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Abstract

Array optimisation is critical for improving power performance and
reducing infrastructure costs thereby helping enable tidal-stream energy
to become a competitive renewable energy source. However, ascertaining
an optimal array layout is a highly complex problem, subject to the spe-
ci�c site hydrodynamics characterisation and multiple inter-disciplinary
constraints. In this work, we present a novel optimisation approach
that combines an analytical-based wake model, FLORIS, with an ocean
model, Thetis. The approach is demonstrated with applications of
increasing complexity. By utilising the method of analytical wake super-
position, the addition or alteration of turbine position does not require
re-calculation of the entire ow �eld, thus allowing the use of simple
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heuristic techniques to perform optimisation at a fraction of the compu-
tational cost of more sophisticated methods. Using a custom condition-
based placement algorithm, this methodology is applied to the Pentland
Firth for 24 turbines with a rated speed of 3:05 m s�1, demonstrating
practical implications whilst also considering the temporal variability
of the tide. Micro-siting using this technique generated an array 12%
more productive on average than a staggered layout, despite ow speeds
regularly exceeding the rated value. Performance was further evaluated
through assessment of the optimised layout within the ocean model that
represents the turbines through a discrete turbine representation. Used
iteratively, this methodology could be applied to deliver improved array
con�gurations in a manner that accounts for local hydrodynamic e�ects.

Keywords: Array optimisation, Tidal turbines, FLORIS, Shallow water
equations

1 Introduction

The levelised cost of energy (LCOE), defined as the average net present cost
of electricity generation for a power plant over its lifetime, is often cited as
a key metric for the competitiveness of an energy technology. Unless there is
a rapid increase in installations, the LCOE for tidal-stream is set to remain
at more than £150/MWh by 2025 (Smart and Noonan, 2018; Topper et al.,
2021), whilst the LCOE for solar and both onshore and offshore wind will
fall to approximately £25–£32/MWh (U.S. Energy Information Administa-
tion, 2020). Reducing LCOE is paramount if tidal-stream energy is to become
a competitive, sustainable energy source. This could be achieved through sev-
eral measures (Coles and Walsh, 2019; Goss et al., 2020, 2021b,a): (i) physical
infrastructure improvements, which could involve optimisation of the turbine
design and operation, (ii) economies of scale in turbine design, (iii) economies
of volume in manufacturing, operation and maintenance, (iv) technology inno-
vation, (v) learning, and (vi) financing mechanisms. Turbines have now reached
technology readiness levels of 7–8 (Chozas, 2015; SIMEC Atlantis Energy,
2020a) and need to be tested in large arrays for extended periods of time in
order to reach full maturity and facilitate implementation of the aforemen-
tioned cost reduction mechanisms. In supporting this, strategies should be
investigated and developed for the reliable assessment of the tidal resource
(Neill et al., 2014; Robins et al., 2015; Neill et al., 2018) to reduce investment
uncertainty, as well as array design optimisation to maximise performance.
Array optimisation has already shown potential to increase array power by up
to 33% relative to a regular aligned layout, albeit with power capping removed
(Funke et al., 2014). Hence developing more robust, yet practical optimisation
methods could be a key step to achieving further LCOE reductions.

Array power can be associated with up to eight controlling array effects,
as outlined in Vennell et al. (2015). These include the reduction of free-stream
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velocity by the introduction of turbines and the relative size of the array in
the channel. This leads to conicting design performance interactions among
turbines, particularly for large arrays that dominate channel dynamics. For
example, minimising environmental impacts such as sediment transport may
restrict array placement (Fairley et al., 2015; du Feu et al., 2019). Likewise,
maintaining navigation routes through clearance constraints prevents exploita-
tion of channel blockage, a hugely bene�cial phenomenon for larger arrays. As
such, array optimisation is often posed as a multi-objective problem, adding
additional constraints to an already complex problem (Nash et al., 2014; Culley
et al., 2016; du Feu et al., 2017, 2019; Gonz�alez-Gorbe~na et al., 2018; Phoenix
and Nash, 2019).

Ascertaining the optimal array layout becomes computationally intensive
when interlinked with the hydrodynamics at the installation area as it presents
a partial di�erential equation (PDE) constrained optimisation problem. Early
work therefore involved simpli�ed hydrodynamic models, as `in-concert' tun-
ing of tidal turbines in an array would necessitate multiple runs which would
require appreciable time in more detailed models (Vennell, 2011, 2012). Inves-
tigations of channel-scale optimisation, such as a systematic exploration of
optimal array layouts by conducting large numbers of 2-D simulations for dif-
ferent layouts and turbine tunings have been carried out using such models,
but are hugely time and memory intensive (Divett et al., 2016). An alter-
native has been proposed by using gradient-based optimisation that makes
use of adjoint methods to e�ciently calculate the objective function gradient,
leading to immense reductions in the number of evaluations required (Funke
et al., 2014, 2016). This enables optimisation with a capacity to account for
impacts to the hydrodynamics, at a much lower computational cost than tech-
niques that estimate the gradient. The same approach has been adopted for
wind farms to capture non-linear turbulent ow physics, as the adjoint method
allows inclusion of higher �delity 3D computational uid dynamics (CFD)
(King et al., 2017). Nevertheless, adjoint optimisation is still fairly intensive
as demonstrated by examples in the literature, which are largely constrained
to idealised and semi-idealised cases (Funke et al., 2014; Barnett et al., 2014).

To circumvent intense computational e�ort, inspiration can be taken from
wind energy research, where surrogate models are used to simplify the govern-
ing physics. These models may ignore important hydrodynamic e�ects such
as blockage that can augment power production for tidal energy (Nishino and
Willden, 2012; Chen et al., 2019). For example, a duct e�ect may be exploited
by placing turbines in a staggered arrangement, funnelling and accelerating the
ow onto downstream turbines, as shown in Funke et al. (2014). Aside from
certain examples restricted in idealised domains Stansby and Stallard (2016),
semi-analytical methods based on turbine wake superposition principles are
often constrained to a structured turbine placement (Lo Brutto et al., 2016).
Nevertheless, the use of wake superposition methods has been found to give
reasonable agreement to laboratory measurements for model tidal turbines.
Rapid optimisation in idealised low-blockage cases has provided signi�cant
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increases in array e�ciency (Stansby and Stallard, 2016). Gonz�alez-Gorbe~na
et al. (2016) took a similar approach, applying a surrogate-based optimisation
method in combination with a hydrodynamic model, but turbine placement
has been limited to spacing parameters applied uniformly across the array to
prevent high optimisation time associated with a greater number of parameters
within the optimisation framework.

In setting out this study, we outline our overarching goal: an array opti-
misation strategy that is computationally e�cient and extensible to the
multi-objective optimisation settings sought thereafter. Additionally, it must
be reliable, accurate and not ignore important hydrodynamic factors that a�ect
the optimal array design. This paper aims to demonstrate a novel optimisa-
tion approach, retro�tting an analytical wake model designed for wind array
optimisation ( FLORIS from the US National Renewable Energy Laboratory)
for use in conjunction with a coastal ocean model (Thetis). We provide details
on an optimisation approach which includes the option of a custom greedy
algorithm for micro-siting purposes. This is applied to a suite of representa-
tive idealised cases, progressing to a practical study of the Inner Sound of the
Pentland Firth, UK.

2 Methodology

We combine a depth-averaged hydrodynamic model,Thetis, with an analyti-
cal wake model,FLORIS (FLOw Redirection and Induction in Steady-state1).
FLORIS is used to perform array optimisation by importing ambient ow
�elds from Thetis, whereasThetis validates initial and optimised layouts, by
simulating with the presence of turbines parameterised through additional tur-
bine drag terms, and evaluating impacts on the ow �eld and array power.
Both models rely on actuator disc theory to represent the tidal turbine rotor,
however, di�erences between the two models exist, which necessitates the
introduction of an intermediate calibration step. A schematic of the described
coupled approach is shown in Figure 1.

2.1 Shallow Water Equation Modelling with Thetis

Thetis2, is a 2D/3D model for coastal and estuarine ows and it is based on
the general-purpose �nite element partial di�erential equation (PDE) solver
Firedrake (Rathgeber et al., 2016; K•arn•a et al., 2018). It has been employed for
several studies on the feasibility and optimisation of tidal energy (Angeloudis
et al., 2018; Baker et al., 2020; Goss et al., 2020; Harcourt et al., 2019). In this
particular study we solve the non-conservative form of the nonlinear shallow-
water equations in two-dimensions,

1 https://oris.readthedocs.io/en/master/index.html
2 http://thetisproject.org/
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Fig. 1 Schematic representation of model coupling and the optimisation sequence.
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where � is the water elevation, Hd is the total water depth, u is the depth-
averaged velocity vector, and� is the kinematic viscosity of the uid. The term
f u? represents the Coriolis \force", u? , included in non-idealised cases, is the
velocity vector rotated counter-clockwise over 90� , and f = 2
sin( � ) with 
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the angular frequency of the Earth's rotation and � the latitude. In idealised
cases, bed shear-stress (� b) e�ects are represented through a quadratic drag
formulation,

� b

�
= CD juj u (3)

For practical simulations undertaken in this work the Manning's nM

formulation applied is given as,

� b

�
= gn2

M
juj u

H
1
3

d

; (4)

which is used instead, following Mackie et al. (2021). Additionally and
when relevant, inter-tidal processes are treated using the wetting and drying
formulation of Karna et al. (2011). The shallow-water equation is discretised
using the discontinuous Galerkin �nite element method (DG-FEM) whereas
the semi-implicit Crank-Nicolson scheme is employed for time-marching the
solution. The resulting discrete system of equations is then solved iteratively
with the Newton's method available in PETSc (Balay et al., 2016). Finally,
ct is an additional parameterisation used to represent the turbines' thrust as
described in the following section.

2.2 Discrete turbine representation in Thetis

Turbine rotors are represented in Thetis by areas of increased bed friction
by adopting the linear momentum actuator disc theory (Kramer and Piggott,
2016). In the 2D depth-averaged form of the shallow-water equations, the force
as a result of an array of turbines is:

Farray =
Z


 array

� c t (x)
�
�u(x)

�
� u(x) dx; (5)

where ct (x) is a thrust coe�cient function given as:

ct (x) =
1
2

Ct (u(x)) A t d(x); (6)

where A t is the turbine swept area, Ct is the thrust coe�cient as a function
of the velocity u(x), and d(x) is the local turbine density. The turbine density
d(x) is constructed using a vectorm comprising the coordinates of turbines
within the array. This discrete turbine representation employs the exponential
bump function as in Funke et al. (2014), which in 1-D takes the form

 p;r (x) �

8
<

:
e1� 1=

�
1� j x � p

r j2
�

for jf racx � pr j < 1

0 otherwise
; (7)

where r is the radius of the bump. Equation (7) is employed in de�ning the
turbine density di for a turbine i at a position mi = ( x i ; yi ) as the normalised
product of 1-D bump functions:
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di (x) =
 x i ;r (x) y i ;r (y)

� r 2 ; (8)

where � =
R1

� 1

R1
� 1 e

�
� 1

1 � x 2 � 1
1 � y 2 +2

�
dxdy � 1:45661 is the integral of the bump

function in the case r = 1. The aggregate of the individual turbine densities
di provides the overall d(x) function:

d(x) =
NX

i =1

di (x); (9)

where N is the number of turbines deployed.
Following the notation of (5), the power extracted at any given moment

by the array can be approximated as

Parray =
Z


 array

� c p(x)
�
�u(x)

�
�3

dx; (10)

where cp(x) is a power coe�cient function given as

cp(x) =
1
2

Cp(u(x))A t d(x); (11)

where Cp is a power coe�cient which we assume is related to the thrust
coe�cient through the formulation (Martin-Short et al., 2015b)

Cp(u(x)) =
1
2

�
1 +

q
1 � Ct (

�
�u(x)

�
�)

�
Ct (

�
�u(x

�
�): (12)

In equations (5) and (10) it is assumed that the ambient velocity is the same
as the `through-turbine' local velocity, u(x), (i.e. the velocity once the turbine
is operating). This is a reasonable approximation for relatively coarse meshes
with distributed rather than discrete turbine density �elds (Schwedes et al.,
2017). However, for micro-siting arrays where the thrust force is concentrated
at the turbine location, this assumption becomes invalid. In addressing this
we adopt the correction for deriving a relationship between free-stream and
through-turbine velocities as derived in Kramer and Piggott (2016).

2.3 Analytical wake modelling using FLORIS

FLORIS utilises a number of analytical models to predict the mean wake
velocities and power output of turbine arrays (NREL, 2020). In the present
study, we make use of FLORIS's Gaussian model originally introduced by
Bastankhah and Port�e-Agel (2014) which computes the normalised velocity
de�cit via the expression

� U
U1

=

0

@1 �

s

1 �
CT

8
�
k� x=d0 + �

� 2

1

A � e

 

� 1
2( k � x=d 0 + � )2

� �
z � z h

d 0

� 2
+

�
y

d 0

� 2
� !

;

(13)
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where U1 is the approaching streamwise velocity,z is the wall-normal
coordinate with zh the turbine hub height, k� is the growth rate of the wake
(@�=@x), d0 is the diameter of the wind turbine and � is the normalised Gaus-
sian velocity de�cit at the rotor plane. For our calculations the local wake
growth rate k� is estimated using the local streamwise turbulence intensity,
I (Niayifar and Port�e-Agel, 2016). We should note here that the Gaussian
velocity model has been selected instead of the more traditionally used Jensen
model (Jensen, 1983) which is of similar computational cost but it is known to
neglect the wake velocity variation in the cross-ow direction (Dufresne and
Wosnik, 2013; Chamorro and Port�e-Agel, 2009). Turbine power output on the
other hand, is calculated using a power thrust-velocity relationship speci�ed for
each individual turbine. This requires a combination model to account for the
contributing wake velocity de�cit from upstream and other neighbouring tur-
bines. Here, we have selected to use the free-stream linear superposition (FLS)
method to account for the cumulative wake e�ects within the tidal array. The
velocity de�cit, � u (x; y), at a downstream location (x; y) is calculated as,

� u(x; y) =
NX

i =1

�
� u i j(x;y )

�
; (14)

where � u i j(x;y ) is the contribution the wake of each turbine i at the
downstream location (x; y) (Machefaux et al., 2015).

2.4 Optimisation approach

The existing layout optimisation procedure in FLORIS (Fleming et al., 2016)
is adapted to maximise the average power computed using several input ow
�elds, rather than the average annual energy production for a single wind
rose. The latter is typical of wind farm optimisation and would not apply
to tidal-array optimisation. To this end, we approach the tidal-array micro-
siting problem by employing an initial Thetis simulation of the tidal channel
and extract the ambient velocity �elds in the allocated array area for a num-
ber of times in a tidal cycle. This ambient ow �eld data is then imported
into FLORIS. If necessary, an initial (e.g. aligned/staggered) turbine layout
is introduced to FLORIS and micro-siting is performed using an appropriate
optimisation technique subject to spatial constraints, and minimum turbine
separation restrictions. Following optimisation in FLORIS, the derived turbine
layout is tested in Thetis to con�rm its increased e�ciency. A similar approach
to optimisation has previously been undertaken to determine wind plant con-
trol strategy, with the objective of optimising yaw settings to minimise wake
interaction and increase overall farm power (Gebraad et al., 2014). In a devi-
ation from the study of Gebraad et al. (2014) which pioneered the blending of
a CFD ow solver with FLORIS, we present herein a �rst attempt to combine
FLORIS with a shallow-water solver for tidal application.

As we aim to demonstrate a proof-of-concept for the optimisationapproach,
investigations on speci�c optimisation algorithms are beyond the scope of this
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work. FLORIS ' default optimisation is initially performed using the SciPy
minimise function for the idealised models (see Section 4), through the SLSQP
(Sequential Least SQuares Programming Kraft (1988)) method. The number
of iterations for each minimisation problem was limited to the default value
of 50. Altering 2N variables (i.e. x-, y- coordinates for N turbines) for each
ow �eld over 50 iterations becomes highly time-consuming as the number of
turbines N increases beyond a small array. An increased array size also entails
a larger optimisation space, further stressing conventional optimisation. To
address the above, a heuristic-based greedy optimisation technique is tested
which positions each turbine sequentially. This allows the imposition of con-
straints which form acceptance criteria, sequentially adding turbines until the
desired capacity is installed or until no possible positions for further turbines
remain. In addition the proposed alternative approach allows for the rejection
of proposed turbine placements based on aspects such as bathymetric gradient
forming a basis for non-trivial objective functions. The simpli�ed sequence is
indicated in Algorithm 1.

3 Turbine speci�cations and analytical wake
calibration

Before outlining the ow scenarios considered for optimisation it is instructive
to also present the turbine speci�cations and calibration process required to
adjust the analytical wake model parameters ofFLORIS so that shallow-water
wakes are accurately represented. Starting with the tidal turbines, uniform
speci�cations are applied across all case studies, summarised in Table 1. Addi-
tionally, the turbine dimensions, cut-in and rated speeds are based on known
parameters for the SIMEC Atlantis 2 MW AR2000 turbine and the SIMEC
Atlantis 1.5 MW AR1500 turbine (SIMEC Atlantis Energy, 2020b, 2016).
Combining equations (10), (11) and (12) allows the determination of the thrust
coe�cient at rated speed as Ct; rated = 0 :516. This is lower than the value of
Ct = 0 :8 determined in lab-scale experiments (Stallard et al., 2015; Bahaj
et al., 2007) thanks to the turbine size and its rated power output. Figure
2 shows the theoretical tailing of the thrust coe�cient for higher velocities.
This has been approximated by Cardano's formula (Witu la and S lota, 2010)
to produce a simpler equation to prevent the need for third-order polynomial
inversion that is otherwise required to calculate the power coe�cient (and
power) at every instance of the hydrodynamic simulation. Below the cut-in
speed, the thrust coe�cient is ramped up exponentially to prevent disconti-
nuities which may cause instabilities within the hydrodynamic model without
a�ecting the total power produced. For consistency, thrust and power coe�-
cients are applied uniformly for both models, with the resultant power curve
illustrated in Figure 2.
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Algorithm 1 Sequential addition of turbines to domain using greedy optimi-
sation.

CONDITIONS : Each turbine must meet a minimum A-% average turbine
capacity factor, have maximum reduction of power to any other turbine of B -
% and maximum reduction of power to the sum of individual turbines (that
face power output reductions) of � -%.

CONSTRAINTS (� ; E ): Minimum distance constraints for turbine placement,
speci�ed in turbine diameters away from considered coordinate.

1: while iteration no. < maximum no. of iterations do
2: while no. of turbines < maximum no. of turbines do
3: Calculate and add turbine wakes to each ow �eld of selected tidal

cycles.
4: Calculate a moving average ow magnitude �eld (a moving average

deters turbine placements on wake edges).
5: Identify coordinate of highest average velocity magnitude as a

candidate turbine location.
6: Add turbine at candidate site and impose wake on each ow �eld

of selected tidal cycles.
7: Calculate the average power (using each individual �eld) for all

turbines including the new turbine.
8: if CONDITIONS are met then
9: Add candidate site to list of accepted coordinates.

10: Impose a restriction for turbine placement within a limiting
distance � around new coordinate.

11: else
12: Add candidate site to list of blocked coordinates.
13: Impose a restriction for turbine placement within a limiting

distance of E around blocked coordinate.
14: end if
15: end while
16: end while

Table 1 Common input parameters.

Fluid density, � 1025 kg/m3

Rotor swept diameter, D 20 m
Hub height, zhub 18 m
Turbine cut-in speed, uin 1 m/s
Turbine rated speed, urated 3.05 m/s
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Fig. 2 Left: Thrust coe�cient function combining the tailing approximated by Cardano's
formula relative to theoretical thrust coe�cients for a 2 MW turbine. Right: corresponding
power curves.

3.1 FLORIS-speci�c inputs

As we apply FLORIS in the tidal-energy \domain", a number of FLORIS -
speci�c parameters need to be altered to match appropriate values for a tidal
setting (Table 2).

Table 2 FLORIS input parameters.

Flow shear power law exponent 0
Flow veer 0
Axial induction factor exponent 0.8325
Initial turbulence intensity, I 0 12%
Ambient turbulence intensity, I 20%

To begin with, the ow shear power law exponent and veer which describe
the change in vertical velocity and direction, respectively, are both set to 0,
omitting vertical variability to remain consistent with Thetis. Additionally,
the turbulence model chosen for FLORIS is well-documented in Crespo and
Hern�andez (1996) and the axial induction factor exponent set to the empir-
ically determined value. The initial turbulence intensity at the turbines, I 0,
has been determined experimentally at smaller scales to be 12% at the rotor
plane for three-blade model tidal turbines (Stallard et al., 2015). Hub height
streamwise turbulence intensity has been determined from ADCP deployments
upstream of the Meygen Phase 1A turbines to be approximately 10% and
12% for peak ood and ebb ows respectively (Coles et al., 2018). Measured
data in the Inner Sound of the Pentland Firth suggests the ambient turbu-
lence intensities at peak ow speeds are 13% and 17% during ood and ebb
tides, increasing linearly as the ow speed reduced (Hardwick et al., 2015). As
the turbulence intensity is assumed uniform for simplicity, the initial ambient
turbulence intensity is estimated to be 20%, as ow speeds (for optimisation
purposes) will typically range from 2{5.5 m/s.
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3.2 Calibration of FLORIS wake e�ects

Wake-speci�c parameters are also calibrated here to replicate the velocity
de�cits exhibited by Thetis. These includeka and kb, parameters that relate to
turbulence intensity and wake width. These combine and determine the value
of the wake growth rate, k� , which eventually enters the Gaussian velocity
de�cit equation (13) calculated as,

k� = ka � I + kb: (15)

The second set of parameters� and � are used for the quantity, x0, which
de�nes the onset of the far wake,

x0 = D
1 +

p
1 � Ct

p
2

�
4� � I + 2 �

�
1 �

p
1 � Ct

� � : (16)

Calibration is performed using di�erential evolution (as implemented within
SciPy's optimisation library (Virtanen et al., 2020)) to optimise the wake
parameterska , kb, � and � such that the r.m.s. error between wakes inThetis
and FLORIS is minimised. Calibration is performed for urated only, and then
compared to calibrations for speeds below and above rated to verify the pri-
mary calibration. An idealised model consisting of a single turbine in the
channel described in Section 4.1 is used to create a velocity de�cit to be
investigated over 20 diameters downstream for this purpose.

The results of this calibration are shown in Table 3, with the r.m.s. error
between Thetis and FLORIS �elds below 0.6% in the area of interest from
1:5{20D downstream. The di�erence in turbine representation is presented
in Figure 3, clearly showing higher values of theFLORIS ow �eld velocity
compared to Thetis as the velocity reduces approaching the bump function
that represents the presence of the device. Immediately downstream of the
FLORIS turbine, the velocity is lower than in Thetis due to the greater de�cit
imposed by FLORIS, which comes as a result of the discontinuous nature of
the analytical wake model at the turbine location. The discrepancy in turbine
representation leads to the decision to calibrate based on the ow �eld from
1.5D downstream in a zone of width 3D to also capture the expansion width
of the far wake. It should be noted that this is typically the region of highest
error between not only di�ering turbine representation methods, but also to
measured data; existing research has already demonstrated that accurately
capturing the wake dynamics may require investigation of several di�erent
approaches to turbine modelling (Sandoval et al., 2021). The central region of
the wake is well calibrated, with increased r.m.s. error bands on the edges of
the wake, though within acceptable margins of at most 1%. At rated speed, this
representation is considered acceptable, with a 1% velocity variation on the
outer wake unlikely to largely impact optimisation, considering the additional
assumptions within these parameterisations.
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Table 3 Calibrated wake parameters for Gaussian model.

ka 0:1087
kb 0:006912
� 0:4886
� 0:2496

Fig. 3 Relative di�erence between Thetis and FLORIS ow �elds with positive magnitude
(red) representing a higher FLORIS estimation of velocity. The area indicated by a black
square on the left shows Thetis area of increased friction whilst solid green line shows
FLORIS turbine. Black box on the right de�nes area over which r.m.s. error is calculated
for calibration at urated alone, see Table 4.

A comparative analysis of the wake parameters forurated against calibra-
tions at lower and higher ow speeds (Table 4) demonstrates that the overall
r.m.s. error of these wake parameters is still acceptable as the analytical wake
model is tested within its expected range. With decreasing velocity, the wake
width increases and as the velocity approaches cut-in speed the immediate
wake width begins to exceed the turbine diameter, increasing the r.m.s. error,
albeit within acceptable levels.

Table 4 Comparison of the r.m.s. error between Thetis and FLORIS ow �elds for
calibration at rated speed alone vs. direct calibration at the velocity speci�ed.

Velocity, u (m/s)
r.m.s. error (%)

Rated Speed Calibration Direct Velocity Calibration
1.5 1.243 0.379
2.5 0.756 0.325
3.25 0.575 -
4.5 0.130 0.099

For completeness we present the results of a separate calibration per-
formed between the analytical wake model and ume data, which capture
the full three-dimensional wake turbulence dynamics that are not captured
within 2D depth-averaged models. A comparison between the di�erent wake
behaviour and the respectiveFLORIS calibrated solutions are shown in Figure
4. Speci�cally, Figure 4 shows



Springer Nature 2021 LATEX template

Combining shallow-water and analytical wake models 15

ˆ Thetis vs Thetis-calibrated FLORIS depth-averaged wake pro�les;
ˆ Stallard et al. (2013) data vs the corresponding calibratedFLORIS predic-

tion for an isolated turbine at hub-height zhub .

Froude-scaling has been applied for comparison against laboratory data (Stal-
lard et al., 2013). Calibration to this data shows excellent agreement beyond
� 3D{3:5D and therefore the potential to calibrate to 3D data.

Even here however, the analytical representation of the near wake could be
improved. This further highlights the challenge of calibration between Thetis
and FLORIS as even on the depth-averaged pro�le, the immediate de�cit
downstream of the turbine is substantially greater relative to Thetis. Neverthe-
less, theThetis calibrated wake has been well-calibrated beyond 1.5D ; since
turbines are not to be placed in such close proximities, this is not expected to
impact optimisation.

The logic for using the analytical wake models calibrated against the depth-
averaged Thetis data is in order to make direct evaluation of the FLORIS
based optimal array designs usingThetis meaningful. For real world applica-
tions the initial wake calibration step should be conducted against the best
possible wake data available, from observations and/or high-resolution CFD.

Fig. 4 Longitudinal pro�le for wake Froude number F r = j u jp
gH d

, both depth-averaged for

comparison between calibrated FLORIS vs Thetis and at hub height ( zhub ) for comparison
between calibrated FLORIS vs experimental data of Stallard et al. (2013).

4 Case Studies

In demonstrating this novel tidal-array optimisation framework, we consider
models of increasing complexity. First, we consider the micro-siting of an ini-
tially dense 2� 4 array with three rotor diameter (3 D) spacing between turbines
both transversely and longitudinally which is situated within an idealised chan-
nel with and without a headland. These imitate two examples from Funke et al.
(2014) and serve in validating the performance of the current approach prior
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to assessing a more realistic full-scale optimisation problem. For our realistic
ow problem we consider the Pentland Firth region with an array size of 4� 6
turbines and a spacing of 5D between them in both directions. Both idealised
and realistic cases are illustrated in Figures 5 and 6, respectively, together with
the computational meshes used byThetis for the hydrodynamic simulations.
In all cases, the mesh generation process employs the open-source codeqmesh
(Avdis et al., 2018), featuring a 3 m element resolution for the idealised cases,
and 5 m for the Pentland Firth case within the allocated tidal array. This ele-
ment size was selected using a mesh sensitivity study on the wake resolution
con�rming the mesh resolution independence of the results within the array.
For the optimisation problem we have imposed a number of spatial conditions/-
constraints. The \greedy" optimisation approach features a minimum of three
diameters (3D) distance separating each turbine and a blocked radius of one
diameter (1D) for each \failed iteration" ( � = 3D , E = 1D), which we apply
across all considered cases. The 3D separation constraint between turbines is
applied for all optimisation techniques to prevent the potential for extreme
ow de�cits behind closely spaced transverse turbines (typically 1.5D{5D for
tidal turbines (Stallard et al., 2013)). Moreover, turbine coordinates are lim-
ited to not lie within D /2 of the array boundaries de�ned in Thetis so that
turbines do not overlap/exceed the speci�ed boundary limits. The minimum
power requirements are speci�ed as a minimum 17.5% capacity factor per tur-
bine, a 4{5% maximum reduction of power for individual turbines and a 8{9%
maximum reduction in the cumulative power of the particular turbines that
face a power reduction, varying slightly between cases (A = 17.5%, B = 4{5%,
� = 8{9%). Speci�c details for each case study are expanded below.

4.1 Steady-state ow through an idealised channel

An idealised channel of dimension (640� 320) m featuring a (320� 160) m
region where a tidal array is to be deployed, provides su�cient space to tightly
pack turbines across the width of the channel, but is short enough to prevent
substantial wake recovery. The bathymetry is consistent across the full domain
at 50 m depth. Eddy viscosity is set to a constant value of 1 m2=s across the
domain away from the boundaries as per previous studies (Vouriot et al., 2019).
For simplicity, a quadratic drag coe�cient CD = 0 :0025 is used, as per previous
investigations of the Pentland Firth, e.g. (Draper et al., 2014), which represents
a fairly smooth bed. For our assumed steady case herein, the imposed ow is
constant and can be represented by a single ow �eld, which was determined
in Thetis with a hyperbolic tangent ramp from an initial equilibrium condition
with an inow velocity, u = 3 :175 m s� 1 (close to urated ), while imposing a
constant elevation of 0 m at the outow.

4.2 Transient ow around an idealised headland channel

Headlands and islands are key in providing highly energetic channels that
make tidal streaming a feasible prospect. Therefore, a simple headland model
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