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Abstract

This chapter considers a model for a radial hydraulic fracture propagation in a permeable,
linear elastic rock formation driven by a point source fluid injection. The linear elastic fracture
mechanics theory controls the quasi-static propagation. The hydraulic fracturing fluid is slickwa-
ter – pure water solution with polymeric additives which allow reducing the fluid flow friction in
the wellbore and fracture in reservoir field applications. We focus on the possible transforma-
tion of the fluid flow regime inside the fracture channel from laminar to turbulent with distance
from the fracture front. We assume that the turbulent friction of slickwater is described by the
maximum drag reduction asymptote, while Carter’s law governs the leak-off into the permeable
rock. The solution is obtained numerically using the algorithm based on the Gauss-Chebyshev
quadrature and Barycentric Lagrange interpolation techniques. We compute solution examples
for typical field cases and demonstrate a significant impact of the turbulent flow regime during
the initial fewminutes of propagation, namely, shorter radius andwider maximum aperture than
the laminar model provides. Moreover, we observe higher fluid pressure values at the wellbore
within tens ofminutes of the start of the injection. This leads to a larger hydraulic pumping power
requirement than the laminar model predicts. We also find that the fluid leak-off into the perme-
able rock enhances the turbulent flow effect in the fracture when compared to the impermeable
rock case. In order to analyze the parametric dependence of the general solution, we convert
the governing equations into the dimensionless form. We perform an extensive exploration of
the normalized solution in space of two non-dimensional parameters, leak-off and characteristic
Reynolds numbers, and normalized time. Specifically, we determine the applicability domains
of the limiting propagation regimes to frame the general solution, investigate the alterations of
the crack characteristics depending on the governing parameters, and identify zones where the
turbulent flow is important.

1 Introduction
Hydraulic fractures (HFs) are tensile cracks that form and propagate in the solid media with the pre-
existing confining stress due to the high-pressure fluid injection. HFs manifest in nature as magma-
driven dykes (Spence and Turcotte, 1985; Lister, 1990; Rivalta et al., 2015; Dontsov, 2016b) and water-
driven cracks in glacier beds (van der Veen, 2007; Tsai and Rice, 2010). They can also be human-
made, when hydraulic fracturing treatment of oil and gas wells is utilized to enhance production
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of hydrocarbons (Economides et al., 1989, 2002). HFs ensure a larger hydraulically connected area
between the rock and the well. In recent times, the horizontal drilling with the multistage hydraulic
fracturing is frequently applied, especially in the development of formations with low permeability
and porosity.

When the water-based fracturing fluid is used in reservoir stimulation, the injection rate can be set
relatively high. It is required to compensate for the undesirable effect of the relatively low viscosity
of the HF fluid on the proppant settling and in order to create a crack aperture sufficiently large for
the proppant placement (Barati and Liang, 2014). High injection rate of low-viscous fluid leads to
the onset of the turbulent flow regime in the part of the fracture adjacent to the wellbore. The
remaining part of the fracture, i.e., the region from the transition boundary to the fracture front, is
occupied by laminar flow (Figure 1). Since Reynolds number for the plane channel flow depends on
the aperture, the laminar flow regime always exists near the fracture front where the aperture value
tends to zero.

Turbulent flow effects were first discussed in the context of hydraulic fracture propagation by Perkins
et al. (1961) for the Perkins-Kern-Nordgren (PKN) fracture geometry. Further, Nilson (1981) analyzed
a model for a plane strain gas-driven fracture, and this work discusses the flow regime transforma-
tion inside the crack channel from turbulent to laminar in the direction of the fracture front. The
limiting propagation regimes associated with turbulent flow inside magma dykes were studied by
Emerman et al. (1986), Lister and Kerr (1991). Tsai and Rice (2010) considered a plane strain HF with
fully turbulent flow in application to natural water-driven fracture in glaciers. Different aspects of the
turbulent flow regime impact on the HF growth with PKN geometry have been investigated in the fol-
lowingworks (Anthonyrajah et al., 2013; Ames et al., 2015; Kano et al., 2015; Zia and Lecampion, 2017;
Zolfaghari et al., 2017). Similar analyses have also been carried out for fractures with different ge-
ometries including a plane strain (Tsai and Rice, 2012; Zolfaghari et al., 2018), radial (Zolfaghari and
Bunger, 2018, 2019; Lecampion and Zia, 2019), planar 3D (Dontsov and Peirce, 2017a) fracture. The
aforementioned works consider finite crack models; however, the laminar-to-turbulent flow regime
transformation has also been studied in the asymptotic near-tip region model. E.g., Dontsov (2016c)
developed a model for a HF tip for the pure water case, while the slickwater case was examined by
Lecampion and Zia (2019); Kanin et al. (2020a).

The fluid injection into the reservoir at a relatively high volumetric flow rate requires significant en-
ergy consumption for fluid pumping (Yang et al., 2019), especially during the simultaneous growth of
multiple cracks, i.e., multistage HF treatment. The limitation of the operational costs can be achieved
by adding the specific polymers to pure water resulting in a mixture called slickwater. The used addi-
tives slightly increase the fluid viscosity and considerably decrease the friction, up to 70% compared
to that of the pure water (Nieuwstadt et al., 2016). The experiments of Virk (1971, 1975) demonstrate
how the flow friction factor declines depending on the used polymer additive type and its concen-
tration. It was also determined in this work that the friction reduction has a so-called maximum drag
reduction (MDR) or Virk’s asymptote, which can be achieved at a relatively small concentration of
the polymers.

This chapter considers a radial hydraulic fracture propagation in a permeable reservoir. The model
accounts for the flow regime transformation from laminar to turbulent when Reynolds number for
the plane channel flow becomes greater than the critical value. The HF fluid is slickwater, and the
MDR asymptote is used to approximate its frictional behavior in the turbulent flow regime. The fluid
exchange between the crack and permeable formation is assumed in the form of the leak-off process
governed by the pressure-independent, one-dimensional Carter’s law (Carter, 1957). The main aim
of the present examination is to analyze the combined effects of the laminar-turbulent flow of the
HF fluid with drag reduction agents and the fluid leak-off into the ambient rock. For the problem
formulation, we utilize the original model framework of Lecampion and Zia (2019), where the authors
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Figure 1: A radial hydraulic fracture model with the laminar-turbulent channel flow and leak-off.

discuss a radial HF driven by the laminar-turbulent flow of slickwater in impermeable rock.

We organize the chapter in the following way. Section 2 outlines the problem formulation and gov-
erning equations, while Section 3 introduces the numerical scheme. The solution examples corre-
sponding to the typical field cases are considered in Section 4. Further, we investigate the limiting
propagation regimes in Section 5, namely, revisit the existing limiting solutions and derive the new
ones. Finally, Section 7 describes the results of the problem parameter space investigation, which
is accomplished by using the problem formulation in dimensionless variables introduced in Section
6.

2 Model formulation

2.1 Problem definition
We examine a radial (penny-shaped) hydraulic fracture propagation from a fluid point source along
the plane perpendicular to the far-field confining stress direction. The model is axisymmetric, i.e., all
fracture properties are the functions of the distance to the source r and time t. The sketch of the
model is presented in Figure 1.

We consider a constant volumetric rateQ0 of fluid injection such that the injected volume is Vinj(t) =
Q0t. The rock is assumed to be a homogeneous, linear-elastic solid characterized by Young’smodulus
E and Poisson’s ratio ν. We assume that the size of the region near the fracture tip, where the rock
failure occurs, is small compared to the other lengthscales realized in the model (e.g., linked with
the viscous fluid flow inside the fracture, leak-off into the formation, etc.), which is generally true
when the in situ confining stress σo is much smaller than the rock tensile strength (Garagash, 2019).
Therefore, we can apply the linear elastic fracture mechanics (LEFM) theory to model the quasi-
static crack propagation in the solid media with toughness KIc (Rice, 1968). The fracture surface
is loaded by the fluid pressure pf (r, t) from the internal side. The considered radial crack model is
fully described by evolution in time of the fracture radius R(t), opening w(r, t) and net pressure
p(r, t) = pf (r, t) − σo profiles, and efficiency parameter η(t) = Vcrack(t)/Vinj(t). The latter allows
evaluating the partition of the injected fluid volume Vinj(t) between that of the crack Vcrack(t) and
the fluid volume leaked into the rock Vleak−off(t).

The HF fluid is considered to be slickwater with viscosity µ and density ρ which behaves like a New-
tonian fluid in the laminar flow regime. When turbulent flow occurs, slickwater rheological response
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is modeled by the maximum drag reduction (MDR) asymptote which we will discuss further. The lu-
brication theory (Batchelor, 1967) controls the fluid flow inside the fracture. We neglect the fluid lag
(Garagash and Detournay, 2000; Detournay and Garagash, 2003; Kanin et al., 2020c), assuming that
its maximum value∼ µV E2σ−3

o expressed in terms of the crack tip velocity V , is small compared to
the fracture radius. In other words, the crack and the HF fluid fronts coincide in the model. Reynolds
number for the plane channel flow, Re = ρvw/µ, is increasing with distance from the crack front
whereRe = 0. The laminar-to-turbulent flow regime transformation happens at distance λ from the
tip (this value is a part of the solution), where Reynolds number equals to the critical value,Re = Rec.
Consequently, the laminar flow domain of extent λ is adjacent to the front, i.e., observed within the
interval r ∈ (R − λ,R) along which Re < Rec, while the non-laminar flow, i.e., transient and fully
turbulent, happens inside the domain r ∈ (0, R−λ) characterized byRe > Rec. We implement the
flow regime transformation into the model via the usage of the fluid friction factor f(Re) as detailed
further in this Section.

The ambient reservoir is characterized by porosity ϕ and permeability k. For simplicity, we utilize
Carter’s leak-off law (Carter, 1957) to govern the fluid exchange process between the crack channel
and formation. According to this law, the leak-off rate g(r, t) is proportional to the inverted square
root of the ’exposure’ time, i.e., the period between the current time moment and when the crack
tip passes the considered point on the fracture plane. We consider the case in which the pore fluid
has the same properties as that of the slickwater (viscosity µ, the compressibility ct). Here, the pro-
portionality (or Carter’s) coefficient is the following (Collins, 1976): CL = k(σo− po)/(µ

√
πc), where

po is the far-field pore pressure, and c = k/(ϕctµ) is the diffusivity coefficient. When it is required to
take into account the filter-cake building or (and) the different properties of the HF and pore fluids
in the pressure-independent approximation of the fluid exchange process, the reader can find the
appropriate expressions for Carter’s coefficient in (Economides et al., 1989).

2.2 Governing equations
In this section, the governing equations are formulated for the evolution of unknown crack radius
R(t), opening w(r, t) and net pressure p(r, t) profiles. In doing so, we make use of the following set
of material parameters in common with the laminar HF models:

E ′ =
E

1− ν2
, K ′ = 4

√
2

π
KIc, µ′ = 12µ, C ′ = 2CL, (1)

and the injection rateQ0. In equation (1),E ′ is the plane strain elastic modulus,K ′ and µ′ are tough-
ness and viscosity parameters, and C ′ is the leak-off parameter. Additional problem parameters
related to turbulent flow will be introduced further in Section 2.2.2.

2.2.1 Crack elasticity

The elasticity equation links the net fluid pressure p(r, t) and aperture w(r, t) (Arin and Erdogan,
1971; Cleary and Wong, 1985; Savitski and Detournay, 2002):

p(r, t) = − E ′

2πR(t)

∫ R(t)

0

M

(
r

R(t)
,

s

R(t)

)
∂w(s, t)

∂s
ds, (2)

where integral kernelM(ρ, s) is defined as:

M(ρ, s) =


1
ρ
K
(

s2

ρ2

)
+ ρ

s2−ρ2
E
(

s2

ρ2

)
, ρ > s,

s
s2−ρ2

E
(

ρ2

s2

)
, ρ < s,

(3)

andK(x) andE(x) are the complete elliptic integrals of the first and the second kind, respectively.

4



2.2.2 Fluid flow

Fluid flow inside the crack channel is described by width-averaged continuity equation for an incom-
pressible fluid (Batchelor, 1967):

∂w

∂t
+

1

r

∂(rq)

∂r
+ g(r, t) = 0, g(r, t) =

C ′√
t− t0(r)

, (4)

where q(r, t) = w(r, t)v(r, t) is the flow rate, v(r, t) is the width-averaged fluid flow velocity, and
g(r, t) is the fluid leak-off rate given by Carter’s law. The latter is defined in terms of the time t0(r)
when the fracture tip reaches distance r from the source and can be obtained as the inverse of the
fracture radius function, i.e., R(t0(r)) = r.

We determine v(r, t) from the width-averaged momentum conservation equation in which the iner-
tial terms are neglected (see Lecampion and Zia (2019) for details):

v |v| = − w

ρf

∂p

∂r
, (5)

where f is the Fanning friction factor. By comparing equation (5)with Poiseuille’s law, v = −(w2/µ′) (∂p/∂r),
we obtain the friction factor for laminar flow (Re < Rec) in plane channel: f lam = 12/Re. Using the
definition of the normalized friction factor f̃ = f/f lam, we rewrite equation (5):

v = − w2

µ′f̃

∂p

∂r
. (6)

The combination of the continuity (4) and momentum conservation (6) yields Reynolds equation:

∂w

∂t
=

1

µ′
1

r

∂

∂r

(
rw3

f̃

∂p

∂r

)
− C ′√

t− t0(r)
. (7)

In the turbulent flow regime (Re > Rec), the slickwater frictional behavior is governed by the MDR
asymptote that is a phenomenological relation proposed by Virk (1971, 1975) on the basis of the ex-
periments:

1√
f
= 19 log10

(
Red

√
f
)
− 32.4, (8)

where Red = ρυd/µ is Reynolds number for pipe flow (d is a pipe diameter). In order to ’translate’
(8) to the ’crack channel’ flow geometry, the relation between apparent pipe Red and channel Re
is postulated by equating corresponding expressions for the laminar friction factors for a channel,
f lam = 12/Re, and a pipe, f lam

d = 16/Red, yielding Red =
4
3
Re (Jones Jr, 1976).

Finally, the implicit equation (8) is approximated by explicit power-law relation suggested by Lecam-
pion and Zia (2019):

f = f0Re−n
d = f

′

0Re−n, (9)

where f ′
0 = f0(4/3)

−n, and the numerical values for f0 and n will be provided later.

Behavior of the friction f and normalized friction f̃ = f/f lam in the entire range of Reynolds number
values is approximated by piecewise functions:

f =

{
12/Re, Re ≤ Rec,

f
′
0Re−n, Re > Rec,

f̃ =

{
1, Re ≤ Rec,

f
′′
0 ·Re1−n, Re > Rec,

(10)
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Figure 2: The friction factor dependence on the Reynolds number in ordinary (a) and Prandtl-Karman
(b) coordinates for channel flow. The laminar branch is shown by blue color, while the turbulent
branches for the slickwater flow described by the original Virk’s MDR asymptote (8) (Virk, 1975) and
its power-law approximation (9) (Lecampion and Zia, 2019) are depicted by solid green and red lines,
respectively. Blasius correlation for turbulent flow of Newtonian fluid (pure water in our case) in a
channel with smooth walls is plotted by solid yellow line.

with prefactor f ′′
0 = f

′
0/12. We estimate the critical value of Reynolds numberRec for the slickwater

case from the intersection of the laminar and turbulent branches, to ensure the continuity of f(Re):
Rec = (12/f ′

0)
1/(1−n).

To summarize the discussion on the slickwater frictional behavior, we plot Figure 2. Here, we show
the friction factor f dependence on the Reynolds numberRe for the channel flow during the laminar
and turbulent flow regimes in the traditional (a) and Prandtl-Karman (b) notations. Function f(Re)
defined by equation (10) is shown by the combination of blue (laminar part) and red (turbulent part)
solid lines. In addition to Virk’s asymptote (green line), we show Blasius correlation (yellow line) for
pure water flow in a channel with smooth walls. Using the green and yellow curves, one can observe
how the slickwater drag reduction agents drastically reduce the friction compared to that of water.
The power-law form of the MDR asymptote (9) (red line) closely approximates the exact function (8)
within the range Re ∈ (103, 1.5 · 104) with the relative error of less than 5%.

Numerical values of the parameters in rheological relations (9), (10) for the slickwater (power-law
approximation of MDR) and pure water (Blasius correlation) cases are taken after (Lecampion and
Zia, 2019) and (Blasius, 1913), correspondingly:

slickwater: f0 = 1.78, n = 0.7, f
′

0 = 1.46, f
′′

0 = 0.122, Rec = 1132.6;

water: f0 = 0.079, n = 0.25, f
′

0 = 0.074, f
′′

0 = 0.006, Rec = 1650. (11)

The critical Reynolds number for the channel flow of Newtonian fluid (pure water) is evaluated from
the corresponding parameter for the pipe flow (Red)c = 2200: Rec = 2200 · 3/4 = 1650. One can
notice that the laminar-to-turbulent transition for slickwater occurs at a smaller Reynolds number
value than that for pure water.

2.2.3 Fracture propagation

According to the LEFM theory, the quasi-static fracture propagation is realized when the stress inten-
sity factor matches the solid toughness: KI = KIc. Alternatively, this condition can be expressed in

6



terms of asymptotic behavior of the crack opening w(r, t) near the tip (Irvin, 1957):

w =
K ′

E ′

√
R− r, r → R, (12)

where elasticity E ′ and toughnessK ′ parameters are defined in (1).

2.2.4 Boundary conditions

At the fracture inlet (r = 0), the volumetric flow rate is prescribed:

lim
r→0

2πrq(r, t) = lim
r→0

2πrw(r, t)v(r, t) = Q0, (13)

while at the fracture tip (r = R(t)), the zero crack opening and the no-flow conditions are applied:

w(R, t) = 0, q(R, t) = 0. (14)

2.2.5 Global fluid volume balance

Global fluid balance follows from the integration of the continuity equation (4) with respect to time
and distance from the source and application of the flux boundary conditions (13) and (14),

Q0t︸︷︷︸
Vinj

= 2π

∫ R

0

rw(r, t)dr︸ ︷︷ ︸
Vcrack

+4πC ′
∫ R

0

r
√

t− t0(r)dr︸ ︷︷ ︸
Vleak−off

, (15)

and corresponds to the partition of the injected fluid volume (Vinj) between the crack (Vcrack) and
porous rock (Vleak−off).

3 Solution approach
The current section describes the numerical algorithm utilized in the solution of the radial hydraulic
fracture propagationproblem. Themethod is basedon theGauss-Chebyshev quadrature andBarycen-
tric Lagrange interpolation techniques. Viesca and Garagash (2018) review these techniques and ap-
ply them to the solution of various fracture propagation problems with coupled physics. Liu et al.
(2019) adapt the methodology to the radial fracture propagation. It is important to mention that
the numerical scheme does not require an explicit implementation of the near tip region asymptote
(if different from the classical LEFM one) compared to other approaches which use the ’tip logic’,
e.g., (Peirce and Detournay, 2008; Peirce, 2015; Dontsov, 2016a; Dontsov and Peirce, 2017b; Zia and
Lecampion, 2020; Kanin et al., 2020b). In present work, we follow themethod developed by Liu et al.
(2019) and extend it to account for different HF fluid rheology and for the fluid leak-off.

Firstly, we introduce the dimensionless distance from the source as ξ = r/R(t), ξ ∈ [0, 1], and
rewrite the system of governing equations through ξ variable using the transformation of the time
and coordinate derivatives: ∂/∂t|r = ∂/∂t|ξ − [ξV (t)/R(t)] · ∂/∂ξ|t, ∂/∂r|t = R(t)−1∂/∂ξ|t,
V = dR/dt = Ṙ. The application of Gauss-Chebyshev quadrature implies the problem consider-
ation on the spatial coordinate segment ξ ∈ [−1, 1]. In this regard, the spatiotemporal fracture
characteristics and governing equations are extended symmetrically to negative ξ. Such modified
form of the elasticity equation (2) is given by:

p(ξ, t) = − E ′

4πR(t)

∫ 1

−1

G (ξ, s)
∂w(s, t)

∂s
ds, ξ ∈ [−1, 1], (16)
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where the corresponding form of the integral kernel is provided by Liu et al. (2019):

G(ξ, s) =

sign(ξs)
[
1
ξ
K
(

s2

ξ2

)
+ 1

s−ξ
E
(

s2

ξ2

)]
, |ξ| > |s|,

1
s−ξ

E
(

ξ2

s2

)
, |ξ| < |s|.

(17)

Spatial derivative of the opening profile is written as:

∂w

∂ξ
= W(ξ)F (ξ, t), W(ξ) =

1√
1− ξ2

, ξ ∈ [−1, 1],

where the singular weight functionW(ξ) is chosen in accordance with the fracture opening behavior
near the tip, i.e., ∂w/∂ξ ∼ 1/

√
1− |ξ|, ξ → ±1, and F (ξ, t) is an unknown regular function. Since

w(ξ, t) andW(ξ) are even functions, function F (ξ, t) should be odd.

Next, the coordinate domain ξ ∈ [−1, 1] is discretized using two sets of nodes connected with
the selected weight function (the details are provided by Viesca and Garagash (2018)): primary
s = {sj}Nj=1 = {cos [π(j − 1/2)/N ]}Nj=1 and complementary z = {zi}Mi=1 = {cos (πi/N)}Mi=1 , M =
N−1, sets. Hereafter we utilize bold symbols for vectors. Primary and complementary nodes are the
roots of the Chebyshev’s polynomials of the first and the second kind. We furthermake use of the val-
ues ofF (ξ, t) at the primary nodes: F = {F (sj, t)}Nj=1, while the crack aperturew(ξ, t), net pressure
p(ξ, t) and fluid flow velocity v(ξ, t) are evaluated at the complementary nodes: w = {w(zi, t)}Mi=1,
p = {p(zi, t)}Mi=1, v = {v(zi, t)}Mi=1.

Let us turn to the discretization of the governing equations. We focus on the Reynolds and global
fluid balance equations since the remaining equations (elasticity, propagation criterion, and bound-
ary conditions) are identical to those in (Liu et al., 2019) and given by their equations (3), (10), (8).
Integrating Reynolds equation (7) in space from a given position along the crack ξ to the tip ξ = 1,
applying discretization and substituting discretized elasticity (equation (41) of Liu et al. (2019)), we
arrive to

− z2
2

∂w
∂t

+
1

2

∂

∂t

[
S× (s2F)

]
+

V

R
(S× (s2F))− zwv

R
+ C ′R× z√

t− t0(zR)
= 0, w = S× F,

v = − w2

µ′f̃R
pξ, pξ =

E ′

4R
D× (G2 × F), f̃ =

{
1, Re ≤ Rec,

f
′′
0 Re1−n, Re > Rec,

, Re =
12ρwv
µ′ .

Here, we utilize the sign ’×’ for the matrix multiplication. Components of the matrices S,D,G2 are
provided by Liu et al. (2019) in their equations (34), (39), (43), while matrixR is given by:

R = {Rii′} =

{
M−1∑
k=0

[Ψk(1)−Ψk(zi)]Bki′

}
, Ψk(z) = cos [(k + 1)θ]/(k + 1), θ = arccos z,

Bki′ = 2/N · sin (πi′/N) sin (πi′(k + 1)/N).

The rate form of the global fluid balance equation (15) can be discretized as follows:

Q0

π

(
1

R2
− 2tV

R3

)
= −SH × (s2Ḟ ) + 2C ′RH × z√

t− t0(zR)
− 2C ′V

R3

∫ t

0

R2(s)ds√
t− s

,

where the matrix SH is defined by Liu et al. (2019) in their equation (38), whileRH is given by:

RH =

{
m−1∑
k=0

[Ψk(1)−Ψk(0)]Bki′

}
.
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In the right-hand-side of the global fluid balance equation we have the integral with respect to time,
and it can be evaluated via application of the Simpson’s rule.

The discretized Reynolds equations (with the elasticity equation and boundary conditions already
taken into account in it) together with the global fluid balance and propagation condition can be
combined into a system of ordinary differential equations (ODEs):

A(X, t)
dX
dt

= B(X, t), X = {R,F},

whereX is the solution vector. Once the above systemof ordinary differential equations is integrated,
the crack radius evolution is known,R = R(t), while the solution for opening, net pressure profiles,
and efficiency is evaluated from F (ξ, t) using the following representation:

w = S× F, p =
E ′

4R
G2 × F, η(t) = −πR2

Q0t

{
SA × (s2F)

}
,

where matrix SA is defined in (Liu et al., 2019) by their equation (37).

Due to the form of the elasticity equation (Liu et al., 2019), the number of primary nodesN should be
odd. Since functionF (ξ, t) is odd, the target vectorFhas the form: F = {F1, . . . F(N−1)/2, 0,−F(N−1)/2, . . . ,−F1}.
The total number of the independent unknown parameters is (N − 1)/2 + 1 which constrains the
system of governing ODEs to be composed of the Reynolds equations at the complementary nodes
z1, . . . , z(N−1)/2−1, the global fluid balance equation and the propagation condition. We choose
N = 101, and the initial condition is represented by the storage-viscosity-turbulent limiting prop-
agation regime originally developed by Lecampion and Zia (2019), and further discussed in Section
5. The time computational domain is discretized on a logarithmic scale, and we apply ODE solver
for each time step. The numerical algorithm is implemented in Python programming language, the
system of ODEs is solved via solve_ivp function of SciPy library.

4 Solution examples for typical field applications
In this section, we demonstrate the results of the simulations for a radial hydraulic fracture growth in
which the model parameters are close to the typical field cases. We would like to achieve the follow-
ing objectives. First of all, we investigate how the laminar-to-turbulent flow regime transformation
inside the fracture channel changes the problem solution compared to the fully laminar flow case
for both impermeable and permeable reservoirs. Moreover, we perform calculations not only for
slickwater but also for pure water driven cracks to examine the influence of the frictional behavior
on the fracture parameters.

The injection volumetric flow rate is assumed to be a fairly highQ0 = 0.1m3/s (e.g, see representa-
tive ranges in the reviews (Barati and Liang, 2014; Barbati et al., 2016)). For simplicity, we consider
a situation when the polymer molecules do not change the solvent (pure water) viscosity, i.e., they
modify the frictional behavior during turbulent flow only (the MDR asymptote instead of the Blasius
approximation). The following rock and fluid properties are chosen:

E ′ = 20 GPa, KIc = 1MPa ·
√
m, σo = 10MPa, po = 6MPa,

µ = 1 cP, ct = 10−3 MPa−1, ρ = 103 kg/m3,

k = 10mD (permeable rock), ϕ = 20%. (18)

Using the set of parameters (18), one can estimate the Carter’s leak-off number corresponding to the
permeable rock case, C ′ = 2.04 · 10−4 m/

√
s, while C ′ = 0 for impermeable rock.
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Figure 3: Evolution of fracture radiusR(t), (a), opening at the wellbore w(0, t), (b), and net pressure
p(0.1, t) at the distance r = 0.1 m, (c), in the turbulent-laminar solutions, normalized by the corre-
sponding solutions of the fully-laminar model (Figure 4). Evolution of length λ(t) of the laminar flow
domain, (d), normalized by fracture radius R(t) (the laminar flow domain extends distance λ from
the crack tip, see Figure 1). The slickwater (water) solutions are presented by blue (red) color, while
solid (dashed) lines indicate impermeable (permeable) rock case.

Figures 3(a), (b) and (c) present the turbulent-laminar solutions for the evolutionof the fracture radius
R(t), opening at the wellborew(0, t) and net pressure p(0.1, t) at the distance r = 0.1mnormalized
by the corresponding laminar solutions (Figure 4). As a result, the laminar solutions in these charts
are simply unity along the entire time domain. The choice of the location for the pressuremonitoring
is conditioned by the pressure singularity at r = 0 in the point fluid source model and by the value
of a typical borehole radius. We also note that, with exception of very early propagation time (not
shown), R(t) ≫ 0.1m, and the point source modeling is deemed appropriate.

Using these figures, one can notice that the laminar-to-turbulent flow regime transformation inside
the crack channel affects the fracture parameters during an initial period of the propagation, leading
to a shorter radius, larger opening at thewellbore, and pressure values compared to the fully-laminar
model. Turbulent effects eventually become negligible, and the turbulent-laminar and fully-laminar
solutions become nearly identical. It is important to highlight that the threshold time is different for
radius, opening, and pressure for a particular choice of the governing parameters of themodel.

Let us define a timemoment t∗ when a time-dependent fracture characteristicA(t) (radius, opening,
pressure) corresponding to the turbulent-laminar solution can be closely approximated by Alam(t)
from the fully-laminar solution as follows: |A(t∗) −Alam(t∗)|/|Alam(t∗)| = 5%. We summarize the
values t∗ for the crack parameters depicted in Figure 3 for all considered cases, namely, slickwater
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Figure 4: Evolution of the fracture radius R(t), (a), maximum opening w(0, t), (b), and net pressure
p(0.1, t) at the distance r = 0.1 in the laminar solutions. The solid (dashed) lines indicate the imper-
meable (permeable) rock case.

Table 1: The table contains the timemoments (in seconds) starting fromwhich the relative differences
between the fracture characteristicsR(t), w(0, t), p(0.1, t) estimated by the turbulent-laminar and
fully-laminar solutions are less than 5%.

t∗, s
HF fluid slickwater water
rock type impermeable permeable impermeable permeable

A

R(t) 0.03 0.02 0.7 0.5
w(0, t) 5.5 14.2 70.5 745.3
p(0.1, t) 308 8933 1079 67383

(blue lines) and pure water (red lines) fracturing in the impermeable (solid lines) and permeable
(dashed lines) reservoirs, in Table 1.

It is evident from Table 1 that the noticeable difference in the fracture radius valuesR(t) andRlam(t)
appears on the timescale less than one second, suggesting that in practice, the deviation of the frac-
ture size in the turbulent-laminar solution from that assuming fully-laminar flow can be neglected.
The flow regime transformation impacts opening at the wellbore during approximately 5 and 15 sec-
onds for slickwater fracturing in an impermeable and permeable rock, correspondingly. These quan-
tities for pure water fracturing are around 1 and 12 minutes, respectively. The interpretation of the
results forw(0, t) leads to the following conclusions: (i) the leak-off process prolongs the duration of
the turbulent flow regime influence on the crack aperture near the wellbore, and (ii) the turbulence
effects are more pronounced for the pure water case since they continue during much longer period
of time. However, evenwhen the crack geometries (radius and aperture) are approximately the same
in the turbulent-laminar and fully-laminar models, the pressure values near the wellbore (r = 0.1
m) can still differ significantly. This observation means that larger amount of energy is required to
create a hydraulic fracture driven by turbulent-laminar flow compared to the value predicted by the
fully-laminar model. From Figure 3 and Table 1, we identify for the slickwater case that p ≈ plam (less
5% difference) after 5 minutes from the fracture initiation in an impermeable formation, while in a
permeable rock, this period reaches 2.5 hours. In turn, when the HF fluid is pure water, the align-
ment of the pressure values occurs after 0.5 and 18 hours (beyond typical HF treatment duration in
the field), correspondingly.

Figure 3(d) shows the extent λ(t) of the region r ∈ (R − λ,R) with laminar flow as a fraction of
the crack radius R(t). It is an increasing function on time evolving from λ/R ≈ 0 at early time and
approaching λ/R ≈ 1 at large time. In other words, the turbulent flow regime is realized along the
entire fracture at the beginning of the propagation, while the laminar regime is spatially dominant at
large time. For example, we observe in the permeable rock case that near the end of a typical fluid

11



injection (t ∼ 104 s) only a small part of the crack∼ 0.1R near the wellbore is occupied by turbulent
flow, whereas the remainder of the crack∼ 0.9R supports laminar flow. Turbulent flow spatial extent
is yet smaller for the case of impermeable rock. By comparing slickwater and water injection cases
in Figure 3(d), we notice that the spatial domain with turbulent flow is larger for slickwater HF, i.e.,
λ/R at all times is smaller, yet the water HF corresponds to larger deviations ofR(t),w(0, t), p(0.1, t)
from the laminar solution.

We now discuss how the spatial distributions of the fracture aperture and net pressure along the
fracture evolve with time. These distributions are shown in Figure 5 for three time moments t =
{1, 10, 100} s. As it has been already mentioned, a radial crack driven by turbulent-laminar flow
has a shorter radius compared to the fully-laminar model, at early time, the opening and pressure
profiles for t = 1 s in Figure 5 confirm this fact. In the subsequent timemoments, i.e., t = 10 and 100
s, the difference betweenR(t) andRlam(t) values is imperceptible. The turbulent-laminar solutions
become very close to their laminar ’analogs’ starting from a certain distance from the fluid source.
In turn, in the remainder of the crack, i.e., along the zone adjacent to the wellbore, a considerable
difference, decreasing over time, is observed where the turbulent-laminar crack has a wider opening
and larger net pressure. In general, the HF in a permeable rock (Figures 5(b) and (d)) has a smaller
volume due to the leak-off compared to the crack propagation in the impermeable reservoir, which is
manifested in a shorter radius and aperture in the leak-off cases. On the other hand, the net pressure
profile has greater values in the cases with leak-off.

Using Figures 5(c) and (d), one can observe the presence of the pressure singularities at the wellbore
and the fracture front. For example, the pressure behavior near the wellbore (r ≪ R) is governed by
p ∼ | log r| for the fully-laminar crack, while p ∼ r−3/10 and p ∼ r−3/4 are applicable for slickwater
and pure water fracturing, respectively, in the turbulent-laminar model. The near-tip region of a
hydraulic fracture (R− r ≪ R) has multiscale nature (see, e.g., (Garagash et al., 2011)) such that the
dominant tip singularity depends on both fracture length and propagation speed. It can take form
of either toughness asymptote p ∼ −| log r| or storage-viscosity asymptote (Garagash et al., 2011).
The latter is given by p ∼ −(R − r)−1/3 (Desroches et al., 1994) in the laminar flow regime and by
p ∼ −(R − r)−7/27 for slickwater or p ∼ −(R − r)−1/9 for pure water in the turbulent flow regime
(Lecampion and Zia, 2019; Kanin et al., 2020a).

5 Limiting propagation regimes
Two different mechanisms control the propagation regime of a finite hydraulic fracture. The first
one regulates the total dissipated energy distribution between the creation of new fracture surfaces
at the tip and viscous fluid flow inside the fracture channel. The second mechanism is related to
the partitioning of the injected fluid volume between the fracture and host permeable rock (due to
leak-off). During the crack growth, the allocation of the dissipated energy and injected volume can
change over time resulting in the realization of the limiting propagation regimes characterized by
one dissipation (out of two) and one fluid balance (out of two) mechanisms. The partitioning of the
dissipated energy is influenced by the viscosity µ′ and toughness K ′ parameters, while the leak-off
parameter C ′ affects the distribution of the injected volume.

In the present radial fracture model, we distinguish six limiting propagation regimes (also known as
the vertex solutions or vertices). Four of them can be observed in the penny-shaped HF model with
laminar flow realized along the whole fracture channel (see a review paper of Detournay (2016) and
references therein):

• M – storage-viscosity-laminar – C ′ = K ′ = 0, Re ≤ Rec;

• M̃ – leak-off-viscosity-laminar – C ′ → +∞, K ′ = 0, Re ≤ Rec;
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Figure 5: The spatial variations of the fracture opening (top raw) and net fluid pressure (bottom raw)
at the time moments t = {1, 10, 100} s. The figures (a) and (c) are related to the impermeable rock
case, while (b) and (d) show the discussed crack characteristics during the growth at the permeable
formation. The solution profiles for the slickwater (water) fracturing are depicted by solid blue (red)
lines. The fully-laminar solutions are presented by black dashed lines.

13



• K – storage-toughness – C ′ = M ′ = 0;

• K̃ – leak-off-toughness – C ′ → +∞, M ′ = 0.

The toughness dominated regimesK and K̃ do not depend on the flow regime type. Therefore, the
remaining two limiting regimes emerge in the viscosity-dominated case, when the entire fracture is
occupied by turbulent flow:

• T – storage-viscosity-turbulent – C ′ = K ′ = 0, Re > Rec;

• T̃ – leak-off-viscosity-turbulent – C ′ → +∞, K ′ = 0,, Re > Rec.

Although the laminar flow always exists near the hydraulic fracture front, the above two regimes
correspond to the limit when the laminar domain becomes negligibly small.

Savitski and Detournay (2002) derived solutions forM andK vertices, while K̃ and M̃ solutions are
given by Bunger et al. (2005), and by (Madyarova, 2003; Peirce and Detournay, 2008), respectively.
Moreover, Dontsov (2016a) present approximate solutions for all laminar limiting regimes. The semi-
analytical and approximate solutions for the storage-viscosity-turbulent regime, T -vertex, are found
by Lecampion and Zia (2019).

Further, we summarize scalings in different limiting regimes of the solution following (Detournay,
2016) for the laminar regimes and (Lecampion and Zia, 2019) for the turbulent ones. Firstly, we in-
troduce the dimensionless radius γ, opening Ω, net pressureΠ and fluid velocity V as follows:

R(t) = L(t)γ(P), w(r, t) = ϵ(t)L(t)Ω(ξ,P),

p(r, t) = E ′ϵ(t)Π(ξ,P), v(r, t) = L(t)V(ξ,P)/t, (19)

where ξ = r/R(t) is the normalized distance from the source, P = {P1,P2,P3} are dimensionless
evolution parameters depending on time, material parameters (1), fluid density ρ and injection rate
Q0. L(t) is a lengthscale of the same order as the crack radius, and ϵ(t) is a small dimensionless
parameter.

Next, we substitute formulas (19) into the governing equations andobtain their normalized form:

• Elasticity:

Π = − 1

2πγ

∫ 1

0

M (ξ, s)
∂Ω

∂s
ds; (20)

• Reynolds:

Gv

([
ϵ̇t

ϵ
+

L̇t

L

]
Ω + Ω̇t− ξ

(
L̇t

L
+

γ̇t

γ

)
∂Ω

∂ξ

)
+

Gc√
1− τ0 (ξLγ)

= − 1

γξ

∂
(
ξΩṼ

)
∂ξ

;

Ṽ = GvV =

{
−(G lam

m )−1Ω2γ−1∇Π, R|V|Ω ≤ Rec,

= −(Gturb
m )−1sign (∇Π) [Ωn+1γ−1|∇Π|]1/(2−n)

, R|V|Ω > Rec;
(21)

• Propagation condition:
Ω = Gk

√
γ
√

1− ξ, ξ → 1; (22)

• Boundary conditions:

lim
ξ→0

ξΩV =
G−1
v

2πγ
, Ω(1, t) = 0, Ω(1, t)V(1, t) = 0; (23)
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• Global fluid balance:

1

πγ2
= 2Gv

∫ 1

0

Ωξdξ + 4Gc

∫ 1

0

√
1− τ0 (ξγL)ξdξ; (24)

where τ0(t) = t0(r)/t is the dimensionless inverse radius function, ∇Π = ∂Π/∂ξ is the pressure
gradient, and R = 12ρϵL2/(µ′t) is the characteristic Reynolds number. We also introduce five di-
mensionless groups:

Gv =
ϵL3

Q0t
, Gc =

C ′L2

Q0

√
t
, Gk =

K ′

E ′ϵ
√
L
, G lam

m =
µ′Q0

E ′L3ϵ4
,

Gturb
m =

(
f

′′
0 (12ρ)

1−nµ′nQ2−n
0

E ′L4−nϵ4

)1/(2−n)

=
(
f

′′

0 G lam
m (R/Gv)

1−n
)1/(2−n)

. (25)

Numbers Gv and Gc quantify the fluid volume stored inside the fracture and leaked into the rock,
respectively, in reference to the total injected volume. NumbersGk, G lam

m , andGturb
m with themeaning

of the non-dimensional rock toughness, fluid viscosity, and equivalent viscosity of turbulent flow,
correspondingly, relate to the partition of the dissipated energy between solid and fluid.

To derive scalings linked to the limiting regimes (i.e., lengthscaleL(t) and factor ϵ(t) in equation (19)),
we assign one out of two storage numbers (Gv, Gc) and one out of three dissipation numbers (G lam

m ,
Gturb
m , Gk) equal to one. The remaining three groups constitute the evolution parameters P . When

all three of these parameters tend to zero in a given scaling, one can observe the emergence of the
corresponding vertex solution.

We consider the storage-viscosity-turbulent scaling Gv = Gturb
m = 1. The following formulas for the

lengthscale and small parameter follow:

Lt =

(
E ′t4Qn+2

0

(12ρ)1−nf
′′
0 µ

′n

)1/(8+n)

, ϵt =
Q0t

L3
t

. (26)

while three non-dimensional evolution parameters P (i.e., toughness Gk, leak-off Gc, and laminar-
viscosity G lam

m ) are:

Kt = K ′
(

t4−2n

(12ρ)5−5n(f
′′
0 )

5E ′11+2nµ′5nQ6−3n
0

)1/(16+2n)

,

Ct = C ′
(

E ′4t8−n

(12ρ)4−4n(f
′′
0 )

4µ′4nQ8−2n
0

)1/(16+2n)

,

Mt =

(
E ′1−nµ′8−8nt4−4n

(12ρ)9−9n(f
′′
0 )

9Q6−6n
0

)1/(8+n)

. (27)

The solution in the storage-viscosity-turbulent regime (T -vertex) is then obtained from the normal-
ized equations (20)–(24) in the above scaling when the evolution parameters (27) are set to zero. The
solution is computed numerically using the method defined in Section 3, and is given below for the
time evolution of the fracture radius, opening at the wellbore, and pressure at the half-radius:

Rt(t) = 0.759Lt, wt(0, t) = 1.11

(
(f

′′
0 )

2(12ρ)2−2nµ′2nQ4−n
0 tn

E ′2

)1/(8+n)

,

pt(Rt(t)/2, t) = 0.5

(
(f

′′
0 )

3E ′n+5µ′3n(12ρ)3−3nQ2−2n
0

t4−n

) 1
n+8

. (28)
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The storage-viscosity-laminar scaling Gv = G lam
m = 1 and corresponding scales Lm and ϵm can be

alternatively obtained by setting n = f
′′
0 = 1 in expressions (26) for Lt, ϵt. Fracture characteristics

in the M -vertex solution (Gk = Gc = Gturb
m = 0) have the following form (Savitski and Detournay,

2002):

Rm(t) = 0.699

(
E ′Q3

0t
4

µ′

)1/9

, wm(0, t) = 1.188

(
µ′2Q3

0t

E ′2

)1/9

,

pm(Rm(t)/2, t) = 0.62

(
E ′2µ′

t

)1/3

, (29)

where, as before, the numerical prefactors are evaluated from the full numerical solution of the
problem.

Next, we look at the leak-off-viscosity-turbulent scaling Gc = Gturb
m = 1 and derive the formulas for

the lengthscale and small parameter provided below:

Lt̃ = t1/4
√

Q0

C ′ , ϵt̃ =
(12ρ)(1−n)/4(f

′′
0 )

1/4C ′(4−n)/8µ′n/4

E ′1/4Q
n/8
0 t(4−n)/16

. (30)

Fracture characteristics in the T̃ -vertex solution for the leak-off-viscosity-turbulent regime (Gv =
Gk = G lam

m = 0) can be obtained in the following form:

Rt̃(t) =

√
2

π
Lt̃, wt̃(0, t) =

(12ρ)
1−n
4 (f

′′
0 )

1/4µ′n/4Q
(4−n)/8
0 tn/16

E ′1/4C ′n/8 ,

pt̃(Rt̃(t)/2, t) = 0.75

(
E ′12(f

′′
0 )

4C ′8−2nµ′4n(12ρ)4−4n

Q2n
0 t4−n

)1/16

, (31)

where the numerical prefactors (for opening and pressure) are computed from the full numerical
solution of the governing equations (20)–(24) in the T̃ -scaling when the evolution parameters equal
zero; the coefficient for the fracture radius is found analytically (exact).

The substitution n = f
′′
0 = 1 in equations (30) forLt̃, ϵt̃ leads to the leak-off-viscosity-laminar scaling

Gc = G lam
m = 1 and corresponding scalesLm̃ and ϵm̃. The fracture properties in the M̃ -vertex solution

(Gk = Gv = Gturb
m = 0) are given below:

Rm̃(t) = Rt̃(t), wm̃(0, t) = 1.05

(
µ′4Q6

0t

C ′2E ′4

)1/16

,

pm̃(Rm̃(t)/2, t) = 0.84

(
E ′12C ′6µ′4

Q2
0t

3

)1/16

, (32)

where the numerical coefficients for the opening and pressure are calculated from the full numerical
solution of the problem.

The toughness dominated vertex solutions (K and K̃) do not depend on the realized flow regime
inside the fracture channel since the corresponding energy dissipation in the fluid flow is assumed
negligibly small. For the completeness, we write out expressions for the radius, opening at the well-
bore and pressure (uniform along the whole crack) in these regimes (Savitski and Detournay, 2002;
Bunger et al., 2005):

Rk =

(
3√
2π

)2/5(
E ′Q0t

K ′

)2/5

, wk(0, t) =

(
3

8π

)1/5(
K ′4Q0t

E ′4

)1/5

, pk(t) =

(
π6

2173
· K ′6

tE ′Q0

)1/5

;

(33)

Rk̃(t) = Rt̃(t), wk̃(0, t) =
1

21/4
√
π

(
K ′8Q2

0t

C ′2E ′8

)1/8

, pk̃(t) =
π3/2

215/4
C ′1/4K ′

Q
1/4
0 t1/8

. (34)
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6 Normalization of the governing equations
Normalized solution (19) in one of the vertex-scalings of Section 5 depends on three non-dimensional
evolution parameters which quantify the departure from the corresponding vertex solution. Either
of these three parameters can be regarded as non-dimensional ’time’ in the problem. Alternative,
so-called ’mixed’ scalings have also been used (Madyarova, 2003; Bunger et al., 2005; Adachi and De-
tournay, 2008; Dontsov, 2016a) to compute solution evolution in time between the limiting regimes
(vertices).

One of such scalings, the mk-scaling (Detournay, 2016), is defined in terms of the timescale tmk

quantifying the solution transition period between M and K regimes. Specifically, tmk is the time
moment when the K−vertex and M−vertex lengthscales are the same, i.e., Lk(t) = Lm(t) at t =
tmk. The corresponding length Lmk = Lm(tmk) = Lk(tmk) and non-dimensional small parameter
ϵmk = ϵm(tmk) = ϵk(tmk) are used to define themk-scaling:

ξ =
r

R
, τ =

t

tmk

, γ =
R

Lmk

, Ω =
w

ϵmkLmk

, Π =
p

E ′ϵmk

, V =
v

Lmk/tmk

, (35)

where the characteristic scales evaluated as:

tmk =

√
E ′13µ′5Q3

0

K ′18 , Lmk =

(
E ′Q3

0t
4
mk

µ′

)1/9

, ϵmk =

(
µ′

E ′tmk

)1/3

. (36)

We note that either vertex scalings (Section 5) or the alternative ’mixed’ mk-scaling can be utilized
to obtain general solution and its evolution in time. In the following, we apply themk-scaling, since
it allows for more direct interpretation of the normalized solution (since the scales Lmk and ϵmk are
constants compared to the time-dependent vertex scales L(t) and ϵ(t)).

The substitution of (35), (36) into the system of the governing equations yields their normalized
form:

• Elasticity:

Π = − 1

2πγ

∫ 1

0

M (ξ, s)
∂Ω

∂s
ds;

• Reynolds:

∂Ω

∂τ
− ξγ̇

γ

∂Ω

∂ξ
+

1

ξγ

∂

∂ξ
(ξΩV) + ϕ1/4√

τ − τ0 (ξLmkγ)
= 0,

V = −Ω2

f̃γ

∂Π

∂ξ
,

f̃ =

{
1, RΩ|V| ≤ Rec,

f
′′
0 (RΩ|V|)1−n, RΩ|V| > Rec;

• Propagation condition:
Ω =

√
γ
√
1− ξ, ξ → 1;

• Boundary conditions:

lim
ξ→0

ξΩV =
1

2πγ
, Ω(1, t) = 0, Ω(1, t)V(1, t) = 0;
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• Global fluid balance:

τ

πγ2
= 2

∫ 1

0

ξΩdξ + 4ϕ1/4

∫ 1

0

ξ
√

τ − τ0(ξγLmk)dξ.

The normalized solution of the above set of equations depends on non-dimensional spatial coordi-
nate ξ, time τ , and two dimensionless numbers, leak-off ϕ and characteristics Reynolds numberR:

ϕ =
C ′4E ′11µ′3Q0

K ′14 , R =
12K ′4ρ

E ′3µ′2 (37)

Let us evaluate the ranges for the governing parameters ϕ and R corresponding to typical field ap-
plications. We choose the following intervals for the dimensional model parameters:

• geomechanics:

◦ plane-strain elastic modulus: E ′ = 10÷ 50 GPa;

◦ rock toughness: KIc = 0.5÷ 2.5MPa ·
√
m;

◦ far-field confining stress: σo = 10÷ 30MPa;

• reservoir:

◦ permeability: k = 0.1÷ 100mD;

◦ porosity: ϕ = 5÷ 25%;

◦ ratio of the pore pressure and confining stress: po/σo = 0.4÷ 0.95;

• fluid:

◦ viscosity: µ = 1÷ 5 cP;

◦ total compressibility: ct = 10−3 MPa−1;

◦ density: ρ = 103 kg/m3;

• volumetric injection rate:

◦ Q0 = 0.01÷ 0.1m3/s

We vary each parameter independently and evaluate the ranges: ϕ ∈ [1.1 · 10−18, 6.7 · 1014], R ∈
[0.2, 3.4 · 105]. The plane-strain modulus and fracture toughness have the most considerable impact
on the dispersion of ϕ and R. Typical duration of the fluid injection tend = 1 hour, which results in
the following range for the non-dimensional injection time: τend ∈ [2.5 · 10−6, 3 · 108].

7 Problem parameter space analyses
Let us investigate the parametric space of the model for a radial crack driven by turbulent-laminar
flow of slickwater in both impermeable and permeable reservoirs. We perform the analyses using
the problem formulation in the dimensionless form (Section 6) where the parameter space is three
dimensional with the axes: time τ , leak-off number ϕ, and characteristics Reynolds numberR.

Firstly, we determine the applicability domains of the limiting propagation regimes (Section 5) and
present them as the regimemaps. Such analysis is useful to frame the general solution inside the pa-
rameter space resulting in better understanding of the propagation conditions as a function of time.
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Similar to Dontsov (2016a), we utilize the following criterion for the determination of the validity
zone of the considered limiting solution i:√(

1− Ωi(0, τ)

Ω(0, τ)

)2

+

(
1− γi(τ)

γ(τ)

)2

< 0.01, (38)

where the subscript i can be M, M̃, K, K̃, T, T̃ . In other words, the measure of the relative
difference between the general numerical solution and given limiting case i is taken to be less than
1%, (38), for the limiting solution to be considered a valid approximation, and the fracture to be said
to propagate in the corresponding limiting regime.

Further, we demonstrate the solution series for different time-dependent crack characteristics such
as γ(τ), Ω(0, τ), Π(0.5, τ), η(τ) by fixing one (out of two) control parameters (e.g., R) while the
remaining (e.g., ϕ) is varied.

7.1 Zero leak-off case (impermeable rock)
Lecampion and Zia (2019) has already considered a radial crack propagation in an impermeable for-
mation; however, the authors did not include the regimemap for the corresponding reduced param-
eteric space (τ, ϕ = 0,R), and we would like to fill this gap. Figure 6(a) presents the applicability
domains of the vertex solutions observed in the current model, i.e., storage-viscosity-turbulent (T ),
storage-viscosity-laminar (M ), and toughness (K) regimes. The problem solution evolves from the
T - to K- vertex, and the M -vertex emerges during an intermediate propagation time if R < 102.
For larger values of the characteristic Reynolds number, the validity zone of the T -vertex expands,
while the M -region shrinks. The laminar-to-turbulent flow transformation affects the boundary of
the toughness-dominated regime (K) in the rangeR > 106, leading to its shift to larger time.

Further, we would like to clarify how exactly we determine the applicability boundaries shown in Fig-
ure 6(a). We estimate the borders numerically via criterion (38) at sample points at small and large
R and then fit the evaluated points by the appropriate analytical functions derived from the transi-
tion timescales between the limiting regimes. As an example, let us consider the validity zone of the
T -vertex solution shown by orange color in Figure 6(a). It is bounded by two power-law functions of
time which are straight lines in the log-log scale. The first boundary located in the region R < 104

relates to the TM -transition, i.e., between T and M vertices. We expect that it corresponds to
t ∼ tmt, where the time-scale tmt is the solution of Lt(t) = Lm(t). This boundary expressed in the
normalized time is τ ∼ tmt/tmk = R9/4, where the proportionality coefficient is found from the
fitting procedure at small R. The functional dependence for the second curve is obtained from the
TK transition analysis and has the following form: τ ∼ ttk/tmk = R(5n−5)/(2n−4), where the numer-
ical prefactor is found from a similar fitting procedure at largeR. Both curves are extended until the
intersection point, bounding the domain depicted in Figure 6(a). The full usage of criterion (38) in
the entire parametric space of the solution yields a very similar region but with a smoother boundary
(without sharp corner point evident in the domain approximation shown in Figure 6(a)).

We also display two time bounds in Figure 6(a). The first one τ0(R, ϕ = 0) (dashed black line)
indicates the time moment when the spatial extent of the laminar flow domain is a small fraction
λ = λ0 = R/25 of the fracture radius. As a result, the crack can be approximately considered
as fully-turbulent for τ < τ0(R, ϕ = 0) (and λ < λ0). One can observe that τ0(R, ϕ = 0) is an
increasing function of the characteristic Reynolds numberR, i.e., the time interval, within which the
length of the laminar flow region is small, and turbulent effects dominate, grows with an increase of
R. For R < 103, the dashed line is very close to the border of the T -vertex validity domain. The
second bound τ∞(R, ϕ = 0) (dotted black line) corresponds to the time moment following which
the crack geometry (radius and aperture) in the turbulent-laminar case is approximately the same as
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Figure 6: The problem solution for a radial fracture in an impermeable rock (ϕ = 0) driven by
turbulent-laminar flow of slickwater. Panel (a) illustrates the regime map in the coordinates (τ, R),
where the colored zones denote the validity domains of the limiting propagation regimes. Two sup-
plemental time bounds are shown: (i) time τ0(R) (dashed black line) at which the transition between
laminar and turbulent flow within the crack channel is located at small distance λ0 = R/25 from the
tip (such that laminar flow spatial domain is small λ < λ0 for τ < τ0(R)), and (ii) time τ∞(R) (dotted
black line) past which the fracture radius and opening are approximately given by the fully-laminar
solution. The time-dependent fracture characteristics (radius γ(τ), opening at the wellbore Ω(0, τ),
and pressure at the half-radius Π(1/2, τ)) normalized by the storage-viscosity-laminar limiting solu-
tion (M -vertex) are shown in panels (b) – (d) for the set of values of R = {1, 102, 104, 106}. The
fully-laminar solution is depicted by dashed grey line, and the colored dotted lines present the ver-
tex solutions. In panel (a), the grey dash-dotted lines underline the R-trajectories demonstrated in
(b)–(d).
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the fully-laminar model provides. In other words, one can interpret the fracture as fully-laminar for
τ > τ∞(R, ϕ = 0). This bound is computed via equation (38) where i should be understood as a
fully-laminar solution. The function τ∞(R, ϕ = 0) is an increasing one (similarly to τ0(R, ϕ = 0)),
and forR < 102, the dotted line coincides with the boundary of theM -vertex domain.

Next, we discuss the time bound τ0(R, ϕ = 0) in the context of the tip element concept. Many
numerical models for hydraulic fracture growth are based on the ’tip logic’ (Peirce and Detournay,
2008; Peirce, 2015; Dontsov, 2016a, 2017; Zia and Lecampion, 2020). It means that specialized near-
tip region model is applied within such algorithms to determine the fracture front position at each
time step (propagation criterion) and to describe crack characteristics (aperture, pressure) near the
tip. The fracture tip model should include all physical phenomena that can be realized during the
fracture evolution and resolve their influence on the propagation. It is assumed that the near-tip
regionmodel is valid along small distance from the fracture front, and in the case of 1Dmodels (plane
strain or penny-shaped) the typical tip element length equals λ0. When we analyze the turbulent-to-
laminar flow transformation within the crack channel, two different options for the near-tip region
model exist. Firstly, when λ > λ0 or for τ > τ0(R, ϕ = 0) laminar flow occurs along the entire tip
element, one can apply the model of Garagash et al. (2011) or its approximate and computationally
efficient version (Dontsov and Peirce, 2015). On the other hand, when λ < λ0 or for τ < τ0(R, ϕ =
0), it is recommended to utilize the laminar-turbulent tip model developed by Lecampion and Zia
(2019).

Figures 6(b) – (d) demonstrate the time-dependent fracture characteristics such as radius γ(τ), open-
ing at the wellbore Ω(0, τ), and pressure at the half-radius Π(1/2, τ) normalized by the storage-
viscosity-laminar limiting solution (M -vertex). The turbulent-laminar solutions forR = {1, 102, 104, 106}
are contrasted to the fully-laminar solution profiles shown by grey lines. The flow regime transfor-
mation inside the fracture channel leads to a shorter radius, wider aperture, and greater pressure
values at the beginning of the propagation compared to the fully-laminar case. The time span when
the turbulent-laminar and the fully-laminar solutions differ significantly growswith an increase of the
characteristic Reynolds number.

7.2 Non-zero leak-off case (permeable rock)
Figure 7 shows the regime map for the fully-laminar model (R = 0) with non-zero leak-off ϕ in the
coordinates (τ, ϕ), while Figure 8 demonstrates its modifications for the turbulent-laminar model
for different values of the characteristic Reynolds number: R = {1, 102, 104, 106}. In the latter
case, the problem solution evolves from the storage-viscosity-turbulent (T ) solution at early time
to the leak-off-toughness (K̃) limiting solution at large time. Moreover, the solution can approach
M, K, M̃ , or T̃ vertices at intermediate times depending on the values of the governing parameters
ϕ, R (e.g., see trajectories ϕ = const in Figure 8(b) shown by dash-dotted grey lines). By looking
at panels (a) and (b) in Figure 8, one can notice that the validity regions of the turbulent limiting
propagation regimes, T and T̃ , expand with an increase ofR and gradually reduce the applicability
zones of the laminar regimes,M and M̃ , until their complete disappearance (see panels (c) and (d)
in Figure 8). Similar behavior is observed for the toughness-dominated regimes,K and K̃, from the
regime map in Figure 8(d); however, they do exist for allR and large enough τ .

In Section 7.1, we have already discussed the physical meaning of the temporal bounds τ0 and τ∞,
and here, we analyze their behavior with the alteration of the governing parameters R and ϕ (see
Figure 8). ForR = const, both timescales are independent of ϕ when it is small. However, for large
values of the leak-off number ϕ, we determine that τ0, τ∞ ∼ ϕ2. When the characteristic Reynolds
number grows, the bounds shift towards larger time since the turbulent flow regime prevails inside
the fracture channel during longer time period for greater values ofR. We should also mention that
it is recommended to apply the turbulent-laminar fracture tip model (Kanin et al., 2020a) as a prop-

21



Figure 7: The parameter space of the model for a radial hydraulic fracture driven by laminar flow
(R = 0) in a permeable rock (ϕ > 0). The coordinate system (τ, ϕ) is applied to build the regime
map in which the applicability domains of the limiting propagation regimes are filled by different
colors. The grey dash-dotted lines highlight the considered solution trajectories discussed in the
current section.

22



Figure 8: The parameter space of themodel for a radial hydraulic fracture driven by turbulent-laminar
flow of slickwater in a permeable rock (ϕ > 0). The regime maps are shown in the coordinates (τ, ϕ)
for different values of the characteristic Reynolds numberR = {1, 102, 104, 106}. The colored zones
denote the applicability regions of the vertex solutions. For comparison purposes, we add to the plot
the regime boundaries corresponding to the fully-laminar model by using the dashed colored lines.
The dashed black lines illustrate the time τ0(R, ϕ) at which the flow regime transformation inside the
crack channel occurs at small distance λ0 = R/25 from the tip, i.e., the length of the laminar flow
spatial domain is small λ < λ0 for τ < τ0(R, ϕ). The dotted black lines shows the time τ∞(R, ϕ)
starting from which the fracture radius and aperture is approximated by the fully-laminar solution.
In panel (b), the grey dash-dotted lines emphasize the considered solution trajectories discussed in
the current section.

23



agation criterion in more complex numerical models for HF growth (such as Planar3D) to simulate
the crack evolution when the laminar flow domain is small, corresponding to the parametric zone
bounded by the dashed black line in Figure 8, i.e., when τ < τ0(R, ϕ).

Figure 9 demonstrates the crack characteristics in the turbulent-laminar (R = 102) and fully-laminar
(dashed grey lines) cases for different values of the leak-off number ϕ = {10−20, 10−5, 105, 1010}.
Since the characteristic Reynolds number is constant, we focus on the impact of the leak-off on the
propagation of a radial crack driven by turbulent-laminar flow. The storage-viscosity-laminar (M ) lim-
iting solution is utilized to normalize the time-dependent properties such as the radius γ(τ), opening
at the wellbore Ω(0, τ) and pressure at the half-radius Π(1/2, τ) in panels (a) – (c) in Figure 9. It is
evident from Figure 9(a) that larger values of leak-off number ϕ lead to shorter time duration over
which the fracture radius differs significantly from the fully-laminar case (i.e., when turbulent effects
on the fracture run-out are significant). The situation is opposite for the opening at the wellbore
and pressure at the half-radius (see Figures 9(b) and (c)) for which increase of the leak-off extends
the influence of the turbulent flow effects. Finally, the fracture efficiency is roughly independent
of the laminar-to-turbulent flow regime transformation in all considered cases, as exposed in Figure
9(d).

8 Conclusions
In this work, we have analyzed how the turbulent-laminar flow inside the fracture channel impacts
the propagation of a radial hydraulic fracture in a permeable formation. We account for the flow
regime transformation from the laminar to turbulent moving away from the fracture tip. Both flow
regimes always coexist in themodel – the turbulent at the wellbore and the laminar one near the tip.
The fluid exchange process between the fracture and ambient rock is modeled in the form of Carter’s
leak-off law. The hydraulic fracturing fluid is slickwater, i.e., the water-based fluid with polymeric
additives increasing the solvent viscosity and significantly modifying the turbulent flow frictional be-
havior. The latter is governed by the phenomenological maximum drag reduction (Virk’s) asymptote.
We carry out several simulations of the radial crack growth for the values of the model parame-
ters corresponding to typical field cases. The problem solution is found numerically via the Gauss-
Chebyshev quadrature and barycentric interpolation techniques. The obtained results demonstrate
that turbulence changes the crack characteristics near the wellbore zone during the initial propaga-
tion period. E.g., in the slickwater fracturing, the turbulent-laminar solution differs significantly from
the fully-laminar one during a couple of seconds, tens of seconds, and several minutes in terms of
the radius, opening at the wellbore, and pressure, respectively. We reveal that the leak-off process
prolongs the turbulence effects, and they continuemuch longer for purewater fracturing than for the
slickwater driven crack. Although the fracture geometries (radii and aperture profiles) in the models
with and without turbulent flow are practically the same after several minutes of the propagation,
the pressure near the wellbore has larger values in the turbulent-laminar case during tens of min-
utes, meaning a greater amount of power is required for the fluid pumping than the laminar model
predicts. The latter confirms that slickwater HF propagation, especially in permeable rock, remains
in the turbulent-laminar regime on the timescale of typical treatment duration.

We have analyzed the limiting propagation regimes, characterized by the dominance of a single en-
ergy dissipation and a single fluid storage mechanism, and derive corresponding limiting solutions
semi-analytically. Then, we convert the system of governing equations into the dimensionless form
in which the solution depends on two numbers, normalized leak-off ϕ = C ′4E ′11µ′3Q0/K

′14 and
characteristic Reynolds R = 12K ′4ρ/(E ′3µ′2), respectively, in addition to the dimensionless time
and distance from the source (spatiotemporal properties). Using the normalized variables, we ex-
plore the problem parameter space by determining the applicability domains of the limiting regimes
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Figure 9: The time-dependent characteristics of a radial hydraulic fracture driven by turbulent-
laminar flow of slickwater in a permeable rock (ϕ > 0): (a) radius γ(τ), (b) opening at the wellbore
Ω(0, τ), (c) pressure at the half-radiusΠ(1/2, τ), and (d) efficiency η(τ). The properties in panels (a)
– (c) are normalized by storage-viscosity-laminar (M ) limiting solution. The solution profiles corre-
sponding to R = 102 and ϕ = {10−20, 10−5, 105, 1010} are shown. The analogous profiles from
the fully-laminar solutions are depicted by the grey dashed lines. We plot the vertex solutions by the
colored dotted lines; in panel (a), the leak-off dominated regimes (K̃, M̃ , T̃ ) have the same color
since the fracture radii in these regimes are governed by the same relation (e.g., see equation (31)).
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and looking at the variation of the crack characteristics with the change of the values of the govern-
ing parameters. We introduce the temporal bounds, τ0(R, ϕ) and τ∞(R, ϕ), which can be used to
determine the duration of the approximately fully-turbulent fracture propagation τ < τ0 and approx-
imately fully-laminar one for τ > τ∞. The proposed model can be used as a benchmark solution for
the numerical simulators of more realistic (complex) fracturing problems which include the laminar-
to-turbulent flow regime transformation, e.g., turbulent-laminar Planar3D model.
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