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ABSTRACT: Submesoscale processes provide a pathway for energy to transfer from the balanced

circulation to turbulent dissipation. One class of submesoscale phenomena that has been shown

to be particularly effective at removing energy from the balanced flow are centrifugal-symmetric

instabilities (CSIs), which grow via geostrophic shear production. CSIs have been observed to

generate significant mixing in both the surface boundary layer and bottom boundary layer flows

along bathymetry, where they have been implicated in the mixing and watermass transformation of

Antarctic Bottom Water. However, the mixing efficiency (i.e. the fraction of the energy extracted

from the flow used to irreversibly mix the fluid) of these instabilities remains uncertain, making

estimates of mixing and energy dissipation due to CSI difficult.

In this work we use large-eddy simulations to investigate the mixing efficiency of CSIs in the

submesoscale range. We find that centrifugally-dominated CSIs (i.e. CSI mostly driven by

horizontal shear production) tend to have a higher mixing efficiency than symmetrically-dominated

ones (i.e. driven by vertical shear production). The mixing efficiency associated with CSIs can

therefore alternately be significantly higher or significantly lower than the canonical value used

by most studies. These results can be understood in light of recent work on stratified turbulence,

whereby CSIs control the background state of the flow in which smaller-scale secondary overturning

instabilities develop, thus actively modifying the characteristics of mixing by Kelvin-Helmholtz

instabilities. Our results also suggest that it may be possible to predict the mixing efficiency with

more readily measurable parameters (namely the Richardson and Rossby numbers), which would

allow for parameterization of this effect.
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1. Introduction36

Submesoscale currents (roughly defined as having horizontal scales between 0.1–10 km) are37

common in oceanic flows, with significant impacts on global ocean dynamics (McWilliams 2016;38

Lévy et al. 2018; Garabato et al. 2019; Buckingham et al. 2019; Wenegrat et al. 2018b). In39

particular they are understood to be one of the major pathways for energy in the large scales of the40

ocean to cascade down to the smallest scales of the flow — a necessary condition for that energy41

to be dissipated and consequently for the approximate steady-state of the ocean circulation to be42

achieved (McWilliams 2016).43

Recent work has highlighted centrifugal-symmetric instabilities (CSIs) as particularly effective44

at generating this forward cascade (D’Asaro et al. 2011; Gula et al. 2016b). These instabilities are45

active both at the surface (Taylor and Ferrari 2010; D’Asaro et al. 2011; Thomas et al. 2013; Gula46

et al. 2016a; Savelyev et al. 2018) and in the bottom boundary layer and topographic wakes (Allen47

and Newberger 1998; Dewar et al. 2015; Molemaker et al. 2015; Gula et al. 2016b; Garabato et al.48

2019; Wenegrat et al. 2018a; Wenegrat and Thomas 2020) and, as such, they may be important both49

for the energetics of global circulation, as well as for the mixing of buoyancy and other tracers.50

As an example, it has been suggested that mixing by CSIs may lead to significant watermass51

transformation of Antarctic Bottom Water, possibly affecting the closure of the abyssal overturning52

circulation (Garabato et al. 2019; Spingys et al. 2021). However, despite evidence of their potential53

impacts, the characteristics and dynamics of mixing by submesoscale CSIs remain uncertain. Thus,54

we dedicate this study to the investigation of this topic.55

A common measure of a flow’s mixing is given by its mixing efficiency 𝛾, which measures the56

fraction of the energy extracted from the flow that was used to mix the fluid’s buoyancy. The value57

of 𝛾 is bounded between 0 and 1 and is generally assumed to be 𝛾 ≈ 0.17 for ocean turbulence58

(Osborn 1980; Moum 1996; Wunsch and Ferrari 2004; Bluteau et al. 2013; De Lavergne et al.59

2016; Mashayek et al. 2017b) which, historically, has fit most measured ocean data reasonably60

well (Gregg et al. 2018). However, recent investigations have hinted at 𝛾 varying widely due to61

submesoscale phenomena. Notably, a recent field study conducted in the Orkney Deep (Spingys62

et al. 2021) inferred significantly higher mixing efficiencies (with an average value of 𝛾 = 0.48) in63

a location that is likely unstable to CSIs (Garabato et al. 2019). Numerical simulations by Jiao and64

Dewar (2015) likewise indicated values of 𝛾 > 0.3, with speculations that the value could be larger65
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if the simulation was run for longer. These results seem to contrast with those by Taylor and Ferrari66

(2010), which found some forms of CSI are associated with small time- and spatially-integrated67

vertical buoyancy production rates, suggesting small rates of irreversible mixing of buoyancy68

(Peltier and Caulfield 2003; Caulfield 2021).69

With these ideas in mind, we investigate the mixing efficiency of submesoscale CSIs (Haine70

and Marshall 1998) using large-eddy simulations (LES) of finite-width geophysical set-ups. This71

configuration aims to reproduce the natural constraints of oceanic flows (due to rotation, natural72

forcing patterns, etc.) and to obtain somewhat realistic flow evolution and mixing dynamics. This73

is in contrast to previous numerical studies with similar lines of investigation, which used more74

highly idealized set-ups (Maffioli et al. 2016; Garanaik and Venayagamoorthy 2019; Howland et al.75

2020) or employed assumptions which can potentially affect mixing patterns (e.g. assuming an76

infinite-width front (Thomas et al. 2013; Taylor and Ferrari 2010) or a two-dimensional flow (Jiao77

and Dewar 2015)).78

We show evidence that, in the submesoscale range of the parameter space, CSIs equilibrate79

via secondary Kelvin-Helmholtz instabilities. This fact allows us to make direct connections80

with the literature on the mixing efficiency of turbulence in stratified flows, which provides a81

framework for explaining the range of mixing efficiencies generated by CSIs. In short, CSIs82

control the flow’s mixing efficiency by modulating the background state for the secondary Kelvin-83

Helmholtz instabilities, which overturn and create the smaller-scale 3D turbulent motions that84

ultimately dissipate kinetic energy and mix buoyancy. The result of this cascade is that mixing85

is more efficient for CSIs dominated by centrifugal modes (i.e. mostly driven by horizontal shear86

production) and less efficient for symmetrically-dominated ones (i.e. driven by vertical shear87

production).88

2. Theoretical background89

A brief review of CSIs and mixing efficiencies follows and the reader is directed other to works90

for further details (Haine and Marshall 1998; Bluteau et al. 2013; Gregg et al. 2018; Caulfield91

2021).92

4



a. CSI theory93

Centrifugal-symmetric instabilities (CSIs; sometimes referred to simply as symmetric instabili-94

ties) are defined here are those which emerge when 𝑞 𝑓 < 0 (Haine and Marshall 1998). Here 𝑓 is95

the Coriolis frequency and 𝑞 is the Ertel potential vorticity (PV):96

𝑞 = ∇𝑏 · (∇×𝒖 + 𝑓 �̂�), (1)

where ∇ is the gradient operator, 𝑏 is the buoyancy, 𝒖 is the velocity vector and �̂� is the unit97

vector in the vertical (𝑧) direction. When the flow is in thermal wind balance Equation (1) can be98

re-written as99

𝑞𝑏 = 1+𝑅𝑜𝑏 −
1
𝑅𝑖𝑏

, (2)

where 𝑞𝑏 = 𝑞/𝑁2 𝑓 is the normalized PV, 𝑁 =
√
𝑑𝑏/𝑑𝑧 is the Brunt-Vaisala frequency, 𝑅𝑜𝑏 = 𝜁𝑏/ 𝑓100

is the balanced Rossby number, 𝜁𝑏 is the vertical vorticity, 𝑅𝑖𝑏 = 𝑁2/|𝑑𝒖𝑏/𝑑𝑧 |2 is the Richardson101

number and 𝒖𝑏 is the (horizontal) velocity component in thermal wind balance. (The subscript 𝑏102

is used to indicate an assumption of thermal wind balance throughout this paper.) This essentially103

reduces the instability criterion to 𝑞𝑏 < 0. Given the dynamical definition of the submesoscale range104

as 𝑅𝑜 ∼ 𝑅𝑖 ≈ 1, it can be seen from Equation (2) that CSIs can be active for many submesoscale105

flows.106

It is useful to characterize CSIs based on their primary source of kinetic energy (Thomas et al.107

2013). For the purposes of this paper we focus on the horizontal shear production rates (⟨𝑆𝑃ℎ⟩,108

associated with the centrifugal modes; ⟨·⟩ denotes a volume average) and vertical shear production109

rates (⟨𝑆𝑃𝑣⟩, associated with symmetric modes). Hence, a straightforward way to characterize110

CSIs is by estimating their ratio, which (assuming a background flow with uniform gradients, and111

that CSI-unstable parcels move in paths whose angle with the horizontal direction is small) can112

approximated as (Thomas et al. 2013, Equation (42))113

⟨𝑆𝑃ℎ⟩
⟨𝑆𝑃𝑣⟩

= 𝑅SP ≈ −𝑅𝑜𝑏 𝑅𝑖𝑏
(
1− 𝑓 2

𝑁2 (1+𝑅𝑜𝑏)
)
, (3)

where 𝑅SP is the ratio of horizontal to vertical shear production rates. Thus the larger 𝑅SP, the more114

centrifugally-dominated a CSI (and opposite for symmetrically-dominated CSIs). In all cases in115
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this paper the second term in parenthesis is small and we approximate Equation (3) by116

𝑅SP ≈ −𝑅𝑜𝑏 𝑅𝑖𝑏, (4)

which can be understood as the ratio of the two non-unitary terms in Equation (2). Hence,117

whenever 𝑞𝑏 is negative due primarily to 𝑅𝑜𝑏 being sufficiently negative (i.e. due to the horizontal118

shear), we call the ensuing instability a centrifugally-dominated CSI (𝑅SP > 1). Similarly, when119

𝑞𝑏 < 0 due to 𝑅𝑖𝑏 being small (i.e. due to the vertical shear), we say the ensuing instability is120

symmetrically-dominated (𝑅SP < 1).121

We note that, while CSIs are generally understood to grow using the kinetic energy of the122

balanced flow through the shear production rate terms (Haine and Marshall 1998), Wienkers et al.123

(2021) showed that in the limiting case of 𝑅𝑜𝑏 = 0 and for fronts with relatively shallow isopycnal124

slopes, symmetrically-dominated CSIs can grow primarily at the expense of the potential energy125

of the balanced flow, making the vertical buoyancy flux term dominant. Although these limiting126

cases may be relevant for some broad fronts, we do not focus on this part of the parameter space in127

this study.128

In the general case (a CSI where both or either 𝑅𝑜𝑏 and 𝑅𝑖𝑏 contribute to 𝑞𝑏 being negative),129

and again assuming a balanced background flow, the linear inviscid growth rate 𝜔 of the instability130

is (Haine and Marshall 1998)131

𝜔2 ≤ − 𝑓 2𝑞𝑏, (5)

which reveals that, at a fixed latitude, a given CSI will grow faster the more negative 𝑞𝑏 is.132

b. Mixing efficiency theory133

We focus on the mixing efficiency 𝛾, which we define as134

𝛾(𝑡) =
⟨𝜀𝑝⟩

⟨𝜀𝑝⟩ + ⟨𝜀𝑘⟩
, (6)

where 𝜀𝑘 is kinetic energy dissipation rate and 𝜀𝑝 is the rate of irreversible mixing of buoyancy.135

Note that there are many definitions of 𝛾 in the literature (see Gregg et al. (2018) for a review),136

but we choose Equation (6) because it specifically considers only irreversible processes, making it137
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more accurate. We also consider the cumulative mixing efficiency (Gregg et al. 2018; Caulfield138

2021):139

Γ(𝑡) =
∫ 𝑡

0 ⟨𝜀𝑝⟩ 𝑑𝑡
′∫ 𝑡

0

[
⟨𝜀𝑝⟩ + ⟨𝜀𝑘⟩

]
𝑑𝑡′

. (7)

Since both ⟨𝜀𝑘⟩ and ⟨𝜀𝑝⟩ eventually go to zero after a sufficiently long time, Γ(𝑡) approaches an140

asymptotic value as 𝑡 →∞. This makes Γ a better approach to quantify the cumulative mixing of141

a given instability over its lifetime.142

Dimensional analysis indicates that the mixing efficiency (either 𝛾 or Γ) of a given flow depends143

on several parameters, albeit it remains unclear which ones are the most important or what is the144

functional shape of these dependencies (Caulfield 2021). One potentially important parameter145

is the buoyancy Reynolds number (Shih et al. 2005), which, based on recent literature, seems to146

organize results from idealized numerical simulations reasonably well (Shih et al. 2005; Bouffard147

and Boegman 2013; Salehipour and Peltier 2015). It was proposed in part because it is easier to148

estimate in field campaigns than a more traditional Reynolds number, serving as a proxy for the149

intensity of turbulence. It can be written as150

𝑅𝑒𝑏 =
⟨𝜀𝑘⟩

𝜈mol𝑁
2
0
, (8)

where 𝑁2
0 is a constant background stratification and 𝜈mol is the molecular viscosity of the fluid.151

3. Problem set-up158

We use a numerical setup that approximates geophysical flows while allowing the Rossby and159

Richardson numbers of the flow to be easily varied. In this section we describe that setup in detail,160

including the numerical tools used for the simulations.161
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Fig. 1. Vertical cross-sections of two simulations used in this work — CIfront1 (panels a, c and e) and

SIfront4 (panel b, d and f), described in detail in Section b. Dashed black lines show isopycnals, green lines

are contours of constant 𝑢-velocity. Upper panels (a and b) show the normalized PV 𝑞𝑏 in the initial condition,

middle panels (c and d) show the 𝑥-component of the vorticity vector at around 5 inertial periods (after the onset

of 3D turbulence), and lower panels (e and f) show the instantaneous dissipation rate 𝜀𝑘 . Animations for these

simulations are also available in the Supporting Information.
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a. Initial conditions162

We start our simulations with a thermal-wind-balanced front configuration given by the following174

equations:175

𝜐 = 𝑤 = 0, (9)

𝑢 = 𝑢0 𝑓𝑦 (𝑦) 𝑓𝑧 (𝑧), (10)

𝑏 = −𝑢0 𝑓0 𝐹𝑦 (𝑦)
𝑑𝑓𝑧 (𝑧)
𝑑𝑧

+𝑁2
0 𝑧, (11)
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Fig. 2. Simulations (circles and triangles) on top of the 𝑅𝑜𝑟 -1/𝑅𝑖𝑟 parameter space. The dark gray areas

denote regions of negative 𝑅𝑖𝑟 (thus impossible to achieve in a stably stratified environment such as ours) and

light gray areas denote regions stable to CSIs (𝑞𝑏 > 0). Dot-dashed line corresponds to 𝑅𝑜𝑟𝑅𝑖𝑟 = −1, which

theoretically separates centrifugally-dominated (to the left of the line) from symmetrically-dominated CSIs (to

the right of the line) for a thermal-wind-balanced environment. Note that Simulation SIfront5 does not appear

in the plot but is located at the same point as Simulation SIfront4.
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where 𝑢0 is a velocity constant. 𝑓𝑦, 𝐹𝑦 and 𝑓𝑧 are nondimensional functions of 𝑦 and 𝑧 given by176

𝑓𝑦 (𝑦) = exp

(
− (𝑦− 𝑦0)2

𝜎2
𝑦

)
, (12)

𝐹𝑦 (𝑦) =
∫ 𝑦

−∞
𝑓𝑦 (𝑦′)𝑑𝑦′ =

1
2
√
𝜋𝜎𝑦

[
erf

(
𝑦− 𝑦0
𝜎𝑦

)
+1

]
, (13)

𝑓𝑧 (𝑧) =
𝑧− 𝑧0
𝜎𝑧

+1, (14)

where, for the purposes of our paper 𝑧0 = 0, 𝜎𝑧 = 80, and 𝑦0 is always set to be half the length of177

our domain in the 𝑦 direction (4 km; see Section b).178

The equations above define a Gaussian-shaped front centered at 𝑦0 with a vertically-constant179

vertical shear of 𝑢0/𝜎𝑧, a width 𝜎𝑦, and a superimposed spatially-uniform background stratification180

𝑁2
0 . A vertical cross-section of the front showing 𝑞𝑏 can be seen in the top panels of Figure 1 for181

two different sets of parameters (details are given in Section b). Recall that CSIs emerge in the182

regions where 𝑞𝑏 (shown in the color map) is negative.183
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Table 1. Parameters for the main simulations used in this paper. All simulations have vertical length scales

𝜎𝑧 = 80m, domain lengths 𝐿𝑥 = 500m, 𝐿𝑦 = 8000m and 𝐿𝑧 = 80m with grid spacings Δ𝑥 = Δ𝑦 = 2.5m and

Δ𝑧 = 0.625m.

169

170

171

𝜎𝑦 (m) 𝑓 (1/s) 𝑢0 (m/s) 𝑁 2
0 (1/s2) 𝑅𝑜𝑟 𝑅𝑖𝑟 𝛿 Γ∞

Simulation

CIsurfjet1 800 1.0×10−4 −2.0×10−1 1.0×10−5 −2.1 3.5 1.00×10−1 0.21

CIsurfjet2 800 1.0×10−4 −2.0×10−1 5.0×10−5 −2.1 20.8 1.00×10−1 0.24

CIsurfjet3 800 1.0×10−4 −2.0×10−1 5.0×10−6 −2.0 1.5 1.00×10−1 0.27

CIsurfjet4 800 5.0×10−5 −2.0×10−1 5.0×10−6 −4.2 1.8 1.00×10−1 0.21

CIsurfjet5 600 7.0×10−5 −2.0×10−1 1.4×10−6 −3.3 0.3 1.33×10−1 0.26

SIsurfjet1 1600 1.0×10−4 −2.3×10−1 5.0×10−6 −0.9 0.8 5.00×10−2 0.19

SIsurfjet2 800 1.0×10−4 −2.0×10−1 1.0×10−6 −0.9 0.2 1.00×10−1 0.13

SIsurfjet3 1400 1.0×10−4 −2.0×10−1 1.4×10−6 −0.4 0.2 5.71×10−2 0.12

SIsurfjet4 1600 1.0×10−4 −2.0×10−1 1.0×10−6 −0.2 0.2 5.00×10−2 0.11

SIsurfjet5 800 1.0×10−4 −1.0×10−1 2.5×10−7 −0.2 0.2 1.00×10−1 0.06

SIsurfjet6 1200 1.0×10−4 −2.0×10−1 2.5×10−6 −0.9 0.5 6.67×10−2 0.17

Table 2. Parameters for the auxiliary simulations used in this paper. All simulations have vertical length

scales 𝜎𝑧 = 80m, domain lengths 𝐿𝑦 = 8000m, 𝐿𝑧 = 80m, and grid spacings Δ𝑦 = Δ𝑧 = 0.156m.

172

173

𝜎𝑦 (m) 𝑓 (1/s) 𝑢0 (m/s) 𝑁 2
0 (1/s2) 𝜈𝑒 (m2/s) 𝑅𝑜𝑟 𝑅𝑖𝑟 𝛿

Simulation

2D_CIsurfjet1 800 1.0×10−4 −2.0×10−1 1.0×10−5 5.0×10−4 −2.1 3.5 1.00×10−1

2D_CIsurfjet3 800 1.0×10−4 −2.0×10−1 5.0×10−6 5.0×10−4 −2.0 1.5 1.00×10−1

2D_SIsurfjet4 1600 1.0×10−4 −2.0×10−1 1.0×10−6 1.0×10−3 −0.2 0.2 5.00×10−2

Our set-up can be fully defined with the parameters 𝑢0, 𝜎𝑦, 𝜎𝑧, 𝑁2
0 , 𝑓 , the eddy viscosity184

𝜈𝑒, and the eddy diffusivity of buoyancy 𝜅. Application of dimensional analysis produces five185

nondimensional parameters:186

𝛿 =
𝜎𝑧

𝜎𝑦
, (15)

𝑃𝑟 =
𝜈𝑒
𝜅
, (16)

in addition to Rossby, Richardson, and Reynolds numbers. Here 𝛿 is the aspect ratio and 𝑃𝑟 is the187

Prandtl number. For simplicity we only consider the case 𝑃𝑟 = 1 (which in our case is a turbulent188

Prandtl number since we use eddy diffusivity closures) and, given the uncertainty of 𝛿 in real189
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oceanic conditions, we assume that the aspect ratio does not affect results as strongly as the Rossby190

or Richardson numbers. We thus report 𝛿, but do not make efforts to explore its range.191

In order to use representative values to characterize our simulations, we use 𝑅𝑜𝑟 and 𝑅𝑖𝑟 , which192

we refer to as reference Rossby and Richardson numbers, to characterize the parameter space. They193

are defined as the Rossby and Richardson numbers at the point of the domain where 𝑞𝑏 is initially194

(i.e. at 𝑡 = 0) the lowest. Recall that this corresponds to the point with the fastest linear growth rate195

for CSIs according to Equation (5), making 𝑅𝑜𝑟 and 𝑅𝑖𝑟 relevant quantities of the flow evolution.196

For our set-up, this point always lies at 𝑧 = 0 but the 𝑦-location is found numerically given the197

challenge of obtaining a closed-form expression for it from Equations (9)-(14). The reference point198

is shown as white circles in Figure 1a-b. A parameter space of 𝑅𝑜𝑟-1/𝑅𝑖𝑟 is shown in Figure 2,199

where the color map shows values of 𝑞𝑏 at the reference point.200

Finally, following previous literature (Shih et al. 2005; Salehipour and Peltier 2015), we use201

the buoyancy Reynolds number (properly defined for LES cases in Equation (17)) to diagnose202

the turbulence intensity related to the stabilizing effect of stratification. We focus our exploration203

of parameter space on the Rossby and Richardson numbers and we use the buoyancy Reynolds204

number as a diagnostic quantity.205

b. Simulations206

We use the Julia package Oceananigans (Ramadhan et al. 2020) to run a series of numerical207

simulations with Equations (9)–(14) as initial conditions. Oceananigans uses a finite volume dis-208

cretization based on that of MITgcm (Marshall et al. 1997) and we run it with a 5th-order Weighted209

Essentially Non-Oscillatory advection scheme and a 3rd-order Runge-Kutta time-stepping method.210

The bulk of our simulations are three-dimensional (3D) LES (whose parameters can be found in211

Table 1), but we also run three auxiliary two-dimensional (2D) simulations with a constant eddy212

viscosity (whose purpose is made clear in Section 4 and whose parameters can be found in Table 2).213

The two-dimensional domains retain all three velocity components despite only formally including214

the 𝑦 and 𝑧 directions, in what is sometimes called 2.5D set-up (Kämpf 2010).215

All simulations are bounded in the 𝑦 and 𝑧 directions, and the 3D simulations are periodic in the216

𝑥 (alongfront) direction. In all cases a buoyancy gradient of 𝑑𝑏/𝑑𝑧 = 𝑁2
0 was imposed at the top217

and bottom boundaries (in order to minimize initial dissipation of buoyancy before the onset of218
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turbulence) and all other nonperiodic boundary conditions imposed zero fluxes for the momentum219

components and the buoyancy scalar. No-flux boundary conditions at the top and bottom of the220

domain were also tested and found to not affect our findings. A constant background rotation rate221

𝑓 was imposed on the domain for each simulation and sponge layers were included on both ends222

of the 𝑦 direction with a width of 1/16th of the domain length each to absorb internal waves and223

simulate open boundaries.224

For the 2D set-ups, a constant isotropic eddy diffusivity was used with its value set to be as225

low as possible while still producing well-resolved simulations. Resolvedness was verified both by226

inspecting the small scales of the flow visually and by ensuring that the Kolmogorov microscale227

[(𝜈3
𝑒/𝜀𝑘 )1/4] was always at least ≈ 30% larger than the grid spacing (further refining produced no228

significant change in the results). In the 3D simulations we used a constant-coefficient Smagorinsky229

model closure (Smagorinsky 1963) with a modification that reduces the eddy viscosity in stably-230

stratified regions (Lilly 1962). We also ran a select number of 3D simulations with the anisotropic231

minimum dissipation subgrid scale closure (as implemented in Vreugdenhil and Taylor (2018))232

and verified only small quantitative differences and identical qualitative behavior. Thus, only233

simulations with the Smagorinsky model are used in this manuscript.234

The simulation parameters for the main (3D LES) runs are given in Table 1 and their location235

in the 𝑅𝑜𝑟-1/𝑅𝑖𝑟 parameter space can be seen in Figure 2, where each symbol corresponds to a236

simulation. Relevant simulation parameters for the auxiliary 2D runs are given in Table 2. Their237

values for 𝑅𝑜𝑟 and 𝑅𝑖𝑟 are exactly the same as those of their 3D counterparts so they do not expand238

the exploration of the parameter space.239

4. Results240

a. Time evolution of the mixing efficiencies241

All our simulations go through qualitatively similar evolutions: 2D primary instabilities (CSIs)246

develop quickly in the initially-unstable (𝑞𝑏 < 0) region, followed by the sudden onset of the247

secondary instabilities creating 3D turbulence and releasing internal waves, followed by a longer248

decay of the turbulence. We focus for now on simulations CIfront1 and SIfront4 (representative249

of centrifugally- and symmetrically-dominated CSIs, respectively) to illustrate that process in250
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Fig. 3. Evolution of the dissipation and mixing efficiency metrics for simulations CIfront1 (left panel) and

SIfront4 (right panels). ⟨𝜖𝑘⟩ and ⟨𝜀𝑝⟩ are shown in panels a and b, instantaneous (𝛾, dashed lines) and cumulative

(Γ, solid lines) mixing efficiencies are shown in panels c and d. The values of ⟨𝜖𝑘⟩ and ⟨𝜀𝑝⟩ have been normalized

by the maximum of ⟨𝜖𝑘⟩ since the magnitudes of both in this case are domain-dependent.

242

243

244

245

this section and encourage readers to refer to the animations that are available in the Supporting251

Information to gain more intuition.252

Results for these simulations are shown in Figure 3, where the upper panels show the kinetic253

energy dissipation rate and the mixing rate of buoyancy. After a quiescent start (indicated by low254

values of ⟨𝜀𝑘⟩ and ⟨𝜀𝑝⟩), primary CSIs (which are mostly 2D in the 𝑦-𝑧 plane) develop within 1255

inertial period. Between 1 to 3 inertial periods the shear from the primary instabilities becomes256

sufficiently strong to generate secondary instabilities (see Section b) that mediate the transition to257

full 3D turbulence; this roughly coincides with the first peak in ⟨𝜀𝑘⟩. The ensuing turbulent flow258

can be seen in panels c-f of Figure 1. Note that simulation SIfront4 reaches the onset of turbulence259

earlier than simulation CIfront1 because it has lower values of 𝑞𝑏 (see Figure 2), which translates260

into a faster growth rate for the CSIs per Equation (5) (Haine and Marshall 1998).261

Internal waves are generated in all our simulations during the emergence of the secondary262

instabilities (which is explosive in nature). However the total amount of energy radiated via263

internal waves (as quantified by the energy dissipated in the sponge layers) is never larger than264

around 1/1000th of the kinetic energy dissipated by the instabilities, which qualitatively matches265
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Fig. 4. Final cumulative mixing efficiency Γ∞ (large bold circles) and maximum of the instantaneous mixing

efficiency 𝛾 (small semi-transparent circles) as a function of the ratio between horizontal and vertical shear

production rates. Centrifugally-dominated CSIs are the rightmost points in each panel while symmetrically-

dominated CSIs are the leftmost points. Panel a shows a diagnostic measure of the ratio, while panel b shows an

estimate based on Equation (2). The dashed gray line indicates the value of 0.17 for reference.
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280
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282

283

the findings of Kloosterziel et al. (2007) for centrifugal instabilities. Interestingly, more waves are266

visible on the lighter side of the front compared to the heavier side. This can be seen in panels c267

and d of Figure 1 (the portion of the domain shown does not include the sponge layers).268

In Figure 3 panels c and d we show two measures of mixing efficiency: the instantaneous mixing269

efficiency 𝛾 (dashed lines) and the cumulative mixing efficiency Γ (solid lines). The pattern of270

the instantaneous measure is significantly noisier than the cumulative one, with abrupt changes in271

𝛾 short times (this is especially true for simulation CIfront1). This variability suggests caution272

in extrapolating instantaneous mixing efficiencies from observations as a means of characterizing273

the integrated mixing of a given flow throughout its lifespan. For the purposes of our analysis, we274

overcome this limitation by using the cumulative mixing efficiency Γ (Equation (7)). As 𝑡 →∞,275

Γ(𝑡) converges to a value Γ∞, which we take to be representative of the total mixing of the flow. In276

practice a good approximation forΓ∞ can be obtained by takingΓ at around 12 inertial periods (after277

its value has approximately converged in all our simulations), which we adopt as our approach.278

We plot results for Γ∞ in Figure 4 as a function of the ratio between the average horizontal and284

vertical shear production rates (results for Γ∞ are the larger, bolder symbols). Figure 4a shows Γ∞285

as a function of a measure of the ratio of shear production rates 𝑅prim
SP (the calculations are detailed286
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in Appendix a) and Figure 4b plots it as a function of an estimate of that quantity (𝑅prim
SP ≈−𝑅𝑜𝑟 𝑅𝑖𝑟 ,287

from Equations (3)-(4)). Recall that small values of 𝑅
prim
SP , imply symmetrically-dominated the288

CSIs. In both Figures 4a-b there is a clear tendency of centrifugally-dominated CSIs (𝑅SP > 1) to289

have higher mixing efficiencies than symmetrically-dominated ones. We also plot the maximum290

value of the instantaneous mixing efficiency, 𝛾max, for each simulation as smaller symbols with291

slight transparency. The same pattern is evident, with the mixing efficiency increasing as the modes292

become more centrifugally dominated.293

Figure 4 shows a clear pattern in which values of Γ∞ for symmetrically-dominated CSIs (𝑅prim
SP <294

1) are lower than the canonical value of 0.17 (shown as a dashed gray line for reference), while295

values for centrifugally-dominated CSIs (𝑅prim
SP > 1) are higher. Additionally, values of 𝛾max for296

centrifugally-dominated CSIs can reach even higher values. This large range of values in Figure297

4 is in qualitative agreement with previous indications that mixing efficiencies of submesoscale298

CSIs can significantly deviate from the commonly-used value (Taylor and Ferrari 2010; Spingys299

et al. 2021).300

We note that the mixing efficiencies found in these simulations are somewhat more moderate than301

those reported from 2D simulations using constant eddy viscosities, where it has been argued that302

centrifugal instabilities may generate 𝛾 ≈ 1 (Jiao and Dewar 2015). We are able to reproduce similar303

results for our basic frontal configuration when using a similar 2D constant-viscosity set-up (ie.304

low Reynolds number direct numerical simulation, matching the simulations used in the study),305

however not when using LES closures and in 3D. Furthermore, even in 2D constant-viscosity306

simulations, using Γ as a metric (instead of 𝛾) also indicates more moderate mixing efficiencies307

since the largest values of 𝛾 happen after most of the turbulence has dissipated (see e.g. Jiao and308

Dewar (2015, Figure 14)) and thus contributes little to the total mixing performed by the flow.309

These numerical results (and the connections to Kelvin-Helmholtz mixing discussed below) thus310

are taken to indicate that, while centrifugal instabilities generate significantly enhanced mixing311

efficiencies, some of the prior results indicating CSIs generating near perfectly efficient mixing312

may have been reflective of numerical methods, and not entirely representative of high-Reynolds313

number oceanic flows.314

It is worth mentioning that the range of values for 𝑁2
0 is significantly larger than the range of values315

of other parameters in our simulations (see Table 1). As such, changes in 𝑁2
0 are responsible for316
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Fig. 5. Analysis of the secondary instability for simulation 2D_CIfront1, 2D_CIfront3 and 2D_SIfront4.

First row of panels (a-e) shows the Richardson number 𝑅𝑖, with values between 0 and 0.25 shaded in gray, for

Simulation 2D_CIfront1. Panel f shows the evolution of the subdomain averages (the subdomain being the one

shown in panels a-e) of three different components of the TKE budget equation for Simulation 2D_CIfront1:

buoyancy flux, shear production rate in the 𝑦-direction (⟨𝑆𝑃second
ℎ ⟩𝑠) and shear production rate in the 𝑧-direction

(⟨𝑆𝑃second
𝑣 ⟩𝑠). Panel g and h show the same subdomain averages for Simulations 2D_CIfront3 and 2D_SIsurfjet4.

See Appendix b for details about the calculation of these averaged quantities.
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329

330

most of the organization of points seen in Figure 4. While our set-up is such that large variations in317

𝑁2
0 are needed to cover the submesoscale range of the 𝑅𝑜𝑟-1/𝑅𝑖𝑟 parameter space (without relying318

on unrealistic values of other parameters), this is not necessarily the case in the ocean. As such,319

while we expect the relation between the mixing efficiency and 𝑅𝑖𝑟 𝑅𝑜𝑟 to hold for more general320

cases (preliminary investigations with an interior jet geometry produced similar results), it may be321

the case that the Richardson number is the dominant factor for more general conditions. We leave322

this investigation for future studies.323
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b. The nature of the secondary instabilities331

The variations in mixing efficiency across CSI simulations indicate changes in the mixing332

generated by secondary instabilities during the equilibration process. In this section we therefore333

identify the secondary instabilities that mediate the transition from CSI modes to full 3D turbulence.334

Previous work by Taylor and Ferrari (2009) has shown that pure symmetric instabilities (CSIs in the335

absence of any centrifugal modes) equilibrate via Kelvin-Helmholtz instabilities (KHIs). Griffiths336

(2003) likewise inferred KHIs as the equilibration mechanism for centrifugal instability, although337

this was based on simulations that did not directly resolve overturning motions.338

A significant difference between centrifugal and symmetric instabilities — which might be339

hypothesized as the source of the enhanced mixing efficiencies — is that the fastest growing340

linear centrifugal modes cross isopycnals, whereas the symmetric modes do not (Thomas et al.341

2013). This suggests the possibility that buoyancy advection by centrifugal instabilities adds a342

gravitational instability component to the equilibration process, which is known to have higher343

mixing efficiencies than KHIs (Gayen et al. 2013; Wykes and Dalziel 2014). Given the uncertainty344

in the equilibration mechanism of centrifugal instabilities, we therefore focus in this section on the345

onset of the secondary instabilities.346

Thus, for the purposes of this section, we run three 2D simulations with a constant eddy347

diffusivity (2D_CIfront1, 2D_CIfront3 and 2D_SIfront4; see Table 2) that are otherwise identical348

to simulations CIfront1, CIfront3 and SIfront4. The use of a constant eddy diffusivity avoids349

possible artificial changes in the energetics and dynamics due to the subgrid-scale model (Piomelli350

et al. 1990), and the two-dimensionality is designed to save computational resources (since we351

anticipate both the primary and secondary instabilities to be 2D in the 𝑦-𝑧 plane (Peltier and352

Caulfield 2003; Rahmani et al. 2014)). We focus the analysis on a small portion of the domain353

(to avoid interference by the edges of CSI modes and other features of the flow) and quantify the354

horizontal and vertical shear production rates separately, as well as the buoyancy production rate355

and the Richardson number. The subdomains used, however, were verified to be representative of356

the turbulence transition of the CSI modes as a whole.357

Results are shown in Figure 5a-f for the centrifugally-dominated Simulation 2D_CIfront1. The358

upper panels (a-e) show the evolution of 𝑅𝑖 in snapshots as time progresses, with 𝑅𝑖 values between359

0 and 1/4 shaded gray in order to indicate areas that are susceptible to KHIs (Miles 1961; Howard360
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1961). It is clear in the first panels that a large horizontal portion of the subdomain is susceptible361

to KHIs as indicated by the gray-shaded areas. The light white-bluish areas indicate that a portion362

of the domain also has slightly negative 𝑅𝑖 (their magnitudes are mostly smaller than 0.05), which363

is a consequence of the centrifugal modes crossing isopycnals, as expected. In panel d we see364

undulations qualitatively characteristic of KHIs before a decay into turbulence in panel e.365

Panel f of Figure 5 shows subdomain means (denoted by ⟨·⟩𝑠; the subdomain being the rectangular366

domain portion shown in the upper panels) of the vertical buoyancy flux and shear production rate367

components for Simulation 2D_CIfront1 (details about this calculation can be found in Appendix368

b). At early times, all the averages are approximately zero, but the secondary instability growth369

is dominated by vertical shear production. Note that the buoyancy production rate is actually370

negative (implying energy moving from kinetic form to potential form) despite portions of the371

subdomain having slightly unstable stratification. Thus, despite buoyancy advection generating372

regions potentially susceptible to gravitational instability, the primary energy source for the sec-373

ondary instabilities remains vertical shear production. The same analysis applied to Simulation374

2D_CIfront3 produces similar results (Figure 5g).375

These characteristics are expected of KHIs (Peltier and Caulfield 2003), which strongly suggests376

that centrifugally-dominated CSIs equilibrate through secondary KHIs. The same analysis for377

symmetrically-dominated CSIs (using Simulation 2D_SIfront4 and shown in Figure 5g) produces378

very similar results (albeit with smaller regions of unstable stratification due to the alignment of the379

symmetric modes with isopycnals) and identical conclusions — consistent with earlier analysis by380

Taylor and Ferrari (2009). In order to make sure that this feature is not specific to our frontal setup,381

we ran the same analysis for a centrifugally-unstable interior jet similar to the one considered by382

Jiao and Dewar (2015), but with a higher resolution. The results (not shown) are again extremely383

similar to the ones just described. We therefore proceed with the assumption that CSIs in the384

submesoscale portion of the parameter space (regardless of being symmetrically- or centrifugally-385

dominated) equilibrate via KHIs that emerge from the vertical shear of the primary modes before386

the onset of gravitational instability.387
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Fig. 6. Scatter plot of several quantities for all 3D simulations in this work. Each symbol is a different

simulation. Panel a: instantaneous mixing efficiency 𝛾 as against 𝑅𝑒sgs
𝑏 . The solid black line indicates a slope

of 𝛾 ∼ (𝑅𝑒sgs
𝑏 )−1/2 for reference. Panel b: −⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 (where ⟨·⟩𝑞 denotes an average over the region where

𝑞𝑏 < 0 at 𝑡 = 0) as a function of 𝑅𝑒sgs
𝑏 . The solid black line indicates a slope of (𝑅𝑒sgs

𝑏 )−1 for reference. Panel

c: instantaneous mixing efficiency 𝛾 plotted as a function of ⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 , with points colored according to the

value −𝑅𝑜𝑟 𝑅𝑖𝑟 of the simulation.
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c. The role of the secondary instabilities in the mixing efficiency388

Given that the transition to 3D turbulence is mediated by KHIs, it is now possible to connect395

these geophysical flows with some of the literature on turbulence in stratified flows. Many recent396

investigations focus on the buoyancy Reynolds number 𝑅𝑒𝑏 (Shih et al. 2005; Bouffard and Boeg-397

man 2013; Salehipour and Peltier 2015; Mashayek et al. 2017a) to explain the mixing efficiencies398

of overturning motions in stratified environments, which we found to be a good predictor of 𝛾 in399

our simulations. In experimental settings and in direct numerical simulations 𝑅𝑒𝑏 is well-defined,400

but it needs to be adapted for use with our large-eddy simulations, where the eddy viscosity varies401

in time and space. We thus define the subgrid-scale buoyancy Reynolds number as402

𝑅𝑒
sgs
𝑏 =

⟨𝜀𝑘⟩𝑞
⟨𝜈𝑒⟩𝑞 𝑁2

0
, (17)

where 𝜈𝑒 is the eddy viscosity and ⟨·⟩𝑞 denotes an average over the region where 𝑞𝑏 < 0 at 𝑡 = 01.403

In principle any consistent averaging procedure can be use to define 𝑅𝑒
sgs
𝑏 , but we choose ⟨·⟩𝑞 due404

to the changing distribution of unstable areas in our set-up across the parameter space (see for405

example the panels a and b of Figure 1). We chose to use 𝑁2
0 here instead of ⟨𝑑𝑏/𝑑𝑧⟩𝑞 since we406

1Note that ⟨·⟩𝑞 is different from the previously-introduced ⟨·⟩ and ⟨·⟩𝑠 , which denote an average over the whole domain and an average over
the rectangular subdomain shown in Figures 5a-e, respectively.
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want to characterize the background stratification against which the overturning motions need to407

do work without the influence of the locally unstable stratification generated by the overturning408

motions themselves. Results change only slightly when evaluating using ⟨𝑑𝑏/𝑑𝑧⟩𝑞.409

A necessary note is that previous studies investigating 𝑅𝑒𝑏 rely on very idealized (and therefore410

very well-controlled) numerical simulations, where turbulent regions are more easily identified411

and averaging procedures can be performed in a straightforward manner. This is not the case for412

our simulations, which are significantly more realistic, contributing to a less predictable pattern of413

turbulence. As a result, turbulence in our simulations happens in patches (see panels e-f of Figure414

1, which shows 𝜀𝑘 ), which is more representative of real ocean turbulence, but also complicates415

comparisons of buoyancy Reynolds magnitude with idealized studies and between different datasets416

(Mashayek et al. 2017b; Howland et al. 2020; Caulfield 2021) — see also discussion in Mashayek417

et al. (2021, Section 7). Thus, we refrain from comparing absolute values of 𝑅𝑒sgs
𝑏 directly with418

𝑅𝑒𝑏 from the literature and focus on the variations of 𝛾 with buoyancy Reynolds number instead.419

Similar to previous studies (Shih et al. 2005; Salehipour and Peltier 2015), we compare instan-420

taneous mixing efficiencies 𝛾 with instantaneous values of 𝑅𝑒sgs
𝑏 in Figure 6a. In order to ensure421

that only cases with significant 3D turbulence were taken into account, we only consider times422

after the peak in the dissipation rate ⟨𝜀𝑘⟩ (indicating a transition to full 3D turbulence) and discard423

points where ⟨𝜀𝑘⟩𝑞 is smaller than 1×10−10 m2/s3. Figure 6a show a pattern where, for small424

values of 𝑅𝑒sgs
𝑏 , 𝛾 does not depend on 𝑅𝑒

sgs
𝑏 , followed by a power-law dependence for larger values425

which follows a −1/2 slope (as evidenced by comparing it with the solid line). Both the region426

of approximately-constant 𝛾 for small 𝑅𝑒sgs
𝑏 and the region of power-law dependence match well427

with previous findings for KHI (Shih et al. 2005; Lozovatsky and Fernando 2013; Salehipour and428

Peltier 2015); a result that is robust in our simulations to different averaging procedures.429

The agreement between our data and simulations of idealized KHIs is evidence that the mixing430

efficiencies of these submesoscale instabilities are ultimately controlled by the small-scale over-431

turning motions of the flows that emerge as a consequence of CSIs. This suggests that CSIs control432

the mixing efficiency by adjusting the background for KHIs to emerge: namely the stratification,433

vertical shear and dissipation rate, which directly modulate the Richardson and buoyancy Reynolds434

numbers. Along with the Prandtl number, this sets all three nondimensional parameters necessary435

to characterize overturning motions in stratified flow (Mashayek et al. 2017a, Section 2.2) — if436
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the kinetic energy is included, a Froude number is also necessary (Caulfield 2021, Section 2.4),437

which can also be controlled by CSIs. We note that, although some authors have found the Froude438

number 𝐹𝑟 to be preferred for organizing mixing efficiency results (Maffioli et al. 2016; Garanaik439

and Venayagamoorthy 2019), we found no Froude number dependence for the mixing efficiency in440

our results.441

We further find an inverse relation between 𝑅𝑒
sgs
𝑏 and −⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 in our simulations, shown in

Figure 6b, such that

−⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 ∼ (𝑅𝑒sgs
𝑏 )−1

(solid black line in panel b). This result can explain the pattern of mixing efficiencies seen in Figure442

4, where symmetrically-dominated CSIs (where −⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 < 1) tend to have higher buoyancy443

Reynolds number than centrifugally-dominated CSIs (where −⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 > 1). This relation444

can be used to plot 𝛾 as a function of ⟨𝑅𝑜⟩𝑞 ⟨𝑅𝑖⟩𝑞 in Figure 6c, where we also see that points445

collapse rather well. This comparison is similar to that in Figure 4, and we see that the result again446

indicates that centrifugally-dominated CSIs tend towards higher values of 𝛾, and the opposite for447

symmetrically-dominated CSIs.448

We note that the collapse of points in Figure 6b could be explained by the fact that 𝑁2
0 spans a449

much larger range of values in our simulations than other parameters and dominates the modulation450

of the product 𝑅𝑖𝑟 𝑅𝑜𝑟 . It thus remains to be seen if the organization of points seen in Figure 6b,c is451

a general feature of oceanic flows, or if it emerges due to characteristics of frontal flow geometries.452

Although we note that preliminary results with an interior jet set-up match Figure 4b reasonably453

well.454

5. Discussion and conclusion455

We have used LES to investigate several geophysical flows that are unstable to submesoscale456

centrifugal-symmetric instabilities (CSIs) with the main goal of systematically examining their457

mixing efficiencies. All simulations in this paper follow a similar evolution: primary CSIs458

quickly develop in the domain, increase the vertical shear, which prompts the emergence of459

secondary instabilities (which we showed to be Kelvin-Helmholtz instabilities, KHIs) that mediate460

the transition to small-scale turbulence, which ultimately dissipates kinetic energy and mixes461

buoyancy.462
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We showed that CSIs can generate a wide-range of mixing efficiencies (0.05 ≤ Γ∞ ≤ 0.3), which463

can depart significantly from the community-standard value of 0.17 (Gregg et al. 2018; Caulfield464

2021), suggesting caution in the use of a single mixing efficiency value for parameterizations where465

submesoscale turbulence is active. This variation in mixing efficiency is shown to be a consequence466

of the submesoscale, with centrifugally-dominated CSIs tending to have higher instantaneous and467

cumulative mixing efficiencies than symmetrically-dominated instabilities (see Figure 4). This468

pattern of mixing efficiencies due to CSIs can be well reproduced using only the Richardson and469

Rossby numbers (𝑅𝑖𝑟 𝑅𝑜𝑟 ; Figure 4), suggesting a potential strategy for improving parameterized470

estimates of mixing due to submesoscale instabilities.471

In all simulations considered here KHIs mediate the transition to turbulence, allowing us to472

explain the observed patterns in mixing efficiency by leveraging results from the stratified turbulence473

literature. Specifically, we show that variations in mixing efficiency can be understood as the474

result of CSIs setting the background state on which KHIs grow. CSIs modulate the strength475

of vertical shear, stratification, and turbulence intensity which have been shown to influence476

the mixing efficiency of KHIs through the Richardson and buoyancy Reynolds numbers (along477

with the Prandtl number (Mashayek et al. 2017a; Caulfield 2021)). Notably, we were able to478

reproduce the dependency of the instantaneous mixing efficiency 𝛾 on the buoyancy Reynolds479

number 𝑅𝑒sgs
𝑏 (adapted here for use with LES), shown in Figure 6a. The satisfactory collapse of480

points reproducing a result that is well-known in the stratified turbulence literature is evidence481

that these small overturning instabilities are what ultimately sets the mixing efficiency, providing482

a direct connection between submesoscale dynamical processes and stratified turbulence. We483

believe this to be one of the primary contributions of this paper, since it is likely that this control484

mechanism for CSIs extends beyond the portion of the parameter space explored here, providing485

the community with extra tools to analyze observations and develop parameterizations.486

These results provide a potential explanation of recent observational findings of elevated mixing487

efficiencies in conditions susceptible to centrifugally-dominated CSI in the Orkney deep (Garabato488

et al. 2019; Spingys et al. 2021), as well as low mixing efficiencies in simulations of forced-489

symmetric instability in the surface boundary layer where the stratification remains small (Taylor490

and Ferrari 2010). We note however that, despite this qualitative agreement, we do not find mixing491

efficiencies as large as implied by some previous work on CSIs (Spingys et al. 2021). This may492
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be a result of the uncertainty in observational estimates, or that the mixing efficiency of CSIs can493

vary over an even wider range as a consequence of other parameters or flow geometries not varied494

here. For example, in weak fronts with 𝑅𝑜𝑏 ≈ 0 and shallow isopycnal slopes, CSIs can grow by495

extracting potential energy from the balanced flow (Wienkers et al. 2021), potentially introducing a496

gravitational component to the energetics that may contribute to higher rates of buoyancy mixing.497

However, to the extent that our finding of KHIs mediating the transition to turbulence is general498

for CSIs, we expect our results to be robust, as they depend on the local background state felt by499

the growing KHI modes, and not directly on the geometry or parameters at the submesoscale.500

Finally, evidence that CSIs are common in both the surface and bottom boundary layer suggests501

the variations in mixing efficiency shown here may be an important aspect of larger-scale ocean502

dynamics and circulation (Allen and Newberger 1998; Taylor and Ferrari 2010; D’Asaro et al.503

2011; Thomas et al. 2013; Gula et al. 2016a; Savelyev et al. 2018; Dewar et al. 2015; Molemaker504

et al. 2015; Gula et al. 2016b; Garabato et al. 2019; Wenegrat et al. 2018a; Wenegrat and Thomas505

2020). The case of abyssal flows offers a particularly compelling example, as observations suggest506

the possibility of CSIs generated by flow along bottom topography (Ruan et al. 2017; Garabato507

et al. 2019; Spingys et al. 2021). Centrifugally-dominated instabilities — generated preferentially508

in regions of steep slopes and strong stratification (Wenegrat et al. 2018a) — in particular provide509

a route for the efficient mixing of buoyancy, and hence may contribute to abyssal watermass510

transformation, a key component of the global overturning circulation. Quantification of the511

integrated effect of CSIs in both the surface and bottom boundary layer, and the variations of512

mixing efficiency documented here, remains an open target for future study.513
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APPENDIX518

23



A1. Calculation of the rate of irreversible mixing of buoyancy519

We calculate the irreversible mixing of buoyancy based on the theory of Winters et al. (1995).520

An evolution equation for background potential energy for a control volume can be written as521

(Winters et al. 1995)522

𝑑

𝑑𝑡
⟨𝐸𝑏⟩ = 𝑆adv + 𝑆diff + ⟨𝜀𝑝⟩, (A1)

where ⟨𝐸𝑏⟩ is the average background potential energy (the portion of the potential energy unavail-523

able for conversion into kinetic form) per unit mass, 𝑆adv and 𝑆diff are the advective and diffusive524

fluxes of ⟨𝐸𝑏⟩ across the volume’s boundaries. The sponge layers used in our simulations do not525

directly modify the buoyancy, so they do not appear in Equation (A1). ⟨𝜀𝑝⟩ is the average irre-526

versible mixing of buoyancy (due to diapycnal mixing within the control volume), and it appears as527

a non-negative rate of change in Equation (A1) because potential energy lost due to internal mixing528

is irreversibly stored as background potential energy (Winters et al. 1995; Winters and D’Asaro529

1996).530

The term 𝑆adv is identically zero for our simulations due to the boundary conditions. 𝑆diff on the531

other hand is nonzero for our domain but its effect on ⟨𝐸𝑏⟩ was found to be negligibly small. Thus532

we assume 𝑆diff ≈ 0. This allows us to simplify Equation (A1), leading to our equation for ⟨𝜀𝑝⟩533

⟨𝜀𝑝⟩ =
𝑑

𝑑𝑡
⟨𝐸𝑏⟩, (A2)

which is similar to Equation (18) of Winters et al. (1995).534

Thus, in order to apply Equation (A2), we estimate ⟨𝐸𝑏⟩ by adiabatically sorting the buoyancy535

field 𝑏 at every time step to arrive at a reference state that minimizes horizontal buoyancy gradients536

(Winters et al. 1995). Although this approximation is the main source of error in our calculation537

of ⟨𝜀𝑝⟩, we found that the error is small enough to be neglected.538

A2. Calculation of the shear production terms539
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a. Shear production terms for the primary instabilities540

The general definition of the shear production terms comes from the turbulent kinetic energy541

prognostic equation and reads542

𝑆𝑃 𝑗 = −𝑢′𝑖𝑢′𝑗
𝜕

𝜕𝑥 𝑗
𝑈𝑖, (A3)

where𝑈 𝑗 = (𝑈,𝑉,𝑊) is a Reynolds-averaged velocity vector about which the turbulent fluctuations543

𝑢′𝑖 are calculated, and summation is implied for the 𝑖 index only (Stull 1988). In this case we want544

to consider the rate at which shear of the average flow transfers energy to the primary instabilities;545

namely the CSIs. Thus, the fluctuations 𝑢′𝑖 should ideally capture the CSIs only.546

Given the nature of our set-up, this is challenging to achieve with directional averages (recall547

that CSIs are mainly 2D in nature, so even averaging in the 𝑥-direction would not achieve this548

result). Hence we consider an ensemble average over many realizations of this flow and make the549

assumption that such an average of the flow velocities is well approximated by the flow velocities at550

the initial condition. We then approximate 𝑈 𝑗 as the flow velocities at the initial condition (given551

by Equations (9)–(14)), simplify Equation (A3) accordingly, and define horizontal and vertical552

shear production rate terms for the primary instabilities as553

𝑆𝑃
prim
ℎ = −𝑢′𝜐′𝜕𝑈

𝜕𝑦
(A4)

𝑆𝑃
prim
𝑣 = −𝑢′𝑤′𝜕𝑈

𝜕𝑧
. (A5)

According to this definition the shear production rate is zero at 𝑡 = 0 and starts to evolve as the554

instabilities start to develop. We quantify the value of the shear production rate terms at a time555

𝑡 = 15/𝜔max, where 𝜔max is the maximum growth rate for CSIs (Equation 5). This choice of time556

captures a well-developed CSI before the onset of full 3D turbulence. Different choices of time557

were investigated (including some based not on 𝜔max but on the evolution of ⟨𝜀𝑘⟩) and the results558

were found to be robust.559

b. Shear production terms for the secondary instabilities560

For this section, the purpose of the analysis is to capture the rate of energy input into the secondary561

instabilities by the CSIs. Ideally, it is then necessary to capture only the secondary instabilities562
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in the fluctuation terms 𝑢′𝑖, and the background flow (with the CSIs) should be captured in the 𝑈 𝑗563

terms. Similarly to the primary instabilities analysis, the best approach we found is to consider an564

ensemble average that we assume to be well approximated by the state of the flow at a time 𝑡 = 𝑡1565

in which the primary instabilities are well-developed, but the secondary instabilities still have not566

started emerging. This choice is done manually, since a programmatic way to choose 𝑡1 consistently567

across simulations could not be found. We found, however, that the precise choice of time does not568

alter the results significantly as long as the two aforementioned criteria are observed and as long569

as we consider a portion of the domain that isolates the emergence of secondary instabilities.570

For these calculations 𝑈 𝑗 = (𝑈,𝑉,𝑊) ≠ 0 (since they correspond to CSIs), and for a 2.5D set-571

up (without an 𝑥-direction) we can define these shear production rate terms for the secondary572

instabilities as573

𝑆𝑃second
ℎ =−𝑢′𝜐′

𝜕𝑈

𝜕𝑦
−𝜐′2

𝜕𝑉

𝜕𝑦
−𝑤′𝜐′

𝜕𝑊

𝜕𝑦
(A6)

𝑆𝑃second
𝑣 =−𝑢′𝑤′𝜕𝑈

𝜕𝑧
−𝜐′𝑤′𝜕𝑉

𝜕𝑧
−𝑤′2 𝜕𝑊

𝜕𝑧
. (A7)
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