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Key Points:

» We present a novel strategy to invert 3D magnetotelluric (MT) data together with
other data sets in a fully probabilistic manner.

¢ We apply our method and perform the first joint probabilistic inversions of 3D MT
and surface-wave dispersion data for imaging the electrical conductivity distribu-
tion in the lithosphere.

« We demonstrate the capability and applicability of our approach to include 3D
MT data into joint probabilistic inversions for the physical state of the interior of
the Earth.

Corresponding author: Maria Constanza Manassero, maria-constanza.manassero@mq.edu.au
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Abstract

Joint probabilistic inversions of magnetotelluric (MT) and seismic data has great poten-
tial for imaging the thermochemical structure of the lithosphere as well as mapping fluid/melt
pathways and regions of mantle metasomatism. In this contribution we present a novel
probabilistic (Bayesian) joint inversion scheme for 3D MT and surface-wave dispersion
data particularly designed for large-scale lithospheric studies. The approach makes use
of a recently developed strategy for fast solutions of the 3D MT forward problem (Man-
assero et al., 2020) and combines it with adaptive Markov chain Monte Carlo (MCMC)
algorithms and parallel-in-parallel strategies to achieve extremely efficient simulations.
To demonstrate the feasibility, benefits and performance of our joint inversion method
to image the temperature and conductivity structures of the lithosphere, we apply it to
two numerical examples of increasing complexity. The inversion approach presented here
is timely and will be useful in the joint analysis of MT and surface wave data that are
being collected in many parts of the world. This approach also opens up new avenues
for the study of translithospheric and transcrustal magmatic systems, the detection of
metasomatised mantle and the incorporation of MT into multi-observable inversions for
the physical state of the Earth’s interior.

1 Introduction

Joint inversions of two or more geophysical data sets are common practice for imag-
ing the Earth’s interior and elucidating the physical state of the planet. When the in-
verted data sets have complementary sensitivities to the properties of interest, joint in-
versions can significantly reduce the ambiguity inherent in single-dataset inversions, achieve
more stable solutions, increase identifiability of features and enhance model resolution.
Perhaps more importantly, certain properties of the Earth’s interior can only be revealed
by combining observations from different techniques. An example is the bulk composi-
tion of the lithospheric mantle, which requires independent constrains on the bulk den-
sity (e.g. from gravity data sets) and shear-wave velocity (e.g. from surface-wave data).
Recent discussions on the benefits and limitations of joint approaches for imaging the
structure of the lithosphere and upper mantle can be found in e.g. Khan et al. (2006);
Afonso et al. (2013a); Afonso, Moorkamp, & Fullea (2016) and Moorkamp (2017). The
joint inversion of magnetotelluric (MT) with seismic data (e.g. Khan et al., 2006; Moorkamp
et al., 2007; Gallardo & Meju, 2007; Jegen et al., 2009; Moorkamp et al., 2010; Vozar et
al., 2014; Bennington et al., 2015; Afonso, Rawlinson, et al., 2016; Jones et al., 2017) is
of particular interest as they offer complementary sensitivities to temperature, compo-
sition and fluid/melt content that are impossible to obtain with other data sets (e.g. Gal-
lardo & Meju, 2007; Moorkamp et al., 2007; Jones et al., 2009; Moorkamp et al., 2010;
Selway et al., 2019; Afonso, Rawlinson, et al., 2016; Afonso, Moorkamp, & Fullea, 2016).

In the context of whole-lithosphere structure, both seismic (or seismic plus gravity) and

MT data can be used to put constrains on the background (or regional) thermal and min-

eralogical structure (e.g. Jones et al., 2009; Karato & Wang, 2013; Afonso, Rawlinson,

et al., 2016; Afonso, Moorkamp, & Fullea, 2016), but only MT is strongly sensitive to

hydrogen content, minor conductive phases and/or small volumes of fluid or melt (Karato,

1990, 2006; Evans, 2012; Yoshino, 2010; Khan, 2016; Selway, 2014). Therefore, while both

data sets should converge towards a consistent view of the background thermochemical

structure, they will diverge in regions where the electrical conductivity of rocks is affected

by factors other than temperature or bulk composition. This makes MT+seismic joint

inversions a powerful means to detect fluid pathways in the lithosphere, (e.g. Selway &

O’Donnell, 2019; Evans et al., 2019), including the locus of partial melting, ore deposits

and hydrated (or metasomatized) lithologies. This unique potential of joint MT+seismic

inversions has also given impetus to the acquisition of collocated MT and seismic data

over large regions. Concrete examples are the MAGIC and EarthScope USArray in USA
(www.usarray.org), the AusLAMP program and AusArray in Australia (www.ga.gov.au/eftf/minerals/nawa),
the IberArray (www.iberarray.ictja.csic.es/) in Europe and the Sinoprobe in China (www.sinoprobe.org).
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These programs are providing high-quality seismic and MT data with unprecedented res-
olution and coverage, allowing the pursuit of large-scale 3D joint inversions for the phys-
ical state of the whole lithosphere and upper mantle.

The actual approach to the joint inversion of MT with seismic data is still a mat-
ter of much debate. While traditional deterministic methods are computationally effi-
cient, they are not well suited to deal with the inherent non-uniqueness of geophysical
data sets, and MT data in particular (e.g Wait, 1962; Parker, 1971; Oldenburg, 1979; Mallick
& Verma, 1979; Parker, 1980). They are also generally unstable with respect to measure-
ment and/or modeling errors (thus requiring strong regularization) and ill-suited for global
uncertainty analysis (e.g. Afonso, Moorkamp, & Fullea, 2016; Moorkamp, 2017). Prob-
abilistic inversion methods represent an attractive alternative (Tarantola, 2005; Gregory,
2005; Mosegaard & Hansen, 2016) as they are less susceptible to the above-mentioned
limitations and provide substantially more information on the parameters of interest via
full probability distributions. In probabilistic or Bayesian approaches, the solution to the
inverse problem is given by the so-called posterior probability density function (PDF)
over the model parameter space. This PDF summarizes all the information about the
unknown parameters and their uncertainties conditioned on the data and modeling as-
sumptions. As such, it represents the most general solution to the inverse problem. For
non-linear problems and/or complex priors, the posterior PDF cannot be represented
analytically and it needs to be sampled point-wise using e.g. Markov chain Monte Carlo
(MCMC) algorithms (Mosegaard & Tarantola, 1995; Gilks et al., 1995; Tarantola, 2005;
Gregory, 2005). This particular sampling-based approach to probabilistic inversions makes
them less efficient than deterministic approaches, as they typically require the numer-
ical solution of millions of forward problems. When the forward problems are compu-
tationally expensive, probabilistic approaches can be rendered impractical.

Joint probabilistic inversions of MT and seismic data have been successfully im-
plemented by e.g Khan et al. (2006, 2008); Afonso et al. (2013a, 2013b); Vozar et al. (2014)
and Jones et al. (2017) in the context of 1D MT data only. For the cases of 2D and 3D
MT data, however, the large computational cost of the MT forward problem has been
the main impediment for pursuing probabilistic inversions, as the number of forward so-
lutions required are typically on the order of 10° — 107.

In recent years, various methods and strategies for reducing the cost of full forward
solutions have been proposed (see reviews in Frangos et al., 2011; Peherstorfer et al., 2018).
The general idea behind these methods is the construction of an approximation, called
the low-fidelity or surrogate model, which can be used instead of, or combined with, the
costly full forward or high-fidelity solution. Having a faster surrogate of the forward prob-
lem is beneficial in a number of contexts, but it is particularly attractive in the context
of MCMC schemes used to estimate the posterior PDF in a probabilistic inversion (Chris-
ten & Fox, 2005; Cui et al., 2015; Florentin & Diez, 2012; Conrad et al., 2016; Galabert
et al., 2019; Manassero et al., 2020; J. Zhang & Taflanidis, 2019). In traditional imple-
mentations, the surrogates are computed in an offline stage (prior to the probabilistic
inversion) at specific locations within the parameter space called ‘snapshots’. However,
it has been recently shown (Cui et al., 2015; Yan & Zhou, 2019; J. Zhang & Taflanidis,
2019; Galabert et al., 2019; Manassero et al., 2020) that in the context of high- and ultra-
high-dimensional probabilistic inversions, it is practically impossible to pre-explore the
parameter space in an offline stage to create surrogates that will guarantee accurate so-
lutions within the so far unknown high-probability regions. In these situations, an adap-
tive MCMC approach where the surrogate is refined online during the MCMC simula-
tion is a more effective and efficient approach. A strategy to reduce the computational
cost of the 3D MT forward solver and perform full probabilistic 3D MT inversions has
recently been presented by Manassero et al. (2020). This novel strategy, called RB+MCMC,
combines i) an efficient parallel-in-parallel structure to solve the 3D MT forward prob-
lem, ii) a Reduced Basis Method to create fast and accurate surrogate models of the high-
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fidelity solution, and iii) adaptive strategies for both the MCMC algorithm and the sur-
rogate model.

This paper builds on our previous work (Manassero et al., 2020) and presents the
first joint inversion of 3D magnetotelluric and surface-wave data within the context of
MCMC-driven, fully probabilistic inversions. Specifically, we focus on a realistic 3D map-
ping of the electrical conductivity structure of the lithosphere including the locus of deep
thermochemical anomalies and fluid pathways. We adopt the RB+MCMC strategy to
compute 3D MT surrogate models and propose complementary parameterizations to cou-
ple both data sets. Using realistic, whole-lithosphere synthetic models, we demonstrate
the benefits and general capabilities of our method for 3D joint probabilistic inversions
of MT with surface-wave data in particular, and with other data sets in general.

2 Bayesian Inversion

Within the context of Bayesian inference, the most general solution to the inverse
problem is represented by a multi-dimensional probability density function (PDF) over
the combined parameter-data space (cf. Tarantola & Valette, 1982; Gilks et al., 1995;
Mosegaard et al., 2002; Gregory, 2005; Kaipio & Somersalo, 2006; Mosegaard & Hansen,
2016). This distribution is known as the posterior PDF and can be thought of as an ob-
jective measure of our best state of knowledge on the problem at hand. It is obtained
as a conjunction of the available information on the model parameters (m), the data (d),
and their uncertainties. In particular, the conditional probability density for the model
parameters given the observed data, P(m|d), is formally given by

P(m]|d) x £(m)P(m). (1)

where P(m) is a PDF encoding a priori information on the parameter space (what we
know or believe about the unknown model parameters prior to considering the actual
data) and £(m) is the so-called likelihood function, which describes the probability of
obtaining the observed data d given m. In general, P(m|d) will be non-linear and high-
dimensional (and possibly multi-peaked), with no simple analytical description. When
this is the case, unbiased approximations of P(m|d) are commonly obtained via Markov
chain Monte Carlo (MCMC) methods (Gilks et al., 1995; Mosegaard & Tarantola, 1995;
Tarantola, 2005; Gregory, 2005). These type of algorithms are designed to output Markov
chains that have P(m|d) as their equilibrium distributions by repeatedly drawing mod-
els m; and evaluating their posterior probability P(m;|d). A large number of MCMC
methods have been proposed in the literature, all with relative merits and drawbacks.

We refer the reader to the excellent monographs by e.g. Tarantola & Valette (1982); Gilks
et al. (1995); Gregory (2005); Calvetti & Somersalo (2007) and Mosegaard & Hansen (2016)
for in-depth treatments of Bayesian and MCMC methods applied to inverse problems.
In the following, we restrict ourselves to describing only the most relevant theoretical
and computational aspects for our purposes.

2.1 The Likelihood Function

The construction of an appropriate likelihood function £(m) is a critical part of
any Bayesian inference problem. £(m) is typically specified by the distribution of the
data uncertainty, which includes both observational and modelization errors. In most
cases, observational errors are relatively straightforward to model. Modelization errors,
on the other hand, are more complex (and commonly ignored in most geophysical stud-
ies) to describe and typically involves exploratory assessments of both numerical errors
- e.g. convergence analyses - and Monte Carlo estimates of the correlations between dif-
ferent data sets (see discussions and approaches in Gouveia & Scales, 1998; Afonso et
al., 2013a). In the convenient (and most popular) case where both observational and mod-
elization errors can be assumed to be approximately Gaussian, the likelihood function
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takes the form:

£(m) o eap( — 5 (g(m) — d)'C ™ (g(m) - d)') = eap(®), (2)

1
2
where C is the data covariance matrix and g(m) denotes the data predicted by the for-
ward problem for model m. The term ¢ within the parenthesis in Eq. 2 is commonly re-
ferred to as the misfit of model m.

If the data errors are uncorrelated, C is a diagonal matrix and the misfit can be

written as N
1 gi(m) — d;(m)\?2
o=—5> (L) 3)
i=1 Si
where N is the total number of data and s; denotes the standard deviation for the i-th
data error.

A more robust and often more realistic assumption (Farquharson & Oldenburg, 1998;
Rosas-Carbajal et al., 2013) is that data errors follow a Laplace (double exponential) dis-
tribution. In this situation, and considering uncorrelated data errors, the data misfit is
given by (Tarantola, 2005)

N
p=-3" \gi(m)fdi(m)|. ()
i=1 ¢

S

In the case of joint inversions of independent observational data sets, the likelihood
function can be written as the product of partial likelihoods:

L(m) =] £;(m), ()

where £; refers to the likelihood associated with the dataset d’. The assumption of in-
dependent observational data is well justified in most practical situations, an in partic-

ular in the MT+seismic case discussed in this paper, as different data sets are commonly
gathered in separate surveys using different instrumentation. An important practical ad-
vantage of the factorization of the likelihood into partial likelihoods (Eq. 5) is that it makes
it possible to adopt a Cascaded Metropolis (CM) approach (Tarantola, 2005; Hassani

& Renaudin, 2013), which is typically more efficient than a standard Metropolis-Hastings
algorithm applied to the total likelihood.

2.2 Cascaded-Metropolis Algorithm

The CM algorithm is particularly useful when the different data sets jointly inverted
are independent, have complementary sensitivities to different aspects of the problem,
and at least one of the forward solvers is more computationally demanding than the oth-
ers. The basic idea is to apply a Metropolis criterion sequentially to each partial pos-
terior (prior x partial likelihood), which becomes an updated prior in the evaluation of
the subsequent partial posterior (e.g. Hassani & Renaudin, 2013, 2018). The practical
benefits of the above procedure are significant when the partial likelihoods are arranged
in order of computational complexity or cost, as there is no need to compute expensive
forward solutions for models that are rejected early in the sequence (see e.g. Tarantola,
2005, for further details).

The basic procedure for the case of two forward operators is as follows: For a new
sample my, the first partial posterior P;(m;|d) = £;(m;)P(m;) is always computed
using the computationally inexpensive forward solution. If P;(m¢|d) > Pj(m:_1|d),
this first posterior becomes a prior in the evaluation of the second partial posterior which
is now obtained from the expensive forward:

Po(my|d) = Lo(my) P (my|d). (6)
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If Pi(my|d) < Pi(m;_;|d), the algorithm randomly decides to evaluate Py(m;|d) or

to reject the proposed moved with a probability P = P;(my|d)/P;(m;_1|d) of going

to the second step. At the second step, the acceptance of the proposed move is computed
as in the standard Metropolis-Hastings algorithm. In this work, P;(my|d) and P;(m;|d)

correspond to the surface-wave dispersion solver and the 3D MT solver, respectively (see
details in Section 3).

We will also make use of the Adaptive Metropolis (AM) approach of Haario et al.
(2001) to ameliorate the problem of choosing an optimal proposal before the start of the
MCMC simulation and to obtain a more efficient sampling strategy of the parameter space
that exploits correlations in the model parameters. We leave the presentation of this method
to Section 5, where the general sampling strategy is discussed in detail.

3 Forward Problems
3.1 The Magnetotelluric Forward Problem

In this section, we introduce the 3D magnetotelluric (MT) forward problem, the
finite-element high-fidelity solver and the RB4+MCMC approach to compute surrogate
solutions. The reader is referred to Douglas Jr et al. (1999, 2000) and Zyserman & San-
tos (2000) for an in-depth treatment of the theory behind the formulation of the 3D MT
problem and to Manassero et al. (2020) for a detailed description of the surrogate ap-
proach.

3.1.1 High-fidelity solver for the MT forward problem in 3D

Using the secondary field formulation of Douglas Jr et al. (1999, 2000) and the ab-
sorbent boundary conditions defined by Sheen (1997), the MT forward problem in 3D
is defined as follows:

Find E and H such that

cE-VxH = -F in Q, (7a)
wpH+VXE = 0 in (7b)
(1-9)PcdE+vxH = 0 on 9N =T, (7¢)

where E is the electric field [V /m]; H is the magnetic field [A/m]; po is the magnetic per-
meability of free space [Vs/Am]; o is the electrical conductivity [S/m] of the medium €
R? and T' = 09 is the boundary of the domain Q. a is defined as a = (0 /2wpuo)'/? and
P, =@ —v(v- ) is the projection of the trace of any vector ¢ on I' where v is the
unit outer normal to I'.

High-fidelity numerical solutions to Eqs. 7 are sought via an optimized version of
the finite element (FE) code developed by Zyserman & Santos (2000). In this optimized
version, once the variational formulation of Eqs. 7 is discretized in terms of the FE shape
functions, Egs. 7 are converted into the following linear system of equations:

KU =F, (8)

where KNFeXNrE jg 3 sparse and symmetric matrix (the so-called FE stiffness matriz)
and Ngg is the number of degrees of freedom (usually very large). FN#£*1 is the force
vector and UNFEX1 is a vector containing the unknown coefficients for the electric field
in the whole domain. In MT, the numerical forward solution for a conductivity model
requires the computation of two (typically orthogonal) components of the electromag-
netic (EM) fields per frequency. Here, these components are referred to as US" and USL,
for a frequency 7. Once these solutions are computed, their coefficients and the FE shape
functions are used to derive the electric and magnetic fields in the whole domain and at



220 the surface of the Earth (for comparison with the observed data). It is worth noting that
221 although the EM fields that satisfy Eqs. 7 are the actual solution to the forward prob-
22 lem, we will refer to the vector U (either US" or US1) as the high-fidelity solution to

223 the forward problem.

24 As previously mentioned, the overall cost of computing the high-fidelity solution
25 has been the main limitation preventing probabilistic inversions of 3D MT data. In the
226 following section, we briefly describe the RB+MCMC strategy introduced in our pre-
207 vious paper (Manassero et al., 2020) to obtain fast and accurate approximations of the

228 high-fidelity solutions.

229 3.1.2 Surrogate solutions: A Reduced Basis + MCMC approach

230 The RB+MCMC approach combines three main elements i) a Reduced Basis (RB)
231 method to obtain fast approximations of the high-fidelity solution; ii) an MCMC algo-
23 rithm that drives the sampling of the parameter space and iii) an efficient parallel-in-

233 parallel structure to solve the 3D MT forward problem (for both the surrogate and high-
234 fidelity solvers). The first level of parallelization is defined by frequency, i.e. different pro-
235 cessors are in charge of computing the forward solution for different frequencies. The sec-
236 ond level of parallelization includes a group of processors linked to each frequency which
237 compute (when needed) the costly high-fidelity solutions using the parallel solver MUMPS
238 (Amestoy et al., 2001, 2006).

239 The general idea behind RB approaches is to seek for surrogate solutions as pro-

240 jections onto a space of small dimensionality, referred to as the reduced basis. We gen-

2n erate a reduced basis space Vrp per frequency and field orientation, with dimension Ngpp <
242 Nrg and basis vectors V. These bases are high-fidelity solutions of Eqgs. 8 for specific

23 realizations 6 of the conductivity model, o(x, ). In contrast to traditional RB approaches,
244 these bases are not sampled in a pre-inversion stage, but rather during the MCMC in-

25 version. In this way, each Vg p is automatically updated (enriched) by adding new bases

246 as needed during the evolution of the MCMC chain. This online enrichment approach

oa7 circumvents the need of costly offline stages to build the reduced basis and increases the

218 overall efficiency of the method (e.g. Manassero et al., 2020).

249 In the following, we summarize the main steps of the RB+MCM procedure. Note
250 that items (1)—(4) are implemented per frequency i and field orientation (S* and S? ):

251 1. If there are bases available from an offline stage or from a preliminary probabilis-
252 tic inversion, we load these bases as the initial basis matrix Vgg. Otherwise, we
253 compute the high-fidelity solution of the starting model of the Markov chain and
254 add it as a column vector in the initial Vgp .

2. For a new sample m; = o(x,0), we first seek for a surrogate solution to the for-
ward problem by solving

KRB(G)a = FRB(Q) (9)

for the the coefficients a(); where Kgg(0) V75 *Nrs = Ve K(0)Vgg is the RB
matrix, Frp(0)Vre>*1 = VRBTF(G) is the RB force vector and Vg VFe*Nrs —
[V1,Va, ..., V] is the matrix of basis vectors of Vgg. The surrogate solution,
Ugrg(0), is then found as a linear combination of the basis vectors in Vg by sub-
stituting the coefficients a(6) into the following equation:

NrB
Urg(x,0) = »_ a;(0)V; = Vgga(0). (10)
j=1
255 Since the linear system of Eqs. 9 is of size Ngp < Npg, its computational cost
256 is only a small fraction of the time consumed in solving Eqs. 8.



3. The following relative error is computed to assess the accuracy of the surrogate
(Quarteroni et al., 2015; Hesthaven et al., 2016):

IKUgrg — F||

Rrs : IE]] ; (11)
257 where || - || is the Lo norm.
258 4. The surrogate solution is considered admissible if Rrg < 8 for a prescribed tol-
259 erance (3. ‘ -
260 5. If all the errors Rrp are smaller than 3, we accept URBSVL and URBSi as good
261 approximations of the high-fidelity solution for all frequencies. In this case, the
262 corresponding approximate likelihood, £o(m;), is computed and the sample is ei-
263 ther accepted or rejected according to the Metropolis-Hastings (MH) criterion.
264 6. In the case of any Rrp > £, the high-fidelity FE solution for that frequency and
265 component of the EM field is computed for m; and added as a new basis vector
266 to enrich the corresponding space V. Since the posterior probabilities of the pro-
267 posed sample m; and that of the current sample m;_; are no longer comparable
268 (i.e. they were computed with different solvers, FE and RB, respectively), we re-
269 compute the surrogate solution (and the associated likelihood) at sample m;_1
270 using the newly enriched RB space. If m; is rejected by the MH criterion, a new
n trial m; is proposed in the vicinity of m; and its likelihood is computed with the
272 newly enriched RB space. This new trial m} is accepted/rejected according to a
3 modified Metropolis ratio to account for the delayed rejection (i.e. two propos-
274 als) step (see e.g. Haario et al., 2006; Mira et al., 2001).
15 As explained in Manassero et al. (2020), the last step above is required to preserve

276 the ergodicity of the algorithm, but it is not the only possible option. We refer the reader
277 to our previous work (Manassero et al., 2020) for further details on the combined RB+MCMC

218 approach and additional functionalities to improve the efficiency of the method (e.g. use
279 of variable tolerances and Singular Value Decomposition of the basis).

280 3.2 The Surface-Wave Forward Problem

281 Surface waves (SW) provide one of most valuable data sets to study the lithospheric
282 structure (e.g. Yang et al., 2008; Huang et al., 2009; Afonso et al., 2013a). One of the

283 most common approaches involves i) the generation of dispersion curves or 2D phase ve-
284 locity maps at a number of periods via seismic tomography and ii) the subsequent 1D

285 inversion of local dispersion curves for the shear velocity structure at depth (e.g. Ritz-

286 woller et al., 2002; Yang et al., 2008; Bensen et al., 2009; Shen et al., 2013; Afonso, Rawl-
287 inson, et al., 2016). Here we do not deal with the tomography part, for which many ap-

288 proaches are possible and covered in detail elsewhere, and consider only the inversion
289 of dispersion curves. The relevant forward problem is therefore the computation of dis-
200 persion curves as functions of 1D vertical velocity structures, for which we use a mod-
201 ified version of the forward code disp96 (Herrmann & Ammon, 2002; Afonso et al., 2013b;
202 Afonso, Rawlinson, et al., 2016) . We compute anelastic wave velocities (V; and V,, ) of
203 mantle rocks as (Afonso et al., 2005, 2008, 2010):
Vi = Vio(T, P)[1 — (1/2)cot(an/2)Q; (T, T, P,d)], (12)
V, = VyolT,P)[1 - (2/9)cot(ar/2)Q; (T, T, P,d)], (13)
204 where Vo and V), are the unrelaxed, high-frequency (anharmonic) wave velocities at a

205 given temperature (T) and pressure (P) (cf. Afonso et al., 2010). Without loss of gen-
206 erality, here we compute them as

v, v,
_ ref p p
Vio vyl + 5T AT + 5P AP, (14)
AV, oV,
= Vvref 4 Z2AT AP, 1
Vo vrel + 3T + ap O (15)
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where Vpref and V;ef are reference velocities at Tyey and Prey; AT = T — T,..y and
AP = P—P,.;. The factor Q: ! is obtained as (Jackson et al., 2002; Jackson & Faul,
2010)
T, —-E+ VP jo
-1 o
B ey BV !
Q" = A2 exp( ) (16)

where T, is the oscillation period, d is grain size, F is the activation energy, V is the ac-
tivation volume, « is an empirical exponent, A is a pre-exponential constant and R is
the universal gas constant. Although more sophisticated/realistic approaches for com-
puting anelastic seismic velocities are possible (e.g. Matas & Bukowinski, 2007; Khan

et al., 2008; Afonso et al., 2013a, 2013b; Vozar et al., 2014), the set represented by Egs.
12-16 is sufficient for the goals of this paper.

4 Model Parameterization and Discretization

A key difficulty in the joint inversion of two or more disparate geophysical data sets
is how to define the interdependence between model parameters in an internally consis-
tent manner. For instance, if our goal was to jointly invert first arrivals of compressional
waves (V) and gravity anomalies (a common approach in geophysics), we would need
to answer the following question: how is V), related to bulk density in our medium? A
typical assumption in this case is considering a linear correlation between V), and den-
sity (e.g. Birch, 1961, 1964; Feng et al., 1986; Yasar & Erdogan, 2004). While this is a
popular and practical assumption, the actual relationship between V), and density also
depends on temperature, pressure and bulk composition (see e.g. Afonso et al., 2013a;
Guerri et al., 2016). Several authors therefore distinguish between primary and secondary
parameters (e.g. Bosch, 1999; Khan et al., 2006; Afonso et al., 2013a). The latter are the
most commonly used in geophysical inversions and refer to those that enter the govern-
ing equations of the forward problems (e.g. V},, density, electrical conductivity); the for-
mer are more fundamental in their nature and thus control the values of the secondary
ones (e.g. temperature, porosity, pressure).

In the case of joint inversions of SW and MT data, the primary parameters con-
trolling both the seismic velocities and electrical conductivity (o) in the mantle are tem-
perature (T'), bulk major-element composition (C') and pressure P (e.g Jones et al., 2009;
Fullea et al., 2011; Evans, 2012; Selway, 2014). Using empirically calibrated equations
of state of the type V, (T, P,C), V,(T, P,C) and o(T, P,C'), and thermodynamic constraints,
we can establish direct relationships between the primary and secondary parameters (Bosch,
1999; Xu et al., 2000; Khan et al., 2006; Jones et al., 2009; Yoshino, 2010; Fullea et al.,
2011). Since the electrical conductivity is also highly sensitive to hydrogen content, mi-
nor conductive constituents and localized melt/fluid pathways, we can explicitly write
o(T, P,C, X), where X stands for any factor other than the bulk major-element com-
position of the rock. This distinction emphasizes the fact that although both seismic ve-
locities and electrical conductivity can constrain the background T-P-C field, the elec-
trical conductivity offers sensitivity to additional factors. The chosen model parameter-
ization should thus be able to accommodate representative variations in both primary
parameters (that simultaneously control V,,, Vs and o) and those responsible for conduc-
tivity anomalies above the background values. At the same time, as in any other inverse
geophysical problem, the choice of model parameterization needs to be based on the prin-
ciples of i) flexibility, ii) parsimony, iii) parameter identifiability and iv) suitability for
the intended use.

With all of these in mind, and given our particular interest in lithospheric-scale imag-
ing, we focus on a mixed parameterization of the conductivity distribution as the super-
position of two contributions: a background conductivity related to the long-wavelength
thermo-physical state of the lithosphere and an anomalous conductivity distribution as-
sociated with the presence of features such as fluid pathways, melt-rich regions, hydrogen-
rich domains, anomalous mineral assemblages, etc. Following Afonso et al. (2013a, 2013b),
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we choose the depth to the lithosphere-asthenosphere boundary (LAB) and the bulk man-
tle composition as the main model parameters to constrain the background velocity and
conductivity structures. We discuss this parameterization in more detail in Section 4.1.
In order to account for smaller-scale conductivity anomalies superimposed on the back-
ground, we use a more standard parameterization based on conductivity nodes. This pa-
rameterization is only relevant to the MT forward problem and it is described in detail
in Section 4.2. As shown in the numerical examples of Section 6, the advantage of us-
ing this combined parameterization is that a rapid convergence is achieved by using the
LAB depths to constrain the first-order conductivity background at the beginning of the
inversion. Once this first-order convergence has been achieved, the nodal values are used
to locally modify the background to fit the smaller-scale features of the data.

4.1 Background parameterization

The 3D numerical model is made up of a collection of M., columns (see Fig 1.b).
Each individual column is characterized by its own LAB depth. Here, we identify the
LAB with the depth to the 1250°C isotherm (cf. Afonso, Moorkamp, & Fullea, 2016).
In order to obtain the background conductivity structure from the LAB structure, we
first compute the thermal profile of each column by solving the steady-state heat trans-
fer problem with Dirichlet boundary conditions at the surface (T;=10°C) and bottom
of the lithosphere (T, 45=1250°C). For simplicity we assume a linear temperature gra-
dient between the LAB and 410 km depth, where the temperature is fixed at Ty;0=1550°C.
This gradient is extrapolated to the bottom of the numerical domain (460 km). A pres-
sure profile is also computed in each column using the following quadratic lithostatic-
type approximation:

P(z) = 0.99 x (4.4773 x 10732% 4 3.2206 x 10z — 1.284278 x 10%), (17)

where P is pressure in Pa and z is depth in meters.

As a further simplification, we assume a dry and homogeneous mantle composition
with the following mineral modes: 56, 18.2 ,10.8 and 15 vol% for olivine, orthopyroxene,
clinopyroxene and garnet, respectively. While more realistic/sophisticated approaches
to map major-element composition into mineral phases should be used when working with
real data (e.g. Khan et al., 2006; Afonso et al., 2013a, 2013b; Afonso, Rawlinson, et al.,
2016; Jones et al., 2017), this simplification does not affect the main results and conclu-
sions of this paper. The electrical conductivity for each mineral phase is obtained us-
ing Eq. A3 with parameters specified in Table A1 and the bulk electrical conductivity
(i.e. that of the mineral aggregate or rock) of each FE cell in the mantle is computed
using the Hashin—Shtrikman averaging scheme (Hashin & Shtrikman, 1962, 1963).

For the surface-wave dispersion problem, each 1D column is further subdivided into
60 layers, each with constant density and wave velocities. The density of each layer is
computed as a function of T" and P values at the depth of its mid-point as follows:

o(P,T) =00+ 1—a(T - Tp) +n(P - F), (18)

with g9 = 3355 kg/m?, Ty = 10°C, Py = 0 Pa, a = 3.6 x 107° 1/°C and n= 1.1 x
1071 /Pa. For a particular layer, the V,, and V, are obtained using Egs. 12 and 13 with
the following values: A, = 750s~® um®, o = 0.26, E = 424 kJmol™', V = 1.3 x
10~° m3mol~! and grain size d = 5.0 pm. Given the periods of interest for surface
waves, we adopt T, = 50 s in Eq. 16 (Liu et al., 1976; Lebedev & Van Der Hilst, 2008;
Moorkamp et al., 2020). The values for the parameters used in Egs. 14 and 15 are listed
in Table 1 (after Afonso et al., 2010).
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Table 1: Parameters used in the computation of Vso and V.

Thep | 800.0°C

Py 0 Gpa

oV,/0T | =51 x107* (km/sC)
OV,/0P | 0.110 (km/sGPa)
OV,/OT | —3.3x 104 (km/sC)
OVs/OP | 0.03 (km/sGPa)

374 4.2 Node-based parameterization

375 Any conductivity anomaly that departs from the background is described with N oges
376 nodes located within the numerical domain. In order to define the nodal locations (Fig.

377 8.c), the domain is first sub-divided into horizontal layers of variable thickness. The mid-
378 points of these layers correspond to the nodal depths. Considering that bodies with di-

379 mensions smaller than the electromagnetic skin depth cannot be resolved by the MT data,
380 the horizontal distance between different locations within each layer is chosen relative

381 to the skin depth for the range of periods and apparent resistivities shown in the observed
382 data (see for example Figs. 4). The parameters of interest to be retrieved by the inver-

383 sion are the conductivity values of these nodes. During the probabilistic inversion, the

384 nodal values are interpolated to each FE cell of the numerical domain via kriging inter-

385 polation (see e.g. Cressie, 1993; Omre, 1987; Williams & Rasmussen, 1996) using spa-

386 tially varying correlation lengths (Section B1). Details about the implementation of the
387 interpolation are given in Appendix B.

388 Intuitively, the range of anomalous conductivity values for the nodes should allow

389 for positive and negative perturbations with respect to the background. However, as the
390 electrical conductivity values can span several orders of magnitude, nodal values are typ-
301 ically obtained from proposal distributions defined in logarithmic scale (e.g. Jeffreys and
392 log-normal distributions). Since the domain of the logarithmic function is the set of all

303 positive real values, the sampled anomalous conductivity values (in linear scale) are al-

304 ways positive. Alternatively, one could consider the sign of the anomaly at each node

305 as an additional parameter to be recovered by the inversion, but this option would dou-
396 ble the number of model parameters. In practice, the use of positive anomalies is not a

307 limitation, as resistive structures (i.e. negative deviations from the background) are gen-
308 erally determined solely by changes in the thermo-physical state (e.g. temperature and/or
399 composition changes) whereas anomalous features of interest, such as presence of melt

400 and/or fluid, hydrogen content, grain-boundary graphite films and interconnected sul-

a01 fides produce positive conductivity anomalies (e.g. Selway, 2014; Hu et al., 2017). Con-

402 sidering positive anomalous values over the background is therefore sufficient to repre-

403 sent any feature of interest while keeping the number of parameters small.

404 4.3 A note on the combined background + nodes parameterization

405 The current combined parameterization is specifically tailored to constrain the first-
406 order conductivity background and to locally accommodate smaller-scale anomalies. This
a07 parameterization also allows for considerable model variance/flexibility, as it is capable

a08 of approximating any conductivity structure, and it favors a rapid convergence at the

400 beginning of the inversion. However, it is difficult to know a priori the optimal number

410 of parameters necessary to retrieve the true model. An over-parameterization of the model
an can seriously compromise the convergence of the MCMC algorithm, whereas an under-

412 parameterization can introduce spurious features in regions where the conductivity nodes
a3 are far from each other (since the kriging-like interpolation produces unreal values where
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414 poor or none information from the surrounding nodes is available; see Appendix B and
415 Bl)

416 In practice, these issues are addressed by running preliminary inversions (similar

a7 to what is done in deterministic inversions with the variance-resolution trade-off diagram;
418 Menke (2018)). A more efficient approach would be to implement trans-dimensional al-

a10 gorithms (e.g. Ray & Myer, 2019; Brodie & Jiang, 2018; Bodin & Sambridge, 2009), where
20 the optimal dimensionality of the problem is identified as required by the data. In par-

1 ticular, the combination of the kriging interpolation (also known as Gaussian process re-
a2 gression) with a trans-dimensional algorithm is a promising approach (e.g. Ray & Myer,

423 2019) that warrants further investigation.

424 5 Sampling Strategy

s The sampling strategy is specifically tailored to take advantage of the differential
a2 sensitivities of the SW and MT data sets to the conductivity structure of the lithosphere.
a7 With this in mind, we subdivide the MCMC inversion into four main stages. The first

a2 stage aims to constrain the background conductivity associated with the first-order tem-

429 perature structure defined by the LAB depths (if we were interested in inverting for bulk

430 chemical composition, we would also sample this parameter). In the second stage, con-

231 ductivity anomalies over the background start to be sampled. During these first two stages,
432 we sample both the LAB depths and the conductivity nodes using a metropolized-independent
33 sampler (Tierney, 1994) where the proposal does not depend on the current state. Once

43 enough information (i.e. enough samples) has been acquired for both sets of parameters,

435 we incorporate ergodic adaptive strategies (Haario et al., 2001, 2006) to efficiently sam-

436 ple the full parameter space during the third and fourth stages. We briefly describe each
237 of these stages below.

438 5.1 First stage: focus on background fields

439 i Randomly select a column in the 3D domain using a metropolized-independent sam-
440 pler.

a1 ii Randomly propose an LAB depth for that column from its proposal distribution.

a2 iii Re-compute the temperature and pressure profiles and update the conductivity and
3 wave velocities (m;), as explained in Section 4.1.

244 iv Evaluate the first partial likelihood P;(m¢|d) with the SW solver.

a5 v Evaluate P;(m;|d) with probability P =P;(m,|d)/P;(m;_1|d) using the MT for-

a6 ward solution:

aar (a) Seek for a surrogate RB solution to the 3D MT forward problem (Section 3.1.2).

a8 (b) If Rrp < B for all frequencies, m; is accepted or rejected according to the Metropolis-
449 Hastings criterion.

450 (¢) If any Rrp > 3, the high-fidelity FE solution is computed at m;. The RB sur-

451 rogate is recomputed at m;_; and the algorithm proposes a new move in the vicin-
452 ity of m; whose acceptance is evaluated with a Delayed Rejection criterion (Sec-

453 tion 312)

a5 5.2 Second stage: conductivity nodes begin to be sampled

a5 When the number of MCMC steps reaches a predefined number of simulations (LAB-
456 stage):

457 i Randomly chose a type of parameter to sample (i.e. LAB depths or nodes) at each

458 MCMC step.

459 ii If chosen parameter = LAB, the algorithm follows the first stage.
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iii If chosen parameter = conductivity nodes:

(a) Randomly select n; nodes at a time, with all nodes having the same probability
of being chosen.

(b) Assign a random conductivity value to each node from their individual proposal
distributions.

(¢) Update the 3D conductivity model via kriging interpolation.

(d) P;(m¢|d) remains unchanged, i.e. it only changes when a new LAB value is pro-
posed.

(e) Evaluate P»(my|d) with the MT solver following items (a)-(c) of the first stage.

5.3 Third stage: adaptive strategy for the LAB depths

When the number of MCMC steps reaches a predefined number of simulations (LAB-
adapt):

i Compute a new multivariate Gaussian proposal distribution (via the Adaptive Metropo-
lis algorithm of Haario et al. (2001)) using the history of the MCMC chains. This
proposal now has information about spatial correlations in the LAB.

ii Randomly chose a type of parameter to sample (i.e. LAB depths or nodes) at each
MCMC step.

iii If chosen parameter = LAB:

(a) Randomly select m columns at a time, with all columns having the same prob-

ability of being chosen.

(b) Propose a new sample for the selected LAB depths using the global multivariate

Gaussian proposal.

(c) Follow items (iii)-(v) of the first stage.

iv If chosen parameter = conductivity nodes, the algorithm follows items (a)-(f) of the
second stage.

5.4 Fourth stage: adaptive strategy for the conductivity nodes

When the number of MCMC steps reaches a predefined number of simulations (nodes-
adapt):

i Compute a multivariate log-normal proposal distribution via the Adaptive Metropo-
lis algorithm using the MCMC chains of all nodes.
ii Randomly chose a type of parameter to sample (i.e. LAB depths or nodes) at each
MCMC step.
iii If chosen parameter = LAB, follow item (iii) of the third stage.
iv If chosen parameter = conductivity nodes:

(a) Randomly select ny nodes with a metropolized-independent sampler.

(b) Use the multivariate log-normal distribution to propose new conductivity values
for the ny random nodes with probability ¢(:|-) defined in Eq. C2.

(c) Follow items (c¢)-(f) of the second stage.

The first stage only needs a moderate number of models to significantly reduce the
original range of possible LAB values. This rapid convergence is due to the strong com-
bined sensitivity of SW and MT to the background field; it also allows the MCMC in-
version to focus on the last three stages (i.e. on conductivity anomalies not related to
the background T-P-C' conditions) while still allowing a continuous improvement of the
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background field. Additional gain in convergence efficiency is obtained with adaptive sam-
pling strategies applied to both LAB and conductivity nodes. The implementation of
these strategies is almost imperative given the high-dimensionality of the problem.

Note that the burn-in period needs to be larger than the total number of steps in
the first stage (LAB-stage) to ensure the overall ergodicity (e.g. Meyn & Tweedie, 2012)
and correct convergence of the sampler (Adaptive Metropolis and the RB+MCMC pro-
cedure of stages 3 and 4 maintain ergodicity, Haario et al., 2001, 2006; Manassero et al.,
2020, see also Section 3.1.2). We also note that while more advanced sampling strate-
gies (e.g, parallel tempering, differential evolution, auto-regressive chains) can be imple-
mented to further improve efficiency, we deliberately use this practical (and basic) four-
step adaptive strategy to test our joint inversion algorithm under adverse circumstances.

6 Numerical Examples
6.1 Example 1: Large-scale Thermal Lithospheric Structure

The aim of this example is to demonstrate the improved resolution and efficiency
of the joint MT+SW inversion to recover the background conductivity structure com-
pared to the probabilistic inversion of MT data only presented in Manassero et al. (2020).
Accordingly, we only use the LAB parameterization in the first and third stages (Sec-
tions 5.1 and 5.3) and simple noise statistics for the data.

6.1.1 Synthetic Data

The synthetic data correspond to a large-scale lithospheric model with dimensions
1600 x 1600 x 460 km (Figs. 1). The MT synthetic data are the off-diagonal apparent
resistivities and phases computed for 12 periods between 3.2s and 10%s at 400 stations.
The stations are located on a grid of 20 x 20 (Fig. 1.a) with an inter-station distance
of 80 km. The data uncertainties are assumed to be uncorrelated and normally distributed.
We use a standard deviation of 12% for the apparent resistivities and 1.5 degrees for the
phases.

For the case of the SW, the synthetic data are the normal mode Rayleigh wave phase
velocities for periods between 15s and 175s, computed at the locations of the MT sta-
tions. We assume normally-distributed and uncorrelated data errors with a standard de-
viation (std) of 20% of the period (e.g., std=5 m/s at 25s and std=35 m/s at 175s). For
both datasets, the misfit function is given by Eq. 3. To minimise the so-called ‘inver-
sion crime’ (Kaipio & Somersalo, 2006), we compute the actual synthetic data of the with
a finer FE mesh than that used in the inversion.

6.1.2 Model Setup

The inversion area is sub-divided into 18x18 columns (white squares in Fig. 1.b)
of size 80x80x460 km. Each column is comprised of 4x4x20 FE cells (i.e. the com-
putational domain is discretized with 40 x 40 x 20 finite elements). The model param-
eters are the depths to the LAB of the 324 columns within the inversion area, i.e. there
is one model parameter per column. The true conductivity model is shown in Figs. 1
and it is controlled by the subsurface thermal structure. The resistivity in the crust (Moho
at 49 km depth) is held constant and equal to 20,000 Qm (see Manassero et al., 2020).

6.1.3 Prior and proposal distributions

The priors for the LAB depths are uniform distributions defined in a range of +70
km, centered on the true value of each column. The proposals used in the first stage of
the inversion are Gaussian distributions centered on the current sample with a standard
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Figure 1. 3D views of the true conductivity structure where the iso-surface of -2.8 logio S/m
is plotted as a reference. The white rectangle in (a) indicates the region used for the inversion.
Panel (a) illustrates the 20x20 station-grid in black and eight of the 400 stations (black trian-
gles). The model parameters are the depths to the LAB of 324 columns. Panel (b) displays the
location of these columns (white small squares) and 96 column-parameters as a reference. The

reader is referred to Section 4.1 for details on the parameterization.

deviation of 20 km. The proposal is adapted in the third stage (starting at 80,000 steps)
and therefore it becomes a multivariate Gaussian distribution that reflects the spatial
correlations between LAB values of all columns (see Section 5.3). The initial model (i.e.
starting point of the MCMC inversion) has a flat LAB located at 180 km depth.

6.1.4 Inversion results

We ran a total of 600,000 MCMC simulations using 2 processors (Intel(R) Xeon(R)
CPU E5-2680 v3 @ 2.50GHz processors) per frequency and variable RB tolerances of § =
0.07 for the first 50,000 MCMC steps and 8 = 0.05 for the rest of the simulation. Af-
ter computing Geweke’s convergence diagnostics (Geweke, 1992) for all parameters, the
burn-in period was set to 100,000 steps. This burn-in and run length of the simulation
is also consistent with the Raftery-Lewis diagnostics (Raftery & Lewis, 1992). Despite
the small number of processors used, the joint inversion took only 25 hr, with a stagger-
ing average of 0.15 s per simulation. This means > 99.5 % gain in computational effi-
ciency compared to the high-fidelity solution (~ 30 s). For the same model, and using
the same number and type of processors, the RB+MCMC inversion of MT data only (see
Manassero et al., 2020) took ~ 30 days (an average of 1.03 s per MCMC iteration) and
convergence was achieved after 2,000,000 MCMC simulations (based on visual inspec-
tion of the chain’s evolution and basis size). This dramatic gain in efficiency of the joint
inversion is due mainly to i) the implementation of the CM algorithm, ii) the use of adap-
tive MCMC strategies and iii) the high sensitivity of SW data to the background ther-
mal structure.

The posterior PDFs of 60 of the 324 parameters are shown in Figure 2. The data
PDF's for the dispersion curves at two illustrative stations and the data PDFs for MT
at one station are shown in Figs. 3 and Figs. 4, respectively. Additional results can be
found in the Supplementary material. The results clearly show that the posterior PDFs
for all parameters are well behaved (i.e. single valued and approximately Gaussian) and
include the true solution, which is always close to the peaks of the PDFs. The result-
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Table 2: Root-mean-square (rms) values of the mean and MLE conductivity and LAB
models with respect to the true model. The rms values obtained after the RB4+MCMC
inversion of 3D MT data only are also included (extracted from Manassero et al., 2020).

‘ | RMS conductivity (logip Qm) ‘ RMS LAB depth (km) ‘
|

‘ ‘ MLE ‘ Mean Model ‘ MLE ‘ Mean Model
Joint RB+MCMC | 0.08 0.02 6.89 2.21
RB+MCMC 0.19 0.15 21.20 17.01

ing uncertainties affecting the LAB values are comparable to those obtained in real in-
versions (e.g. Afonso, Moorkamp, & Fullea, 2016; A. Zhang et al., 2019). The data fit
is excellent for both data sets (see Figs. 3 and 4).

The true, Maximum Likelihood Estimation (MLE) and mean models are shown in
Figs. 5, together with the 95% credibility intervals of the posterior PDFs. The root-mean-
square (rms) values of the MLE and mean conductivity models, as well as the rms for
the LAB structure, are included in Table 2. As a comparison, we have also included the
rms values obtained for the same model after the RB+MCMC inversion of 3D MT data
only (see Manassero et al., 2020), which are considerable higher than those obtained with
the joint inversion.

The evolution of the misfits for MT and SW data is shown in Fig. 6. The num-
ber of bases computed per frequency and field orientations are shown in Fig. 7. In all
cases, a rapid increment in the basis size is observed during the first 100,000 simulations,
which correlates with a rapid decrease in the overall misfits (Fig. 6). This rapid incre-
ment in the number of basis is the combination of two factors: i) the starting point of
the inversion is far from the high probability region and ii) the initial proposal distri-
bution is not optimal and of large variance. The MCMC algorithm thus samples a wide
spectrum of models in its attempt to locate the best paths to the high probability re-
gions. During this exhaustive exploration, the moves or ‘jumps’ through the parameter
space are large. Consequently, the resulting conductivity models are significantly differ-
ent from each other and the surrogate needs to be constantly enriched in order to pro-
duce accurate solutions for all possible models.

After ~ 100,000 MCMC steps, the basis size reaches a plateau (i.e. saturation of
the surrogate) for all frequencies and orientations. This means that i) the chain has reached
the high probability regions and ii) the RB surrogate is “rich enough” to be able to de-
liver accurate solutions within these regions (as only a small number of new bases are
subsequently required). At this point, we could stop the adaptation or enrichment of the
surrogate without compromising the accuracy of the final solution.

These results demonstrate that our RB4+MCMC approach successfully solves the
joint probabilistic inversion problem and retrieves the first order conductivity structure
(and associated uncertainties) from noise-free MT and SW data. Moreover, we demon-
strate that the addition of the SW data increases the overall efficiency of the algorithm
and significantly reduces the range of acceptable conductivity models compared to those
obtained from the inversion of MT data only.
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Figure 2. Marginal posterior PDFs (blue bars) of 60 model parameters obtained after 600,000

RB-+MCMC simulations. The real value, starting value and prior bounds of each parameter

are shown in green, red, and light blue vertical lines, respectively. The best Gaussian fits to the

real PDF's given by the histograms are shown in black lines. The numbers within each panel

correspond to the columns highlighted in Fig. 1.b.
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Figure 3. Posterior PDFs of Rayleigh dispersion curves for stations (a) 89 and (b) 355. Syn-
thetic data and error bars are plotted in green. The location of the stations are shown in Fig.

1.a.
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Figure 4. Posterior PDFs of MT data for station 89. Synthetic data and error bars are plot-
ted in green. (a)-(b) Posterior PDF's of the off-diagonal apparent resistivities. Both axes are in
log scale (c)-(d) Posterior PDFs of the off-diagonal apparent phases. The location of the stations

are shown in Fig. 1.a.
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Figure 5. Conductivity structures corresponding to the (a) maximum likelihood estimation
(best-fitting model); (b) mean model; conductivity models corresponding to the lower (c¢) and up-
per bound (d) of the 95% credibility interval of the posterior PDF obtained after 600,000 MCMC

steps; and (e) true model. The iso-surfaces of -2.8 and -2 logip S/m are plotted as a reference.
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Figure 6. Data misfits for the dispersion curves (red line) and MT (blue line) for each one of
the 600,000 RB+MCMC steps.
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6.2 Example 2: Large-scale Lithospheric Structure with Conductivity
Anomalies

6.2.1 Model setup

In order to assess the applicability of our method to more realistic scenarios, we
have created a synthetic model using the crustal conductivity structure (Moho ~ 40km)
reported for southeast Australia using data from the dense AusLAMP Array (Kirkby
et al., 2020). The area of interest is shown in Figs. 8.a and 9. We include the possibil-
ity of both correlated and uncorrelated velocity-conductivity structures in the crust. In
Region 1 (white region in Fig. 8.d), we assign a constant ratio V,,/V;=1.78 and assume
Vp to be correlated with electrical conductivity (Meju et al., 2003) as logl0(1/0) = mlogl0(V,)+
¢, where m=3.88 and ¢=13 for consolidated rocks. For the crustal velocity structure of
Region 2 (see Fig. 8.d), we assign constant velocities V,=6.8 km/s and V;=3.9 km/s and
assume them independent of electrical conductivity.

The mantle includes the lithospheric model of Section 6.1 as a background (with
an additional cut-off for resistivity values higher than 20,000 Qm) plus several multi-scale
(and of variable geometry) conductivity anomalies that simulate realistic geological fea-
tures. In particular, we have included two elongated anomalies resembling trans-lithospheric
and trans-crustal magmatic systems (Figs. 8.b-c). Region 1 represents the continuity of
these trans-lithosperic structures into the crust. The goal here is to assess the identifi-
ability of the true conductivity structure, including background and conductivity anoma-
lies within both the crust and the mantle, from noisy 3D MT and SW measurements.

There are 2290 conductivity nodes (black dots in Fig. 8.c) sparsely located within
the inversion volume (900x900x410 km), which is discretized into 361 columns. The
vector of model parameters therefore contains 361 LAB values and 2290 nodal conduc-
tivity values. The computational domain is discretized with 38 x38x20 finite elements.
The conductivity value of each numerical cell is obtained by adding the background con-
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Figure 8. 3D views of the true conductivity structure. Panel (a) shows the coordinates of the
inversion volume. Conductivity anomalies and background structure are highlighted in both (b)
and (c) panels using the iso-surfaces of -1.5 and -2.0 logio (S/m). Black dots in (c) indicate the
position of the conductivity node-parameters within the inversion volume. A horizontal slice at
1 km depth is shown in panel (d). The region where seismic velocity is assumed correlated with

electrical conductivity is highlighted in white (Region 1).

ductivity derived from the LAB structure (Section 4.1) and the anomalous conductiv-
ity obtained after interpolation of the nodal values (Section 4.2).

6.2.2 Synthetic Data

The MT synthetic data was computed at 298 stations located according to the real
AusLAMP deployment (black dots in Fig. 9) in New South Wales and Victoria, Aus-
tralia. The data are the full impedance tensor computed for 18 periods between 15.80s
and 39,800s which correspond to the frequencies found in the AusLAMP data. All data
were contaminated with random noise (see below). The error floors are set to 5% of max(|Zzx|, |Zzy|)
for the components Zxx and Zxy of the impedance tensor, and 5% of max(|Zyy|, |Zyz|)
for the components Zyy and Zyx. The data errors are assumed to be uncorrelated and
exponentially distributed, i.e. we assume that the data misfit follows Eq.4. The MT data
is generated with the true conductivity value for each FE cell, whereas the models used
during the inversion are obtained via interpolation of the nodes’ values (Section 4.2). This
avoids the inversion crime and simulates a more realistic scenario where the (unknown)
true structures are approximated via a chosen parameterization in the inversion. This
also implies, however, that a perfect data fit may not be achievable.
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Figure 9. Location of the AusLAMP MT stations (black dots) in southeast Australia. Red

dots denote the locations of the computed SW dispersion data used in Example 2.

For the case of SW, the synthetic data are the normal mode Rayleigh wave phase
velocities for 34 periods between 15s and 180s. The stations are located on a grid of 19x
19 (red dots in Fig. 9) with an inter-station distance of 50 km (comparable to those in
the WOMBAT Array; Rawlinson et al. (2008)). We assume normally distributed data
errors (i.e. the misfit function is given by Eq. 3 ) with a representative standard devi-
ation of 1% of the velocity in meters per second, comparable to the data errors expected
for real SW data in dense arrays (Moorkamp et al., 2010; Yang & Forsyth, 2006; Wang
et al., 2020). We have added random noise to all the data (see example in Figs. 13).

6.2.3 Prior and proposal distributions

The prior and proposal distributions for the LAB parameters are the ones defined
in Section 6.1.3. For the conductivity nodes, we use Gaussian prior distributions cen-
tered on the background conductivity value (in log-scale) with a standard deviation of
1.5 log10(S/m). This prior information behaves as a regularization term, i.e. it penal-
izes the introduction of anomalies that are not required by the data. The initial proposal
distributions are log-normal (Eq. C1) centered on the current node value mi_; with stan-
dard deviations of 0.8 log10(S/m). During the fourth stage, we use an adapted multi-
variate log-normal distribution centered on the current sample (see Section 5.4). The start-
ing conductivity model is obtained by setting all the LAB depths to 180km and a value
of logio (true val)-2.0 (i.e. two order of magnitude more resistive than the real value) for
all the conductivity nodes.

The first stage was set to 10,000 steps, where we sample LAB depths one column
at a time. During the second stage, the algorithm randomly decides to sample either the
LAB depth of one column or the conductivity values of n;=2 nodes. The multivariate
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proposal for the LAB (third stage) is computed when the chains reaches 250,000 sam-

ples and it is adapted every 100,000 LAB-samples during the the rest of the inversion.
During this third stage, we propose conductivity values of ny =2 random nodes or LAB
depths of m=2 random columns (from the adapted multivariate proposal distributions;

see Section 5.3). The multivariate log-normal proposal distribution for the nodes is com-
puted when their chains reach 500,000 samples (fourth stage) and it is subsequently adapted
every 100,000 steps. During this stage, we randomly select ny =10 nodes or m=2 columns
at a time (see Section 5.4).

6.2.4 Inversion results

We ran a total of 1,250,000 MCMC simulations for 18 frequencies using 2 proces-
sors (Intel(R) Xeon(R) CPU E5-2680 v3 @ 2.50GHz) per frequency. The tolerances used
were § = 0.08 for the first 150,000 steps and 8 = 0.068 for the remaining of the sim-
ulation.

The burn-in period was set to 200,000 steps. This is larger than the length of the
first stage (condition to maintain ergodicity of the chain) and the burn-in suggested by
Geweke’s convergence diagnostics (Geweke, 1992) for all parameters. Again, even with
modest computational resources, the inversion took 27.4 days with an average of 1.9 s
for each simulation. This represents a time reduction of ~ 95% for each forward com-
putation. We note that the average time spent in each simulation is higher than those
in Example 1. This is mainly due to the large number of bases (~190) required in or-
der to explain the complexity of this 3D model (see Fig. 16).

The Maximum Likelihood Estimation (MLE) and mean models are shown in Figs.
10 together with the 95% credibility intervals of the posterior PDF. The crustal and back-
ground conductivity structure and the location and volume of the conductivity anoma-
lies are well resolved. Depth slices from the 95% credibility intervals, MLE, true and mean
models are shown in Figs. 11. In this figure we also include depth slices from five ran-
dom subsets from the posterior, each obtained as the mean of 10 randomly chosen mod-
els form the entire ensemble of conductivity models making up the posterior PDF. By
design, features that are well resolved by the inversion are persistent in all subsets, whereas
poorly resolved features show higher variability among subsets (Tarantola, 2005). The
identifiability of the background structure is also illustrated in Figs. 12 where we show
that the true LAB depths are close to the mean value of the marginal posterior PDFs.
The sizes of the basis per frequency and the SW-MT data misfits for each of the 1,250,000
steps are shown in Figs. 16 and 17, respectively, and show a similar pattern to those in
Fig. 6. It is worth noting that contrary to what we would expect from an inversion of
MT data alone (see results in e.g. Manassero et al., 2020; Rosas-Carbajal et al., 2013),
model variability decreases with depth. The reason for this is the tighter constrains that
the SW data puts on the background thermochemical structure.

For comparison, Fig. 11 includes the results obtained from a deterministic inver-
sion using the software ModEM3DMT (Egbert & Kelbert, 2012; Kelbert et al., 2014)
with the same initial model (used also as prior model), numerical discretization and MT
data as in the joint probabilistic inversion. Multiple inversions were run using different
damping factors (A) and model covariance. Column (11) in Fig. 11 shows depth-slices
of the best model obtained after 82 iterations using A=1 and covariance of 0.2. The in-
version took 3.62 hs using 40 processors and the final data rms was 2.9. The main rea-
son for this relatively large rms is the coarse mesh used in the inversion (same size as
in the RB4+MCMC inversion for a valid comparison); the effect of cell size on the rms
is explored in Robertson et al. (2020) and Meqgbel et al. (2014). We also observe that
the recovered conductivity structure in the mantle is not satisfactory and overall more
conductive than the true conductivity value. As shown in Robertson et al. (2020), this
effect can also be minimized by decreasing the cell size.
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Figure 10. 3D views of the conductivity structure corresponding to the (a) mazimum like-
lihood estimation model; (b) mean model; (¢) lower and (d) upper bound of the 95% credibility
interval of the posterior PDF obtained after 1,250,000 MCMC steps. The iso-surfaces of -1.5 and

-2.0 log1o S/m are plotted in all panels to highlight the background structure and the conductiv-
ity anomalies in the mantle.

—24—



manuscript submitted to JGR: Solid Earth

Model true MLE mean 5 percentile 95 percentile  random 1 random 3 random 4 random 5 modEM

Depth:
0 km

random 2

10km

20km
35km
50 km
80km
110km
130km
170km
190 km
Idﬂkm
300km

340km

Log-conductivity
_— ..
5 -4 2 -1 0

Figure 11. Columns (1)-(5): depth slices from the (1) true model; (2) MLE model, (3) mean
and conductivity models corresponding to (4) the 5% percentile and (5) the 95% percentile of the
posterior PDF. Columns (6)-(10): depth slices for five mean models computed with 10 random
samples of the posterior PDF. Columns (11): best model from a ModEM deterministic inversion.

Selected depths are shown on the left of the figure.

-2 5—



manuscript submitted to JGR: Solid Farth

0.06 0.04 0.04
#3 | o.04 #11
0.03 0.03
0.04] 0.03
002 0.02 0.02
0.02
0.01 0.01 0.01
0 180 200 220 240 260 280 300 ° 160 180 200 220 240 260 280 0160 180 200 220 240 260 280 300 %40 160 180 200 220 240 260 280
0.04 0.04 0.06
#4a1 #50 #62 0041 472
0.03 0.03 0.04 0.03
0.02 0.02 0.02
0.02
0.01 0.01 0.01
© 180 200 220 240 260 280 300 © 160 180 200 220 240 260 280 080 100 120 140 160 180 200 220 60 80 100 120 140 160 180 200
0.04 0.04 0.04
0.04 #127
o3l | 48 003l | #106 sl | #122
0.03
0.02 0.02 0.02 0.02
0.01 0.01 0.01 0.01
080 100 120 140 160 180 200 220 ° 80 100 120 140 160 180 200 0 80 100 120 140 160 180 200 060 80 100 120 140 160 180 200
0.04 0.04 0.04 0.04
0.03 #156 0.03 #173 0.03 #184 003l | #211
0.02 0.02 0.02 0.02
0.01 0.01 0.01 0.01
® 180 200 220 240 260 280 300 07180 200 220 240 260 280 300 0160 180 200 220 240 260 280 ®"30 140 160 180 200 220 240
0.06 0.06 0.06 0.06
#242 #276 #282 #358
0.04 0.04 0.04 0.04
0.02 0.02 0.02 0.02
0 0 0 0
60 80 100 120 140 160 180 50 150 50 100 150 100 120 140 160 180 200 220

LAB depth [km]

Figure 12. Marginal posterior PDFs (blue bars) of 20 LAB depths obtained after 1,250,000
RB+MCMC steps. The real value, starting value and prior bounds of each parameter are in-
dicated by the green, red, and blue lines, respectively. The best Gaussian fits to the real PDFs
given by the histograms are shown in black lines. The numbers within each panel correspond to

the columns highlighted in Fig. 9 (white squares).

,26,



731

732

733

734

735

736

737

738

739

740

741

742

744

745

746

747

749

750

751

752

753

754

Station 304 P - Station 290

Vel Phase Rayleigh (km/s) : ,f‘. Vel Phase Rayleigh (km/s)

Period (s) f Period (s)
60 80 100 120 140 80 100

Figure 13. Posterior PDFs of Rayleigh wave dispersion curves for stations (a) ST304 and (b)
ST290. Synthetic data and error bars are plotted in green and the computed data for the initial

model is plotted in blue. The location of the stations are shown in Fig. 9.

Examples of the posterior PDFs of SW and MT data are shown in Figs. 13 and
14; additional posterior PDFs can be found in the Supplementary Material. All of the
dispersion data points are contained within one standard deviation of the posterior PDFs.
This is also the case for the great majority of the MT data, although a poor data fit (or
bias) is observed in some stations. As mentioned in Section 6.1.1, the noisy synthetic MT
data is computed with the true conductivity model (Fig. 8), whereas the conductivity
models used in the actual inversion are derived from the interpolation of nodal values.
This discrepancy or inadequacy between models and the considerable random noise that
was added to the data are the main reasons of the poorer data fit seen at some stations
(e.g. Smith, 2013).

The results from this example demonstrate that the joint probabilistic inversion
of surface wave dispersion and MT data i) is a practical option with modest computa-
tional resources, ii) succeeded in identifying the true LAB and conductivity structures
in the crust and mantle (background plus anomalies) and iii) produced well behaved pos-
terior distributions and global measures of uncertainty and correlations between model
parameters.

6.3 Note on Crustal Velocity Structure and Bulk Mantle Composition

In all the numerical examples discussed so far, we considered a constant major-element
composition for the mantle. This simplification seems appropriate in applications with
emphasis on the general structure of the lithosphere, as the sensitivity of SW and MT
to bulk major-element composition is of second-order compared to factors such as tem-
perature and fluid content. If the mantle’s major-element composition is of interest, other
datasets such as gravity and/or geoid anomalies would be required (Afonso et al., 2013a,
2013b; Afonso, Rawlinson, et al., 2016).

In agreement with the main goal of this work -the deep lithospheric structure-, we
have also assumed a fixed seismic structure for the crust (see e.g. Section 6.2.1). This
would correspond to the case in which reliable prior information is available from pre-
vious studies such as ambient noise tomography and/or receiver function studies (e.g.
Kennett et al., 2011; Kennett & Salmon, 2012; Young et al., 2013; Bello et al., 2021, in
southeast Australia). A similar idea was applied to a real joint inversion by Jones et al.
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Figure 14. Posterior PDFs of the off-diagonal components of the MT impedance tensor

for station I19. Synthetic data and error bars are plotted in green and the computed data for
the initial model is plotted in blue. Panels (a), (b), (e) and (f): Posterior PDFs of the real and
imaginary parts of the off-diagonal components. A zoom of the PDFs and input data is shown
in panels (c), (d),(g) and (h). In all panels the data has been scaled by the square-root of the

period. The location of the station is shown in Fig. 9
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Figure 15. Posterior PDFs of the diagonal components of the MT impedance tensor for sta-
tion 19. Synthetic data and error bars are plotted in green and the computed data for the initial
model is plotted in blue. Panels (a), (b), (¢) and (f): Posterior PDFs of the real and imaginary

parts of the diagonal components of the impedance tensor. A zoom of the PDFs and input data
is shown in panels (c), (d),(g) and (h). In all panels the data has been scaled by the square-root

of the period. The location of the station is shown in Fig. 9
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(2017) in Southern Africa. However, if the seismic structure of the crust needs to be in-
verted for, we can readily expand the vector of model parameters to include e.g. the bulk
density, Vs and V}, of the n layers used to discretize the crust in each 1D column. A more
efficient alternative is to use the existing crustal conductivity nodes (e.g. Fig. 8c) to in-
vert for crustal seismic parameters as well. The bulk density, V, and V), values of each
numerical cell within the crust are then obtained by interpolation using the same scheme
as for 0. This option is particularly useful when the inter-station spacing of both MT
and seismic arrays are comparable. We are currently assessing these schemes and results
will be presented in a forthcoming publication.

7 Conclusions

We presented a novel, MCMC-driven probabilistic joint inversion of 3D magnetotel-
luric (MT) and surface-wave (SW) dispersion data for imaging the electrical conductiv-
ity and temperature structures of the whole lithosphere and sublithospheric upper man-
tle. The method is based on i) an efficient parallel-in-parallel structure to solve the 3D
MT forward problem, ii) the combination of a reduced order, MCMC-driven strategy to
compute fast and accurate surrogate solutions to the 3D MT forward problem, iii) adap-
tive strategies for both the MCMC algorithm and the surrogate and iv) an efficient dual
parameterization to couple both data sets.

The feasibility, potential and efficiency of our algorithm to solve the joint inverse
problem are demonstrated with two realistic whole-lithosphere examples of increasing
complexity. In both cases, we obtain staggering gains in computational efficiency (>96%)
compared to a traditional MCMC implementation. Average times per MCMC step are
of the order of 1 sec, even when using modest computational resources. We also show
that the inclusion of SW data and a simple Cascade-Metropolis algorithm resulted in
drastic improvements in computational efficiency and quality of the recovered models
compared to the RB+MCMC inversion of MT data only (Manassero et al., 2020).

The model parameterization takes advantage of the differential sensitivities of MT
and SW dispersion data to different aspects of the problem by using two sets of param-
eters. The first set corresponds to LAB depths, which control the large-scale (background)
conductivity/velocity structure. The second set corresponds to conductivity nodes in-
side the model, which control the small-scale conductivity anomalies. An additional ad-
vantage of using this parameterization is that a rapid convergence is achieved by using
the LAB depths to constrain the first-order conductivity/velocity background at the be-
ginning of the inversion. Once this first-order convergence has been achieved, the nodes
are used to locally modify the background to fit the smaller-scale features of the data.

Finally, we note that proposed method is general enough to incorporate more ad-
vanced MCMC algorithms (e.g. tras-dimensional schemes, parallel tempering, differen-
tial evolution), additional model parameters (e.g. bulk mantle composition) and other
forward operators (e.g. gravity anomalies).

Appendix A Mapping Thermochemical Parameters to Electrical Con-
ductivity

The temperature dependence of electrical conductivity can be described with an
Arrhenius-type Equation:
—AH
= e e N Al
0 =00 Xp(k:BT) (A1)
where oy is the so-called pre-exponential factor, T' [K] is absolute temperature and kp
[eV/K] the Boltzmann’s constant. AH [eV] is the pressure-dependent activation enthalpy,

defined as
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Table Al: Parameters used to compute mantle conductivity

‘ Phase 00 00; a b C d e f AV  AH; Xre ‘
Olivine 2.70 4.73 1.64 0.246 -4.85 3.26 0.68 2.31 0.10
Opx 3.0 1.90 -2.77 261 -1.09 0.107
Cpx 3.25 2.07 277 261 -1.09 5.84¢72
Garnet 496 2.60 -15.33 80.40 -194.6 202.6 -75.0 0.168

AH = AFE + PAV, (A2)

where P is the pressure [GPa], AE and AV are the activation energy and activation vol-
ume, respectively.

The main bulk conduction mechanisms in mantle minerals are ionic conduction,
small polaron (hopping) conduction and proton conduction (e.g. Yoshino, 2010). Each
mechanism follows an Arrhenius-type equation with particular activation energies de-
pending on their charge mobility. These three conduction mechanisms can be integrated
in a model for the electrical conductivity of mantle rocks as a function of pressure, tem-
perature, water content, and composition (via Fe content) for each mineral phase (see
also Yoshino et al., 2009; Fullea et al., 2011):

B —~AH(Xp,, P) —AH;
o = o0gexp (kB—T) + 0g; exp ( T ) +op (A3a)
_AHwe Cw
7 = f(C)ep (FRTC)), (A3D)
~AH(Xpe,P) = a+bXpe+cXt, +dX3, +eXp, + X3, + PAV,  (A3c)

where g, 0g; [S/m] and f(C,,) are the small polaron, ionic and proton pre-exponential
factors, respectively, AV [cm?/mol| is activation volume, AH, AH; [eV] and AH,,.; are
activation enthalpies and Xp, is the bulk Fe content in wt%.

The first term in the right-hand side of Equation A3a describes the contribution
from small polaron conduction. As mentioned above, the activation enthalpy for this pro-
cess depends on the iron content and pressure. This dependence is represented by a poly-
nomial on Xp. (Eq. A3c) plus a term that depends on pressure (the coefficients a, b, ¢, d, e, f
are determined experimentally). The second term of Equation A3a represents ionic con-
duction at high temperature and the third term (o,) represents the proton conduction
due to the presence of “water” (hydrogen diffusion). f(Cy) and AH,.; are functions of
the water content C,, [wt%] and they are obtained from laboratory experiments. The
reader is referred to Fullea et al. (2011) and Pommier (2014) for a summary on results
from different laboratories.

Appendix B Kriging Interpolation

Kriging, or Gaussian process regression, is one of the most common methods for
spatial interpolation (see e.g. Cressie, 1993; Rasmussen, 1997; Williams & Rasmussen,
1996; Omre, 1987; Gibbs & MacKay, 1997; Gibbs, 1998). The main idea is to predict
(or interpolate) the value of a function Z at m locations from n observations by com-
puting average spatial weights (W). In simple kriging, these weights are derived using
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a known covariance function ¢ between observations (given by the matrix Kps) and be-
tween the observations and the m estimation locations (given by the covariance matrix
Kloc):

W = obs Kloca (Bl)
c(z§bs, 29%%) .. c(aghe, x0b9) ez, zloe) . c(aghs, xlod)
where K ps= and Kj,.=
A a ) ) o) L el k)

The interpolation (or estimated value) at the m locations is then given by Z'¢ =
W - Z° where Z°% is the vector containing the n observations.

The covariance function ¢ can take any form with the only constrain that it must
generate a non-negative definite covariance matrix. A common form is given by (e.g. Gibbs
& MacKay, 1997):

1

2l g2
(X, Xn) = Hle:zzp( ~3 Z M) + 6a, (B2)
! "l

where z!, is the [ component of x,,. #; and 6, are hyperparamaters, where 6; represents
the overall vertical scale relative to the mean field and 05 gives the vertical uncertainty.
r; is the correlation or scale length and it characterizes the distance in the direction [
over which the value of Z varies significantly. It should be noted that since the spatial
weights (W) depends on the covariance function ¢, the interpolated values at the m lo-
cations also depends on the chosen form for c.

B1 Spatially varying length scales

The covariance function of Eq. B2 assumes that the correlation length (r;) is fixed
in each direction (I) and location (x). In the most general case, however, assuming a fixed
r; might lead to a simplistic and poor representation of the conductivity model. We, there-
fore, use a positive definite covariance function with spatially variable correlation lengths
(Gibbs & MacKay, 1997; Gibbs, 1998):

(X )71 (X0 1/2 gt ?
o(Xm, Xn) 91H<W) ca( - ;r%me)()) 9

where r;(x) is an arbitrary parameterized function of position x defined in [—1,1]*x[0, 1].
The form of r;(x) as a function of the scaled coordinates (z,y, z) used in Examples 1 and
2 in the main text is shown in Procedure 1. This covariance function has the property
that the variance is independent of x and equal to €;. Since a change in #; will produce
changes in the vertical scale in the whole domain (see previous section), the inclusion

of 0; as an additional parameter of the inversion can (potentially) benefit the efficiency
and convergence of the algorithm. The implementation of 6; as an hyper-parameter of
the inversion is left for future work.

Appendix C Log-normal proposal distributions

The log-normal distribution (Gaussian in log-scale) used in the second stage is de-
fined as:
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Algorithm 1 Definition of r;(x) as a function of the scaled coordinates (z,y, z).

procedure ()
if 2 >=0.9 then

Ty = 0.5
Tg =711 = 0.48

else if z < 0.9 and z >= 0.8 then
rs = 0.45
ro =11 = 0.43

else if z < 0.8 and z >= 0.7 then
r3 = 0.4
Tg =71 = 0.4

else if z < 0.7 and z >= 0.6 then
r3 = 0.4
T = T1 = 0.38

else if z < 0.6 and z >= 0.5 then
Trs = 0.35
To =711 = 033

else if z < 0.5 and z >= 0.4 then
rg = 0.33

To =711 = 0.3
else if z < 0.4 and z >= 0.3 then

rs = 0.3
To =11 = 0.28
else if z < 0.3 and z >= 0.2 then
r3 = 0.28
To =711 = 0.24
else if z < 0.2 and z >= 0.1 then
rs = 0.25
To =11 = 0.23
else if 2 < 0.1 then
T3 = 0.2
To =71 = 0.15
end if

end procedure
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=———exp|——F— |,
YT V2mrmis P 252

where y(m?) is the proposed value for node i, and p and s are the mean and standard
deviation in log-scale.

In Section 5 we have chosen to define a multivariate Gaussian proposal of dimen-
sion Npodes X Npodes, Wwhere Ny, oqes 1S the number of conductivity nodes in the model. Since
the nodes’ conductivity values can span several orders of magnitude, the Gaussian pro-
posal is defined in log-scale but we evaluate its probability ¢(-|-) in linear scale, i.e. a mul-
tivariate log-normal PDF centered at the current state m;_; with covariance >:

1
Q(m |m - ) = Nnod 1 j
t t—1 (27(_) ng es (det E)j H-;y:i)des m‘g
1
exp |~ (In(my) —In(m,—1))'S " (In(m,) —n(m))| . (C2)

where m; is the proposed value for all nodes and m;_; is the current sample.
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