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ABSTRACT

The dissipation of the kinetic energy (KE) associated with oceanic flows

is believed to occur primarily in the oceanic bottom boundary layer (BBL)

where bottom drag converts the KE from mean flows to heat loss through irre-

versible mixing at molecular scales. Due to the practical difficulties associated

with direct observations on small-scale turbulence close to the seafloor, most

up-to-date estimates on bottom drag rely on a simple bulk formula (CdU
3)

proposed by G.I. Taylor that relates the integrated BBL dissipation rate to a

drag coefficient (Cd) as well as a flow magnitude outside of the BBL (U). Us-

ing output from several turbulence-resolving Direct Numerical Simulations,

it is shown that the true BBL-integrated dissipation rate is about 90% of that

estimated using the classic bulk formula, applied here to the simplest scenario

where a mean flow is present over a flat and hydrodynamically-smooth bot-

tom. It is further argued that Taylor’s formula only provides an upper bound

estimate and should be applied with caution in future quantification of BBL

dissipation; the performance of the bulk formula depends on the distribution

of velocity and shear stress near the bottom, which in the real ocean, could be

disrupted by bottom roughness.
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1. Introduction26

Large-scale ocean currents are primarily powered by atmospheric winds and astronomical tidal27

forces at rates well quantified through satellite observations (Wunsch and Ferrari 2004). The work28

done by winds acting on the large-scale ocean currents inputs kinetic energy (KE) at a rate of29

around 0.8-0.9 TW (Wunsch 1998; Wunsch and Ferrari 2004; Scott and Xu 2009), but the subse-30

quent fate of this KE flux remains elusive. A large fraction of the KE input is converted into a vig-31

orous mesoscale eddy field through baroclinic instabilities of the large-scale currents and accounts32

for about 90% of the total ocean KE (Ferrari and Wunsch 2009). It is a topic of active research how33

the mesoscale energy is eventually dissipated at molecular scales. A prime candidate is thought34

to be bottom drag, i.e. the generation of vigorous turbulence along the ocean seafloor which ef-35

fectively transfers energy to smaller dissipative scales. Problematically, attempts to estimate the36

energy dissipated through bottom drag have resulted in widely differing estimates (Wunsch and37

Ferrari 2004; Sen et al. 2008; Arbic et al. 2009; Wright et al. 2013)38

Bottom drag is experienced by oceanic flows above the seafloor where a stress develops that39

brings the flow to zero. This occurs in a thin bottom boundary layer (BBL) characterized by40

enhanced shear and turbulence. The bottom stress tb is given by:41

tb ⌘ r0n ∂u

∂ z

����
z=0

, (1)

where n is the molecular viscosity, r0 is a reference density (seawater density varies by no more42

than a few percent across the global ocean), u(z) is the velocity component parallel to the seafloor.43

The bottom friction is often expressed in terms of a friction velocity defined as ut ⌘
p

tb/r0.44

In a turbulent flow it is difficult to estimate the bottom stress using formula (1), because it45

requires detailed knowledge of rapid shear fluctuations very close to the boundary. Instead the46

bottom stress is typically calculated using an empirical quadratic drag law tb ' r0CdU
2, where47
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Cd is a drag coefficient and U is the magnitude of the mean flow above the BBL, the so called48

“far-field” velocity. This formula relates the bottom stress to dynamic pressure (proportional to49

U
2) associated with the mean flow (Tritton 2012).50

Taylor (1920) went a step further and proposed to estimate the KE dissipation within the BBL,51

D , as the product of the bottom stress and the “far-field” velocity:52

D ⌘
Z

BBL
e(z) dz ' tb

r0
U 'CdU

3, (2)

where e is the point-wise KE dissipation rate defined as53

e =
n
2

< Si jSi j >, (3)

and Si j = ∂ui/∂x j +∂u j/∂xi is the rate of strain tensor and the angle bracket denotes a Reynolds54

average. Taylor (1920) used this bulk formula to estimate the dissipation experienced by barotropic55

tides over continental shelves and set U to be the barotropic tidal velocity. This bulk formula was56

later used to estimate dissipation of sub-inertial flows in the global ocean and returned values57

anywhere between 0.2 and 0.83 TW (Wunsch and Ferrari 2004; Sen et al. 2008; Arbic et al. 2009;58

Wright et al. 2013). Based on these estimates, bottom drag could be a dominant sink of the 0.8-59

0.9 TW KE input by winds or a second order process.60

In this study, we will take a closer look at the reasoning and assumptions behind Taylor’s KE61

energy dissipation formula (equation (2)). We find that although the formula slightly overestimates62

the integrated BBL energy dissipation rate, it provides satisfying bulk estimates in idealized nu-63

merical simulations of flows over a smooth flat bottom. The difference between the two depends64

on the distribution of velocity and shear stress close to the seafloor, which implies possibly larger65

discrepancy when the inner layer structure is disrupted by bottom roughness in the real ocean.66

The Direct Numerical Simulation (DNS) data are described in section 2. In section 3 we illus-67

trate how the vertical profiles of stress and velocity shear determine the performance of Taylor’s68
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formula which is fully recovered only in the limit of infinite Reynolds number. Our hypothesis is69

confirmed by computing the vertical profiles of shear, stress and KE dissipation from the DNS in70

section 4. The implications of our work for oceanographic estimates of energy dissipation in the71

BBL are discussed in section 5.72

2. Data and Methods73

The data analyzed in this study come from four DNS of a mean flow over a smooth flat bottom,74

two without rotation (Schlatter and Örlü 2010) and two with rotation (Miyashita et al. 2006),75

the so called bottom Ekman layer. The simulations are characterized using frictional Reynolds76

number Ret = utd/n = d/dn , where dn = n/ut is the viscous length scale. The bottom boundary77

condition is no-slip in all simulations, and the top boundary condition is a prescribed velocity78

equal to the free-stream flow. The diagnostics are obtained by horizontally averaging over the79

model domain once the solutions have achieved a statistically steady state. More details about the80

simulations are given in Table (1).81

For the rest of the paper, we will use d as the boundary layer thickness for both setups. In the82

non-rotating case, d denotes the distance across the boundary layer from the bottom wall to a point83

where the flow velocity has essentially reached the ’free-stream’ velocity (99% of U); in the rotat-84

ing case, we adopt the common Ekman layer scaling, d = ut/ f , where f is the Coriolis frequency.85

Considering the difference in the definition of boundary layer thickness, we will use Ret = utd/n86

for the non-rotating BBL and Re f = u
2
t/ f n for the rotating BBL, where the boundary layer thick-87

ness is replaced with the Ekman layer scaling. Note, however, that these two Reynolds numbers88

are comparable as will be shown in section 4. Finally, all the diagnostics are non-dimensionalized89

by the appropriate combination of frictional variables n and ut ; for instance, the non-dimensional90

dissipation rate is given by e+ = en/u
4
t .91
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3. The impact of the vertical shear profile on BBL dissipation92

We start by computing the integrated BBL dissipation in the non-rotating BBL for idealized93

vertical shear profiles to illustrate their impact on the bulk estimates. Assuming no horizontal94

variations in any of the variables, the BBL dissipation is given by,95

D = �
Z d

0
u

∂t
∂ z

dz =
Z d

0
t ∂u

∂ z
dz =

Z d

0
CDU

2
✓

d � z

d

◆
∂u

∂ z
dz. (4)

where t includes both viscous and Reynolds stresses and we integrated by parts using the fact96

that the velocity u vanishes at z = 0 and the stress vanishes at z = d . The shear stress has been97

approximated as a linearly decaying profile in z (Pope 2001): t = CDU
2
⇣

d�z

d

⌘
. Taylor’s formula98

follows from equation (4) only if the velocity profile u is uniform and equal to the far-field velocity99

U , but this is not the case in reality. Instead the velocity profile decays to zero within the BBL due100

to the no-slip bottom boundary condition. If we assume for simplicity that the velocity profile is101

linear in z up to z = ds, where it reaches the far-field velocity U , and remains constant above (Fig.102

1) (in other words, the velocity shear is confined in a thin layer of thickness ds near the bottom),103

the integral in equation (4) can be re-written as:104

D =
Z ds

0
CdU

2
✓

d � z

d

◆
U

ds

dz = CdU
3(1� 1

2
ds

d
). (5)

For this admittedly idealized piece-wise linear velocity velocity profile, Taylor’s formula is recov-105

ered only in the limit where the velocity shear is confined to a layer much thinner than the BBL106

(ds ⌧ d ).107

The vertical profiles of velocity in the non-rotating BBL are shown in Fig. 2a for two different108

Ret . As Ret increases, the layer accounting for the velocity shear becomes thinner and closer109

to the wall. While the shear layer thickness is always thinner than d , and progressively more so110

for increasing Ret , it clearly differs from the limit where the shear layer is infinitesimally thin as111

assumed in Taylor’s formula. We will evaluate the impact of this discrepancy in the next section.112
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4. Vertical structures of the BBL113

a. Non-rotating BBL114

Along with the thin layer containing the large velocity shear is enhanced viscous stress and the115

associated dissipation of mean kinetic energy (MKE) within the BBL (Fig. 2b, c). The viscous116

stress is dominant for z/d < 0.1 due to both the enhanced velocity shear and the damping of117

Reynolds stress in the presence of the solid bottom. The distribution of the total shear stress118

provides support for the linear approximation made in the idealized heuristic model in the last119

section. As Ret increases, both the viscous and Reynolds stress become closer to the bottom, but120

the structure of the total shear stress remains relatively unchanged (Fig. 2b).121

The dissipation of MKE acts as an additional route to energy dissipation and has been typically122

thought to be negligible in turbulent flows away from boundaries with moderate to large Reynolds123

numbers. It cannot be ignored, however, in the BBL where the velocity shear is confined close to124

the bottom. In this case, MKE dissipation contributes around 40% of the total energy dissipation125

rate. As expected, the dissipation of MKE is active to at least z/d = 0.1 where the dissipation126

rate drops by two orders of magnitude from the bottom value, consistent with the distribution127

of viscous stress. On the other hand, the dissipation of turbulent kinetic energy (TKE) becomes128

dominant starting below z/d = 0.1 and remains so all the way to the top of the BBL. The transition129

point between the dissipation of MKE and TKE becomes closer to the bottom with larger Ret .130

In these two simulations of non-rotating BBL, the true integrated KE dissipation rate is 86.1%131

and 86.4% of those estimated using Taylor’s bulk formula (Table 1), implying that the ds/d ratio132

in equation (5) is about 0.28; this depth of shear layer ds roughly corresponds to e+ = 10�4 (Fig.133

2c). We will examine the performance of Taylor’s formula in the rotating BBL next.134
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b. Rotating BBL135

When rotation is introduced, the velocity profiles show a spiral structure as they approach the far-136

field mean flow (Fig. 3a). One noticeable difference from the non-rotating BBL is more bottom-137

confined, or concave profiles for both velocity shear and shear stress (Fig. 3a, b), compared with138

the more linear shear profile in the non-rotating BBL. The rest structures remain similar in the139

BBL with or without rotation.140

In the two simulations of rotating BBL, the true integrated KE dissipation rate is 90.8% and141

91.8% of those estimated using Taylor’s bulk formula, higher than those for the non-rotating BBL142

for comparable Re f . With a similar ds/d ratio, this better performance could be explained by the143

more bottom-confined velocity shear the shear stress profiles.144

In summary, Taylor’s bulk formula provides reasonable first-order estimates for the true inte-145

grated dissipation rate. In fact, D /CdU
3 ⇡ 0.9 which is equivalent of a ds/d ⇡ 0.2 is consistent146

with the observations that the log-layer, where the largest velocity shear and shear stress reside,147

roughly occupies 20% of the BBL thickness for both the rotating and non-rotating BBLs (Fig. 4).148

This 20% has also been shown to hold for natural turbulent flows with much larger Ret (Marusic149

et al. 2013), which implies that Taylor’s formula could provide a reasonable integrated dissipation150

estimate in the real ocean, given that the log-layer structure remains intact.151

5. Conclusions and discussions152

Four DNS experiments were used to demonstrate that the dissipation of kinetic energy in the153

bottom boundary layer (BBL) over a flat wall is less than predicted by the celebrated formula154

proposed by Taylor (1920): D ' CDU
3, where CD is a constant drag coefficient and U the ‘far-155

field’ velocity above the BBL. Taylor’s estimate should be treated as an upper and singular limit156

of the true BBL-integrated KE dissipation rate. The discrepancy arises due to the assumption that157
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the shear in the BBL is confined to an infinitesimally thin layer within the viscous sublayer in158

Taylor’s formula. It is shown that the shear actually extends way above the viscous sublayer to159

about 20% of the BBL thickness for even the largest frictional Reynolds numbers Ret expected in160

natural flows and this results in a smaller energy dissipation rate. Taylor’s formula could thus be161

improved to be: D ⇡ 0.9⇥CDU
3 in these cases.162

Admittedly, Taylor’s formula provides a good first-order estimate for the integrated BBL dissi-163

pation rate. However, the evaluation performed in this note only applies to smooth bottom where164

the viscous and log-layers are intact. The ocean seafloor is far from flat. Corrugations on scales165

smaller than the BBL thickness, typical of the ocean seafloor could modify or even destroy the166

inner layer structures (Jiménez 2004). The small roughness can be accounted for by introducing a167

roughness parameter which quantifies the characteristic height of the corrugations, zo. This results168

in a modification of the log-layer away from the bottom: u(z) = ut
k log z

zo
(e.g. Pope 2001; Ten-169

nekes and Lumley 2018). It remains to be studied whether the disrupted viscous sublayer and the170

modified log-layer structure could have an impact on the energy dissipation estimate. Moreover,171

the log-layer could be completely destroyed when the roughness is large. A common parameter172

to consider here is the blockage ratio d/k where k is the roughness height. This non-dimensional173

parameter measures the direct effect of the roughness on the log-layer, where most of the mean174

shear are concentrated. Previous studies have shown that d/k has to be at least 40 for a general175

log-layer structure to hold (Jiménez 2004). This suggests that Taylor’s formula could fail over176

rough seafloors where the velocity shear is no longer concentrated close to the wall.177

The DNS experiments presented here do not include stratification. This may not be the most178

problematic simplification of our work, because stratification is expected to be quite weak in179

oceanic BBL. Stratification is indeed very weak in the inner layer close to the seafloor due to180

enhanced mixing (e.g. Perlin et al. 2007; Ruan et al. 2017). Stratification may however be181

9



strong enough in the outer layer to suppress turbulent overturns larger than the Ozmidov scale182

Lo = (e/N
3)1/2 (N being the Brunt-Väisälä frequency) and lead to a modification of the shear183

profile (Sanford and Lien 1999; Perlin et al. 2005). However we showed that the bulk of the KE184

dissipation occurs in the log-layer, and not in the outer layer, where the distance to the bottom is185

the dominant limit on the eddy overturn size rather than the Ozimdov scale. Thus, we expect the186

influence of stratification on the integrated dissipation rate to be small.187

In addition to small-scale roughness, BBL dissipation can be modified by the presence of large-188

scale slopes, like along the flanks of ridges and seamounts (Callies 2018; Wenegrat et al. 2018;189

Ruan and Callies 2020), detachment of BBL at large Froude numbers (e.g. Armi 1978), and de-190

velopment of a whole gamut of hydrodynamic subemsoscale instabilities, hydraulic jumps (e.g.191

Thurnherr et al. 2005; Wenegrat and Thomas 2020). Clearly a full quantitative picture of BBL192

dissipation in the ocean remains far from complete. Our work has only shown that Taylor’s for-193

mula should be used with caution and treated as an upper limit of the integrated BBL dissipation194

rate in the case of a mean flow over the seafloor. Future examinations are needed to account for195

seafloor roughness and more realistic velocity and stress profiles before applying Taylor’s formula196

in global energy dissipation studies.197
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TABLE 1. Summary of the DNS experiments

No. Ret (Re f ) ut/U Type D /CdU
3

1 830 4.08⇥10�2 non-rotating 0.8614

2 1271 3.85⇥10�2 non-rotating 0.8638

3 943 5.61⇥10�2 rotating 0.9082

4 1765 5.21⇥10�2 rotating 0.9178
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FIG. 1. Schematic of idealized distribution of velocity and shear stress in the non-rotating bottom boundary

layer (BBL). On the left is the mean velocity profile as a function of depth where a constant shear layer of

thickness ds is present. On the right is the linearly decaying profile of shear stress where it takes the bottom

stress value t = tb at z = 0 and t = 0 at z = d .
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FIG. 2. Profiles of nondimensional velocity (a), shear stress (b) and dissipation rate (c) as a function of z/d

(depth normalized by the boundary layer thickness) in the non-rotating BBL.
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FIG. 3. Profiles of nondimensional velocity (a), shear stress (b) and dissipation rate (c) as a function of z/d

(depth normalized by the boundary layer thickness) in the rotating BBL.
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FIG. 4. The difference between nondimensional velocity and a logarithmic function of depth (z+) where the

flat lines indicate the logarithmic layer. Both the rotating and non-rotating profiles are shown here.
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