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ABSTRACT

One of the proposed mechanisms for energy loss in the ocean is through dissipation of internal

waves, in particular above rough topography where internal lee waves are generated. Rates of

dissipation and diapycnal mixing are often estimated using linear theory and a constant value for

mixing efficiency. However, previous oceanographicmeasurements found that non-linear dynamics

may be important close to topography. In order to investigate the role of non-linear interactions,

we conduct idealized 3D numerical simulations of steady flow over 1D topography and vary

the topographic height, which correlates to the degree of flow non-linearity. We analyze spatial

distribution of energy transfer rates between internal waves and the non-geostrophic portion of

time-mean flow, and of dissipation and diapycnal mixing rates. In our simulations with taller, more

non-linear topographies, energy transfer rates are similar to previously unexplained oceanographic

observations near topography: internal waves gain energy from time-mean flow through horizontal

straining and lose energy through vertical shearing. In the tall topography simulations, buoyancy

fluxes also play a significant role, consistent with observations but contrary to linear wave theory,

suggesting that quasigeostrophy-based approximations and linear theory may not hold in some

regions above rough topography. Both dissipation and mixing rates increase with topographic

height, but their vertical distributions differ between topographic regimes. As such, vertical profile

of mixing efficiency is different for linear and non-linear topographic regimes, which may need to

be incorporated into parameterizations of small-scale processes in models and estimates of ocean

energy loss.
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1. Introduction24

Energy input into the ocean from wind work, differential surface buoyancy forcing, and tides25

is eventually lost through small-scale turbulent processes (Munk and Wunsch 1998; Wunsch and26

Ferrari 2004; Hughes et al. 2009; Zemskova et al. 2015). One of the important pathways to27

dissipation is the breaking of internal waves generated as a result of interactions between a steady28

geostrophic (e.g., Scott et al. 2011; Nikurashin and Ferrari 2010a; Waterman et al. 2013), eddy29

(e.g., Liang and Thurnherr 2012; Whalen et al. 2018; Yang et al. 2018), or tidal flow (e.g. Legg30

and Klymak 2008; Musgrave et al. 2017) with bottom topography. Dissipation and mixing rates31

have a high degree of spatial and temporal variability (De Lavergne et al. 2016; Mashayek et al.32

2017b), and in-situ measurements have been taken primarily in the known hot spots, such as the33

Southern Ocean and in particular the Drake Passage (Sheen et al. 2013; Waterman et al. 2014;34

Brearley et al. 2013), over the Hawaiian Ridge (Klymak et al. 2008; Sun and Pinkel 2012), or in35

the South China Sea (Alford et al. 2015; Hu et al. 2020). These regions are generation sites for36

topographic lee waves, whose breaking enhances both kinetic energy dissipation and irreversible37

mixing rates (Legg 2021).38

Spatial resolution of global and regional ocean models is often insufficient to capture small39

topographic features, and internal motions generated via flow-topography interactions have to40

be parameterized. For lee waves, many such parameterizations rely on linear theory of a steady,41

homogeneous flowwith velocity* and buoyancy frequency# passing over a sinusoidal topographic42

obstacle with wavenumber : and height ℎ0 (Bell 1975). Given the dispersion relation of internal43

waves, lee waves freely propagate away from the topography if44

j =
*:

#
∈

(
| 5 |
#
,1

)
, (1)
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where 5 is the local Coriolis parameter. Linear theory then estimates the amount of energy45

converted from the steady background flow into the lee wave field, given an approximate bottom46

topography spectrum and near-bottom velocity and stratification values (Nikurashin and Ferrari47

2010b).48

Linear theory prediction for energy flux into the lee waves has been commonly used to estimate49

dissipation and mixing rates above rough topography (e.g., Nikurashin and Vallis 2011; Nikurashin50

and Ferrari 2013;Waterhouse et al. 2014; De Lavergne et al. 2016). This parameterization assumes51

that a certain fraction of the energy is dissipated locally and that dissipation has a particular vertical52

profile, though the details of these assumptions may vary across studies (for a thorough review,53

see Legg 2021). Furthermore, dissipation rates are related to diapycnal diffusivity through flux54

coefficient, defined as55

Γ =
[

1−[ , (2)

where themixing efficiency [ is the ratio of energy lost to irreversiblemixing to the total mechanical56

energy loss, i.e., the sum of dissipation and irreversible mixing (Peltier and Caulfield 2003).57

In studies of lee waves and bottom topography-driven flows, the canonical value of Γ = 0.2 has58

been commonly used (Mashayek et al. 2017b). Yet, numerous other studies have shown that the59

value for Γ varies depending on physical processes and geostrophic environments (see details in60

the review by Caulfield 2021). Global models, and especially climate models, rely on an accurate61

parameterization of diapycnal diffusivity to compute the strength of the meridional overturning62

circulation, which plays an important role in the uptake and distribution of heat and nutrients in the63

ocean. However, because of the limitations of previous numerical and observational studies, there64

is a paucity of estimates for Γ specifically for bottom-driven flows. In this study, one of our goals65

is to provide such estimates through a series of idealized numerical simulations and illustrate that66

mixing efficiency, and subsequently, Γ can be indeed spatially variable.67
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Linear theory also relies on the wave steepness parameter, or inverse Froude number, defined as68

� =
#ℎ0
#

(3)

being small. For a supercritical value � > 1, linear theory no longer holds, and non-linear processes69

become important (Klymak et al. 2010; Winters and Armi 2012). While linear and non-linear70

topographic regimes form a continuous spectrum, for brevity, we will refer to topographies with71

� < 1 as linear and with � > 1 as non-linear. Recently, numerical simulations by Zemskova72

and Grisouard (2021) showed that non-linear resonant interactions between lee waves and near-73

inertial waves, which are both generated in the case of bottom-driven flows over lee-wave radiative74

topography, are particularly strong for non-linear topographies and enhance dissipation rates both75

near and away from the topography.76

The importance of non-linear topography has also been seen in the observations by Cusack77

et al. (2020). They found energy transfer rates between the time-mean flow and the internal waves78

near the bottom in the Southern Ocean that were inconsistent with the linear internal wave theory79

predictions, but were unable to identify specific mechanisms. Estimates of these energy transfer80

rates have been used to parameterize turbulent viscosity coefficients (Ruddick and Joyce 1979;81

Brown and Owens 1981; Polzin 2009) and estimate the energy loss of wind work in the ocean82

interior (Ferrari and Wunsch 2009). However, in the Eulerian framework, lee waves have zero83

frequency, they may appear in the time-mean component, and their interactions with other internal84

waves may be captured in the energy transfer rates computed from the observations. Our second85

goal in this study is to illuminate how deviations from quasigeostrophy (QG) and linearity in the86

bottom-driven flows affect these energy exchange rates. Indeed, we will show that over non-linear87

topographies, the observations of Cusack et al. (2020) can be qualitatively reproduced, in part88

because of the interaction between lee waves and near-inertial waves.89
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With these two goals in mind, namely, diagnosing spatial patterns of mixing efficiency and90

exploring deviations from common approximations, we focus on the lee-wave radiative topography,91

but vary the topographic height in our idealized numerical simulations in order to compare the92

linear and non-linear regimes. This paper builds on the findings of Zemskova and Grisouard93

(2021), and we briefly describe the set-up of our simulations in §2. We then summarize our94

energetics framework in §3 by separating the kinetic energy (KE) and available potential energy95

(APE) reservoirs based on the temporal frequency spectra in §3a and defining the relevant energy96

transfer and dissipation rates in §3b–c, which we compare with the QG theory assumptions in §3d.97

In §4, we compare KE and APE exchange rates between the time-mean flow to internal waves98

across the topographic heights and find that the energy exchange rates between lee waves and99

internal waves over non-linear topography, but not linear topography, are consistent with the ocean100

observations. Furthermore, in §5, we explore the effects of topographic height on KE and APE101

dissipation rates and mixing efficiency, and find that the vertical distribution of mixing efficiency102

varies significantly between the linear and non-linear regimes. Finally, in §6, we relate our findings103

back to the ocean, emphasizing that non-linear topographies may be important and need to be104

considered in parameterizations of turbulent viscosity and diffusivity coefficients used in ocean105

models.106

2. Model set-up107

The details and the justification of the set-up for the numerical simulations are described in108

Zemskova andGrisouard (2021). Here, we summarize themain features of the idealized rectangular109

domain shown in Fig. 1.110
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We solve the nonhydrostatic rotating Navier-Stokes equations in the Boussinesq approximation,111

namely112

mû
mĈ
+ û · ∇û+ 5̂ k× û = −∇ ?̂

d0
+ 1̂k+ â∇2û+ 5̂ *̂j,

m1̂

mĈ
+ û · ∇1̂ = ˆ̂∇21̂ and ∇ · û = 0,

(4)

using Nek5000, a spectral-element code (Fischer et al. 2008). Here, û = (D̂, Ê, F̂) is velocity in113

Cartesian across-ridge, along-ridge and upward vertical directions (i, j,k), respectively. These114

directions are associated with coordinates (Ĝ, Ĥ, Î), respectively, 1̂ = −6̂( d̂ − d̂0)/d̂0 is buoyancy,115

with d̂ the density and d̂0 a constant reference density, ?̂ is pressure, *̂ is a constant, cross-116

ridge geostrophic velocity we prescribe, â is kinematic viscosity, and ˆ̂ is diffusivity (·̂ represent117

dimensional quantities). The body force 5̂ *̂ applied to the H-momentum equation represents a118

barotropic pressure gradient that geostrophically balances a mean flow at all depths (Nikurashin119

and Ferrari 2010b; Klymak 2018). All physical variables are non-dimensionalized using ocean120

depth �̂ for length scales, 1/ 5̂ for time scales, and buoyancy �̂#̂2 for buoyancy. The DNS121

formulation of the Navier-Stokes equations resolves fluid motions from the domain scales to the122

smallest spatio-temporal dissipative scales without employing subgrid turbulence parametrization123

or filtering. As such, we are able to compute all terms of the KE and APE budgets, including124

dissipation and irreversible mixing, directly.125

The domain is doubly-periodic in the G and H directions with a no-slip bottom boundary, with a126

bottom height defined by127

ℎ(G) = ℎ0 sin2(:G/2), (5)

where ℎ0 is the maximum topographic height. The domain size is !G = !H = 2c/: and � = 2!G .128

The top surface is a rigid lid with no-buoyancy-flux and no-slip boundary conditions. We restrict129

our analysis to above the bottom boundary layer to exclude effects of the no-slip boundary and below130
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��� = 0.5 (��� is height above the bottom), to exclude any downward-propagating reflections131

from the top boundary. We set Prandtl number Pr = a/^ = 1, where a is kinematic viscosity, ^ is132

buoyancy diffusivity.133

In this study, we focus on the effects of hydraulic control and increased non-linearity for lee-134

wave radiating topography, for which linear theory (e.g. Bell 1975;Müller 1976; Ruddick and Joyce135

1979) is often applied to estimate the energy budget terms. For all experiments, we fix 5 /# = 0.1136

so that the radiative (lee wave) regime corresponds to j =*:/# ∈ [0.1,1], and choose j = 0.16.137

We conduct four numerical experiments with the inverse Froude number � = #ℎ0/* = (0.6, 1, 2)138

by varying the topographic height ℎ0. This range of � is chosen to capture the transition from linear139

to non-linear regime, in contrast to the highly non-linear regimes (� = $ (10−100)), investigated140

in other previous studies of stratified flows over topography (e.g. Klymak et al. 2010; Jagannathan141

et al. 2020). We initialize the simulations with * and �(I) = #2I. We run the simulations with142

� = (2, 5) until C = 50, corresponding to approximately 8C� , with C� = 2c/ 5 the inertial period. We143

run the simulation with � = 0.6 until C = 12C� to allow for at least six breaking events, which occur144

every C� , as shown in the Hovmöller diagram of the KE dissipation in Figure 2. This periodic145

breaking plays an important role in dissipation rates in the interior, as described in Zemskova and146

Grisouard (2021). For the following analysis in this paper, we consider a temporal average over147

the last four inertial periods.148

3. Energetics framework149

a. Energy reservoirs150

We separate the velocity, (D+*,E,F), and buoyancy, 1, fields into four components: geostrophic151

flow, ageostrophic time-mean component (·̄), internal wave (·′), and high-frequency (·��) compo-152
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nents, i.e.,153

u(G, H, I, C) =*i+u(G, H, I) +u′(G, H, I, C) +u�� (G, H, I, C) and

1(G, H, I, C) = �(I) + 1(G, H, I) + 1′(G, H, I, C) + 1�� (G, H, I, C).
(6)

What we refer to as ageostrophic time-mean (hereafter shortened into time-mean) fields (u, 1) here154

include all zero-frequency flows and most notably the lee waves, which have zero-frequency in the155

topographic reference frame, but exclude the geostrophic flow.156

We find a noticeable time-scale separation between the near-zero frequency (l ≈ 0) motions157

and motions at frequencies greater than 5 as shown by KE and APE (defined below) spectra in158

Fig. 4, which allows us to consider the zero-frequency and internal wave reservoirs separately.159

While internal waves by definition have frequencies in the [ 5 , #] band, because the inertial peak is160

somewhat broad, in order to account for energy shift in our idealized set-up, we define near-inertial161

motions to have frequencies between 0.75 5 and 1.25 5 included (the values are constrained by the162

temporal resolution of our output). The super-inertial internal waves are then defined as motions163

with frequencies between 1.5 5 and # included. Although the issue of Doppler shifting may164

necessitate Lagrangian filtering of the energy equations (cf. e.g., Shakespeare and Hogg 2017), our165

analysis is conducted in the Eulerian framework in order to compare our results with the analysis166

of observational measurements (e.g., Polzin 2010; Sun and Pinkel 2012; Cusack et al. 2020),167

which are also reported in the Eulerian reference frame. In the Eulerian framework, stationary168

or quasi-stationary lee waves have zero-frequency, and thus may be included in the time-mean169

component. We specifically separate the time-mean component, which includes the lee waves in170

our simulations, from the geostrophic flow to test the assumptions of the QG limit.171

In this study, we focus on the time-mean (i.e., zero-frequency minus geostrophic flow) and172

internal wave (i.e., l ∈ [0.75 5 , #] frequency band) motions. Although internal waves also include173

lee waves, throughout the text we will refer to motions with frequencies l ∈ [0.75 5 , #] as simply174
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internal waves for brevity, as lee waves are a part of the time-mean flow. The total energy in each175

component is the sum of kinetic (KE) and available potential energy (APE) reservoirs. We define176

kinetic energy � , divided by d0, for the time-mean and internal wave components, respectively,177

�<
 
and � 8F

 
, as178

�< =
1
2

(
D̄2 + Ē2 + F̄2

)
and

� 8F =
1
2

(
D′D′+ E′E′+F′F′

)
.

(7)

TheAPE, ��, is the difference between the total gravitational potential energy and the background179

potential energy, �� =−1I∗, which is theminimumpotential energy of the system if allwater parcels180

were resorted adiabatically according to their densities (Winters et al. 1995). We find the reference181

background buoyancy of a water parcel, 1∗(I), by resorting fluid parcels in a monotonically-182

increasing order of density with depth. The corresponding height of each parcel in the background183

state is I∗(1), which varies both spatially and temporally, as it and�� both depend on the resorting of184

the instantaneous 1(G, H, I, C) field. Following previous works (Scotti and White 2014; Zemskova185

et al. 2015, 2020), we define the total APE locally as the sum of the time-mean and turbulent186

components, such that187

�� =

∫ 1(x,C)

1∗ (I,C)
[I− I∗(B, C)]3B

= �<� +�
C
� =

∫ 1̄(x)

1̄∗ (I)
[I− I∗(B)]3B+� C�.

(8)

Here, 1∗ is the buoyancy of the resorted buoyancy field at a given height such that I∗(1∗) = I. All188

potential energy from the geostrophic flow is in the background potential energy reservoir because189

� = #2I, with #2 a positive constant. Because I∗ is non-linear such that [I∗(11) + I∗(12)]/2 ≠190

I∗((11 + 12)/2), we do not separate the turbulent component � C
�
= �� − �<� into the internal191

waves and higher frequency waves. However, rather than the total energy in the reservoirs, we are192
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interested in the energy exchange rates between the reservoirs as well as the dissipation rates, which193

can be computed for the [ 5 , #] frequency band separately as described in the next subsections.194

b. Complex demodulation195

Complex demodulation (CD) filtering has been previously applied to the internal wave fields196

to isolate motions at a given frequency (Mercier et al. 2008; Grisouard and Thomas 2015). The197

specifics of our techniques are described in detail in Zemskova and Grisouard (2021), which we198

briefly summarize below.199

Here, we focus on the near-inertial waves in particular because they have been demonstrated to200

play an important role in the dynamics of bottom-driven flows (e.g. Nikurashin and Ferrari 2010a;201

Zemskova and Grisouard 2021). From the internal wave field, we can isolate motions at any given202

frequency = 5 by computing203

@̃= 5 =
1
)

∫ C0+)

C0

@(G, I) 4−8= 5 C 3C, (9)

where @ = (D, E,F, 1). In this study, we specifically consider inertial motions, i.e., @̃ 5 . Initial time204

C0 is large enough for the dynamics to have become reasonably stationary, and which we take as205

C0 = 4C� for � = 1, 2 and as C0 = 8C� for � = 0.6, and choose ) = 4C� , multiple of 2c/ 5 .206

We also compute the non-linear terms that force motions at l = 5 , namely:207

Λ 5 =
1
)

∫ C0+)

C0

−(DDG +FDI) 4−8 5 C 3C. (10)

Λ 5 represents the sum of the triadic non-linear interactions between the inertial signal (l = 5 ) and208

all other frequency pairs (l1,l2) such thatl1+l2 = 5 . IfΛ 5 > 0 (< 0), then nonlinear interactions209

transfer energy to (away from) the inertial motions.210
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c. Energy budget terms211

Here, we specifically emulate the energy term calculations presented in Cusack et al. (2020).212

We focus on the energy sinks (KE dissipation and irreversible mixing) and exchange between the213

time-mean field and internal waves, and the analysis of the full KE and APE budgets are beyond the214

scope of this study. The energy budget terms considered in this paper are summarized in a diagram215

in Figure 3. The internal wave components can be computed by integrating the cospectrum (real216

part of the cross spectrum), � (l), for example, over [ 5 , #] frequencies as in Cusack et al. (2020).217

Namely, for any two internal wave quantities U′ and V′, the temporally-averaged cross correlation218

terms are computed as219

U′V′ =

∫ #

5

�UV (l)3l. (11)

We carry out the frequency analysis (i.e., computing spectra and cospectra) at each (G, H, I) over the220

last 4C� of each simulation prior to any horizontal averaging in order to capture all waves. Analogous221

to Eqn. (11), we compute the energy budget terms at near-inertial frequencies by integrating over222

l ∈ [0.75 5 ,1.25 5 ] and denote these energy budget terms with subscript or superscript 5 . We also223

compute the energy budget terms for super-inertial internal waves by integrating overl ∈ [1.5 5 , #]224

and denote these energy budget terms with subscript or superscript (�, (for super-inertial waves).225

To be precise, we define energy transfers to-and-from near-inertial waves and to-and-from super-226

inertial waves, respectively, as227

U′V′ 5 =

∫ 1.25 5

0.75 5
�UV (l)3l, and

U′V′(�, =

∫ #

1.5 5
�UV (l)3l.

(12)

Following a mean-eddy decomposition, where an “eddy” field is taken to be deviation from228

the time-averaged flow, of KE and APE energy budget equations (e.g., Scotti and White 2014;229

Shakespeare and Hogg 2017), and applying Eqn. (11) to the internal wave terms, we define time-230

12



averaged KE dissipation rates for the time-mean component and internal waves, respectively, as231

� (�< ) = a |∇u|2 and

� (� 8F ) = a |∇u′|2 = a
∫ l2

l1

�|∇u|2 (l)3l.
(13)

Time-averaged irreversible mixing rates, which are the APE dissipation rates due to diabatic fluxes232

(Winters and D’Asaro 1996) for the time-mean component and internal waves are defined as233

� (�<� ) = ^ |∇1 |
2 3I

∗

31

����
1=1̄

and

� (� 8F� ) = ^ |∇1′|2
3I∗

31
= ^

∫ l2

l1

�|∇1 |2 3I∗
31

(l)3l,
(14)

where we recall that in our simulations, ^ = a. In Eqns. (13) and (14), we bound the integrals with234

l1 = 0.75 5 , l2 = 1.25 5 for near-inertial waves, and l1 = 1.5 5 , l2 = # for super-inertial waves,235

as discussed above.236

The energy exchange between the time-mean and internal wave reservoirs comprises of conver-237

sion rates of KE, � (� ), and of APE, � (��), defined as238

� (� ) = −D′8D′9
mD̄8

mG 9

= −
(
D′D′

mD̄

mG
+ E′E′mĒ

mH
+D′E′

(
mD̄

mH
+ mĒ
mG

))
︸                                            ︷︷                                            ︸

�ℎ (� )

−
(
D′F′

mD̄

mI
+ E′F′mĒ

mI

)
︸                      ︷︷                      ︸

�E (� )

−
(
D′F′

mF̄

mG
+ E′F′mF̄

mH
+F′F′mF̄

mI

)
,

(15)

and239

� (��) = −D′81′
m1̄

mG8

3I∗

31

����
1=1̄

= −
(
D′1′

m1̄

mG
+ E′1′m1̄

mH

)
3I∗

31

����
1=1̄︸                                ︷︷                                ︸

�ℎ (��)

−F′1′m1̄
mI

3I∗

31

����
1=1̄︸                ︷︷                ︸

�E (��)

.
(16)

As convention, � (� ), � (��) > 0 (< 0) indicate energy gain (loss) by the internal wave field. The240

term �ℎ (� ) represents KE conversion rate through horizontal mean shear and strain, whereas241
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�E (� ) represents KE conversion rate through verticalmean shear. The last three terms in Eqn. (15)242

are presented separately, such that our analysis can be directly compared with previous works (e.g.243

Cusack et al. 2020) that employ the QG approximation, which assumes that gradients of vertical244

velocity F are small. The terms �ℎ (��) and �E (��) represent APE conversion rates through,245

respectively, horizontal and vertical buoyancy fluxes associated with mean horizontal and vertical246

buoyancy gradients.247

d. Comparison with the QG simplification248

In this study, we will compute and discuss all of the energy conversion and dissipation rates249

defined in §3c. However, in this subsection, we will focus specifically on the vertical KE transfer250

term (i.e., �E (� )) and horizontal APE transfer term (i.e., �ℎ (��)), which are often combined into251

the Eliassen–Palm (EP) flux (Eliassen 1960) to highlight the assumptions made by QG theory. The252

internal wave equation derived byMüller (1976) in the Eulerian framework assumes the time-mean253

field to be in thermal wind balance, such that the EP flux is defined as254

�E (� ) +�ℎ (��) = −
(
D′F′− 5

#2 E
′1′

)
mD̄

mI
−

(
E′F′+ 5

#2D
′1′

)
mĒ

mI
, (17)

also assuming per the QG limit that local buoyancy perturbations from the reference density profile255

are small, i.e., 3I∗/31 |1=1̄ ≈ #−2.256

Based on the Wentzel–Kramers–Brillouin-Jeffreys (WKBJ) approximation (Müller 1976) and257

observations (Ruddick and Joyce 1979), Eqn. (17) can be reduced to an “effective” transfer rate258

�E (� ) +�ℎ (��) ≈ �
455
E = −

(
1− 5 2

l2

) (
D′F′

mD̄

mI
+ E′F′mĒ

mI

)
. (18)

This approximation has two important implications: (1) as l→ 5 , �E (� ) ≈ −�ℎ (��), such that259

there is no energy transfer fromvertical shear at the inertial frequency, and (2) atl� 5 , �ℎ (��) ≈ 0,260

such that buoyancy fluxes do not contribute to internal wave energy at higher frequencies.261
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However, measurements over Kaena Ridge by Pinkel et al. (2012) have shown contributions262

from buoyancy fluxes to the total EP flux that are comparable in magnitude to the Reynolds stress263

terms (i.e., D′F′, E′F′). More recently, Cusack et al. (2020) found divergence between the effective264

transfer rate estimate (i.e., Eqn. (18)) and total EP flux (i.e., Eqn. (17)) using mooring data near265

the bottom in the Southern Ocean.266

In the following section, we analyze the spatial patterns of �ℎ (� ), �E (� ), and �ℎ (��) in our267

simulations. We assess whether QG theory holds for these energy transfer rates and investigate268

whether the dynamics of bottom topography-driven flows can explain the above observations. We269

also consider the role of non-linearity and hydraulic control by comparing across topographic270

heights.271

4. Conversion between mean and internal wave fields272

a. KE transfer to internal waves273

We first investigate the KE exchange between zero-frequency flow and internal waves, which are274

separated into the near-inertial and super-inertial frequencies as defined in §3. Specifically, we are275

interested in (1) identifying the regions where the near-inertial waves gain and lose energy, and276

(2) comparing the near-inertial waves with internal waves at other frequencies. We focus on the277

near-inertial waves in particular because we previously found in Zemskova and Grisouard (2021)278

strong non-linear wave-wave interactions between near-inertial waves and lee waves, and that these279

interactions play an important role in KE dissipation.280

We find that the near-inertial waves primarily gain energy through �ℎ (� ) predominantly via the281

normal strain term, −D′D′mGD̄ downstream of the topography and lose energy through the vertical282

shear term −D′F′mID̄, as shown in Figure 5. Because of the nature of one-dimensional topography283
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and periodic domain, mH gradients for averaged fields are comparatively small. The shear strain284

term −D′E′mG Ē (not shown) has the opposite sign of the normal strain term, but is smaller by285

approximately a factor of five. The sign of these energy transfers is overall consistent with the286

observational findings of Cusack et al. (2020). Notably, they recorded short events (order of a287

few days, similar in duration to 4C� in our study) of vertical energy transfer from internal waves288

to the time-mean flow (i.e., �E (� ) < 0) and correspondingly, horizontal energy transfers from289

the time-mean flow to the internal waves (i.e., �ℎ (� ) < 0). These patterns can be explained by290

looking at the CD-filtered velocities, computed using Eqn. (9) at l = 0 (i.e., D̄/* in left panel of291

Fig. 6) and at l = 5 (i.e., D̃ 5 /* and F̃ 5 /* in left and right panels of Fig. 7, respectively). As292

previously noted in Zemskova and Grisouard (2021), D̄ approximately corresponds to lee waves293

and D̃ 5 to freely-propagating near-inertial waves, identified from their slopes and wavelengths.294

The asymmetry between KE gain by near-inertial waves downstream of topography and their295

KE loss upstream of topography through horizontal shearing is related to how the flow has to296

accelerate and slow down as it goes over the bump. While the flow immediately above the297

topography accelerates as it goes over the obstacle, further above it there is a layer of slower-298

moving fluid (coined “stagnant” by Winters and Armi (2012)). This layer grows downstream of299

the topography as the flow dissipates and slows down, such that mGD̄ < 0. Because D′D′ is positive300

definite −D′D′mGD̄ > 0 and the near-inertial waves are generated because of the horizontal gradient301

of the zero-frequency flow velocity. Conversely, the near-inertial waves lose KE upstream, where302

the flow accelerates to go over the obstacle, because mGD̄ > 0.303

Similar considerations explain how near-inertial waves lose KE to the mean flow slightly aloft of304

the downstream generation site described above. There, the zero-frequency flow decelerates away305

from the topography, such that mID̄ < 0 going upward into the stagnant layer from the accelerated306

near-topography layer. We recall that a freely propagating inertial wave in our mean current* can307
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travel along two characteristic slopes (U1, U2), namely,308

U1 = 0 and U2 =

√
*:2(*:2 +2 5 )

#2 , (19)

where (:1, :2) are the two horizontal wavenumbers corresponding to roots of the hydrostatic309

dispersion relation, and :2 is equal to the topographic wavenumber : (see Appendix B in Zemskova310

and Grisouard (2021)). As such, a freely propagating inertial wave with travelling along the steep311

characteristic (i.e., U2) will have a non-zero vertical velocity, unlike an inertial wave travelling312

along a flat (i.e., U1) characteristic. Keeping this fact in mind, as for any internal waves with this313

orientation, we can expect the real parts of D̃ 5 and F̃ 5 for the near-inertial waves propagating on314

the steep characteristic to be in phase, and the dominant term in vertical KE transfer (�E (� ) 5 ,315

i.e., energy transfer from zero-frequency to near-inertial frequency motions) is −D′F′mID̄ < 0 (not316

shown), that is, the near-inertial waves lose energy to the zero-frequency flow.317

Our results suggest that as non-linearity increases, the hydraulically-controlled leeward side of318

the topography may host a net transfer of KE from near-inertial waves back to the time-mean flow.319

Indeed, while both |�ℎ (� ) 5 | and |�E (� ) 5 | increase with increasing �, the increase of the vertical320

transfer term is more substantial. In particular, averaging at a given��� (cf. right panels of Fig. 5),321

|�ℎ (� ) 5 | � |�E (� ) 5 | for the linear topographic regime simulation (� = 0.6). The root cause is322

that taller topography (and subsequently larger �) creates greater asymmetry between upstream and323

downstream flows (cf. Fig. 10 in Zemskova and Grisouard (2021)), increasing |mGD̄ |. Subsequently,324

on one hand, at higher �, horizontal KE transfer to near-inertial waves (i.e., �ℎ (� ) 5 ) is not only325

larger but also takes place closer to the topography downstream, where hydraulic control of the326

flow becomes more important for greater topographic heights. On the other hand, greater flow327

acceleration over taller topographies results in a strong increase in the vertical shear, i.e., |mID̄ |,328

downstream close to the topography, which reflects that the difference between the accelerated329
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layer and the overlying stagnant layer grows with increasing �. In our simulations, the outcome330

in an overall larger increase for |�E (� ) 5 | compared to that of |�ℎ (� ) 5 |. These results suggest331

that as non-linearity increases, stronger interactions with the zero-frequency flow due to increased332

hydraulic control near topography may produce stronger near-inertial motions. However, the rate333

at which near-inertial motions lose energy back to the zero-frequency flow in other places near334

topography may be even greater. The energy transferred back to the zero-frequency flow can then335

aid lee wave propagation, akin to the feedback mechanism between lee waves and inertial waves336

described in Nikurashin and Ferrari (2010a).337

KE exchange rates between time-mean flow and super-inertial internal waves are smaller than338

those between time-mean flow and near-inertial waves (compare Figs. 8 and 5). Atl� 5 , velocity339

magnitudes and, subsequently, KE spectral density are smaller (cf. Fig. 4). The vertical energy340

transfer term �E (� )(�, is effectively zero. The horizontal energy transfer term, �ℎ (� )(�, is341

also small, consistent with the findings by Cusack et al. (2020) of most of �ℎ (� ) near bottom at342

the near-inertial frequencies. For super-inertial motions, the KE transfer is to the internal waves,343

both from the normal strain and the shear strain terms. The switch in sign in the horizontal shear344

strain term (−D′E′mG Ē) and the vertical shear term (−D′F′mID̄) between the near-inertial and super-345

inertial internal waves can be explained by the change from the predominantly counterclockwise346

rotation at l ≈ 5 and clockwise rotation at l > 2 5 (cf. rotary spectra in Fig. 6(b) in Zemskova and347

Grisouard (2021)). However, overall KE transfers to or from the higher-frequency internal waves348

are considerably less significant compared with the near-inertial waves.349

Interestingly, Cusack et al. (2020) also found vertical KE transfer rates exceeding the horizontal350

KE transfer rates near the bottom in the Southern Ocean, similar to the results from our simulations351

with non-linear topographies (i.e., � ≥ 1). It has been previously considered that flows with large352

� (either because of large ℎ0 or small *) might not play an important role in the internal wave353
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energetics due to blocking (e.g., Nikurashin and Ferrari 2010a; Mayer and Fringer 2020), and354

that such flows would preferentially split to go around a topographic obstacle rather than over it355

(Nikurashin et al. 2014). However, our energetic analysis for simulations in which the flow is356

forced to go over tall ridges qualitatively agrees with the near-bottom oceanographic observations.357

It suggests that there may be situations when the flow is forced to go over a tall topographic358

obstacle rather than around it, in which case the non-linear dynamics become important and the359

linear internal wave theory no longer holds. The importance of non-linear dynamics will become360

even more apparent in the analysis of the buoyancy fluxes in the next subsection.361

b. APE transfer to internal waves362

In this section, we investigate whether the linear theory assumptions regarding buoyancy fluxes363

hold for bottom-driven flows, namely that (1) they balance the vertical shear term at l = 5 and (2)364

they are small at l� 5 .365

To explain why near-inertial waves can have a direct impact on APE budgets, we recall that366

freely propagating inertial waves travelling along the steep characteristic (cf. Eqn. (19)) can induce367

isopycnal displacements in our set-up. The characteristics of the real part of 1̃ 5 align with U2368

(cf. dashed lines in the middle column of Fig. 7), which is not purely horizontal, whereas the369

characteristics of the real part of D̃ 5 are essential horizontal. It suggests that while KE may370

be preferentially transferred to near-inertial waves with flat characteristics (i.e., U = 0), APE is371

preferentially transferred to the ones propagating along slanted characteristics (i.e., U ≠ 0) and372

near-inertial waves may indeed have a footprint on the APE budget.373

We find that the QG approximation for the EP flux does not hold, especially for our simulations374

with taller topography. The left column of Figure 9 shows the APE transfer rates from zero-375

frequency motions to near-inertial waves due to horizontal buoyancy fluxes (i.e., �ℎ (��) 5 ). The376
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middle column shows �E (� ) 5 +�ℎ (��) 5 , which according to the expression for the “effective”377

energy transfer rate shown in Eqn. (18), should be zero. However, we find that �E (� ) 5 and378

�ℎ (��) 5 generally do not cancel each other out. This is true even when we integrate the energy379

transfer rates along ��� planes (cf. right panels of Fig. 9).380

In particular, APE is transferred to the near-inertial waves through buoyancy fluxes both upstream381

and downstream of the region where the near-inertial waves lose KE through vertical shear.382

Downstream of the topographic obstacle, mG 1̄ < 0 (right panels in Fig. 6) as denser water is383

entrained from below, especially in the larger �-regime, in which vigorous overturning occurs (cf.384

Ri in Fig. 10 of Zemskova and Grisouard (2021)). As shown in Figure 7, in this region, the real385

parts of 1̃ 5 and F̃ 5 are out of phase, such that F′1′ 5 < 0, which is consistent with the conversion386

of KE to APE in the lee of a topographic obstacle previously shown in simulations by Jagannathan387

et al. (2020). As a result, APE transfers to the near-inertial waves as a result of the horizontal388

buoyancy fluxes are positive downstream of the topography, i.e., −D′1′ 5 mG 1̄ > 0. Conversely,389

upstream, mG 1̄ > 0 and 1̃ 5 > 0, and the near-inertial waves also gain APE in this region.390

Similar to Cusack et al. (2020), we find a mismatch between the “effective” energy transfer rate391

�
455
E (Eqn. (18)) and the total �E (� ) +�ℎ (��), approximated as the EP flux defined in Eqn. (17).392

Notably, APE transfer into the near-inertial wave field occurs further above the bottom than KE393

transfers (cf. right panels of Fig. 9 and 5). Consistent with the near-bottom observations by Cusack394

et al. (2020), we also find transfers to the internal waves at low frequencies (l ≈ 5 ) as �ℎ (��) 5 > 0395

even though �E (� ) 5 < 0. These findings further highlight the importance of buoyancy fluxes and396

non-linear dynamics and shed light on the limitations of the QG approximation.397

At super-inertial frequencies (1.5 5 ≤ l ≤ #), APE transfer due to buoyancy fluxes is indeed398

smaller than theKE transfer due to vertical shear for small topographies (cf. Fig. 10(a-d)). However,399

in the more non-linear regime (i.e., � = 2) in particular, contributions from �ℎ (��) and �E (� ) are400
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approximately equal, and the APE transfer augments the vertical KE transfer from internal waves401

to the zero-frequency flow. In particular, up to ��� = 0.2, the approximation of the EP flux by �455E402

is no longer valid, highlighting the importance of non-linear interactions near the topography, as403

discussed in Cusack et al. (2020). Our results from simulationswith non-linear topographies (� > 1)404

are consistent with their observations, in particularly negative �ℎ (��) + �E (� ) at super-inertial405

frequencies in contrast with positive transfer rates at near-inertial frequencies.406

In this section, we described a qualitative agreement between our non-linear simulations and the407

near-bottom ocean observations with respect to the KE and APE transfer rates. In the next section,408

we will investigate the effect of such non-linear dynamics on KE and APE dissipation rates, and409

subsequently, mixing efficiency.410

5. Mixing efficiency411

Average mixing efficiency over a given volume + is defined as the ratio of irreversible mixing to412

the total energy sink (Peltier and Caulfield 2003), namely,413

[+ =

∫
+
� (��)3+∫

+
� (��)3+ +

∫
+
� (� )3+

. (20)

Specifically, in order to investigate the role of topography-driven dynamics, we compute [+ over414

four volumes bounded in terms of heights above the bottom: ��� < 0.1, ��� ∈ [0.1,0.2),415

��� ∈ [0.2,0.3), and ��� ∈ [0.3,0.4). We can also define mixing efficiency locally to analyze416

its spatial distribution, such that:417

[ =
� (��)

� (��) +� (� )
. (21)

It is important to note that 1
+

∫
+
[3+ ≠ [+ . In broad strokes, the distribution of mixing efficiency418

reflects the competition between KE and APE dissipation rates, which we describe in detail below.419
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For all simulations, enhanced KE dissipation is sustained by energy exchanges with near-inertial420

motions that result from resonant wave-wave interactions as discussed in Zemskova and Grisouard421

(2021). In Figure 2, we qualitatively show that � (� ) remains large wherever the non-linear422

forcing |Λ 5 | is also arbitrarily not small. For all simulations, Λ 5 > 0 near the topography where the423

near-inertial motions are generated, and those regions are also characterized by elevated � (� ).424

Looking further away from the topography, for � = 1, for example, there is another peak with425

Λ 5 > 0 around ��� = 0.2, and high � (� ) rates are also sustained up to this height. However,426

for ��� > 0.2, Λ 5 → 0 and � (� ) is also small. Similarly, for � = 0.6, � (� ) is small above427

��� ≈ 0.12, where |Λ 5 | ≈ 0. In contrast, for � = 2, both � (� ) and |Λ 5 | remain large far above428

the topography. While we are unable to determine the precise cutoff value for |Λ 5 |, our results429

suggest that the vertical extent of a region where KE dissipation rates are elevated is correlated430

with the region where non-linear wave-wave interactions with near-inertial motions are significant.431

The distribution of mixing efficiency [+ above the bottom in Figure 11(a) shows distinct patterns432

for small, linear topographies (� = 0.6), for which mixing efficiency increases with ���, and tall,433

more non-linear topographies (� = 2), for which mixing efficiency decreases with ���. Local434

mixing efficiency [ distributions in Figure 12(a,c) show a predominantly lee wave-like spatial435

pattern for small topography (� = 0.6), as expected from linear theory, whereas wave-like structures436

are less apparent and a signal of hydraulics downstream of the topography is prominent in the more437

non-linear � = 2 case. These patterns reflect the effect of topographic height on the competition438

between the KE and APE dissipation rates. For small topographies, the local Richardson number439

remains above zero, there are no overturns near the topography (cf. Fig. 10(d) in Zemskova and440

Grisouard (2021)), and mixing rate is low (Fig. 12(a)). However, resonant non-linear wave-wave441

interactions likely enhance kinetic energy dissipation as shown in Figure 2(a) and volume-averaged442

mixing efficiency [+ is small near the topography (��� < 0.2). It reflects that the region of443
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strong � (� ) is confined to ��� ≈ 0.15 (cf. Figs. 2(a) and 11(b)) limited by the vertical extent444

of significant non-linear wave-wave interactions. On the other hand, buoyancy gradients are not445

eroded by overturns, so mixing rate (i.e., � (��) in Fig. 11(b)) starts small near the topography but446

decreases less sharply with ��� than � (� ) and, as a result, [+ increases with ���.447

In contrast, the region close to topography for tall topographic regimes (e.g., � = 2) is character-448

ized by a high degree of instability and overturning, in part due to loss of balance and hydraulic449

control (Zemskova and Grisouard 2021). Strong overturns can be characterized by large nega-450

tive F′1′ term, which signifies internal wave energy transfer from KE to APE, as denser waters451

are brought upwards and lighter waters are brought downwards. Near the bottom (��� < 0.2,452

Fig. 11(c)), this term is negative for all simulations, and increases in magnitude with �. While453

� (� ) is also high in this region, mixing rate is comparatively more pronounced, owing to large454

buoyancy gradients. These elevated mixing rates are evident in both the volume-averaged [+455

for ��� ∈ [0.1,0.2) (cf. Fig. 11(a)), and local [, in particular downstream of topography where456

hydraulics are important (cf. Fig. 12(c)). 1 Over this vertical extent, internal waves continue to457

gain APE from the KE reservoir in simulation with � = 2, whereas the magnitude of F′1′ drops458

close to zero for simulations with smaller topographies (Fig. 11(c)). The relative importance of the459

exchange between internal wave KE and APE also appears in the KE and APE spectra in Fig. 4:460

KE decreases and APE increases with ��� for � = 2 (and to lesser extent � = 0.1), whereas for461

� = 0.6, changes in KE and APE spectra with ��� are less prominent.462

It is noteworthy that super-inertial internal waves are responsible for a large portion of APE463

dissipation, especially compared with the near-inertial waves (cf. Fig. 13(a-b)). We can estimate464

1It is important to note that mixing rates and mixing efficiency directly above the topography are very small for this simulation with � = 2. It

happens both because of topographic blocking of the flow and because we do not restore the stratification in these simulations, such that there is a

bottom layer with reduced buoyancy frequency, similar to other previous studies of flows over periodic hills (e.g. Klymak 2018; Mayer and Fringer

2020).
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the rate of APE transfer from near-inertial to super-inertial internal waves as465

� (� 5

�
, �(�,� ) = −

(
D′1′

m1̃ 5

mG
+F′1′

m1̃ 5

mI

)
3I∗

31

����
1=1̃ 5

, (22)

which is analogous to theAPE transfer term from zero-frequency flow to internalwaves in Eqn. (16),466

ignoring mH term, which is comparatively small on average because of the domain periodicity467

and 1D nature of the topography. For � = 2, in particular, this term is large and positive over468

��� ∈ [0.1,0.3) (cf. Fig. 11(d)), such that super-inertial internal waves gain APE. This result469

points to the importance of a forward energy cascade to sustain high irreversible mixing rates and470

subsequently high mixing efficiency in this region.471

However, strong mixing events near the topography erode both horizontal and vertical buoyancy472

gradients. For instance, the wave-like patterns of both 1̄ and 1̃ 5 appear broken up at � = 2 (cf.473

(Fig. 6(f) and Fig. 7(h)) compared with the more coherent structures in the simulations with smaller474

topographies (cf. Fig. 6(b,d) and Fig. 7(b,e)). As such, for � = 2, mixing rates, which are functions475

of buoyancy gradients, sharply decrease with height above ��� = 0.2 by two orders of magnitude476

(Fig. 11(b)). Yet, higher kinetic energy dissipation rates are sustained away from the topography477

(Fig. 2(c)) owing to the near-inertial motions that result from resonant wave-wave interactions.478

As a result, mixing efficiency decreases away from the bottom in the simulations with non-linear479

topography (� = 2).480

Mixing efficiency for the transitional topographic regime � = 1 at intermediate depths ��� ∈481

[0.1,0.3) unsurprisingly lies in between the small and large topographic regimes (cf. Fig. 11(a)).482

However, [+ is higher both near the topography (��� < 0.1) and remarkably far away from the483

topography (��� ∈ [0.3,0.4)) for � = 1 compared with � = 0.6 and � = 2 simulations. In the484

� = 1 simulation near the topography, there is some overturning and turbulent mixing, and energy485

transfer from KE to APE for the internal waves (Fig. 11(c)). However, because overturning is486
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not as vigorous as in the higher topography simulation (� = 2), buoyancy gradients are not eroded487

as much, and there is APE transfer to super-inertial internal waves both from zero-frequency488

motions (Fig. 10(c)) and from near-inertial motions (Fig. 11(d)). As such, close to topography,489

irreversible mixing rates for the � = 1 and � = 2 simulations are similar (Fig. 13(a-b)), whereas KE490

dissipation rates for � = 1 simulation are 1−2 orders of magnitude smaller than the � = 2 simulation491

(Fig. 13(c-d)).492

In our simulations, we observe that KE is dissipated more by the zero-frequency flow (e.g., lee493

waves) than internal waves (Fig. 13(c)), whereas APE dissipation rates from the zero-frequency494

flow and internal waves is approximately equal, especially for � = 1, 2 (Fig. 13(a)). KE dissipation495

rates are driven by the non-linear wave-wave interactions, primarily between the near-inertial waves496

and zero-frequency flow, which are small above ��� = 0.2 for the � = 1 simulation (Fig. 2(b)).497

However, APE dissipation rates, in particular of super-inertial internal waves, remain high even498

at ��� > 0.3 (Fig. 13(b)), as buoyancy gradients and buoyancy fluxes remain large enough that499

APE is transferred to higher frequencies (Fig. 11(d)). Because of such balance (low KE dissipation500

and high APE dissipation rates), [+ over ��� ∈ [0.3,0.4) is larger in the simulation with � = 1501

compared with other simulations. Interestingly, for � = 0.6 and � = 1, the region of increased502

mixing efficiency [+ lies above the region of increased energy transfer to super-inertial internal503

waves (cf. Fig. 11(a,d)). It is possible that because of larger group velocities at higher frequencies504

(all else being equal, per the internal wave dispersion relation), super-inertial internal waves can505

propagate vertically faster and displace isopycnals farther away from their generation site. This or506

some other mechanism for non-local transport and dissipation of APE could be further explored in507

a follow-up study.508

Our results highlight that although both KE and APE dissipation rates increase with topographic509

height, their spatial distributions are significantly different, such that the effects of topography on510
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mixing efficiency are non-trivial. In previous sections, we showed that energetics of the flow over511

more non-linear, tall topographies (i.e., � = 2) could explain the energy transfer rates observed near512

the bottom in the Southern Ocean by Cusack et al. (2020). As such, the differences in patterns of513

mixing efficiency between non-linear and linear cases may be important for future studies of ocean514

mixing.515

6. Discussion and summary516

In this study, we examine the effects of topographic height on the energetics of stratified flow517

over lee wave radiative topography through idealized numerical simulations. Specifically, we518

focus on 1) the energy transfer between the non-geostrophic component of the time-mean flow and519

internal waves with frequencies between ∼ 5 and # , and 2) KE and APE dissipation rates. We520

find a number of differences between a linear regime (short topography) and a more non-linear521

regime (tall topography), and, interestingly, a qualitative agreement between the tall topography522

(� = 2) simulation and observational measurements by Cusack et al. (2020) in the Southern Ocean.523

Our findings suggest that non-linear dynamics may play an important role near the ocean bottom,524

especially over tall, lee-wave radiative topography.525

a. Energy transfer rates526

For our simulation with non-linear taller topography (� = 2), we find the following main similar-527

ities with the observed near-bottom energy transfer rates reported in Cusack et al. (2020):528

1. net KE transfer from the internal waves to the time-mean flow due to the vertical shear is in529

magnitude approximately equal to or exceeding, but has opposite sign to the horizontal KE530

transfer, which facilitates energy transfer to the internal waves through horizontal shear and531

strain;532
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2. near-inertial waves are responsible for most of the horizontal KE transfer rates with minimal533

contributions from super-inertial internal waves;534

3. buoyancy fluxes of super-inertial (l > 1.5 5 ) internal waves play an important role in energy535

transfers from the internal waves.536

In contrast, the simulationwith shorter linear topography (� = 0.6) has vertical KE transfer rates that537

are negligible compared with the horizontal KE transfer rates. It also has negligible contribution538

to the energy transfer rates from the buoyancy flux terms. Vertical KE transfer rates, in particular,539

increase with topographic height due to larger vertical shear of the time-mean flow (e.g., mID̄)540

near the topography because the flow has to accelerate and decelerate more while going over the541

obstacle.542

The derivation of EP flux (Eliassen 1960), which combines KE transfer due to vertical shears543

and APE transfer from horizontal buoyancy fluxes (cf. Eq. (17)), and the further “effective” transfer544

rate approximation by Ruddick and Joyce (1979) (cf. Eq. (18)) both rely on the geostrophic balance545

of the mean flow and linear internal wave dynamics. Cusack et al. (2020) attributed discrepancy546

between the observations and such approximations to the non-linear dynamics, namely large � in the547

study area. Thus, it is perhaps not surprising that we find an agreement between our simulation with548

tall non-linear topography and their observations. However, notably, in the Eulerian framework,549

near-bottom time-mean flow can also include non-geostrophic components, for instance, steady lee550

waves. Previous studies (e.g., Nikurashin and Ferrari 2010a; Zemskova and Grisouard 2021) found551

the interaction between lee waves and near-inertial waves to be important for bottom-driven flows.552

In the energetic analysis of our simulations, we indeed find that the wave-wave interactions between553

the non-geostrophic time-mean flow (primarily lee waves) and internal waves (with frequencies554

between 5 and #) produce energy transfer rates that qualitatively agree with the observations.555
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Our findings have two main implications. First, the “effective” transfer rate approximation has556

been often applied to parameterize the effective vertical viscosity by combining the contribution557

of vertical stresses and buoyancy fluxes, and then used to estimate dissipation rates (e.g., Ferrari558

and Wunsch 2009; Polzin 2010). This approximation implies that near-inertial motions do not559

contribute to the vertical energy transfer, and that KE exchange plays a more important role than560

APE exchange. Applying this approximation to observational measurements, vertical viscosity561

have been computed to be at least 3 orders of magnitude smaller than horizontal viscosity (e.g.,562

Watson 1985; Polzin 2010). As such, vertical KE transfer has previously been considered negligible563

and excluded from ocean energy budget analyses (e.g., Storch et al. 2012; Jing et al. 2018). Our564

analysis suggests that in regions of non-linear and non-geostrophic flows, for instance near tall565

bottom topography where strong near-inertial motions are generated, such approximation may no566

longer hold. In these regions, contribution from near-inertial motions and buoyancy fluxes to567

vertical viscosity parameterizations may need to be included, especially for observational studies568

conducted in the Eulerian framework, where stationary lee waves are part of the zero-frequency569

(time-mean) flow.570

Second, it has been previously suggested that flow over two-dimensional topography may prefer-571

entially go around a tall topographic obstacle rather than over it, such that the energy flux into the572

internal waves is reduced for sufficiently non-linear topographies (e.g., � > 0.7 in Nikurashin et al.573

(2014)). However, in this study, we find a qualitative agreement in energy transfer rates between the574

ocean observations and our simulation with non-linear topography (� = 2), but not our simulation575

with linear topography (� = 0.6). Because of the anisotropic nature of the abyssal hills, it may be576

the case that the flow is forced to go over some topographic obstacles with � > 1. As pointed out577

by Mayer and Fringer (2020), due to this anisotropic nature, in some regions the topography may578

be better approximated as a series of ridges rather than seamounts. Notably, strong contributions579
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to energy transfer rates from horizontal buoyancy fluxes have been previously reported in flows580

over ridges (e.g., Pinkel et al. 2012). As such, it is possible that simplification to one-dimensional581

topography is valid for idealized process studies of flow over bottom topography, and that hy-582

draulic control and other non-linear processes that become important for taller topographies indeed583

contribute to ocean energetics.584

Because our background geostrophic flow is uniform, our analysis differs from previous studies585

(Shakespeare and McC. Hogg 2018; Kunze and Lien 2019) that considered energy loss or gain586

of the internal waves to the mean geostrophic shear. The presence of such shear would further587

complicate the energy exchanges between various energy reservoirs, and deserves a separate study588

(Cynthia Wu, personal communication). Nonetheless, the results from this study can provide589

an insight into the energy transfers between lee waves and other internal waves, in particular590

near-inertial waves, which are all generated as a result of flow-topography interactions.591

b. KE and APE dissipation592

In our simulations, the rates of both KE dissipation and APE dissipation (i.e., irreversible593

mixing) increase with height of the topographic obstacle, but their spatial distributions differ. As594

the topographic height increases, mixing is enhanced locally, close to the topography, especially595

in the region of wave breaking and convective overturns. This is consistent with the assumption596

of locally generated mixing used to estimate global mixing efficiency and overturning rates in597

Mashayek et al. (2017b). KE dissipation, on the other hand, can be sustained further above the598

topography as � increases through increased non-linear wave-wave interactions. The vertical extent599

of these non-linear resonant interactions, especially those involving steady lee waves and upward600

propagating near-inertial waves, increases with topographic height, as instabilities arising in the601

hydraulically controlled region near topography help generate stronger near-inertial waves. As a602
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result, mixing efficiency, which reflects the competing effects of KE and APE dissipation rates,603

increases away from bottom for flows over shorter topographies, but it is maximized close to the604

bottom for flows over taller topographies.605

Our results add new evidence to the volume of previous literature showing the variability of606

mixing efficiency in different environments (e.g., Moum 1996; Scotti and White 2011; Salehipour607

and Peltier 2015; Chalamalla and Sarkar 2015; Mashayek et al. 2017a; Sohail et al. 2019). Interest-608

ingly, sufficiently away from the shorter topography (� = 0.6; ��� > 0.2, which is approximately609

800 m), volume-averaged mixing efficiency [+ is around 1/6, which corresponds to the canonical610

value for the flux coefficient Γ = 0.2 (cf. Eqn. (2)). As such, for flows over linear topography, away611

from the bottom-driven local effects, previous estimates of turbulent diffusion coefficient ^CDA1612

may be valid. However, for taller topographies, the flux coefficient may be much smaller (e.g., at613

��� = 0.3, for � = 2, [+ ∼ 0.05 and Γ = 0.053) or larger (e.g., at ��� = 0.3, for � = 1, [+ ∼ 0.3614

and Γ = 0.43). If flows over non-linear topographies indeed have important contributions to ocean615

energetics, as suggested in our study, Γ = 0.2 may underestimate or overestimate ^CDA1 depending on616

the height of a topographic obstacle and, subsequently, miscalculate the rate of abyssal overturning617

in global models.618

Because of the highly idealized set-up of this process study, we are unable to account for all619

processes that undoubtedly affect dissipation and mixing rates close to and away from bottom620

topography in the ocean. For instance, the set-up does not allow for the flow to go around the621

topography (Nikurashin et al. 2014) or include the effects of far-field propagation and remote622

dissipation of bottom-radiated waves (Zheng and Nikurashin 2019). Because the topography623

in our simulations has a fixed width, we also have not captured variability over the full � − j624

spectrum, which was shown to be important by Mayer and Fringer (2020). Furthermore, the rate of625

turbulent mixing may be underestimated, especially in the more non-linear topographic regimes,626

30



due to the loss of stratification near topography. In regions of the ocean where stratified fluid627

is continuously supplied, mixing efficiency may be indeed larger. As such, the specific values628

of [+ (and subsequently, Γ) computed in this study may not be directly applicable to the ocean629

without further numerical studies accounting for some, if not all, of these processes. Nonetheless,630

our results can provide insights into the differences between the energetics of bottom-driven flows631

over short and tall abyssal hills that may need to be considered for parameterizations of turbulent632

viscosity and diffusivity coefficients.633
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Fig. 1. Domain set-up for all simulationswith sinusoidal topographic bump (upper part of the domain cropped).

Overlayed is a snapshot of the flow for experiment (j, �) = (0.16,2) at C = 6.75C� to highlight a breaking event

downstream of the topography.. Color: normalized perturbation velocity D/*; black contours: isopycnals.

Topography is homogeneous in H and the domain is periodic in G and H.
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Fig. 2. (Left) Hovmöller diagram of the normalized total kinetic energy dissipation (;>610(� /*2)) hor-

izontally averaged and plotted in terms of height above the bottom (HAB) and (right) horizontally-averaged

non-linear forcing for the near-inertial frequency motions, Λ 5 defined in Eqn. (10) computed over the last 4C� .

(a) � = 0.6, (b) � = 1, and (c) � = 2.
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Fig. 3. Energy budget diagram illustrating KE and APE exchanges between the time-mean flow and internal

waves, and dissipation rates of the time mean flow and internal waves. KE and APE are defined in Eqns. (7) and

(8), respectively. KE and APE exchange rates are defined in Eqns. (15) and (16), respectively. The dissipation

rates of KE and APE are defined in Eqns. (13) and (14), respectively. When a term on an arrow is positive

(negative), energy goes along (opposite to) the direction of said arrow.
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Fig. 4. (a,c) Normalized kinetic energy (� ) spectra, and (b,d) available potential energy (��) spectra,

excluding the background geostrophic flow, averaged at ��� = 0.1, 0.2, 0.3. (Top) simulation with linear

topography � = 0.6, and (bottom) simulation with non-linear topography � = 2. Spectra are computed over the

last 4C� of each simulation.
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Fig. 5. (left) KE transfer rate from zero-frequency to near-inertial waves due to horizontal shear and strain,

i.e., �ℎ (� ) from Eqn. (15), (middle) KE transfer rate due to vertical shear, i.e., �E (� ) from Eqn. (15), (right)

horizontal average of �ℎ (� ) and �E (� ) as a function of HAB. (a,b) � = 0.6, (c,d) � = 1, (e,f) � = 2. All values

computed over the last 4C� .
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Fig. 6. Normalized time-mean (l = 0) horizontal velocity D̄/* and buoyancy 1̄/#2: (a,b) � = 0.6, (c,d) � = 1,

(e,f) � = 2. All values computed over the last 4C� and averaged in H−direction.
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Fig. 7. Real parts of normalized horizontal velocity D̃ 5 /*, buoyancy 1̃ 5 /#2, and vertical velocity F̃ 5 /*,

CD-filtered at l = 5 as defined in Eqn. (9): (a,b,c) � = 0.6, (d,e,f) � = 1, (g,h,i) � = 2. All values computed over

the last 4C� and averaged in H−direction. Black dashed lines in the buoyancy plots (middle column) indicate the

freely propagating inertial wave slope U2 defined in Eqn. (19).
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Fig. 8. Same as Fig. 5, only for KE transfer rates from zero-frequency to super-inertial internal waves.
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Fig. 9. (Left) APE transfer rates from zero-frequency to near-inertial waves due horizontal buoyancy fluxes,

i.e., �ℎ (��) from Eqn. (16), (middle) sum of APE transfer rate �ℎ (��) and KE transfer rate from vertical shear,

i.e., �E (� ) from Eqn. (15), (right) horizontal average of �E (� ), �ℎ (��), and �ℎ (��) +�E (� ) as a function

of HAB. The “effective” transfer rate �ℎ (��) +�E (� ) ≈ �45 5E (from Eqn. (18)) should be zero at l = 5 . (a,b)

� = 0.6, (c,d) � = 1, (e,f) � = 2. All values computed over the last 4C� .

882

883

884

885

886

50



Fig. 10. Same as Fig. 9, only for APE and KE transfer rates from zero-frequency to super-inertial internal waves.
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Fig. 11. Volume-averaged (a) mixing efficiency, [+ defined in Eqn. (20), (b) APE and KE dissipation rates

(� (��) marked with squares and � (� ) marked with stars, respectively), (c) internal energy transfer from APE

to KE reservoir, F′1′, and (d) APE transfer from near-inertial super-inertial internal waves, i.e., � (� 5
�
, �(�,

�
)

as defined in Eqn. (22). All values are computed over four spatial intervals above the bottom: ��� < 0.1,

��� ∈ [0.1,0.2), ��� ∈ [0.2,0.3), and ��� ∈ [0.3,0.4). All values computed over the last 4C� . Three

different topographic regimes are presented: � = 0.6 in blue, � = 1 in red, and � = 2 in black.

887

888

889

890

891

892

52



Fig. 12. Local mixing efficiency, [ defined in Eqn. (21), averaged in H: (a) � = 0.6, (b) � = 1, and (c) � = 2.

All values computed over the last 4C� .
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Fig. 13. (a,b) Horizontally averaged APE dissipation rate � (��), (c,d) KE dissipation rate � (� ): (left)

dissipation rates of l = 0 motions (solid lines) and internal waves (IW, dashed); (right) breakdown of internal

wave dissipation rates into near-inertial (NIW, dash-dot) and super-inertial (SIW, dotted) internal waves. All

values computed over the last 4C� . Three different topographic regimes are presented: � = 0.6 in blue, � = 1 in

red, and � = 2 in black.
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