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Summary

A two-layer Hamiltonian toy model consisting of two isentropic stratospheric layers is simplified using
perturbation analysis while preserving the Hamiltonian structure. These two layers are neutrally and
stably stratified. The first approximation applies when the Froude number of the upper isentropic layer
is small, such that the upper surface is approximately rigid, and this upper layer is much thicker than the
lower layer. A conservative 1 1

2
-layer isentropic model emerges when leading-order perturbation theory

is used in the Hamiltonian formulation of the isentropic two-layer model. Furthermore, Hamiltonian
theory directly leads to (Salmon’s) L1-dynamics for the novel 1 1

2
-layer model, following a more concise

derivation than shown before, when the Rossby number in the upper stratospheric layer is small and
leads to a geostrophic constraint.
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1. Introduction

Numerical weather prediction (NWP) is based on a space and time discretiza-
tion of a dynamical system of partial differential equations for the dynamics of
the atmosphere in combination with a data analysis of atmospheric observations.
These observations are distributed in space and time. The elaborate step involving
the data analysis is required to provide an initial condition for the dynamical
system such that stable and realistic solutions result thereafter. Without a rea-
sonably proper analysis and initialization, the resulting numerical integration
exhibits unrealistic gravity-wave oscillations (e.g., Daley, 1991).

To understand why these unwanted unrealistic oscillations arise (and for
many more other reasons), meteorologists have explored simplified dynamical sys-
tems of the atmosphere, ranging from finite-dimensional to infinite-dimensional
systems, rather than the “primitive” three-dimensional rotating compressible
Navier-Stokes equations (e.g. Bokhove, 2002b; Vanneste, 2004; Vanneste and
Yavneh, 2004; and references therein). The latter equations are commonly ac-
cepted as a valid starting point even though multiphase aspects of the atmosphere
due to the presence of water in its various phases, chemicals and aerosols may
require more complicated modeling. This tendency to study simplified or balanced
models of the atmosphere to gain (theoretical) insights runs in parallel with the
history of NWP. The first computerized NWP by Charney et al. (1950) used
the equivalent barotropic vorticity equation, which is a severe simplification of
the above-mentioned primitive equations. It does, however, capture leading-order
aspects of the large scale dynamics, such as the basic evolution of barotropic high
and low pressure systems, because the large-scale dynamics is in approximate
hydrostatic and geostrophic balance. Hydrostatic balance is often a valid ap-
proximation on larger scales because the atmosphere is thin with a small aspect
ratio between vertical spatial and velocity scales, and the horizontal ones. In
turn, geostrophic balance is approximately valid as the large scale wind in the
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extratropics is often aligned roughly parallel to pressure contours at a certain
height.

In these studies of simplified models and in their construction much emphasis
has been placed on the preservation of conservation laws present in the inviscid
system (Lorenz, 1960). Their preservation often does stabilize and constrain
solutions in (discretized) phase space. The barotropic vorticity equation used
by Charney et al. (1950) is an example of a conservative, Hamiltonian balanced
model (Shepherd, 1990) in which the potential vorticity is materially advected
while the winds follow from the potential vorticity via an inversion of an elliptic
equation. The presence of these integral or flux conservation laws, then, is
intimately related to the existence of a Hamiltonian structure of many dynamical
fluid systems (see the review by Shepherd, 1990; and the book by Salmon, 1998).

Layer models of the atmosphere and oceans are common simplifications of the
Navier-Stokes or Euler equations in which the assumptions of hydrostatic balance
and the discretization of the stratification (in the vertical) into intervals with
piecewise constant values of the density or entropy have been explored (e.g., Ripa,
1993; Salmon, 1998; and, Bokhove, 2002a). Layers with actual piecewise constant
entropy are at best neutrally stable provided that the entropy increases upward
from layer to layer. In contrast, the troposphere and especially the stratosphere
generally have significant stable stratification. This makes isentropic layer models
a poor representation of the atmosphere, and these models can only be used
as toy models at best, on the one hand. We will use (two-layer) isentropic toy
models solely as a means for the presentation of a leading-order Hamiltonian
perturbation theory, and not as realistic prediction models. On the other hand,
we may also view isentropic layer models simply as a crude, leading order finite
volume discretization of the entropy in the vertical. The piecewise constant values
of the entropy can simply be seen as mean values, resulting from projections onto
locally constant test functions, of monotonically increasing entropy profiles in the
respective layers. The implicit understanding is then that each isentropic layer
approximates a stably stratified atmosphere with increasing entropy values in the
vertical.

In models with n + 1 isentropic layers, the vertical position of the top surface
of the last layer is time dependent, while in the corresponding (n + 1

2)-layer
model this surface is held rigid. In contrast to classic isopycnic models, isentropic
models do not require the additional constraint of incompressibility, which may
be more appropriate since the troposphere coupled to a deep stratosphere is
compressible. Pressure coordinates are often used in the vertical but these
introduce an effective incompressibility constraint that is (slightly) less ideal
in a Hamiltonian formulation. The present goal, then, is to derive a consistent
Hamiltonian formulation of a 11

2 -layer isentropic toy model as a simple conceptual
atmospheric model with an active thin lower stratospheric layer and a driven,
thick upper stratospheric layer as well as gravity-wave motion.

The atmosphere at mid-latitudes can roughly be divided into a troposphere
with a layer thickness of about 11 km from the Earth’s surface to the tropopause,
and a stratospheric layer reaching from 11 km to about 50 km. In a simplified
view of atmospheric dynamics, the dynamics (below 50 km) can be presented into
three isentropic layers with different but constant mean values of the entropy. The
tropospheric layer ranges from 0 to about 10.6km, the first stratospheric layer
from about 10.6 to 16.6km, and the second stratospheric layer from circa 16.6
to 34.6km. For algebraic simplicity, the tropospheric layer and the tropopause



3

z  (x,y)

1

0
0z  (x,y,t)

1z  (x,y,t)
η1

u  (x,y,t)

=p (x,y,t)/p1

u  (x,y,t)2

r

p(a)

upper stratospheric layer

stratospheric
layer

lower

z=0

2

b=z  (x,y)3

=p  (x,y,t)/pη2 2 r

(troposphere)
z  (x,y)

1

0

1z  (x,y,t)
η1

u  (x,y,t)

=p (x,y,t)/p1

u  (x,y,t)2=p  (x,y,t)/p22
η r

p

upper stratospheric layer

stratospheric
layer

lower

z=0

2

b=z  (x,y)3

(b) Z  0

(troposphere)

r

Figure 1. Sketch of part of the atmosphere with isentropic stratospheric upper and lower layers and the
associated variables. The tropospheric layer is ignored here for simplicity. (a) In the two-layer model,
the interface at z = z1(x, y, t) ≈ 18km between the upper and lower layers and the top surface of the

upper stratospheric layer at z = z0(x, y, t) ≈ 36km are time dependent. (b) In the 1 1

2
-layer model, this

top surface at z0 = Z0 is held rigid and we assume further that the upper layer is much thicker than
the lower stratospheric layer. An aim of this paper is to derive a consistent, Hamiltonian 1 1

2
-layer model

from a stratospheric two-layer model.

are held fixed to focus entirely on the stratospheric dynamics (this condition is
easily lifted without harming the arguments presented in this paper). To ensure
static stability, the entropy value of the upper stratospheric layer, θ1, must be
larger than the value in the lower stratospheric layer, θ2. Again, we could assume
implicitly that the layers are stably stratified such that the entropy is increasing
upward. The values θ1 and θ2 are then to be interpreted as the mean projections
of the increasing entropy in the lower and upper stratospheric layer. Using
hydrostatic balance and considering a horizontal velocity field that is vertically
uniform in each layer, the dynamics remains horizontal in each layer with a (weak)
coupling between the layers (e.g., Salmon, 1998; and Bokhove, 2002a). Such
simplified, toy models can be analyzed in much more detail than the primitive
three-dimensional equations of motion, and play and have played a major role in
gaining understanding of the atmosphere’s dynamics (e.g., Starr, 1945; Verkley,
2001; and Trieling and Verkley, 2003; concerning isentropic models).

(a) Equations of motion

Using z as the vertical coordinate, the second, lower stratospheric layer
reaches from the tropopause here simplified to be static at z = z2(x, y) ≈ 10.63km
with pressure p2(x, y, t) to the first stratospheric dynamic interface at z =
z1(x, y, t) ≈ 16.63km with pressure p1(x, y, t). Here x and y are horizontal co-
ordinates and t is time. The first, upper layer reaches from the interface at z = z1

to the top, dynamic interface at z = z0(x, y, t) ≈ 34.63km where the pressure p0 is
constant, see also the defining sketch in Fig. 1(a). In the two-layer model, the top
of the first layer is a time dependent surface. In contrast, for the 11

2 -layer model to
be derived the top surface is constrained to be constant, that is, z0 = Z0 with Z0

the appropriate constant, see Fig. 1(b). The upper layer is subsequently counted
as a half layer.

A derivation of a three-layer model is given in a companion paper by Bokhove
and Oliver (2007). The two-layer model considered here arises as a simplification
thereof by ignoring the dynamics in the third, tropospheric layer, as sketched in
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Fig. 1. The momentum equations of the model result by using hydrostatic balance
and the constancy of entropy in the respective layers. The continuity equations
emerge by using the pseudo-density σα(x, y, t) in each layer α. This pseudo-
density arises when we use hydrostatic balance dp = −ρ g dz to integrate an
element of mass dm = ρ dx dy dz = −dx dy dp/g across each layer with density ρ,
pressure p, and the gravitational acceleration g. Ripa (1993) and Bokhove (2002a)
derive the variational and Hamiltonian formulation of (isentropic) layer equations
directly (by simplifying the Eulerian variational principle of the compressible
Euler equations). The resulting isentropic two-layer equations (Bokhove and
Oliver, 2007) are

∂σα

∂t
+ ∇·(σα vα) = 0

∂vα

∂t
+ (vα·∇)vα + f v

⊥
α = −∇Mα

(1)

with α = 1 in the upper and α = 2 in the lower layer, horizontal gradient ∇,
the pseudo-densities σ1 = pr (η1 − η0)/g and σ2 = pr (η2 − η1)/g in the upper
and lower layer defined as the dimensionless pressure difference over the layer
divided by g, the horizontal velocity vα = vα(x, y, t) = (uα, vα)T in layer α,
v
⊥ = (−v, u)T , a constant Coriolis parameter f, and the Montgomery potential

Mα. Here we used the dimensionless pressure η = p/pr with reference pressure pr.
In the (stratospheric) lower layer with thickness h2 = z1 − z2, the potential M2

is related to p2 and hence σ1 and σ2 as follows

M2 = cp θ2 ηκ
2 + g z2 = g

(

h2 +
θ2

θ1
h1 + z2

)

+ cp θ2 ηκ
0 , (2)

where κ = R/cp, the gas constant R = cp − cv, and cp and cv are the specific heats
at constant pressure and volume, respectively; and, θ2 is the constant potential
temperature in the second layer. The equations of motion of an active, first layer
with thickness h1 = z0 − z1 are (1) for α = 1, where the Montgomery potential

M1 = g (z0 − Z0) = g (h1 + h2 + z2 − Z0)

= cp θ2 ηκ
2 + cp (θ1 − θ2) ηκ

1 − cp θ1 ηκ
0 + g (z2 − Z0)

(3)

with θ1 the constant potential temperature in the upper layer. When the two-
layer model covers a large part of the stratosphere it seems appropriate to take
η0 = p0/pr ≈ 0. The top of the upper layer then has zero temperature which is
unrealistic. We must therefore limit the vertical extent of our two-layer model to
ensure that η0 > 0. One may show that in the 11

2 -layer model the stratospheric
momentum equations reduce to M1 = g (z0 − Z0) = 0. Hence, the top surface is
fixed such that z0 = Z0. For the 11

2 -layer model, the momentum equations in the
lower stratospheric layer remain (1) for α = 2. The model is indeed closed, because
M1 = 0 defines p1 in terms of p2, which can then also be expressed in terms of σ2

using σ2 = pr (η2 − η1)/g. We note that such a 11
2 -layer model has the advantage

over a one-layer model that the pressure p1 is active and not constrained to be
constant, as is p0. Furthermore, the values of the surface pressure p2 are more
realistic.

The 11
2 -layer model, however, seems inconsistent, since the constraint M1 = 0

is not preserved in time by the original two continuity equations. Nevertheless,
the closed 11

2 -layer model (1) with α = 2 and Montgomery potential M2 results
after taking M1 = 0 and v1 = 0 in the momentum equation of the stratospheric
layer.
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(b) Questions

With (idealized) modeling using simplified or balanced models as further
motivation, we arrive at the following key questions: (i) Can the inconsistency in
the derivation of this 11

2 -model be resolved? (ii) Can we construct a Hamiltonian

formulation of the 11
2 -layer model? (iii) Can we subsequently derive nearly

geostrophic balanced models? Multilayer extensions of these (balanced) half-
layer models with a passive upper layer can be readily derived, but the 11

2 -layer
model used here is arithmetically simpler, and suffices to explain a systematic,
Hamiltonian approach.

Regarding the first question, (i), it can be answered adequately by applying
asymptotic analysis to the above two-layer system and by extending a finite-
dimensional slaved Hamiltonian approach, detailed in Appendix A, to an infinite-
dimensional case. To answer the second question, (ii), we can use the Poisson
bracket of the shallow water equations (e.g., Bokhove and Oliver, 2006), and
search ad hoc for the potential energy that yields the desired Montgomery
potential M2. Perhaps not surprisingly, the original potential energy of the two-
layer model subject to the constraint M1 = g (z0 − Z0) = 0 does give the desired
potential energy of the 11

2 -layer model. The answer to the final question follows
subsequently from the work of Vanneste and Bokhove (2002). Here we show that
a slaved Hamiltonian approach provides a more concise derivation of balanced
models, including Salmon’s L1-dynamics, based on velocity constraints.

The use of two isothermal layers allows a stable representation within and
between the layers. On the one hand, it could resolve the tenuous relevance
of a two-layer isentropic atmosphere considered here. On the other hand, two
isothermal layers can not be maintained without implicit forcing and dissipation
even though the dynamics of a model with two isothermal layers itself is
conservative and has a Hamiltonian formulation. Because the question on the
maintenance of isothermal layers is presently unresolved, such a two-layer model
is also questionable. The techniques presented in this paper can, however, be
applied directly to such a two-layer isothermal model (for a three-layer model
with isentropic (tropospheric) lowest layer and two (stratospheric) upper layers,
see Bokhove and Oliver, 2007).

The paper outline is as follows. The Hamiltonian formulation of the 11
2 -layer

model is derived in a systematic manner in §2 by using a slaved Hamiltonian
approach for continuous systems. Subsequently, in §3, we also construct the
Hamiltonian formulation of balanced models for general velocity constraints
(cf., Vanneste and Bokhove, 2002) with a L1-balanced model (cf., Salmon,
1985) as particularization for the 11

2 -layer isentropic model. Although the latter
derivations of nearly geostrophic balanced models are not novel, the presented
derivation is Hamiltonian and more concise than the derivations in Salmon
(1985, 1988), Allen and Holm (1996), Verkley (2001), McIntyre and Roulstone
(2002), and Vanneste and Bokhove (2002). Consequently, the derivation of other
Hamiltonian balanced models may be easier. Summary and discussion are found
in §4.
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2. 1 1

2
-layer stratospheric isentropic model

(a) On the two-layer equations

The extra-tropical atmospheric model consists of a lower and an upper strato-
spheric layer, each with constant but different values of entropy. A derivation of
the Hamiltonian three-layer model is given in Bokhove and Oliver (2007); the
present two-layer model immediately follows as a simplification thereof.

For an ideal gas
p = ρ R T (4)

with temperature T . In combination with a rewritten law of thermodynamics
T ds = cp dT − dp/ρ, we derive

T/θ = ηκ, (5)

where s is the entropy, θ = T0 e(s−s0)/cp the potential temperature, η = p/pr with
pr = 1000mb, s0 and T0 reference pressure, entropy and temperature values.

Consider two isentropic stratospheric layers one ranging from z2(x) 6 z <
z1(x, t) and one from z1(x) 6 z 6 z0(x, t). For any fluid parcel in an isentropic
fluid column in each stratospheric layer, the pressure gradient plus gravitational
term in the three-dimensional momentum equations become the following, after
using (4) and (5),

1

ρ
∇p + ∇(g z) = ∇(θ Π + g z) = ∇M, (6)

since θ = θ2 is constant and with Exner function Π = cp ηκ. Hydrostatic balance
is then ∂M/∂z = 0 and integration of this relation from z2 to z < z1 expresses
the Montgomery potential M in terms of the dimensionless pressure η2(x, y, t) at
the (tropopause) height z2 (fixed here for simplicity), to obtain

M = cp θ2 ηκ + g z = M2 = cp θ2 ηκ
2 + g z2. (7)

Likewise, for any fluid parcel in an isentropic fluid column in the upper strato-
spheric layer, the result is, using (4),

1

ρ
∇p + ∇g (z − Z0) = ∇

(

θ Π + g (z − Z0)
)

= ∇M, (8)

where we introduced an integration constant fixed to −g Z0 for later convenience,
and θ = θ1 is constant. Integration of hydrostatic balance ∂M/∂z = 0 from z1 < z
to z0 gives

M = cp θ1 ηκ + g (z − Z0) = cp θ1 ηκ
0 + g (z0 − Z0), (9)

in which η0 = p0/pr > 0 is passive and fixed but z0 = z0(x, y, t) is variable.
Evaluation of (9) at z1 gives a relation

g z0 = cp θ1 (ηκ
1 − ηκ

0 ) + g z1 (10)

in terms of η1 and g z1. Evaluation of (7) at z1 gives

g z1 = cp θ2 (ηκ
2 − ηκ

1 ) + g z2 (11)

in terms of η1, η2 and z2. Hence, we find

g z0 = cp θ1 (ηκ
1 − ηκ

0 ) + cp θ2 (ηκ
2 − ηκ

1 ) + g z2
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and from (9) the desired expression for the Montgomery function in the strato-
sphere, equaling M up to a constant,

M1 = cp θ1 (ηκ
1 − ηκ

0 ) + cp θ2 (ηκ
2 − ηκ

1 ) + g (z2 − Z0) = g (z0 − Z0). (12)

The thickness of each layer follows directly from (10) and (11) as

h2 = z1 − z2 =
cp θ2

g
(ηκ

2 − ηκ
1 ) and h1 = z1 − z0 =

cp θ1

g
(ηκ

1 − ηκ
0 ). (13)

We next assume that the thickness of the lower layer is smaller than that of
the upper layer, e.g., z0 ≈ Z0 = 36km, z1 ≈ Z1 = 18km and z2 ≈ Z2 = 12km. The
asymptotic limit

δa = (Z1 − Z2)/(Z0 − Z1) ≡ H2/H1 ≪ 1 (14)

then arises with h1 ≈ H1 and h2 ≈ H2. One finds from (13) and (14) approxi-
mately that θ1 (pκ

1 − pκ
0) ≫ θ2 (pκ

2 − pκ
1). Finally, the relation between layer pres-

sure and pseudo-densities is

η1 = g σ1/pr + η0 and η2 = g (σ1 + σ2)/pr + η0. (15)

(b) Scaling of the two-layer equations

First, equations (1) are scaled as follows

(x, y) = L (x∗, y∗), t = (L/U2) t∗, vα = Uα v
∗
α, Mα = g Hα M∗

α,

σ1 = (pr/g) σ∗
1 = (pr/g) (Σ1 + ε2 σ′

1), σ2 = ε2 (pr/g) σ∗
2 ,

pα = pr p∗α, θα = (g H1/cp) θ∗α, hα = Hα h∗
α,

Z0 = H1 Z∗
0 , and z2 = F 2

2 H2 z∗2

(16)

with horizontal length scale L; layer velocity and depth scales Uα and Hα; layer
Froude numbers F 2

α = U2
α/(g Hα); U1/U2 =

√
F1 = ε; and, δa F 2

2 = ε2. The ratio
δa of layer thicknesses and the ratio ε of layer velocities are assumed small.
The Froude number in each layer is introduced because these numbers naturally
appear in the scaling. After dropping the asterisks, the scaling (16) substituted
in (13) yields

h1 =θ1 (ηκ
1 − ηκ

0 ) = θ1 (σκ
1 − ηκ

0 ) and

h2 =
θ2

δa
(ηκ

2 − ηκ
1 ) =

θ2

δa

(

(σ1 + ε2 σ2)
κ − σκ

1

)

,
(17)

in which we take cp θ1/(g H1) = O(1). Substituting (16) into (1), (2) and (3);
using (17); dropping the asterisks on the scaled variables; and some reordering
yields the following dimensionless and generic form of the equations of motion
(cf. (A.16) in Appendix A)

∂σ′
1

∂t
+ ε ∇·(σ′

1 v1) +
1

ε
∇·(Σ1 v1) = 0

∂v1

∂t
+ ε

(

v1·∇v1 +
1

R1
v
⊥
1

)

+
1

ε
∇M ′

1 = 0

∂σ2

∂t
+ ∇·(σ2 v2) = 0

∂v2

∂t
+ v2·∇v2 +

1

R2
v
⊥
2 + ∇M ′

2 = 0

(18)
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Figure 2. Profiles, zonally averaged, (solid lines) of observed potential temperature θ(z) and pressure
p(z) versus height z at circa 57.25oN, and extrapolated profiles (dash-dotted lines) from Z1 = 16.63km
to Z0 = 34.63km based on the approximately constant scale heights of the observed θ and p, respectively,
in the stratosphere. The tropopause lies at approximately Z2 = 10.63km. Figure courtesy of Dr. Thomas

Birner, University of Toronto (cf. Birner, 2006).

with potentials

M ′
1 =

(

M1 − θ1 (Σ1)
κ + Z0 + θ1 ηκ

0

)

/ε2 = θ1

(

(Σ1 + ε2 σ
′

1)
κ − (Σ1)

κ
)

/ε2

+ θ2

(

(Σ1 + ε2 σ
′

1 + ε2 σ2)
κ − (Σ1 + ε2 σ′

1)
κ
)

/ε2 + z2,

M
′

2 = M2/F
2
2 − θ2 Σκ

1/ε2

= θ2

(

(Σ1 + ε2 σ
′

1 + ε2 σ2)
κ − (Σ1)

κ
)

/ε2 + z2,

(19)

Rossby numbers Rα = Uα/(f L), and δa = H2/H1 ≪ 1. In this section, we assume
that Rα = O(1) and, tacitly, that Σ1 is constant and z2 < H2. Note that, essen-
tially, we have introduced two mean potentials in (19)

M̄1 = θ1 (Σ1)
κ − Z0 and M̄2 = θ2 (Σ1)

κ/δa. (20)

The following two remarks can be made about the scaling and the result (19).
(a) The dimensionless potential M1 = ε2 M

′

1 + a constant such that ∇M1 =
ε2

∇M
′

1, which is used in the manipulations leading to (18)–(19). (b) Like-
wise M2 = F 2

2 M
′

2 + a constant such that ∇M2 = F 2
2 ∇M

′

2. Since F 2
2 = ε2/δa =

ε2 H1/H2, M2 could have been scaled with g H1 after all, although it remains
more clear to scale h2 with H2. The present scaling emphasizes, however, that F2

and hence U2 are defined by H1 and H2, which defines ε, and δa. The latter two
parameters, ε and δa, both go to zero asymptotically. Finally, the system (18)
has obtained a form, (A.16), generic in singular perturbation theory of systems
with two times scales. Here it is written on the slow time scale, while t/ε is the
fast time scale.

(i) Observational basis scaling
Our estimates are based on zonally averaged climatological seasonal ra-

diosonde data displayed in Birner (2006), where potential temperature and hori-
zontal wind speed are displayed as function of height and latitude. On request, Dr.
Birner extracted vertical profiles of potential temperature and pressure at about
57.25oN versus height, see Fig. 2. It seems reasonable to take Z2 = 10.63km for the



9

tropopause height and, say, Z1 = 16.63km and Z0 = 34.63km. Hence, H1 = 6km
and H1 = 18km. Estimates for the horizontal velocities are Uobs

1 ≈ 2m/s and
Uobs

2 ≈ 14m/s (from Fig. 7 of Birner, 2006). From Fig. 2, average values of the
potential temperature are found to be approximately θ2 = 381K and θobs

1 = 672K.
Likewise, pressures observed and deduced at these heights are p2 = 241.74mb,
pobs
1 = 97mb, and p0 = 6.185mb. In our scaling, F1, F2, ε, θ1 and p1 follow, for

example, after choosing θ2, H1, H2, p2, p0, U1 and U2. Further constants used are
g = 9.81m/s, cp = 1004.6J/(kg K) and R = 287.04J/(kg K) such that κ = 2/7. We
obtain F1 = 0.0048, F2 = 0.0577, ε = 0.1429, and θ1 = 629K and p1 = 97mb. This
pressure value compares well with the observed value, while the calculated and
observed potential temperature differ somewhat because the observed buoyancy
frequency (and temperature) is roughly constant and not the entropy as in our
layer model. Nevertheless, the data provide an observational basis for the chosen
scaling.

(c) Constraints

Asymptotic analysis of the upper layer yields at leading order in ε, that is at
O(1/ε) in (18), two constraints

φ1 = M ′
1|ε=0 = 0 and D1 = ∇·(Σ1 v1) = 0. (21)

We introduce a fast time scale τ = t/ε and evaluate (18) at leading order; that
is, we truncate the system (18) and (19) at the fast time scale by taking the
limit ε → 0 (after multiplication by ε). The following linear wave equations then
appear after some manipulation:

∂σ′
1

∂τ
+ D1 = 0,

∂D1

∂τ
= −∇ · (Σ1 ∇M ′

1|ε=0),

∂ω1

∂τ
= 0,

∂σ2

∂τ
= 0,

∂v2

∂τ
= 0

(22)

with vorticity ω1 = ∇
⊥ · v1 and leading order potentials

M
′

1|ε=0 = κ (Σ1)
κ−1

(

θ1 σ
′

1 + θ2 (σ
′

1 + σ2)
)

+ z2 and

M
′

2|ε=0 = κ θ2 (Σ1)
κ−1(σ

′

1 + σ2) + z2.
(23)

The system (22) and (23) shows that the fast variables σ
′

1 and D1 oscillate
rapidly, while the slow variables ω1, σ2 and v2 vary on the slow time scale. The
introduction of fast and slow variables is based on the distinction between high-
frequency and low-frequency waves in linearized wave equations (Van Kampen,
1985). We will next consider the reduced, Hamiltonian dynamics on the “slow”
manifold defined by these two constraints (21).

(d) Constrained Hamiltonian formulation of 11
2 -layer equations

A dimensional Hamiltonian formulation of the two-layer system is introduced
to derive the formulation for the 11

2 -layer system. It consists of the evolution

dF
dt

= {F , H} (24)
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with the shallow-layer Poisson bracket in both layers (α = 1, 2)

{F , G} =
2

∑

α=1

∫∫

qα
δF
δvα

⊥

· δG
δvα

− δF
δσα

∇ · δG
δvα

+
δG
δσα

∇ · δF
δvα

dx dy (25)

for arbitrary functionals F and G of {vα, σα}, a Hamiltonian

H =

∫ ∫ 2
∑

α=1

(1

2
σα |vα|2 + g σα z2

)

+
pr cp θ2

g (κ + 1)
(ηκ+1

2 − ηκ+1
1 )+

pr cp θ1

g (κ + 1)
ηκ+1
1 − σ1 (cp θ1 ηκ

0 + g Z0) dx dy,

(26)

and the potential vorticity qα in each layer α

qα = (f + ∇
⊥ · vα)/σα (27)

appearing in (25). The bracket (25) follows from the bracket in Bokhove and
Oliver (2007) and equals the bracket in Bokhove (2002a). The Hamiltonian follows
either directly from the Eulerian or parcel Eulerian-Lagrangian momentum
equations or from the Hamiltonian of the three-dimensional Euler equations
by neglecting the vertical velocity relative to the horizontal velocities, by using
hydrostatic balance and the ideal gas law, and integration in the vertical over each
isentropic layer (cf., Bokhove, 2002a). In the latter integration, the horizontal
velocity is assumed to be independent of the depth in each layer and the last
term in (26) is then absent. This last term, linear in σ1, can arise without
problem because any multiple of the mass

∫∫

σ1 dx dy in the upper layer is
a Casimir invariant and can be added to the Hamiltonian without changing the
dynamics (cf., Shepherd, 1990). After taking the variation, it amounts to adding
a constant to the Montgomery potential, which is always allowed. This addition
further ensures that M1 = g (z0 − Z0), a useful simplification as we have seen.
The functional derivatives of the Hamiltonian (26) are

δH
δvα

= σα vα and
δH
δσα

= |vα|2/2 + Mα, (28)

with which it can be verified that (24) yields the equations of motion (1) in both
layers when we choose the functionals F = vα(x, t) =

∫∫

δ(x − x
′) vα(x′, t) dx′ dy′

and F = σα(x, t) =
∫∫

δ(x − x
′) σα(x′, t) dx′ dy′, respectively (see, e.g., Shep-

herd, 1990, for an introduction on Hamiltonian fluid dynamics). The second part
of (28) follows from (26) after some calculation by using the definitions of the
Montgomery potentials in (2) and (3), η1 = p1/pr, η2 = p2/pr, and the pseudo-
densities (15) in (1).

The formulation (24)–(26) is Hamiltonian as it satisfies the following proper-
ties (Bokhove and Oliver, 2007). The bracket {F , G} is antisymmetric {F , G} =
−{G, F}, and satisfies the Jacobi identity

{F , {G, K}} + {G, {K, F}} + {K, {F , G}} = 0 (29)

for arbitrary functional F , G and K. In the verification of these properties
boundary conditions are required such as periodic boundaries; quiescence and
constancy at infinity where σα is constant and vα = 0; slip flow along walls, such
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that vα · n̂ = 0 with n̂ the outward-pointing normal to the wall; or, combinations
of these boundary conditions. Furthermore, in these verifications the functional
derivatives have to be restricted to satisfy corresponding boundary conditions.

The scaled Hamiltonian dynamics is as follows

dF
dt

= {F , H} =

∫∫

ε q1
δF
δv1

⊥

· δH
δv1

− 1

ε

δF
δσ′

1

∇ · δH
δv1

+
1

ε

δH
δσ′

1

∇ · δF
δv1

+ q2
δF
δv2

⊥

· δH
δv2

− δF
δσ2

∇ · δH
δv2

+
δH
δσ2

∇ · δF
δv2

dx dy

(30)

with potential vorticities

q1 = (1/R1 + ω1)/(Σ1 + ε2 σ
′

1) and q2 = (1/R2 + ∇
⊥ · v1)/σ2, (31)

and modified Hamiltonian (cf. (A.15))

H =

∫∫

1

2
(Σ1 + ε2 σ

′

1) |v1|2 + σ′
1 z2 +

1

2
σ2 |v2|2 + σ2 z2+

1

ε4

θ2

κ + 1

(

(Σ1 + ε2 σ′
1 + ε2 σ2)

κ+1 − (Σ1 + ε2 σ′
1)

κ+1
)

− θ1

κ + 1

1

ε4
(Σ1)

κ+1+

θ1

ε4

1

κ + 1
(Σ1 + ε2 σ

′

1)
κ+1 −

(

θ1 σ′
1 + θ2 σ2

)

ε2
(Σ1)

κ dx dy.

(32)

The additional terms, constant and linear in σ′
1 and σ2, are added to formally

obtain a Hamiltonian non-singular as ε → 0. These extra terms arise because
mass is globally conserved in each layer and can be introduced formally by
adding constants and mass Casimirs C1 = λ1

∫∫

(Σ1 + ε2 σ
′

1) dx dy and C2 =

λ2

∫∫

ε2 σ2 dx dy to the original, scaled Hamiltonian H̃ (not shown) for suitable

choices of λ1 and λ2 such that the singular terms constant and linear in σ
′

1
and σ2 are eliminated. These above Casimirs are conserved since dC1/dt =

{C1, H̃} = 0 and dC2/dt = {C2, H̃} = 0. The above expression is related but not
quite equivalent to the available potential energy (Shepherd, 1993). Here it suffices
to note that it yields the proper equations of motion. Akin to the dimensional
case, the variational derivatives of (32) are readily calculated to be

δH
δσ′

1

= ε2 |v1|2/2 + M ′
1,

δH
δσ2

= |v2|2/2 + M ′
2,

δH
δv1

= (Σ1 + ε2 σ′
1) v1 and

δH
δv2

= σ2 v2.

(33)

Substitution of (33) into (30) yields the scaled equations of motion (18) with
(19).

Henceforth in this section, we use for simplicity and without further no-
tice periodic boundary conditions or quiescence and constancy at infinity. Given
the constraints φ′

1 = M ′
1 = 0 and D1 = ∇·(Σ1 v1) = 0, we can transform the

Poisson bracket (30) in terms of the six variables (vα, σ′
1, σ2) to the variables

(φ′
1, D1, ω1, v2, σ2) with ω1 = ∇

⊥ · v1 the vorticity in the top layer. The func-
tional derivatives with respect to the former variables relate to ones in terms of
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the latter variables as follows

δF
δv1

∣

∣

∣

σ′

1

= −
(

∇
⊥ δF

δω1
+ Σ1 ∇

δF
δD1

)

,
δF
δv2

∣

∣

∣

σ′

1

=
δF
δv2

∣

∣

∣

φ1

δF
δσ′

1

∣

∣

∣

v1

=
∂M ′

1

∂σ′
1

δF
δφ1

,
δF
δσ2

∣

∣

∣

v1,σ′

1

=
δF
δσ2

∣

∣

∣

φ1

+
∂M ′

1

∂σ2

δF
δφ1

.

(34)

After substitution of (34) into (30) and rearrangement, we find (cf. the generic
form (A.16) for finite-dimensional systems)

dF
dt

= {F , H} =

∫∫

ε q1 J

(

δF
δω1

,
δH
δω1

)

+ ε (Σ1)
2 q1 J

(

δF
δD1

,
δH
δD1

)

+

ε Σ1 q1

[(

∇
δH
δω1

)

·∇
δF
δD1

−
(

∇
δF
δω1

)

·∇
δH
δD1

]

+

1

ε

∂M ′
1

∂σ′
1

[

δF
δφ1

∇ ·
(

Σ1∇
δH
δD1

)

− δH
δφ1

∇ ·
(

Σ1∇
δF
δD1

)

]

+

q2
δF
δv2

⊥

· δH
δv2

−
(

δF
δσ2

+
∂M ′

1

∂σ2

δF
δφ1

)

∇ · δH
δv2

+

(

δH
δσ2

+
∂M ′

1

∂σ2

δH
δφ′

1

)

∇ · δF
δv2

dx dy

(35)

with J(a, b) := (∂xa)(∂yb) − (∂xb)(∂ya) the Jacobian. Note the correspondence
of the Hamiltonian dynamics (35) with the dynamics of the generic finite-
dimensional Hamiltonian form (A.16) with bracket (A.14) in Appendix A. From
(31), it follows that qα is O(1).

From (33), (34) and (35) we derive

∂φ1(x, y, t)

∂t
= {φ1(x, y, t), H}

=
1

ε

∂M ′
1

∂σ′
1

∇ ·
(

Σ1∇
δH
δD1

)

− ∂M ′
1

∂σ2
∇ · δH

δv2
,

∂D1(x, y, t)

∂t
= {D1(x, y, t), H} = −ε ∇ ·

(

Σ1 q1 ∇
δH
δω1

)

+ ε J
( δH

δD1
, Σ2

1 q1

)

− 1

ε
∇ ·

(

Σ1∇

(∂M ′
1

∂σ′
1

δH
δφ1

)

)

,

∂ω1(x, y, t)

∂t
= −ε J(q1,

δH
δω1

) + ε∇ ·
(

Σ1 q1 ∇
δH
δD1

)

,

∂v2(x, y, t)

∂t
= −q2 ∇

⊥ δH
δv2

− ∇

(

δH
δσ2

+
∂M ′

1

∂σ2

δH
δφ1

)

,

∂σ2(x, y, t)

∂t
= −∇

δH
δv2

.

(36)

At leading order in ε the variational derivative of the Hamiltonian is

δH =

∫ ∫

−χ δD1 − Ψ δω1 + M ′
1|ε=0 δσ′

1 + σ2 v2 · δv2+

(
1

2
|v2|2 + M ′

2|ε=0) δσ2 dx dy

(37)
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in which we have used Σ1 v1 = Σ1 ∇χ + ∇
⊥Ψ with velocity potential χ and

(transport) streamfunction Ψ. Therefore, using (34) one finds

δH
δD1

∣

∣

ε=0
= −χ and

δH
δσ′

1

∣

∣

ε=0
= M ′

1|ε=0. (38)

Evaluation of (36) at leading order in ε gives

ε
∂φ1

∂t
∝ D1 = 0 and ε

∂D1

∂t
∝ ∇ · (Σ1∇M ′

1|ε=0) = 0 (39)

giving the constraints (21) as a solution, which shows consistency at leading order.
Hence, at leading order in ε we take δH/δφ1|ε=0 = δH/δD1|ε=0 = 0 and from (36)
we find the balanced dynamics on the slow manifold; that is, we truncate the
dynamics to the leading order terms in ε. First, the vorticity dynamics in the
upper layer is frozen in time

∂ω1

∂t
= 0, (40)

which we further simplify by initializing ω1(x, y, 0) = 0. Together with D1 = 0,
this explains why it is asymptotically sound to take v1 = 0 at leading order, as we
discussed in the introduction. Second, the balanced dynamics in the lower layer
then becomes

∂v2

∂t
= −q2 ∇

⊥ δH0

δv2
− ∇

δH0

δσ2
, and

∂σ2

∂t
= −∇ · δH0

δv2
(41)

with H0 arising from (30) as the leading-order Hamiltonian on the constrained
manifold:

H0 =

∫ ∫

1

2
σ2 |v2|2 + (σ′

1 + σ2) z2

+
1

2
θ2 κ Σκ−1

1

(

(σ′
1 + σ2)

2 − σ′
1
2)

+
1

2
θ1 κ Σκ−1

1 σ′
1
2

dx dy.

(42)

Variation of (42) gives

δH0 =

∫∫

σ2 v2 · δv2 +
(1

2
|v2|2 + M2|ε=0

)

δσ2 + M ′
1|ε=0 δσ′

1 dx dy

=

∫∫

σ2 v2 · δv2 +
(1

2
|v2|2 + M2|ε=0

)

δσ2

(43)

using the constraint M ′
1|ε=0 = 0, cf. (21) and (23). Alternatively, by including

higher order terms in ε and using the (higher-order) constraint M1 = 0, but
only in the Hamiltonian, we can use the original Hamiltonian (32) on the
constrained manifold v1 = 0 (by initializing ω1(x, y, 0) = 0) and M1 = 0. The
generalized Poisson bracket is then truncated to leading order on the (leading-
order) constrained manifold, but the Hamiltonian Hv1=0,M1=0 is chosen and
includes higher-order terms in ε. When we truncate this higher-order Hamiltonian
one finds again H0, of course, as Hv1=0,M1=0 →ε→0 H0 with M ′

1|ε=0 = 0. This
reduced Hamiltonian is chosen because it simply amounts to setting v1 = 0 and
z0 = Z0 to get the rigid-lid approximation M1 = 0 in the Hamiltonian, see below
in § 2d(ii), which then provides a clear physical procedure for our approximation,
as given in Fig. 1.
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The dynamics on the constrained manifold is governed by the slow variables
{ω1 = 0, v2, σ2}, since the dynamics of the fast variables {D1, σ

′
1} or {D1, φ1}

associated with the gravity waves in layer one is absent at leading order. Restrict-
ing or truncating the transformed bracket (35) to the constrained manifold and
keeping all leading-order terms in ε, the following (dimensional and dimensionless)
constrained dynamics emerges

dFc

dt
= {Fc, Hc}c =

∫ ∫

q2
δFc

δv2

⊥

· δHc

δv2
− δFc

δσ2
∇ · δHc

δv2
+

δHc

δσ2
∇ · δFc

δv2
dx dy.

(44)

with the constrained Hamiltonian either Hc = H0 (with M ′
1|ε=0 = 0) or Hc =

Hv1=0,M1=0. We emphasize that Fc and Hc are functionals of the slow variables
v2 and σ2 only.

(i) The Jacobi identity
The Jacobi identity is satisfied by the bracket (44) since it consists of the

original bracket in (30) for the second, lower layer which was originally already
separate from the bracket for the first, upper layer. The preservation of the Jacobi
identity for the leading-order reduced bracket (44) was particularly simple in
the asymptotic analysis presented. In general, the leading-order reduced bracket
resulting from a singular perturbation approach is more complicated. The theory
presented in Appendix A(b) for finite-dimensional Hamiltonian systems then
provides a handle for dealing with the Jacobi identity in such more complex
infinite-dimensional cases. Application of this theory would provide another proof
of the Jacobi identity of the bracket (44), in a particular extension to the current
continuum case.

(ii) Dimensional dynamics
Finally, the dynamics on the constrained manifold is given by (24) for F = Fc

and H = Hc with (44) and dimensional constrained Hamiltonian

Hc =

∫ ∫

1

2
σ2 |v2|2 + g (σ1 + σ2) z2+

cp pr θ2

g (κ + 1)
(ηκ+1

2 − ηκ+1
1 ) +

cp pr θ1

g (κ + 1)
ηκ+1
1 − σ1 (cp θ1 ηκ

0 + g Z0) dx dy

(45)

with σ2 = (p2 − p1)/g, σ1 = p1/g, and the constraint M1 = 0 (i.e. z0 = Z0) relating
η1 = p1/pr to η2 = p2/pr, that is,

M1 = cp θ2 ηκ
2 + cp (θ1 − θ2) ηκ

1 + g (z2 − Z0) = 0. (46)

As argued earlier, instead of using the constrained Hamiltonian truncated to
leading order in ε we use the original Hamiltonian reduced to the constraint or
“rigid-lid” manifold M1 = 0 (and v1 = 0). Hence, we included higher-order terms
in ε in the Hamiltonian, which does not hamper the leading-order accuracy since
the constrained bracket (44) is leading order. The functional derivative of the



15

potential and internal energy in (45) subject to constraint (46) is

δHci

δσ2
δ σ2 =

(

z2 +
cp θ2

g
ηκ
2

)

δp2 +
(cp (θ1 − θ2)

g
ηκ
1 − Z0

)

δp1

=
(

z2 +
cp θ2

g
ηκ
2

)

δp2 +
(cp (θ1 − θ2)

g
ηκ
1 − Z0

) ∂p1

∂p2
δp2

=
(

z2 +
cp θ2

g
ηκ
2

) (

1 − ∂p1

∂p2

)

δp2 = M2 δσ2

(47)

using the definition g σ2 = p2 − p1 and with Hci[σ2] = Hc[v2 = 0, σ2] denoting the
non-kinetic terms in the Hamiltonian. The equations of motion (1) for α = 2 thus
stay the same with Montgomery potential (2), in which σ1 is defined in terms of
σ2 and z2 by M1 = 0 via (3).

Recapitulating, we note that we have been able to construct the Hamiltonian
formulation of the 11

2 -layer model. A posteriori, we conclude that it is consistent
to set v1 = 0, since in the first, upper layer we found ω1 = 0 by initializing
ω1(x, y, 0) = 0 and D1 = 0 in the small ε limit.

3. Hamiltonian formulation of nearly geostrophic balanced models

The Hamiltonian formulation of the 11
2 -layer balanced model will be used

as the starting point to derive nearly geostrophic Hamiltonian approximate or
balanced models. Geostrophic balance is a balance between the Coriolis force
and the gradient of the Montgomery potential

f v
⊥ = −∇M, (48)

where we have dropped here and hereafter the layer subscripts when no confusion
arises. Geostrophy results as the leading-order balance in an expansion of the
variables in terms of a small Rossby number R = U/(f L), where U and L are
velocity and length scales in the lower layer. We therefore start our approach
with the bracket (44). i.e., with the standard “shallow-water” bracket (Shepherd,
1990; Bokhove and Oliver, 2006)

{F , G}c =

∫∫

q
δF
δv

⊥

· δG
δv

− δF
δσ

∇ · δG
δv

+
δG
δσ

∇ · δF
δv

dx dy. (49)

(a) Velocity constraints and L1-dynamics

Defining v = (u1, u2), we consider general velocity constraints ṽ = (ũ1, ũ2)
defined by

ũi = ui − uC
i = 0 (50)

for each component of the constraint horizontal velocity v
C . The lowercase italic

indices such as i, j run from 1 to 2. An example is, of course, the pair of
geostrophic constraints

ũi = ui + ǫij
1

f
∂jM = 0 (51)

with ∂j = ∂/∂xj , and ǫij the permutation symbol such that ǫ11 = ǫ22 = 0 and
ǫ12 = −ǫ21 = 1. The variation of the constraint velocity is

δuC
i = D

iδσ (52)
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with the Fréchet derivative D
i (cf., Vanneste and Bokhove, 2002). We also require

the adjoint of the Fréchet derivative, D̂
i, defined such that

∫ ∫

F D
iG dx dy =

∫ ∫

G D̂
iF dx dy (53)

for arbitrary functions F and G. For the geostrophic constraint (51), we find

D
i
(

·
)

= −ǫij

f
∂j

(∂M

∂σ
(·)

)

and D̂
i
(

·
)

=
∂M

∂σ

ǫij

f
∂j(·). (54)

In defining these Fréchet derivatives, we must carefully analyze the boundary
contributions: this analysis is left as an open problem. For periodic boundary
conditions, quiescence at infinity, and when the thickness h2 → 0 such that δσ → 0
at the boundary, the result (54) is valid.

Consider the transformation of functional derivatives from the set of variables
(v, σ) to the set (ṽ, σ)

δF
δσ

=
δF
δσ

∣

∣

∣

C
− D̂i δF

δũi
and

δF
δui

=
δF
δũi

, (55)

where (·)|C denotes that we consider the functional derivative of σ with ṽ held
fixed. This will become a constrained derivative, if we realize that by constraining
ui to uC

i we obtain

δF =

∫ ∫

(δF
δσ

δσ +
δF
δui

δuC
i

)

dx dy

=

∫ ∫

(δF
δσ

+ D̂i δF
δui

)

δσ dx dy =

∫ ∫

δF
δσ

∣

∣

∣

C
δσ dx dy.

(56)

In particular, additional boundary conditions may be required. For example, when
we consider the geostrophic constraint (51) the variations become

δF =

∫ ∫

D

[δF
δσ

δσ +
ǫij

f

∂M

∂σ2
∂i

( δF
δũi

)

δσ +
δF
δũi

δui

]

dx dy+

∫

∂D

δF
δṽ

· t̂ ∂M

∂σ
δσ dl,

(57)

where dl is an infinitesimal line segment along, and t̂ a unit vector tangent to, the
boundary. Hence, we set the tangential component of the (functional derivative
of) ageostrophic velocity ṽ = v − v

C to zero (cf., Salmon, 1985) as additional
boundary condition.

Substitution of (55) into the bracket (49) yields

{F , G}c =

∫∫

{

q
δF
δṽ

⊥

· δG
δṽ

− δF
δσ

∣

∣

∣

C
∇ · δG

δṽ
+

δG
δσ

∣

∣

∣

C
∇ · δF

δṽ

+
(

D̂i δF
δũi

)

∇ · δG
δṽ

−
(

D̂i δG
δũi

)

∇ · δF
δṽ

}

dx dy.

(58)

Note that only the second term in (58) remains on the constrained manifold,
where conservation of mass holds

∂σ

∂t
= −∇ · δH

δṽ
. (59)



17

Consistency requires that the constraint is preserved in time

0 =
∂ũi

∂t
= q ǫij

δH
δũj

− ∂i
δH
δσ

∣

∣

∣

C
+ Di∂j

δH
δũj

+ ∂i

(

D̂j δH
δũj

)

, (60)

in which q = (f + ǫij ∂iu
C
j )/σ is the constrained potential vorticity. Hence,

Lij δH
δũj

= ∂i
δH
δσ

∣

∣

∣

C
, (61)

where we have introduced the linear operator

Lij = q ǫij
δH
δũj

+ Di∂j
δH
δũj

+ ∂i

(

D̂j δH
δũj

)

. (62)

Finally, on the constrained manifold defined by the velocity constraints, we obtain
Dirac’s constrained dynamics and bracket (cf., Vanneste and Bokhove, 2002) by
substituting (61) into the second term in (58) or via a substitution into (59)

dF
dt

= {F , H}C =

∫ ∫

∂i
δF
δσ

∣

∣

∣

C
L−ij ∂j

δH
δσ

∣

∣

∣

C
dx dy (63)

after an integration by parts and after formally assuming that L is invertible. (In
these last manipulations, we have assumed that boundary terms disappear. For
periodic boundary conditions, for example, this is true.)

In contrast with previous derivations (Allen and Holm, 1996; Vanneste and
Bokhove, 2002), we have not introduced any Lagrangian variables or Lagrange
multipliers. In Appendix A, it is shown that the slaved Hamiltonian approach
yields the Dirac bracket (Dirac, 1964) for general finite-dimensional systems.
Dirac (1958) proved that this finite-dimensional Dirac bracket satisfies the
Jacobi identity, while the antisymmetric property of this finite-dimensional Dirac
bracket follows more directly. Since Lij is antisymmetric under suitable boundary
conditions and under the assumption that it is invertible, we note that the Dirac
bracket in (63) is antisymmetric.

Balanced equations of motion appear when we use dFC/dt = {FC , HC}C ,
(63) and the constrained Hamiltonian

HC =

∫ ∫

1

2
σ |vC |2 + g (σ + σ1) z2 +

cp pr θ2

g (κ + 1)
(ηκ+1

2 − ηκ+1
1 )+

cp pr θ1

g (κ + 1)
ηκ+1
1 − σ1 (cp θ1 ηκ

1 + g Z0) dx dy

(64)

with M1 = 0 [(46)] and σ = σ2. In particular, we find L1-dynamics for a 11
2 -

layer isentropic model after we substitute the Fréchet derivatives (54) for the
geostrophic constraint into (62) and (63), which then defines the balanced
dynamics The only difference with the result in Vanneste and Bokhove (2002)
is the Hamiltonian (64), which includes additional internal-energy terms.

4. Summary and concluding remarks

A two-layer stratospheric toy model with an isentropic lower and upper layer
has been simplified systematically to a 11

2 -layer model. Several small parameters
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emerged in the two-layer problem: Froude numbers F2 and F1 for the lower and
upper layers, the ratio δa of the thicknesses of these layers, and the ratio ε of the
wind speed in the upper layer over the wind speed in the lower layer (the latter
is also the square root of the perturbation pseudo-density over the mean upper-
layer pseudo-density). The final, scaled Hamiltonian system has the typical form
of a two-time scale problem often encountered in (geophysical) fluid dynamics
(Warn et al., 1995; Bokhove, 2002b; Appendix A). At leading order on the fast
time scale, these systems have rapidly oscillating fast modes and slow modes with
associated fast and slow variables.

The data from Birner (2006; see also Fig. 2) suggest that, in the stratosphere,
the use of two isothermal layers (see Bokhove and Oliver, 2007) may be more
realistic than the use of two isentropic layers. The Hamiltonian approaches
presented apply directly to such an isothermal layer model. While isothermal
layer models can be statically stable, whereas isentropic models are formally only
neutrally stable, the former conservative models seem to require (implicit) forcing
and dissipation to maintain the isothermal conditions.

Subsequently leading-order Hamiltonian perturbation theory was used to
systematically derive the Hamiltonian formulation of the 11

2 -layer equations,
which represent the slow dynamics. Using a slaved Hamiltonian approach, the
11

2 -layer equations were also considered in the limit of a small Rossby number,
previously assumed to be of order one. With this slaved Hamiltonian approach
the Hamiltonian L1-dynamics was (re)derived but for the novel 11

2 -layer equation
in a more succinct derivation than in Vanneste and Bokhove (2002).

The general character of the above two Hamiltonian perturbation approaches
has been presented in Appendix A for finite-dimensional Hamiltonian systems. In
this appendix, we considered finite-dimensional Hamiltonian systems with an even
number of constraints which arise from a slaving approach as ũ = u − U(s) = 0
with u the slaved and s the slow variables. The ratio of slow to fast time scales
was assumed to define a small parameter ε. At leading and higher order, an
asymptotic or iterative approach then defines a sequence of constraints of the
form ũ = u − Ui(s) = 0 with the index i representing the order of approximation.
The consistency requirement of the constraint in time, dũ/dt = 0, combined
with the slow dynamics for s, then yields a slaved Hamiltonian dynamics on
a constrained manifold with a Dirac bracket. Our derivation of the Dirac bracket
is more concise than in Dirac (1958, 1964), because our slaving constraints are
special, representing pairs of high-frequency waves.

The presented slaved Hamiltonian approach can be extended to infinite-
dimensional systems on a case by case basis. In these systems, it can simplify the
derivations of Hamiltonian reduced or balanced dynamics in Salmon (1985, 1988),
Allen and Holm (1996), McIntyre and Roulstone (2002), and of the Dirac bracket
in Vanneste and Bokhove (2002). Alternatively, it can provide other approximate
Hamiltonian fluid systems, as the derivations in the text have illustrated. The
leading-order Hamiltonian approach has been used to systematically derive the
Hamiltonian formulation of the barotropic quasi-geostrophic equations and the
incompressible three-dimensional (barotropic) equations in Bokhove (2002b).
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Appendix A

Slaved Hamiltonian Dynamics —By O. Bokhove and T.G. Shepherd‡—
Let z = (s, u) be a state vector§ with s ∈ R

ps and u ∈ R
q, such that u and s

are both vectors as well. Here, q is an even number and ps may be either even or
odd. Consider a (generalized) Hamiltonian structure, which is written as

dz

dt
= {z, H} (A.1)

for a Hamiltonian H(z) and a (generalized) Poisson bracket {·, ·}, and with time
t. Both will be defined further below. The Poisson bracket {F, G} of two functions
F (z) and G(z) is antisymmetric, {F, G} = −{G, F}, and obeys the Jacobi identity

{G1, {G2, G3}} + {G2, {G3, G1}} + {G3, {G1, G2}} = 0 (A.2)

for arbitrary functions G1 = G1(z), G2 = G2(z) and G3 = G3(z) of the state vector
z (e.g., Olver, 1986). Individual components will be denoted by superscripts, i.e.,
z
i, si, and ui, where indices run over the relevant ranges. More specifically, we

write
{F, G} = (∂F/∂z

i){zi, z
j}(∂G/∂z

j), (A.3)

where repeated indices are understood to be summed over the relevant ranges.
We denote ∂s := ∂/∂s and ∂u := ∂/∂u. Again individual components will be

denoted by superscripts: ∂i
s and ∂i

u, and (∂ug)ij := ∂gj/∂ui, etcetera. We consider
generalized, finite-dimensional Hamiltonian systems subject to an even number
of constraints ũ = u − U(s) = 0 between the variables u and variables s with func-
tion U = U(s). The matrix of the generalized Poisson bracket of the constraints
{ũi, ũj} is assumed to be invertible. The outline of this Appendix is:
(a) In section (a), we show under the above assumption that the slaved Hamil-
tonian dynamics on the constrained manifold ũ = 0 follows directly from the
equations of motion for s and ũ, subject to the consistency condition that the
time evolution of the constraints is zero, i.e. dũ/dt = 0. The resulting generalized
Poisson bracket on the constrained manifold is the Dirac bracket.
(b) Finally, in section (b), we use that in many Hamiltonian systems the variables
can be divided into slow variables s and fast variables f , instead of s and u. The
ratio of slow to fast time scales then defines a small parameter ε. In these sys-
tems, the matrix of the bracket of constraints {ũi, ũj}, with now ũ = f − U(s), is
guaranteed to be invertible at leading order in ε. We show for this case that the
slaved Hamiltonian approach can be simplified to a leading-order Hamiltonian
slow dynamics on the approximated leading-order constrained manifold f = 0
emerging in the limit ε → 0. The proof of the Jacobi identity is not entirely
trivial for this leading order case.

‡ Department of Physics, University of Toronto, Toronto, Canada.

§ Notation in this appendix is autonomous and independent from the main text.
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(a) Hamiltonian constrained dynamics

For the asymptotics we adopt the following notation: any function written
in the form F (z; ε) is understood to be of O(1), meaning that limε→0 F (z; ε) is
finite. By O(εn) we mean εnF (z; ε) for some F (z; ε).

We consider constraints

ũ = u − U(s) = 0. (A.4)

Otherwise stated, u is slaved to s (see Van Kampen, 1985). We suppose that
these constraints are at least consistent to leading order in a suitably chosen small
parameter ε arising in an appropriate scaling of the physical problem investigated.
More particularly, we assume that the matrix of the generalized Poisson bracket
of constraints, {ũi, ũj}, is invertible. This assumption will be motivated in §(b)
using an asymptotic approach.

The variations of a function F (z) in terms of variables z = (s, u) are related to
the ones with variables z = (s, ũ) as follows, i.e., before we apply the constraints,

δF = ∂sF
∣

∣

C
δs + ∂ũF δũ =

(

∂sF
∣

∣

C
− ∂ũF ∂sU

)

δs + ∂ũF δu, (A.5)

where (·)|C denotes that we consider derivatives of s with ũ held fixed. Hence

∂sF = ∂sF
∣

∣

C
− ∂ũF ∂sU and ∂uF = ∂ũF. (A.6)

Consistency of the constraints requires that

dũ

dt
= 0. (A.7)

Using these transformations (A.6) with (A.7), the dynamics ((A.1) and (A.3))
become

dsi

dt
= {si, sj} ∂j

sH
∣

∣

C
+

(

{si, uj} − {si, sl} ∂l
sU

j
)

∂j
ũH

= {si, sj} ∂j
sH

∣

∣

C
+ {si, ũj} ∂j

ũH

0 =
dũi

dt
=

(

{ui, sj} − ∂k
s U i {sk, sj}

)

∂j
sH

∣

∣

C
+

(

{ui, uj} − ∂k
s U i {sk, uj} − {ui, sk} ∂k

s U j + ∂k
s U i{sk, sl}∂l

sU
j
)

∂j
ũH

= {ũi, sj} ∂j
sH

∣

∣

C
+ {ũi, ũj} ∂j

ũH.

(A.8)

We rewrite the last equation in (A.8) as

Lij ∂j
ũH = −{ũi, sj} ∂j

sH
∣

∣

C
(A.9)

with the skew-symmetric matrix

Lij = {ũi, ũj}. (A.10)

Let Lij be invertible (cf., the assumption stated above), which implies that L has
an even number of rows and columns. After using (A.10) to reorder (A.8), the
dynamics on the constrained manifold becomes

dsi

dt
=

(

{si, sj} − {si, ũk} (L−1)kl {ũl, sj}
)

∂j
sH (A.11)
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with the associated Dirac bracket (Dirac, 1964)

{F, G}C = ∂sF
(

{s, s} − {s, ũ} L−1 {ũ, s}
)

∂sG, (A.12)

where we have dropped the reference to the constrained derivatives and where we
have substituted ũ = 0 in the Hamiltonian and the resulting Dirac bracket. Note
that the bracket (A.12) is antisymmetric. Dirac (1958) proved that the bracket
(A.12) satisfies the Jacobi identity for a canonical Poisson bracket, but this proof
can be extended given any generalized Poisson bracket {·, ·}.

Hence, we have proven our original claim (a) in the Appendix’ introduc-
tion that slaved Hamiltonian dynamics leads to Hamiltonian dynamics on a con-
strained manifold with a Dirac bracket, under the assumption that the matrix of
the bracket {ũi, ũj} of constraints (A.4) is invertible.

(b) Leading-order Hamiltonian slow dynamics

In many applications one encounters problems with two time scales in which
the dependent variables z = (s, u) can be divided into slow variables s and fast
variables f . This division may arise after a suitable scaling of the physical problem
considered, and often involves a transformation of the original variables (Van
Kampen, 1985).

Hence, the formulation

dz
i

dt
= {zi, H} = {zi, z

j}(∂H/∂z
j) (A.13)

can be written in terms of variables s and f . The bracket {zi, zj} is by assumption
given by

{si, sj} = J ij(s, f) = J ij
0 (s) + εJ ij

1 (s, f ; ε)

{f i, sj} = Kij(s, f) = Kij
0 (s, f) + εKij

1 (s, f ; ε)

{f i, f j} = −1

ε
T ij + Y ij(s, f) = −1

ε
T ij + Y ij

0 (s, f ; ε)

(A.14)

in which we introduced functions J = J(s, f), K = K(s, f) and Y = Y (s, f) of
the slow and fast variables s and f , as indicated, and a constant invertible
skew-symmetric matrix T . In detail, the dependency indicated means that J =
J(s1, . . . , sps, f1, . . . , f q) and so forth. Note that antisymmetry of the Poisson
bracket dictates that {s, f} = −KT, where the superscript T denotes matrix
transpose. Here and in the rest of this appendix, J0, T , Y0, and also A and R0

introduced below are understood to denote fixed functions of their arguments.
Remark 1: That J0 cannot depend on f can be seen by considering

the Jacobi identity {s, {s, f}} + {f, {s, s}} + {s, {f, s}} = 0 at O(1/ε) and in
particular by considering the O(1/ε) term in {f, {s, s}} using the form (A.14) of
the bracket.

We take H(z; ε) of the form

H(s, f ; ε) = 1
2fTA f + R0(s) + εR1(s, f ; ε), (A.15)

where A is a constant symmetric matrix. Hence, (A.13) and the Poisson bracket
(A.14) imply equations of motion of the generic form

ds

dt
= J ∂sH − KT ∂fH and

df

dt
= K ∂sH − 1

ε
ΓA−1 ∂fH + Y ∂fH (A.16)
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with T = ΓA−1 and Γ a constant invertible skew-hermitian matrix (or a linear
operator with purely imaginary eigenvalues). The latter property implies that f
undergoes rapid energy-conserving oscillations in the limit ε → 0. Hence the fast
motions are waves, not damped motion; this property distinguishes the present
approach from centre manifold theory (Carr, 1981).

Following Van Kampen (1985), we can define the constraints

ũ = f − U(s) = 0. (A.17)

Otherwise stated, f is slaved to s. In general, U(s) is determined by expanding
the fast variable f into a power series in ε or by iterating f , in both cases with s as
the independent variable. Clearly at leading order, or as the leading iteration, we
find f = U0(s) = 0 from (A.15) and (A.16), or ũ0 = 0 from (A.17). Transforming
to the variables {s, ũ}, we find the skew-symmetric matrix Lij defined in (A.10)
to be

Lij = {f i, f j} − ∂k
s U i {sk, f j} − {f i, sk} ∂k

s U j + ∂k
s U i{sk, sl}∂l

sU
j

= −1

ε
T ij + Y ij

0 (s, f ; ε) + ∂k
s U i

(

Kjk
0 + εKjk

1

)

−
(

Kik
0 + εKik

1

)

∂k
s U j + ∂k

s U i
(

Jkl
0 + εJkl

1

)

∂l
sU

j .

(A.18)

Hence, L−1 → 0 in the limit ε → 0, since

(L−1)ij = −ε (T−1)ij + O(ε2). (A.19)

At leading order, we thus find ∂H/∂ũ = 0 by combining (A.9) and (A.19).
The Hamiltonian slow dynamics on the constrained manifold f = 0, at leading
order, is therefore

ds

dt
= J0 ∂sH0 (A.20)

with the leading-order Hamiltonian H0(s) = R0(s), cf., (A.15). The associated
bracket is

{F, G}0 = ∂sF J0(s)∂sG. (A.21)

The Jacobi identity {s, {s, s}} + · · · = 0 evaluated at O(1) only involves J0(s) as
we stated in Remark 1 in this section.

Hence, we have proven our claim (b) in the Appendix’ introduction that the
leading-order dynamics in a singular perturbation [of the system (A.13)–(A.15)]
is Hamiltonian with a (Dirac) bracket [(A.21)] satisfying the Jacobi identity.
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