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ABSTRACT

Various field studies have shown the fundamental influence of the bedrock surface
geometry on subsurface stormflow (SSSF). Various field studies have also shown
that the SSSF process consist of at least two major components: the matrix flow
component and the macropore flow component that are in dynamic interaction
toward forming the SSSF. This study focuses on the matrix flow component of
SSSF. Furthermore, field studies have shown that the bedrock surface that
underlies the SSSF has essentially a two-dimensional (2D) geometry, where not
only the longitudinal profile along the hillslope but also the transverse profile
perpendicular to the main hillslope direction influence the subsurface stormflow
over the bedrock. The macropore flow itself being a multidimensional flow
process, the general setting for the dynamic interaction of the matrix flow and
macropore flow components of SSSF is the treatment of both of these processes
as multidimensional flow processes. Within this framework, this study attempts
to extend the existing 2D Boussinesq model for the matrix flow over an inclined
flat 2D surface in the longitudinal hillslope direction by developing the governing

equations of matrix flow at hillslope scale over various 2D bedrock surface
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geometries that are reported in the field studies of SSSF. Then a numerical
experiment is performed by applying the developed governing equations to two
different bedrock surface geometries. The results of the numerical simulations of
the matrix flow component of SSSF show the impact of the 2D bedrock surface
geometry on the characteristics of the matrix flow in both longitudinal and

transvers directions over a hillslope.

Keywords: Matrix flow; Subsurface stormflow; bedrock surface geometry;

hillslope; governing equations.

1. INTRODUCTION

Due to various field studies of subsurface flow at hillslopes of a watershed during
1960s and 1970s (e.g., Whipkey, 1965; Hewlett and Hibbert, 1967; Ragan, 1968;
Weyman, 1973; Dunne and Black, 1970, 1971), culminating in the seminal work
of Dunne (1978), subsurface stormflow (SSSF) was established as a fundamental
component of watershed runoff. In the ensuing four decades many valuable field
studies were performed around the world to develop a better understanding of the
flow mechanisms that constitute SSSF and to understand various physical factors
that determine the characteristics of SSSF (e.g. Mosley, 1979; Jones, 1981, 2010;
McDonnell et al. 1990, 1996; Tsuboyama et al. 1994; Sidle et al. 1995, 2000,
2001; Woods and Rowe, 1996; Tani, 1997; Noguchi et al. 1997, 1999; Freer et al.
2002; Uchida et al. 2002; Weiler and McDonnell, 2006; Kosugi et al. 2006; Uchida
and Asano, 2010; Mueller et al. 2014; McKnight et al. 2015; Martini et al. 2015;
Guo et al. 2019). From a study of this literature and of the reviews of field and
modeling studies of SSSF (e.g. Weiler et al. 2005; Beven and Germann, 2013;
Chifflard et al. 2010), one can draw some inferences on the basic characteristics
of SSSF at the hillslopes of a watershed: a) SSSF takes place mainly over an
impeding (infiltrating) bedrock surface in the forms of both matrix flow as well
as channelized macropore flow (Sidle et al. 1995, 2000, 2001; Noguchi et al.
1999); b) however, besides the above two main flow processes, fracture flows
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within the bedrock may contribute significantly to the total SSSF by interacting
both with macropore and matrix flows over the surface of the bedrock (Noguchi
et al. 1999; Weiler et al. 2005; Guo et al. 2019); c) the bedrock surface geometry
plays a fundamental role in determining the location, peak flow and flow volumes
of SSSF (Freer et al. 2002); d) drainable porosity varies with soil depth (Weiler
et al. 2005). Based on these inferences it is necessary to develop viable models
of matrix flow, macropore flow and bedrock fracture flow processes at hillslope
and watershed scales while accounting for their dynamic interactions at the
hillslope scale. In developing viable models for matrix flow and macropore flow
processes, it is also necessary to account for the effect the bedrock surface

geometry exerts on these processes.

Valuable attempts were made to model both matrix flows and macropore flows as
individual flow processes as well as their dynamic interactions. Since the focus
of this study is modeling matrix flows, in the following only the literature on
modeling matrix flows and their interactions with macropore flows is reviewed.
For modeling matrix flow the multidimensional 2D (two dimensional) or 3D
unsaturated-saturated Darcy-Richards equations (e.g. Freeze 1972a,b; Sloan and
Moore, 1984; Loague et al. 2006; Keim et al. 2006; Tromp-van Meerveld, 2004;
Nieber and Sidle 2010), 1D hydraulic-head-based Boussinesq equations
(Boussinesq, 1877; Henderson and Wooding, 1964; Childs, 1971; Brutsaert, 2005),
2D hydraulic-head-based Boussinesq equations (Kavvas et al. 2004; Chen et al.
2004a; Brutsaert, 2005), 1D storage-type Boussinesq equations (Troch et al. 2003;
Hilberts et al. 2004; Troch et al. 2013), 1D storage type Kinematic wave
approximations to Boussinesq equations (Sloan and Moore, 1984; Fan and Bras,
1998; Troch et al. 2002), and hydraulic head-based kinematic wave approximation
(Beven 1981) were used. Models of the dynamic interaction of matrix flows with
macropore flows are reviewed in Simunek et al. (2003), Gerke (2006), Kohne et
al. (2009) and Beven and Germann (2013). For modeling the dynamic interaction
of matrix flows with macropore flows mainly the multidimensional Darcy-

Richards equations for the presentation of the matrix flow component were
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employed. One type of such models are dual-porosity models where the matrix
water is generally considered immobile and the matrix can only store water or
exchange water with the soil macropores/preferential pathways (Phillip, 1968;
van Genuchten and Wierenga, 1976; Beven and Germann, 1981; Jarvis et al.1995).
The second type of models are dual permeability models where Richards equation
is applied to matrix and macropore regions separately with different hydraulic
conductivities (Gerke and van Genuchten, 1993, 1996). The dynamic interaction
between the two flow domains at any spatial location is established either based
on the water contents of the two neighboring regions or on the hydraulic head
difference between the two regions at the specific location (Simunek et al. 2003).
As such, in order to quantify the flows between the matrix and the macropore
regions at the scale of any spatial location in the subsurface it is necessary to
determine either the water contents or the hydraulic heads at the two neighboring
regions at the specified location. Using a three-dimensional dual porosity Darcy-
Richards steady-state equation with the soil matrix and the macropores
represented with different hydraulic conductivities and porosities, Nieber and
Sidle (2010) were able to show vividly how the water table within a representative
soil box in a hillslope evolves under different steady rain infiltration rates. By
creating the macropores within the representative soil box as linear and ellipsoid
tubes, filled with coarse material, and oriented at various directions, Nieber and
Sidle (2010) were able to activate initially inactive macropores as the soil matrix
was saturated from the bottom layer upwards under increasing rainfall infiltration
rates, providing a viable conceptualization on how the matrix flows can interact
dynamically with macropore flows along a hillslope under the gradually wetting
conditions. They mention that their modeling results are consistent with the field
experimental results of Sidle et al. (2000 and 2001).

While the multi-dimensional Darcy-Richards models were shown to simulate the
SSSF over irregular bedrock geometry successfully at the scale of an individual
hillslope (e.g. the successful unsaturated-saturated subsurface flow modeling
study of Tromp-van Meerveld (2004) by means of HYDRUS-2D (Simunek et al.,
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1999) over a heavily instrumented 48 m. long hillslope at Georgia, USA with
well-delineated irregular bedrock topography), they require substantial numerical
computations even over a single hillslope. Since there may be 10s of hillslopes
over even a medium-size watershed (with drainage areas ~ 100 — 1000 sq km) it
may be extremely difficult to model such a watershed’s SSSF mechanism by
means of multidimensional Darcy-Richards models for watershed hydrology
simulations for a time range from a decade to a century (in the case of climate
change impact assessments). Also, while they do have the mechanisms for
interacting with macropore flows, the Darcy-Richards matrix flow models need to
provide the water content/hydraulic head information at every spatial grid node
for determining the interactions with the co-existing macropores along a hillslope
subsurface at every time step of the model simulation. Furthermore, the
multidimensional Darcy-Richards models, in their conventional forms, require
information on the depth to the bedrock at fine grid resolution in order to be able
to incorporate the bedrock surface geometry information into the model
simulations at fine grid resolution over a hillslope. The bedrock surface geometry,
which was shown to be a very important factor for SSSF, can at best be inferred
for its macro trend behavior from the available digital elevation maps and digital
soil survey databases such as SSURGO that provide limited information on the
depth from the soil surface to bedrock at a number of locations over a hillslope.

The matrix flow component of SSSF may also be interpreted as a perched
unconfined aquifer flow over a bedrock surface. The great hydraulic engineer
Boussinesq (1877), assuming that such unconfined perched aquifer flow is
essentially parallel to the underlying bedrock surface with a fixed slope along the
flow domain, and using Dupuit’s (1863) approximation, has developed the one-
dimensional form of what is now known as the Boussinesq equation (Brutsaert,
2005). For the description of this saturated matrix flow, Boussinesq took the
saturated thickness h, that is perpendicular to the underlying layer (bedrock
surface layer), as the state variable, and formulated his equation along the bedrock

surface layer direction x1 (Please see Figure 1). The Boussinesq model was later
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used by Henderson and Wooding (1964) and Childs (1971). However, its

derivation was clarified later by Brutsaert (2005).

Since it was shown by field studies (e.g. Sidle et al. 2001; Freer et al. 2002) that
the bedrock surface geometry plays a fundamental role in determining SSSF
characteristics, it was explicitly incorporated into several one-dimensional
storage-type Boussinesq models. First, a one-dimensional storage-type
Boussinesq model with kinematic wave approximation was introduced by Fan and
Bras (1998) where the bedrock surface geometry longitudinal profile was
described by a second order polynomial while the spatial variation of the hillslope
width was quantified by means of the available topographic information. This
study was followed by another one-dimensional storage-type Boussinesq model
with kinematic wave approximation by Troch et al. (2002) who used a power-type
function for describing the curvature of the longitudinal profile of the bedrock
surface. By formulating the Boussinesq equation by taking moisture storage as
the state variable, both studies were able to reduce the three-dimensional
geometry of a hillslope into one dimension. Both studies showed successful
modeling results of runoff at hillslope scale. Later on, Troch et al. (2003)
developed the formulation for the full storage-type one-dimensional Boussinesq
model under uniform bedrock profile in the longitudinal direction while
accounting for the variability of the hillslope width in the transverse direction.
This 1D storage-type Boussinesq model of Troch et al. (2003) was extended
further by Hilberts et al. (2004) in order to account for the effect of the
longitudinal profile of the bedrock surface along a hillslope. However, in their
formulation Hilberts et al. (2004) left the slope of the bedrock surface profile as
an implicit function of the location along the hillslope. As such, if it were to be
applied to a real hillslope for modeling the matrix flow component of the SSSF,
it would require detailed information on the evolution of the profile slope with
each spatial increment. In summary, the storage-type Boussinesq equations in one
dimension along the bedrock surface profile of a hillslope have shown how the

bedrock surface longitudinal profile can be incorporated into the matrix flow
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equations with successful simulation results when compared to 3D Darcy-
Richards matrix flow model. While the one-dimensional formulations of the
Boussinesq model have shown successful application results when modeling the
matrix flow component, they will have problems in dynamically interacting with
macropore flows along a hillslope since macropore flows occur in generally
tubular channels in three dimensions. These one-dimensional models will also
have problems in interacting with other flow processes, such as rill/gully flows,
when modeling hydrologic flow processes at the scale of a watershed. Also, the
bedrock surface has essentially a two-dimensional geometry, where not only the
longitudinal profile along the hillslope but also the transverse profile
perpendicular to the main hillslope direction influences the subsurface stormflow
over the bedrock. Therefore, it is necessary to consider the two-dimensional form
of the Boussinesq equation in order to accommodate the two-dimensional
geometry of the bedrock surface and to be able to interact with other component
flow processes. Brutsaert (2005) provided a two-dimensional (2D) formulation
for the Boussinesq model for matrix flow over a uniformly sloping flat 2D
impeding layer (bedrock surface) with a fixed downward slope in the main
longitudinal flow direction along a hillslope, but flat (zero slope) along the
transverse direction (please see Figure 1). Taking his coordinates x1 and y
respectively parallel and perpendicular to the uniformly sloped bedrock surface
direction along a hillslope, Brutsaert (2005) formulated the 2D Boussinesq model
for matrix flow for the saturated thickness n perpendicular to the bedrock surface

(please see Figure 1) as
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Figure 1. Matrix flow over a bedrock surface with a fixed downward slope in the

longitudinal (hillslope) direction while having a flat transverse direction profile.

neZ—Z = Cosé?l(saix1 (n;—;) +Sin0KS:—:1 + Ksj—y(nz—?/) + qy (1)
where 6 is the fixed angle of the bedrock surface slope along the hillslope, n, is
the drainable porosity, Ks is constant saturated hydraulic conductivity and gq, is
the recharge rate into the flow domain. Kavvas et al. (2004) also developed a 2D
Boussinesq model for subsurface stormflow over a uniformly downward sloping
impeding (infiltrating) layer along the hillslope direction but flat (zero slope)
along the transverse direction as a component of their Watershed Environmental
Hydrology (WEHY) model. However, since their subsurface stormflow model is
just one component of various flow processes within their watershed model, they
formulated the model with respect to a coordinate system that is common to all
component hydrologic processes of the watershed. As such, they took the common
horizontal x coordinate instead of the x1 coordinate (which is along longitudinal
bedrock surface direction) while using the same y coordinate in Brutsaert’s (2005)
2D Boussinesq model (Equation (1)). Also, their state variable H is related to the
saturated thickness n by

H =n Cos6 (2)

and based on the coordinates x and Xxa,
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6x
6x1

= Cos6 (3)

In the WEHY model the motion equations in the x and y directions were

formulated as (Kavvas et al. 2004);

Qx(x,y,t) = —H(x,y,t)CosOK,(x,y) (M CosO + Sin@) (4)
0y(x,7,6) = —H(x,y, 0K, (x,y) (F522 ) (5)

respectively for the x-direction and y-direction flow discharges per unit width,
using the Dupuit (1863) approximation within Boussinesq framework. The
continuity equation for the SSSF component of the WEHY model was formulated
as (Kavvas et al. 2004);

AH(x,y,t) 0Qx(xyt)  9Qy(xyt)
Me—pr == = —0r —~ — 5 T &y 1) (6)

where g, (x,y,t) is the net vertical inflow/outflow rate into/from the SSSF domain.
The vertical inflow (recharge) from the unsaturated soil zone into the SSSF zone
is calculated in the WEHY model by the variably saturated rectangular profile
approximation model (Chen et al. 1994a,b) that provides a comprehensive
quantification of the vertical soil water flow above the saturated subsurface
stormflow domain under both transient infiltration and evapotranspiration
conditions while fully accounting for the spatial heterogeneity of the saturated
hydraulic conductivity (Chen et al. 1994a,b). When the motion equations (4) and
(5) of the SSSF component of WEHY model are combined with its SSSF continuity
equation (6), the governing equation of 2D SSSF over an impeding layer with
uniform downward slope in the hillslope direction but flat in the transverse

direction is obtained as,

OH(x,y,t) _
€ ot

= (Cosh)? — (K (x,y)H(x,y,t) aH(xyt)) +Sin9C050:—x(Ks(x,y)H(x,y, t)) +
OH
- (K G H Y, FE22) + gy, 1) (7)
After performing the transformations, specified by Equations (2) and (3), it can
be shown that the governing equation (7) of 2D SSSF in WEHY model is
equivalent to the 2D SSSF Equation (1) of Brutsaert (2005). WEHY model was

successfully applied to various size watersheds in Japan (Chen et al. 2004a,b),
Vietnam (Cuong et al. 2018), Malaysia (Amin et al. 2019), Thailand
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(Wuthiwongyothin et al. 2015), Turkey (Gorguner et al. 2019), and California
(Kavvas et al. 2006; Ohara et al. 2014; Trinh et al. 2017). However, since the
WEHY model was developed in the late 1990s, the authors of the WEHY model
were not aware of the field studies that reported the fundamental importance of
bedrock surface geometry and its representative profile shapes in 2D. As such, in
order to account for the impact of 2D bedrock surface geometry on SSSF, and to
be able to dynamically couple the SSSF component with other hydrologic
component processes within a watershed it is necessary to extend the existing 2D
Boussinesq models for the 2D bedrock surfaces that are uniformly downward
sloping in the main hillslope direction but flat in the transverse direction (Kavvas
et al. 2004; Brutsaert, 2005) to various hillslope-scale 2D bedrock surface profiles
that were reported in the above-mentioned field studies. Consequently, the main
objective of this study is to develop the governing equations for 2D Boussinesq-
type models of the matrix flow component of SSSF that will incorporate the
explicit hillslope-scale 2D bedrock surface geometries while also accommodating

the irregular shape of the hillslope in plan-view.

In the following, first the above-mentioned governing equations for 2D
Boussinesq-type matrix flow component of SSSF shall be developed under various
2D bedrock surface geometries. Then, the developed equations will be used to
numerically simulate matrix flows over various common 2D bedrock surface

geometries in order to investigate the potential utility of the developed theory.

2. GOVERNING EQUATIONS OF 2D MATRIX FLOW COMPONENT OF
SUBSURFACE STORMFLOW UNDER VARIOUS 2D BEDROCK
SURFACE GEOMETRIES

While the above-mentioned 2D Boussinesq models are based on uniformly sloping
bedrock surface profiles along a hillslope, the field observations of the bedrock
surface geometry have shown that while the surface is irregular at small

increments both along the hillslope and in the transverse direction to the hillslope,
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hillslope-scale profile trends in the bedrock surface geometry can be identified.
The hillslope-scale bedrock surface profile shapes may be approximately concave
upwards both in the main hillslope direction (eg. Uchida et al. 2002; Kosugi et al.
2006) as well as in the transverse directions (eg. Noguchi et al. 1999; Torres et
al. 1998), they may be approximately sinusoidal shaped in the hillslope direction
(eg. Noguchi et al. 1999; Wienhofer and Zehe, 2014) or in both directions (eg.
Sidle et al. 2000, 2001; Freer et al. 2002), or they may be partially concave and
partially straight profiles along the hillslope direction (eg. Uchida et al. 2004).
In the modeling of the SSSF process at the scale of a medium-size watershed, the
information the modeler has is the digital elevation map of the watershed and
depth to the bedrock at a limited number of locations from soil survey data.
Therefore, from such information the modeler can reasonably infer hillslope-scale
approximate shapes about the longitudinal and transverse profiles of the bedrock
surface geometry. Consequently, in the following the 2D governing equations of
matrix flow will be developed within the Boussinesq-Dupuit framework under
various hillslope-scale bedrock surface profiles in two dimensions.

2.1. Case of Concave Upward Bedrock Surface Profile both in Longitudinal

and Transverse Directions over a Variable-Width Hillslope:

Referring to Figure 2 which shows a bedrock surface with longitudinally and
transverse-direction concave-upward profiles, tilting downward in the
longitudinal hillslope direction, over a variable-width hillslope, the 2D governing
equations of the matrix flow component of SSSF will be developed with the
saturated thickness h(x,y,t) perpendicular to the bedrock surface at any location,
as the state variable. The governing equations will be developed with respect to
the Cartesian coordinate system (X,y,z) with x denoting the distance along the
horizontal direction from the top of the hillslope toward its outlet, y denoting the
horizontal distance along the transverse direction which is perpendicular to the x
direction, and z representing the vertical distance upward from a reference

location, shown in Figure 2. Since the SSSF is only one component among various
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hydrologic flow processes within a watershed it is convenient to take a common

coordinate system for all component hydrologic processes within a watershed.

Ground surface

Bedrock |
surface

2(0,0) ‘ o >
oyt oL
Figure 2. Bedrock surface geometry with longitudinally and transverse direction

concave upward profiles along a variable-width hillslope (of arbitrary plan
geometry).

Within the framework of the Cartesian coordinate system, described above, and
referring to Figure 2, the hillslope-scale bedrock surface geometry z(x,y) with
concave-upward profiles both in the longitudinal and transverse directions may
be expressed as:

z(x,y) = (a — bx 4+ cx?) — yL,(x)y + yy®> where b>0, ¢>0, and y>0 (8)
in order to account for the concavity of the bedrock surface in both longitudinal
and transverse directions while also accounting for the hillslope width (L,)
variability along the hillslope, and ensuring that the bedrock concave-upward
transverse profiles will have the same elevation both at the start and the end of
any particular transverse-direction profile at any location x down the hillslope.
Within the framework of Equation (8) the transverse bedrock profile will evolve

along a hillslope.
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Within the Boussinesq-Dupuit framework and referring to Figure 2, the motion

equation for matrix flow along the x-direction may be expressed as;

Qx(x’y’ t) = _Ks(ﬁ) (aa_;fl)z h(x,y, ) -K ( )h(x v, t)ﬁa (9)

in terms of the x-direction flow dlscharge Qx per unit width. In the motion

6h(xy t)

equation (9), x =(x,y,z),

6_2 _ _ Ly(x)

P b+ 2cx — yy——— S (10)
and

ox 1

(11)

6x1 -
J ( b+2cx—yy y(x))

Substituting expressions (10) and (11) into the motion equation (9) results in
Qx(x'y:t) =

y(x)
—KS(K) 1 e h(x,y,t)ah(xyt)—K ( )h(x y,t) —b+2cx—vyy (12)
( bzex=yy—=5— ) j ( b+2cx—yy y(x))

as the explicit form of the motion equation in x-direction. Similarly, the y-
direction motion equation in terms of the discharge Qy per unit width may be
obtained as

Qy(x,y,6) = —Ky(x)

ah(x v,t) — YLy (x)+2yy

h(x,y,t) —Ks(x)h(x,y, t)J

1+(- VLy(x)+ZW) 1+(= yLy () +2yy)”

(13)
Recognizing from the recent field studies (Weiler et al. 2005) that the drainable
porosity ne varies with soil depth, the continuity equation for the matrix flow

component of SSSF over a bedrock surface may be expressed as,

ah(xyt) an(xlth) aQ (nylt)

Combining the motion equations (12) and (13) with the continuity equation (14)

results in

13
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dh(xyt
ne(h) 522 =
@) ]|
) 1 ah( £) —b+2cx-yy2 y
= Ks(g) — (x) 7 h(x,y,t) =22 +K,( x Yh(x,y,t) [+
(b+2cx Yy ) \j (b+26x vy y(x) J
] 1 ah(x v.t) — YLy (x)+2yy
—|K,( x h(x,y,t +K h(x,y,t +
0y S(‘)1+(-VLy(x)+2w)2 (%.2.£) (x)hcey )J1+(—YLy(x)+2Y3’)Z
qv(x,y,t) (15)

as the governing equation of the 2D matrix flow component of SSSF in the soil
matrix above a bedrock surface as an impeding layer with both longitudinal and
transverse-direction concave-upward profiles at a variable-width hillslope at

hillslope scale.

2.2. Case of Convex Upward Bedrock Surface Profile both in Longitudinal
and Transverse Directions over a Variable-Width Hillslope:

Within the framework of the Cartesian coordinate system, described above, and
referring to Figure 3, the hillslope-scale downward-tilting bedrock

surface geometry z(x,y) with convex-upward profiles both in the longitudinal and
transverse directions may be expressed again by Equation (8) with b>0, ¢<0 and
v<0. This surface geometry formulation again ensures equal bedrock surface
elevation at both ends of a transverse-direction profile at any longitudinal
location of the hillslope. Referring to Figure 3, for this bedrock surface as an
impeding layer with both longitudinal and transverse-direction convex-upward
profiles at a variable-width hillslope at hillslope scale, the governing equation
for 2D matrix flow component of SSSF is again given by Equation (15) with the

parameter values b>0, c<0 and y<O0.
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Figure 3. Bedrock surface geometry with longitudinal and transverse direction
convex upward profiles along a variable-width hillslope (of arbitrary plan
geometry).

2.3. Case of Concave Upward Bedrock Surface Profile in Longitudinal

Direction but Flat Profile in the Transverse Direction:

In this case, as shown in Figure 4, the bedrock surface geometry with a
longitudinally downward tilting concave-upward profile and flat transverse-
direction profile may be expressed again by Equation (8) with parameters b>0,
c>0 and y=0. As such the governing equation for 2D matrix flow component of
SSSF in the soil matrix above a bedrock surface as an impeding layer with a
longitudinally concave-upward profile but with a flat transverse-direction profile
at hillslope scale may be expressed again by Equation (15) with parameters b>0,

c>0 and y=0.
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Figure 4. A bedrock surface geometry that has concave-upward profile in the
longitudinal (hillslope) direction while being flat in the transverse y direction.

2.4. Case of Convex Upward Bedrock Surface Profile in Longitudinal

Direction but Flat Profile in the Transverse Direction:

In this case, referring to Figure 5, the bedrock surface geometry with a
longitudinally downward tilting convex-upward profile and flat transverse-
direction profile may be expressed again by Equation (8) with parameters b>0,

c<0 and y=0.

As such, the governing equation of the 2D matrix flow component of SSSF in the
soil matrix above a bedrock surface as an impeding layer with a longitudinally
convex-upward profile but with a flat transverse-direction profile at hillslope

scale may be expressed again by Equation (15) with parameters b>0, c<0 and y=0.
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Ground surface

Bedrock
surface

Figure 5. A Bedrock surface geometry that has convex-upward profile in the
longitudinal (hillslope) direction while being flat in the transverse y direction.

2.5. Case of Partially Concave Upward and Partially Downward Straight-
Sloping Bedrock Surface Profile in Longitudinal Direction but Being Flat in

the Transverse Direction:

Motivated by the bedrock surface profiles, shown in Uchida et al (2004), and
referring to Figure 6, the geometry of a partially concave upward and partially
downward straight-sloping longitudinal profile of a bedrock surface with a flat
profile in the transverse direction may be expressed as:
z(x,y) = (a — (a + cxo)x + ¢x?) for 0 <x < x, where ¢>0

=(a- aXx) for x,<x < L, where a>0 (16)

which results in

Z—iz —(a + cxg) + 2¢cx for 0<x< x

= —a for xo<x < L, (17)
and
ox 1

for 0<x< xg

ax1 J1+@2ex—(a+cxg))?

— 1ia2 for x,<x < L, (18)
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2(0,0) ’

LiL)

Figure 6. A bedrock surface with a concave-upward profile in the longitudinal
(hillslope) direction in the interval (0, Xo), then straight with a fixed downward
slope in the interval (xo, Lx), while being flat in the transverse y direction.

Accordingly, the x-direction motion equation takes the form

Qx(x' Y t) = _KS( &)

1
1+(2cx—(a+cxg))?

dh(xy,
h(x,y,t) (gxyt) _Jf(s(g)h(x,y,t)\/1

for 0<x< x

2cx—(a + cxgp)
+(cx—(a+cxg))?

(19)
and
Q63,0 = —K(2) =5 h (e y, ) FE20 K (x )h(x,y, ) e FOr Xp <x < Ly
(20)
Since in the transverse y-direction
== (21)

one obtains again equation (13) with y=0 for the y-direction motion equation.
Then substituting x and y-direction motion equations into the continuity equation
(14) yields
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e(h) 6h(xyt)

a 1 ah(x V,t) 2cx—(a + cxp)

—|K,( x h(x,y,t) +K. h(x,y,t) +

ox S(_)1+(2cx—(a+cx0))2 Y ( ) g \/1+(26x—(0(+ch))2

aa_y :Ks(g)h(x,y, 0 ah(;c;/yrt)] + q,(x,y,t) for 0<x<x,;0<y<L,(x) (22)
and

oh ) on

n, (h) 2220 2 [ 0 2E20 LK (2 )h(x,y,t) |+

e LA ELICHA) "”“;“’y'”] + gy t)  forxg<x < L 0<y<L,(x) (23)

for the governing equation of matrix flow over a bedrock surface with a partially
concave upward and partially straight downward sloping longitudinal profile but

with a flat transverse direction profile.

2.6. Case of a Bedrock Surface with a Downward-sloping Sinusoidal
Longitudinal Profile but with a Flat Transverse Direction Profile:

Referring to Figure 7, assuming the bedrock surface in the longitudinal direction
can be expressed by a combination of harmonic functions with a fundamental
period equal to the horizontal length Lx of the hillslope in the x-direction, one can

define the fundamental frequency fo by
1 1

f0=_=N_AX (24)

Ly
where Ax is the sampling interval along x-direction and N=Lyx/Ax is the number of
grids along the x-direction. Hence, any x-distance from the horizontal origin
(corresponding to the top of the hillslope) may be expressed as
x =7rlAx, 0<x<L,; 0<r=x/Ax<N . (25)
Hence, the downward sloping (with a fixed slope) sinusoidal profile of the
bedrock surface in the longitudinal direction, with grid increments Ax, may be

approximated by the following harmonic representation:

z(x)=2a—bx+ A, + Z [A Cos (me) + B;Sin (szx)] (26)

X
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Ground surface

Bedrock surface

Figure 7. A bedrock surface with a downward sloping sinusoidal profile in the
longitudinal direction, but flat in the transverse y direction.

in analogy to the representation of sinusoidal hydrologic time series (Salas et al.
1997) now recast into the ordered (from the top of the hillslope toward its bottom)
spatial dimension in x-direction. In equation (26) |g| is the integer part of N/2.

Since the bedrock surface profile in the transverse direction y is taken to be flat,

the 2D bedrock surface geometry may be approximated by;

N . .

z(x,y) =a—bx+ A, + Z|j2=|1 [AjCos (Zzl) + B;Sin (2:”)] (27)
where the harmonic coefficients 4;, j=0,1,2,..., |§ and B; , j=1,2,..., , |g| may be
estimated by
Ay = %er\’zl[z(rAx, y) — a + brAx] (28)

2 2mjrA . N
A = NZIr\’:l[z(rAx,y) —a + brAx] Cos( 7;;:;) ,i=1.2,..., |3| (29)

2 . 2mjrA . N
B; = Ezlrvzl[z(rAx,y) —a + brAx] SLn( szx) ,j=1,2,..., |;| (30)
where j:1,2,...,|%| are the frequencies that are all integer multiples of the

1 1

fundamental frequency f, = raTvE

It follows from equation (27) that
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9z | | 2nj 2mjx 2mjx =
2 — b 2, 2 [ sin (22) 4 gicos (2] - 12) (31)
Hence,
dx 1
0x;  J1+(EP (32)
Accordingly, the x-direction motion equation takes the form
ah(xyt) {£}
Since in the transverse y-direction
0z
3 = (34)

one obtains again equation (13) with y=0 for the y-direction motion equation.
Then substituting x and y-direction motion equations into the continuity equation
(14) yields

Oh(x,y,t) 0 ah( t)
ne (W) 2520 = 2K, 1) 1z, 0 2

+K( x )h(x, y,t)\/% +

j—y[Ks(z)Mx,y, 6 229+ q,(x,,0) (35)

for the governing equation of matrix flow over a bedrock surface with a

dh(x,y,t)
ay

downward-sloping sinusoidal longitudinal profile but with a flat transverse

profile.
2.7. Case of a General Two-dimensional Bedrock Surface Geometry:

Referring to the complicated, two-dimensional bedrock surface geometry, as
shown in Figure 2 of Freer et al. (2002), one can employ image processing
techniques that were developed for expressing any multidimensional image, to
approximate such a geometry. A very popular method that is used in image
processing and reconstruction is the discrete cosine transform (DCT) which was
introduced by Ahmed et al. (1974) and later extended to multiple dimensions
(Makhoul, 1980; Wikipedia, 2022). DCT has also applications in interpolation,

data compression, pattern recognition, and speech coding (Rao and Yip, 1990).
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Consider a rectangular bedrock with a complicated surface geometry, as in the
bedrock surface of Freer et al. (2002), which has length Lx in the horizontal
direction x along the hillslope, and length Ly in the transverse direction y
orthogonal to the x-direction. If the bedrock surface elevation (with respect to a
common datum) is sampled at grid increments Ax in the x-direction and Ay in the
y-direction, such discretization of the bedrock surface geometry would result in
Nx = Lx/Ax increments in the x-direction, and Ny = Ly/Ay increments in the y-
direction. As such, any two-dimensional (2D) bedrock surface geometry, sampled
at Nx - Ny point locations, can be approximated by a two-dimensional discrete
cosine transform (2D-DCT). If one designates the origin node by (x=0, y=0), then
one can approximate the geometry of the 2D bedrock surface by means of the 2D-
DCT (Makhoul, 1980; Wikipedia, 2022) by

z(x,y) = z(nyAx, nyAy) =

1 Ny-1 Ny 1 (2N Ax+Ax)ky w(2nyAy+Ay)k,,
NyN,, ka=0 o Al ky)Cos [ 2Ny Ax ] Cos [ 2NyAy ] (36)
forOSnx<’A“—’;—  0<ny, <101 0N <Ne—1,0<n, <N, -1 . (37)

For approximating the complicated bedrock surface geometry by 2D-DCT, it is

necessary to estimate the DCT coefficients A(k,, k,). These coefficients may be
estimated by means of the inverse 2D-DCT (Makhoul, 1980; Wikipedia, 2022) as:

Allcrsky) = 4Z010 B 2,y by Cos [FHETREa] Cog [ty
for0<k,<N,—1,0<k,<N,—1 (38)
and then by the relationships (Makhoul, 1980),

A(ky, ky)= A(ky, ky) for k, #0; k, #0

A(ky, ky)= A(0,0)/4 for k, =0; k, =0

A(ky, ky)= A0, ky) /2 for k, =0; k, #0

A(ky, k)= A(ky, 0)/2 for k, #0; k, =0 (39)

Once the bedrock surface is approximated by 2D-DCT by means of Equations (36),
(37), (38) and (39), then one can approximate the surface gradients in x and y
directions by,
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dz(xy) . 9z(nwny) _

ox — 0ny
1 Ny—1wNy—1 nkxAx . [rm2ngAx+Ax)ky, n(2nyAy+Ay)ky|
NxNkax=0 ky—OA(kx'kY) n[ 2N, Ax ]C [ 2NyAy = {24} (40)
and
6z(x,y) ~ az(nxrny) _
dy — Ony o
N,—1wNy-1 nkyAy (2N Ax+AX) Ky n(2nyAy+Ay)ky |
2 Ak ky) 5 Cos [P0 Sin [ o ]_{zy} (41)

Taking the coordinate system along the 2D bedrock surface as (x1,y1), with respect
to the general motion equation (9) in the x-direction,

ox 1

o YL (42)
which leads to the motion equation in the x-direction as

1 ah(xyt) {Zx }
Qx(x'yJ t) = _KS(£)1+{Z,C}2 ( X,y ,t) _KS(K)h(xry' t) 142, 2 (43)
Similarly, in the y-direction,
dy 1
— = (44)
o \f1+{zy}2
which leads to the motion equation in the y-direction as

oh

Qy(x.y,8) = —Ks((x) 1= hCxy, =325 (45)

{2y}
—Ks(x )h(x, y,t) ==
/1+{zy ¥

Combining x-direction and y-direction motion equations with the continuity

equation (14) results in

ah(x v, t) 9 ah(x y,t) {2}
n(h) [K( x ) e h(6,,0) (20,0 e
= |K(x 0 P21k ( 2 )h(xy, ) ==+ q,(x,,6) (46)
\Il"'{zy}

as the governing equation of matrix flow over a bedrock surface with any
complicated geometry.
3. NUMERICAL ASSESSMENT OF THE DEVELOPED THEORY

To illustrate the potential of the proposed matrix flow model, a hypothetical

numerical experiment was performed. The initial saturated thickness is 0
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everywhere and the vertical recharge and seepage capacity of the flow domain are
0.05m/day and 0.002m/day respectively, and the recharge lasts for 10 days.
Seepage through the bedrock occurs only when there is enough water above the
bedrock surface. The length of the domain L is 200m and the width B is 50m. The
hydraulic conductivity is 1 m/day and the drainage porosity is 0.4. The simulation
duration T is 300 days. Two flow domains that have different bedrock surface
geometry profiles were used (Figure 8). Geometries in Figures 8a and 8b show
two cases: one that is concave in both the longitudinal (x) and transverse (y)
directions, and the second that is flat in both directions, respectively. The two
upstream boundary corner locations of the two geometries in Figure 8 have the
same elevation. Similarly, the downstream corner locations of the two geometries
have the same elevation. No-flow boundary conditions are applied at the upstream

and lateral boundaries. At the downstream, water flows parallel to the bedrock

surface.
3
2
1
0
27
g (a) L
= 0 ) 2
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4 B/2 N
6 . -5
0 L/2 L 0 y
X
3
2
3 1
2 0
6 (b) : -1
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S 2
g 2 B
£,
m - B/2 4
-6 —_— 4 5
0 L2 L 0 y

X

Figure 8. Two underlying bedrock surface geometries in the numerical experiment:
(a) concave upward in both x and y directions; (b) flat in both x and y directions.
The two upstream corners and the two downstream corners of the respective
geometries are at the same elevations.
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The concavity of the geometry clearly affects the flow dynamics as shown in
Figure 9. Figure 9 shows the saturated thickness at the downstream boundary
through time under the two different geometry profiles. Figure 9a shows the
saturated thickness increases at a similar speed initially in both geometries while
the recharge occurs, but a larger maximum thickness that is above 1m (>20%
increase) happens when the underlying bedrock surface is concave in both
directions, when compared with that under the flat bedrock profile, because of the
concavity of the underlying geometry. The time for water drainage in the system
also varies under different bedrock profiles. The saturated thickness drops to zero
earlier in the flat case than that in the concave case (Figure 9a). The saturated
thickness along the transverse direction above the concave bedrock surface,
shown in Figure 9b, also varies by location. The middle cross-section (i.e., y=B/2)
for the concave bedrock profile has the largest saturated thickness corresponding
to the lowest bedrock elevation (see Figure 8), and also reaches its maximum at a
later time compared with those of the other transverse locations in Figure 9b. The
saturated thickness reduces to zero at different times along the transverse
locations of the downstream cross-section under the numerical settings (Figure
9b).

25



This is a non-peer reviewed preprint submitted to EarthArXiv.

(a) (b)

1.4 T 14
x=L,y=B/2,Concave in x and y y=B/2,Concave in x and y
= = 'x=L,y=B/2, Flat y=B/4
}_0

1L2H

N\

T
-
-
-
~
-
-

Saturated thickness (m)
b
—
-
_ -
>
P
Saturated thickness (m)
-

041 \ \ 04}

0 /2 I 0 I/2
Iime Time

Figure 9. (a) Saturated thickness at the middle points of the downstream boundary
(x=L, y=B/2) through time under two bedrock surface profiles; (b) Saturated
thickness at three transverse locations at downstream boundary (x=L) through
time under concave bedrock surface geometry that is concave in both directions.
T is the total simulation time.

The saturated thickness variation from upstream to downstream at four different
times under two bedrock geometries are shown in Figures 10(a-d). The saturated
thickness on the bedrock that has concavity in both x and y directions is larger
and does not reduce to 0 at the end of the simulation, while it drops to 0 in the
flat case. In the flat case, the saturated thickness drops when approaching the
downstream boundary due to the boundary condition where water flows out
parallel to the bedrock surface (the gradients of bedrock elevation surface are
different in the concave and flat cases at the downstream boundary). The variation
of saturated thickness in the transverse direction under concave bedrock geometry
that is concave in both x and y directions is shown in Figures 10 (e-f). The
saturated thickness decreases as the flow location moves away from the middle
section toward the lateral boundary, due to the concavity. The results in Figures
9 and 10 highlight the impact of the bedrock surface geometry on flow dynamics.
From these results it may also be inferred that the proposed matrix flow model

may be potentially useful in capturing such impact.
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Figure 10. Saturated thickness, h, at the middle points (y=B/2) along the
longitudinal direction x from upstream to downstream through time under two
bedrock surface profiles at time t=T/10 (a); t=T/4 (b); t=T/2 (c¢); and t=T (d);
respectively; and saturated thickness at three transverse locations (y=B/2, B/4, 0)
along the longitudinal direction from upstream to downstream under concave in X
and y directions case at time t=T/10 (e) and t=T/2 (f) respectively. T is the total
simulation time.

4. SUMMARY AND CONCLUSIONS

Various field studies have shown the fundamental influence of the bedrock surface
geometry on subsurface stormflow (SSSF). Various field studies have also shown
that the SSSF process consists of at least two major components: the matrix flow
component and the macropore flow component that are in dynamic interaction
toward forming the SSSF. This study focuses on the matrix flow component of
SSSF. Furthermore, field studies have shown that the bedrock surface that
underlies the SSSF has essentially a two-dimensional geometry, where not only

the longitudinal profile along the hillslope but also the transverse profile
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perpendicular to the main hillslope direction influence the subsurface stormflow
over the bedrock. Furthermore, the macropore flow itself being a
multidimensional flow process, the general setting for the dynamic interaction of
the matrix flow and macropore flow components of SSSF is the treatment of both
of these processes as multidimensional flow processes. Within this framework,
this study attempted to extend the existing 2D Boussinesq model for the matrix
component of SSSF that was developed for a 2D bedrock surface that slopes with
a constant slope in the hillslope longitudinal direction but flat in the transverse
direction, to various other bedrock surface geometries that were reported in field
studies.

After the development of 2D Boussinesq models of SSSF matrix flow component
for various 2D bedrock surface geometries in terms of their governing equations,
the impacts of the two bedrock surface geometries on the SSSF matrix flow
component were assessed by a numerical experiment where matrix flow over a
concave upward surface in both longitudinal and transverse directions was
compared against a flat surface. In both bedrock surface geometries, the matrix
flow component of SSSF was simulated under the same initial and boundary
conditions over a hillslope where the hillslope has the same horizontal x-direction
and same transverse y-direction lengths. The basic difference among the two
studied cases is the geometry of the bedrock surface. The results of this numerical
assessment show how the 2D bedrock surface geometry impacts the 2D flow
characteristics of the matrix flow. As may be seen from the figures of the
numerical experiment, the matrix flow component of SSSF is clearly a 2D flow
process that is highly impacted by the particular bedrock surface geometry.
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