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ABSTRACT: Precipitating convection is an important component of tropical atmospheric circu-
lation. A cloud typically persists for an hour before it is shut down by its own evaporation-driven
downdraft, which generates a gust front in the mixed layer that triggers neighboring clouds. There
is no systematic theory for what sets the spacing of precipitating clouds, which is the first step to-
wards understanding cloud interaction. We propose to view precipitating convection as a piecewise
linear oscillator with cutoff, which separately describes the physical processes in the convective
and recovery phase, but considers the stabilizing and destabilizing effects in a holistic way. The
first hypothesis is that the cloud spacing is determined by the optimal (most unstable) mode of this
system. Too short a spacing does not allow the gust front moisture to recover sufficiently, and too
long a spacing makes the gust front’s dynamical lifting effect too weak. The second hypothesis
is that the optimal mode should be neutral to convection in equilibrium. Further analysis shows
that the destabilizing effect of the gust front’s triggering should be balanced by the damping effect
of incomplete recovery and cold pool entrainment. This leads to a theory of cloud spacing for
equilibrium deep convection, which predicts an upper bound that is proportional to the inverse of
the cold pool fractional entrainment rate. The theory is benchmarked against a series of large-eddy
simulations. The increase and stagnancy of cloud spacing with increased rain evaporation rate are

well predicted by the theory.
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1. Introduction

Individual deep convection is an important component of the tropical circulation (Emanuel 1994).
It typically has a radius of a few kilometers and dies in an hour due to the precipitation-driven
downdraft induced by the buoyant updraft. The evaporation of raindrops leads to a pool of cold air
(cold pool), which spreads in the mixed layer. The gust front can accumulate and lift the boundary
layer moist and buoyant air to the level of free convection, and trigger future convection, completing
a convective life-cycle (Tompkins 2001; Grandpeix and Lafore 2010; Langhans and Romps 2015;
Torri et al. 2015; Fuglestvedt and Haerter 2020). The clouds are strongly coupled to each other by
the cold pool, at least in the tens-of-kilometers range (Feng et al. 2015; Haerter et al. 2019). There
are still many puzzles about the role of cold pools in cloud interaction. For example, one ongoing
debate is whether cold pools suppress or favor convective self-aggregation (CSA), which refers to
the spontaneous formation of cloud clusters in a doubly periodic domain simulation over uniform
sea surface temperature (Wing et al. 2017; Jeevanjee and Romps 2013; Haerter et al. 2019; Nissen
and Haerter 2021; Yang et al. 2021).

To understand the complicated cloud interaction mechanism, a starting point is to study the
convective life-cycle and spacing in an equilibrium state, over a sea surface of uniform temperature
and without vertical wind shear. The maximum cold pool size, which is defined as the gust
front travel distance that makes its buoyancy fully recover to the environmental value, has been
analytically studied by Romps and Jeevanjee (2016). They considered the cold pool to be dissipated
by surface heating and entraining the environmental air, and found that the maximum size increases
with the initial cold pool volume and buoyancy anomaly. However, previous works have shown
with simulations that cold pools collide with each other when they are still active and could trigger
new convection with the residual momentum (Tompkins 2001; Torri and Kuang 2019). Nissen
and Haerter (2021) found that the cold pool size distribution in a simulation has a minimal and
maximal value, which indicates the existence of a characteristic cold pool size in equilibrium deep
convection. The relationship between the equilibrium cold pool size (or equivalently the cloud
spacing) and the maximum cold pool size remains unclear. There is evidence that the cloud spacing
is highly variable. Gentine et al. (2016) found in simulations that cold pools are smaller when the
surface heat flux is interactive (increases with wind speed), compared to a fixed surface heat flux

simulation. The smaller cold pools are explained as a faster recovery of the gust front buoyancy
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due to the stronger surface heat flux there. Boing et al. (2012) showed that an imposed damping
of moisture and temperature in the mixed layer reduces the cold pool size and cloud spacing.
Similarly, Nissen and Haerter (2021) found that a smaller rain evaporation rate reduces the cloud
spacing. Schlemmer and Hohenegger (2014) qualitatively proposed an amplification mechanism
of cold pools to explain the convective deepening in the diurnal cycle: wider clouds have smaller
entrainment and could produce wider cold pools, which trigger even wider clouds.

The above puzzles drive us to ponder the nature of precipitating convection. The prototype
model of convection is Rayleigh-Bénard convection, which is the fluid convection between a pair
of parallel plates, with the lower plate warm and the upper plate cold (Chandrasekhar 2013). This
kind of convection is stationary, which means that a warm perturbation at one place grows steadily
in positive feedback, without changing phase. The diffusion and viscosity damp the short-wave
mode, and the perturbation pressure gradient force damps the long-wave mode. Thus, an optimal
mode (most unstable mode) exists that characterizes the convective cell pattern. This has been
applied to explain the spacing of shallow cumulus clouds which reflects the length scale of the
boundary layer convective cell (Thuburn and Efstathiou 2020; Oktem and Romps 2021). For
precipitating convection, however, the precipitation-driven downdraft kills the updraft. The mixed
layer needs some time to recover before the next cycle begins (Daleu et al. 2020). This oscillatory
feature differs from the stationary feature of Rayleigh-Bénard convection, as has been discussed by
Feingold et al. (2010). Despite the difference, can we also explain the spacing of deep convection
as an optimal mode?

Previous works have studied the hydrodynamic instability of moist convection without consid-
ering the trigger of new convection by cold pools (Kuo 1961; Emanuel 1986; Bretherton 1987;
Hernandez-Duenas et al. 2015; Fu 2021). They start from the Navier-Stokes equation and treat
the pressure gradient force in a self-consistent way, but these frameworks cannot accurately ad-
dress strongly nonlinear phenomena like the updraft plume and cold pool. Instead, precipitating
convection with cold pools has been studied with simpler nonlinear oscillator models at a phe-
nomenological level. For example, Koren and Feingold (2011) considered precipitating convection
as an accumulation-consumption cycle of cloud water content, and Feingold and Koren (2013) con-
sidered the nonlocal triggering effect from neighboring clouds as a delay function of the neighboring

convective strength. The cloud spacing is prescribed, rather than solved. A desirable framework
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should physically parameterize the nonlinear processes but retain the analytical tractability and a
holistic view. Some stratocumulus cloud models have such a flavor (Fielder 1984; Breidenthal and
Baker 1985), but we are unaware of any precipitating convection model on this track.

In this paper, we consider the convective life-cycle to be controlled by a pair of thermodynamic
and dynamical variables with a parameterized convective trigger process. The thermodynamic
variable is the mixed layer equivalent potential temperature. The dynamical variable is piecewise.
It denotes downdraft strength in the convective phase and denotes gust front speed in the recovery
phase. They constitute a novel piecewise linear oscillator - a kind of nonlinear oscillator whose
restoring force is a piecewise linear function of the phase (Shaw and Holmes 1983). As far as we
know, this concept is new to atmospheric convection study. We use the piecewise oscillator as an
“operator" that solves the cloud spacing as an optimal perturbation from the maximum cold pool
size predicted by Romps and Jeevanjee (2016). If the recovery is complete, the gust front speed will
reduce to zero upon transitioning to the convective phase, and the cold pool will reach its maximum
size which we consider to obey the prediction of Romps and Jeevanjee (2016). In equilibrium deep
convection, the recovery is incomplete. This is represented as a cutoff that behaves as a damping
factor on the mixed layer equivalent potential temperature. At the same time, the gust front can
collide and amplify convection. The theory predicts an optimal cloud spacing and recovery status
that make the system most unstable. The optimal spacing is predicted to be limited by the cold
pool entrainment length scale, which explains why the cloud spacing diagnosed from large-eddy
simulations (LES) deviates more and more from the maximum cold pool size as rain evaporation
rate increases.

As for the organization of this paper, section 2 introduces our novel piecewise linear oscillator
model of convective life-cycle and how it leads to a theory of cloud spacing. Section 3 compares

the theory with LES. Section 4 concludes the paper.

2. A piecewise linear oscillator model of convective life-cycle

a. Motivation

To contextualize the analytical treatment, the basic flow pattern of the numerical control run
simulation is introduced first. It is a 96 x 96 km? LES over a 300 K sea surface in a doubly

periodic domain. The details of the setup are introduced in section 3a. As an example, Fig. 1
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Fic. 1. The 3D structure of a cold pool in the SST= 300 K large-eddy simulation at day 3.98 and 1.5 hours
later. The cold pool is chosen by selecting a near-surface low potential temperature region near day 4. The
details of the LES setup are introduced in section 3a. (a) Potential temperature 6 (unit: K) at day 4. (b) The 6 1.5
hours later. (c) Water vapor mixing ratio ¢, (unit: g kg‘l) atday 3.98. (d) The g, 1.5 hours later. (e) Equivalent
potential temperature 6, (unit: K) at day 3.98. (f) The 6, 1.5 hours later. The 8, is calculated with equation

(4.5.11) of Emanuel (1994) which is relatively accurate.

shows the 3D structure of a cold pool. The gust front is a water vapor ring because the front forms

in a rain shaft and further gains water vapor via surface flux (Langhans and Romps 2015). The
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equivalent potential temperature 6, denotes the highest potential temperature a parcel could attain

in an adiabatic ascending process. An approximate expression of 6, is:

L
0. = Bexp (V—z,v), (D
Cp

where 6 is potential temperature, L, is the vapor latent heat, ¢, is the isobaric specific heat of dry
air, and 7 is temperature (Marshall and Plumb 2016). Note that we use a more accurate formula of
0. (Emanuel 1994) in the diagnosis of LES. In the mixed layer, the equivalent potential temperature
(0,) field is dominated by the water vapor (g, ) distribution (Fig. 1).

The gust front 8, and a joint dynamical variable that alternatively represents the mixed layer top
downdraft velocity w, and gust front velocity u, are chosen as the two prognostic variables of our

precipitating convection model. We do not consider free-tropospheric variables for two reasons.

* There is little free tropospheric buoyancy gradient and memory due to the fast gravity wave

adjustment (Emanuel 1994).

* Convection indeed leaves a moisture anomaly in the free troposphere which can reduce the
entrainment cooling of future convection. However, convection and its moisture remnant only
takes a small fractional area. A small perturbation to the position of next convection can miss

this moisture patch.

Thus, following Mapes (1993), we consider 6, as a buoyancy variable is sufficient to qualitatively
measure the potential convective strength. The downdraft brings down low 6, air from the midlevel,
which gradually recovers due to wind-induced surface heat fluxes and cold pool entrainment. The
prognostic variables serve as a thermodynamic-dynamical pair that oscillate around their time-
averaged basic state. The thermodynamic basic state value 6, is assumed to equal the mixed layer
equivalent potential temperature outside of the cold pool. We let #’, = 6, — 6, be the perturbation
part of the gust front equivalent potential temperature. The 6/, should not only represent the narrow
frontal region, but also a finite-thickness ring of the cold air behind the gust front. This is because
the air there will also be involved in the updraft upon cold pool collision (Fuglestvedt and Haerter
2020).

The Hovmoller diagram (Fig. 2) confirms that the triggering of most of the events are associated

with the passage of at least one active gust front. Convection is a highly intermittent event that only
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Fic. 2. The Hovmoller diagram of the z = 12.5 m equivalent potential temperature (filled map) and z =825 m
vertical velocity which is above the mixed layer top (white line for —0.7 m s~ and black line for 1 m s~! contour).
The data uses the y = 48 km cross-section of the control run. Only the data between x = 0 km and x = 48 km
from day 4 to day 5 are displayed. This figure shows that an updraft event is followed by a downdraft, and the

convective phase is much shorter than the recovery phase.

b. A piecewise linear oscillator

The oscillation is split into two parts. The first part is the convective phase which takes a short
time At,, and the second part is the recovery phase which takes a much longer time Afr_. The
period of the oscillation is their sum: At = Az, + At_. Without the gust front lifting effect, the cold
pool 6, will recover to the environmental value before the new convection occurs. The maximum
cold pool radius /,,, which is the gust front traveling length needed for it to recover to zero potential
temperature difference with the environment, was theoretically studied by Romps and Jeevanjee
(2016), and hence referred to as RJ16 model. Because the 6, accumulation of the cold pool relies
on the gust front movement, the maximum cold pool size also sets the maximum 6, that can be
gained in a cold pool event. With the gust front lifting which is an additional forcing, the 6, need

not recover to the maximum value. What sets the cold pool size in this case?
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We hypothesize that there is an optimal length /. that is smaller than the maximum cold pool size
l. If the length is too short, the low 6, from a recent downdraft cannot support deep convection
at all. We conceptualize it as a piecewise linear oscillator with a cutoff (denoted as "PLOC").
The case where gust front lifting is absent is described as a piecewise linear oscillator without
cutoff (denoted as "PLO"), where the gust front velocity decreases to zero at the beginning of a
new convective life-cycle. When there is gust front triggering, boundary layer 6, is released by
convection before it can naturally reach the maximum value, and this early triggering is denoted
as a "cutoff". We will show that the incomplete recovery of boundary layer 6, is a damping effect.
To make the oscillator in equilibrium, the incomplete recovery, as well as the damping due to cold
pool entrainment that will be discussed, should be compensated by the destabilizing effect due to
the lifting effect of a gust front. The idea is to use the PLOC model to solve the optimal cloud
spacing /. as a perturbation from the well-established /,, which involves detailed fluid dynamics of

a cold pool (Romps and Jeevanjee 2016):

/3
Vo Ot — O ||
) , )

RI16 cold pool model : 1, = (2ncE Osur f = Oini

where V) is the initial volume of a cylindrical cold pool. It equals Vo = 27lyHy, where [y is the
initial radius of the cold pool and Hj is the initial height of the cold pool. The 8;,; is the initial
potential temperature of the gust front, 6,,; is the mixed layer environmental potential temperature,
and 6y, ¢ is the sea surface temperature. The length scale /,, does not depend on the cold pool
fractional entrainment rate €, because entrainment dilutes the cold air but does not change the total
amount of heat needed to eliminate the cold anomaly (Romps and Jeevanjee 2016).

In the convective phase (0 <t < At;), 6, starts from the maximum value. The convective insta-
bility induces convection and therefore downdraft velocity w, which reduces 6, to the minimum
value. The downdraft velocity wy first increases from zero and then decreases to zero. Note that
wq is a non-negative variable. The €, equation is derived by linearizing the conservation law of

6,:

dg,  a,Af,

. 3
7 H. wq (3)

convective phase :
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Here H, denotes the cold pool height. Because gravity current in a vertically confined channel like
the mixed layer tends to occupy half the depth (Emanuel 1994), we prescribe it as a constant value
H.=H, /2, where H,, ~ 600 m is the mixed layer depth. The downdraft drying term is multiplied
by a parameter @, which is the updraft fractional area, because we assume the dry air from the
downdraft spreads immediately in the mixed layer upon reaching the surface. This is a lower bound
of the influence of a downdraft at the convective site. A more realistic estimation involves the
spreading speed of the cold pool, which will be considered in the future. Assuming that downdraft
strength is proportional to updraft strength and there is no time delay between them, we use w, to
express the vertical momentum equation of the updraft branch as:

convective phase : % =vy.0, + %. “4)
Here v, is a parameter that measures the ability of high 6/, mixed layer air to generate a downdraft,
analogous to the role of the thermal expansion coefficient in a fluid parcel’s buoyancy. Equation
(A4) in the appendix provides an estimate of y,. The 7,,; is the dynamical lifting time scale that
is proportional to the gust front velocity at the trigger point (u.), a parameter to be discussed in
more detail in section 2d. The w, in the w,/7,,+ term is the downdraft strength of the neighboring
clouds Az, +Ar_ time ago. For a homogeneous convective state, a transformation in space and time
shows that this strength is identical to the current strength of the cloud we study, as is illustrated in

Fig. 3. Equations (3) and (4) yield an expression of Az,:

7+@+A8e )_1/2 . (5)

Aty =
+ 7T( H.

Two important factors have been omitted: the drag on the updraft which serves as a damping
factor, and the delay of the transition from downdraft to updraft. The latter will be shown to
represent convective instability. Recently, there is growing evidence that thermals are in balance
between buoyancy and drag (Romps and Charn 2015; Romps and Oktem 2015). In the appendix,
we separately treat updrafts and downdrafts and use this argument to show that the damping effect
of drag and the amplifying effect of the downdraft delay may cancel each other in the oscillator.

The other half of the life-cycle is the recovery phase (—Az_ <t < 0). The dynamical variable is

switched from w to gust front speed u, and the thermodynamic variable remains 6/,. The gust front

10
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Fic. 3. A schematic diagram of the oscillator model. The period of the oscillator consists of a convective and a
recovery phase, which is denoted as the red and blue shadow. Note that the recovery phase depicts the gust front,
which is marked with the large blue arrow. The downdraft strength of the cloud of interest (at position x and time
t) depends on the downdraft strength of two neighboring clouds Az time ago. The cloud spacing is denoted as
[.. Tt takes 2At time for convection to re-appear at the same location. The homogeneous and quasi-equilibrium

condition indicate that wq(x,f) = [wg(x —lc,t —At) +wa(x +1c,t —A1)] [2 =wg(x,t —2Ar).

speed u first accelerates due to the conversion from potential energy to kinetic energy, and then
decelerates due to the recovery process that reduces the potential temperature difference between
the cold pool and the environment. The system is considered to transition to the recovery phase

when u reduces to a trigger velocity u., rather than zero. The 6/, and u equations in this phase are:

do’ 0, C —
recovery phase : d: =—— 4 FE (9” - 96) u, (6)
Te— C
d
recovery phase : d—L; =—y_0,, (7)

where y_ is a parameter that relates the gust front &/, to its horizontal acceleration, conceptually
analogous to vy, in the convective phase. In the numerical integration of PLOC, this transition
point is identified when u = u, and 6, > 0. Then, the convective phase starts with w; =0. In
contrast, 8/, is continuous throughout the life-cycle. The parameter Cg is the surface heat exchange

coeflicient, 6, is the equivalent potential temperature at the saturated sea surface, and € is the

11
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cold pool fractional entrainment rate which has been mentioned. They are viewed as constants.
Note that we have assumed the mixed layer equivalent potential temperature outside of the cold
pool to equal 8,. The u term in (6) denotes the wind-dependent part of surface heat flux. The 7,
in (8) is the mixed layer relaxation time scale, which includes the cold pool entrainment and the
0.,-dependent part of surface heat flux:

Te— = (Suc"'— _ ~ (Suc)_l s (8)

where u, is the gust front characteristic speed. Here we follow Romps and Jeevanjee (2016)

to neglect the surface flux component. This is valid because ¢ < Cg/H. for £ ~2x10™* m™!,

Cr = 0.004 (as a variable in our LES) and H, ~ 300 m.

The gust front characteristic speed u. is considered to take the mean value of u in the recovery

1 [o 1 [° t U
c=— dr = — i — | dt = ) 9
e AL [A,_ A=A [m_ - (”Ar-) - ©)

where u,, is the maximum gust front velocity. We have used a harmonic-shape u in deriving (9),

phase:

and the integration covers a half-period. Note that u represents the potential temperature deficit of

the cold pool, due to the inertial-buoyancy balance at the gust front (Ungarish 2009):

0-6
u2:Fr2g ml

H., (10)

ml

where g = 9.8 m s~2 is gravitational acceleration and Fr is Froude number which is around unity
(Ross et al. 2004). When the gust front potential temperature fully recovers to the environmental
value, u is strictly zero corresponding to (10). The u could also take a small value if the momentum
tendency is considered (Romps and Jeevanjee 2016), which is neglected here.

Cold pool entrainment is a damping effect on ,. At the early stage of the cold pool, low 6,
air flows behind a thin rain-induced high 6, arc (Fig. le). Because 6/, represents the perturbation
equivalent potential temperature not only at the front but also a finite-thickness ring behind it, it is
not obvious whether entrainment increases or decreases it. At the mature stage, the surface heat
flux generates a broad band of high 6, air near the gust front, so entrainment reduces 8/, (Fig. 1f).

In contrast, the potential temperature of a gust front always experiences an increase by entrainment

12
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because it is always lower than the environmental value (Fig. 1a and b), as is implicitly indicated
by the factor y_. This is explained in more detail below.

Equation (7) considers the gust front’s horizontal motion to be analogous to the parcel vertical
motion driven by buoyancy, where u is accelerated to u,, by the recovery of 6/, and then decelerates.
Although there are indeed fundamental links between the buoyancy-driven horizontal and vertical
plume (Turner 1986), this specific comparison is physically inaccurate. Unlike the tendency-
buoyancy balance in (7), buoyancy-driven horizontal flow is in inertial-buoyancy balance (10)
instead, which leads to a gust front. The u attains the maximum value right after the cold pool
forms due to the lowest 6 — 6,,,; at that moment (Romps and Jeevanjee 2016). Then, the magnitude
of u and 6 - 6,,; slowly reduce by surface heating and entrainment. The use of (7) makes the model
a mathematically elegant oscillator by sacrificing some physical accuracy. Because (7) does not
quantitatively depict the dynamics, we consider the time duration of the recovery phase to be the

cold pool propagation time across the maximum cold pool size (/,,/u.) and retrieve y_ from it:

C . —-1/2 I,
7—_E(Hes_9e)] ~ (11)

The above analysis shows that the recovery phase of the oscillator model is only a coarse
representation of the cold pool dynamics, which is far less complete than the RJ16 model. Our
motivation is to use the oscillator as a tool to map the maximum cold pool size predicted by the
RJ16 model to the equilibrium deep convection. When u,. =0 (7,,+ — o) and 7, — oo, the PLOC
reduces to a neutral PLO, and the cloud distance is considered to take the maximum value /,,. In

section 3¢, we nondimensionalize the PLOC and analyze the numerical integration result.

c¢. The nondimensional formulation and comparison with simulation

To reveal the mathematical skeleton of the piecewise linear oscillator (with cutoff), we need to
nondimensionalize (3), (4), (6), and (7). We use ©, ‘W, and At to nondimensionalize 6/, w,, and
time ¢:

0, =00, wg=Wig, t = Al (12)

where éz, wgq and 7 are the nondimensionalized quantities. The key procedure that combines the

two dynamical variables w; and u into one is to extend the domain of definition of w, to the

13
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recovery phase by assigning it as a rescaled u, using (3) and (6):

% (Hes _Q_e)

il N <0.
A6, JH, 4

recovery phase : wy = —u

Substituting (12) and (13) into (3), (4), (6), and (7), we get:

e, 0, wqg=0,

dwg |7+0e+2L, Wa>0,
i | =z

(13)

(14)

(15)

The transition from the recovery phase to the convective phase occurs when wy reaches w?; from

—_—

below. The expression of nondimensional parameters @, v, y_, w*, T+, and T,_ are:
4w e

T S 2y YV
V=T TN, JH, w7

— % (ees _e_e) Us

W =————
d a, N0, /H, W’
o=,

At
— Te-
Tem =

14

(16)

(7)

(18)

(19)

(20)

2y
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To guarantee that the nondimensional oscillation period is unity, there is a constraint between «,

v_,and y_:
T N V4 _1
i)' (7))
Aty /At At_ [ At

(22)

We perform a numerical integration of (14) and (15), with the initial condition set at7 = —Az_/At,
which is the start of the recovery phase:
Ouliens e =—7="% Wl ya =0. (23)
The parameters are @ = 1, y, = 2572 /a, and y_ = (25/16) (% /a). Note that @ = 1 and (23) are set
by properly choosing ‘W and ®, which are two free parameters. When the cutoff is not considered
(;‘;fl = 0), the parameter setting and initial condition yield a minimum wy value of min{w,} = -1,
and a maximum value of max {wy} = At_/At, =4. The min{w,} = —1 property can be used to
simplify the expression of (19). Using the definition of maximum gust front speed: max {u} = u,,
and (13), we get:
—_— Us

wh === (24)

Um

U w

We perform some demonstration of the oscillator in Fig. 4. To make the demonstration clean,
we temporarily omit the gust front triggering effect and the cold pool entrainment damping by
setting 7,,, — oo and 7,_ — oo. The PLO simulation with v;fl =0 is shown in Fig. 4a, which is
essentially a stretched harmonic oscillator. The time duration difference between the (slow) heat
accumulation phase and (fast) consumption phase has been attributed to a microphysics-related
quadratic term in the oscillator model of shallow precipitating convection (Koren and Feingold
2011; Koren et al. 2017). We argue that a piecewise oscillator, which considers the two phases to
be of different physical processes (convection and gust front), is physically more relevant to the
time duration difference in our case of deep convection.

For the PLOC simulation where the recovery is incomplete, we set v:;j = —0.2. Figure 4b shows
that the oscillator is damped. This is because when w, reaches ;‘;fz from below in the recovery
phase, 67; attains its maximum value which is smaller than the magnitude of its minimum value

at the beginning of the recovery phase. For the next convective phase without a cutoff, the next
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minimum value will equal the maximum value that has just been attained. This explains the
reduction of amplitude in subsequent cycles. Can we quantify this damping? Could it be balanced

by the destabilizing effect of the gust front lifting (7,,,)?

6 (a) complete recovery 6 (b) incomplete recovery 0.03 (c) growth rate
—Wq —Wq . * numerical

4 —*% 4 — \eu. —theory

0.02} .* ‘e,
=% '-

2 2 5
0.01

0 0

-2 -2 0

0 _ 1 2 0 _ 1 2 -0.3 /\-9.2 -0.1 0
t=1t/At t=t/At W = —Uy /Uy,

FiG. 4. (a) The numerical integration of the piecewise linear oscillator (PLO) in nondimensional form, using
a=1, vy, =257%/a, y- = (25/16)(7%/@), Ty — 00, To- — oo, and ;‘;Z = 0. The gust front is completely
dissipated by the start of the convective phase. The blue line denotes w, and the red line denotes 92 (b) The
same as (a), but for a piecewise linear oscillator with cutoff (PLOC), with v;fl = —0.5 which accounts for the
incomplete recovery. (c) The blue “*" denotes the growth rate of a series of numerical integrations with different
v’;fl. To isolate the triggering and incomplete recovery effect, we set 7,_ — oo. The growth rate is diagnosed with
o =In(wy/wi)/(t> —t1), where w; and W are the first and second maximum value of Wy in the time series that

occurs at £ = 1 and 7 = . The red line denotes the theoretical prediction, which is introduced in section 2d.

d. The optimal mode

Next, we consider the role of nonzero u. in setting the optimal cloud spacing. We let ¢’ and [’
be the perturbation time and perturbation distance that the system exhibits before the full recovery.
Thus, we consider Az_ — ¢’ to be the time duration of the recovery phase and define [, = [, — [’ as
the cloud spacing. The expressions of u, and [’ are a function of ¢/, using a small perturbation
assumption (¢’ << Ar_):

7 t/
Uy = Uy, SIiN (ﬂ'—) R Uy T—— (25)
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= t= i — | dt x uyy——. 2
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The finite u. introduces a finite 7, which amplifies the system, while the cutoff on the recovery

of 6/, damps the system. This small perturbation treatment is illustrated in Fig. 5.

Wg u Hé
t' )
T
At_
t,
—— t t
u*E._ }
Um
convective phase
recovery phase
At, At_ At, At_
At At

FiG. 5. A schematic diagram of the small perturbation treatment in deriving the optimal mode. The damping
due to cold pool entrainment and the amplification due to triggering are not included in the sketch. The red
and blue shadow denote the convective and recovery phase respectively. The left panel shows the dynamical
variables w4 and u, and the right panel shows the thermodynamic variable 6. The ' < Ar_ ~ At assumption

will be repetitively used in the theoretical derivation.

The growth rate of the system (3) (4) (6) (7), which is denoted as o, is determined by the
destabilizing and stabilizing factors in the convective phase (At..) and recovery phase (A7r_ -1’ ~ At_)
distributed over the whole life-cycle (At = At, + Az_). It has been proposed as a potential general
rule that quasi-equilibrium fluid convection is dominated by its most unstable (optimal mode),

which must have a zero growth rate (e.g. Thuburn and Efstathiou 2020):

o=max{o}=0. (27)

This requires us to quantify all the other stabilizing and destabilizing effects. We consider the
dissipation on the updraft to balance with the convective instability of the plume offered by the

precipitation delay, as is discussed in the appendix. This leads to a balance between gust front
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lifting, incomplete recovery, and cold pool entrainment damping:
oc=—-——-—, (28)

where 1, T4, and 7, are the bulk amplification timescale of gust front triggering, the bulk
damping timescale of incomplete recovery due to cutoff, and the bulk damping timescale of cold
pool entrainment.

The bulk trigger amplification timescale 7, is related to 7,4 with a rescaling:

2At

= Type—.
W+At+

(29)

Tw

Here a factor of 2 is introduced because the lifting effect is imposed only on w, and not on 6/, and
therefore the effect on the system is halved. A dilution factor of At/At, is introduced because the
triggering only works in the convective phase rather than the whole life-cycle.

Similarly, the bulk damping effect of cold pool entrainment, which only works on 6/, in the

recovery phase, is denoted as 7. It is related to 7, with a rescaling:

2At

A (30)

The cold pool entrainment time scale 7, ~ (,suc)_1 is not a function of ¢, so it is the dominant
stabilizing effect of the oscillator. It results from the heat exchange between the cold pool and the
mixed layer environment which serves as a thermal reservoir.
We focus on the competition between the bulk triggering time scale 7,, and the damping due to
incomplete recovery 7.,;, because we will show that both of them would be infinite if ' = 0.
Instead of directly studying 7,4+, we propose an expression of 7, by considering dynamical
lifting as a feedback loop. The fractional growth due to dynamical lifting in one life-cycle period is

At /1y,

expressed as e — 1, which depends on how the lifting-contributed part of the downdraft at the

current cycle (denoted as Aw”)) depends on the downdraft at the previous cycle (denoted as wg‘l):

& OAWy  OAWG ut! ul!

ew—1= 1= 1 1 1
n— n— n— n—
ow’, oul™" duy, " Ow!)

3D
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Here u”~! denotes the trigger velocity of the gust front of the previous cycle, and u:~! denotes its
maximum gust front velocity. Next, we simplify the derivative chain. The horizontal velocity and
vertical velocity are linked with fluid continuity. Letting [y be the cloud base radius, we define the

mixed layer top updraft velocity of the current cycle as w’.. which obeys:

2H, _
u = =yl (32)

*

L " 2nlgH,
continuity :  w, ;= — 5 U
nlg Lo
where 2nlgH, is the lateral area of the updraft cylinder in the mixed layer, and 7rl(2) is the cloud
bottom area. Not all the gust front air turns into updraft, but we consider the mixed layer top mass
flux to be at least proportional to the gust front mass flux entering the convective site. This is

because the gust front carries mixed layer thermals which fuel the updraft. Analogously, for the

downdraft we have:

dnuity: O _ Lo (33)
continui y . = .
ow"1  2H,
d

Considering a relatively weak lifting effect (At < 7,,) and du'/0u™! ~ u./u,,, which is a key

linear assumption, and substituting (32) and (33) into (31), we get:

1w OAWGouy T u 10AwG (34)
Ty UpAL Gy 6W’Zl—1 Ly m oWy’
[ —
M

where we have used (9) and (Az_ = Af) to get [, = u At_ = u,At_/m = u, At/m. We call the
nondimensional parameter p. the downdraft-trigger efficiency. The quantity dAw? /0w, denotes
the downdraft production ability due to lifting, which still lacks a theoretical model. We surmise
that u. depends on the convective trigger process (Grandpeix and Lafore 2010; Rio et al. 2013)
and precipitating efficiency (Emanuel et al. 2014; Langhans et al. 2015; Lutsko and Cronin 2018;
Fu and Lin 2019).

The cutoff time scale 7., is measured by the fractional reduction of 6, amplitude due to the

incomplete recovery (Fig. 5):

_ M |0:3|t=0| _ ‘COS [ﬂ(_At_’,- ”

e Tcut = =
|6Ve|t=—At_| |1

t/
=Cos (7‘[ At_) . (35)
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Assuming " < At_, we linearize (35) with respect to ¢’

2 7 \2
! z”—i(’ ) (36)

Why is the first order term of ¢* absent in (36)? This is because (25) shows that u, is small for
a small ¢, and the gust front is therefore inefficient in generating surface heat flux by the time of
collision. The total surface heating missed due to the incomplete recovery scales as: u,t’ ~ t’>. The
damping due to incomplete recovery is analogous to the molecular diffusion in Rayleigh-Bénard
convection, which damps the short-wave mode.

Substituting (34), (30), and (36) into (28), and using (25) and (26) to simplify the expression, we
get:

TT A

1| n2(7 A \P o dnt (A A
(t t)+,u*7r( t) t 37)

T
2 \a T AL 2 \Aac)  2n |

-0 =0
Equation (37) shows that o takes a maximum value when ¢ = u,At, which yields /" =

(u27%/2)(At/At-)?1,, according to (26). This is the optimal mode, which has:

2.2 2
. e [ At
optimal : [.=1, 1—'u2 (A_t_) , (38)
At
timal : N J— ], 39
optimal : U, = u, (,u ﬂAt_) (39)
2
1 Ar_
optimal : TWZAI( —) , (40)
e At

where we have used (25) and (34) to derive (39) and (40).

The theory predicts that the cloud spacing /. is smaller than the maximum cold pool size /,, by
a factor that is proportional to the square of the downdraft-trigger efficiency u.. A larger u, leads
to a shorter cloud spacing and a larger cold pool collision velocity.

The analytical theory is benchmarked against numerical integration of the nondimensional
system (14) and (15), with (23) as the initial condition. We still use @ = 1, y, = 257°%/a,

Y- = (25/16)(n*/@), neglect the damping due to cold pool entrainment (7,_ — o), but include
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the lifting effect (7,,,). The expression of 7,,, is obtained by substituting (29) and (34) into (20):

— _TwAt _ ln At+__Li&% (41)

where we have additionally used (24): vf;fl =—u,/u, and (9): u,, = nu. = nl,, /At_. Note that (41)
is not constrained to be the optimal mode. We set u.. = 0.2(Ar_/At)(1/n), which corresponds to
an optimal mode of v?fi = —0.2 according to (39). The system growth rates of a series of numerical
integrations with different ;‘;fl are shown in Fig. 4c. The theoretical growth rate in nondimensional
form (with 7, — co) is calculated with (37): At = At/ 7, — At [Tey = =W (p) (At A1) v’v‘jf /2.
The theory agrees well with the numerical integration, despite an underestimation of the growth
rate which is likely due to the assumption of < Azr_ ~ At in the theoretical derivation.

This simple model views equilibrium deep convection as a primary piecewise oscillation plus a
pair of destabilizing and stabilizing factors that balance each other. In view of energetics, a part of
the convective (downdraft) kinetic energy is reused by the gust front to ignite the next convection.
This indicates that precipitating convection has both free and forced properties.

It remains unclear what determines w, and whether it is a function of /.. A related work
is the convective parameterization scheme based on the available lifting power (ALP) closure
(Grandpeix and Lafore 2010; Rio et al. 2013) where the gust front and the mixed layer thermals
together determine the convective mass flux. However, this scheme does not consider the triggering
due to cold pool collision which is prevalent in tropical maritime deep convection (Torri and Kuang
2019), as well as the recent finding that cold pools can serve as a conveyor belt to aggregate the
mixed layer thermals (Fuglestvedt and Haerter 2020). Thus, we do not test or use the ALP scheme
to estimate y., in this paper. Is there a way to circumvent the detailed trigger process?

We hypothesize that the p. can also be constrained by the zero growth rate argument which has

not been used yet. Prescribing o = max{c} =0 in (37), we get:

== == 42)
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Further substituting (30) and (40) into 1/7,, =2/7,, and using Az_ ~ At, we get an expression for

l.: )
I, ~ At ~ ("f) . (43)

Combining (38) and (43), and eliminating .., we get:

L ln, €l, <1,

o~ ——» 44
1+&ly/2 “44)

2/e, &l > 1.

Equation (44) shows that for small /,, where the cold pool is weak, little trigger effect is needed
to balance the relatively weak mixed layer damping process, so the cloud spacing approaches the
maximum cold pool size predicted by Romps and Jeevanjee (2016). For large /,,,, the cloud spacing
is constrained by cold pool fractional entrainment rate. The mixed layer damping is strong, so the
trigger also needs to be strong. This enhances the incomplete recovery, and therefore /. approaches
an asymptotic value of 2/&, which significantly deviates from /,,. This prediction is compared to

LES in section 3.

3. Comparison with LES

a. Simulation setup

In this section, we use LES to benchmark the cloud spacing theory. As an application, we attempt
to explain why increasing the rain evaporation rate leads to a larger cloud spacing, as has been
reported by Nissen and Haerter (2021).

We make a series of LES with the Bryan Cloud Model 1 (CM1, Bryan and Fritsch 2002) to study
how the cloud spacing depends on the rain evaporation rate. The experimental method closely
follows Nissen and Haerter (2021). The control run is an LES of deep convection over a uniform
sea surface temperature of 300 K and zero Coriolis parameter in a 96 x 96 km? doubly periodic
square domain. The mesh is 480 x 480 x 130, with a uniform horizontal grid spacing of 200 m,
and a vertically nonuniform grid with 15 grid points within the lowest 1 km. The model uses the
simple planetary boundary layer scheme of Bryan and Rotunno (2009), the surface layer model of
Jiménez et al. (2012), the RRTMG radiation transfer scheme (Clough et al. 2005) (with the zenith

angle fixed at 50.5° and the solar constant reduced to 650.83 W m~2, following Bretherton et al.

22



446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471

472

473

(2005)), and Morrison double-moment microphysics scheme (Morrison et al. 2005). We initialize
the model with a radiative-convective equilibrium (RCE) state sounding, from the horizontally
averaged water vapor mixing ratio and potential temperature profiles of a 120 x 120 km? cloud-
permitting simulation with 2 km horizontal resolution at the end of day 100. This sounding is the
same as that used by Fu and O’Neill (2021a).

For the control run, Fig. 6a shows that the domain-averaged precipitable water (PW) oscillates
within the first 2 days and then slowly climbs. This indicates that the coarse-resolution initialization
still deviates from the RCE state of the high-resolution LES setup. However, both the standard
deviation of PW (Fig. 6b) and the diagnosed cloud spacing (Fig. 6c¢, which will be introduced
shortly) do not systematically change after two days. This two-day time scale should be the adjust-
ment time of boundary layer quasi-equilibrium (Raymond 1995). The above evidence indicates
that it should be sufficient to investigate cloud spacing (a 10'-10? km mesoscale phenomenon) in
a boundary layer quasi-equilibrium state, without requiring the stricter RCE, which has an adjust-
ment time scale of ~ 15 days needed for moist static energy to vertically mix across the troposphere
(Tompkins and Craig 1998). In addition, the long RCE adjustment time is hard to meet in the real
atmosphere at the mesoscale which continuously evolves (Mapes 1997). Thus, we have not spent
the extra effort to run in a strict RCE state, and we will refer to “equilibrium” as boundary layer
quasi-equilibrium unless further noted.

We performed 12 experiments where the inverse of rain evaporation timescale (parameter EPSR
in “morrison.F" file) is multiplied by a constant coefficient E,, with E, = 0.15, 0.2, 0.3, 0.4, 0.5,
0.6, 0.8, 1.0, 1.2, 1.5, 1.8, and 2.0 for EXP 1-12. The E, = 1.0 test is the control run. First,
we compare the flow pattern of different tests. At day 4 when the equilibrium state is reached,
there is a visible increase of cold pool size and therefore cloud spacing as Ey increases (Figs. 7
and 8), in agreement with the LES of Nissen and Haerter (2021). For the 12 tests, no convective
self-aggregation (CSA) is observed within the first 5 days. This is different from Nissen and Haerter
(2021) who observed a clear convective self-aggregation pattern by day 2 in their E, = 0.1 and 0.2
tests. In an additional E, = 0.1 test we performed (not shown), there is indeed a signal of CSA on

the flow pattern at day 5.
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FiG. 6. (a) The time evolution of domain-averaged column precipitable water (unit: m) for E, = 0.2 (blue
line), E, = 0.5 (red line), E, = 1.0 (yellow line), and E, = 2.0 (purple line). (b) is the same as (a), but for the
standard deviation of column precipitable water with a logarithmic ordinate. (c) is the same as (a), but for the
time evolution of cloud spacing /.. The [, is diagnosed as the spatial autocorrelation lag of the mixed layer water
vapor content that first crosses 0.1 from above. Due to the quasi-isotropy of the pattern, a 1D x-direction profile
is extracted from the 2D autocorrelation function to calculate the lag. The overshooting of /. for the E, = 2.0 test

between day 3.5 and day 4 is an intermittent event that needs further investigation.

b. The qualitative feature of cloud spacing

The cloud spacing is calculated as twice the spatial autocorrelation lag of the mixed layer vapor
content (vertically averaged within the lowest 551 m) that crosses an autocorrelation value of 0.1
from above for the first time (Fig. 9a). This choice roughly corresponds to the opposite phase
lag, which has been quantified with the minimum point of the spatial autocorrelation function by
Haerter et al. (2017). We do not adopt that approach because the autocorrelation function fluctuates
too much at a large lag to work reliably. In addition, they used the mixed layer vapor convergence
rate instead, which does not work as well as the mixed layer vapor content for our data.

Figure 10 shows that the diagnosed /. indeed increases with E,, but the increasing rate is lower
in the log-log scale for a higher E,. This flattening trend qualitatively agrees with figure 2B of
Nissen and Haerter (2021), though they only have four different E, tests (E, = 0.1, 0.2, 0.6, 1.0).
They used a delicate gust front tracking method to diagnose the cold pool radius at large cold pool

age, which is considered to be close to our /. based on spatial autocorrelation. Their figure 2B
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Fic. 7. The mixed layer water vapor mixing ratio (vertically averaged within the lowest 551 m level) at day 4.

(a)-(d) denote E, = 0.2, 0.5, 1.0, and 2.0 tests. This quantity is used to diagnose cloud spacing /..

shows that the /. grows steadily between their E, = 0.1, 0.2 and 0.6 tests, but remains roughly the
same for their E, = 0.6 and E, = 1 tests. They commented on the monotonic growth trend, but did
not mention the insensitivity to E, reflected by the E, = 0.6 and E, = 1 tests. Our theory (section
2d) predicts that /. increases with /,,, and approaches an upper bound of 2/¢ for a large /,,. Can
we derive a [.-E, relation based on the /.-/,, relation (44)? The key is to understand how the fully
dissipated cold pool radius /,, depends on E,. Based on the RJ16 model of /,, (2), this requires an
understanding of how Vy, (6, — 0iyi), and (64, r — 0;ri) depend on Ey or [, itself.

c¢. A quantitative prediction of cloud spacing

We present some novel findings on how E, influences updrafts, downdrafts, and subsequently

cold pools, which are the basis for understanding the /.-E, relation.
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Fic. 8. The same as Fig. 7, but for z = 12.5 m (near-surface) potential temperature.

First, we analyze the updraft statistics. Figure 10 shows that the magnitude of updraft radius /o
is approximately 1/5 of /., though the exact scaling with respect to E, is different. Its diagnostic
method is illustrated in Fig. 9b. The updraft speed w, (Fig. 11a) does not increase with /y. This
differs from the previous finding that a wider cloud has a stronger updraft, which is explained as
a better protected convective core (Khairoutdinov et al. 2009; Schlemmer and Hohenegger 2014).
The origin of the difference needs further investigation. Based on this phenomenon, we consider
the cloud dissipation in the updraft phase to be insensitive to E, and therefore temporarily ignore the
convective entrainment feedback (wider cold pools lead to stronger updrafts) in the cloud spacing
theory.

Second, we analyze the downdraft and cold pool statistics. Because updraft speed is insensitive
to Ey, the rain evaporation rate should be proportional to E,. The downdraft velocity increases
slightly with E, for E, < 0.4, but increases steeply with E, with an E,!/3 slope for E, > 0.4 (Fig.

11a). We explain this transition behavior of downdraft velocity as the water loading effect: for
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FiG. 9. (a) The temporally averaged (a two-day-long time series between day 3 and day 5) spatial autocorrelation
of the mixed layer vertically averaged water vapor content for E, = 0.2 (blue line), E, = 0.5 (red line), E, = 0.7
(yellow line), and E, = 1.0 (purple line). There is an additional dashed black line denoting the 0.1 autocorrelation
value that is used to diagnose cloud spacing in Figs. 6¢ and 10. (b) The same as (a), but for the vertical velocity
at z ~ 4 km. (c) The detrended temporal autocorrelation of the mixed layer vapor content, using a two-day-long
time series between day 3 and day 5. The curve is averaged over the 480 x 480 grid points. The "+" signs with

the corresponding colors denote the minimum value points that are plotted in Fig. 12b.

E, < 0.4, the rainwater loading is a significant driving force of the downdraft, which does not
change with E,.

We have not performed gust front tracking (e.g. Torri and Kuang 2019; Nissen and Haerter 2021),
so the value of the mean gust front speed u, is unknown. However, both the mean and standard
deviation of surface total wind increase with E,!/3 (Fig. 11b). Based on this, we predict that
uc ~ Ey1/3. We use dimensional analysis to explain the E,!/3 scaling of the downdraft speed and
surface wind. Equation (10) shows that the gust front speed u,. depends on the evaporation-induced
buoyancy anomaly of a downdraft b; and cold pool height H.: u, ~ (dec)l/ 2. We assume by
depends on the evaporation-induced buoyancy loss rate in a downdraft Q (unit: m s~3), as well
as the mixed layer height H,,. We choose Q because Q « E,. We choose H,, because Torri and
Kuang (2016) found that most cold pool air comes from the mixed layer top. Dimensional analysis
yields:

ba~QPH)? = u ~b?~Q'3~E,/3. (45)
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F1c. 10. Some length quantities in log-log coordinate. The blue circle denotes the /. diagnosed from the LES.
The cloud spacing is diagnosed from individual snapshots first and then temporally averaged over a two-day-long
time series between day 3 and day 5. The time series correspond to the curves in Fig. 6¢. The blue shadow
denotes the +1 standard deviation range of the cloud spacing time series. The red “+” denotes the updraft radius
lp diagnosed from the LES, multiplied by five. The method is the same as diagnosing /.., but the physical variable
is vertical velocity at z =% 4 km height. The solid black line is the theoretical prediction of (49), using 8 =3 and

®, =2.5. The dashed black line denotes the theoretical /,,,, which is calculated with [,,, = q>0Ev2/ ..

Physically, the by ~ Q?/3 ~ E,>/3 scaling, which is confirmed in Fig. 1lc by linking by to the
standard deviation of near-surface potential temperature, comes from the argument that b, is
determined by the product of the evaporative cooling rate Q and the residence time of a parcel in
the rain shaft (Hm/bd)l/z. Because a larger Q leads to a faster downdraft (wg ~ (dem)l/2 ~U.)
and therefore a shorter residence time, b; grows with Q more slowly than linearly. One might
be curious why there is u, ~ E,!/3 even for E, < 0.4, where the water loading is an important
additional acceleration that shortens the parcel residence time in the downdraft and should make
u smaller than the E, /3 scaling. We have not figured out a rigorous explanation, but we speculate
that the dynamical acceleration on the cold pool due to water loading could make it unstable to
Kelvin-Helmholtz instability and therefore lead to enhanced vertical mixing (e.g. Lee et al. 1974;
Turner 1986). The mixing, which should occur near the downdraft site, might make some cold
pool air return to the downdraft and be further cooled. We leave a careful investigation for future

work.
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Third, we analyze (6,,; — 6;,;) and (6., r — 0in;). Figure 8d shows that the difference between the
potential temperature of an initial cold pool and the sea surface temperature (6, s — 6;n;) Toughly
increases from 2.5 K to 3.7 K as E, increases from 0.2 to 2.0, where 6y, r = 300 K is the prescribed
sea surface temperature. Note that the relationship between (6, r — 6;,;) and Ey is not a power
law: (054 — 0ini) asymptotically approaches a 2 K base value as E, — 0. Such a temperature
difference is needed to support the basic boundary layer heat flux. The difference (6,,; — 0;;),
which is measured by the near-surface potential temperature’s standard deviation and denotes the
buoyancy anomaly, increases from roughly 0.07 K to 0.3 K as E, increases from 0.2 to 2.0 (Fig.
11c) and obeys (8,1 — Oini) ~ E,!/3. Thus, we consider the change of (6,,; — 6;,;) to dominate the
change of (6,1 — 0ini) / (Osur f — Bini), Which is considered to approximately obey Ei/ 3,

With the above preparations, we derive the expression of V(6,1 — 0ini) / (Osur f — Oini) and then
ln. The cold pool formation is a continuous cold air production process, while the RJ16 model
considers it as an initial value problem of cold air collapse. To fill the gap, we consider Vjy to be
the total amount of air that has entered the downdraft in a convective event, which is proportional

to the total rain evaporation amount in a cylindrical rain shaft:
Vo(Omi = Oini) ~ EvlgAty. (46)

Here At, is the convective duration time that has been introduced in section 2, and the height
of the evaporation cylinder H,, is considered to be independent of E,. Equation (46) can be
alternatively derived by separately estimating V,y and (8,,,; — 6;,;). Suppose Vjy ~ ﬂlgwdAtJ,, which
is the volume of air that passes the cylinder top. Using the confirmed scaling wy ~ E,!/? (Fig.
11a, not considering the complexity brought by water loading) and 6,,; — 6;,; ~ E,*/3 (Fig. 11c),
we also arrive at (46).

The individual cloud statistics (/o and At,) can be linked to the cloud population statistics (/. and

At) by introducing a domain mean updraft mass flux M,,:

A, 13

—— w .

At 27"
y

M.=p @7)
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(a) wy (2~ 4 km), wy(z = 0.55km) (b) surface wind
5 2

4 » 1.5 *™
» »*
3 . #**ﬁ:ﬂu.. . §
*
—_ . -t — 1 . - .t
3 .o 5 e
* * *
T2 g -
3 I~ *
*
W, 0.5 » * mean
* -10xw, * std
1/3 slope 1/3 slope
1
10! 10° 10! 10°
E, Ey
(c) surface 6 unit : K . (d) Ogurf — Oini unit : K
"f
#‘ * 5
*
/“ 54 *
<10t * < . * "
| *
= " <3 Lot *
@ g
<2
* std(0) 1
, ——2/3 slope
10" 0
107! 10° 0 0.5 Iél 1.5 2
E, v

Fic. 11. Some updraft, downdraft, and mixed layer statistics calculated with the data between day 3 and day
5. All plots except (d) use log-log coordinate. (a) The blue “*" denotes the dependence of updraft speed w,, at
around 4 km height on the evaporation rate ratio E,. A grid point is identified as an updraft grid point if the cloud
liquid water content is above 10~ kg kg~! and the vertical velocity is above 1 m s~!, following Romps and Kuang
(2010). The red “*” denotes the mean downdraft speed magnitude w, at around 551 m height, which is near the
mixed layer top. A grid point is identified as a downdraft grid point if the rainwater content is above 107> kg
kg~! and the vertical velocity is negative, which is a modification from the “broad" criteria of downdraft by Torri
and Kuang (2016). Their minimum rainwater criterion is zero, in contrast to our 10~ kg kg=! . The yellow line
denotes a reference E,'/3 power law slope. (b) The E, versus the average value (blue “*”) and standard deviation
(red “*”) of surface total wind (z = 12.5 m level). The yellow line denotes a reference for E,'/3 power law slope.
(c) The E, versus the standard deviation of near-surface potential temperature. The red line denotes a reference
for E,2/3 power law slope. (d) The E, versus 6, ¢ — 60;,;, which is diagnosed as the difference between the sea

surface temperature (300 K) and the mean z = 12.5 m potential temperature in the downdraft region.
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where p is air density and « is updraft fractional area. Figure 12a shows that between day 3 and day
5, a4 is insensitive to E, for E, < 0.3, and increases slightly with E, for E, > 0.3 with a a; ~ Evl/ 12
scaling. We qualitatively explain the increase of a, and therefore M, as the enhanced surface heat
flux in a higher E, case where the surface wind is stronger (Fig. 11b). The enhanced surface heat
flux must either be balanced by a stronger radiative cooling in the mixed layer interior, or a stronger
radiation- and precipitation-driven downdraft mass flux whose sum equals to the updraft mass flux
(Raymond 1995; Emanuel and Bister 1996). We expect the a.-E, relation to slowly evolve as the
system approaches a radiative-convective equilibrium state, and leave the quantitative prediction
of the a,-E, relation for future work. Because the 1/12 slope is very flat, we assume @, to be
independent of E, in deriving the cloud spacing theory. This yields At+lg ~ a Atl? ~ Atl2,

The temporal autocorrelation is used to diagnose the convective period At (Fig. 12b). The
minimum temporal autocorrelation lag is considered to be related to a half convective cycle At/2,
as 1s illustrated in Fig. 9c. Unfortunately, it does not converge for a time series as long as 2 days,
with the minimum autocorrelation time interval growing as the length of the time series increases.
This long-time memory manifests the deviation from an idealized oscillator and needs further
investigation. Thus, we should not take the diagnosed minimum autocorrelation value to be the
absolute value of Ar/2, but it might be useful as a relative value. One robust feature is that the
minimum autocorrelation time slightly drops as E, increases. Figure 12c¢ confirms that At obeys
At ~ 1. /u. scaling.

Substituting At ~ [, /u. and At+l(2) ~ a+Atl§ into (46), and then into (2), we get:
1/3 2\!/3 2/9
b ~ Vo0 = 0)]' ~ (Evaar2) © ~ B2V (48)

Equation (48) predicts that as the hydrometeor evaporation rate increases, /. deviates more from the
maximum cold pool length /,,,, so convection manifests as a more forced and less spontaneous event.
To get a quantitative /.-E, relation, we express /,,, as [,, = d)oEvz/ %1., where @ is a larger-than-unity
nondimensional free parameter that equals to [,,/l, when E, = 1. Another nondimensional free
parameter is 8 which re-expresses (44) as I, = [,,,/(1 +¢&l,,/B). The B replaces the factor of 2
in (44), because the factor comes from the sinusoidal wave assumption in estimating the cutoff

induced damping rate 1/7.,; (36) which is very qualitative. Thus, /& is a predicted universal
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upper bound of /.. Combining the modified (44) and modified (48), we get:

[

» ™

c=

(1-5'E2).

(49)

Using 8 =3 and &y = 2.5, we get a good match between the theory and the LES result (Fig. 10).

We make two remarks:

e This derivation assumes @, ~ E,°. The -2 /9 exponent will be modified if a different «,-E,

relation is used.

626 * The model predicts /,, to be at least 1.5 times of /. for our 12 tests (Fig. 10). This indicates

627 that the #' < At_ requirement for deriving the cloud spacing theory (44) is not well satisfied.
628 Thus, it is safer to say that the model qualitatively predicts the increase and stagnancy of /.
629 with increasing E,.

%1073(a) updraft frac area (b) At/2 (relative) (hours) (¢) At vs. le/Unean
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630 Fic. 12. Some cloud population statistics calculated with the data between day 3 and day 5. (a) The “*"
ea1 denotes the dependence of updraft fractional area a,. on the rain evaporation rate ratio E, in a log-log coordinate.
2 The solid line is a E, /12 slope reference. (b) The dependence of convective half-period Az/2 on E,. The Az/2
ss corresponds to the minimum lag of the composite temporal autocorrelation function which is calculated in the
s4 same way as in Fig. 9c. Note that the diagnosed At/2 increases with the time series length, so only the relative
ws magnitude between different E, tests is useful. (c) The “*" denotes the relation between At and I./Unean,
ss  Where U,eqn 1s the domain-averaged surface total wind (z = 12.5 m level). In the plotting, At, [ and Uy,eq, are

es7  normalized with their value at E, = 1. The dashed line is a 1-to-1 reference line.
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4. Summary and conclusion

This paper presents a theory of cloud spacing for homogeneous and quasi-equilibrium deep
convection, which involves precipitation. We propose a new perspective: precipitating convection
with gust front can be viewed as a hydrodynamic instability problem, with the cloud distribution
pattern being determined by the most unstable mode. A novel piecewise linear oscillator model is
built to depict the primary oscillation, which consists of a long recovery phase associated with the
cold pool and a short convective phase associated with updrafts and downdrafts. The fact that the
cold pool triggers new convection before it completely recovers inspires us to add a cutoff to the
oscillator: the recovery phase ends before the cold pool velocity returns to zero, which is shown to
be a damping effect. If the recovery phase ends too early, the mixed layer moisture recovery will
be insufficient. If the recovery phase ends too late, the cold pool lifting effect will be too weak.
This trade-off leads to an optimal cloud spacing /. (the most unstable mode), which is expressed
as a deviation from the full recovery length of a cold pool (/,,) that already has a theory (Romps
and Jeevanjee 2016). The deviation is determined by a parameter u. which denotes the downdraft
production efficiency by gust front lifting. The .. is difficult to determine by directly considering
the physics of triggering and downdraft production. However, the quasi-equilibrium assumption
enables us to solve it with the other side of the convective life-cycle. The oscillator serves as a hub
that puts the amplifying and damping effects in the convective and recovery phase together. They

include:

» The amplifying effect of 1) gust front lifting and 2) convective instability due to precipitation

delay.

* The damping effect of 3) cold pool incomplete recovery, 4) cold pool entrainment, and 5)

updraft drag.

In the appendix, we surmise (without rigorous proof) that the convective instability and updraft drag
should largely cancel each other if the updraft thermals are in a force balance between buoyancy
and drag as has been proposed by Romps and Charn (2015). The rest of the three effects should
make the most unstable mode neutral, which provides an additional independent relation between
[ and p,.. Combining the trade-off constraint and the neutral constraint, we eliminate u, and get a

theory of /.. It shows that when the cold pool is weak, /. follows the maximum length /,,,. When
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the cold pool is strong, /. asymptotically approaches an upper bound which is proportional to the
inverse of the cold pool fractional entrainment rate &.

A series of LES are performed to benchmark the theory of cloud spacing. In the microphysics
scheme, the inverse of rain evaporation timescale is modified to E, times of the original value.
We studied the dependence of the updraft and the mixed layer statistics on E, and used them to
establish a relationship between the theoretically predicted /,, and E,. The [, is diagnosed with
the spatial autocorrelation of the mixed layer water vapor content. An initial 2-day spin-up time
is needed for the mixed layer to enter a quasi-equilibrium state and for the /. value to stabilize,
without the need for a full radiative-convective equilibrium. The theory successfully predicts the
increase and stagnancy of /. with increasing E,.

More LES investigations by changing other parameters (e.g. rain terminal fall velocity, radiative
cooling rate) are needed to further benchmark the theory. Given the importance of € in our theory,
a natural question to ask is what determines ¢ (e.g. Turner 1986), especially the role of rainwater
loading near the downdraft that should influence the Froude number there. Whether our LES has
sufficient horizontal resolution (currently 200 m) to describe the entrainment process is also an
important question.

An extension to equilibrium convection over constant surface heat flux boundary condition is
considered for future work, which is important for understanding the role of background wind.
Simulations showed that a characteristic cloud spacing also exists in that scenario (Boing et al.
2012; Gentine et al. 2016). For the interactive surface flux case, the gust front can collect a large
amount of wind-intensified heat flux and fuel the updraft (Langhans and Romps 2015). In addition,
it is the interactive surface heat flux boundary condition that makes 1/7.,; ~ ¢"2, which leads to the
convexity of this optimization problem. For the constant-flux case, surface heating rate is uniform
in the calm non-cold pool region and the windy cold pool region. Thus, the recovery of the non-
cold pool region may play a more important role than the interactive surface flux case. Because
the recovery in the non-cold pool region is likely primarily due to near-equilibrium boundary layer
convective cells, we expect an exponential relaxation, which might provide the convexity needed
for the optimization problem.

The theory has many potential applications:
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* Knowledge of cloud spacing tells us how the total convective mass flux distributes in each
cloud. Itis a measure of convective intermittency that has been shown to significantly influence
the stochastic vorticity accumulation process in tropical cyclogenesis (Fu and O’Neill 2021a;

Fu and O’Neill 2021b).

* The cloud spacing theory can be extended to include unsteady effect which is important in
the real atmosphere that has diurnal cycle and synoptic wave (Garg et al. 2021). In particular,
it might be extended to study shallow-to-deep convection transition which involves positive
feedback between convective deepening and cold pool widening (Boing et al. 2012; Schlemmer

and Hohenegger 2014; Haerter et al. 2020).

* Inafollow-up paper, this single cloud model is updated to an array clouds that interact with each
other via cold pools. The new model will provide insights on the spread of convective activity
in an inhomogeneous state, which is vital for understanding the early stage of convective

self-aggregation and tropical cyclogenesis.
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APPENDIX
The potential balance between updraft drag and precipitation delay in the oscillator

In this appendix, we start from the vertical momentum equation of the updraft (w,) to show
that precipitation delay is a manifestation of convective instability, which induces updraft drag to
balance it. A linear analysis is performed for the case where the precipitation delay 7, is much

smaller than the convective duration time Af,.
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The precipitation delay denotes the delay of rainfall to updraft,which is the time needed for
rain to form and fall to the mixed layer (Emanuel 1994). Because downdraft is produced by rain
evaporation, we consider precipitation delay to denote the delay of downdraft to updraft. We denote
the delay time as 7,. Letting w,, be the updraft strength and y be the ratio of downdraft strength to

updraft strength, we get a kinematic relation:
wa = xwu(t—1p). (AD)

The y depends on the rain formation efficiency and sub-cloud rain evaporation rate (Emanuel et al.
2014; Lutsko and Cronin 2018; Fu and Lin 2019).
The vertical momentum equation for the updraft is:

ow, 6, 10dp ’
ot _gH() po 02

(A2)

~=Wy/Tas

where 6y = 300 K is a reference potential temperature, po = 1 kg m™ is a reference air density, p’
is the perturbation pressure, and &, is the updraft fractional entrainment rate (unit: m~'). Here w,,
denotes a column-averaged value, and €/, denotes the mixed layer equivalent potential temperature
anomaly that represents the potential temperature anomaly within the updraft. Romps and Charn

(2015) showed that the pressure gradient term can be expressed in the drag form:

~ nCpw?, (A3)

where 7 is a coefficient with a unit of m™!, and Cp, is the nondimensional drag coefficient. The gust
front lifting is a low-level pressure anomaly (Jeevanjee and Romps 2015) which is not included here
and will be left for future investigation. Equation (A3) inspires us to express the bulk damping due
to drag and entrainment as a constant damping time scale 74, as is marked in (A2). In addition,

we get an expression of y, by comparing (A2) with (4):

Vo= 95)(. (A4)
0
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Next, we study the role of precipitation delay, and limit our discussion to the convective phase

(0 <t < Aty). Consider a normal mode solution of w, and 6,:
w, =Re {Awue_i“’*t} , 0,=Re {Agee_iw+t} , (AS)

where Re {} denotes taking the real part, w, is the complex frequency for the convective phase,
A, is the complex amplitude of w,, and Ay, is the complex amplitude of 6/,. The w, deviates
from the primary oscillation frequency Q, = /A, which is real. Equation (AS5) indicates that
(A1) can be rewritten as:

—iw, (1-Tp)

wqg=xAy,e z/\/wue’Q*TI’, (A6)

where we have assumed 7, to be much smaller than Az, to guarantee '+ ~ e >7r Substituting

(AS) and (A6) into (3) and (A2), we get a complex oscillation equation:

d’w,
o7 +w%wu:0, (A7)
with 12
[0 AHe ,'Q+_T Qi1 .. Q7
o= (B0 7 o522 o foos 27 sin (252 )| (A8)

Equation (A8) indicates that the precipitation delay extends the convective time and makes the

system unstable. The growth rate due to the delay is measured with a time scale 7o, which obeys:

1 o (Q””) . (A9)
TA+ 2
The amplification rate increases with the delay time. Physically, the delay is a destabilizing factor
because it provides time for the updraft to self-amplify without being influenced by the downdraft.
This is a manifestation of basic convective instability.

How does the delay-induced convective instability compare with the stabilizing effect of the
updraft drag? Romps and Charn (2015) found that an individual thermal in moist convection reaches
a “terminal velocity” due to the balance between buoyancy and drag, with little contribution from
entrainment and detrainment. Our w,, equation (A2) denotes an ensemble of thermals at different

stages, so we do not expect dw,, /9t to diminish. One heuristic way to apply the finding by Romps
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and Charn (2015) to an updraft plume is to consider the time integration of the buoyancy and the

damping term within the convective phase be zero:

At At ’ At

+ a u + 06 1 +

/ id a’t:/ gldi—— | wudt~0, (A10)
o Ot 0 6o Ta+ Jo

which is based on (A2). If there is no precipitation delay, the integral of the buoyancy term will be
zero (e.g. Fig. 4), which means no net destabilizing effect. Using (3) and the normal mode form

(AS), we express the time integral of 6, as:

Aty Aty 69/
0. dt = cdtdt’
/o ¢ /o / ot

A0, 1 [ ) ,

= Q—/O cos [ (1" —7,)] d (A1D)
a NG, 1 .
+Tce&2SIH(Q+Tp).

+

~ x|Aw,|

= x|Ay,|
Here we have used w, (1 —1,) = |A,,, | sin [Q+(t - Tp)] in deriving the second line. The time integral
of the updraft damping term is:

1A Ay, |At A
-—— w,,dt:—l wulAte Al (A12)
Td+ Jo Ta+Tt T+ 24

Substituting (A11) and (A12) into (A10), and using the small delay assumption 7, < At,, we get:

TA+ = 4Td+ . (Al 3)

This indicates that the time-averaged force balance corresponds to a time scale balance. Thus, we
consider the buoyancy and damping effects to largely cancel each other in the convective phase of
the oscillator, and therefore neglect both the precipitation delay and the damping on an updraft.
Further investigations using LES that change the precipitation delay (e.g. by modifying the terminal
fall velocity, Parodi and Emanuel 2009) are needed to verify this conclusion. One uncertainty is
to what extent the force balance of individual thermals should work on an updraft plume which

involves a chain of thermals (e.g. Morrison et al. 2020).
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As a final remark, we comment on the difference between our precipitation delay and that used
by the phenomenological shallow convection model of Koren and Feingold (2011) from which we
get the inspiration. They modeled the accumulation of cloud water and its consumption by rain in
a delayed differential equation. Koren et al. (2017) presented a linearized version of their model

which shows the mathematical skeleton:

d —
e dref =9 _poqe(t-1,). (A14)
! T —_——
rain depletion
recovery

Here g, is the cloud water content, g,.s is a reference cloud water content which is higher than
qc, T1 18 a recovery time scale, and 4, is a coefficient of rain depletion rate. The delay generates
oscillation in this single prognostic variable model and could be a stable, neutral, or unstable factor.
In contrast, our model uses a pair of thermodynamic-dynamical variables to represent the primary
convective oscillation. Adding the precipitation delay only causes instability, which is shown to be

a manifestation of convective instability that should be balanced by the drag on the updraft.
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