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Abstract

The morphodynamic evolution of river deltas is intimately tied to flow and sediment partitioning at bifurcations.
In this work, we investigate the long-term equilibrium configuration of a simple delta network using an analytical
model, which accounts for the effect of small tidal oscillations. Differently from individual bifurcations, where
tidal action is always a stabilizing factor, in the case of a tree-like delta with multiple bifurcations a dual response
emerges. Specifically, depending on the values of four reference parameters function of tidal amplitude, upstream
flow conditions, and on the geometry of the channels, tides can either promote or discourage an unbalanced
discharge distribution. This behavior primarily concerns the apex bifurcation, which is affected by the variations
of the relative tidal amplitude at the internal nodes. In turn these variations depend on how flow and sediment
are diverted upstream. Finally, we discuss the outcomes of the model performing a qualitative comparison
with field and experimental tide-influenced deltas. Results highlight the need of including in a unified scheme
river-influenced (i.e. depositional) and tide-influenced (i.e. erosional) effects.
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1 Introduction

We are concerned with the morphodynamics of channel bifurcations, a representative geomorphological feature controlling
the downstream flow routing in a variety of environmental settings such as coastal plains, mountain valleys, coastal wetlands,
submarine fans, and lava flows [1, 2, 3, 4, 5, 6]. Here, we restrict our attention on river deltas, depositional landforms arising from
rivers that end at the shoreline often originating a network of channels (Fig. 1).

A large number of studies performed to date provided a fairly clear picture of stability conditions for individual river bifurcations
[7, 8], where the word “stability" is used throughout the paper in its mathematical sense, thus referring to the, either symmetrical or
asymmetrical, state the bifurcation may take depending on the values of the relevant control parameters. However, in multi-thread
rivers as deltas, bifurcations are not isolated elements but rather part of an interactive system [9, 10, 11]. Taking the viewpoint of
complex networks [12, 13], competing interactions break-up the possibility of understanding the whole behavior of the system
just by a superimposition of the single bifurcation responses. The latter statement raises a related question: what are the physical
processes responsible for such interactions? The flux partitioning in the upstream bifurcations affects each subsequent downstream
bifurcation by changing flow and sediment transport conditions in the connecting channels. However, this upstream-to-downstream
“signal propagation" is not sufficient to generate a connection: a downstream-to-upstream influence is necessary as well.

In a series of recent works, Salter et al. [14, 15, 16] have shown that a net-depositional system is able to generate a switching
in the discharge partitioning over time. The oscillations are purely autogenic, inasmuch they derive from an internal feedback
mechanism: if the fluxes are distributed unevenly by a bifurcation, the slope of the channel receiving more sediment becomes
lower through time with respect to the other channel, till eventually causing the switching [17]. Interestingly, a (deterministic)
chaotic dynamics is observed when multiple bifurcations are coupled in a simple delta network [16].

A similar behavior, in which feedback mechanisms are internally generated, has been observed in a bifurcation-confluence system
(i.e. a loop), where a river splits into two smaller anabranches rejoining downstream [18]. In this case, the feedback manifests in
the differential water surface elevation in the downstream branches depending on the amount of water and sediment delivered by
the bifurcation, which results in an asymmetric energy slope affecting discharge partition upstream.

In this paper, we aim at understanding how tides potentially affect the long-term equilibrium state of river deltas and, in particular,
how the system adjusts to varying geometric and flow conditions. To achieve this goal, we pursue the one-dimensional modeling
of an idealized delta network made up of multiple bifurcations, with branching channels flowing into a tidal sea. Tidal influence
is considered small enough so that the morphodynamics of the delta is primarily controlled by fluvial processes. We explicitly
excluded wave activity that, basically through an alongshore sediment transport [19], is responsible for several morphological
implications including the suppression of bifurcations near the coastline [20, 21].
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Figure 1: Example: the Northern Dvina Delta, near the city of Arkhangelsk (Russia), 64◦32′ N 40◦32′ E. Image credit: Google
Earth Pro (2021).

The analysis is motivated by recent theoretical advances on individual tide-influenced bifurcations [22], showing that tidal action
causes a morphodynamic response akin to the one observed by Salter et al. [14], but due to an opposite underlying physical
process: tide deepens downstream channels through erosion, leading the branch carrying the smaller amount of water and sediment
to increase its slope over time with respect to the other branch. However, this behavior might not be univocal when bifurcations
are combined in series in a tree-like structure, inasmuch the response of upstream bifurcations depends from the water surface
elevation at the internal nodes downstream, which is different from the tidal amplitude seaward.

The rest of the paper proceeds as follows. The main achieved results on the stability of individual bifurcations in fluvial
environments and under tidal influence are briefly reviewed in Sections 2.1 and 2.2. Section 3 introduces the theoretical framework
for the long-term equilibrium of a tide-influenced delta composed by a generic number of bifurcations, while in Section 4 the
outcomes of the model are restricted to a small network consisting of two orders of branches. We discuss the implications and
possible future developments of the model in Section 5.

2 Background

2.1 Stability of individual bifurcations in fluvial environments

Over the last three decades, river bifurcations in fluvial environments have been investigated through a breadth of different
approaches, including theoretical [23, 24, 7, 25], experimental [26, 27, 28], numerical [29, 30, 31, 32], and field studies [33, 34,
35, 36]. Morphodynamic modeling involved mainly one-dimensional schemes able to represent in a simplified way the complex
flow-routing processes that characterize real world bifurcations. Notably, in these models the partition of water and sediment fluxes
in the downstream branches requires the adoption of a suitable nodal relationship. In this paper, we follow the widely-employed
two-cell model originally proposed by Bolla Pittaluga et al. [37] (hereafter, BRT). We refer to [8, 17] for a synthesis of the model,
and we limit ourselves to recall the key outcomes.

In the ideal absence of external “forcing" factors induced by the surrounding environment, the morphodynamic evolution of a
perfectly symmetrical (i.e. “free", sec. [25]) bifurcation is governed by a unique parameter, R [26, 7]:

R =
rα

β0
√
τ∗0

, (1)

where τ∗0 (hereafter, the suffix 0 refers to the main upstream channel) is the Shields number of the feeder channel, and β0 is
the width-to-depth ratio. The parameter α is an order-one parameter physically representing the (dimensionless) extension of a
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Figure 2: Example solution obtained from the stability analysis performed by RTB [22]. The critical threshold of R is reported for
increasing values of the scaled tidal amplitude ε, which spans within ε = 0 (i.e. absence of tide, black dashed line) and ε = 0.8, as
a function of (a) Λ0 (L = 1) and (b) L (Λ0 = 10). The value of R separating the stable/unstable solution decreases as long as the
tides is increased for sufficiently high/low values of Λ0/L. In panel (c), it is reported the tidal threshold in the limiting case R = 0.

transverse bed elevation gradient induced in the feeder channel by the bifurcation [25]. The sediment flux is deflected with respect
to the water flow direction due to a gravitational effect, whose magnitude is controlled by the parameter r [38, 39].

The “bifurcation" parameter R controls the number of equilibrium solutions and the stability of those equilibria: if R is higher
than a critical threshold RC , which depends on the friction and the transport formula adopted [8], the bifurcation keeps stable
and equally distributes water and sediment fluxes; on the contrary, when R is lower than the critical threshold, the balanced
solution becomes unstable and the system attains a stable state where one of the two branches captures most of discharge, where at
the same time, the gravitational pull deviates the sediment flux to prevent the closure of the penalized branch (i.e. carrying the
lowest discharge). Notably, R assumes the role of a bifurcation parameter also in a mathematical sense. Indeed, the equilibrium
diagram is represented by a supercritical pitchfork bifurcation [40], where one/two possible steady states are possible whether R is
higher/lower than the threshold.

2.2 The stabilizing effect of tides in a single bifurcation

In low relief systems such as deltas, bifurcations are affected by different factors that change the picture depicted in the previous
Section. In particular, downstream effects like a differential sedimentation [14, 15] or marine processes like tides [41, 42, 43, 44, 22],
influence the response of bifurcations through variations of the channel slope, thereby introducing a dependence on the downstream
channel lengths [18]. It is worth recalling that the BRT model does not produce any (internal) slope asymmetry at equilibrium,
which is equivalent to infinite channel lengths.

In this paper, we focus our attention on the role of tides starting from the work of Ragno et al. [22] (hereafter, RTB), which
included in the BRT model the effect of (monochromatic) tidal oscillations. Under the assumption of tidal amplitudes a∗ (from
hereinafter the superscript ∗ denotes a dimensional quantity) much smaller than the mean flow depth in the upstream channel D∗0,
RTB investigated stability conditions building on the previous work of Seminara et al. [45] for the (tidally-averaged) equilibrium
of a single river-dominated estuary. When tides are taken into account, three other parameters turn out to play a role, namely the
scaled tidal amplitude ε, a parameter measuring the relative importance of flow inertia Λ0, and the (dimensionless) average length
of the branches L:

ε :=
a∗

D∗0
, Λ0 :=

ω∗L∗B0

U∗0
, L :=

L∗

L∗B0
, (2)

where ω∗ is the frequency of the tidal wave, U∗0 is the flow velocity of the feeder channel, and L∗B0 is the so-called backwater length
[46], defined as the ratio between the flow depth D∗0 and the channel slope S 0. The parameter Λ0 is a representative indicator of the
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tidal influence, as suggested by the proportionality to the backwater length; in alternative, assuming the reference Froude number
F0 ' ε, as typically encountered in natural low-lying rivers, the parameter Λ0 can be rewritten as follows:

Λ0 =
ω∗L∗B0

F0
√

g∗D∗0
'

L∗B0

T ∗ε
√

g∗D∗0
, F0 =

U∗0√
g∗D∗0

� 1, (3)

where g∗ is the gravity acceleration, and T ∗ = 2π/ω∗ the tidal period. Essentially, Λ0 is the ratio between the time required for a
tidal wave to travel for a reach as long as the backwater length, and the tidal period.

The (linear) stability analysis performed by RTB shows that tide acts as a negative feedback, since it promotes the stability of the
bifurcation. For a given value of ε, the magnitude of this stabilizing effect increases as the branches are shortened and/or Λ0 is
amplified (Fig. 2a-b). Interestingly, if the tidal influence is sufficiently strong there is the possibility for a balanced configuration
in which discharge is equally divided even in the limiting case where the gravitational effect at the bifurcation is negligible
(i.e. R → 0) (Fig. 2c). In other words, the theoretical model suggests that for a given value of the parameters Λ0 and L, there
exists a “tidal threshold" that allows for a stable (balanced) bifurcation even in rivers where the sediment transport is purely
suspended-dominated. In such conditions, the stability of the bifurcation is purely downstream-controlled by tidal action.

However, why this happens physically? When R is small (i.e. the main channel is particularly wide and shallow), a greater fraction
of water and sediment fluxes is steered towards one of the two branches. In this case, the tidal action tends to re-equilibrate the
bifurcation by increasing the (bed) slope of the penalized branch, and thus generating a negative gradient, leading to an increased
stability of the system.

2.3 Observed values of the relevant parameters in field and experimental deltas

A spontaneous question is what values do the relevant dimensionless parameters controlling the stability of tide-influenced
bifurcations typically attain in real deltas. Estimated values of (R,Λ0, L) for several natural and experimental deltas are reported in
Fig. 3, as a function of the scaled tidal amplitude ε . Specifically, the analysis is based on two sets of laboratory experiments,
performed by Lentsch et al. [47], and sixteen natural rivers forming deltaic distributary networks, which are characterized by
different climatic settings (e.g., the Arctic Yukon, the Mediterranean Nile), morphology (e.g., lobe size and shape, number of
distributary channels), and marine processes (i.e. waves and tides). We note that deltas are selected with the only purpose of
understanding the typical range of magnitude of the different parameters. In this respect, we do not rely on the classic triad of river-,
wave-, or tide-dominance [48, 20, 49]. Nevertheless, we avoid to consider deltas where the value of the scaled tidal amplitude (ε)
is of the order of O(1) or higher, as they exceed the limit of validity of the RTB model.

Values of the parameter Λ0 spans within the range 100 − 102, whereas R ranges between 10−1 and 10−3. As the majority of
deltas analyzed in Fig. 3 are constituted by gentle-slope fine-grained rivers characterized by high-mobility conditions (i.e. high
values of the Shields number), the low values of R are not surprising (see Eq. 1). According to the sole bifurcation model, this
would imply that almost all the bifurcations in the analyzed deltas should be invariably unstable, and thus strongly unbalanced.
Consequently, the uneven distribution of flow and sediment transport should reflect in a strong asymmetry of the channel width in
the distributaries of the networks. Nonetheless, this is not the case, for example, in the Mahakam Delta, where a number of field
and numerical studies indicate how bifurcations in the network are characterized by a more uniform discharge distribution than the
one that would occur in a purely riverine environment [55, 56]. Finally, as a reference length scale of the maximum distance where
the apex node is placed, we investigate the order of magnitude of the so-called “avulsion length" (LA := L∗A/L

∗
B0). The avulsion

length, defined as the distance from the coastline of the apex node [20, 57], varies between 10−1 and 100 (Fig. 3c), suggesting that
even micro-tidal conditions are sufficient to actively affect the apex node (see Fig. 2a-b).

3 A simple model for the equilibrium of tide-influenced delta networks

In Section 2.2, we have seen that in the case of a single bifurcation tides exert a stabilizing effect that prevents the closure of one of
the two branches in the long-term. However, deltaic networks are formed by several interconnected bifurcations that can interact
with each other [58, 59, 60, 61, 16].

Let us consider an ideal delta network, which is assumed to be composed by k orders of bifurcations. As a consequence, the
number of nodes (N) of the system is equal to:

N =

k∑
j=1

2 j−1 . (4)

Following RTB, each branch of the network is a straight estuary, where the banks are fixed (i.e. the planform geometry does not
change in time), and the bottom is composed by a uniform sand with a reference grain size d∗. Seaward, debouching channels are
subject to monochromatic tidal oscillations with a constant amplitude in the assumption ε � 1. Landward, the main upstream
channel is fed by a constant discharge Q∗0 , with the flow carrying a constant sediment flux in equilibrium with fluid flux Qs∗0.
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Figure 3: Relevant dimensionless parameters controlling the stability of tide-influenced bifurcations for a series of natural and
experimental deltas. Panel (a) Λ0, (b) R, and (c) LA are shown as a function of the scaled tidal amplitude ε. The whisker in panel
(b) represent the value of R for rα = 0.5 and rα = 5. Sources: [50, 51, 42, 47, 52, 53, 54].

The geometry of the network (i.e. lengths `∗ and widths W∗) is assumed to be symmetric with respect to each node. Channel
widths are assigned following hydraulic geometry laws empirically derived from delta networks. Specifically, we rely on the
relationships derived by Andrén [62], which have been employed and tested against field and modeling studies [63, 64]:

W∗ ∝ Q∗0.39 → W∗ '

(
3
4

)k

W∗0 , (5)

where W∗0 is the width of the upstream feeder channel.

Analogously, each subsequent bifurcation is placed at a distance that follows a power-law distribution [63, 65, 64]:

`∗ ∝ Q∗1.3 → `∗ '

(
2
5

)k−1

L∗, (6)

where L∗ is the length of the first-order branches (i.e. k = 1). We note that the choice of different geometric laws for widths and
lengths does not change the qualitative behavior of the model.

For modeling the response of the bifurcation we employ the previously introduced two-cell BRT model. The nodal relationship
proposed by BRT for the transversal exchange of water (Q∗y) and sediment (Qs∗y) for a generic node of order k, taking into account
(5), reads as follows:

Qs∗yz−1

Qs∗z−1
=

Q∗yz−1

Q∗z−1
− R

(
4
3

)k η∗2z−1 − η
∗
2z

2 D∗0
, z = 2k−1, . . . , 2k − 1 , (7)

with η∗ the bed elevations of the two cells, αW∗0 long, which are able to exchange water and sediment upstream the bifurcation (for
a detail of the two cells, see Fig. 4). Following RTB, the bed elevations in the two bifurcates are affected by the tidal motion,
which induces a correction with respect to the normal flow of the order of O(ε2). This correction turns out to be a function of the
relative tidal amplitude at the downstream nodes (or the sea mouth in the case of the terminal branches), channels length, channels
slope, and on the flow depth values in normal flow conditions. Taking advantage of the fact that ε is a small parameter, it can be
proved that the water surface elevation and flow depth at each node have the following expressions [45] (see for details of the
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Figure 4: Plan view of the idealized micro-tidal network consisting of a total of seven branches coupled through three bifurcations.
The geometry of the network is symmetric at each node, with channel lengths and widths assigned following the empirically-derived
relations (5) and (6).

derivation [66, 22]):

H∗ = L
S
S 0

D∗0 + ε2D−1
u Θ(Λ)

{
exp

[
−2<(µ)L

S
S 0

D−1
u

]
− 1

}
D∗0, (8a)

D∗ = DuD∗0 + ε2D−1
u Ψ(Λ) exp

[
−2<(µ)L

S
S 0

D−1
u

]
D∗0, (8b)

with Λ = Λ0D1/3
u (S/S 0)−3/2, where the suffix u denotes the value of a quantity in normal flow conditions, and the expression for

the coefficients Ψ, Θ, and µ are given in the Appendix.

In order to determine flow and bed topography in each channels, five internal (i.e. matching) conditions at the bifurcations node
are required: the conservation of water and sediment mass, the equality of the water surface elevation for each cell, and the BRT
relationship (7). At the end, for each node the following algebraic nonlinear system of equations is obtained:

Qz−1 = Q2z−1 + Q2z, (9a)
Qsz−1 = Qs2z−1 + Qs2z, (9b)
H2z−1|Nz−1 = H2z|Nz−1 , (9c)

Qsyz−1

Qsz−1
=

Qyz−1

Qz−1
− R

(
4
3

)k 1√
4 S z−1/S 0 Duz−1

(D2z − D2z−1) , (9d)

where the variables are made non-dimensional in the form:
D∗ = D∗0D, L∗ = L∗B0L, Q∗ = Q∗0Q, Qs∗ = Qs∗0Q . (10)

It is worth noting that tidal amplitude in the internal nodes depends on the amount of water and sediment delivered by the channels,
and it can be computed through the following expression (see in the Appendix for the details about the derivation):

ε|Nz−1 = ε|N2z−1 exp

−µ2z−1

(
2
5

)k−1

L D−1
u 2z−1

S 2z−1

S 0

 , k ≥ 2, (11)

where ε|Nz−1 coincides with ε for the terminal branches. As expected, ε|Nz−1 tends to vanish over distances that are longer compared
to the backwater length of the single branches.

Finally, we underline that the present analysis focuses on the long-term asymptotic equilibrium (i.e. steady) state of the system.
Suppose each branch of the network in equilibrium (sec. [45]); this is equivalent to assume a much slower timescale of the
bifurcates with respect to the timescale of the bifurcation, which in turn is slower than the tidal period. This hierarchy of timescales
allows for studying the response of the network as a sequence of quasi-equilibrium states, where the effect of tidal fluctuations
exhibits just by changing the (dimensionless) tidal amplitude ε.
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Figure 5: Equilibrium solution for the upstream node (N0, see Fig. 4) as a function of the bifurcation parameter R, for increasing
values of the tidal amplitude ε: (a) discharge asymmetry ∆Q12; (b) slope asymmetry ∆S 12. The critical threshold at which the
unbalanced solution (∆Q , 0) appears decreases for higher values of ε, revealing the destabilizing effect of the tidal action on the
apex bifurcation (∆S < 0). We note that just half-plot of the diagram is shown, as the solution is symmetric with respect to the
R-axis. The parameter R∞C denotes the critical threshold in the absence of tide. Parameters are: Λ0 = 10, and L = 0.3.

4 Contrasting response of a delta network to tidal action
In analogy with the work of [16] and from observations showing that tide-influenced deltas are often composed by few number of
distributaries [21, 51], we consider a simple network made up by two orders of bifurcations (i.e. k = 2 → N = 3, see Eq. (4)).
Thus, at the end the problem requires the solution of a nonlinear system of twelve algebraic equations, which can be cast in terms
of the channel slopes and (dimensionless) normal flow depths of each channel, once suitable closure formulas for the sediment
transport and friction are employed.

Sediment fluxes are computed by means of the Engelund & Hansen [67] formula:

Qs = 0.05 C−1
f τ

5/2
∗ = Qs0 D17/6

u

(
S
S 0

)5/2

, τ∗ =
U∗2C f

∆g∗d∗
= τ∗0DuS/S 0, (12)

where ∆ is the relative submerged sediment density, and C f is the friction coefficient, expressed through the Manning-Strickler
formula:

C f =

 D∗1/6u

n∗
√

g∗

−2

, (13)

with n∗ the Manning coefficient. Thanks to (13), the dimensionless water discharge is proportional to Q ∝ D5/3
u
√

S/S 0.

The model requires as input just few parameters, namely (Λ0,R) for the reference flow in the upstream channel, the scaled tidal
amplitude at sea (ε), and the dimensionless length (L) of the first-order branches (i.e. 1, 2). To analyze the results, we rely on the
following two asymmetry indexes [8], ∆S and ∆Q, which can be taken as representative metrics of each bifurcation node response:

∆Q =
Q2z−1 − Q2z

Qz−1
, ∆S =

S 2z−1 − S 2z

S 0
, z = 1, 2, 3 . (14)

From hereinafter, as the solution in the form of a pitchfork bifurcation shows a reflection symmetry with respect to the x-axis, we
report just half-plot, namely the case when the branch 2 is dominant (i.e. Q1 < Q2). We emphasize that in the present problem
there are no forcing effects potentially leading to a break-out of the symmetry. In other words, any externally-imposed slope
advantage that may alter downstream rating curves is not considered.

In Fig. 5, the equilibrium solution relatively to the upstream node (i.e. N0) is shown as a function of the bifurcation parameter R
and for increasing values of the tidal amplitude ε. When ε is gradually increased, the critical value of the bifurcation parameter
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Figure 6: Slope asymmetry index in the upstream node (∆S 12) relatively to parameters (a) Λ0 (L = 0.1) and (b) dimensionless
length of the branches L (Λ0 = 10), for different values of the tidal amplitude ε. The threshold length LT distinguishes the region
of the plot where tide exerts a positive (L > LT ) or a negative (L < LT ) feedback. Both panels are obtained for a fixed R = 0.1.

(RC) at which the balanced solution (i.e. ∆Q = 0) becomes unstable gets larger (Fig. 5a). This behavior is associated with a
positive feedback exerted by the tidal action on the apex bifurcation, which decreases the stability of the system (Fig. 5b). In other
words, the model would suggest that when the bifurcation parameter R is lower that the critical value RC , a greater fraction of
water and sediment fluxes is steered towards one of the two downstream branches as tidal amplitude increases, promoting the
development of an unbalanced configuration. In this case, water level variations at the internal nodes increase the slope of the
dominant branch, thereby contributing to destabilize even further the system.

This notwithstanding, as introduced in Section 2.2 it is reasonable to suppose that R takes on a minor role in fine-grained sand-bed
rivers, where most of sediment is carried in suspension and therefore is weakly deflected by the gravitational pull at the bifurcation
[68, 8]. In the limiting case R → 0, the sediment flux divides proportionally to the water discharge (see Eq. 7), and the stability
of the bifurcation is fundamentally dominated by tide-induced effects. Specifically, for ε , 0 the parameters Λ0 and L control
how tidal action affects flow and sediment distribution through variations of the energy slope tracked by the asymmetry index ∆S
(Fig. 6). Differently from the discharge partition ∆Q, ∆S is highly sensible to a small variation of Λ0 and L. As long as the tidal
impact at apex node increases (i.e. higher values of Λ0 and/or shorter branches) the degree of slope asymmetry augments up to a
maximum (in absolute terms) due to a gradient advantage for the branch receiving more water and sediment: if Q1 < Q2, then
ε1 < ε2 (see Eq. 11); consequently, channel 2 is steeper than channel 1 (S 2 > S 1) revealing that tidal action has a destabilizing
effect. However, the scenario radically changes when the channels are shorter than a threshold length, LT . When L < LT the sign
of ∆S 12 becomes positive. In these conditions ε1 > ε2, and thus the stability of the system is increased due to a steepening of the
penalized branch, which in turn reduces the flux asymmetries between the bifurcates.

Let us now analyze what happens in the terminal branches (i.e. 3 to 6). In this case, the effect of tides is always stabilizing as found
in the single bifurcation case by RTB (Fig. 7). The value of the threshold at which the bifurcations evolve toward an unbalanced
equilibrium state increases, suggesting the tendency of the system to attain a more stable and balanced configuration for higher
tidal amplitudes and values of Λ0 with respect to the sole bifurcation. Differently from the apex node, the channel slope is higher
in the penalized branch. In accordance with previous studies [42, 56, 44, 22], an increasing tidal influence results in a more even
discharge partitioning in the terminal branches (i.e. reduced values of the discharge asymmetry ∆Q). Also in this case, the slope
asymmetry shows a maximum. In other words, there is a value of Λ0, and thus of the ratio between the backwater length and flow
magnitude (see Eq. 2), for which the stabilizing effect to tidal action is maximized.

Finally, we have noted that an additional order of bifurcations does not change the qualitative response of the system and the key
drivers governing its stability.
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Figure 7: Equilibrium diagram for the downstream nodes (a,c) N1 and (b,d) N2 as a function of the parameter (Λ0) and for
increasing values of ε. Differently from the apex node, downstream bifurcations are always stabilized by tidal action: for stronger
tides, the region of parameters that guarantees a symmetric discharge partitioning, enlarges. Parameters are: R = 0.1 and L = 1.

5 Discussion

The present results show that a contrasting response of bifurcations to tidal action arise even in a simple steady model of a delta
network. As displayed in Fig. 8, the model suggests that there is a threshold of the reference parameters (i.e. R,Λ0, ε, L) that
separates two drastically different behaviors of the apex node. Specifically, let us consider this condition in terms of the channel
lengths, with a fixed value of the other parameters and requiring that ε , 0. In first instance, if L is lower than a critical value
LC water and sediment are equally distributed among the channels (Fig. 8a). The symmetric configuration becomes unstable
for L > LC so that one of the two upstream branches is favored. The development of an unbalanced configuration is physically
sustained through variations of the channel slopes, which in turn modify flow rating curves and sediment transport capacity of
the two bifurcates. The slope asymmetry crucially depends from the length of the branches: if L is longer than a threshold LT ,
tide promotes the allocation of a larger fraction of the incoming discharge towards the dominant channel since it is subject to a
greater tidal amplitude, thus becoming steeper than the other channel (Fig. 8b). On the other hand, a stabilizing effect is observed
for L < LT (Fig. 8c, lower-right panel). In this case the feedback reverses in sign: the bed slope of the branches carrying lower
discharge can increase up to nearly two times the slope of the upstream reach, due to a negative feedback that tends to establish an
even flow and sediment distribution. Conversely, the terminal branches are always stabilized by tidal action despite that they are
clearly affected by flux diversion in the upstream node.

The pluralistic behavior described above also distinguishes, at least qualitatively, field [21, 51, 56], experimental [47] and numerical
[70, 69] studies showing that tide-influenced deltas are often characterized by an initially-formed main (or few) active stem from
which smaller distributary channels branch out, where tide acts to distribute uniformly flow and sediment across the network. The
scouring action performed by tidal currents prevents bed aggradation, the main responsible for the formation/reoccupation of
new/old channels through avulsion events in river-dominated deltas without tidal forcing, which are often dissected by a widespread
number of branches radiating from the apex bifurcation [71].

In order to better address the significance of the picture portrayed so far, let us focus on some examples. In a series of recent
laboratory experiments, Lentsch et al. [47] analyzed the effects of tides and sea-level rise on deltaic morphology. In pure riverine
conditions (i.e. ε = 0), a widespread number of channels are observed to dissect the subaerial surface of the delta, where frequent
avulsion events are triggered by channels aggradation; the shifting of the maximum sediment flux among branches leads over time
to a nearly symmetric planform shape of the delta. Differently, as tide is progressively increased, the number and lateral mobility
of channels drop; in this case, a main thread distributes flow and sediment among few smaller branches originating towards the
coastline, as schematized in the upper-right plot of Fig. 8c. Despite a straightforward comparison with the present model is not
feasible, some instructive indications can be deduced: first, R < RC (computed from the RTB model), and thus in the absence of
tides, any bifurcation should evolve asymmetrically; second, in spite of moderate tidal amplitudes (0.4 ≤ ε ≤ 1), values of Λ0 ' 2 ,
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Figure 8: Equilibrium diagram for (a) flow discharge and (b) channel slope for each branch of the network, as a function of the
average length L. Parameters are: ε = 0.2, Λ0 = 10, and R = 0.1. (c) Conceptual model of the possible evolution towards the
equilibrium of a tide-influenced delta: when L > LC > LT , tide promotes the development of an unbalanced configuration, possibly
leading to the closure of one of the two branches. Under these condition the shoreline is expected to display a wrinkled pattern,
as tide reduces the lateral mobility of the channels preventing avulsion events able to distribute sediment over the whole delta
topset [69, 47]. Differently, if L > LC < LT tide has a global stabilizing effect, which tends to reduce the inequalities in discharge
partitioning among the branches. Consequently, the planform morphology of the delta is expected to develop a more symmetric
shape.

LA ' 1 (see Fig. 3) suggest that tidal influence is rather modest; in this condition, L > LT and the development of an unbalanced
configuration at the apex node is possibly sustained by tidal action.

Turning to a natural field example, the Mahakam Delta is often referred as a typical tide-influenced delta. Tide distinctly shows
its fingerprint on the delta morphology, with funnel-shaped estuarine channels in the seaward reaches, often disconnected from
the main distributaries [55]. In this case, compared to a value of the bifurcation parameter R extremely small (i.e. R ' 0.03),
the model reveals that tide is sufficiently strong to actively affect the upstream node (ε ' 0.2, Λ0 ' 85, LA ' 0.1), reducing the
inequalities in discharge partitioning, as also indicated by previous numerical simulations [42]. Computed values of the critical
parameters from the RTB model give an avulsion length LA that is nearly equal to the critical threshold LC discriminating between
a stable/unstable balanced configuration (i.e. L < LT ).

A final case is the Wax Lake Delta, which represents a benchmark for the study of human-based solutions aimed at counteracting
the sinking of many deltaic coastlines due to climate change, subsidence, and sediment starvation [72, 73, 74, 75]. The Wax Lake
is an actively net-depositional delta subject to weak tides (ε ∼ 10−2), with a progradation phase sustained by sediment deposition
at the channels mouth [63]. It was observed [64] that just a small fraction of the total distributaries carry the higher fraction of the
total sediment load. In this context, recent studies highlight the overlooked role of tidal flow-field modulation, which manifests
primarily on the sediment exchange with interior islands and with erosion of the subaqueous delta front [76, 59], but it has also
been suggested to balance discharge distribution [77]. The highly sensitivity of the Wax Lake to water level variations is expected
by the extremely low value of LA ' 0.03, but despite of that, the model would indicate that a significant tidal impact on the
equilibrium configuration of the deltaic bifurcations is not appreciable.

It is important to stress that the potential effect of short-term temporal changes as daily fluctuations in the water levels, different
tidal propagation in the branches [77, 78], or due to wind-driven currents [11], are not accounted for by the model, which focuses
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on the long-term morphodynamic equilibrium state. From a modeling perspective, relaxing the steady assumption leads to some
interesting developments, which are inspired from field and numerical evidences of the deltas discussed so far. During a sequence
of spring-neap cycles, the discharge division in a couple of bifurcations in the Mahakam Delta was observed to oscillate around
an asymmetric state [42, 79]. Differently, in the Wax Lake Delta during this natural variation of the tidal cycle that occurs
approximately every two weeeks, the discharge partitioning over two branches oscillates around a nearly symmetric state (see
Fig. 4 of [77]). Relaxing the steady assumption would allow to analyze the response of the system to time-varying (periodic)
forcing, in a similar fashion to the work of Bertoldi et al. [27]. Bertoldi and co-workers studied experimentally and theoretically
the effect of periodic downstream-migrating alternate bars interacting with a single fluvial bifurcation, which leads to an enriched
and variegate dynamics. In a complementary way, throughout the paper we have recalled how flow oscillations are generated even
without time-dependent external forcing, but rather due to differential deposition in the branches [14, 17]. A natural extension of
the present model should include sediment deposition, incorporating into the single bifurcation model of Salter et al. [14], the
tide-averaged effect following the framework of RTB.

Finally, along the paper we have avoided to discuss what happens in tide-dominated conditions (i.e. ε � O(1)), representative of
deltas like the Ganges-Brahmaputra-Meghna Delta, the Indus Delta, the Niger Delta [80, 81, 82], or in the coastal fringe of the
Mahakam Delta [56]. Such networks diverge from the tree-like structure sketched in Fig. 4. The tidal plain is often characterized
by tidal channels growing landward from the shoreline that frequently merge into secondary distributaries carrying freshwater and
sediment, in turn generating looping patterns [83]. In these cases, the framework discussed herein must be abandoned in favor of a
scheme explicitly including the interplay between riverine and bi-directional tidal flow. We note that a bifurcation model in purely
tide-dominated conditions (i.e. in the absence of a fluvial supply of freshwater and sediment) is still lacking.

6 Conclusions

In this work, we have explored the long-term equilibrium configuration of a tide-influenced delta through a one-dimensional
theoretical modeling. In order to understand the basic mechanisms underlying the response of the system, we have limited
our analysis to a simple network composed by two orders of bifurcations. However, the model is general and the geometric
configuration (i.e. widths, lengths, number of nodes) can be freely chosen, with the only restriction on the magnitude of tidal
forcing, which has to satisfy the condition ε � 1.

The following key outcomes are drawn:

• Differently from the single bifurcation case, tides can be either a stabilizing or a destabilizing factor for the asymptotic
equilibrium state reached by the system. The model reveals that this contrasting response crucially depends from the
relative tidal amplitude in the internal nodes, which is a function of the flow and sediment delivered from the apex
bifurcation, and the ratio between the length of the channels and the backwater length.

• In the upstream node, there is a range of values of the reference parameters such that an initially stable symmetric
bifurcation tends to become increasingly biased as the amplitude of tidal oscillations is increased. This behavior is
associated to an increased tidal strength in the branch receiving more discharge, which tends to steepen with respect to
the other branch. Nonetheless, if the tidal influence is sufficiently strong (e.g., the apex is progressively moved closer
to the sea) the response of the system is reversed, and tide hinders the abandonment of one of the two anabranches by
increasing the slope of the penalized branch, i.e. providing a stabilizing effect.

• Tides always exert a negative feedback in the terminal branches, reducing the inequalities in discharge partitioning that
would occur in a pure riverine case.

• In accordance with previous works [10, 16], the model shows that tide-influenced delta networks behave as complex
systems [12], where the overall response cannot be inferred without taking into account the coupling between upstream
and downstream bifurcations.

Analytical expression of the coefficients µ, Ψ, and Θ

In this section we provide the complete expressions for the coefficients appearing in Eqs. (8a-b). These coefficients are a function
of the basic flow through the parameter Λ0, and of the specific channel characteristics through the dependence on Du and S :

µ =
5
3

1 +

√
1 +

18
25

iΛ

 , (15a)
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where i is the imaginary unit, and the functional dependence of Λ = f (Λ0,Du, S/S 0) is given in the main text. We note that (15a-c)
contribute to the magnitude of the tidal second-order correction (i.e. ∝ ε2) that deviate flow variables (i.e. D, η,U) from the
uniform conditions.

Tidal amplitude in the internal nodes

The starting point for the derivation of Eq. (11) is the one-dimensional differential problem for the evolution of a single river-
dominated estuary. Namely, the governing equations for each branch of the network are the continuity and momentum conservation
for the fluid phase, coupled with the sediment mass balance:

Λ
∂Du

∂t
+
∂q
∂x̃

= 0, (16a)

ΛF2
0
∂

∂t

(
q

Du

)
+

F2
0

2
∂

∂x̃

(
q2

D2
u

)
+
∂H
∂x̃

+
q|q|

D10/3
u

= 0, (16b)

ΛT
∂

∂t
(H − Du) +

1
(1 − p)

∂qs
∂x̃

= 0, (16c)

where p is the sediment porosity, x̃ = x D−1
u S/S 0 is a longitudinal coordinate with the origin at the sea (or from an internal node)

and pointing landward, and T = q∗0/
√

∆g∗d∗3 is the ratio between the hydrodynamic timescale and “morphodynamic" timescale.

In the assumptions of micro-tidal conditions (i.e. ε � 1) and F2
0 ∼ F ε, with F an order O(1) quantity, Seminara et al. [45] tackled

system (16a-c) to find an analytical solution for the tidally-averaged morphodynamic equilibrium by means of a perturbation
approach. Specifically, each variable of the problem is expanded in powers of ε as follows:

(q,Du,H) = (q0,Du0,H0) + ε(q1,Du1,H1) + ε2(q2,Du2,H2) + O(ε3) , (17)

where we note that now the suffixes denote the subsequent perturbation orders.

Substituting from (17) into the governing system (16a-c), equating likewise powers of ε, a cascade of differential problems is
then found. Here, with the aim of finding the superelevation of the free surface with respect of the reference level (i.e. a flat free
surface with H0 ∝ L S/S 0) moving landward along a channel from the shoreline, we are just interested in the order O(ε) part of the
solution, which describes the propagation of a small amplitude wave. For the interested readers, we refer to [45] for the details of
the analysis. The solution is expressed as:

(q1,Du1,H1) = (0,Du10(x̃),H10(x̃)) + (q11,Du11,H11)(eit + c.c.), (18)

where t = t∗ω∗, and c.c. stands for the complex conjugate of a complex number. Note that the tidally-averaged discharge per unit
width q does not differ from the leading-order value q0, thus q10 (i.e. the steady component) is zero.

Solving for the time-dependent part of the solution leads to the following differential problem in q11:

d2q11

dx̃2 +
10
3

dq11

dx̃
− 2iΛq11 = 0, (19a)

q11 = 0, (x̃→ ∞), (19b)
dq11

dx̃
= −

iΛ
2
, (x̃ = 0), (19c)

where the multiplicative factor 1/2 in the second boundary condition derives from the assumption of monochromatic tidal wave
(i.e. ∝ sin(t)). The solution of (19a-c) gives the following expression for q11:

q11 =
iΛ
2µ

e−µx̃ . (20)

In the assumption H11 = D11 (during a single tidal cycle bed variations are negligible), from the sediment mass conservation, and
substituting (20), it is obtained:

H11 =
1
2

e−µx̃ , (21)

and Eq. (11) is readily found.
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