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Abstract 18 

We investigated the elastoplastic behavior and strain localization of the Zigong sandstone (porosity: 19 

6.5%) during brittle fracturing based on two series of axisymmetric compression experiments. The 20 

experiments were conducted under various confining pressures (σ3 = 0 ~ 80 MPa). For each 21 

confining pressure, the sandstone specimens were deformed under constant axial and 22 

circumferential strain rates, respectively. When σ3 < 60 MPa, the sandstone first undergoes stable 23 

deformation in the post-peak stage and then loses its stability. Before the emergence of instability, 24 

the mechanical behavior is hardly affected by the controlling method. When the confining is larger, 25 

the sandstone manifests a stable failure process during the whole loading stage. The observed 26 

elastoplastic behavior was described by a two-yield surface constitutive model established in the 27 

framework of generalized plastic mechanics. The proposed constitutive model incorporates two 28 

quadratic yield functions, as well as two linearly independent plastic potential functions, to honor 29 

the shear yield and volumetric dilatancy, respectively. Via the return mapping algorithm, the 30 

proposed constitutive model was verified by comparing the numerical results with experimental 31 



 

 

results. In addition, the two-yield surface constitutive model, which is equivalent to the model 32 

proposed by Rudnicki and Rice,1 was applied to localization analysis. Assuming that the onset of 33 

localization occurs at peak stress, frictional coefficient μ and dilatancy factor β were determined 34 

from experimental data. The variations of both plastic parameters predict the transition of 35 

localization mode from pure dilation bands under uniaxial compression to pure shear bands at high 36 

confining pressures, which is consistent with the experimental observations. 37 

1. Introduction 38 

The mechanical behavior of sandstone is intimately related to a variety of geologic processes and 39 

engineering applications. As with most of rocks, sandstone exhibits highly-nonlinear pressure 40 

dependence of its deformation, such as volumetric dilatancy and strain hardening/softening. 41 

Phenomenologically, the deformation process of sandstone subject to compression is typically 42 

accompanied by the development of planar deformation bands, also referred to as strain 43 

localization.1 With the increase of pressure, strain localization varies the manifestations from 44 

dilation or shear bands in the brittle regime2 to shear-enhanced compaction or homogenous 45 

cataclastic flow when entering the ductile regime.3,4 46 

In order to understand these abundant mechanical properties, micromechanics and continuum 47 

mechanics are often utilized. The former generally includes acoustic emission5–8 and thin section 48 

inspection.9 It has been revealed that the progressive development of a macroscopic deformation 49 

band essentially depends on the initiation, growth, and coalescence of microcracks associated with 50 

the local stress heterogeneity. The increase of microcrack density can gradually degrade the rock 51 

sample, which ultimately shows a loss of strength and/or stability. The stability of the subsequent 52 

process (post-failure) depends mainly on the loading conditions and the stiffness of testing machine, 53 

which is essentially related to the elastic energy stored inside the rock.10,11 54 

In the framework of plastic mechanics, it is required to establish a constitutive model that adequately 55 

incorporates the nonlinear characteristics of rocks, i.e., volumetric dilatancy and strain 56 

hardening/softening, so as to reproduce the deformation process of rocks. In particular, the 57 

phenomenon of strain localization can be regarded as a constitutive instability in an otherwise 58 



 

 

homogenous material.1 Therefore, the analysis of strain localization in rocks also entails an 59 

appropriate constitutive model. In their seminal work, Rudnicki and Rice1 adopted a smooth yield 60 

function as defined by the Drucker-Prager criterion,12 in which the material parameter μ (frictional 61 

coefficient) is a measure of the mean stress dependence of yielding. In addition to the equivalent 62 

plastic shear strain, used for keeping track of the history of plastic deformation, the introduction of 63 

a dilatancy factor (β) honors a non-associated flow rule and allows for volumetric dilatancy. Such a 64 

treatment is appropriate for accounting for the strain localization in low-porosity rocks. However, 65 

the selection of plastic potential function associated with shear yield is usually difficult and 66 

challenging. 67 

In this study, we adopt the generalized plastic mechanics theory13 to describe the mechanical 68 

behavior of a low-porosity sandstone, referred to as Zigong sandstone, under axisymmetric 69 

compression. In this theory, the single-yield surface model in the classical plastic mechanics is 70 

extended to a multiple-yield surface model, incorporating multiple plastic flow mechanisms. The 71 

plastic potential functions related to the yield surfaces can be selected arbitrarily as long as they are 72 

linearly independent. Specifically, we consider two fundamental plastic flow mechanisms, i.e., 73 

plastic shear and volumetric dilatancy, characteristic of brittle fracturing. The two-yield surface 74 

constitutive relationship is numerically integrated via return mapping algorithm, which shows good 75 

consistency with the experimental results. Moreover, we confirm that the proposed constitutive 76 

model is equivalent to the model proposed by Rudnicki and Rice1 in the brittle regime. After 77 

investigating the effect of confining pressure on the strain localization mode, the proposed 78 

constitutive model is further validated by comparing with experimental observations. 79 

2. Experiments and Results 80 

2.1 Experimental Material and Experimental Procedure 81 

Zigong sandstone represents a low-porosity (6.5%) hard sandstone composed mainly of silicate 82 

minerals, which has been systematically tested and investigated under different stress 83 

conditions.8,14,15 Compared with other highly porous sandstones, Zigong sandstone features 84 

relatively higher strength and a wider brittle range.15 It exhibits prominent characteristics of brittle 85 

fracturing even under a confining pressure (σ3) of as high as 80 MPa, approximately corresponding 86 



 

 

to a buried depth of 4 km. 87 

The sandstone specimens were prepared as cylinders with 5 cm in diameter and 10 cm in height, 88 

following which they were dried at a temperature of 60 ℃ for 48 h. In this study, we present the 89 

results of two series of conventional triaxial compression (CTC) tests under various confining 90 

pressures (0 ~ 80 MPa, step: 10 MPa). In one series, termed as axial strain control (ASC) test, 91 

specimens were deformed under a constant axial strain rate (2.5×10-6 s-1). In the other series, referred 92 

to as circumferential strain control (CSC) test, the axial force was applied by a constant rate (0.5 93 

kN/s) up to 120 kN, which was then controlled by a constant circumferential strain (2×10-6 s-1). For 94 

the two sets of uniaxial compression tests (σ3 = 0 MPa), in particular, acoustic emission monitoring 95 

was elaborately implemented to capture the failure process.8 96 

2.2 Stress-strain Curves and Characteristic Stress Thresholds 97 

Figure 1 presents the stress-strain curves from the ASC and CSC tests, respectively. It can be seen 98 

that the mechanical behavior in the pre-peak stage is not significantly affected by the controlling 99 

methods (also see the comparison of stress thresholds in Figure 2). Over the peak strength, all 100 

specimens first display a negative post-peak modulus. According to Wawersik and Fairhurst,10 such 101 

behavior (Class I) represents stable, controllable post-peak deformation. Since the amount of the 102 

elastic energy stored in the specimens is not sufficient to support the failure, it requires continuous 103 

loading for further deformation in this case. With the ongoing deformation, the failure process under 104 

low confining pressures tends to be unstable. Specifically, specimens in the ASC tests with σ3 (= 0 105 

~ 60 MPa) show vertical stress drop (i.e., infinite post-peak modulus) as shown in Figure 1a. In the 106 

CSC tests, specimens under σ3 (= 0 ~ 50 MPa) display a reduction in axial strain. The manifested 107 

positive post-peak modulus, defined as Class II behavior,10 indicates an unstable and self-sustaining 108 

failure process. From the perspective of energy balance, the amount of the elastic energy stored in 109 

the specimens is much more than the requirement for failure, which would lead to an avalanche 110 

without withdrawing the exceeded energy. The discrete sampled data in both series show that both 111 

controlling methods cannot sustain the failure process in a stable manner, when σ3 is less than 60 112 

MPa. By contrast, when σ3 is larger than 60 MPa, all specimens show stable failure process during 113 

the whole post-peak stage. In other words, Zigong sandstone features a combination of Class I and 114 



 

 

Class II behavior under a low confining pressure and purely Class I behavior under a high confining 115 

pressure. 116 

Based on these stress-strain curves, we can determine several characteristic stress thresholds, 117 

including crack initiation stress σci, crack damage stress σcd, and peak stress σp, to characterize the 118 

deformation process.16–18 Among them, the determination of σci is essential to the construction of 119 

the constitutive model since it suggests the onset of plastic deformation. However, its determination 120 

has usually been subjective and of high uncertainty.16,17,19–23 To circumvent this, we utilize an 121 

objective method called Lateral Strain Response (LSR) method24 in this study. In addition, σcd and 122 

σp correspond to the point where volumetric strain curve reverses and the highest point of the stress-123 

strain curve, respectively, which can be readily identified. Figure 2 shows the determined values of 124 

σci, σcd and σp and their positive dependence on σ3. As alluded to above, the consistency between 125 

both series for each stress threshold indicates that the two control methods hardly affect the pre-126 

peak behavior of Zigong sandstone. In addition, the peak strength of Zigong sandstone can be well 127 

captured by Hoek-Brown failure criterion and its extended 3D version.15,25 128 

3. Elastoplastic Constitutive Properties of Zigong Sandstone 129 

Instead of using a single-yield surface model, we adopt the generalized plastic theory13 to establish 130 

a two-yield surface constitutive model for Zigong sandstone. In what follows, a brief introduction 131 

of the generalized plastic theory is first provided in Section 3.1. Based on the theoretical framework, 132 

we then explore the effect of confining pressure on the elastic shear and bulk moduli in Section 3.2. 133 

We propose a shear yield function and a volumetric yield function in Section 3.3 and Section 3.4, 134 

respectively, to include shear- and dilatancy-related plastic flow mechanisms. The two-yield 135 

constitutive model adopts non-associated flow rules and isotropic hardening rules. 136 

3.1 Fundamentals of the Generalized Plastic Mechanics 137 

Classic elastoplastic theory assumes that the total strain increment consists of elastic and plastic 138 

strain increments: 139 
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in which the elastic strain increment
e

ijd can be calculated by Hooke’s law while the plastic strain 141 



 

 

increment  p

ijd is closely related to the plastic potential function Q by: 142 
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in which dλ is a non-negative scalar and σij is the stress component. As pointed out by Zheng et al.13, 144 

Eqn. 2 implies that the direction of the plastic strain increment depends only on stress states rather 145 

than stress increment, the latter of which has been experimentally observed in numerous 146 

geomaterials. In addition, the plastic potential function Q for geomaterials is usually difficult to 147 

determine according to the yield surface, i.e., following non-associated flow rule. 148 

In the generalized plastic mechanics, three linearly-independent yield surfaces and corresponding 149 

plastic potential functions are assumed to be coexisting at any point in the stress space. In other 150 

words, the total plastic strain increment is the sum of the plastic strain increments of all of the yield 151 

surfaces. Consequently, the flow rule in the single-yield surface model can be generalized to: 152 
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in which the plastic potential functions Qk can be any three linearly-independent functions, which 154 

jointly contribute to the total plastic strain increment. This advantage avails simple selection of the 155 

plastic potential functions and parameter fitting. 156 

The magnitude of the plastic strain increment can be determined by the yield functions along with 157 

corresponding plastic strains. As alluded to in Section 2.2, the values of σci of all tests depict the 158 

initial yield function F(σij) = 0. Following this, the size, center, and shape of the yield surface will 159 

change with the ongoing loading, known as subsequent yield surface. To describe how an initial 160 

yield surface evolves to the subsequent yield surface, the hardening parameter Hα is imperative, 161 

which can be a function of plastic strains changing with deformation. Accordingly, assuming 162 

isotropic hardening, the subsequent yield surface can be expressed as: 163 

  , 0ijF H   (4) 164 

Alternatively, if the von Mises equivalent stress q and mean stress p are used, the subsequent yield 165 

surface can be further given by: 166 
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where 3iip  , 23 3 2ij ijq J s s  with the stress deviator 3ij ij kk ijs     . ij
is the Kronecker 168 

symbol.  is the Lode angle, which is defined as 1 3
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2

1 3 3
sin

3 2

J

J



 

   
 

with  3 det ijJ s . 169 

In the generalized plastic mechanics, therefore, the three yield surfaces can be presented by 170 

introducing different hardening parameters: 171 
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 (6) 172 

which represent the volumetric yield function, shear yield function in q-direction, and shear yield 173 

function in  -direction, respectively. The hardening parameters can be further specified as 174 

functions of plastic volumetric strain
v

p , plastic shear strain in q-direction ( p

q ) and in  -direction 175 

( p

 ), respectively. 176 

Considering the consistency condition, the stress state should be always located on the yield surfaces 177 

to ensure continuous plastic deformation. By differentiating Eqn. 6, we have: 178 
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. Since the effect of Lode angle  is 180 

always little on the mechanical behavior of geomaterials, Eqn. 7 can be reduced to: 181 
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3.2 Effect of Confining Pressure on the Elastic Properties 183 



 

 

According to the notations in Eqn. 5 to Eqn. 8, we specially transform the principal stresses to von 184 

Mises equivalent stress q and mean stress p. For strains, we use the generalized shear strain γ and 185 

volumetric strain
v , which are defined as: 186 

      
2 2 2

1 2 2 3 1 3

2

3
             (9) 187 

 
v 1 2 3       (10) 188 

where ε1, ε2, ε3 are the three principal strains. 189 

Consequently, the stress-strain curves in Figure 1 can be plotted as q-γ and p-εv curves, which enable 190 

the determination of elastic shear (G) and bulk (K) moduli, respectively, based on the determined 191 

values of σci. In Figure 3, the effect of confining pressure on G and K is shown. It is found that, for 192 

both elastic moduli, the results of the CSC tests are consistently larger than that obtained from the 193 

ASC tests. The mean values of both G and K show an increase-then-decrease trend, which can be 194 

fit by the following parabolic functions (black curves in Figure 3): 195 

 2

3 3( )G G GG a b c     (11) 196 

 2

3 3( )K K KK a b c     (12) 197 

in which the material parameters are given as: aG = -9.568×10-4, bG = 0.1165, cG = 8.956; aK = -198 

2.135×10-3, bK = 0.2178, cK = 12.02. 199 

With the determined elastic moduli, we are further able to calculate the plastic shear ( p

q ) and 200 

volumetric (
V

p ) strains, which are plotted in Figure 4 in relation to q. In the following two sections, 201 

a shear yield function and volumetric yield function will be proposed based on the curves in Figure 202 

4. 203 

3.3 Shear yield surface and hardening function 204 

The plastic shear strain
p

q is selected as an internal variable for the shear yield mechanism. 205 

Specifically, a series of plastic shear strain values are selected, which give the contours of the plastic 206 

shear strain in the p-q plane. Note that, the data corresponding to the unstable failure process is not 207 

included since the testing system failed to record reliably. As shown in Figure 5a, these contours 208 

are essentially the shear yield surfaces. As the plastic shear strain increases, the shear yield surface 209 



 

 

first increases then decreases (i.e., strain softening, which is not explicitly exemplified in Figure 210 

5a). To quantitatively describe these shear yield surfaces, an expression similar to the form of Hoek-211 

Brown failure criterion is employed: 212 

   2 2, , 3 3 3 0q q s q q s qF p q H q m H q H m H p      (13) 213 

where ms is the material parameter. By fitting to the test data, it is found that ms can be approximately 214 

selected as 10 for Zigong sandstone. 215 

For each confining pressure, the average values of the ASC and CSC tests are utilized to obtain the 216 

relationship between Hq and p

q . As shown in Figure 5b, such relationship features a transition from 217 

strain hardening to softening as p

q increases for all confining pressures. Accordingly, the following 218 

function is proposed for hardening rule: 219 

  log 1p p

q q q q q q qH a b c d      (14) 220 

where aq, bq, cq, and dq are constants. Based on the curves in Figure 5b, each of these constants is 221 

given as a function of σ3: 222 
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As suggested by the generalized plastic mechanics theory, a simple plastic potential function for 224 

shear deformation can be selected applying the non-associated flow rule: 225 

 qQ q  (16) 226 

3.4 Dilatant Volumetric yield surface and hardening function 227 

In the previous section, the hardening effect is ascribed to the plastic shear strain. Since deformation 228 

in low-porosity rocks during brittle fracturing is also characterized by volumetric dilatancy,19 a 229 

series of volumetric yield surfaces incorporating dilatant plastic volumetric change is proposed. As 230 

implied by Figure 4, Zigong sandstone does not show any volumetric compaction when confining 231 

pressure increases up to 80 MPa. Therefore, the volumetric compaction mechanism, specific to the 232 

‘cap’ model for porous rocks3,26 is not considered in this study. 233 



 

 

To describe the volumetric yield surface, the plastic volumetric strain
V

p is utilized as the internal 234 

variable. In Figure 6a, the obtained volumetric yield surfaces are similar to the shear yield surfaces 235 

in Figure 5a. Hence, Eqn. 13 can also be used but with different hardening parameter Hv: 236 

   2 2

v v v v v, , 3 3 3 0s sF p q H q m H q H m H p      (17) 237 

in which the approximation of ms = 10 is also found to be appropriate. The relationship between the 238 

hardening parameter Hv and plastic volumetric strain
v

p is fit using the expression of Eqn. 14 with a 239 

new set of parameters: 240 
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Employing a non-associated flow rule, the plastic potential function can be simply proposed as: 242 

 
vQ p  (19) 243 

Note that the two plastic potential functions, i.e., Eqn. 16 and Eqn. 19, are linearly independent as 244 

mandated by the theory of generalized plasticity mechanics. 245 

4 Summary and Validation of the Elastoplastic Constitutive Relationship 246 

4.1 General Form of the Elastoplastic Constitutive Relationship 247 

Based on the above derivations, the elastoplastic constitutive relationship of Zigong sandstone can 248 

be derived with the assumption of small strain. Firstly, with the proposed two plastic potential 249 

functions, the flow rule in Eqn. 3 is now expressed as: 250 
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in which stress and strain are expressed in matrix form with v ,    ε
T

p p p

q and  ,σ
T

p q . In 252 

addition, it can be proved that v 1 pd d and 2 p

qd d . 253 

Recalling the additivity of elastic and plastic strains, Eqn. 1 can be alternatively expressed as: 254 
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Consequently, the elastic response is defined by: 256 
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3
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D
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is the elastic stiffness matrix. 258 

The consistency condition (or Eqn. 8) implies the following loading/unloading conditions: 259 
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which are often called Kuhn-Tucker complementary conditions. For each yield surface, the first 261 

term indicates that the stress state must lie on or within the yield surface while the second term 262 

suggests that the plastic strain increment is always non-negative. The last term assures that the stress 263 

state remains on the current yield surface during plastic loading. Then the consistency condition can 264 

be stated as: 265 
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Hence, if  p

qd and v
pd are both positive, it follows that v =0qdF dF . As a result, substitution of the 267 

matrix form of Eqn. 8 into Eqn. 22 yields: 268 
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Solving for  p

qd and v
pd , we have: 270 
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with the following definitions: 273 
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 (28) 274 

Then substituting Eqns. 26 and 27 into Eqn. 22, the general elastoplastic constitutive relationship 275 

takes the form: 276 

 epd dσ D ε  (29) 277 

where D
ep is the elastoplastic stiffness matrix: 278 
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 (30) 280 

When the model is in the elastic regime, D
ep is simply equal to D

e . 281 

The above expressions complete the general mathematical formulation of the proposed two-yield 282 

surface constitutive model for Zigong sandstone. Note that, Eqn. 30 can be flexibly reduced to the 283 

single surface formulation via leaving out the terms associated with the inactivated yield surface. 284 

4.2 Numerical Integration of the Proposed Elastoplastic Constitutive Relations 285 

In this section, the proposed constitutive relations are validated by comparing with the experimental 286 

data. Unlike the linear elasticity, the elastoplastic constitutive relations are nonlinear and not 287 

analytically integrable. Therefore, numerical integration is required to define the resulting 288 

mechanical response. Among many techniques for numerical integration,27 the return mapping 289 

algorithm is particularly adopted in this study. 290 

Implementation of the return mapping algorithm is essential to find the numerical solution of a 291 

nonlinear problem about stress/strain update. Specifically, for a prescribed loading path, we need to 292 

find the respective increments of stressσ , strain ε , and hardening parameter Hα (the subscript α = v 293 

or q) at each loading step according to the elastoplastic constitutive relations. The problem can be 294 

further formulated in discrete forms by using the backward Euler method as: 295 
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 (31) 296 

in which the three variables {σ , ε p , Hα}n are known at the current step n and
+1ε p

n
is the unknown 297 

to be determined. In addition, the Kuhn-Tucker conditions are given by: 298 

    1 , 1 +1 +1 1 , 10, 0, 0p p

n n n n n nF H F H          σ ε ε σ, ,  (32) 299 

To address this nonlinear optimization problem, the return mapping algorithm generally involves 300 

two steps: (1) trial elastic prediction; and (2) plastic correction returning the trial state to the current 301 

yield surface. During the integration process, the strain increment ε is fixed for each loading step. 302 

The trial elastic prediction can be obtained by taking: 303 
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and the trial stress state is given by: 305 

 
1

trial e

n n   σ σ D ε  (34) 306 

This process is illustrated in Figure 7a as Path I. Then the Kuhn-Tucker conditions are checked: If307 

 1 , 1 0   σ
trial trial

n nF H, , the trial stress state is purely elastic and +1 0 ε
p

n ; if  1 , 1 0   σ
trial trial

n nF H, , the 308 

trial stress state is outside the current yield surface (Figure 7a) and
+1ε p

n
must be solved to facilitate 309 

returning stresses to the yield surface. 310 

As indicated by Eqns. 31 and 32, the value of
+1ε p

n
cannot be solved explicitly since they collectively 311 

represent a complex nonlinear optimization problem. Therefore, the Newton-Raphson method is 312 

utilized here to iteratively find the numerical solution: 313 
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 (35) 314 

where  +1 ε
k

p

n is the increment of +1ε p

n at the kth iteration. This iterative process (Path II) is also 315 

geometrically illustrated in Figure 7a. With the determined
+1ε p

n
, the loading step is simply 316 



 

 

represented by Path III. Furthermore, the application of the return mapping algorithm to the shear 317 

yield function is shown in Figure 7b as an example. 318 

Applying the return mapping algorithm to the proposed elastoplastic constitutive relationship, we 319 

are able to perform the numerical simulations. As shown in Figure 8, the numerical results show a 320 

good agreement with the experimental results under different confining pressures. The proposed 321 

elastoplastic constitutive model is able to capture the mechanical properties (i.e., strain hardening, 322 

strain softening, dilatancy, and confining pressure effect) of Zigong sandstone. However, since the 323 

unstable post-peak stage and frictional sliding are not included in the constitutive model, the 324 

complete stress-strain curves are not shown. 325 

5. Analysis of Strain Localization in Zigong Sandstone 326 

In this section, strain localization and its pressure dependence are investigated in the framework of 327 

the proposed constitutive model for Zigong sandstone. The proposed two-yield surface model 328 

explicitly considers shear yield and volumetric dilatancy during brittle fracturing, which facilitates 329 

the description of stress-strain relations. By contrast, Rudnicki and Rice1 (hereafter referred to as 330 

RR model) considers only shear yield in the bifurcation theory while the volumetric dilatancy is 331 

included by introducing the dilatancy factor (β). In the following, we first demonstrate the proposed 332 

two-yield surface model is equivalent to the RR model in the brittle regime. Then we examine the 333 

observed strain localization in Zigong sandstone under different confining pressures. 334 

5.1 Equivalence of the Proposed Constitutive Model to RR Model 335 

In order to compare with the classical RR model, we rewrite Eqn. 20 as: 336 
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Substitution of  
1

=
3

   ij ijp and  =
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into Eqn. 36 gives: 338 
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Invoking the definition of the dilatancy factor v    p p

qd d , we have: 340 
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in which  p

qd has been defined in Eqn. 8. Consequently, Eqn. 38 can be further expressed as: 342 
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in which the term    q qH A F q is the plastic hardening modulus as commonly used in the RR 344 

model.26,28 The frictional coefficient μ is defined as the local slope of the shear yield surface345 


 

 
 

q qF F

p q
. Obviously, the proposed constitutive model is equivalent to the RR model. It is 346 

also noteworthy that volumetric compressive mechanism can also be incorporated to model the yield 347 

‘cap’, which, however, needs more complicated algebraic manipulation to apply the bifurcation 348 

theory 29. 349 

5.2 Effect of Confining Pressure on Strain Localization Mode 350 

As indicated by the RR model, the three plastic parameters (μ, β, H) are relevant when applying the 351 

bifurcation theory to strain localization. Since the plastic hardening modulus H is a function of the 352 

orientation of the potential band and decreases monotonically with the ongoing plastic deformation, 353 

Rudnicki and Rice1 proposed the definition of critical hardening modulus hcr: 354 
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 (40) 355 

in which N represents the state of deviatoric stress, ranging from 1 3 for axisymmetric extension, 356 

through 0 for pure shear to1 3 for axisymmetric compression. When H decreases to the value of 357 

hcr, strain localization occurs. 358 

Alternatively, the following condition is given for the onset of shear band30,31: 359 

       2 22
1 2 4 3 1 1 2 4 3

3
N N N N               (41) 360 

When the left inequality is violated, compaction band would emerge; while dilation band would 361 

occur when the right inequality is not satisfied. 362 



 

 

With these conditions, we are able to investigate the effect of confining pressure on the strain 363 

localization mode of Zigong sandstone by evaluating parameters μ and β. In Figure 9, the plastic 364 

volumetric strain
v

p vs. plastic shear strain p

q curves are presented for both ASC and CSC tests. All 365 

curves show that the relation between
v

p and p

q is quasi-linear, enabling the fit of β in a simple 366 

manner. Apparently, β decreases with the increase of confining pressure, suggesting that the 367 

sandstone undergoes more compactive deformation, as also implied by Figure 8. 368 

In Figure 10, we further show the variations of the frictional coefficient μ with the plastic shear 369 

strain
p

q and confining pressure. For each axisymmetric compression test, μ rapidly increases with370 

p

q  then reaches a plateau near the peak strength. On the other hand, μ shows a decreasing trend as 371 

confining pressure increases. As implied by the acoustic emission characteristics revealed in 372 

uniaxial compression tests8, strain localization is most likely to develop in the post-peak stage for 373 

Zigong sandstone during brittle fracturing. Therefore, values of frictional coefficient μ and 374 

corresponding to the peak strength are used to characterize the onset of strain localization. 375 

Figure 11 summarizes the values of β and μ under different confining pressures. As indicated by 376 

Figure 9 and Figure 10, both constitutive parameters decrease with increasing confining pressure, 377 

and β is typically less than μ. The inequality of both constitutive parameters suggests that the flow 378 

rule for Zigong sandstone should be non-associated. In addition, the localization analysis predicts 379 

that the decreasing constitutive parameters are accompanied by the transition of the localization 380 

mode. Localization with the values of β and μ dissatisfying the right inequality of Eqn. 41 would be 381 

in the form of dilation bands. In Figure 11, this condition is indicated by using three values of 382 

Poisson’s ratio (v = 0.1, 0.2, and 0.3) as a reference, since the value of Poisson’s ratio is closely 383 

dependent on confining pressure. It can be seen that the theoretical prediction supports pure dilation 384 

bands for the sandstone under uniaxial compression, which is consistent with the experimental 385 

observations.8 Given that the values of Poisson’s ratio of Zigong sandstone range from 0.2 to 0.3, it 386 

is predicted that the sandstone still has the potential to develop dilation bands when σ3 = 10 and 20 387 

MPa. When confining pressure further increases, pure shear bands are predicted, in good accordance 388 

with experimental observations.15 Finally, the sandstone is far from ductile regime under the 389 



 

 

experimental conditions. Compared with other porous sandstones, Zigong sandstone features a wide 390 

brittle range due to its low porosity.15 391 

6. Conclusions 392 

We conducted two series of axisymmetric compression experiments in the low-porosity Zigong 393 

sandstone under various confining pressures (0 ~ 80 MPa with a step of 10 MPa). For each confining 394 

pressure, sandstone specimens were deformed under constant axial and circumferential strain rates, 395 

respectively. It is found that the Zigong sandstone features a combination of Class I (stable) and 396 

Class II (unstable) behavior in the post-peak stage under a low confining pressure (< 60 MPa) and 397 

purely Class I behavior for a high confining pressure. 398 

Based on the theory of generalized plastic mechanics, a two-yield surface elastoplastic constitutive 399 

model was proposed to describe the deformation characteristics of the sandstone. The proposed 400 

elastoplastic constitutive model employs two quadratic yield functions, along with two linearly 401 

independent plastic potential functions, to honor shear yield and volumetric dilatancy, respectively. 402 

Numerical integration of the constitutive relations was carried out using the return mapping 403 

algorithm. It is found that the resulting stress-strain relations are in good agreement with the 404 

experimental results. It can be concluded that the proposed model adequately captures the 405 

elastoplastic behavior (i.e., strain hardening, strain softening, dilatancy, and confining pressure 406 

effect) of Zigong sandstone in the brittle regime. 407 

In the context of brittle fracturing, it is demonstrated that the proposed two-yield surface model is 408 

essentially equivalent to the single-yield surface model proposed by Rudnicki and Rice1 for strain 409 

localization analysis. In addition, formulations of three relevant plastic parameters (μ, β, H) were 410 

derived according to the proposed constitutive equations. To analyze strain localization, the effects 411 

of plastic deformation and confining pressure on parameters μ and β were investigated. As plastic 412 

deformation accumulates, β is relatively constant, while μ increases rapidly and reaches a plateau 413 

subsequently. With increasing confining pressure, both μ and β decrease, and μ is always larger than 414 

β. The theoretical predictions indicate that the localization mode in Zigong sandstone undergoes a 415 

transition from pure dilation bands under uniaxial compression to pure shear bands at high confining 416 

pressures. 417 
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Figure 1 Complete stress-strain curves of (a) ASC and (b) CSC tests. In both series, the confining 

pressure σ3 ranges between 0 and 80 MPa.



 

 

 

Figure 2 Effect of confining pressure σ3 on different stress thresholds: crack initiation stress σci, crack 

damage stress σcd, and peak stress σp.



 

 

 

Figure 3 Effect of confining pressure σ3 on (a) elastic shear modulus G and (b) elastic bulk modulus K. 

The black curve denotes the best-fit function of the mean values of each modulus.



 

 

 

Figure 4 Relationship between von Mises equivalent stress q and two plastic strains, where unstable 

deformation in the post-peak stage is not shown. Black circles denote peak stresses.



 

 

 

Figure 5 (a) Three representative shear yield surfaces shown as contours of plastic shear strain in p-q 

plane. The shear yield surface with zero plastic shear strain is referred to as initial yield surface. (b) 

Relationship between the hardening parameter Hq and plastic shear strain
p

q under different confining 

pressures.



 

 

 

Figure 6 (a) Three representative volumetric yield surfaces shown as contours of plastic volumetric 

strain in p-q plane. (b) Relationship between hardening parameter Hv and plastic volumetric strain
v

p

under different confining pressures.



 

 

 

Figure 7 Graphical illustration of the return mapping algorithm: (a) general scenario and (b) shear yield 

function.



 

 

 

Figure 8 Comparison between the proposed elastoplastic constitutive relationship and experimental 

results of Zigong sandstone under different confining pressures. Gray solid and dashed lines are from the 

ASC and CSC tests, respectively, and red solid lines denote numerical simulations.



 

 

 

Figure 9 Relationship between the plastic volumetric strain
v

p and plastic shear strain
p

q under different 

confining pressures: (a) ASC tests and (b) CSC tests. On each curve, the black circle denotes the position 

of peak strength. The definition of the dilatancy factor β is also indicated.



 

 

 

Figure 10 Evolution of frictional coefficient μ with plastic shear strain
p

q under different confining 

pressures: (a) ASC tests and (b) CSC tests. On each curve, the position of peak strength is indicated by 

the black circle.



 

 

 

Figure 11 Relationship of constitutive parameters β and μ under different confining pressures. Three 

reference values (0.1, 0.2, and 0.3) of Poisson’s ratio are used to plot the condition for developing dilation 

bands while the condition for developing compaction bands is indicated by the solid line in the lower 

left. 


