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ABSTRACT
This paper investigates the problem of a radial (or penny-shaped) hydraulic fracture propagating
in a permeable reservoir. In particular, we consider the fluid exchange between the crack and
ambient porous media as a pressure-dependent process. In most of the existing models, the fluid
exchange process is represented as one-dimensional pressure-independent leak-off described by
Carter’s law. We modify this mechanism by including the dependence of the fluid-exchange rate
on the fluid pressure inside the fracture. The proposed approach allows the liquid not only to
flow out of the fracture but also to leak-in along the region adjacent to the fracture front. The
complete model for hydraulic fracturing involves several physical processes that determine the
crack propagation, namely, brittle rock failure, elastic equilibrium of rock, viscous fluid flow
inside the fracture channel, and fluid exchange. In order to resolve these phenomena near the
fracture front in the numerical scheme, we utilise a special asymptotic multi-scale model for the
near-tip region, which is used as a propagation condition for the finite fracture. The main aspect
of the analysis is a comparison of fracture characteristics such as aperture profile, radius and
others calculated via the proposedmodel with the results of the radial fracturemodel that assumes
standard pressure-independent fluid exchange mechanism governed by Carter’s law. Based on
the comparison, we determine parameter ranges, for which the effect of the pressure-dependent
fluid exchange mechanism is essential, and, on the other hand, outline zones for which Carter’s
leak-off model provides accurate results. Finally, by using an approximate solution for the radial
fracture with Carter’s leak-off, we perform estimates of the effect for the entire parametric space,
which allows one to evaluate the influence of the pressure-dependent leak-off for any problem
parameters.

1. Introduction
Hydraulic fractures (HFs) are created in rock formations due to the injection of high-pressured fluid from the

Earth’s surface (Economides et al., 1989). The most common application of HF is the development of oil and gas
reservoirs, namely, HF is a method for enhanced hydrocarbon recovery which helps to increase production from oil
and gas wells (Economides et al., 1989, 2002). Hydraulic fractures also occur in nature during magma movement
through the lithosphere under the influence of buoyancy force (Spence and Turcotte, 1985; Lister, 1990; Rivalta et al.,
2015; Dontsov, 2016b) or in the form of the fluid-filled cracks in glacier beds (Tsai and Rice, 2010; van der Veen,
2007).

From the petroleum industry perspective, hydraulic fracturing is a complicated technique. It requires a large amount
of water, multiple pump trucks, different types of proppants, polymeric additives for water base which assure the
required fluid rheology, see, e.g. a review paper (Osiptsov, 2017). For this reason, there is a value in constructing
numerical models that aim to optimise treatment design and increase the efficiency of operations. Hydraulic fracturing
cycle consists of several phases: crack growth and proppant placement, flowback period (Osiptsov et al., 2019), and
production. The current paper deals with the first phase, namely with the dynamics of fracture growth.

Numerical models for hydraulic fracturing follow a strong trend of increasing geometric complexity versus time.
The early models are two-dimensional and have relatively simple geometries: Perkins-Kern-Nordgren (PKN) (Perkins
et al., 1961; Nordgren et al., 1972), Khristianovich-Zheltov-Geertsma-De Klerk (KGD) (Khristianovic and Zheltov,
1955; Geertsma et al., 1969), and penny-shaped (or radial) (Abe et al., 1976). Further developments have shifted
towards three-dimensional geometries, such as pseudo-3D (Settari et al., 1986; Adachi et al., 2010; Dontsov and Peirce,
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2015a) and planar-3D (Lee and Lee, 1990; Vandamme and Curran, 1989; Peirce and Detournay, 2008; Peirce, 2015;
Dontsov and Peirce, 2017). Currently, the geometrical complexity has reached the level of multi-stage multi-fracture
simulations (Suarez-Rivera et al., 2019; Dontsov et al., 2019), which reflects the current industrial needs. A description
of the variety of models and numerical techniques for HF can be found in the following review papers (Adachi et al.,
2007; Lecampion et al., 2018).

In many HF models, the propagation condition is based on linear elastic fracture mechanics (LEFM) theory: the
fracture propagates as soon as the stress intensity factor reaches a critical value called fracture toughness. Alternatively,
this condition can be written in the form of the square-root asymptotic behaviour of the fracture opening near the crack
front. It is known, however, that this asymptote governs the solution only in a relatively small region of the finite fracture
due to the presence of fluid inside the fracture. Since the desired mesh size for fracture simulations is typically coarse
(to save computation time), the fracture tip models that account for the effects of fluid are utilised in lieu of classical
LEFM criterion to increase the accuracy of the numerical calculations. The near-tip region models help to resolve
the influence of various physical phenomena (e.g. lubrication fluid flow inside the crack channel, brittle rock failure,
fluid exchange between the fracture and the ambient permeable reservoir) on the fracture propagation as is done in
(Peirce and Detournay, 2008; Peirce, 2015; Dontsov and Peirce, 2017; Zia and Lecampion, 2019). The near-tip region
can be investigated by solving the problem of a semi-infinite plane strain hydraulic fracture propagating with constant
velocity. One can interpret fracture-tip models as a boundary layer for the finite (parent) fracture near its tip (Garagash
and Detournay, 2005). Majority of the near-tip region models comprise the fluid flow inside the crack channel in
the form of Poiseuille’s law, Newtonian fluids, and impermeable or permeable ambient rock. We start with listing
the semi-infinite fracture models for an impermeable reservoir. Solution of the problem for the fully-filled hydraulic
fracture is found by Lister (1990) and Desroches et al. (1994) with earlier consideration of the HF tip asymptotics given
by Spence and Sharp (1985). The effects of fluid lag are discussed in works (Rubin, 1993; Garagash and Detournay,
2000). The effect of leak-off of the fracturing fluid into the reservoir is analysed in works (Lenoach, 1995; Garagash
et al., 2011; Dontsov and Peirce, 2015b), and the more complicated models accounting the pore pressure diffusion
and poroelasticity effects are presented by Detournay and Garagash (2003); Kovalyshen (2010); Kanin et al. (2020).
The effect of turbulent flow inside the fracture is analysed in (Dontsov, 2016c; Lecampion and Zia, 2019), the effect of
non-Newtonian fluid rheology of the hydraulic fracturing fluid is studied in (Moukhtari and Lecampion, 2018; Dontsov
and Kresse, 2018; Bessmertnykh and Dontsov, 2019), while the influence of the cohesive zone near the fracture front
and constraints to the use of the LEFM in hydraulic fracturing are presented in (Garagash, 2019).

The current paper is devoted to the examination of a radial fracture model. A radial fracture propagates in a
given plane, and its geometry is symmetrical relative to the injection point. Numerical model for the radial fracture
propagating in an impermeable reservoir is considered by Savitski and Detournay (2002), and the permeable rock case
is discussed in Madyarova (2004), Bunger et al. (2005) and Dontsov (2016a). In the aforementioned studies, the fluid
exchange between the fracture and porous media is described by a one-dimensional pressure-independent mechanism
governed by Carter’s law (Carter, 1957). It is built on the assumption that the fluid pressure inside the fracture can be
approximately taken equal to the far-field confinement stress when solving for the pore fluid diffusion and associated
fluid leak-off. The recent study (Kanin et al., 2020) demonstrates that this assumption can be violated in the region
adjacent to the crack front in which the fluid pressure can drop below the far-field confinement stress, and further can
drop even below the pore fluid pressure resulting in the inflow process rather than the leak-off. In order to capture such
an effect, it is necessary to refine the fluid exchange mechanism by introducing pressure dependence into the leak-off
process. Similarly, the HF fluid pressure can exceed the value of the confining stress in the bulk of the HF, meaning that
the pressure-dependent leak-off consideration is also essential. In the present work, we implement numerical model
for the radial fracture, which accounts for the pressure-dependent fluid exchange. For the accurate description of the
processes occurring near the fracture tip, we use the near-tip model developed in Kanin et al. (2020). The main aim of
this paper is to compare the radial fracture characteristics (opening, pressure, radius and efficiency profiles) obtained
via the developed model with the results calculated by the radial fracture model with Carter’s leak-off (Madyarova,
2004; Dontsov, 2016a) in order to specify cases, in which the pressure-dependent effects are essential and could not
be neglected.

We organise the paper as follows. Section 2 outlines governing equations for the developed radial hydraulic fracture
model. Then in section 3, we give a brief overview of the near-tip region model that is used as a propagation criterion
for the simulation of fracture growth. Further, section 4 describes the main components of the numerical algorithm
for calculating the dynamics of the crack characteristics with time. Finally, Section 5 presents the obtained numerical
results, comparison with Carter’s leak-off case, as well as the analytical analysis that demonstrates for which cases the
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pressure-dependent leak-off is essential.

2. Model formulation
2.1. Problem definition

The present work considers an axisymmetric hydraulic fracture that propagates in a permeable reservoir (also terms
‘radial’ and ‘penny-shaped’ are used in the literature). The schematics of the radial fracture model is shown in figure 1a.
The in-plane polar coordinate system (r, �) is used for the problem description. Since the model is axisymmetric, the
variables do not depend on the polar angle �.

The radial fracture is generated by the fluid injection through a point source located in the centre of the fracture that
coincides with the origin of the coordinate system. We assume that the injection rate is constant and is equal toQ0, sothat the injected volume is Vinj(t) = Q0t. The fracture propagates in a linear-elastic rock described by Young’s modulus
E and Poisson’s ratio �. LEFM theory is used for modelling the quasi-static propagation of the fracture in the rock
with toughness KIc . The fracture face is loaded internally by the fluid pressure pf (r, t) while the far-field confining
stress is �o. The effective or net pressure p(r, t) = pf (r, t) − �o is introduced for convenience. Aside from pressure,
fracture parameters also include aperture profile w(r, t), volume Vcrack(t) (or efficiency �(t) = Vcrack(t)∕Vinj(t)), andradiusR(t). There are two fluids in the model: the injected or fracturing fluid, and the pore fluid. We suppose that both
fluids are Newtonian and have the same properties: viscosity � and compressibility ct. For the description of the fluidflow in the crack channel we utilise the lubrication theory (Batchelor, 1967), and the flow rate is denoted as q(r, t).
Since the pore fluid is allowed to flow into dynamically depressurised fracture tip region, the fluid and fracture fronts
coincide, i.e. there is no near-tip lag filled by saturated vapour.

The distinctive feature of the proposed model is a dependence of the fluid exchange between the fracture and
ambient permeable rock on the fluid pressure inside the fracture. We utilise a one-dimensional model for the description
of this process. The fluid exchange rate g(r, t) is coupled with the fracture propagation history and the history of fluid
pressure. In addition, it depends on pore fluids properties, porosity �r, reservoir permeability k, and the far-field pore
fluid pressure po. By including the pressure dependence of the fluid exchange, we potentially allow pore fluid to inflow
into the fracture in the near-tip region under the condition that the fluid pressure pf (r, t) becomes less than the pore
pressure po in that zone. The pore fluid volume flowed into the fracture eventually leaks out from the fracture. This
leads to the establishment of the circulation zone, in which the total leak-in and leak-off are balanced, as shown in
figure 1b (Kanin et al., 2020).
2.2. Governing equations

This section outlines the system of governing equations. It is written for the fracture opening w(r, t) and net fluid
pressure p(r, t). In addition to the distance from the source r and time t, the solution is also a function of the following
set of material parameters:

E′ = E
1 − �2

, K ′ = 4
√

2
�
KIc , �′ = 12�, Q′ = 2k

�
√

�c
, C ′ = Q′�′o, (1)

and an injection rate Q0. In the above equation E′ is the plane strain elastic modulus, the scaled toughness and fluid
viscosity are denoted by K ′ and �′ correspondingly, Q′ is the pressure-dependent leak-off (PDL) coefficient (c is the
diffusivity coefficient defined as c = k∕(�rct�)), C ′ is Carter’s leak-off coefficient (�′o = �o − po is the effective
confining stress).
2.2.1. Crack elasticity

The elasticity equation allows us to relate the net fluid pressure profile inside the fracture to the crack aperture
(Arin and Erdogan, 1971; Cleary and Wong, 1985; Savitski and Detournay, 2002):

p(r, t) = − E′

2�R(t) ∫

R(t)

0
M

(

r
R(t)

, s
R(t)

)

)w(s, t)
)s

ds, (2)
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(a)
(b)

Figure 1: A radial fracture model (a) with the pressure-dependent fluid exchange and its near-tip region (b) described by
a semi-infinite fracture model.

The integral kernelM(�, s) has the following form:
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where K(x) and E(x) are the complete elliptic integrals of the first and the second kind, respectively.
2.2.2. Fluid flow

From the lubrication theory (Batchelor, 1967), the continuity equation of the fluid flow inside the crack channel is:

)w
)t

+ 1
r
)(rq)
)r

+ g(r, t) = 0, r > 0, t > 0, (4)
where the expression for the fluid flux is given by Poiseuille’s law:

q = −w
3

�′
)p
)r
, (5)

and the local fluid exchange rate g(r, t) is

g(r, t) = C ′
√

t − t0(r)
+Q′ ∫

t

−∞

)
)s

[

H(s − t0(r))p(r, s)
] ds
√

t − s
. (6)

HereH(x) is Heaviside step function, t0(r) is the inverse radius function: t0(r) = R−1(t), i.e. the timemoment at which
the fracture front reaches the location r. As can be seen from the equation (6), the fluid exchange process is controlled
by two coefficients C ′ and Q′. The Carter’s leak-off coefficient C ′ is commonly utilised in many hydraulic fracturing
models including: semi-infinite (Garagash et al., 2011; Dontsov and Peirce, 2015b; Bessmertnykh and Dontsov, 2019);
one-dimensional: radial (Madyarova, 2004; Bunger et al., 2005; Dontsov, 2016a), KGD (Adachi and Detournay, 2008;
Hu and Garagash, 2010; Dontsov, 2017)), and planar geometry: (Peirce and Detournay, 2008; Dontsov and Peirce,
2017; Zia and Lecampion, 2019). The PDL coefficient Q′ is introduced in Kanin et al. (2020), and it scales the level
of the fluid exchange pressure dependence, i.e. the departure from Carter’s law given by the first term in equation (6).
Derivation of (6) is presented in Appendix A.

By combining the continuity equation (4), Poiseuille’s law (5), and the formula for the fluid exchange rate (6), we
obtain the Reynolds equation:

)w
)t

= 1
�′
1
r
)
)r

(

rw3
)p
)r

)

− C ′
√

t − t0(r)
−Q′ ∫

t

−∞

)
)s

[

H(s − t0(r))p(r, s)
] ds
√

t − s
, (7)

which is one of the key equations determining behavior of hydraulic fracture growth dynamics.
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2.2.3. Fracture propagation
LEFM condition for the quasi-static propagation of a hydraulic fracture dictates that the stress intensity factor is

equal to the rock toughness: KI = KIc . This condition can be alternatively expressed in terms of the fracture opening
w(r, t) asymptote near the crack front (Irvin, 1957):

w = K ′

E′
√

R − r, r→ R. (8)

In situations, when the propagation velocity V = dR∕dt is zero, we have:

w =
K ′
I

E′
√

R − r, r→ R,

where K ′
I is an unknown scaled stress intensity factor which is less than the critical value K ′.

2.2.4. Flux boundary conditions
The boundary condition associated with the point source is

lim
r→0

2�rq(r, t) = − lim
r→0

2�rw
3

�′
)p
)r
= Qo, (9)

while at the fracture front, we specify the zero-flux:
q(R, t) = 0. (10)

2.2.5. Global fluid volume balance
By integrating the continuity equation (4) with respect to time and spatial coordinate and using the flux boundary

conditions (9) and (10), we obtain the global fluid balance equation:

Q0t = 2� ∫

R

0
rw(r, t)dr + 2� ∫

t

0
ds∫

R(s)

0
rg(r, s)dr, (11)

which can be interpreted as Vinj = Vcrack +Vf luid−exchange. By substituting the expression for the fluid exchange (6) intothe latter equation, we obtain

Q0t
⏟⏟⏟
Vinj

= 2� ∫

R

0
rw(r, t)dr

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Vcrack

+4�C ′ ∫

R

0
r
√

t − t0(r)dr
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

VC

+2�Q′ ∫

R

0
rdr∫

t

t0(r)

p(r, s)ds
√

t − s
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

VPDL

, (12)

where Vf luid−exchange = VC + VPDL is comprised of Carter’s cumulative leaked volume and PDL volume correction.

3. The near-tip region model of a finite fracture with pressure-dependent fluid exchange
It is known that the square-root asymptotic behaviour (8) for the fracture opening is valid only in a small region

adjacent to the fracture front (Garagash and Detournay, 2000; Garagash et al., 2011). In fracture simulators, the
numerical grid is typically not sufficiently fine to capture the square-root asymptote along the tip element. To deal
with the problem and to increase the accuracy of the numerical calculations, the fracture tip models are utilised, since
they allow us to describe fracture characteristics near its front accurately (Peirce and Detournay, 2008; Dontsov and
Peirce, 2017; Zia and Lecampion, 2019).

Schematics of the fracture tip model with the pressure-dependent fluid exchange is presented in figure 1b. The
detailed description of this model is provided in Kanin et al. (2020), while here we discuss only the main findings
that are relevant for the paper. Generally, the near-tip region model is represented by a semi-infinite fracture, which
propagates with a constant velocity V , where the latter corresponds to the instantaneous local tip velocity of the finite
(parent) hydraulic fracture. Since the propagation velocity is constant, it is possible to convert the whole problem
to a stationary form in which all characteristics (opening wa, net fluid pressure pa and fluid exchange rate ga) of the
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semi-infinite fracture depend only on the distance x from the crack front and do not depend on time explicitly, see
figure 1b. In addition to the distance x, the near-tip region solution is influenced by the propagation velocity V and
the set of the dimensional parameters defined in (1) denoting here as  for the simplicity.

A distinguishing feature of the near-tip region model with the pressure-dependent fluid exchange is the presence
of the circulation zone (also discussed by Detournay and Garagash (2003); Kovalyshen (2010)) as compared to the
previous fracture tip model (Lenoach, 1995; Garagash et al., 2011). It is a region adjacent to the crack front along
which the cumulative fluid exchange rate is equal to zero: the pore fluid flows into this zone near the tip and afterwards
leaks-off. Since the fracture tip model is steady-state, the circulation zone length is fixed.

By following Kanin et al. (2020), we outline the system of governing equations for a semi-infinite hydraulic fracture
with the pressure-dependent fluid exchange:

• Elasticity: pa(x) =
E′

4� ∫
∞
0

dwa(s)
ds

ds
x−s ;

• Lubrication: wava = waV + q⟂, q⟂ = ∫ x0 ga(s)ds = 2C
′
√

V x +Q′
√

V ∫ x0
pa(s)
√

x−s
ds.

The fluid exchange rate ga(x) and its cumulative value q⟂(x) are derived in Appendix A (equations (37) and (38)
respectively). Note that the definitions of the PDL coefficient Q′ and Carter’s coefficient C ′ are different from
those in (Kanin et al., 2020) by a factor of two;

• Poiseuille’s law: va =
w2a
�′

dpa
dx ;

• Crack propagation: wa =
K′

E′
√

x, x→ 0.

To reduce the number of parameters, the solution is written in terms of normalised variables. In particular, we
utilise the so-called mk−scaling, so that:

� = x
lmk

, Ωa =
wa
wmk

, Πa =
pa
pmk

. (13)

The characteristic length, fracture width and fluid pressure scales are set according to the following equations (Garagash
et al., 2011):

lmk =
l3k
l2m

= K ′6

E′4V 2�′2
, wmk =

l2k
lm

= K ′4

E′3V �′
, pmk = E′

lm
lk

=
E′2V �′

K ′2
, (14)

where we utilise the complimentary length scales lk = (K ′∕E′)2 and lm = V �′∕E′.In the normalised variables, solution for the problem of the semi-infinite fracture depends on the dimensionless
coordinate � and two dimensionless numbers:

� = 2C ′E′

K ′
√

V
, � = E′

K ′

(

�′Q′
√

V
)1∕3

, (15)

where the first parameter � is related to dimensionless leak-off and the second parameter � reflects the normalised
strength of PDL effects.

For better understanding of the fracture-tip solution behaviour, let us consider an example of the asymptotic profiles
for the fracture opening and net fluid pressure in the normalised form (the mk−scaling). The following values of the
governing dimensional parameters are used for the example case: V = 1 m/s, E′ = 30 GPa, K ′ = 1.91MPa ⋅√m,
�′ = 0.06 Pa ⋅ s, C ′ = 0.58 mm∕√s, Q′ = 3.22 ⋅ 10−2 mm∕(√s ⋅MPa) (where the values of C ′ and Q′ are based
on the following reservoir values: �o = 30 MPa, po∕�o = 0.4, k = 20 mD and � = 20%). From equation (15),
we compute � = 18.2 and � = 1.95. Figure 2 shows the solution and compares it with its counterpart that assumes
Carter’s leak-off (� = 0). By the dotted red and blue lines, we indicate the near-field (also known as k−vertex) and the
far-field (m−vertex) asymptotes provided by the following equations (Kanin et al., 2020; Garagash et al., 2011):

Near-field (k−vertex): wck = wpdk = l1∕2k x1∕2; pck = E
′l1∕2k ∕l1∕21 ⋅ ln (x∕x0), p

pd
k = −�′o − l

1∕2
k V 1∕2∕Q′,

Far-field (m−vertex) ∶ wcm = w
pd
m = �0l

1∕3
m x2∕3; pcm = p

pd
m = �0E′l

1∕3
m x−1∕3,
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(a) (b)
Figure 2: Solution for (a) the fracture opening and (b) net fluid pressure in normalised variables for the problem of a
semi-infinite hydraulic fracture. The considered case corresponds to the dimensionless parameters � = 18.2 and � = 1.95.
Solution corresponding to Carter’s leak-off case is plotted by dashed line. The red and blue dotted lines indicate the
near-field and far-field asymptotes governed by toughness (k) and viscosity (m) dominated regimes respectively.

where the superscript ‘pd’ is used to indicate the pressure-dependent case and ‘c’ Carter’s case; the prefactors are equal
to �0 = 21∕335∕6, �0 = −6−2∕3; the lengthscales arel1 =

(

l−1∕2mk + l−1∕2m̃k

)−2, lm̃k = l4k∕l3m̃, lm̃ =
(

2C ′V 1∕2�′∕E′
)2∕3;

the value of x0 is a part of the general numerical solution in Carter’s leak-off case.
Figure 2a demonstrates that the opening profiles for the pressure-dependent and Carter’s leak-off have the same

asymptotes in the near-field (k, toughness dominated regime) and far-field (m, viscosity dominated regime). Solutions
differ in the intermediate field: the aperture value is smaller in the pressure-dependent fluid exchange case. Based on
the net fluid pressure profiles (figure 2b), it is possible to highlight that the near-field asymptotic behaviour (k) differs
between the discussed cases: for the pressure-dependent leak-off, the fluid pressure at the tip has a non-singular value
as compared to a logarithmic singularity for Carter’s leak-off (Garagash et al., 2011). Finally, the pressure profiles
have the same far-field asymptote presented by the viscosity dominated regime (m).

The near-tip solution described above is used as a propagation condition of the parent (finite) HF in this study in
lieu of (8). The near-tip behaviour for the finite fracture can then be formulated as:

w(r, t, Q0,) = wa(R − r, V ,) = wmk ⋅Ωa
(

R − r
lmk

, �, �
)

, R − r ≪ R, (16)

where the dimensionless functionΩa is known from the solution of the semi-infinite fracture problem described above.
We also utilise the fracture-tip model for calculating the cumulative fluid exchange rate for the fracture tip element.

For this purpose, we express leak-off flux q⟂(x) in terms of the dimensionless function that comes from the solution
of the semi-infinite fracture problem as:

q⟂(R − r, V ,) = wmkV ⋅ Υ
(

R − r
lmk

, �, �
)

, Υ(�, �, � ) = �
√

� + �3 ∫

�

0

Πa(s, �, � )ds
√

� − s
, R − r ≪ R. (17)

In the above equation, the dimensionless function Υ is provided by the tip solution, wmk is the scale for the fracturewidth defined in (14), while the tip velocity V = dR∕dt is obtained from the solution of the coupled problem for the
whole fracture.
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4. Numerical implementation
In the current section, we outline the main features of the numerical algorithm for calculating the general solution

for the radial fracture model. The implemented algorithm is similar to the scheme used in Dontsov (2016a).
The algorithm can be divided into several stages:
• discretisation of the system of governing equations specified in Section 2;
• description of the tip element using the tip asymptotic solution outlined in Section 3;
• combination of the discretised equations into a single system of equations;
• numerical solution of the system of equations.
To proceed with the numerical solution, we first utilise the normalised spatial coordinate � = r∕R(t). Since �

depends on time, it is necessary to rewrite the time and spatial derivatives in terms of � and t:
)
)t
|

|

|

|r
= )
)t
|

|

|

|�
−
�V (t)
R(t)

)
)�

|

|

|

|t
, )

)r
|

|

|

|t
= 1
R(t)

)
)�

|

|

|

|t
, (18)

where we used the following expressions for the time and spatial derivatives of normalised distance: )�)t = − �V (t)
R(t) ,

)�
)r =

1
R . Further, we rewrite the elasticity (2) and Reynolds (7) equations by accounting for the derivatives transforma-
tion (18):

• Elasticity:

p(�, t) = − E′

2�R(t) ∫

1

0
M (�, s)

)w(s, t)
)s

ds, (19)

where the integral kernelM(�, s) is given by equation (3);
• Reynolds:

)w
)t

−
V (t)
R(t)

�)w
)�

= 1
�′R(t)2

1
�
)
)�

(

�w3
)p
)�

)

− C ′
√

t − t0(�R)
−

−Q′ ∫

t

−∞

)
)s
[H(s − t0(�R(s)))p(�, s)]

ds
√

t − s
+

+Q′ ∫

t

−∞

�V (s)
R(s)

)[H(s − t0(�R(s)))p(�, s)]
)�

⋅
ds

√

t − s
. (20)

The discretisation involves setting up the mesh for time and spatial coordinate. The time is discretised on a log-
arithmic scale using K steps as: ti = tmin + 10iΔT , i = 1,… , K , where ΔT = log10(tmax∕tmin)∕K , while tmincorresponds to the initial condition time, and tmax is the maximum simulation time. The spatial coordinate � is divided
linearly into N segments with length Δ� = 1∕N . The spatial mesh nodes are located in the middle of the segments:
�j = (j − 0.5)Δ�, j = 1,… , N.

With regard to the problem variables, the radial fracture radius R(t) and the propagation velocity V (t) are taken as
piecewise constant functions of time, i.e. R(t) = Ri, V (ti) = Vi for t ∈ [ti−1, ti], i = 1,… , K . Similarly, the crack
opening w(�, t) and net fluid pressure p(�, t) are discretised as piecewise constant functions of time and normalised
coordinate: w(�, t) = wij , p(�, t) = pij for t ∈ [ti−1, ti], i = 1,… , K and � ∈ [�j−1∕2, �j+1∕2], j = 1,… , N , where
�j−1∕2 = �j −Δ�∕2, �j+1∕2 = �j +Δ�∕2 are boundaries of the segment with sequence number j. We also introducewi
as the column with fracture width values in each spatial segment for the time interval i and pi as the column containing
the net fluid pressure values.
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Let us start with the discretised form of the elasticity equation (19):

pi = CE′
Ri

wi, Cmn =
1
2�

[

M(�m, �n+1∕2) −M(�m, �n−1∕2)
]

; m, n = 1,… , N, i = 1,… , K, (21)

where C is the dimensionless elasticity matrix for the problem.
Further, we move on to the discretisation of the Reynolds equation (20). Firstly, we perform the integration over

the time interval i ∶ [ti−1, ti], and afterwards, we average the Reynolds equation over the circle� with boundary �:
r ∈ [�j−1∕2, �j+1∕2], � ∈ [0, 2�]. The averaging is carried out in the following way:

2� ∫
�j+1∕2
�j−1∕2 �f (�)d�

�(�2j+1∕2 − �
2
j−1∕2)

≈
∫
�j+1∕2
�j−1∕2 �f (�)d�

�jΔ�
. (22)

By applying the averaging procedure, the discretised system of equations becomes
wi − wi−1 = Bwi +

(

A(wi) + Ŝi
)

pi + Si, i = 1,… , K, (23)
see Appendix B for details. Here the term on the left hand side represents the time derivative of the width, the matrix
B captures the term proportional to the tip velocity originating from using the moving mesh, the matrix A describes
the flux term, the vector Si contains all the source and leak-off terms that are independent of the solution at the time
instant ti (i.e. the fluid injection, Carter’s leak-off, history of the pressure-dependent fluid exchange except for the
current time step), and the matrix Ŝipi signifies the pressure-dependent part of leak-off that includes the pressure value
at the current time step. The presented numerical scheme (23) differs from that for Carter’s leak-off case (Dontsov,
2016a) by the presence of the term Ŝipi and the components of Si that are related to PDL. Expressions for the matrices
A,B,Si, Ŝi can be found in Appendix B.

Equation (23) has a special form for the tip element since the propagation condition is imposed there. In particular,
the penultimate element (i.e. j = N−1) is used to compute the fracture tip propagation velocity V . With the reference
to figure 3 and results in section 3, the propagation velocity for the considered time interval i is given implicitly as

wiN−1 = wa
(3
2
Δ�Ri, Vi,

)

, (24)
where wa is the tip asymptotic solution for the fracture width (see previous section), the distance from the fracture
front is taken to the middle of the N−1th element, and the set  specifies material parameters. Equation (24) allows
us to compute propagation velocity for a given value of width wiN−1. Once the velocity is computed, the radius is
updated as:

Ri = Ri−1 + ViΔt, Δt = ti − ti−1, (25)
where Δt is the ith time step. In addition, since the tip asymptotic solution is imposed via the N−1th element, the
fracture width in the tip, i.e. N th element, should follow the same tip asymptote as well. As a result, width of the tip
element can be computed by integration of the width solution as

wiN = 1
RiΔ� ∫

Δ�Ri

0
wa(s, Vi,)ds. (26)

Note that to compensate for the fact that wiN is not an independent parameter anymore, pressure at the tip, i.e. piN is
treated as an unknown.

It is also necessary to estimate the cumulative fluid exchange volume along the tip element which we denote as
V N
f luid−exchange. This quantity is calculated with the help of the tip asymptotic solution via equation (17):

V N
f luid−exchange = Δt ⋅ 2� ∫

Ri

Ri(1−Δ�)
sga(Ri − s)ds ≈ Δt ⋅ 2��NRiq⟂(Δ�Ri) =

= Δt ⋅ 2��NRi

[

K ′4

E′3�′
⋅ Υ

(

Δ�Ri
lmk

, �i, �i

)

+ 2Q′
√

Vi
√

Δ�Ri�pi
]

.
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Figure 3: Schematics of the discretised near-tip region of a hydraulic fracture.

It is known that the validity of the pressure asymptote is smaller than that for the width. Therefore we introduce a
correction to the pressure �pi (defined by equation (40) in Appendix B), which results in an additional component in
the cumulative fluid exchange rate. Note that the volume V N

f luid−exchange is related to the column element [Si]N via the
following relation: [Si]N = −V N

f luid−exchange∕(2��NΔ�R
2
i ). Appendix B summarises the details.

To summarise, the numerical solution for a radial hydraulic fracture is governed by the nonlinear system of N
equations. Since the width of the tip segment is governed by the specific model within the frame of the numerical
algorithm, it is convenient to split the variables into the channel (internal) elements and the tip element (Peirce and
Detournay, 2008), so that

wi = [wic , w
i
N ], pi = [pic , p

i
N ], (27)

where the arrays wic and pic denote the width and pressure for all the internal nodes (i.e. j = 1,… , N − 1), while wiNand piN are their counterparts at the tip (i.e. j = N). Further, the system of governing equations is linearised, and it
is solved for wic and piN by an application of a standard solver for the system of linear equations and the fixed point
iteration method.

5. Results and discussion
This section focuses on the implications of using the pressure-dependent leak-off in a hydraulic fracture model. In

particular, a general numerical solution for the problem of a radial fracture is computed for different sets of parameters
and behaviour of the solution in the dimensionless parametric space is investigated. In addition, the radial crack
characteristics are compared to the corresponding solution that utilises Carter’s leak-off model, thus, allowing one to
understand better the level of influence of the pressure-dependent leak-off.

The main characteristics of the radial fracture that are used for the comparison in this study are the width value
at the wellbore w(0, t), net fluid pressure in the middle of the fracture p(R(t)∕2, t), its radius R(t), and efficiency �(t)
defined as a ratio between the fracture volume and the volume injected into the fracture:

�(t) =
Vcrack
Vinj

= 2�
Q0t

⋅ ∫

R

0
rw(r, t)dr. (28)

Fracture efficiency is an important quantity and allows us to quickly determine whether the leak-off is important or not.
5.1. Examples for field parameters

We consider two sets of the problem parameters which differ by the fluid viscosity: �1 = 1 cP and �2 = 10 cP. Allother parameters are kept the same, namely:
E′ = 30 GPa, K ′ = 3.19MPa ⋅√m, Q0 = 0.01 m3∕s, tend = 6000 s,

�o = 8MPa, po = 0.48MPa, k = 10 mD, �r = 20%, ct = 10−3MPa−1. (29)
Further, we calculate Carter’s leak-off and PDL coefficients based on the parameters above as:

1) Q′1 = 5.1 ⋅ 10
−2 mm∕(√s ⋅MPa), C ′1 = 1.63 ⋅ 10

−1 mm∕√s,
2) Q′2 = 1.6 ⋅ 10

−2 mm∕(√s ⋅MPa), C ′2 = 5.2 ⋅ 10
−2 mm∕√s. (30)
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Figure 4: Numerical solution for the problem of a radial hydraulic fracture in terms of the fracture width at the wellbore
w(0, t), pressure in the middle of the fracture p(R(t)∕2, t), radius R(t), and efficiency �(t) versus time t computed for the
problem parameters (29) and (30). Blue lines correspond to the case with � = 1 cP, while the green lines represent the
higher viscosity case � = 10 cP. The pressure-dependent fluid exchange cases are depicted by solid lines, while dashed lines
plot the results for Carter’s leak-off.

Figure 4 shows results of the numerical simulation in terms of the fracture aperture at the wellbore, pressure in the
middle of the crack, radius and efficiency profiles versus time. In addition to the results of the radial fracture model
with PDL (solid lines), we also depict the corresponding profiles computed by the model with Carter’s leak-off (dashed
lines), i.e. for Q′ = 0. We utilise blue colour lines for the lower viscosity �1 and green ones for the case with a more
viscous fluid �2. Results demonstrate that both the fracture radius and width are overestimated for the Carter’s leak-off
cases. This is because the efficiency (and hence the fracture volume) is different. The pressure profiles are much closer
to each other. The relative difference at the end of pumping in the first case (�1 = 1 cP) is 2% for the fracture width at
the wellbore, 4.2% for the radius, 1.9% for the pressure in the middle, and 10.8% for the efficiency, and in the second
case (�2 = 10 cP) is 2.4% for w(0, tend), 4.3% for R(tend), 1.5% for p(R(tend)∕2, tend), and 11.8% for �(tend). This
observation demonstrates that there might be an observable difference between the solution with the PDL and Carter’s
leak-off. Next sections provide a more systematic analysis of the difference between the two models.
5.2. Representative parameters in the parametric space

To reduce number of the problem parameters, it is convenient to reformulate the radial fracture model in the di-
mensionless form. By following the mk-scaling for the radial fracture with Carter’s leak-off (Detournay, 2004, 2016),
we can normalise the problem parameters as follows:

� = r
R
, � = t

tmk
, (�) = R

L
, Ω(�, �) = w

�L
, Π(�, �) =

p
�E′

, (31)
where the timescale tmk, the lengthscale L, and the scale for strain � are defined by

tmk =

(

�′5E′13Q30
K ′18

)1∕2

, L =

(

Q30E
′t4mk
�′

)1∕9

, � =
(

�′

E′tmk

)1∕3
. (32)
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Figure 5: Parametric space for the problem of a radial fracture with Carter’s leak-off in the (�, �) coordinates (a) and
conceptual representation (b). Panel (a) shows the applicability domains of M (dashed blue), K (dashed black), M̃
(dashed green) and K̃ (dashed magenta) vertex solutions. Solution trajectories for different dimensionless leak-off � are
indicated for the reference.

The solution depends on the dimensionless time �, coordinate �, and two dimensionless numbers representing
Carter’s leak-off � and PDL  defined as

� =
C ′4E′11�′3Q0

K ′14
,  =

Q′4E′5�′

K ′2Q0
. (33)

The PDL number  characterises the strength of pressure dependence of the fluid exchange process. The system of
governing equations written in the normalised form is presented in Appendix C.

In order to place the results of this paper in the framework of the previous studies, it is useful to outline parametric
space for the problem of a radial hydraulic fracture with Carter’s leak-off. As presented in a review paper Detournay
(2016), there are four limiting cases: storage-viscosity M , leak-off-viscosity M̃ , storage-toughness K , and leak-off-
toughness K̃ . These four cases correspond to dominance of either fluid viscosity or fracture toughness as the primary
dissipation mechanism, and either fracture (small leak-off) or permeable rock (large leak-off) as the primary storage for
the injected fluid. Figure 5(a) presents the parametric space for the problem in terms of the dimensionless time � and
leak-off � (Dontsov, 2016a). The dashed coloured lines indicate zones of applicability of the limiting solutions, which
are defined as the zones in which the relative difference between the general solution and the limiting solutions is below
1%, see (Dontsov, 2016a) for more details. Note that the vertex solutions for the radial fracture with Carter’s leak-off
were obtained earlier in Savitski and Detournay (2002); Madyarova (2004); Bunger et al. (2005). Figure 5(b) depicts
conceptual representation of the problem parametric space (the same as in Figure 5(a)) with a rectangular shape and
several solution trajectories in time parameterised by the dimensionless leak-off coefficient �. Each trajectory starts
from the viscosity-storage regime (vertexM) and ends at the leak-off toughness regime (vertex K̃). In other words,
M and K̃ regimes always represent the early and large time solutions. In turn, the remaining two vertices (K and K̃)
can be realised at intermediate times, which is determined by the value of �. Three cases of � are considered and are
shown on both the conceptual rectangular diagram and in the parametric space. For small values of �, the solution
originates in the M vertex, passes near the K vertex, and ends in the K̃ vertex. For intermediate values of �, the
solution transitions fromM to K̃ directly. And for large values of �, solution starts fromM , transitions near M̃ , and
ends at K̃ vertex.

Having established the parametric space for the problem of Carter’s leak-off, i.e. when the PDL number  = 0, we
proceed with the estimate of typical values for  representative of field applications. In order to do this, some problem
parameters that do not vary significantly are kept fixed, while the other are varied. In particular, let us consider the
following parameters:

• geomechanics:
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◦ plane-strain elastic modulus: E′ = 30 GPa;
◦ fracture toughness: KIc = 0.3 ÷ 1MPa ⋅√m;
◦ far-field confining stress: �o = 10 ÷ 30MPa;

• reservoir:
◦ permeability: k = 0.1 ÷ 100 mD;
◦ porosity: �r = 5 ÷ 25%;
◦ ratio of the pore pressure and confinement stress: po∕�o = 0.95 ÷ 0.4;

• fluid:
◦ viscosity � = 1 ÷ 5 cP;
◦ compressibility ct = 10−3 MPa−1;

• injection:
◦ Q0 = 0.01 ÷ 0.1m3∕s;

The above problem parameters are varied independently within their respective ranges. We calculate parameters
� and  by using equation (33) and the definitions of C ′ and Q′ provided by equation (1). As a result, we obtain
the parametric domain depicted in figure 6(a), in which the blue coloured area represents all possible combinations
of problem parameters within the considered ranges. From this figure, one can notice that the values of governing
parameters are located within the intervals: � ∈ [7.1 ⋅ 10−8, 3.1 ⋅ 1015] and  ∈ [2.4 ⋅ 10−9, 33.5]. Black circular and
square markers in figure 6(a) identify two particular parametric cases that were discussed in Section 5.1. Both of them
are located in the upper half of the (�,  ) parametric space.

To better understand the influence of various problem parameters on the location inside the non-dimensional para-
metric space (�,  ) in figure 6(a), we also analyse a set of subdomains with bounds corresponding to the limiting
(minimum and maximum) values of a given dimensional parameter. The polygon coloured by orange in figure 6(a)
corresponds to the maximum value of the permeability (k = 100 mD), while the green coloured polygon contains
points related to the minimum value (k = 0.1 mD). Hence, the limiting values of the dimensionless PDL number  
are governed by the predefined permeability range. Further, the polygon for a particular permeability value consists
of two hexagons corresponding to the limiting values of the rock toughness. For example, there are two hexagons
corresponding to KIc = 0.3MPa ⋅√m (dashed red line) and KIc = 1MPa ⋅√m (dashed blue line) inside the orange
polygon (maximum permeability case). Similarly, we draw such hexagons inside the green polygon by dash-dotted
lines (minimum permeability case). The final part of the parametric domain analysis is concerned with the hexagon
structure presented by figure 6(b). It shows locations of data points corresponding to the minimum and maximum
values of other parameters (�, �r, po∕�o, Q0, �o) by red and blue colours, correspondingly. Such a representation
allows us to find the range of possible values of the dimensionless parameters � and  for practical values of physical
parameters.

In addition to � and  , the solution also depends on the dimensionless time �, defined in (31). By taking the
characteristic injection period equal to one hour, we can estimate the interval for the dimensionless time corresponding
to the various combinations of other dimensional parameters discussed above as � ∈ [10−6, 102]. Note that the range
of considered values for fluid viscosity is relatively narrow, since we assumed that the viscosities of the reservoir fluid
and the fracturing fluid have the same properties. Wider range of fracturing fluid viscosities would lead to a wider
range for the dimensionless time �.
5.3. Numerical solution inside the parametric space

The scope of this section is to identify values of the governing parameters for which the pressure-dependent effects
are crucial, i.e. we define zones where the use of Carter’s leak-off model leads to the inaccurate results. On the
other hand, the analysis allows us to identify regions in which the traditional approach yields results with acceptable
accuracy, and the refinement of the fluid-exchange mechanism is unnecessary.

Based on the diagram shown in figure 6, we choose the following intervals for the dimensionless parameters for
the analyses:
E.A. Kanin et al.: Preprint submitted to Journal of the Mechanics and Physics of Solids Page 13 of 30



A radial hydraulic fracture with pressure-dependent leak-off

Figure 6: Parametric domain in terms of the leak-off parameter � and PDL parameter  which corresponds to typical
field parameters (blue polygon on panel (a)). Orange and green polygons on the left-hand side show locations of data
points corresponding to the maximum and minimum permeability values. We also highlight regions (hexagons) related to
the maximum and minimum values of the fracture toughness by the blue and red colours correspondingly (dashed line in
case of the maximum permeability and dash-dotted line in case of the minimum permeability). The right-hand panel (b)
shows the structure of the hexagon cell by considering variation of each individual parameters. By black square and circle
markers, we mark cases discussed in section 5.1 corresponding to � = 1 cP and � = 10 cP respectively.

• normalised time: � ∈ [10−5, 104] ,
• leak-off number: � ∈ [10−10, 102],
• PDL number:  ∈  {} = {10−5, 10−3, 10−1, 101}.

The selected ranges for � and  correspond to the top left corner of the field parameters shown in figure 6. This is the
zone, for which the PDL parameter is relatively large, but the leak-off parameter is relatively small so that there is the
highest chance to observe the effect of the pressure-dependent leak-off.

Once the target interval of the problem parameters is established, we carry out numerical modelling of the radial
fracture growth in the case of different combinations of governing parameters � and  for the pressure-dependent
fluid exchange mechanism and for Carter’s leak-off law. We consider each value of the PDL number in the list  {}separately and vary � on a logarithmic scale between the minimum and maximum values. After that, the relative
difference between the two solutions is computed as

��, A (�) = |A − Ac|∕|Ac|, A = {Ω(0, �), Π(1∕2, �), (�), �(�)}, (34)
where the subscript ‘c’ denotes solution for Carter’s case, and the quantities without the subscript correspond to the
solution with the pressure-dependent leak-off. Specifically, we evaluate the relative difference between the two solu-
tions for the fracture width at the wellbore Ω(0, �), net pressure in the middle of the fracture Π(1∕2, �), fracture radius
(�), and efficiency �(�) defined in (28). The values of ��, A (�) can be used to quantitatively demonstrate applicability
of the Carter’s leak-off model by plotting the maps in the coordinates (�, �) for the considered value of  .

As a starting point, the smallest value of the PDL number from the set  = 10−5 is considered. Figure 7 shows
numerical solution for the normalised fracture width, pressure, radius, and efficiency versus dimensionless time for
different values of the leak-off number � for the pressure-dependent and Carter’s leak-off cases. Solid lines correspond
to the solution with the pressure-dependent leak-off, while dashed lines represent the corresponding cases for Carter’s
leak-off. Results demonstrate that the difference between two models is relatively small, but present. Recall, that
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Figure 7: Solution profiles for the normalised fracture opening at the wellbore (top left), net pressure (top right), radius
(bottom left), and efficiency (bottom right) versus dimensionless time � for different values of the leak-off parameter �
in the case of  = 10−5. Solid lines show the solution for the pressure-dependent leak-off and dashed lines show the
corresponding solution with Carter’s leak-off.

this is the case for the smallest value of the PDL coefficient  . To better quantify the difference, figure 8 shows the
relative difference between the models computed using (34) for an extended range of the parameters � and �. Results
in figure 8 demonstrate that the difference between the two solutions is distributed approximately uniformly, except
for the case of small efficiencies, for which error decreases and the solution approaches Carter’s model. In addition,
there are intersections between the two solutions in terms of pressure and radius values, which are clearly visible on
the plots and correspond to the concentrated zones of small error. Based on the calculated ��, A (�) values depicted in
figure 8, it is possible to quantify the averaged (across the considered time and leak-off number intervals) deviations
of various fracture characteristics. The aperture near the wellbore and radius differ by approximately 2.5% and 2.9%
respectively, while the variation of the net fluid pressure in the middle of the fracture is equal to 2.8%. Since both
fracture width at the wellbore and radius affect on the fracture efficiency, its mean deviation is higher and is equal to
8.7%. Moreover, we can also determine the maximum values for the relative difference: 6.9% for Ω(0, �), 13.6% for
(�), 8.4% for Π(0.5, �) and 30.3% for �(�).

Then, we consider the dimensionless PDL number  = 10−1. The solution profiles computed for this  value are
presented in figure 9 while figure 10 depicts maps that show the deviation from the Carter’s leak-off case. The effect
of the pressure-dependent leak-off is much more pronounced in this case. Fracture efficiency is noticeably lower for
the case of the pressure-dependent fluid exchange and, as a result, the width and radius are smaller as well. At this
point, we would like to note that the pressure-dependent mechanism of the fluid exchange process leads to the higher
values of the leak-off rate as compared to Carter’s leak-off case, which results in the lower fracture efficiency and
smaller fracture size. This is because the net fluid pressure p(r, t) inside the fracture is mostly positive (pf (r, t) > �o),in which case the pressure-dependent leak-off correction in the Reynolds equation (7) has the same sign as Carter’s
leak-off term and adds to the total leak-off. The described behaviour of the net fluid pressure is qualitatively different
from that for the near-tip region model (Kanin et al., 2020), where it is negative throughout the fracture. Consequently,
the pressure-dependent term in the cumulative fluid exchange (37) reduces the total leaked-off volume near the tip. It
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Figure 8: Relative difference between the solution with the pressure-dependent leak-off and the one that uses Carter’s
leak-off model inside (�, �) parametric space for  = 10−5. The applicability domains of the limiting solutions for the radial
fracture model with Carter’s leak-off are shown by dashed coloured lines (Dontsov, 2016a).

is interesting to observe that the efficiency, width, and radius computed for the solution with the pressure-dependent
leak-off reach an asymptotic behaviour for small dimensionless times for all values of � considered. This asymptotic
behaviour is different from that for Carter’s leak-off case. At the same time, the difference between the models reduces
for larger times, for which the fracture efficiency gets reduced due to leak-off. Results in figure 10 reveal that the
solution profiles behaviour is approximately the same as in the previous case, but the magnitude of the difference is
increased substantially. The mean values of the relative differences of the fracture opening at the wellbore and pressure
are equal to 13.6%. At the same time, the deviations for the radius and efficiency are 22.9% and 49.4%, respectively.
The maximum values for these quantities are 38% for the width at the wellbore; 62.9% for the pressure at the middle
of the crack, 61.9% for the radius and 91% for the efficiency. As before, the difference reduces towards the leak-off
viscosity regime, for which the efficiencies are small. This result is consistent with the observations in figure 9.

To summarise the average and maximum discrepancies between the two models, Table 1 shows values of the
average and maximum variations for the fracture width, pressure, radius, and efficiency for different values of  . All
four values of the PDL coefficient are considered for completeness. Clearly, the difference increases substantially for
larger values of  and becomes nearly negligible for the small values of the dimensionless PDL number  .
5.4. Radial fracture model with a simplified tip asymptote

We have demonstrated that the PDL affects the propagation of the radial hydraulic fracture. This effect manifests
itself by i) diminishing the leak-off intensity in the tip region of the HF compared to the model with Carter’s leak-off,
where the fluid pressure is below the confining stress �o, and ii) increasing the leak-off compared to Carter’s baseline
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Figure 9: Solution profiles for the normalised fracture opening at the wellbore (top left), net pressure (top right), radius
(bottom left), and efficiency (bottom right) versus dimensionless time � for different values of the leak-off parameter �
in the case of  = 10−1. Solid lines show the solution for the pressure-dependent leak-off and dashed lines show the
corresponding solution with Carter’s leak-off.

Deviation (%)
Average Maximum

 Ω(0, �) Π(0.5, �) (�) �(�) Ω(0, �) Π(0.5, �) (�) �(�)
10−5 2.5 2.8 2.9 8.7 6.9 8.4 13.6 30.3
10−3 5.9 4.6 8.4 23.3 18.5 23.6 34.0 64.6
10−1 13.6 13.6 22.9 49.4 38.0 62.9 61.9 91.0
101 26.8 42.5 47.0 78.1 56.6 134.0 81.5 98.5

Table 1
Average and maximum relative differences between solutions of the pressure-dependent and Carter’s radial fracture models.

away from the fracture tip where the fluid pressure exceeds �o. The latter effect of the enhanced leak-off dominates
over the former leak-off reduction in the tip region and leads to overall larger leak-off compared to Carter’s case. To
evaluate the relative importance of the near and away from the tip PDL, we carry out an alternative radial HF solution
which accounts for the pressure-dependency of the leak-off away from the fracture tip, in all spatial elements other than
the tip element, while use Carter’s leak-off near-tip solution (Garagash et al., 2011) for the latter. Particularly, in this
alternative numerical solution for radial HF we implement the approximate Carter’s tip solution (Dontsov and Peirce,
2015b), which offers advantages of the simpler implementation and faster computation times as compared to the full
Carter’s tip solution (Garagash et al., 2011).

To compare effectiveness of the proposed approximation, as was done previously, we introduce the relative differ-
ence as

��, A (�) = |A − As|∕|A|,

where the subscript ‘s’ denotes the solution that is calculated by the simplified approach with the tip asymptote with
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Figure 10: Relative difference between the solution with the pressure-dependent leak-off and the one that uses Carter’s
leak-off model inside (�, �) parametric space for  = 10−1. The applicability domains of the limiting solutions for the radial
fracture model with Carter’s leak-off are shown by dashed coloured lines (Dontsov, 2016a).

Carter’s leak-off. The comparison is performed in terms of the fracture aperture Ω(0, �) and radius (�). As in the
previous section, we present deviation maps for two cases  = 10−5 and 10−1, and the mean and maximum variations
for all values of the PDL number are provided in the tabular form.

Figure 11 shows a comparison between the full and simplified solutions inside the parametric spaces. Colour
filling indicates the relative difference between the exact and simplified solutions. The top row (figures (a) and (b)),
corresponds to the case with the PDL number  = 10−5, and the bottom row (figures (c) and (d)) is for  = 10−1. The
left figures ((a) and (c)) compare fracture width at the wellbore and the right figures ((b) and (d)) compare radius. As
can be seen from the figure, the maximum difference between the solutions occurs for smaller and larger values of the
dimensionless time � in the case of small � and only at the initial stage of the fracture growth for large values of the
Carter’s coefficient. Summary of themaximum and average relative difference between the full and simplified solutions
is presented in table 2. All four values of  are considered for completeness. One can see that the deviations increase
for larger values of  . These values need to be taken in relation to the corresponding numbers presented in table 1,
which indicate the overall influence of the pressure-dependent leak-off. Using the presented values in table 2, one can
find out that for the PDL number  < 10−3 the effect can be captured without the correct tip asymptote. However, the
contribution of the tip solution for larger values of the PDL coefficient is non-negligible and can contribute up to 40%
of the overall difference between the full solution with the pressure-dependent leak-off and that with Carter’s model.
Given the above results, we can summarise the following: 1) by increasing the value of  , we observe the growing
importance of the PDL tip asymptote (figure 11 and table 2), so it is expected that for the large enough values of  
Carter’s tip model no longer results in good approximation for the radial HF; 2) the error depends on time, namely,
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Figure 11: Relative difference between the radial fracture solution with the pressure-dependent leak-off and the simplified
solution that uses Carter’s tip asymptote together with the pressure-dependent leak-off inside the fracture. Figures (a)
and (b) present results in the case of  = 10−5, while (c) and (d) are related to  = 10−1. Figures (a) and (c) compare
fracture width at the wellbore, while (b) and (d) compare the fracture radius. The applicability domains of the limiting
solutions for the radial fracture model with Carter’s leak-off are shown by dashed coloured lines (Dontsov, 2016a).

Deviation (%)
Average Maximum

 Ω(0, �) (�) Ω(0, �) (�)
10−5 1.1 1.6 3.9 5.0
10−3 1.7 2.5 4.8 7.9
10−1 2.5 4.9 7.8 14.1
101 3.2 8.9 16.3 38.4

Table 2
Average and maximum relative differences between the full and simplified solutions.

the large error values are seen at both small and large times, so the “goodness” of the tip with Carter’s leak-off as an
approximation embedded into the radial crack with the PDL will depend in practice on the problem parameters (which
scale time) and time of relevance in the application.
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5.5. Estimation of the effect of the pressure-dependent leak-off based on the solution with Carter’s
leak-off

The purpose of this section is to determine the domain in the parametric space (�, �) in which the PDL solution is
substantially different from Carter’s solution for a certain value of the PDL number  . We begin with the analyses of
the whole parametric space (�, �) by using the complete Carter’s solution proposed by Dontsov (2016a). After that,
we perform estimations for the limiting propagation regimesM , M̃ , K and K̃ utilising their exact solutions.

Let us define  � =  �(�, �) as the value of the PDL number  for which the pressure-dependent leak-off volume
correction VPDL at given time � and Carter’s leak-off number � comprises a small fraction of the injected volume Vinj:
� = VPDL∕Vinj (equations (12), (47)). The values of  � for a choice of a small � allow us to illustrate regions inside
the parametric space (�, �), which are more susceptible to the PDL effects.

By using an approximate solution for the radial fracture with Carter’s leak-off (Dontsov, 2016a), we numerically
evaluate VPDL(�, �,  ) and the corresponding  �(�, �) for � = 5%, see figure 12a. The maximum value of  � is set at100, thus (�, �) subdomain with  � > 100 in figure 12a appears ‘blank’. In figure 12a, we also show a set of isolines
 �(�, �) =  for fixed  = 10−9, 10−7, 10−5, 10−3, 10−1, 10. Now, we have a closer look at the particular isoline,
e.g.  = 10−5, depicted by black colour. The subdomain  �(�, �) ≥  where VPDL ≤ 0.05Vinj is bounded by the
considered isoline. This subdomain can be interpreted as a parametric region where Carter’s leak-off solution provides
results with an acceptable accuracy for the chosen value of the PDL number  .

Further, we derive asymptotic expressions for  � when the complete Carter’s solution reduces to one of four
limiting regimes of fracture propagation: storage-toughness K , leak-off-toughness K̃ , storage-viscosityM , and leak-
off-viscosity M̃ . In figure 12a, the applicability domains of the limiting regimes of Carter’s solution are outlined by
dashed lines. The corresponding limiting solutions for the pressure profile Π and crack radius  in the mk-scaling are
(Savitski and Detournay, 2002; Madyarova, 2004; Bunger et al., 2005):

Πk =
�

27∕2
√

k
, k =

(
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2�2

)1∕5
�2∕5,
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√
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2
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�−3∕16�3∕32, m̃ =

√

2
�
�1∕4�−1∕8,

where A1 = 0.3581, A2 = 2.479, A3 = 0.09269, B1 = 0.2596, B2 = 0.0169, B3 = 0.1403.To proceed, we substitute each limiting case from the above equations into the expression for the PDL volume
(equation (47)), see Appendix D. By letting VPDL = �Vinj, we arrive to:

K − vertex ∶ �� = 1.04 1∕4�11∕10 ⟹  � = 0.845�4�−2∕5,

K̃ − vertex ∶ �� = 0.43 1∕4�7∕8�−3∕16 ⟹  � = 27.8276�4�1∕2�3∕4,

M − vertex ∶ �� = 1.32 1∕4�19∕18 ⟹  � = 0.33�4�−2∕9,

M̃ − vertex ∶ �� = 0.82 1∕4�13∕16�−5∕32 ⟹  � = 2.25�4�3∕4�5∕8. (35)
In order to ensure the validity of the numerically calculated  � values when a solution trajectory is passing (with

time) through the vertex solution domains, we plot figure 12b. In this chart, we present � evolution with dimensionless
time � for three solution trajectories with � = 10−24, 10−6, and 106, respectively. The corresponding curves obtained
from the vertex solutions (35) are depicted by dashed lines. One can observe that the compete solution coincides with
the asymptotic behaviour within the corresponding asymptotic time domain.

Using the map in figure 12a, we can notice that the problem solution inside the storage-toughness (K) domain
differs from Carter’s solution at already very small values of the PDL parameter  , on the order of 10−9. Moreover,
 � is a decreasing function on � in this region. The viscosity-storage (M) regime becomes affected by the PDL for  
on the order of 10−5. Similarly to the toughness-storage regime,  � decreases with �. In contrast, the limiting solutions
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(a) (b)
Figure 12: Values of the parameter  for which the PDL provides a contribution of � = 0.05 to the volume balance:
 �(�, �). Figure (a) presents calculations based on the approximate solution for the radial fracture with Carter’s leak-off
(Dontsov, 2016a). The applicability regions of the limiting solutions for the radial fracture model with Carter’s leak-
off are shown by dashed coloured lines in (a) for reference. By solid grey/black lines, we draw isolines corresponding
to  = {10−9, 10−7, 10−5, 10−3, 10−1, 101}. The directions corresponding to the gradient of  � (∇ �) are drawn by
arrows. Figure (b) shows the variation of  � versus time � for the cases of � = {10−24, 10−6, 106} computed using Carter’s
solution (Dontsov, 2016a) (black solid lines) and the corresponding curves computed from the vertex solutions (Savitski
and Detournay, 2002; Madyarova, 2004; Bunger et al., 2005) (coloured dashed lines).

corresponding to high leak-off, namely M̃ and K̃ , become affected by the pressure dependency only for much larger
values of  . In addition, there is a strong gradient towards the direction of smaller efficiencies. It is also interesting
to observe that theM , M̃ , and K̃ vertices are gradually displaced with the increase of  , but are still present in the
limiting cases. At the same time, the K vertex solution disappears after exceeding a relatively small  value. This
is because  � decreases with � and is independent of � for the K vertex. As a result, the maximum value of  at
which K vertex can be still partially realised corresponds to  � at the vertical boundary of applicability (red dashed
line). Consequently, once  exceeds this value, theK vertex disappears. In addition, we notice that  � decreases withdimensionless time for small �, then reaches a minimum, and eventually increases with �. Depending on the value of
� this minimum shifts from very large values of � (see � = 10−24 case, for which the minimum has not been reached),
to intermediate values (� = 10−6), and eventually to small values of � (� = 106).

The analysis presented in this section is consistent with the previously obtained numerical results shown in fig-
ure 10, for which  = 10−1 is used. In this case, the relative difference between the PDL and Carter’s solutions is
greater than 5% for almost all (�, �), i.e. they differ considerably (apart from the domain with large �). Indeed, with
the reference to figure 12a, it is clear that most of the points inside the parametric space correspond to the  � valuesthat are below 10−1. The contribution of PDL reduces for larger values of leak-off, which is again consistent with
earlier observations.

Figure 12a can be used to judge whether to include the PDL effects into the analysis or not. In order to do so,
one needs to compute the dimensionless parameters �, �, and  by using equations (31)–(33) for the given problem
parameters. The values of � and � provide a location inside the parametric space (�, �). Then,  � can be determined
from figure 12a for this particular combination of � and �. If the value of  for the given problem parameters is above
 � , then the effect of PDL is above 5%, and it is recommended to include it in computations. On the other hand, if  
is smaller than  � , then PDL effects can be neglected and Carter’s leak-off model can be used.

6. Conclusions
In this paper, we investigate the effect of the pressure-dependent leak-off on the propagation of a radial fluid-driven

fracture in a permeable reservoir. Most of the existing models for hydraulic fracturing assume that the fluid exchange
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process is governed by Carter’s law. In Carter’s model, the fluid pressure inside the fracture pf is approximated by the
constant value of the confining stress �o resulting in the pressure-independent leak-off process. In the current approach,
we refine the fluid exchange mechanism by utilising the actual (space and time) varying value of the fluid pressure. The
leak-off intensity in the proposed pressure-dependent model is 1) less than Carter’s value in the near-tip region where
the fluid pressure is less than the confining stress (pf < �o), which may actually lead to the reversal of the leak-off
there (i.e. leak-in process); and 2) more than Carter’s value (i.e. enhanced leak-off) away from the fracture tip, where
pf > �o. For an accurate description of the near-tip region of a hydraulic fracture, we utilise a special fracture tip
asymptotic model, which is based on the same fluid exchange mechanism as the problem under investigation. In order
to perform the analysis, we carry out the normalisation of the governing equations and show that in this representation
of the solution depends on time, Carter’s leak-off number �, and the PDL number  . The newly introduced PDL
number describes the magnitude of the effects associated with the pressure-dependent leak-off.

To quantify the effect of pressure dependence, we compare the crack opening at the wellbore, the net fluid pressure
at half-radius of the fracture, radius, and fracture efficiency, computed with the pressure-dependent fluid exchange and
with simplified Carter’s leak-off law. Results demonstrate that the effect of the PDL can change the solution by more
than 10% for realistic parameters corresponding to field values. The magnitude of the difference primarily depends on
the value of the dimensionless PDL number, but also depends on the other two parameters: dimensionless time and
Carter’s leak-off coefficient. In particular, the effect becomes less significant for the cases of high leak-off and small
fracture efficiencies. Moreover, we observe that in the PDL case, a radial fracture is smaller in terms of aperture and
radius as compared to Carter’s case. Such an outcome can be explained by the fact that the PDL increases the total
leaked-off volume along the major part of the fracture.

To investigate the possibility of using a simpler numerical scheme to obtain a similar solution, we present results
of a simplified approach in which we utilise Carter’s leak-off near-tip solution for the tip element logic, while the
remaining spatial elements in the ‘bulk’ of the fracture are modelled using the pressure-dependent fluid exchange
mechanism. Based on the obtained profiles, we can conclude that the simplified model is not accurate for large values
of the PDL number, while such an approach is acceptable for small and moderate values of the pressure-dependent
effects.

To better understand values of the parameters, for which the pressure-dependent fluid exchange mechanism is
important, we found the values of the PDL number, for which the volume balance is altered by more than 5% by the
pressure-dependent part of the leak-off. An approximate solution for the radial fracture with Carter’s leak-off is used
to perform calculations for the whole parametric space. In addition, for four limiting propagation regimes: storage-
toughness, leak-off-toughness, storage-viscosity, and leak-off-viscosity, we carry out estimations using their analytical
solutions. Such an analysis can be readily used to estimate the influence of the pressure-dependent leak-off at any
point of the parametric space. The results are consistent with earlier observations and demonstrate that relatively small
PDL numbers influence the high-efficiency cases, while the large PDL numbers are required to provide a noticeable
influence for the cases of small fracture efficiencies.
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Appendices
A. Derivation of the pressure-dependent fluid exchange rate

The present section is devoted to the derivation of the pressure-dependent fluid exchange rate g(X, t). For the
description of the fluid exchange process we use the following assumptions:

• we assume a one-dimensional diffusion perpendicular to fracture surface, so that the flow rate g(X, t) is governed
by the history of fluid pressure values at the considered point X along the fracture, pf (X, t);

• a single fluid model is used, so that it is assumed that the hydraulic fracturing and pore fluids have the same
properties (viscosity � and total compressibility ct).
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As a result, the fluid exchange rate depends on the fluid pressure pf (X, t), fluid properties (�, ct) and the reservoir
characteristics such as permeability k, porosity � and the far-field pore fluid pressure po.Let us consider a one-dimensional filtration problem in the semi-infinite space. It consists of filtration equation
formulated for the pressure distribution in the reservoir, initial condition and two boundary conditions: on the fracture
face and at infinity. The problem statement has the following form:

)pr
)t

= c
)2pr
)Y 2

, pr(t = 0) = po, pr(Y = 0) = pf (X, t), pr(Y →∞) = po,

where c = k∕(��rct) is the diffusivity coefficient, and Y is the coordinate perpendicular to the fracture.
The solution to this problem is found by Carslaw and Jaeger (1959) and has the following form:

pr(X, Y , t) = po + ∫

t

−∞

)
)s

[

H(s) ⋅ (pf (X, s) − po)
]

⋅ erfc

(

Y
2
√

c(t − s)

)

ds,

whereH(x) is Heaviside step function, and erfc(x) = 1 − erf(x) is the complementary error function.
Then, we calculate filtration velocity via Darcy’s law. We also take into account that the fluid exchange process

occurs through two fracture faces:

g(X, t) = −2 ⋅ k
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|
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[

H(s) ⋅ (pf (X, s) − po)
] ds
√

t − s
.

The fluid exchange process at the considered pointX starts when the fracture front reaches this point. That is why it is
necessary to replace t by the exposure time Δt = t− t0(X) (t0(X) is the time instant at which the fracture front reaches
position X) in the previous equation:

g(X,Δt) = 2k
�
√

�c ∫

Δt

−∞

)
)s

[

H(s) ⋅ (pf (X, s + t0(X)) − po)
] ds
√

Δt − s
.

Further, we change the limits of integration and utilise definition of the effective pressure (p(X, t) = pf (X, t) − �o) toobtain:

g(X,Δt) = C ′
√

t − t0(X)
+Q′ ∫

t

−∞

)
)s

[

H(s − t0(X)) ⋅ p(X, s)
] ds
√

t − s
, (36)

where Carter’s leak-off parameter C ′ and PDL number Q′ are defined in (1).
In order to compute the fluid exchange rate for the near-tip region model ga(x), we apply the coordinate transfor-

mation x = V t −X and take the crack propagation law in the form t0(X) = X∕V , which leads to

ga(x) =
C ′

√

V
√

x
+Q′

√

V ∫

x
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)
)s

[

H(s) ⋅ pa(s)
] ds
√

x − s
. (37)

The above expression for ga(x) can be integrated from the crack front to distance x to obtain:

q⟂(x) = 2C ′
√

V x +Q′
√

V ∫

x

0

pa(s)ds
√

x − s
. (38)

The obtained cumulative fluid exchange rate q⟂ is also utilised in the numerical algorithm.

B. Discretisation of Reynolds equation
This section is devoted to the detailed derivation of the discretised Reynolds equation (20). Firstly, we integrate

the differential equation over the time segment [ti−1, ti], and after that, we carry out averaging across the circle with
the radius �j and width Δ� according to equation (22). It is important to highlight that the averaging procedure of the
fluid exchange terms in the case of the tip element should be considered separately from the other spatial segments.
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Let us consider Reynolds equation (20), integrated over time:
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,

where Δti = ti − ti−1 is the step of the time interval i, and we also utilise notations: wi = w(�, ti) and pi = p(�, ti).In the previous equation, each term was enumerated (I) − (VI) in order to consider the averaging procedure across
the circle �j and simplification of the resultant equations for each term individually.
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j−1∕2) = �j

wij+1 −w
i
j−1

2Δ�
, j = 2,… , N − 1.

For the first segment (j = 1) we utilise the fact that w(� = 0) = w1 to obtain:

j = 1 ∶
�1
Δ�
(wi3∕2 −w

i
1) = �1

wi2 −w
i
1

2Δ�

For the tip element (j = N) the boundary condition for the crack opening at the tip (8) is used, namely, w(� = 1) = 0:

j = N ∶
�N
Δ�
(−wiN−1∕2) = −�N

wiN +w
i
N−1

2Δ�
.

The whole term (II) can be written in the matrix form as follows: Bwi, where wi is the vector of fracture widths for all
spatial points.

Term (III) For simplicity, we omit the prefactor Δti∕(�′R2i ) in the derivations below.
1

2��jΔ� ∫

�j+1∕2

�j−1∕2
2� )
)�

(

�(wi)3
)pi

)�

)

d� = 1
�jΔ�

[

�j+1∕2(wij+1∕2)
3
(

)pi

)�

)

j+1∕2
−

− �j−1∕2(wij−1∕2)
3
(

)pi

)�

)

j−1∕2

]

= 1
�jΔ�

[

�j+1∕2(wij+1∕2)
3
pij+1 − p

i
j

Δ�
−

− �j−1∕2(wij−1∕2)
3
pij − p

i
j−1

Δ�

]

, j = 2,… , N − 1.

We also should consider the first and the last segments separately. In the case of the first segment, we utilise the
boundary condition at the wellbore (9):

j = 1 ∶ 1
�1Δ�

�3∕2(wi3∕2)
3
pi2 − p

i
1

Δ�
+
Q0�′

�Δ�2
.
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For the fracture tip element, we utilise the zero flux boundary condition (10):

j = N ∶ − 1
�NΔ�

�N−1∕2(wiN−1∕2)
3
piN − p

i
N−1

Δ�
.

The third term can be also written in the matrix form as: A(wi)pi+�1jQ0Δti∕(�Δ�2R2i )where �1j is Kronecker delta.We proceed with the examination of the fluid exchange terms (IV) − (VI), and firstly, we carry out derivations for
all segments apart from the tip: j = 1,… , N − 1. We do not perform averaging for the tip segment together with the
remaining fracture because of the calculating procedure in this case has specific features related to the tip asymptotic
solution.

Term (IV) For Carter’s leak-off term we utilise the midpoint rule in order to carry out integration over the circle
�:

− 2C ′
2��jΔ� ∫�

(

√

ti − t0(�Ri) −
√

ti−1 − t0(�Ri)
)

d ≈

≈ −2C ′
(√

ti − t0(�jRi) −
√

ti−1 − t0(�jRi)
)

, j = 1,… , N − 1.

In the matrix form, we denote term (IV) as a column [Fi]j , j = 1,… , N − 1.
Term (V)
Similarly to the term (IV), we also apply the midpoint rule for averaging term (V) across the circle �:

− Q′

2��jΔ� ∫�
∫

ti

ti−1
dt′ ∫

t′

−∞

d[H(s − t0(�Ri))p(�, s)]
√

t′ − s
d ≈ −Q′ ∫

ti

ti−1
dt′ ∫

t′

−∞

d[H(s − t0(�jRi))pj]
√

t′ − s
.

Further, let us simplify the double integration with respect to time by changing the order of integration:

∫

ti

ti−1
dt′ ∫

t′

−∞

)[H(s − t0(�jRi))pj]
)s

⋅
ds

√

t′ − s
= ∫

ti−1

−∞

)[H(s − t0(�jRi))pj]
)s

ds∫

ti

ti−1

dt′
√

t′ − s
+

+ ∫

ti

ti−1

)[H(s − t0(�jRi))pj]
)s

ds∫

ti

s

dt′
√

t′ − s
= 2∫

ti

−∞

)[H(s − t0(�jRi))pj]
)s

√

ti − sds−

− 2∫

ti−1

−∞

)[H(s − t0(�jRi))pj]
)s

√

ti−1 − sds = ∫

ti

t0(�jRi)

pj
√

ti − s
ds − ∫

ti−1

t0(�jRi)

pj
√

ti−1 − s
ds, j = 1,… , N − 1.

The prefactor −Q′ is omitted for brevity. The simplified form of term (V) is discretised as:

∫

ti

t0(�jRi)

pj
√

ti − s
ds = plj ∫

tl

t0(�jRi)

ds
√

ti − s
+
k=i−1
∑

k=l
pk+1j ∫

tk+1

tk

ds
√

ti − s
=

= 2plj
(√

ti − t0(�jRi) −
√

ti − tl
)

+ 2
k=i−2
∑

k=l
pk+1j

(

√

ti − tk −
√

ti − tk+1
)

+ 2pij
√

Δti, j = 1,… , N − 1;

∫

ti−1

t0(�jRi)

pj
√

ti−1 − s
ds = plj ∫

tl

t0(�jRi)

ds
√

ti−1 − s
+
k=i−2
∑

k=l
pk+1j ∫

tk+1

tk

ds
√

ti−1 − s
=

= 2plj
(√

ti−1 − t0(�jRi) −
√

ti−1 − tl
)

+ 2
k=i−2
∑

k=l
pk+1j

(

√

ti−1 − tk −
√

ti−1 − tk+1
)

, j = 1,… , N − 1,

where l is the sequence number of the first time moment for which t > t0(�jRi). The matrix form of the presented
discretisation can be conveniently written as follows: [Hi − 2Q′

√

Δtipi]j , j = 1,… , N − 1, where [Hi]j is the sum
of all integrals independent of pij in the equation for the segment j .
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Term (VI) Let us consider averaging of the second pressure-dependent term. For calculations we utilise the fol-
lowing formula:

1
2��jΔ� ∫

�j+1∕2

�j−1∕2
2��2 )

)�
[

H(s − t0(�Ri))p(�, s)
]

d� ≈
�j
Δ�
(pj+1∕2 − pj−1∕2)H(s − t0(�jRi)) =

= �j
pj+1 − pj−1

2Δ�
H(s − t0(�jRi)), j = 2,… , N − 1.

In the case of j = 1 the averaged equation has the following form (we utilise the assumption p(� = 0) = p1):
�1
Δ�
(p3∕2 − p1)H(s − t0(�1Ri)) = �1

(p2 − p1)
2Δ�

H(s − t0(�1Ri)).

To deal with the double time integral, we firstly introduce the following notation: p̃j = pj+1 − pj−1 (for j = 1: p̃1 =
p2−p1). For brevity, we omit the prefactorQ′�j∕(2Δ�) and account the presence of Heaviside functionH(s−t0(�jRi))through the lower limit of integration:

∫

ti

ti−1
dt′ ∫

t′

t0(�jRi)

V (s)
R(s)

p̃j
√

t′ − s
ds = ∫

ti−1

t0(�jRi)

V (s)
R(s)

p̃jds∫

ti

ti−1

dt′
√

t′ − s
+ ∫

ti

ti−1

V (s)
R(s)

p̃jds∫

ti

s

1
√

t′ − s
dt′ =

= 2∫

ti

t0(�jRi)

V (s)
R(s)

p̃j
√

ti − sds − 2∫

ti−1

t0(�jRi)

V (s)
R(s)

p̃j
√

ti−1 − sds, j = 1,… , N − 1.

The above integrals can be computed in the following way:

∫

ti

t0(�jRi)

V (s)
R(s)

p̃j
√

ti − sds =
Vl
Rl
p̃lj ∫

tl

t0(�jRi)

√

ti − sds +
k=i−1
∑

k=l

Vk+1
Rk+1

p̃k+1j ∫

tk+1

tk

√

ti − sds =

= 2
3
Vl
Rl
p̃lj
(

(ti − t0(�jRi))3∕2 − (ti − tl)3∕2
)

+ 2
3

k=i−2
∑

k=l

Vk+1
Rk+1

p̃k+1j
(

(ti − tk)3∕2 − (ti − tk+1)3∕2
)

+ 2
3
Vi
Ri
Δt3∕2i p̃ij ,

∫

ti−1

t0(�jRi)

V (s)
R(s)

p̃j
√

ti−1 − sds =
Vl
Rl
p̃lj ∫

tl

t0(�jRi)

√

ti−1 − sds +
k=i−1
∑

k=l

Vk+1
Rk+1

p̃k+1j ∫

tk+1

tk

√

ti−1 − sds =

= 2
3
Vl
Rl
p̃lj
(

(ti−1 − t0(�jRi))3∕2 − (ti−1 − tl)3∕2
)

+ 2
3

k=i−2
∑

k=l

Vk+1
Rk+1

p̃k+1j
(

(ti−1 − tk)3∕2 − (ti−1 − tk+1)3∕2
)

.

The term (VI) can be conveniently written in the matrix form as: [Gi
1+G

i
2p
i]j , j = 1,… , N−1. Here we introduce the

column Gi
1 consisting of the sums of all integrals independent of pi, and matrix Gi

2 is required for the representation
of the equation part including p̃ij in the matrix multiplication form.

As was noted previously, the discretised equations for the tip element should be considered separately. Firstly, it
is noted that the expressions for the terms (I) − (III) for the tip segment are provided earlier. As a result, we need to
focus only on the remaining terms, namely:

j = N ∶ (IV) + (V) + (VI) = − Δt
2��NΔ�Ri ∫

Ri

Ri(1−Δ�)
2�sga(Ri − s)ds ≈ −

Δt
Δ�Ri

q⟂(Δ�Ri) =

= − Δt
Δ�Ri

⋅
K ′4

E′3�′
⋅ Υ

(

Δ�Ri
lmk

, �i, �i

)

, (39)

where the function Υ(�, �, � ) is introduced by equation (17), lmk is the characteristic length in the mk-scaling (14).
It is known that the net fluid pressure computed using the asymptotic solution pa(R − r, V ,) is defined up to a

constant �ao , which is the far-field confining pressure in the near-tip regionmodel: pa = pfa −�ao where pfa is the absolute
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pressure. In the general case, the near-tip net fluid pressure profile does not match the corresponding profile along the
remaining part of the crack. In order to compensate for this discrepancy, we carry out the tuning of �ao by introducingthe correction �pi that equals to the difference between pressure values at the second-to-last segment (j = N − 1)
calculated through the elasticity equation (19) and the asymptotic solution:

�pi = piN−1 − pa
(3
2
Δ�Ri, Vi,

)

= piN−1 −
E′2Vi�′

K ′2
⋅ Πa

(

3
2
Δ�Ri
lmk

, �i, �i

)

. (40)

As a result, it is necessary to introduce a new term {�p} associated with the pressure shift �pi into equation (39):

{�p} = −2Q′Δt

√

Vi
Δ�Ri

�pi (41)

By using equations (39), (41) together with the derivations for terms (I) − (III) presented at the beginning of this
section, it is possible to write the discretised form of the Reynolds equation (20) for the tip element (j = N) as:

wiN −w
i−1
N = −

ΔtVi
Ri

�N
wiN +w

i
N−1

2Δ�
− Δt
�′R2i

�N−1∕2
�NΔ�

(wiN−1∕2)
3
piN − p

i
N−1

Δ�
−

− Δt
Δ�Ri

⋅
K ′4

E′3�′
⋅ Υ

(

Δ�Ri
lmk

, �i, �i

)

− 2Q′Δt

√

Vi
Δ�Ri

⋅
(

piN−1 −
E′2Vi�′

K ′2
Πa

(

3
2
Δ�Ri
lmk

, �i, �i

))

. (42)

Finally, combination of all of the above leads to
wi − wi−1 = Bwi +

(

A(wi) + Ŝi
)

pi + Si,

where the matrices A and B are defined at the beginning of this section, while the source/leak-off terms can be sum-
marised as

[Si]j = �1jQ0Δti∕(�Δ�2R2i ) + [H
i]j + [Gi

1]j , j = 1,… , N − 1;

[Si]N = − Δt
Δ�Ri

⋅
K ′4

E′3�′
⋅ Υ

(

Δ�Ri
lmk

, �i, �i

)

− 2Q′Δt

√

Vi
Δ�Ri

⋅
E′2Vi�′

K ′2
⋅ Πa

(

3
2
Δ�Ri
lmk

, �i, �i

)

;

[Ŝipi]j = −2Q′
√

Δti + [Gi
2p
i]j , j = 1,… , N − 1;

[Ŝipi]N = −2Δt

√

Vi
Δ�Ri

Q′piN−1.

where the source term Si does not depend on the pressure at the considered time step (pi) and the term Ŝi captures the
fluid exchange part that depends on pi.

C. Governing equations in the dimensionless form
This section summarises the governing equations (2)–(11) in the dimensionless form. In particular, we apply the

definitions of normalised variables (31) together with the conversion rules associated with using a moving mesh (18)
to obtain:

• Elasticity:

Π = − 1
2� ∫

1

0
M(�, s))Ω

)s
ds, (43)

where the integral kernelM(�, s) has the same form as in (3).
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• Reynolds equation:

)Ω
)�

−
̇

�)Ω
)�

= 1
2
1
�
)
)�

(

�Ω3 )Π
)�

)

−
�1∕4

√

� − �0
−

−  1∕4 ∫

�

−∞

{

)
)�′

[

H(�′ − �0)Π(�, �′)
]

−
�̇

)
)�

[

H(�′ − �0)Π(�, �′)
]

}

⋅
d�′

√

� − �′
, (44)

where �0 = �0(�L) is the normalised crack propagation law (or the inverse crack radius −1(�)), � and  are
dimensionless leak-off and PDL coefficients correspondingly defined in (33).

• Propagation:

Ω = 1∕2(1 − �)1∕2, ̇ > 0, Ω =
K ′
I

K ′ 
1∕2(1 − �)1∕2, ̇ = 0. (45)

• Boundary conditions:

lim
�→0

2��Ω3 )Π
)�

= −1, Ω3 )Π
)�

|

|

|

|�=1
= 0. (46)

• Global fluid volume balance:

�
⏟⏟⏟
Vinj

= 2�2 ∫

1

0
�Ω(�, �)d�

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Vcrack

+4�2�1∕4 ∫

1

0
�
√

� − �0d�
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

VC

+2�2 1∕4 ∫

1

0
�d�∫

�

�0

Π(�, s)
√

� − s
ds

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
VPDL

. (47)

Note that in order to compute numerical solution in the normalised variables, it is sufficient to use E′ = K ′ = �′ =
Q0 = 1, t = �, C ′ = �1∕4 and Q′ =  1∕4 in the numerical algorithm presented in section 4.

D. Calculation of the pressure-dependent term for different propagation regimes
In this section, we compute the pressure-dependent integral of the fluid balance equation for all four fracture propa-

gation regimes. The normalised pressure profile along the radial fracture can be presented in the general form suitable
for each vertex solution as: Π = Af (�)���� while the scaled radius can be taken as  = B���� . For instance, the
constants for the leak-off-toughness vertex solution (K̃) are A = 0.41, � = � = −1∕8, � = 1∕16, f (�) = 1, B = 0.45,
and � = 1∕4. Further, we substitute the general forms of Π and  into the pressure-dependent term of the global fluid
balance (47), defined as

VPDL = 2�2 1∕4 ∫

1

0
�d�∫

�

�0

Π(�, s)ds
√

� − s
. (48)

The above expression can be simplified as

VPDL = 2�2 1∕4A�� ∫

1

0
�f (�)d�∫

�

�0

s�ds
√

� − s
,

where the integral can be computed as

∫

�

�0

s�ds
√

� − s
= ��+1∕2 ∫

1

�1∕�

s�ds
√

1 − s
= ��+1∕2

[

√

�Γ(� + 1)

Γ
(

� + 3
2

) − B
(

�1∕�; � + 1, 1
2

)

]

,
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where Γ(x) is the Euler gamma function, B(x; a, b) is the incomplete beta function. Here we also utilised the fact that
�0∕� = �1∕� .As a result, the final form of the pressure-dependent term becomes

VPDL = 2� 1∕4 ⋅ AB2��+1∕2+2���+2� ∫

1

0
�f (�)

[

√

�Γ(� + 1)

Γ
(

� + 3
2

) − B
(

�1∕�; � + 1, 1
2

)

]

d�, (49)

where the spatial integral is calculated analytically for the toughness dominated regimes, while numerical integration
is performed for the viscosity dominated regimes.
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