds.
Although a definition of a bed was not necessary for any of the theory or calculations done in
this work, filtering out grains in the bed (locations below the bed line) proved to significantly
reduce noise in the data analysis, discussed in the next section.

Text S3: Data analysis

The grain tracking algorithm resulted in positions, tracks, and velocities for every identified
grain in each frame. Additionally, the natural grains were given an ‘effective’ spherical shape
with a radius to match their measured density. In this study, we measured time-series of the
downstream sediment volume flux per unit flow width, ¢,. To measure this based on our grain
tracking data, we did the following for each video: first, we took the average velocity of all grains
and rotated the frame so that the average velocity in the vertical direction was zero, leaving only
an average velocity in the downstream direction. This accounted for the slope of the channel.
Second, we picked a downstream (z-direction) location halfway along the frame for measuring
the flux. Any grain intersecting a vertical line at that location was considered in the calculation
of the sediment flux. However, we excluded any grains in the bed: those whose centers were
more than a grain radius below the bed line. Suppose that, at a time ¢, each grain above the
bed that was intersecting the vertical line was enumerated with the index i. The sediment flux
was then finally computed ¢4(t) = Y, u;A; /b, where wu; is the downstream velocity of the grain,
A; is the cross-sectional area of that grain intersecting the vertical line, and b is the width of the

flume. The normalized, dimensionless sediment flux is then defined using the Einstein Number

as q¢* = qs/ (D\/ (ps — pw)gD/pw), where D is grain diameter, p; is grain density, p,, is the density

of water, and ¢ is the acceleration due to gravity. This procedure was carried out for each video.
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The time-series from videos of the same experiment were then concatenated so as to have a
single time series for each experiment. Although Figure 1 shows only two and a half seconds,
most experiments have more than a minute of data, the lowest transport stages up to about 10
minutes.

For each experiment, we calculate the probability density function (PDF) of the time series
q*(t). The PDFs all flattened for ¢* < 1073, which we considered to be the presence of measure-
ment noise based on frame rate and video resolution. Therefore, all of our PDF's were truncated
at around that value (see Figure 1g). The exponents of the PDF tails were calculated by per-
forming a linear fit to the loglog plot of PDF'(¢*) for small values of ¢*, which we consider to be
the tail. For the glass spheres, the interval in which the fit was performed was 1072 < ¢* < 107!,
whereas for the natural grains it was 5 x 1073 < ¢* < 4 x 10~!. The slope of this fit is the mea-
sured tail exponent, plotted in Figure 3. The error for the measured exponents were calculated
by making a series of secondary fits over smaller intervals d < ¢* < d x 10, for 1072 < d < 1072,
The minimum slope found is the lower bound in the error bars and the maximum slope found is
the upper bound.

Apart from taking the PDF of the sediment flux time series, a waiting time analysis was also
performed. In this analysis an arbitrary fixed ‘threshold” value of ¢* was chosen, ¢j, and the
waiting time At between sediment transport events of size ¢; were measured. This is done in
practice by increasing At by one over the frame rate as long as ¢* < ¢, and once ¢ is reached
stopping the count, saving that At and starting a count for a new At in the sequence. Over
a single time series, a sequence of waiting times {At;} were measured, and the PDF of this

sequence was taken to get PDF(At). For both experiments ¢ = 0.05. In theory, as long as ¢}
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is in the tail and the time series is long enough, any value of ¢} should give the same results
(Heagy et al., 1994). However, values for ¢ lower than 1072 run into issues with measurement
noise, and a value larger than roughly 5 x 107! result in a sequence of waiting times that is too
small for good statistics, due to the limited length of the time series.

The curve fitting performed in both Figures 3 and 4 were done using the ‘orthogonal distance
regression’ (ODR) method, part of the SciPy (Virtanen et al., 2020) package for Python. This
method accounts for errors in both variables, not just the ‘dependent’ variable like an ordinary
least-squares regression. For each fit we specified the functional form being fit, with two free
parameters to be estimated from the data. The ODR method results in both the values and
standard errors of these estimated parameters. For Figure 3 we assumed a linear function, with
the slope and intercept as the free parameters. For Figure 4 we assumed a function of the form
of equation (4), with the free parameters being (7*). and the constant of proportionality.

Text S4: Stochastic analysis
Assuming that the sediment flux close to the threshold of motion is very small (¢* < 1), we

can approximate the nonlinear operator with a power series expansion in (7*) — (7*). and ¢* as:

N(q"(T7) = (T7)e) = coo+ croq” + con((77) = (77)e) + cri ({(T7) — (7))

+e0(q*)? + coa((7%) — (7)) + - -

The coefficients of this expansion are then narrowed down using arguments about what kind
of behavior is expected or observed. We assume that zero flux is a possible solution (stable or
unstable) for all (7*) — (7%)., which means that cop = co1 = co2 = 0. Furthermore, we want to
capture the threshold of motion, and so we want ¢* = 0 as a stable steady-state solution for

(1*) < (7"). and some nonzero sediment flux as the stable steady-state solution for (7*) > (7%)..

September 10, 2021, 2:56pm



X-8

This is achieved by setting ¢;p = 0 and letting ¢y < 0. Dividing all terms by c;; yields a
dimensionless time t* = ¢;; t and a dimensionless pre-factor § = c¢g9/c13. Thus the resulting
equation that can capture this behavior is N'(¢*) ~ ((7*) — (7*).)¢* — B(¢*)?>. To obtain the
results in our study, it is not necessary to know cy; and . It is possible to estimate the value of
£ in our experiments using the full PDF of ¢* (equation (2)), which is derived below. However,
estimating c;; is only possible via time-dependent statistics of ¢* and therefore it is not possible
to estimate the value of ¢;; given the steady-state results presented in this work.

An important final step in the development of our stochastic model is the inclusion of the noise,
&, whose time-average is zero. The noise captures instantaneous deviations from the average bed
conditions, since otherwise the effects of time-averaged quantities are included in the evolution
equation of the instantaneous sediment flux. The noise could represent fluctuations of turbulent
fluid motion or heterogeneities in the bed, all of which represent fluctuations in the local shear
stress. The final model equation is the one seen in equation (1). In the absence of noise, equation
(1) has two steady state solutions, ¢* = 0 and ¢* = (7*) — (7%)., the former of which is stable
for (7*) < (7*). but unstable for (7*) > (7*).. This can be shown by considering very small
values of sediment flux, whereby we ignore the second term on the right hand side. Equation (1)
then predicts exponential decay or growth at a rate (7*) — (7)., depending on if the shear stress
offset is negative or positive, respectively. In the latter case, the nonlinear term acts to stop the
exponential growth and the other solution, which is stable, is approached.

Although it is nonlinear, equation (1) is still amenable to theoretical stochastic analysis, even
when the fluctuations are large compared to mean quantities. Below we summarize the steps by

which equation (1), a stochastic ordinary differential (ODE) equation which we interpret in the
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Stratonovich sense (Van Kampen, 1992), leads to the PDF of ¢* at steady state, equation (2).
We also outline the reason for the shape of the waiting time PDF, equation (3).

We assume that the noise term in equation (1), £, is Gaussian white noise with zero mean and
variance 25. For this case there exists a standard procedure to arrive at the equation for the
PDF of ¢*, known as the Fokker-Planck equation (Schenzle & Brand, 1979; Van Kampen, 1992).
The procedure can be thought of as taking a histogram of the many trajectories that result from
the many possible realizations of the noise, if one were to imagine each realization of the noise
as a different deterministic forcing that depends on time. The Fokker-Planck equation for the

PDF of ¢* based on equation (1) can be shown to be (Schenzle & Brand, 1979):

PPDPGLE) _ 00 ({9~ (0a" — 5la") + 67) PDE(g", 1)
+S 8‘2*2 (q*2PDF(q*,z*)) . (1)

We look for steady state solutions of equation (1), PDF(q*,t*) = PDF(q*), where OPDF /ot* =
0. Solving equation (1) for PDF(q*) based on the steadiness assumption gives the following

distribution:
PDF(q") = (q")7) /S A0 /s, )

where N is a normalization factor. One then arrives at equation (2) by noting that the exponential
term is approximately equal to one for small ¢*.

This analysis assumes that the noise £ is uncorrelated in time (‘white noise’) (Horsthemke &
Malek-Mansour, 1976; Kabashima et al., 1979; Schenzle & Brand, 1979). However, these results
have more recently been expanded to the case when the noise has some non-zero correlation
time t (‘colored noise’) (Aumaitre et al., 2005, 2006), which is more physically relevant to

sediment transport. In order for the analysis to be valid for colored noise, one must assume that
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V28 tr < 1, where t} is the correlation time of the noise (Van Kampen, 1992; Aumaitre et al.,
2006). The final PDF has a form that differs from (2) , but the PDF tail for small ¢* is still
given by equation (2). The full expression for PDF(q*) for the colored noise, but for a cubic
nonlinearity rather than a quadratic one, can be seen in Aumaitre et al. (2006).

The PDF of waiting times between transport events of a certain size (equation (3)) is the ‘first
return time’ distribution of a biased random walk. This calculation for on-off intermittency was
first performed by Heagy et al. (1994) for the case of white noise, and the colored noise case
is discussed in the work of Aumaitre et al. (2006). The waiting time refers to how long the
time series ¢*(t*) spends below a value ¢ (the ‘off” phase), and once ¢* > ¢ (the ‘on’ phase)
the counting stops. If the defined threshold ¢ is small enough that, during the off phase, the
nonlinearity in equation (1) is negligible, the dynamics of the off phase are purely determined by

the linearized version of equation (1), which can be expressed in terms of logarithms as

dlog(q")
dt

(T = (1) + & (3)
Therefore, for (7*) = (7%). and ¢* < ¢, the time series performs an unbiased random walk in
logarithmic space. When the random walk approaches zero (corresponding to ¢* ~ 1), the non-
linearity becomes important and acts as a barrier that prevents the random walk from reaching
much larger values. Passing this barrier means that an on phase has begun. Therefore, the time
interval that starts when the random walk falls below the nonlinear barrier and ends when the
random walk exceeds the nonlinear barrier is the duration of an off phase. Thus, the distribution
of waiting times is analogous to the well-established ‘first return time’ distribution of random
walks, which specifies the distribution of times it takes for a random walk to return to a specified

3/2

value. The first return time has a distribution At~>/“. Due to the central limit theorem, this
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result is universal and holds for any kind of noise, as long as the mean is zero and the variance
is finite. When (7%) > (7)., the trajectory is no longer that of an unbiased random walker,
and tends to favor going towards zero. This means that extremely long waiting times become
less and less likely, and therefore alters the power law first return time distribution to have an
exponential cut-off at large waiting times, resulting in equation (3).

It may seem counter-intuitive that the exponential cutoff of the distribution (equation (3))
depends only on (7*) — (7*). and not on ¢j. The reason for this is the assumption that ¢ is
small enough that the nonlinearity in the dynamical equation, equation (1), is negligible when
q* ~ ¢¢. The return time therefore depends only on the dynamics in equation (3), which specifies
that return time statistics depend not on the returning value, but rather on whether the walk is

biased or not, which is determined by (7*) — (7%)..
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Supporting Figures

Head Tank

Sediment Trap Camera

c =—5mm

Figure S1. Experimental setup and grain tracking. (a), Schematic side view of laboratory
flume. (b) Image frame from an experiment using glass spheres, with particle centers and veloci-
ties calculated from grain tracking overlain (Text S2). Arrow lengths indicate velocity magnitude.
The thick solid line indicates the top of the bed, below which grains were stationary over a suffi-
ciently long time (Text S2). (c), Same as (b), but for an experiment using natural grains. Grains

have been painted to aid grain tracking.
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Figure S2. Intermittent bed load sediment flux. Sample data from three flume experiments

using natural grains, representing typical runs with low sediment flux ((a) and (d)), intermediate

sediment flux ((b) and (e)), and high sediment flux ((c) and (f)). (a)-(c), High-speed video

frames showing grain centers and velocities and the location of the bed, as in Figure Slc. (d)-(f),

Samples of the corresponding sediment flux time series. (g), Probability density function (PDF)

calculated from the sediment flux time-series. The red dashed line shows the theoretical slope

of the PDF tail at the threshold of motion. The grey dashed line shows a Gaussian distribution

with the same mean and variance as the high sediment flux case.
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Figure S3. Convergence time for the average sediment flux. The averaging time necessary
to converge to within 15% of the final average for various values of shear stress (7%) in the
experiments with (a) glass spheres, and (b) natural grains. Point colors correspond to the shear
stress color scale in Figure 2. Uncertainty bars in the shear stress are one standard error of the
mean. Uncertainty bars in the convergence time represent the time needed to converge to within
20% of the final average (lower limit) and within 10% of the final average (upper limit). Dashed
black curves are fits of equation (4) to the data using an orthogonal distance regression. Values of
the critical shear stress, (7*)., determined from the fits are denoted by vertical black dashed lines,
with grey shading indicating one standard error. Red dashed lines with rose shading indicate the

critical shear stress determined from the PDF of ¢* (Figure 3).
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Figure S4. Data from the experiments of Ancey et al. (2015). Intermittent sediment flux time
series taken from an experiment performed by Ancey et al. (2015) in a flume 2.5 m long and 8 cm
wide, using gravel with mean diameter dsy = 6.25 mm, feed rate of approximately ¢}, = 0.0003,
or 0.37 particles per second, and average water depth of A = 1.37 cm so that h/dsy = 2.2. This
experiment was performed for over 50 hours and produced intermittent bursts of transport orders
of magnitude larger than the input rate (a). Both the PDF of ¢* (b) and of the waiting time (c)
are consistent with our findings, which state that the tail exponent for the PDF of ¢* should be
approximately —1 (equation (2)) and that the waiting time distribution PDF should be a power
law with exponent —3/2 (equation (3)). Despite the average waiting time of only (At) = 6
mins between transport events of ¢i = 5 x 10™*, the convergence time for a correctly determined
average was found to be 10 hours (Ancey et al., 2015). This factor of 100 ratio between average
waiting time and convergence time is similar to our experimental findings.
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Figure S5. Average sediment flux. Time-averaged sediment flux for every experiment per-

formed for this study using (a) glass spheres and (b) natural grains.
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