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1 INTRODUCTION

SUMMARY

Multi-disciplinary evidence increasingly suggests that crustal magmatic systems exist as
crystal-rich mush bodies with smaller, ephemeral regions of crystal-poor magma. However,
most process-based models of magmatic systems describe magma flowing as if it were a single-
phase fluid, as two-phase porous flows at low melt fractions or two-phase suspension flows at
high melt fraction. These existing models are not tailored to study the dynamics of mush flows
at intermediate phase fractions, leaving a significant gap in bridging trans-crustal magma pro-
cessing from source to surface, in particular for estimating how fast magmatic systems can
assemble sufficient melt to fuel large eruptions. To address this knowledge gap and unify two-
phase magma flow models, we develop a two-dimensional system-scale numerical model of
the fluid mechanics of an n-phase system at all phase proportions, based on a recent theoretical
model for multi-phase reactive transport. We apply this model to a two-phase, solid-liquid sys-
tem using transport coefficients calibrated to theory and experiments on mixtures of olivine-rich
rock and basaltic melt. Scaling analysis of the governing equations reveals an inherent length
scale for phase segregation and compaction, analogous to the compaction length in porous
flow models, and shows that phase segregation and mixture flow arise as complementary com-
ponents of the same underlying physics. The model replicates known one-dimensional end-
member phenomena in two-phase mixtures, including rank-ordered porosity wavetrains in the
porous flow regime, and shock/rarefaction concentration waves in the suspension flow regime.
In magma bodies confined by impermeable rock, contrasting segregation-compaction lengths
at low versus high melt fractions produce asymmetrical compaction and decompaction layers
at the bottom and top of the domain respectively. Two-dimensional simulations substantiate
the scaling analysis: systems smaller or close to the segregation-compaction length are domi-
nated by phase segregation, whereas much larger systems are dominated by mixture convection
driven by lateral perturbations in phase proportions. In the mush regime, the large variation
of segregation-compaction lengths with modest changes in phase proportion promotes fast
segregation to form localised melt-rich bands on the time scale of months to years. Results
demonstrate how magmatic systems progress through porous to mush to suspension flow with
increasing melt accumulation and explain how crystal-rich, melt-poor systems form smaller,
ephemeral, crystal-poor, melt-rich regions. Both the inherent length scale and resulting time
scale of phase segregation in the mush regime are compatible with the formation of stacked sill
structures in mafic systems and the efficient melt assembly for large eruptions in silicic systems.

Key words: Physics of magma and magma bodies; Magma chamber processes; Numerical
modelling; Mechanics, theory, and modelling

(Lipman et al) [1997; |Brown et al., 1998 |[Hildreth & Fierstein,
2000} |Schmitt et al.l 2003). As crystals pass through different

Mounting evidence suggests that large trans-crustal magmatic sys- pressure-temperature or even compositional regions, they grow

tems spend most of their lifetimes as crystal-rich mush bodies
from which smaller batches of crystal-poor magma can emerge
and source eruptions (Cashman & Giordano, 2014} Edmonds et al.,
2019, and references therein). In the volcanic record, observa-
tions of both crystal-rich and crystal-poor erupted material re-
flect the textural variability expected in the subsurface system

with slightly altered chemistry and at different rates to form crystal
zoning. These crystal zoning patterns often imply extended stor-
age at near-solidus conditions, and sometimes record an influx of
hot, crystal-poor magma shortly before eruption (Bachmann et al.|
2002} (Cooper & Kent, 2014} Wolft et al., [2015). Among crys-
tals from the same magmatic system, the diversity of pre-eruptive
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storage conditions suggests that crystals grew in chemically dis-
tinct melts, which requires melt-rich regions to remain isolated un-
til shortly before eruption, assembling on times scales of years to
decades (Berlo et al., 2007; |Smith et al.| 2009} Druitt et al., 2012}
Cashman & Blundyl 2013} |Kilgour et al.| 2013} |Wotzlaw et al.,
20135)). This precludes a single melt-rich magma body that can mix
easily (Cashman et al.| [2017). Furthermore, geophysical observa-
tions from seismic tomography and magnetotelluric surveys have
yet to find extensive melt-rich zones under volcanoes. Typical es-
timates of melt fraction span 10 — 40% (e.g., |Chu et al., 2010;
Paulatto et al., 2019} |Bai et al., 2020; |Cordell et al., |2020), where
these values represent averages over a large volume in the crust.
Taken together, these observations suggest that melt-rich zones in
magmatic systems are spatially limited, ephemeral features situated
within larger, longer-lived, crystal-rich mush bodies.

Magmas are multi-phase mixtures containing solid crystals,
liquid melt and exsolved gases of different chemical compositions.
Volatiles may be dissolved in the silicate melt phase or exist as
a separate, compressible, low-viscosity, supercritical fluid to gas
phase, depending on pressure and temperature. Anticipating con-
trasting physical processes for melt-poor and melt-rich systems,
magmas are often classified into partially molten rock at low melt
fractions and magmatic suspensions at high melt fractions, while
crystal-rich to melt-rich mushes exist at intermediate melt fractions
(e.g., |Sparks et al.| |2019). A magma body with low to intermedi-
ate melt fractions will be too viscous to erupt as a whole from the
crust. For eruptions to occur, enough of the lower viscosity melt
phase has to accumulate to mobilise the magma and eventually
break through overlying wall rock and ascend rapidly to erupt at
the surface (Bachmann & Bergantz 2008} |Sparks et al.l 2019). Es-
timates of the melt extraction rate from mush systems obtained by
extrapolating from existing porous flow models to the mush regime
are typically too slow to match timing constraints from petrology,
raising the question of how crustal magmatic systems can assemble
sufficient melt within geologically short times to fuel large erup-
tions (Bachmann & Bergantz, [2004; Bachmann & Huber, [2019).

To determine the mechanics and time scales of processes in-
volved in trans-crustal magma systems from source to surface, we
require a unified model framework that spans the phase proportions
from partially molten rock at low melt fractions to magmatic sus-
pensions at high melt fractions. However, existing models for flow
in a magmatic system are generally limited to single-phase flow
or endmember porous and suspension flow regimes in two-phase,
solid-liquid systems. Single-phase flow models assume that magma
moves as a homogeneous fluid, implying that phase segregation is
negligible and that collective flow of the mixture dominates the dy-
namics. Multiple phases have been included in such models to track
the spatial and temporal variations in phase fraction and their asso-
ciated material properties (e.g. density, viscosity), but no differen-
tial motion between phases is accounted for. These models have
been used to study the role of phase changes such as crystallisation
or volatile exsolution in driving convection (e.g. Brandeis & Jau-
part, |[1986; [Longo et al., 2006), the time taken to trigger eruptions
following mafic magma recharge into a silicic reservoir (Snyder,
2000), as well as the efficiency of convective mixing in homoge-
nizing magma reservoirs on the system scale (Huber et al.l[2009).

To model the differential transport of phases relative to one
another, the velocity field of each phase must be resolved. Numer-
ous studies have developed theories for two-phase, solid-liquid flow
limited to either solid-rich or liquid-rich endmember regimes. Mod-
els of two-phase flow in the solid-rich regime are largely based
on the porous flow and compaction model of McKenzie| (1984),

which was developed for melt extraction at low liquid fractions
(~ 0.1 — 10%) in the mantle. In this model, the ascent of the
buoyant liquid phase by pervasive porous flow is accommodated
by viscous compaction of the denser, stiffer, but permeable rock
matrix. The compaction model is only valid up to the disaggrega-
tion threshold of the matrix, where solid grains start losing contact
with one another and can no longer transmit substantial stresses
(Rudge} 2018). Compaction occurs on a characteristic length scale
called the compaction length, which depends on the matrix perme-
ability and the shear viscosities of the matrix and pore liquid. For
typical mantle conditions, the compaction length is on the order of
hundreds of meters to kilometers (Katz, [2022)). Information about
liquid-rich perturbations can propagate faster than the liquid veloc-
ity during compaction (Spiegelmanl 1993a). Under specific mate-
rial conditions, these perturbations may evolve as solitary waves,
which are shape-preserving waves that travel at a constant speed
proportional to their amplitude (Scott & Stevenson, [1984; Barcilon
& Richter| |1986} Stevenson & Scott), [1991). Liquid-rich instabili-
ties or melt bands may develop if the matrix is strongly weakened
by the presence of liquid, and the orientation of these localised
bands can be controlled by the stress orientation in the matrix or
a shear-weakening matrix rheology (Stevenson, [1989; [Holtzman
et al., 2003} [Katz et al., [2006)). If the thermodynamics of phase-
change is included, some reactions can enhance matrix permeabil-
ity and form reactive melt channels by the reactive infiltration in-
stability (Aharonov et al.|[1995; Kelemen et al.,|1995} |[Spiegelman
et al.L|2001;Rudge et al.,[2011; |Weatherley & Katz, 2012} Keller &
Katz, [2016; |Rees Jones et al.,2018)). Porous flow from compacting
partially molten rock or crystal-rich mush is likely too inefficient
to produce sufficient amounts of eruptible melt in the upper crust
(Bachmann & Bergantzl |2004; Bachmann & Huber, [2019). Never-
theless, microstructural evidence from grain orientation and defor-
mation in cumulates have sometimes (Philpotts & Philpotts| 2005;
Zieg & Marsh, 2012; Bertolett et al.,[2019) but not always (Holness
et al.,|2017) indicated viscous compaction as an important process.

In the liquid-rich endmember regime, magma is modelled as a
particulate suspension. Solid particles (silicate crystals) settle out of
the liquid phase by Stokes settling (e.g. Sparks et al., 1984} Martin
& Nokes, |1988; [Dufek & Bachmann| 2010). The particle settling
speed is thought to be proportional to the density contrast between
the phases and the square of the particle size, but inversely propor-
tional to the liquid viscosity. As the solid fraction increases, the set-
tling speed decreases due to more pronounced backflow, potentially
producing correlated particle settling (Zahn et al., [1997; [Mucha
et al., [2004) and particle concentration waves (Mangal |[1996; [Drew
& Passman) [1999) on length scales much larger than an individ-
ual crystal. In low-Reynolds number suspensions, particle-driven
convection tends to be substantially faster than the settling speed
of individual particles (Martin & Nokes| [1988; (Culha et al.| [2020).
Even so, typical settling rates in magmatic systems are too slow to
generate large melt-rich magma volumes (Bachmann & Bergantz,
2004} Bachmann & Huber,[2019). The suspension flow approxima-
tion fails when the particle density becomes too high, as particles
collide and become packed together.

A few studies have investigated the dynamics at intermediate
phase fractions by extending either the porous flow model beyond
the disaggregation threshold (~ 20 — 40% liquid fraction) or the
Stokes settling model beyond the close packing limit (~ 30 — 60%
liquid fraction). |Bercovici et al.| (2001) derived phase-symmetrical
equations including surface tension terms valid for general two-
phase, solid-liquid systems but limited their analysis to the solid-
rich regime, essentially recovering the compaction model. To ex-



plain compositional gaps in volcanic products, Dufek & Bachmann
(2010) applied the Navier-Stokes equation with a drag term to sim-
ulate hindered settling of crystals below the close packing limit and
Darcy flow of melt above the packing limit, although the latter does
not appear to contribute significantly to the model outcome. How-
ever, it is not clear if these extensions are valid on the interval be-
tween the disagreggation and close packing limits, where we expect
crustal magma mush bodies to lie. More recently, Keller & Suckale’
(2019) and|Oliveira et al.|(2018) derived conservation equations for
multi-phase, multi-component reactive transport using the volume
and ensemble averaging methods respectively. Keller & Suckale
(2019) further derived effective transport coefficients as emerging
consistently from the pure-phase properties, phase fractions and
assumptions regarding the connectivity of microscopic phase con-
stituents in the mixture. This approach enables the transport coeffi-
cients, and consequently the model, to be theoretically well-defined
as well as practically applicable across the phase space.

In this study, we apply the theory from |Keller & Suckale
(2019) to investigate the dynamics of two-phase flow across the
porous, mush, and suspension flow regimes. The goal is to un-
derstand the mechanisms for efficient transport and, subsequently,
accumulation of melt in magmatic systems. We present a MAT-
LAB software package to numerically model the mechanical (i.e.,
isothermal, isochemical, non-reactive) evolution of n-phase sys-
tems. While crustal magmatic systems are mostly silicic in com-
position, we first apply the model calibration for a olivine-rich rock
and a basaltic melt due to the greater availability of experimen-
tal constraints on these mixtures. We use the results to discuss
melt accumulation rates in silicic systems most pertinent to large
and hazardous volcanic eruptions. Since this model is applicable
to the whole phase fraction space, we recover the well-known lim-
its of porous liquid percolation and viscous compaction in solid-
dominated mixtures, as well as Stokes settling from particulate
suspensions in liquid-dominated mixtures (Sections [4.2.1] {.2.2).
Moreover, this new numerical model self-consistently extends to
the mush flow regime at intermediate liquid fractions.

An important concept in this study is that an inherent length
scale for phase segregation and compaction emerges from the
governing equations. This length scale, called the segregation-
compaction length (after Keller & Suckale} [2019), is a generalisa-
tion of the compaction length from McKenzie| (1984). Depending
on the ratio of this inherent length scale to the characteristic size of
the modelled system, the mixture will be dominated either by phase
segregation (i.e., Darcy percolation and viscous compaction, Stokes
settling) or by collective mixture flow of both phases. Thus, phase
segregation and mixture flow emerge as complementary compo-
nents of the same physics. In Section[2.2] we demonstrate by scal-
ing analysis how the segregation-compaction length emerges from
the governing equations. In Section[d.I] we test the emergent char-
acteristic speed and pressure scales against a set of idealised nu-
merical simulations across all flow regimes. In the remainder of
the study, we demonstrate the role of the segregation-compaction
length in the regimes of porous, mush, and suspension flows. In
one-dimensional (1D) column models with rigid and imperme-
able boundaries, phase segregation produces asymmetric bound-
ary layers (Section f.23): the less dense liquid forms a narrow
decompaction boundary layer at the top of the domain while the
denser solids form a wide compaction boundary layer at the bot-
tom. We then show how system scale relative to the segregation-
compaction length affects emergent dynamics in two-dimensional
(2D) models (Section 3). In particular, shear deformation in
mushy systems can localise melt into stress-aligned melt-rich shear
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bands. Melt segregation rates in the mush regime match well with
petrologically-derived rates and are sufficient to accumulate large
volumes of melt within years in mafic systems and centuries in sili-
cic systems, potentially explaining how large-volume eruptions can
be fueled by trans-crustal magmatic systems.

2 CONTINUUM MODEL
2.1 Governing equations

The model applies the mechanical equations (no thermo-chemical
evolution, no reactions) from the framework of [Keller & Suckale;
(2019), where a detailed derivation can be found. Here we present
a condensed summary of the governing equations. The model de-
scribes a system containing n material phases, with each phase
i =1, ...,n represented by its continuum-scale phase volume frac-
tion ¢°, pressure P’ and velocity v’ (all variables and parameters
vary in space and time, unless noted otherwise). The mechanical
evolution of the system is described by the conservation of mass
and momentum for each phase i,

1 Dyp’ i i

E Dt :—V~Q¢—F¢, (13)

iD;Vi - _V.q _T! Qi b
Dt - g'l) v v ( )

where Dj(-)/Dt is the material derivative that describes the
change in the partial quantity of phase ¢ per unit time in the moving
reference frame of the phase volume flux,

Dy() _
Dt
Equations (I) express that the conserved quantities change

in time due to the divergence of intra-phase fluxes q° driven by
spatial gradients of the relevant thermodynamic variables within
each phase, inter-phase transfers I'* driven by phase deviations in
thermodynamic variables, and any external sources Q°. By defini-
tion, transfers must sum to zero across all phases, i.e. Y, r=o.
For mass balance (Ta), the phase density p* changes with time to
balance volume flux qi, and volume transfer from other phases
Iy, = 0¢'/0t. We assume that the aggregate is saturated: any
decrease in the phase fraction ¢' within a control volume must
be compensated by an increase in other phase fractions such that
> ¢" = 1 holds. There are no external sources of mass. Momen-
tum balance (Ib) takes a similar form to mass balance. Changes in
v result from momentum flux gi, momentum transfer from other

L0(-
60 b as V(). @

phases T, and an external source Q’, of momentum.

The time derivatives for p’ and v’ are included in (I for
generality; however, for the remainder of this study they will be
neglected. We approximate the phase materials to be incompress-
ible (D;pi /Dt = 0). Since typical magma viscosities are high,
Reynolds numbers in magmatic systems are usually much less
than unity, rendering the inertial term in the momentum balance
equation negligible (Dfi,vi /Dt = 0). These assumptions reduce
the governing equations to their steady-state form, where volume
fluxes balance volume transfers, while momentum fluxes balance
momentum transfers and the momentum source, which is the grav-
itational body force. Only through the time-dependence of phase
fractions I}, = 9¢" /Ot does the solution evolve with time.

Keller & Suckale|(2019) derived constitutive relations to de-
scribe the fluxes and transfers based on the thermodynamic con-
straints of energy conservation and non-negative entropy produc-
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tion, and sources based on external knowledge of the model en-
vironment. Additional conditions such as frame-invariance and
isotropic material response constrained the choice of constitutive
relations. We state these constitutive relations in Appendix[AT]and
refer the reader to|Keller & Suckale| (2019) for the detailed deriva-
tion, but we highlight a few key concepts here for clarity. First,
the fluxes and transfers are controlled by phenomenological mate-
rial response coefficients (K é, K for fluxes, C;, C' for transfers)
which depend on the diffusive properties of pure-phase materials
weighted by their phase fraction and phase connectivity within the
mixture. This framework of coefficient closures is one of the novel
aspects of the model, because it relates effective transport proper-
ties to a common phenomenological description of how the phases
are organised in the mixture at the local scale of microscopic phase
constituents such as crystals and liquid films (Appendix [A2).

Second, the model framework introduces a reference pressure
P* and reference velocity v*. The reference pressure is obtained
from the average of phase pressures weighted by the volume trans-
fer coefficients C;. The reference velocity is obtained from the
average of velocities weighted by the momentum transfer coeffi-
cients C. The reference fields can be conceived as the target for
mechanical phase equilibration by transfers in the mixture, given a
particular configuration of phase fields and their coefficients. The
phase that is most abundant and has the highest transport coeffi-
cient (i.e., equilibrates the fastest) dominates the reference field.
The other phases equilibrate towards this reference field, albeit at
slower rates. Deviation of each phase field from the reference field,
indicated by the notation AP = P?— P* Av"* = v —v*, drive
transfers between phases, such that these phase deviations represent
the mechanical disequilibrium between the phases in the mixture.

Substituting the flux, transfer and source constitutive relations
into (I, we obtain the governing equations as

V [~K,A(VP)" 4 ¢'v'] + [CLAP™ —v* -V¢'] =0,
(3a)

V- [-K.D' +¢'PI + [C,AV" — P'V¢'] - ¢'p'g =0,
(3b)

where D* is the deviatoric part of the symmetrical velocity gradi-
ent tensor (i.e., the deviatoric strain rate), I is the identity matrix,
and g is the gravitational acceleration. Alongside the governing
equations, we have an additional equation that relates the volume
transfer to the time evolution of phase fractions,

_ 99’

I, = T CLAP™ —v* V¢’ . @)

2.2 Inherent scales in the governing equations

To identify natural scales of velocity and pressure, we perform a
scaling analysis on the governing equations (3). We first rearrange
to express phase-wise mass and momentum balance in terms of
compaction pressure PA and segregation velocity v,

Pi = ¢'(P' — P¥)
_o”

« 1 i 1 i ix
(52)
Vh =4 )
-2
:_%i |:Vp +EVPA_$VKUD —Apg:| .
(5b)

In each equation, we have separated terms arising from the
reference fields (with asterisk superscripts) and from the phase seg-
regation fields (with A subscripts). The compaction pressure P
depends on the divergences of the reference and segregation veloc-
ity fields, as well as the divergence of deviations in phase pressure
gradient A(VP)™ = (VP)" — (VP)*, which drives the diffusion
of phase volume fractions. The segregation velocity v’y depends on
the gradients of reference and compaction pressure, the divergence
of deviatoric stress, and the buoyancy force. We have reduced the
full pressure gradient V P* to its dynamic part Vp* = VP* —(p)g
by removing the mean lithostatic pressure gradient, where (p) is the
spatial average of the mixture density p = ), ¢'p" over the model
domain and is a scalar. Segregation is then driven by phase density
contrasts, Ap® = p* — (p).

Mixture flow dynamics of the two-phase mixture can be de-
scribed by summing (3) over all the phases, which reduce to the
governing equations for single-phase flow,

V-V:V-v*+zv~v220, (62)
Vp=Vp +» VPA=V K,D+Apg, (6b)

where v = ). ¢'v' is the mixture velocity and j = > o'ptis
the mixture pressure, again reduced by the mean lithostatic pres-
sure gradient. Phase fraction perturbations give rise to variations in
mixture density across the domain, hence the buoyancy force driv-
ing mixture flow is proportional to Ap = 3", ¢*Ap’ = p — (p).
For the momentum diffusion term in (6b) we have assumed that
>, KiD' ~ K,D, where K, = 3_, K}, is the mixture momen-
tum flux coefficient, and D the deviatoric strain rate tensor calcu-
lated using the mixture velocity, ¥, which is reasonable if assuming
that one phase is much stiffer and dominates the mixture velocity,
as discussed in the next paragraph.

To compare the relative contributions of phase segregation and
compaction, as well as mixture flow, to overall flow dynamics, we
derive the characteristic scales of segregation velocity v and mix-
ture velocity ¥, as well as of compaction pressure PA and mixture
pressure p. We first substitute (6) into (3) to replace the reference
fields v*, p* with the mixture fields v, p. We consider the dynam-
ics in a two-phase system where one phase has a much higher mo-
bility for segregation (denoted ¢ = 7, i.e. liquid phase in solid-
liquid mixture), while the other phase has a much higher resistance
to compaction (denoted ¢ = k, i.e. solid phase). In such systems,
phase j is the most compliant while phase k is the most competent
(K7 <« KF), causing phase j to dominate the reference pressure
such that P2 ~ 0, while causing phase k to dominate the reference
velocity such that v& = 0. These considerations allow us to drop
Pi, v from the following equations. Further neglecting diffusion
terms assuming K éf, K7 are small, we obtain

k2

PX=-"_|V.-v-V.-v}|, (7a)
AR
.2

o ~ X .

vl = - [foVPA pr]g} . (7b)

We have preserved the divergence of the mixture velocity in (7a)) to
highlight the symmetry in the equations, however this term is equal
to zero for incompressible pure phase materials to conserve mixture
mass (6a). The resulting equations explicitly demonstrate that the
segregation velocity of phase j is complemented by the compaction
pressure of phase k. Performing the same substitution for the phase



fraction evolution (@) and replacing the compaction pressure term
using (7a), we write,

k
%:—w[v-v—v.vg]—(v—vg)-vqs’“. ®)

With the equations suitably recast, we non-dimensionalise the
problem by introducing characteristic physical scales for the vari-
ables, denoted with subscript O,

PA ~ P,
V ~1/0y,

Vo~ o, Vi ~uh, P~ o,

¢ ~ah, 6"~ 5, o,

Ap’ ~Aph, Ap~Apo, g~ go,

Ky~ Ky, Ci~Cl, Ch~Cho, ©)
such that any variable a can be decomposed into its characteristic
scale ap and a dimensionless variable a’, i.e. a = aga’. Substi-

tuting these scales into equations (@), (6) and (7) and dropping all
primes, we obtain

{@]v-vzo, (10a)
Lo
{ﬁio} Vp = {M} V- K,D+ Apz (10b)
Apogolo Apogold ’ 7
K2 k2 -
k] pk _ $o up | b ([UO} S J )
PR = — 2| | |=|V-v=-V- ,
[po} A [cgo eo} cr \la] Y Va
(10c)
4 5 _ 52
[ s -~ [ o] %
v,0 v

— k .
([pio] Vp— [pio] vPk - ApJZ) ,
Apggolo Apggolo

(10d)

4o aqbk . k Uo _ ;
Pk (- AR

_ <[@] v_vg) Ve (10¢)
up

In the above equations, the terms in square brackets contain
the groups of dimensional scales for each term. Equation (T0a) does
not yield any meaningful scaling relationships. We have divided
(TOB) by its buoyancy scale so that the source term is of order unity.
Assuming that all three terms are of similar magnitude, we identify
natural scales for po, %o to cancel all scales from @)

Po = Apogolo , (11a)
_ Aﬁogofg

= ———. 11b
o Koo (11b)

These characteristic scales match the scales obtained from single-
phase incompressible Stokes flow driven by a buoyancy force of
magnitude Apogo and resisted by the effective mixture viscosity
Koo.

We first skip and identify a natural speed scale for seg-
regation in (T0d) using buoyancy as the dominant term, such that
u{) and the leading scale on the right-hand side cancel out,

. J .
up = 52— Appgo- (12)
Clo

The contribution of the mixture pressure and compaction pressure
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gradients in (TOd) depends on the magnitude of their characteristic
scales. The scale for the mixture pressure gradient forms a dimen-
sionless group,

B= Do _ Apogolo _ Apo

Aphgolo  Aphgolo  Ap)
which reduces to the ratio between the buoyancy forces driving
mixture flow and phase segregation. To find a suitable scale for the
compaction pressure gradient term, we first recast the compaction
pressure scale pf as a combination of the phase density deviation,
gravity and an as yet undefined length scale, following the typical
expression of the compaction pressure scale in McKenzie| (1984));
Katz (2022),
6 = Aplgody” . (14)
Considering that compaction of phase k is coupled to segregation
of phase j (10c), the appropriate driving density contrast here is
the deviation of phase j from the mixture density, while the inher-
ent length scale 63" should contain information about both phases,
hence the superscript contains both phase indices. The choice of
(T4) reduces the scale for the compaction pressure gradient in (T0d)
to a ratio of length scales,

Aphgodyt  &*
= : =—1. (15)
Aphgolo  bo

‘We now substitute the segregation velocity scale to the leading

scale on the right-hand side of (I0c) and find,

of ub _ <¢§2 ¢ > Apbgo 6

C§,0 b Cfg,o Cg,o to

13)

k
R= ‘?O
Appgolo

Considering that the entire term has units of pressure, the group in
parentheses on the right will have units of length squared. We iden-
tify it as the square of the inherent length scale 66k so that the term
on the right-hand side reduces to p§R. We refer to this length scale
as the segregation-compaction length (Keller & Suckalel2019) that
describes the segregation of phase j accommodated by compaction
of phase k,

a7

The segregation-compaction length generalises the compaction
length emerging from two-phase porous flow and compaction mod-
els (McKenzie, |1984) by extending it to the whole range of phase
fractions. Comparing the form of (3) with the equations of the com-
paction model, the ratio qﬁff / Cio is equivalent to the matrix per-
meability divided by the pore liquid viscosity, while ¢>’52 / Céf,o is
equivalent to the compaction viscosity.

Applying the derived scales to the ratio of speed scales in
and by substituting the segregation-compaction length yields,

@ _ Apo 6CL, _ Apo 63 ¢k _ BH
wh  Ap) Koody  Apy syt Chkuo R

(18)

where H is the ratio of the compaction viscosity of the stiffer phase
to the shear viscosity of the mixture,

k2
0

= CFRuo

19

Finally, the phase fraction evolution equation (10e) shows a
characteristic time scale,
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4
to=—, (20)
Up
which can be interpreted as the time taken for the segregating liquid
to flow through a domain of length ¢y. With these dependent scales

defined, the non-dimensional governing equations are,

V-v=0, (21a)
Vp=V- -K,D+ Apz, (21b)
2
" (BH _ ;
Pi=-R- (Z5V-v-V-vi), (2lc)
Ck \R?
. &’ . ,
vi=-%; (BVﬁf RVPE — Apfz) , (21d)
A" BH_ _ ; BH_
%:_(ﬁk (ﬁv-v—vng) — (—QV—VJA) Vo .
(2le)

The non-dimensional governing equations show three dimen-
sionless ratios that control the multi-phase dynamics in the model.
The length scale ratio R, however, plays the dominant role. The
buoyancy ratio B scales with the characteristic magnitude of phase
fraction perturbations, which are generally much smaller than
unity, thus B < 1. This renders the mixture pressure gradient term
in (22d) negligible. The compaction to shear viscosity ratio H de-
pends on the choice of effective material closures. Previous studies
on the two-phase compaction model pose the compaction viscos-
ity as the shear viscosity divided by porosity (McKenzie, [1984;
Bercovici et al 2001), equivalent to H ~ 1/ qz%. Applying this
form to the ratio of velocity scales would bring BH ~ 1, implying
that their effect would be secondary to the length scale ratio R.

Under the assumptions that V - v = 0 and B < 1, the gov-
erning equations reduce to,

V-v=0, (222)
Vp=V- K,D+ Apz, (22b)
P o :
PA:C—iERV-vJA, (22¢)
. ¢j2 & .
vi=% (RVPA+4p72) (22d)
dg* . BH _
B =V oA g vV (220)

The reduced governing equations present as two sets of equations
coupled by the dependence of material coefficients on evolving
phase fractions. Equations (22a)—(22b) are identical to the single-
phase Stokes equations driven by phase density contrasts and re-
sisted by an effective mixture viscosity. Together they solve for the
flow of the mixture, while (22c)—[22¢) together solve for the evolu-
tion of phase fractions as a result of coupled phase segregation and
compaction, and advection on the mixture velocity.

The segregation-compaction length 53’“ emerges naturally
from the phase fractions and transport coefficients, while the sys-
tem length scale ¢y is externally imposed (e.g., reservoir length,
dike width, etc.). When both length scales are comparable (R ~ 1),
the compaction of phase k contributes to driving segregation of
phase 7, and vice versa. However, if the system length scale is much
larger (R < 1), compaction pressures will be negligible and phase
segregation reduces to purely vertical, buoyancy-driven flow. In this
limit of small R, the governing equations can be further reduced to

segregation-compaction length
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Figure 1. Segregation-compaction length 563 that describes liquid segre-
gation and solid compaction for the calibrated two-phase system, adapted
from Figure 6 of [Keller & Suckale|(2019).

the zero-segregation-compaction-length (ZSCL) limit,

V-v=0, (23a)
Vp=V- K,D+ Apz, (23b)
) ¢J’2 -
v = FﬂApJZ , (23c¢)
Op* . BH _
%:v-wvg—@v-wk, (23d)

where we have dropped terms of order R as well as the divergence

of the mixture velocity which vanishes for incompressible phase
materials. We note that phase fractions will evolve by advection on
the mixture velocity, a term that scales as 1/R? 22¢). On imper-
meable boundaries, however, the divergence of phase segregation
velocities will also be significant. Hence, mechanical compaction
can occur in this model but it is no longer associated with phase
pressure differences or a finite inherent length scale.

Even though the analysis in this section was motivated by a
two-phase problem, the scaling analysis and the definition of the
segregation-compaction length apply to any pair of phases j, k
within a general n-phase system as long as they exhibit a strong
contrast in phase viscosity. In this study, the relevant segregation-
compaction length relates to the segregation of the liquid accom-
modated by the compaction of the solid. To calculate this length
over all phase fractions, we follow |[Keller & Suckale| (2019) and
apply transfer coefficients calibrated to a mixture of olivine crys-
tals and basaltic melt (Figure [T] Figure Table [AT). The cali-
bration ensures that coefficients reduce to pure-phase properties at
the solid-rich and liquid-rich limits, that the low wetting angle of
basaltic melt on olivine crystals yields a low percolation threshold
(here found to be at ¢ = 0.0007) and that the solid matrix disag-
gregates at ¢° ~ 0.3 (detail in Appendix . The shape of the
resulting curve can be used to designate flow regime boundaries,
and gives a lower bound on the length scale where we expect mix-
ture flow to emerge. For crustal magmatic systems, a calibration re-
lating to silicic compositions dominated by plagioclase crystals and
dacitic to rhyolitic melt would be more directly relevant. We pro-
ceed with the original calibration, however, due to the more abun-
dant experimental and theoretical constraints available from studies



of partially molten mantle materials. We examine the applicability
of the results to silicic systems in the discussion.

At low liquid fractions (¢° < 0.07), the segregation-
compaction length increases sharply with liquid fraction from < 1
m around the percolation threshold until it reaches a maximum
of 3.4 km. We refer to this as the porous flow regime. This in-
creasing trend is consistent with the compaction model (McKen-
ziel |1984)), where increasing liquid fraction enhances permeability,
and allows more rapid liquid percolation. At intermediate liquid
fractions (¢° = 0.07 — 0.42), the segregation-compaction length
contracts first gradually and then more steeply with liquid fraction.
We refer to this as the mush flow regime. With increasing liquid
fraction, solid grain boundaries gradually become wetted by melt
leading to the disaggregation of the contiguous solid matrix around
the disagreggation threshold of ¢* = 0.3. Contraction of the inher-
ent length scale suggests that localisation of liquid segregation and
mixture flow will be a prominent feature in this regime. The fact
that the inherent length scale operates on the same range in both
the mush and porous flow regimes suggests that models for both
should employ the governing equations in the limit of finite R (22)),
unless a domain size much larger than the largest 55’“ is considered,
in which case the ZSCL limit (23) may be appropriate.

Increasing the liquid fraction further still (¢° > 0.42) causes
the segregation-compaction length to decrease to the solid grain
size, where it remains approximately constant for the remaining
phase space. We designate this the suspension flow regime. We de-
fine the regime transition from mush to suspension flow where the
segregation-compaction length is ten times the grain size. Solids,
which are no longer in contact with one another, can only sustain
pressures distinct from the suspending liquid to a maximum length
scale of one grain size. Therefore, phase pressure differences on the
magmatic system scale will be negligible and the governing equa-
tions reduce to the ZSCL limit (23). In this regime, the suspended
solid phase can be considered more mobile for segregation so that
Vi\ = VA, the segregation speed of particle settling.

3 NUMERICAL IMPLEMENTATION

While the reduced forms of the governing equations arising from
dimensional analysis are instructive and may be used to model the
system in pertinent limits, the numerical model employed in the
remainder of this study will solve the original dimensional govern-
ing equations (3)-(@). In two dimensions, the governing equations
comprise two momentum balance equations (Ib) in the two spa-
tial directions, one mass balance equation (Ia), and an additional
equation for the time evolution of phase fractions 9¢* /9t for each
phase ¢ = 1,2,...,n. These 4 X n equations are solved on a two-
dimensional (2D), square, equidimensional domain of size D x D
for the solution variables of horizontal velocity u*, vertical velocity
w®, dynamic pressure p’ (reduced by lithostatic pressure) and phase
fraction ¢’ fields for each phase 4 in space (z, z) and time ¢, sum-
marised in the solution vector i (x, z,t) = [u’, w’, p', ¢'](x, 2, t).
The origin of the coordinate system is in the centre of the domain
such that z, z € [-D/2, D/2].

3.1 Boundary and initial conditions

The numerical model implementation provides a choice between
closed and periodic boundary conditions. For closed boundary con-
ditions, phase velocities and volume fluxes normal to each bound-
ary, as well as shear stresses parallel to each boundary, are set to
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Zero,
v x:ig,z:ig,t n=0, (24a)

2 2

; D D

; D D
Qo,22 (a: = :I:E, z= :N:E, t) =0, (24¢)

with n the unit vector normal to the boundary. This choice of
boundary conditions simulates a magmatic domain with imperme-
able, shear stress-free boundaries. Buoyancy-driven phase segrega-
tion is obstructed by horizontal boundaries, leading to the forma-
tion of boundary layers along the top and base of the domain.

For periodic boundary conditions, all solution variables on
boundaries are set such that the solution periodically repeats itself
in both horizontal and vertical directions

if D _if. _ D
y(xf 2,z,t)fy(xf2,z,t), (25a)
yi <ac, z = —g, t) = yi (1’, z= g, t) . (25b)

These boundary conditions are used to simulate flow in a part of a
larger magma reservoir and avoids obstruction of flow and build-
up of de-/compaction layers along boundaries. To avoid spurious
solution drift due to accumulated numerical errors, we subtract the
mean of the solution update after each solve.

As we assume non-inertial flow with incompressible phase
materials, phase fractions are the only time-dependent solution
variable for which initial conditions are required. We specify uni-
form background phase fractions superposed with smooth random
perturbations of a set amplitude and smoothness, and/or a two-
dimensional Gaussian perturbation of a set size and amplitude at
the centre of the domain. Other specific functional forms of phase
fraction perturbations can be specified as used for the 1D column

models in Sections [£.2.1land £.2.2]

3.2 Numerical discretisation

The governing equations are discretised using finite differences on
a staggered grid of N X N square and equidimensional cells of
discrete step size h. Scalar degrees of freedom p’, ¢* are located
at cell centres, whereas vector components u*, w® are located on
vertical and horizontal cell faces respectively (e.g., (Geryal [2019).
Fluxes are calculated using central differencing, whereby horizon-
tal vector flux components come to be located on vertical cell faces,
and vertical components on horizontal faces, where the respective
velocity components are also located. Normal (zz—, 2z—) compo-
nents of the deviatoric strain rate tensor are located on cell centres,
while its shear (xz—) components are located on cell corners. All
coefficients are calculated on cell centres. Where any p, ¢°, or co-
efficients are required at cell faces or corners, they are evaluated
there by arithmetic averaging from adjacent cell centres.

As an alternative to the standard 2D equidimensional mode,
the model can also be run in a pseudo-1D mode. This mode is auto-
matically selected if the specified initial condition on phase fraction
does not contain horizontal variations. The 2D-equations are solved
on a grid of N points in the vertical direction, and two points in
the horizontal direction. The horizontal momentum balance equa-
tion is still solved but horizontal velocity and flux components re-
main zero (within computational accuracy). This mode is applied
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for 1D column models in Section 2] If the specified initial con-
dition includes variations in the horizontal direction, the equations
are solved on the full 2D, N x N grid.

To sufficiently resolve both phase segregation and mixture
flow requires appropriate choices of cell and domain size. Tests
show that at least one cell is needed to resolve each segregation-
compaction length in the suspension flow regime, and at least five
cells for the porous and mush flow regime (Appendix [D). On the
other hand, the domain must be at least 10 times the segregation-
compaction length to enable de-/compaction boundary layers to de-
velop, as noted in compaction models which show that compaction
pressures decay and segregation speeds grow exponentially away
from closed boundaries or perturbations to phase fraction with
the segregation-compaction length as the e-fold length (e.g. |Katzl
2022} Chapter 6). The domain must be still larger, at least 30 times
the segregation-compaction length for phase fraction perturbations
to induce mixture flow comparable to the phase segregation speed,
as will be shown in Section[4.1]

To ensure that the domain size is chosen appropriately, the
numerical model first evaluates 6gk given the selected background
phase proportions and material properties, before setting the do-
main size as a user-defined multiple of the largest 6{;’“ in the sys-
tem. The user should also choose a sufficient number of grid points
N to ensure that 52" is well resolved on the numerical grid. Insuf-
ficient numerical resolution will adversely affect the quality of the
solution as well as solver convergence.

In the liquid-rich regime, the segregation-compaction length is
at the grain scale, therefore requiring a cell size of the same order
or smaller than the grain size. This may appear to violate the con-
tinuum assumption, where it is typically assumed that a numerical
cell corresponds to a control volume containing a large number of
local-scale phase constituents, the behaviour of which is described
by volume averaging at the continuum scale (Keller & Suckalel
2019). However, an alternative approach to continuum mixture the-
ory instead interprets continuum phase fields in terms of ensemble
averaging (Drew & Passman, [1999; |Oliveira et al., |2018). While
the governing equations remain the same, the ensemble averaging
interpretation understand each point on a continuum field as rep-
resenting the average of many physically possible realisations of
local-scale phase topology and phase interactions. For example in
the suspension regime, a point with a small, finite solid fraction
does not represent the volume average of many particles within a
representative volume element. Instead, this point should be inter-
preted as the ensemble average of many realisations of which only
a few realisations have a particle occupying that location instead of
the carrier liquid. We discuss the implications of this interpretation
in Section[3.3]

The time derivative in the phase fraction equation is discre-
tised by the second-order, semi-implicit Crank-Nicolson scheme
using central finite differencing in time. For stable numerical inte-
gration in time, the time step size is limited by either the Courant-
Friedrich-Lewy (CFL) criterion on the volume flux, or by limiting
volume transfer to a 0.5% change in phase fraction,

At < CFL

= 55 (max [q},[) + 0.005(max [T;])

(26)

The selected time step size is a specified fraction CFL of the har-
monic sum of the volume flux and transfer limits.

3.3 Non-linear iterative solver

The governing equations are non-linear because constitutive rela-
tions comprise non-linear combinations of solution variables while
coefficient closures are non-linear functions of phase fractions. To
solve the governing equations at each time step, we apply Polyak’s
heavy ball method (Polyakl |1964), a pseudo-transient iterative
strategy that has been applied to large numerical problems in geo-
science including the two-phase compaction model (e.g.|Réss et al.|
2019; Wang et al.| 2021) due to its efficient scaling properties. It-
erative methods of this kind scale better with increasing numerical
resolution than direct matrix solvers. For an n-phase model with
N X N grid cells, iterative methods only require O(n x N x N)
operations, while direct methods require O((n x N x N)?) op-
erations. Although not attempted here, pseudo-transient iterative
methods require mostly local numerical operations and hence are
amenable to efficient parallelisation (e.g., Riss et al.| [2019).

In the pseudo-transient method, the governing equations are

put into a form of a pseudo-time-dependent equation, where the
rate of change of the solution variable is the residual of the original
equation. This pseudo-time-dependent equation is then integrated
with explicit pseudo-time stepping until a steady-state is reached,
where the rate of change (i.e., the residual) approaches zero and
hence the solution to the governing equations is found. Applying
this method to our model, the solution variables at the kth iteration,
i, are updated using the residual at the current iteration, R% and
the solution guess from the previous iteration, i, 1,
Yey1 = Yb — AT Ry + B(Yk — Y1) , 27
where 0 < a < 1 is the iterative step size control, and 0 < 5 < 1
acts as a damping parameter. This damping parameter further re-
duces the order of operations below power one, such that doubling
the grid resolution requires fewer than double the number of itera-
tions (Appendix [D). Larger «, 8 can increase the speed of conver-
gence, however smaller values (in particular for 3) result in more
robust convergence. A7 is the stable pseudo-time step size. In a
purely linear system of equations Ay = b where A is diagonally
dominant, AT is equal to the inverse of the diagonal entries of A.
In our non-linear system of governing equations, a combination of
flux and transfer coefficients approximate the diagonal entries of A
to derive AT,

[ K ol

ATV < W + (1 — WC’U)C'U N (283)
i K; i i -

AT¢, = EAt 5 (28C)

where ATy applies to the two velocity components, A7p applies
to pressure and ATy, applies to phase fraction. wicv and w} , are
the weights used in averaging phase-wise fields to obtain reference
velocity and pressure, respectively. Since the phase fraction equa-
tion simply relates ¢’ /0t to T, we choose for AT;; an arbitrary
fraction < 1/2 of the stable (physical) time step At. Testing dif-
ferent fractions did not affect solution convergence, because the
velocity-pressure solution mainly controls convergence. The con-
vergence is stopped when the L2 norm of Ri normalised by the
norm of the solution vector decreases below a specified absolute
or relative convergence tolerance. The algorithm also allows for a
convergence criterion by maximum number of iterations, but this
should be used with caution for purposes of efficient testing only.
To reduce computational time, we only update the flux and



transfer coefficients after a set number of iterations. This is because
phase fractions do not vary greatly between iterations, but the up-
dating of coefficients requires a number of power operations which
are relatively computationally expensive. The convergence of the
iterative algorithm was verified using the Method of Manufactured
Solutions and shows second-order convergence with spatial resolu-
tion as expected for the staggered-grid central differencing scheme
used to discretise the governing equations (Appendix [C).

3.4 Numerical stabilisation

The large contrast in pure-phase solid and liquid viscosities typi-
cal for magmatic systems (here 16 orders of magnitude) can cause
flux and transfer coefficients to take on vastly different magnitudes
with modest changes in phase proportions. For example, around
the solid disaggregation threshold (¢° = 0.3), the solid transport
coefficients vary by three orders of magnitude over a 0.05 change
in phase fractions (Figure[AT). Such large coefficient contrasts can
lead to numerical round-off errors and poor iterative convergence.

To stabilise the iterative scheme, we introduce two limiting
controls: one to limit contrasts in permission functions within each
phase across the domain, tht1lim, and a second to limit contrasts of
flux/transfer coefficients between phases in each grid cell cff1im
(detailed in Appendix[B). The limiters are designed so that their ef-
fect vanishes when set to large values (e.g. 10'%). However, when
set to smaller values (e.g. 10* — 10°), they bring phase segregation
speeds in the system to within that value of the fastest segregation
speed. For example, in the porous flow regime, setting c£f£1im to
10* brings the solid segregation speed scale u§ to within 10* of
the liquid segregation speed scale u§. Nevertheless, the solid seg-
regation speed remains negligible on the time scale of the simula-
tion, which resolves the more rapid liquid segregation. tht1lim has
the same effect applied to speed scale variations within one phase
across the domain.

In endmember suspension and porous flows for two-phase
mixtures, tests show that both limiters can be set to large values
without affecting convergence. However, around the solid disag-
gregation threshold, we find by experimentation that tht1lim needs
to be reduced to 100 to achieve good convergence over longer
simulations. We confirm that simulations using this small thtlim
have consistent flow features with simulations using larger values
(> 10%), but enable the simulations to run for longer times without
diverging to handle the more pronounced localisation over time.
thtlim crucially controls the range of the solid phase effective
shear viscosity K, which changes by orders of magnitude at the
disaggregation threshold.

We interpret the choice of 100 to be governed by grid res-
olution: given that the segregation-compaction length is inversely
proportional to the square root of the transfer coefficients, set-
ting the limiters to 100 limits the contraction of the segregation-
compaction length with increasing liquid fraction to 10. Since we
use around 5—10 cells per segregation-compaction length at the be-
ginning of the simulation, a limiter of 100 prevents the segregation-
compaction length from going too far below the grid resolution in
regions with growing liquid fraction. Increasing the number of grid
cells should allow larger coefficient contrasts; however, in practice
we cannot increase the number of grid cells by orders of magnitude
while maintaining reasonable computation times.
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4 RESULTS

In this section, we test the numerical model at different initial
phase fractions to characterise the flow regimes arising from a two-
phase solid-liquid mixture. We use three model setups to highlight
flow features with increasing dimensional complexity. First, we ex-
tract the characteristic magnitude of velocity and pressure fields
given input phase fractions across the phase space to compare with
the scaling relations derived in Section Subsequently we em-
ploy 1D column models to demonstrate idealised endmember be-
haviours and the formation of boundary layers in confined mag-
matic systems. Finally, we use 2D simulations to demonstrate the
interplay between phase segregation and mixture flow and the role
of flow localisation across the three regimes. We emphasise that
simulations from the porous to mush and suspension flow regimes
are achieved with the same numerical model by adjusting inputs
such as the initial condition on phase fractions and domain size.

4.1 Characteristic scales for velocity and pressure from
numerical simulations

In the first test, we compare the characteristic magnitudes of the
velocity and pressure fields from the numerical simulations with
the analytical scales derived in Section We initialise a series
of simulations on a 2D square domain of size D at uniform back-
ground liquid fraction ¢§ but with a liquid-rich Gaussian perturba-
tion of amplitude A¢§ = 0.01 and standard deviation oo = D/10
in the centre. Periodic boundary conditions are applied for all vari-
ables on all boundaries, and both numerical stabilisation limiters
are set to the computational limit of 10*®. Since the relative con-
tribution of phase segregation and mixture flow depends on sys-
tem size, we run simulations at two domain sizes: D = 1085° and
D = 1008§°. Since liquid is the less dense phase, the liquid-rich
perturbation can drive the upward branch of a convective flow cell,
which is compensated by the downward flow of the background
mixture. At the same time, liquid also segregates upwards from the
solid phase due to buoyancy.

The analytical velocity and pressure scales are calculated us-

ing the relations from Section [2.2) assuming ¢o = o0, the standard
deviation of the imposed Gaussian. Hence, the two sets of simula-
tions correspond to R = 1 and R = 0.1, respectively. The density
scales used in the following are,
Aph=po—po, (292)
Apo = Ao - (p§ = ph) - (29b)
where po is the mixture density at the background phase fraction.
The density contrast driving mixture flow, Apo, is proportional to
the density difference between the peak of the Gaussian perturba-
tion and the background.

Figure 2] compares characteristic scales obtained from numer-
ical simulations to those derived from scaling analysis. To obtain
the scales from the numerical simulations, we extract the maxi-
mum values of the segregation velocity uj, compaction pressure
pi and mixture pressure po. Since convection is best characterised
by a closed loop of upwelling and downwelling, we take the differ-
ence between the maximum and minimum mixture velocity as the
characteristic mixture flow speed scale #%o. We find good correspon-
dence between the numerical and analytical values, indicating that
the scaling analysis succeeded in extracting scales which properly
characterise the dynamics across the three flow regimes.

The scale of the mixture flow speed (Fig. [2h) is an increasing
function of liquid fraction as mixture viscosity K, o decreases by
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Figure 2. (a) Velocity and (b) pressure scales for simple simulations with a central liquid-rich Gaussian perturbation. In each plot, the numerical model results
are shown by the discrete points (crosses for positive values, bars for negative values of the solid segregation velocity, dots for the mixture fields), compared
against the theoretical relations shown by the lines (solid for positive values, dotted for negative values). For the mixture fields, trends for R = 0.1, 1 are

shown. Background colours show the flow regimes as in Figurem

orders of magnitude, overwhelming the effects of variations in £g.
In the porous flow regime, the solid segregation speed is negligible
relative to that of the liquid phase. The solid phase is much more
competent than the liquid, hence the velocity deviation from the
solid phase to the reference velocity is approximately zero (here,
< 107® m/s). Across the mush regime, the solid segregation speed
increases steeply. The solid phase is mobilised considerably, al-
though its segregation speed still remains less than the other speeds
in the system. In the suspension flow regime, both liquid and solid
segregation velocities are similar in magnitude but opposite in sign.

Domain size impacts the relative contribution of phase seg-
regation and mixture flow. In the porous and mush flow regimes,
at D = 1065° (R = 1), the mixture speed scale is about one or-
ders of magnitude below the liquid segregation speed. In contrast,
at D = 10065° (R = 0.1), the mixture speed scale is at most one
order of magnitude greater but approaches the liquid segregation
speed scale with increasing liquid fraction. This suggests that at
the smaller domain size, liquid segregation is the dominant process
and limited mixture flow will occur, while at the larger domain size,
mixture flow becomes appreciable.

The mixture pressure scale (Figure [2p) largely follows the
variation of the segregation-compaction length (Figure m) because
the characteristic system length is taken as a constant multiple
of the segregation-compaction length for each simulation. In the
porous flow regime, pp increases to a maximum on the order of
MPa, then decreases across the mush flow regime, as the solid dis-
aggregates and no longer sustains substantial stresses. Since liquid
pressure dominates the mixture pressure in the porous flow regime,
the liquid compaction pressure scale is small here. As expected
from the compaction model, the solid compaction pressure scale
P = ¢°(p° — p*) = ¢°(p° — p°) is large and proportional to
the pressure difference between the phases, although the sign is
opposite to the convention in McKenzie| (1984)). In the suspension
flow regime, the mixture pressure decreases to a small value (~Pa).
Both compaction pressures are small because pressure differences
can only be sustained over the length scale of the solid grain size.

The agreement between analytical scaling relations and nu-
merical results shows that the scaling analysis identified the salient
physical scales of the problem across the three flow regimes. It fur-
ther emphasises the relationship between the domain size and the
emergent physical length scale. Models with R > 1 show phase
segregation dominating over mixture flow. In additional simula-
tions (not shown here), we confirmed that models with smaller do-
main size (R > 1) show dynamics fully dominated by phase seg-
regation with hardly any mixture flow established. On the other
hand, models with R ~ 0.1 allow both phase segregation and mix-
ture flow to assume speeds within the same order of magnitude. We
were not able to achieve models at R < 0.1 because they require
very high numerical resolution (> 5 grid cells per §5° required).

4.2 1D column models

We analyse a series of 1D column models to demonstrate that our
model reproduces important features of the porous and suspension
flow regimes known from previous endmember models. We then
examine boundary layer formation in systems confined by imper-
meable boundaries across the three flow regimes. The models are
initialised on a pseudo-1D domain with phase fraction perturba-
tions in the vertical direction only. As a result, vertical fluxes de-
velop while horizontal fluxes remain zero, thus 1D column models
are ideal for studying buoyancy-driven phase segregation.

4.2.1 Liquid segregation in the porous flow regime: Porosity
waves

Numerous studies have examined the development of porosity
waves from porous flow through a deformable matrix based on the
compaction model (McKenzie, 1984} |Katz,|2022). Ahead of liquid-
rich perturbations, buoyancy-driven liquid overpressure will cause
viscous decompaction of the matrix and hence an increase in lig-
uid fraction. At the trailing end of the perturbation, the opposite
process occurs: the matrix compacts and liquid is expelled. This
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Figure 3. Evolution of (a) liquid fraction ¢¢, plotted by time normalised by the liquid percolation timescale 7o for a 1D permeability barrier test. (b)
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given by (¢ — 0.05)/0.05.

gives rise to porosity waves that propagate against gravity faster
than the speed of liquid percolation through the pore space (Bar-
cilon & Richter, [1986;|Scott & Stevenson, |1986).

We test the emergence of porosity waves from our numerical
model using a 1D permeability barrier test, where a step down to
lower liquid fraction is imposed in the direction of liquid perco-
lation (leftmost profile in Figure [Bh). The permeability barrier is
smoothed for numerical stability. Liquid ascends through the solid
matrix due to buoyancy, hence the prevailing flux direction is up-
ward. As the liquid encounters a region of lower liquid fraction,
permeability drops and the liquid flux decreases. The solid com-
paction pressure, PA ~ ¢°(p® — pe), is initially negative at the
barrier because the liquid is at a higher pressure than the solid (Fig-
ure Bp). The liquid decompacts (i.e., volumetrically expands) the
solid matrix, causing an accumulation of liquid at the barrier (sec-
ond profile in Figure Bh). However, this drains the zone immedi-
ately below, leading to matrix compaction and a decrease in liquid
fraction there. This forms a new permeability barrier, where liquid
accumulates and drains the region immediately below. Successive
cycles of decompaction ahead and compaction behind emergent
permeability barriers cause a train of porosity waves to develop,
similar to those shown in [Spiegelman| (1993b) and [Katz| (2022).
The wavetrain is rank-ordered: the wave with the largest ampli-
tude leads successive waves of diminishing amplitude. The porosity
wavetrain mostly propagates upwards but new trailing waves also
migrate downwards as shown by the porosity perturbations below
the coordinate origin at later times. We normalise simulation time
by the percolation time scale, 75 = 05° / u§, where u§ is given by
(T2). At the simulation end time of ¢/7§ = 1.68, the leading wave
has advanced 528§°. The leading wave has thus traveled, on aver-
age, 52/1.68 = 31 times faster than the liquid, which moves at
uf.

Analytical solutions to the compaction equations under ide-
alised conditions permit solitary wave solutions, which are shape-
preserving waves that propagate at a constant speed proportional
to their amplitude (Scott & Stevensonl |1984; Barcilon & Richter]
1986} |Stevenson & Scott, [1991). Our model gives rise to poros-
ity waves but these are not strictly solitary waves, because solitary
wave solutions require simple log-linear dependence of compaction
viscosity, matrix shear viscosity and matrix permeability on lig-
uid fraction, as well as constant liquid viscosity. The permission
functions in the present model do not conform to such idealised
material properties. Nevertheless, the shape of the leading wave
strongly resembles analytical solutions, and the general relation-
ship of higher wave speeds for larger wave amplitudes still holds
(Figure[3k). We normalise peak amplitudes by 0.03, the background
liquid fraction below the permeability barrier, and wave speeds by
u§, the liquid segregation speed scale. At each time step, the right-
most point represents the leading wave, which has the largest peak
amplitude and propagates at highest speed. Going leftwards, each
subsequent wave is of lower peak amplitude and speed. At later
times, waves grow in amplitude and develop a positive, non-linear
amplitude-speed relationship that remains consistent through fur-
ther time steps. Some small amplitude waves at early time fall be-
low this amplitude-speed relationship, which we interpret as incipi-
ent, poorly-developed waves that eventually grow to follow the ex-
pected trend. In higher dimensional simulations, we expect rank-
ordered porosity wavetrains that tend towards spherical geometries
similar to solitary waves in idealised 2D and 3D models (e.g.|Scott
& Stevenson, [1986; |Simpson & Spiegelman, [2011)).
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4.2.2 Solid segregation in the suspension flow regime:
Concentration waves

In the suspension flow regime, particle concentration waves de-
velop if the solid segregation speed decreases with increasing solid
fraction (Manga, (1996} Drew & Passman, |1999). This behaviour
is expected from hindered Stokes settling, where the segregation
speed decreases with a power law of solid fraction. Physically,
backflow between particles dampens the settling speed of nearby
particles, an effect that intensifies when particles are closer to one
another. Our coefficient model is calibrated to a hindered Stokes
settling model with a hindering factor of (1 — ¢*)® (Keller &
Suckale, 2019). Shock-rarefaction waves should form, where parti-
cle concentration increases in the direction of particle settling and
leads to a particle “traffic jam” with a sharp tail developing into a
shock over time but a widening front or rarefaction where particles
can more freely settle into the lower concentration region below.

We test the numerical model in this regime by examining the
evolution of a solid-rich layer against a uniform background solid
fraction of ¢* = 0.05. We first describe the behaviour by analysing
the characteristics of the 1D governing equations (following |Drew
& Passman| (1999) Section 22.3), then show a set of 1D numerical
simulations that recover the expected behaviour. Assuming that (a)
the solid and liquid phases are equilibrated in pressure as predicted
by the scaling analysis, (b) the reference pressure and velocity are
equally weighted by each phase (Figure[AT) and (c) the momentum
flux coefficient K, is negligible, which is appropriate for liquid-
dominated systems, we can simplify the governing equations (3)
and express the phase velocity difference as

_w W/Y—S*p)g (30)

Here we define g = —9.81 m/s?, consistent with the equations
in Section [2| Given a denser solid phase, v° — vt < 0, such that
the solid phase settles downwards relative to the liquid. Equation
(30) is consistent with the scaling relationship for the segregation
velocity (T2)) taking the density scale as the deviation from mixture
density. Substituting the velocity difference into the mixture mass
balance (6a), we obtain the velocity of the solid phase,

s ¢<b( p")g

v =1 & : 31

where vy = ¢°v° + ¢‘v* is the volumetric flux obtained by inte-
grating the mixture mass balance equation and is a constant. Given
input values for viscosity, grain size and connectivity parameters
A, B, C, the solid velocity v* is purely a function of solid fraction.
Thus, we can express the solid mass balance equation as

¢° o¢° 0 p op
ot < +¢° d¢>s)¥‘@ [K {(82) (&) H ‘
(32)

The terms in parentheses on the left hand side form the char-
acteristics of the solution, along which ¢ is a constant. Since v*
depends only on the solid fraction, the characteristic is constant for
a given ¢°. For the material properties in this study (Table ,
the characteristics have negative values at ¢° = 01 and increase
with solid fraction, becoming positive and reaching a maximum at
¢° = 0.27. We focus our analysis to solid fractions below this
maximum value to stay well within the suspension flow regime.
Applying the characteristics conceptually to a 1D Gaussian per-
turbation of higher solid fraction shows the evolution of the solid
fraction profile over time (Figure[Zh). Since the characteristics be-
come less steep with increasing solid fraction, the characteristics
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Figure 5. Boundary layer development in the porous flow regime with initial liquid fraction of 0.05. Profiles of (a) liquid fraction and (b) segregation-
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dimensional units on the right axis.

converge along the positive z side of the Gaussian peak, forming a
shock, and diverge along the negative z side, forming a rarefaction.
The term on the right hand side of (32) is more cryptic. Based on
suspension flow experiments and theory, [Keller & Suckale| (2019)
tentatively interpreted this term to be related to the diffusion of
phase fractions.

We test our numerical model against this analysis of character-
istics using 1D simulations with different solid grain sizes (Figure
EP). The solid grain size affects both C; and K. In the profiles
shown, we remove the constant background flux vy to focus on
the evolution of the solid-rich layer. We take snapshots at the same
time normalised by the characteristic timescale 7¢ = Az/v° of the
background characteristic (i.e. at solid fraction 0.05), where Az is
the grid spacing and is the same for all three simulations. Due to the
dependence of C'; on the square of the grain size, the characteristic
timescale for the 2 mm and 5 mm simulations are 1/4 and 1/25 of
the characteristic timescale for the 1 mm simulation respectively.

For each grain size, the solid fraction profile steepens on the
upper side of the initial layer and spreads out on the lower side,
as expected from particulate suspension theory and the analysis of
characteristics. Since the velocity difference v* — v* (30) is pro-
portional to the square of the grain size through C}, the peak of
the largest grain size simulation has advanced the furthest. The nu-
merical simulations suggest the term on the right hand side of (32)
effectively acts as diffusion on phase fraction. Larger grain size
increases K, and the corresponding simulation shows a smaller
shock amplitude compared to simulations at smaller grain size. We

omit the profile for grain size 1 mm at ¢/7¢ ~ 250 because it has
oversteepened relative to the grid spacing and is affected by nu-
merical dispersion. The simulations confirm that where the solid
fraction is higher than the surroundings, the shock forms on the
positive z side of the perturbation, that is, the trailing end of a wave
of settling grains. Conversely, for a negative perturbation in solid
fraction, we expect a shock to form on the negative z side of the
perturbation. As a caveat, the formation of shock-rarefaction waves
will be diminished if the background volumetric flux vp is very
large and dominates equation (3T)).

4.2.3 Boundary layer development

In confined magmatic systems with a denser solid phase and
bounded by impermeable rock, phase segregation will lead to a
solid-rich boundary layer forming at the base and a liquid-rich
layer forming at the top. The thickness of these boundary layers
is related to the segregation-compaction length
[Richter & McKenzie| [1984} [Katz, [2022). Since the segregation-
compaction length depends on phase fraction, the boundary layer
thickness should evolve asymmetrically as phase segregation pro-
gresses. We test the development of boundary layers from initially
uniform phase fraction for three liquid fractions corresponding to
the porous, mush and suspension flow regimes.

We test the porous flow regime at an initial liquid fraction of
0.05. As expected, solid-rich and liquid-rich boundary layers form
at the bottom and top of the domain, respectively (Figure[5h). De-
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creasing liquid fraction at the bottom of the domain decreases the
segregation-compaction length, while increasing liquid fraction at
the top of the domain first increases then decreases the segregation-
compaction length once the liquid fraction exceeds 0.07 (Figure
[Bb). Accumulation of the liquid fraction in the upper boundary
layer increases slowly at first before increasing in rate then stabil-
ising to an approximately constant rate (Figure[t). Liquid fraction
at the top of the domain reaches the mush transition of 0.07 lig-
uid fraction after 220 years and the mush disaggregation threshold
of 0.3 after 742 years, a rather short time in geological terms. As
we show later, however, this mush layer remains relatively thin.
Eventually, a pure liquid layer should form, but the segregation-
compaction length at high liquid fraction becomes so small that
it cannot be resolved by the numerical grid, and the simulation be-
comes numerically unstable before the pure liquid layer forms. The
liquid fraction in the lower boundary layer decreases steadily at a
slower rate.

To track the evolution of the boundary layer, we define its
thickness as the distance over which the difference between the
liquid fraction and the background value drops to 1% of the dif-
ference at the boundary. At early times, the liquid fraction profiles
decay to the background liquid fraction over about 4 segregation-
compaction lengths, consistent with the predictions from com-
paction theory (McKenzie} |1984; |[Katz, [2022). With time, the lower
boundary layer becomes thicker, while the upper boundary layer
narrows at the same rate (Figure Eh), even though at both bound-
aries, the segregation-compaction length should decrease over-
all. This thickening of the lower boundary despite a decreasing

segregation-compaction length is the effect of matrix permeability
and mass balance: since permeability increases with liquid frac-
tion, liquid segregation is enhanced moving up the boundary layer,
thereby causing it to widen (Richter & McKenzie, |1984). Further-
more, this widening lower layer explains the slower rate of liquid
extraction. In contrast, the narrowing upper layer accumulates lig-
uid at an increasing rate to maintain mass balance.

We additionally show the thickness of the mush layer through
time to consider how a low liquid fraction system develops a mushy
domain (dashed line in Figure[5H). We define the mush layer as the
zone where the liquid fraction is above the porous to mush transi-
tion of 0.07. The initial progression to a mushy domain is fast, in
which a 1 km thick mushy region forms within 320 years. How-
ever, the thickness of this region remains approximately constant
despite continued liquid segregation because liquid segregation in
the mush regime is much faster than in the porous flow regime and
depletes liquid from just below the mush layer, which cannot be
replaced fast enough by ascending liquid. Therefore the porous to
mush transition does not migrate downwards within the time span
simulated.

In the suspension and mush simulations, the thickening lower
and thinning upper boundary layers are compounded by the sub-
stantial changes to segregation-compaction length with further in-
creases in liquid fraction, enhancing the expected asymmetry (Fig-
ure [I). In the suspension flow regime, solid-rich and liquid-rich
boundary layers again form at the bottom and top of the domain,
respectively (Figure [6h). Since the evolving liquid fractions dur-
ing this simulation remain well within the suspension flow regime,
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the segregation-compaction length remains close to the grain scale
of 5 mm throughout the 1D column (Figure [6p). As more liquid
segregates upward, a pure liquid layer forms relatively soon at the
top (Figure [6f). The topology of the boundary layer between the
pure-liquid and background suspension layers reaches a steady-
state with thickness approximately 6 65° (red solid line Figure [6H)
but migrates downward as the pure liquid layer grows in thickness.
The lower boundary layer approaches a liquid fraction of 0.5, corre-
sponding to the close packing solid fraction (red dotted line). The
lower boundary layer thickens gradually, consistent with increas-
ing segregation-compaction length with lower liquid fraction. In di-
mensional units, after 165 seconds, the pure liquid layer has grown
to 0.14 m, whereas the cumulate pile at the bottom has grown to
0.11 m.

This asymmetry of boundary layer development is most pro-
nounced in the mush regime (Figure |Zh). The solid-rich com-
paction boundary layer shows a substantial increase in segregation-
compaction length by over 40 times, from 32 m at the initial liquid
fraction of 0.30 to 1.31 km at the minimum liquid fraction of 0.20
in the last time step shown (Figure[7b). At the upper boundary, the
segregation-compaction length decreases towards the grain scale,
as the liquid fraction progresses towards a pure liquid layer (Fig-
ure [7k). The pure liquid layer first forms at 0.08 years (31 days).
The boundary between the pure-liquid layer and the background
becomes thinner to a steady-state thickness of 0.15 65°, which is
the resolution limit of the simulation (Figure [7d). The pure liquid
layer grows in thickness as liquid continues to segregate from the

mixture. In dimensional units, after 1.6 years, the pure liquid layer
has grown to 62 m. Here liquid segregation is much faster than
in the region below, causing a reduction of liquid fraction just be-
low the boundary layer which acts as a slight segregation barrier
that leads to an accumulation of liquid. This pattern is similar to
the formation of rank-ordered porosity waves (Section .2.1), and
also prevents the pure liquid layer from growing as quickly as in
the suspension flow regime because the liquid cannot be supplied
to this upper decompaction layer as easily. Meanwhile, the lower
boundary layer grows gradually in thickness as its liquid fraction
decreases. Therefore, in a confined magmatic mush body, we would
expect a thickening crystal-rich cumulate layer to form at the bot-
tom, while a thin liquid-rich layer emerges at the top.

4.3 Flow dynamics in 2D

The 1D simulations are well-suited to studying phase segregation
across a vertical cross section of a magmatic system. However, the
scaling analysis predicts that at large domain sizes, mixture flow
can contribute to or even dominate the system dynamics. Mix-
ture flow involves shearing, a necessarily two-dimensional phe-
nomenon. Therefore, we design 2D simulations to contrast flow
patterns arising from the three flow regimes. In each flow regime,
we run simulations at two domain sizes to quantify the relative con-
tribution of phase segregation and mixture flow to the overall sys-
tem dynamics, and observe the differences in flow patterns in dif-
ferent regimes. All simulations are conducted with the same numer-
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ical model from the previous sections, highlighting that the differ-
ent flow regimes are natural consequences of the same underlying
physics.

We choose the same background liquid fractions correspond-
ing to the porous ((;5’579 = 0.05), suspension, ((;5’579 = 0.90) and
mush (q&,l;g = 0.30) regimes as in the boundary layer analysis
above. To the initial phase fractions, perturbations with a maxi-
mum amplitude of +0.01 are added, which approximate a normal
distribution with a mean at zero and a standard deviation of 0.0025
(Figure[8). The boundary conditions are periodic on all sides. This
implies that the domain represents a subset of a larger magmatic
system that contains variations in phase fraction of a wavelength
much smaller than the system size. Tests using closed boundary
conditions show that boundary layer formation, as shown in Sec-
tion [£:2.3] dominates dynamics and reduces to pseudo-1D phase
segregation. For each liquid fraction, we run two simulations: one
at small domain size (Ns = 10) and one at large domain size
(Ns = 100 for porous and suspension flow regimes, N5 = 50 for
mush regime due to resolution limits). The physical domain size is
calculated as N5 multiples of the segregation-compaction length at
the background phase fraction. We run the model forward in time
and examine the resulting flow patterns and timescales.

4.3.1 Porous flow regime: liquid percolation and solid
compaction

Over a period of 10 kyr, simulations at high solid fraction and
small domain size (D = 1085°) show the phases being organised
into increasingly concentrated, horizontally layered bands (Figure
Eh(i-iii), Supplemental Video S1). The bands do not form contin-
uous layers, however, but show signs of contracting towards more
spherical liquid-rich pockets. We interpret this as the emergence of
porosity wave trains.

To quantify the relative contribution of phase segregation and
mixture flow to overall dynamics, we compare the liquid segrega-
tion and mixture fluxes. By definition, the liquid segregation ve-
locity v = ¢°(v® — v*) represents the volume flux of phase
segregation, while the mixture velocity ¥ = ¢°v® + ¢‘v* repre-
sents the volume flux of the mixture moving collectively. We nor-
malise the liquid segregation and mixture fluxes by the segrega-
tion speed scale u$ (12), then scale the fluxes by a constant so that
the segregation flux distribution has a standard deviation of unity.
This normalisation enables comparison among all the simulations
across flow regimes, since phase segregation fluxes are not affected
by domain size but have differently wide distributions depending
on phase fraction. The right plots in Figure[J]show the normalised
fluxes: background colours of the 2D plot (Fig. Ojv) shows the ver-
tical component of the normalised segregation flux overlain by the
vectors of the normalised mixture flux v, which is divergence-free.
The maximum vector length is given at the bottom left. The his-
tograms to the right (Fig. E|V) show the distributions of segregation
and mixture fluxes in comparison. If the distributions show similar
widths, mixture flow occurs mainly in local response to phase seg-
regation, which dominates the dynamics. If the width of the mix-
ture distribution is much wider, mixture flow dominates dynamics
and hence shows a variability that is decoupled from that of phase
segregation.

For the small domain size simulation, the mixture flux vec-
tors show no coherent convective pattern but tend to follow the
vertically-oriented segregation fluxes (Figure Eh(iv)). The segrega-
tion and mixture fluxes have similar distributions (Figure Eh(v)).
The normal distribution of the segregation flux around zero, which
corresponds to the characteristic scale ug, further supports that the
scaling analysis recovers the correct segregation velocity scale. As
stated above, we interpret this as a segregation-dominated expres-
sion of the porous flow regime.

At the large domain size of D = 10055°, we observe that the
liquid phase does not appear to become localised within a similar
time as in the small-domain case, and that mixture convection be-
comes important (Figure Pp). While a few liquid-rich pockets do
form, the extent of liquid localisation is not nearly as pronounced.
In fact, after running this simulation to 122 kyr (Supplemental
Video S2), we still do not observe a layered structure or the emer-
gence of porosity waves. We note that it is difficult to perceive the
convective pattern from the liquid fraction plots because the solid
phase is relatively stiff and resists mixture deformation. The co-
herent convective cell pattern is more clearly represented with the
mixture flux vectors (FigureEb(iv)). The magnitude of mixture flux
vectors is far larger than the range of the segregation flux. Convec-
tion stirs the phases and overwhelms phase segregation, and this is
only possible when the domain is large enough to permit mixture
convection cells to form. At > 300 km, the physical domain size
of the large-domain test would span most of the upper mantle.
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4.3.2  Suspension flow regime: hindered settling and mixture
convection

Simulations at high liquid fraction and small domain size show hin-
dered settling of the solid phase as the dominant process (Figure
m(i-iii), Supplemental Video S3). With time, initially liquid-rich
regions become further enriched. A steepening phase fraction gra-
dient develops on the lower side of the liquid-rich regions (red
colours) and on the upper side of the liquid-poor regions (blue
colours). These patterns correspond to emergent shock-rarefaction
waves as predicted by the characteristics of the simplified equations
in this regime (Section #.2.2). No coherent convective pattern can
be observed in the mixture vectors, although there is some align-
ment along liquid-rich channels (Figure [TOh(iv)), suggesting that
the mixture flux is driven by liquid backflow to solid settling. The
magnitude and distribution of segregation and mixture fluxes are
comparable for the small domain size simulation (Figure @(V)).

In contrast, mixture convection dominates system dynamics at
large domain size (Figure[IOp). Here we directly observe the effects
of convection consistent with suspension flow behaviour: the cen-
tral part of the domain rises in a convective upwelling accommo-
dated by convective downwellings near the sides, causing visible
distortion of initial phase perturbations (Supplemental Video S4).

The mixture flux vectors form a coherent convective pattern in the
2D plot (Figure@b(iv)).. The maximum vector magnitude is much
larger than the range of segregation fluxes. The flux histograms also
show that the mixture flux is decoupled from variations in segrega-
tion flux; it clearly dominates the system dynamics as it spans a
range that is several times larger than the segregation flux (Figure
ma(v)). Note that the domain size in the suspension flow scenarios
is of order centimeters. In natural magmatic systems, liquid-rich
lenses may be up to several to hundreds of meters thick. Such sys-
tems would be even more strongly dominated by mixture convec-
tion.

4.3.3  Mush flow regime: localisation of liquid into thin lenses

Simulations in the mush flow regime show similar behaviour to the
porous flow regime with some notable differences. In the small do-
main size simulation, the liquid again localises into near-horizontal
layers to near-spherical pockets (Figure [TTh(i-iii), Supplemental
Video S5). However, the layers are much narrower than in the
porous flow regime, because the segregation-compaction length
contracts considerably with even small increases in liquid fraction,
here typically a few percent at most. Again, the mixture and seg-
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Figure 10. Simulations in the suspension flow regime at two domain sizes, at (a) 10 (/N = 400) and (b) 100 (N = 500) times the background segregation-
compaction length. In each row, panels (i-iii) show snapshots of liquid fraction at approximately corresponding times. Panel (iv) shows the vertical liquid
segregation flux as the background colours and the mixture flux as the vectors, with the maximum vector length indicated in the bottom left for scale. Panel
(v) shows the distributions of the vertical components of normalised segregation (blue) and mixture (red) fluxes. All fluxes are normalised so that the standard

deviation of the segregation (blue) distribution is 1.

regation flux distributions are very similar (Figure ﬂ;fh(iv—v)). The
mixture flux vectors show strong alignment with the segregation
flux field, because the mixture viscosity is greatly weakened in re-
gions of high liquid fraction. We note that the timescale for the
liquid-rich layers to form is on the order of years, very short rela-
tive to the expected lifetime of magma mush bodies.

At large domain size, localisation of the liquid phase is held
off (Figure [[Tb(i-iii), Supplemental Video $6). While some liquid-
rich pockets do become further enriched, this is not as pronounced
as in the small domain simulation, and no liquid-rich layering
emerges. This simulation was performed at 5055, smaller than the
porous flow and suspension flow simulation pairs because of res-
olution constraints. Simulations for the mush flow regime, which
traverse a larger range of segregation-compaction lengths, require
higher numerical resolution to cope with strong localisation phe-
nomena. Even so, this domain size already falls in the regime where
mixture flux dominates the dynamics. Coherent convective cells
emerge in the vector plot (Figure Eb(iv)). The maximum vector
length and distribution range of the mixture flux are larger than the
range of the segregation flux, but smaller than in the porous and
suspension flow regimes.

4.3.4  Mush flow regime with imposed stress distribution to
control orientation of liquid-rich channels

The mush flow regime is characterised by the increasing localisa-
tion of liquid into small pockets or bands over time. Previous stud-
ies showed that in the case where the matrix strongly weakens with
increasing liquid fraction, liquid-rich regions will become more lo-
calised, and the orientation of these liquid-rich regions is affected
by the principal stress directions in the system
[2006). Simulations in Section [£.3.3] show some hint of
vertically oriented liquid layers, but the random orientations of the
initial phase fraction perturbations obscure stress-related patterns
in the localisation.

To examine the relationship between solid stress and liquid
localisation, we run a simulation with a more conspicuous stress
distribution driven by the buoyant rise of a strong liquid-rich per-
turbation in the domain, of amplitude 0.04 (Figure [[2h(i-iii), Sup-
plemental Video S7). Over the span of only 1.5 years, the initially
Gaussian-shaped perturbation rises and decomposes into liquid-
rich bands that radiate outwards from the upper part of the pertur-
bation. These bands grow more liquid-rich and develop a character-
istic spacing. Considering a vertical profile offset from the center
of the domain as denoted by the white vertical lines, the liquid-
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Figure 11. Simulations in the mush flow regime at two domain sizes, at (a) 10 (N = 400) and (b) 50 (/N = 600) times the background segregation-compaction
length. In each row, panels (i-iii) show snapshots of liquid fraction at approximately corresponding times. Panel (iv) shows the vertical liquid segregation flux
as the background colours and the mixture flux as the vectors, with the maximum vector length indicated in the bottom left for scale. Panel (v) shows the
distributions of the vertical components of normalised segregation (blue) and mixture (red) fluxes. All fluxes are normalised so that the standard deviation of

the segregation (blue) distribution is 1.

rich bands are separated by 5 segregation-compaction lengths on
average (Figure @(iv))‘ This characteristic spacing is consistent
with the exponential decay of compaction pressures away from a
permeability barrier with the segregation-compaction as the e-fold
length (e.g.|Katz, [2022| Chapter 6). Within this characteristic spac-
ing, compaction pressures cause liquid to concentrate within the
most liquid-rich perturbation at the expense of lesser ones.

The distribution of stress and strain rate of the solid phase
should explain the orientation of the liquid-rich bands. Since the
matrix is weakened by liquid, we expect the liquid-rich bands to lo-
calise where the strain rate magnitude is large, and that the liquid-
rich bands orient approximately normal to the least compressive
stress direction (Stevenson, | 1989; Holtzman et al.,[2003; Katz et al.,
20006). To test this relationship, we show snapshots of the devia-
toric strain rate magnitude and principal stress orientations (Figure
[[2p). Background colours show the magnitude of deviatoric strain
rate, calculated from the square root of the second invariant of the
deviatoric strain rate tensor, i.e. v/trace(D?)/2. The stress orien-
tation is represented by two perpendicular lines, where the darker
line indicates the direction of the least compressive stress o1 while
the lighter line indicates the direction of the greatest compressive
stress 2. The relative line lengths indicate the relative magnitude

of the two stresses. All of the dark lines are normalised to 1, while
the lighter line length is calculated by 1 + log; |o2/01|. Where
the two lengths are similar, stress is isotropic; where the darker line
is longer, stress is non-isotropic and the matrix is in a tensile stress
state; where the darker line is shorter, stress is also non-isotropic
but the matrix is in a compressive stress state.

Initially, the deviatoric strain rate magnitude is slightly higher
in the liquid-rich perturbation (Figure |'1_7p(i)). The local matrix
stress distribution shows isotropic pressurisation of the matrix
within the liquid-rich perturbation, but the rest of the domain dis-
plays a mostly random stress distribution resulting from the ran-
dom perturbations in phase fraction. Over time, the rising pertur-
bation induces a coherent stress distribution as a consequence of
the developing convective mixture flow (Figure @(ii)). In the up-
per half of the domain, the rising perturbation causes the matrix to
be mostly in a compressive stress state (darker lines are shorter),
and the least compressive stress direction is oriented concentrically
around the perturbation. In the lower half of the domain, the matrix
is mostly in a tensile stress state (darker lines are longer), and the
least compressive stress is oriented radially outward from the per-
turbation. In all of the domain, the bands of high deviatoric strain
rates appear approximately perpendicular to the least compressive
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Figure 12. Simulations in the mush flow regime with a strong liquid-rich perturbation at the centre of the domain (amplitude 0.04) and with random pertur-
bations (amplitude 0.01). The domain size is 50 times the background segregation-compaction length, and N = 600. (a)(i-iii) Snapshots of liquid fraction
through time. The color scale is truncated to visualise the flow patterns; the maximum liquid fraction is each panel is [0.34, 0.36, 0.43]. White vertical lines
mark the location of the profiles shown in (iv) (at z = 134 m), where the vertical axis is normalised to the background segregation-compaction length. (b)
Background colours show the deviatoric strain rate magnitude and bars show the stress orientation of the solid phase: black bars show the least compressive
stress direction (all normalised to have the same length), gray bars show the relative magnitude and direction of the greatest compressive stress. Again, the
color scale is truncated and the white vertical lines mark the location of the profiles shown in (iv) at x = 134 m.

stress directions, and also coincide with the pattern of the incip-
ient liquid-rich bands. This pattern persists to the last time step
shown (Figure @)(iii)), which clearly shows the near-normal re-
lationship between localised liquid-shear bands and the least com-
pressive stress direction. In addition, some of the liquid-shear bands
start to display an isotropic stress distribution, indicating that over-
or under-pressurisation of the liquid phase dominates over devia-
toric stresses.

5 DISCUSSION

5.1 Bridging the porous, mush and suspension flow regimes
in magmatic systems

Simulations in Section [#.1] and 3] demonstrate the importance of
system size with respect to the emergent physical length scale of
multi-phase flow. In particular, for perturbations in phase fraction
to drive convective mixture flow, system size has to be at least
several tens of the segregation-compaction length. Comparing the
segregation-compaction length to system size can be a useful di-
agnostic tool for assessing the leading order dynamics expected
of natural magmatic systems depending on their melt fraction and
hence their classification into the porous, mush and suspension flow
regimes.

In the porous flow regime, natural magmatic systems at low



melt fractions (¢¢ < 0.07) typically range from ~ 10 km thick
partially molten crustal regions to the ~ 100 km deep melting
region in the upper mantle beneath mid-ocean ridges and conti-
nental rifts or above mantle plumes. The lower end of this range
is at most a few times the segregation-compaction length, which
is of order 1 — 10 km at these melt fractions; hence, we expect
melt percolation accommodated by viscous compaction to domi-
nate dynamics in most natural magmatic expressions of the porous
flow regime, as previously recognised in the two-phase compaction
model (McKenziel [1984)). Microstructural evidence of grain defor-
mation and fabric development within some cumulates support the
role of compaction in the crystal-rich portions of trans-crustal mush
bodies (e.g., [Philpotts & Philpotts, 2005} Zieg & Marshl 2012;
Bertolett et al., 2019). Only for the largest porous flow systems
(> 30 km) will mixture convection become significant. Since this
scale exceeds typical crustal thicknesses, mixture convection would
only be applicable to particularly deep partially molten zones be-
neath hot spots, which may extend further than 100 km into the up-
per mantle. We note, however, that thermal buoyancy is expected to
be the dominant driver of large-scale mantle flow associated with
plume activity, rather than lateral perturbations in partial melt con-
tent (Tackley| |2000} and references therein).

In contrast, in the suspension flow regime at high melt frac-
tions (¢° > 0.44), any natural magmatic system larger than
cm-scale melt veins will be orders of magnitude larger than the
segregation-compaction length, which is on the scale of the mineral
grain size (typically ~ 1 mm). Mixture flow can thus be expected
to dominate dynamics in ~ 1 —10 m thick magma sills and dikes to
~ 10— 100 m thick melt lenses within trans-crustal mush zones. In
this limit, we can approximate the segregation-compaction length
as zero and cancel terms multiplying R in (22) to recover the sim-
plified ZSCL limit (23). This limit extends quite far into the phase
space, down to ¢* ~ 0.44 with the present coefficient calibra-
tion, meaning that a reduced suspension flow model with negligi-
ble compaction pressures applies to a substantial range of phase
fractions. For sufficiently large systems (> 100 m in size), the
ZSCL limit may even be applied to the melt-rich end of the mush
regime where the segregation-compaction length remains below 1
m. Phase segregation by hindered Stokes settling will still proceed
in the suspension flow regime but at rates much slower than con-
vective flow and thus would only have appreciable effects at im-
permeable domain boundaries where the segregation speed drops
to zero over a short distance. Even comparatively slow crystal set-
tling will likely lead to formation of a melt-rich layer on top and
a crystal-rich cumulate pile at the base of a magma body confined
within solid host rock, such as a sill.

The model thus offers a unified perspective on the emergence
of melt percolation in compacting rock at low melt fraction and
crystal settling from convecting magma at high melt fraction as part
of a spectrum of flow dynamics that depends on the ratio R of the
inherent segregation-compaction length to the natural system size.
In the intervening mush regime (¢¢ = 0.07 — 0.44), a combina-
tion of phase segregation, matrix compaction, and mixture convec-
tion should appear. Moreover, we can expect strong flow localiza-
tion due to the sharply contracting segregation-compaction length
around the matrix disaggregation threshold. The slope with which
coefficients change across the disaggregation threshold around 0.3
melt fraction is difficult to constrain from experiments. Whether
this occurs smoothly across this interval in phase fraction space
or more sharply at the disaggregation threshold may affect the de-
tailed expression of non-linear behaviour in that regime. Neverthe-
less, the general behaviour should be robust: from ¢° ~ 0.1 — 0.3,
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the segregation-compaction length contracts by at least two orders
of magnitude, implying strong localisation of melt segregation and
matrix shear deformation, as seen in the 2D simulation in Fig.[T2]

Within a mush body, melt-rich pockets or bands, which have
a locally reduced segregation-compaction length, lower effective
viscosity, and lower pressure, attract more melt from the surround-
ing mush (Stevenson, [1989). This feedback further reduces the
segregation-compaction length, allows enhanced shear deforma-
tion, and promotes mixture flow within localised pockets or bands.
In the surrounding mush, melt is extracted and the segregation-
compaction length increases, which stiffens the matrix and damp-
ens both shear deformation and convective flow. Hence, the in-
side of melt-rich pockets or bands progresses towards the suspen-
sion regime whereas the surrounding mush progresses towards the
porous regime. Ongoing melt extraction from a mush zone can
bring the segregation-compaction length to a value close to or even
larger than the system size. For example, in the lower boundary
layer of the 1D mush column simulation (Figure [7), the last time
step displays a minimum liquid fraction of 0.20 at the base of the
cumulate pile. This low melt fraction corresponds to a segregation-
compaction length of 1.32 km, just under half of the domain size.
Under these conditions, a compacting boundary layer cannot fully
develop within the domain. Compaction rates within the bound-
ary layer may become negligible compared to typical cooling rates
of crustal magma bodies. The model thus suggests that compact-
ing adcumulates at the base of crustal magma bodies may often
freeze before mature textures of compaction by grain packing can
develop, and more likely before further compaction by crystal plas-
ticity can set in. The absence of compaction textures was, for ex-
ample, noted in the Skaegaard intrusion (Holness| [2018) and may
indicate that the system comprised mushy cumulates close to the
disaggregation threshold where the segregation-compaction length
will grow considerably even for a minor decrease in melt fraction
by compaction.

5.2 Melt extraction in trans-crustal magma processing
systems

Results from this study help to clarify the multi-stage process of
melt extraction from the mantle into the crust and to the surface.
We first discuss the results as they relate to mafic systems (e.g.,
mid-ocean ridge, hotspot volcanism) for which our models above
were calibrated. These systems are characterised by a relatively low
melt viscosity (here 100 Pa s), a low wetting angle between melt
and mineral grains, and an equi-dimensional shape of the domi-
nant mineral phase, olivine. These characteristics allow permeabil-
ity down to very low melt fractions (< 0.1 melt) and causes matrix
disaggregation at a relatively moderate degree of melting (0.2—0.3
melt fraction). To frame this discussion, we distinguish between the
rates of melt segregation, which is the flow of melt relative to the
solid matrix at a characteristic rate of u§ (units of m s~*), and melt
accumulation, which describes the progressive build-up of melt to
increase melt fraction, as for example beneath a low-permeability
boundary. Melt accumulation is characterised by the rate of change
of melt fraction proportional to the divergence of phase segregation
flux and hence should scale as 1/to = uf/fo (units s™1).

At the earliest stage of magma processing, the balance be-
tween melt addition by mantle decompression melting and melt
migration by porous flow accommodated by viscous matrix com-
paction buffers melt fractions at low values of order ¢* ~ 0.01
(grémek et al., 2007; [Hewitt & Fowler, 2008). Estimates for the
melt segregation rates beneath mid-ocean ridges from Uranium-
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series disequilibria fall on a range of 1-1000 m/yr (Elliott &
Spiegelman) 2003} [Rubin et al., 2005} Stracke et al.| 2006} | Turner
& Costa,|2007;|Costa et al.| [2010), although a recent review by |Katz
et al.|(2022)) argues for a slightly narrower range of 10 — 100 m/yr
while recognising that some form of rheological or reactive chan-
nelling of melt percolation must be active to explain the data. With-
out such channelling instabilities or obstructions by a permeability
barrier, melt transport would remain at low melt fractions in the
porous flow regime. One important barrier against which melt will
accumulate into a decompaction channel (Sparks & Parmentier,
1991) is the impermeable crystallisation front along the thermal
lithosphere-asthenosphere boundary (LAB). Assuming {9 ~ 100
km for the partially molten upper mantle beneath mid-ocean ridges
or hot spots, the melt segregation rates estimated from data con-
traints correspond to a melt accumulation rate beneath the LAB
of ~ 107% — 1073 yr’l. With this rate, melt accumulation to
form a melt-rich decompaction layer of ¢° > 0.5 would take
~ 500 — 5000 years, a rather short time compared to the char-
acteristic time of mantle flow processes that drive mantle melting.

The model presented here only accounts for diffuse porous
flow without any channelling mechanisms at low melt fraction.
Thus, melt segregation in the porous flow regime remains rela-
tively slow. Our scaling analysis gives a maximum segregation rate
of ~ 0.75 m/yr at ¢* ~ 0.07, the highest melt fraction still in
the porous flow regime. This is slower than the estimates from
Uranium-series disequilibria and corresponds to a melt accumu-
lation time scale of ~ 10° years for a system of £ ~ 100 km.
However, the boundary layer simulation shows that melt accumu-
lation to ¢* > 0.5 takes ~ 1200 years (Figure , much less than
half the estimated time scale from the scaling analysis and within
the ~ 500 — 5000 year range estimated from Uranium-series dis-
equilibria. This shorter time scale arises due to the thinning of the
decompaction layer with melt accumulation. Mass balance requires
that the thinning decompaction layer be compensated by melt accu-
mulation, an effect that cannot be directly deduced from the simple
scaling analysis. Thus applying the melt segregation rate derived
from the scaling analysis at fixed, low melt fraction overestimates
the melt accumulation time scale by almost two orders of magni-
tude. Melt accumulation along the LAB may be slowed by melt loss
to crystallisation, a process not considered in our model. On the
other hand, continued crystallisation releases latent heat and fer-
tile chemical components, which both act to stabilise melt at lower
temperatures and thermally erode the mantle lithosphere. As melt
accumulates, lateral variations in melt flux can produce an undulat-
ing decompaction channel where melt focuses towards local highs,
which can develop into melt-rich funnels extending further into
the mantle lithosphere (Katz, |2008; [England & Katz,2010), a pro-
cess that has potentially been observed by magnetotelluric imaging
(Wang et al.,[2020; Li et al.| [2021)).

With sufficient melt accumulation in the lower lithosphere, the
magmatic system progresses into the mush flow regime, which is
thought to be the state of large portions of crustal magmatic sys-
tems. Geophysical imaging of magmatic systems by seismic to-
mography and magnetotelluric studies suggests that most magma
reservoirs have an average melt fraction around 0.1 — 0.4 (Chul
et al.l 2010; Bai et al.| 2020; |Cordell et al [2020). Due to res-
olution limits, these measurements represent volumetric averages
of the magmatic system over length scales of several kilometers
(Lees, |2007). Recent applications of seismic reflection imaging to
magmatic systems, however, have detected smaller scale, stacked
sill-like features with spacing on the order of hundreds of meters
embedded in these kilometer-scale magma bodies, but have yet to

resolve their internal melt fractions (Marjanovic et al.| 2014; |Car-
botte et al., [2020; Kim et al.| 2020} [Walker et al., [2021). Geologic
sections of oceanic gabbros show steep, almost vertical magma
fabrics containing chemical compositions that are out of equilib-
rium with the surrounding matrix, suggesting rapid melt extrac-
tion from the deep magmatic system through the magma mush
(Coogan et al., 2000; MacLeod & Yaouancq, [2000; [VanTongeren
et al., 2015; Johan Lissenberg et al., 2019). Observations there-
fore suggest that smaller melt-rich layers or channels may emerge
within larger magma mush bodies.

Simulations in this study demonstrate strong melt localisation
in the mush flow regime, both against an impermeable roof as in
the 1D boundary layer case (Figure[7), as well as internally within
a mush body as in the 2D simulations (Figures[TT] [I2). Melt local-
isation occurs because of mechanical weakening of the solid ma-
trix, which is distinct from the channelling instabilities arising from
chemical reactions and lithological heterogeneities identified in the
porous flow regime (Katz et al.,2022). Isolated, melt-rich bands ap-
pear to be the mechanically preferred organisation of mushy mafic
magmatic systems, even without considering repeated cycles of
magma injection followed by cooling to grow separate melt-rich
regions (Annen et al., [2006; (Cashman & Giordanol 2014} Jackson
et al.l 2018). These thin melt-rich bands develop a characteristic
spacing of ~ 5 segregation-compaction lengths, as shown in Figure
[[2h(iv) and previously identified for localisation by non-linear vis-
cous matrix rheology (Veveakis et al., |2014). To form stacked sills
spaced 300 — 450 m apart as observed beneath Axial Seamount for
example (Carbotte et al., 2020), the segregation-compaction length
of the system should be ~ 60 — 90 m. With the coefficient cali-
bration used in this study, this length range offers a tight constraint
on the volumetrically-averaged melt fraction of the system to be
~ 0.28, just below the disaggregation threshold in our calibration.

Melt localisation provides an efficient melt extraction mech-
anism. From the scaling analysis, given the melt segregation rate
of ~ 60 m/yr at the disaggregation threshold (¢° & 0.3), a mush
body on the order of 1 — 10 km could produce a melt band with
an accumulation rate of 6 x 107 — 6 x 1072 yr™'. At this rate,
melt accumulation from the initial melt fraction of 0.3 to a melt-
dominated decompaction layer of ¢* ~ 1 would take ~ 10 — 100
years, faster than previous estimates using the compaction model
in the porous flow limit. The 1D boundary layer simulation in the
mush regime (Figure[7) shows that the early melt accumulation rate
against a permeability barrier can be still faster. A pure melt layer
emerges at only 0.08 years (31 days) , but it is very thin, because the
local segregation-compaction length has decreased by four orders
of magnitude from 32 m at ¢* = 0.3 to 5 mm (the solid grain size)
at ¢° > 0.58. Again, this thin melt layer develops due to mass bal-
ance between thin decompaction layers compared to much thicker
compaction layers. Once a thin, pure melt layer has formed, how-
ever, its growth is limited by melt segregation from the region just
below, which prevents large melt-rich regions from growing on the
extremely short time scale of days to months. The melt layer in our
mush column simulation grows by 40 m/yr, close to the melt seg-
regation rate at the background melt fraction. This rate quantifies
the growth of pure melt regions and gives a time scale more rep-
resentative of the growth of sizeable melt layers that is not fully
captured by the melt accumulation time scale. This growth rate
is almost linear with time, thus we can use this value to estimate
the time scale to form pure melt layers of ~ 100 m thick to be
~ 3 years. We note that additional simulations on larger domains
show the same growth rate of the melt layer, demonstrating that
this growth rate does not depend on domain size as long as the



domain is large enough to span multiple segregation-compaction
lengths at the background phase proportions. This size condition
is easily satisfied for natural systems in the mush flow regime be-
cause segregation-compaction lengths are typically ~ 1 — 2 orders
of magnitude less than magmatic mush columns estimated to range
from 1 — 10 km (e.g. Hildreth & Wilson, 2007} [Cashman et al.|
2017). Both the time of first emergence of a pure melt layer (or-
der of days to months) and the time scale of segregation-limited
growth (order of years to decades) are short compared to the ex-
pected life time (10" years or more) of a stacked sill complex in
a magmatic mush body. Cooling and crystallisation are not likely
to greatly slow down melt accumulation, because the cooling time
scale is three orders of magnitude less, at ~ 4000 years for a 500
m thick sill with a thermal diffusivity of 5 x 10~7 m?/s (follow-
ing [Annen, [2011). Furthermore, large, long-lived magmatic sys-
tems can establish heated contact aureoles in the crust that reduce
heat loss and buffer the temperature of the system. Melt localisation
in the mush regime thus provides a robust mechanism to generate
ephemeral melt lenses within spatially extensive mush bodies over
a short timescale relative to the expected lifetime of a crustal-scale
magma body.

Growth of melt-rich bands increases their buoyancy relative to
the crystal-rich mush and can potentially trigger convective over-
turn of the mush or diapiric rise of melt-rich pockets, both of which
enhance transport of melt-rich magma towards the roof of an exten-
sive mush column. Diapiric rise of a melt-rich pocket will be gov-
erned by Stokes flow and will occur at a rate ~ Apogofs /7. For a
melt-rich pocket on the order of /5 ~ 10 — 100 m in a mush at the
disaggregation threshold where the effective viscosity is 77 ~ 10'2
Pa s, the ascent rate is ~ 10 — 1000 m/yr which brackets the melt
segregation rate of 60 m/yr. At the lower end of this range, smaller
melt-rich pockets ascend slower than the melt segregation rate and
therefore continue to accumulate melt. However, once they reach
a critical size (~ 18 m for a mush at the disaggregation thresh-
old), the diapiric ascent rate will exceed the melt segregation rate,
promoting the rise of the melt-rich pocket without further accumu-
lating melt from the surrounding mush. This competition should se-
lect for a critical maximum size of the melt-rich pockets where the
crossover from melt accumulation to diapiric ascent occurs. Due
to the dependence of melt segregation rate and mush effective vis-
cosity on the background phase proportion, the critical maximum
size should also be controlled by the mush phase proportion. As
the melt-rich band grows, it can absorb smaller bands within a
few segregation-compaction lengths of itself due to viscous com-
paction, enabling the growth and faster ascent of the largest and
fastest growing ones, as observed in Figure[T2] The above estimates
apply for a mush of volumetrically-averaged melt fraction of 0.3,
but a mush with a higher melt fraction can have a still lower effec-
tive viscosity by orders of magnitude, further facilitating the rapid
ascent of melt-rich pockets at even smaller scales. Rising melt di-
apirs will stall against the roof of the mush body, potentially en-
hancing the growth rate of the melt-rich decompaction layer there.
Melt accumulation will persist until this melt-rich boundary layer
is buoyant enough for diapiric ascent through the stiffer overlying
crust, pressurised enough to create fracture pathways for melt ex-
traction (Keller et al., 2013), or the mush body freezes into a plu-
tonic rock complex.

While the above discussion relies on model results calibrated
to mafic systems, we expect that the emergent behaviour applies
to systems of any composition, with some modification of rate and
length scales due to differences in phase rheology and connectivity
and consequent shifts in regime transitions across phase space. To
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address the longstanding question of how silicic mush bodies as-
semble enough melt for large eruptions within geologically short
times, we next consider how our results extend to silicic systems.
Extending previous compaction and hindered settling end-member
models to the mush regime yields melt accumulation rates that are
far too slow to generate melt lenses of ~ 10 — 1000 km® on the
timescale of years to decades indicated by observations, even af-
ter accounting for additional energy inputs to drive melt segrega-
tion (Bachmann & Huber, 2019). With our model defined across
the mush regime, we can now develop improved estimates of the
melt accumulation time scales in silicic mush bodies, although we
acknowledge that specialised material calibrations are needed to
validate these estimates.

To represent a silicic magma, we consider a mixture com-
prising mostly plagioclase and dacitic to rhyolitic melt. For these
materials, we alter the coefficient calibration in two ways. First,
the pure-phase viscosity of the solid phase is reduced to 10'° Pa
s, while that of the liquid phase is increased to 10° Pa s, con-
sidering that silicic melts are typically 3-5 orders of magnitude
more viscous than basalts (Giordano et al., 2008). Second, the
elongate shape of plagioclase crystals would likely shift the dis-
aggregation threshold to higher liquid fractions; hence, we increase
the disaggregation threshold from ¢ = 0.3 to 0.5 but otherwise
retain the same phase connectivity relationships. We do not ex-
pect a change in the percolation threshold as olivine-basalt and
plagioclase-rhyolite have approximately the same dihedral angles
(Holness| [2006). Moreover, a slight shift of the percolation thresh-
old would be immaterial since porous flow at low melt fractions
will be very slow due to the high melt viscosity.

The segregation-compaction length and velocity scales result-
ing from the silicic coefficient calibration show a similar shape to
the coefficient model calibrated to the olivine-basalt system, but
with different magnitudes and with the mush-to-suspension regime
boundary shifted to higher liquid fraction (Figure [T3p). Since the
same percolation threshold is used, the maximum segregation-
compaction length occurs at the same melt fraction of 0.07 but
has a much smaller value (51 m in the silicic system vs 3.4 km
in the mafic system). This suggests that viscous compaction can
become appreciable on a much smaller length scale in the porous
flow regime. Furthermore, mixture convection can be initiated on
relatively small length scales, on the order of a 100 m, to enhance
the ascent of buoyant melt-rich regions, as shown by the generally
higher mixture velocity at 100 m compared to liquid segregation
velocity (Figure [I3p, for a region with 1% higher melt fraction).
The liquid segregation velocity is mostly between 2 to 3 orders of
magnitude less than the mafic system, thus we expect melt accu-
mulation time scales to be extended.

To facilitate comparison with previous estimates of accumu-
lation time scales from existing compaction and hindered settling
end-member models, we apply approximately the same parameters
as|Bachmann & Bergantz|(2004), considering a silicic system with
a solid fraction of 0.5. This phase proportion lies just below the
mush to suspension flow regime transition in our silicic calibration.
We estimate the time scale to assemble 500 km® of rhyolitic melt
from a system of characteristic horizontal area ~ 1000 km? (e.g., a
large caldera size), which corresponds to the generation of a 0.5 km
thick melt layer. Our scaling analysis gives a melt segregation rate
of 1.6 m/yr at a solid fraction of 0.5. From the boundary layer sim-
ulation results, we showed that applying this fixed segregation rate
to the melt accumulation rate overestimates the time of first emer-
gence of a pure melt layer, because the contracting segregation-
compaction length accelerates melt accumulation. However, once
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Figure 13. Scales for the silicic plagioclase-rhyolite coefficient calibra-
tion (solid lines), compared to the olivine-basalt calibration (dashed lines).
(a) Segregation-compaction length 655. Shaded colours show shifted flow
regimes for the plagioclase-rhyolite mixture. Vertical dotted lines show the
regime boundaries for the olivine-basalt calibration. (b) Scales of the mix-
ture and segregation velocities for both calibrations. The mixture velocity is
calculated for a 1% melt perturbation region of a characteristic size of 100
m.

the thin, pure melt layer emerges, subsequent growth to obtain a
sizeable pure melt layer is still segregation-limited, therefore we
can approximate the melt layer growth rate using the melt segrega-
tion rate. Growing a melt layer to 0.5 km requires a time scale of
310 years, much less than the 10* to 10° years estimated in [Bach-
mann & Bergantz (2004). Mixture convection and diapiric ascent of
emergent melt pockets can further enhance melt accumulation. For
diapiric ascent rates of melt-rich bands to exceed melt segregation
gives a critical melt band size of only 0.72 m, very small compared
to the size of a typical melt body. This suggests that diapiric as-
cent of melt-rich lenses will be an important process once melts
accumulate. Upwelling melt-rich regions will stall and accumulate
against the roof of the mush body where melt can be assembled.
Mush flow dynamics arising from our unified model can therefore
explain how large volumes of melt can be assembled to feed large

silicic eruptions where previous estimates based on end-member
models failed.

5.3 Model limitations

The model results, scaling analysis, and interpretation presented
above must be understood in the context of a number of limita-
tions on the underlying model. Model limitations arise both as con-
sequences of omitted physical and chemical complexities, as well
as from concessions to numerical and computational restrictions.
In the preceding section, we have already addressed the impact
of omitting all thermo-chemical processes. Cooling and crystal-
lization is unlikely to have a major effect on estimated rates and
time scales because it occurs on an order of magnitude longer time
scale. Chemical reactions that change phase proportions and ma-
terial properties may impact flow dynamics, for example driving
the reaction infiltration instability that facilitates channelisation in
the porous flow regime. Coupling multi-phase transport to thermo-
chemical evolution remains one of the primary challenges in mod-
elling igneous processes (Katz et al.| [2022) but promises to predict
observable petrological and geochemical signatures diagnostic of
the mechanical processes described here.

While we have considered only a two-phase system in this
study, the presence of a magmatic volatile phase (MVP) will likely
affect melt segregation rates, although the impact of the MVP re-
mains unclear. On one hand, the MVP may enhance melt segre-
gation through the gas-driven filter pressing mechanism: exsolving
MVP pressurizes the crystal matrix and expels melt to relieve pres-
sure (Sisson & Bacon,|1999). On the other hand, the MVP may hin-
der melt segregation: at intermediate crystal fractions of 0.65, the
low density and much lower viscosity of the MVP relative to other
phases can promote rapid MVP segregation accommodated by the
collective compaction of the melt-crystal matrix (Huber & Parmi-
giani, 2018). Consequently, melt-crystal segregation would only
become appreciable after the MVP is segregated from the mixture.
The large viscosity contrasts in three-phase magma mixtures make
both numerical realisations and experimental investigations highly
challenging. The theory in |[Keller & Suckale|(2019) was extended
to hypothesise a flow regime diagram for three-phase magmas,
but initial tests using the code developed here show some numer-
ical challenges in resolving the gas-liquid segregation-compaction
length which can be orders of magnitude smaller than its liquid-
solid equivalent at the same phase fractions. Moreover, only a few
three-phase experiments exist to calibrate models (e.g.,Islam et al.,
2014; |Oppenheimer et al., 2015), although recent advances in in-
situ imaging may offer new insights into three-phase connectivity
(e.g.,|Pistone et al.,[2015|Dobson et al., 2020; Pistone et al.| [2022)).

In this study we consider relatively simple material properties,
including constant phase densities, linear viscous phase rheologies,
and isotropic transport coefficients. In magmatic systems, the liq-
uid and solid phases are well-approximated as incompressible with
pressure, but their densities can have small variations with temper-
ature and larger variations with chemical composition. However,
since we do not include evolving temperature and composition in
the model, there is no internally consistent way to evolve phase
densities here. For the same reason, we employ constant phase vis-
cosities and do not include known thermal and compositional ef-
fects on silicate rheology, nor any non-Newtonian behaviour. Nev-
ertheless, the linear viscous phase rheology is able to facilitate
melt-shear localisation through melt-weakening of effective mix-
ture viscosity following from our phenomenological description of
local-scale phase topology. Note that despite some similarity in re-



sulting melt-shear bands (e.g., |Katz et al.l [2006), our coefficient
model does not contain the shear-thinning rheology. In more com-
plex models with non-Newtonian magma viscosity, visco-elastic or
brittle-plastic rheology, melt and coinciding shear localisation may
become more pronounced, or even transition to melt transport in
tensile fractures (Keller et al.| 2013). Furthermore, our transport
coefficients (K ;, K, Cfb, C?) are assumed to be scalar functions
of pure-phase properties, phase fractions and a phenomenologi-
cal representation of phase topology. However, phase topology is
known to develop anisotropy, for example in crystal-rich systems
where the crystallographic axes of grains develop preferred ori-
entations. Previous work found that anisotropy in matrix viscosity
promotes melt segregation and further affects the growth rate and
orientation angle of melt-rich bands in stress-driven flows (Takei &
Katz, 2013} [Katz & Take1, 2013} [Take1 & Katzl 2015). Account-
ing for anisotropy would require the transport coefficients to be ex-
pressed as tensors rather than scalars, a considerable increase in
model complexity and rheological model parameters.

With respect to computational aspects, while the model ap-
plies across all phase fractions and flow regimes, the time and
length scales on which the model can robustly and efficiently oper-
ate are limited. First, the numerical model was developed to study
dynamics around R ~ 1 to understand the interplay between phase
segregation and mixture flow. The domain size is consequently cho-
sen relative to the dominant segregation-compaction length at the
specified phase fraction, and the resulting numerical time steps are
restricted to the ratio of the segregation-compaction length to seg-
regation speed. The model is not well-suited to study flow scenar-
ios outside these length and time scales, for example the suspen-
sion flow regime on scales larger than kilometers and longer than
centuries, as might arise, for example, in very large igneous intru-
sions or during the magma ocean stage of planetary formation. For
such systems, a simplified model applying the ZSCL limit would
be more appropriate as it would not need to resolve the very small
segregation-compaction length on the numerical grid.

Second, the wide range of segregation-compaction lengths
does not permit a single simulation to cover the porous flow to sus-
pension flow regimes while sufficiently resolving segregation and
compaction processes in all regimes. For the coefficient calibration
chosen in this study, the segregation-compaction length spans 6 or-
ders of magnitude, from the solid grain size of 5 mm to the maxi-
mum of 3.4 km at low liquid fraction. Since at least a few grid cells
are required to resolve each segregation-compaction length, it is not
practically possible to model the system on a domain spanning the
largest inherent length while resolving the smallest length on the
numerical grid with (for example, resolving 10 km domain with 1
mm grid step requires 107 grid cells). Rather, as we demonstrate
in Section[d.] specific model dimensions should be chosen around
the phase fractions of interest. The presented model is useful for
exploring the dynamic flow regimes given a system length scale,
which in turn informs the formulation of reduced equations valid
only for specific flow regimes. The problem of scales is most pro-
nounced in the mush regime, where effective transport properties
and segregation-compaction lengths span many orders of magni-
tude over a small range of phase fractions. In this study, we use
means of numerical stabilisation to moderate the relative contrast
of the segregation-compaction length across the domain. In natu-
ral systems, the rheological weakening across the disaggregation
threshold may well be sharper than our model can robustly re-
produce. Hence it is possible that localisation of melt-rich bands
in natural systems is more pronounced than in our models, per-
haps to the point where melt-rich bands contract down to the solid

Two-phase porous, mush, suspension flow 25

grain scale. Such narrowly localised melt bands may then appear as
thin, stress-aligned veins, a type of structure frequently observed in
plutonic rocks. These would be distinct from veins resulting from
hydro-fracturing in that no brittle failure of mineral grains on their
boundaries would be observed.

Third, we recognise that the continuum assumption can-
not be applied in the volume-averaging sense in the suspension
flow regime. With the segregation-compaction length reduced to
the solid grain size and the requirement that each segregation-
compaction length be resolved by several grid cells, the discrete
grid spacing is required to be below the solid grain size. The gov-
erning equations remain valid in this regime if we instead con-
sider the model in terms of ensemble averaging. Instead of requir-
ing that each grid cell correspond to a representative volume ele-
ment comprising a large number of microscopic phase constituents,
the ensemble averaging interpretation understands continuum fields
to represent the ensemble average of many realisations of micro-
scopic phase topologies (Drew & Passman, [1999; |Oliveira et al.|
2018)). Hence, the requirement that discrete grid cells correspond
to a sufficiently large representative volume element is not a nec-
essary condition on the validity of the continuum approach. The
agreement between simulations and existing endmember models
(Section4.2.2)) confirms that our new model produces the expected
dynamic behavior. Future comparisons with direct numerical simu-
lations that resolve phase interactions at the granular scale (e.g.|Qin
& Suckale, [2017; |Culha et al.| [2020) may provide a way to further
validate the results in this regime.

6 CONCLUSION

In this study, we have examined the mechanical evolution of a
solid-liquid mixture across porous, mush, and suspension flow
regimes using a unified numerical modelling approach based on
the theory of |[Keller & Suckale|(2019). Scaling analysis of the gov-
erning equations reveals an inherent length scale for phase segre-
gation and compaction which is a generalisation of the compaction
length derived from porous two-phase flow models, and which can
be used to designate flow regime boundaries. By explaining emer-
gent dynamics in relation to the inherent segregation-compaction
length, the model connects previously disparate endmember mod-
els of porous and suspension flows in two-phase mixtures and elu-
cidates the transitional mush regime for which no dedicated me-
chanical model had previously been formulated.

Using our numerical model, we recover well-known solutions
in solid- and liquid-rich endmember regimes and further charac-
terise the dynamics in both regimes. Rank-ordered porosity waves
with a consistent, positive amplitude-speed relationship emerge in
the porous flow regime, whereas shock-rarefaction waves emerge
in suspension flows. In confined magmatic systems, asymmetric
compaction and decompaction layers form at the bottom and top
of the domain respectively because of the variation in segregation-
compaction length with evolving phase fractions.

The numerical results substantiate our scaling analysis,
demonstrating that the derived scales appropriately represent the
characteristic flow dynamics. We find that phase segregation domi-
nates dynamics in small systems (R ~ 1) while mixture flow domi-
nates dynamics in larger ones (R ~ 0.1). In the porous flow regime,
phase segregation promotes the formation of approximately hori-
zontal layers of increasing concentration, similar to the formation
of 1D porosity wavetrains. In the suspension flow regime, phase
segregation promotes the formation of concentration waves with
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steepening shock fronts, consistent with the 1D idealised case. The
mush flow regime appears similar to the porous flow case, albeit
with much thinner melt bands due to the contracting segregation-
compaction length with increasing liquid fraction. In all the flow
regimes, liquid localisation is less prominent in larger systems due
to strong mixture flow.

Further simulations in the mush regime show that melt-rich
bands form approximately normal to the least compressive princi-
pal stress. These bands may form within few years, which is short
relative to the expected lifetime of a magma mush body. This sug-
gests that ephemeral pockets of melt-rich magma may well be a me-
chanically favourable configuration in crustal mush bodies. Com-
paring with natural systems shows that the mush regime predicts
melt accumulation times that are fast enough to explain observed
stacked sill features in mafic systems, as well as the relatively rapid
assembly of melt-rich magma for large volume eruptions in silicic
systems.
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APPENDIX A: FURTHER MODEL DETAILS
A1l Constitutive relations

Keller & Suckale| (2019) derived constitutive relations to describe
the fluxes, transfers and external sources, based on the thermo-
dynamic constraints of energy conservation and non-negative en-
tropy production. These constitutive relations are substituted into
the governing equations of mass and momentum balance. Three
assumptions direct the choice of constitutive relations to be (a) de-
coupled, (b) linear and (c) isotropic. In principle, these assump-
tions can be relaxed to admit more complex constitutive relations,
however in practice this may demand too many unresolved con-
straints. In the mechanical system with incompressible phases and
no inertial effects, entropy is produced by dissipative mass and mo-
mentum flux, irreversible mass and momentum transfer, and from
interactions of the system with the external momentum source of
gravity. Here we simply state the constitutive relations; for the full
derivation please refer to | Keller & Suckale (2019) Section 4.

Al.l Transfers

Transfers describe the change in mass or momentum due to an im-
balances among the phases, which can be understood as a measure
of phase disequilibrium. The system addresses these imbalances
by transferring mass or momentum from one phase to another. To
describe transfers, we necessarily need to describe the imbalance
among phase pairs in the system. Taking differences between all
possible phase pairs in an n-phase system will quickly become un-
tenable, hence we introduce a common reference state, from which
deviations will drive transfers. For a property a (representing pres-
sure, velocity, density, etc.), the reference state is a™ = 3. wial,
where w,, represents how fast phase 4 can reach the equilibrated
state and will be defined below. Transfers are driven by the devi-
ation from the reference state Aa** = a® — a*. If deviations are
zero, the reference state a* can be thought of as the equilibrated
state of property a.

For the mechanical system, we need the constitutive relations
that describe volume transfer Ffb and momentum transfer I'?, de-
rived as

T, = 8;; = CLAP™ —v* - V¢', (A.1a)
Il = CIAV* — P*Ve' . (A.1b)

Volume transfer occurs due to deviation of pressure from the
reference state A P™*, modulated by the volume transfer coefficient
C;, and the gradient of phase fraction moving with the reference
velocity. Momentum transfer occurs due to the deviation of veloc-
ity from the reference state Av™*, modulated by the momentum
transfer coefficient Cf,, and the gradient of phase fraction driven
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by the reference pressure field. The first two terms of each trans-
fer relation reveal the conjugate relationships between volume and
pressure, and between momentum and velocity.

The transfer coefficients Cé), C' are non-negative scalars that
describe the relative transfer rates for each phase. Larger C§, C,
imply faster equilibration of phase ¢, therefore it follows that the
reference states should be weighted by Cj), C?. Finally, to ensure
that transfers sum to zero across all phases, we choose the reference
state to be the weighted sum of phase states with weights given by
the normalised sum of transfer coefficients. Following this logic,
the reference pressure and velocity states are

= wp, P =) Co P, (A.2a)

k
Zk Cq
_ i i
= we, Vv
i

= Z mv (A.2b)

Al.2 Fluxes

Fluxes describe the transport of mass and momentum due to spatial
gradients within each phase. For the mechanical system, volume
and momentum flux are driven by the forcing gradients of pressure
and velocity respectively,

ay = —KLA(VP)™ 4+ ¢'v' | (A.3a)
q =-K,D'+¢'P1. (A.3b)

The first term of each flux is the diffusive part and the sec-
ond term the advective part. The volume flux is driven by the de-
viation of pressure gradient from the reference state A(VP)™ =
(VP)' — (VP)# and the advected volume flux ¢*v’. The rate of
the diffusive process is controlled by the volume flux coefficient
K ; Momentum flux is driven by the deviatoric strain D?, modu-
lated by the momentum flux coefficient K, , and phase compaction.
Implicit in the momentum flux is that the intrinsic bulk viscosity of
compressible phases is negligible compared to phase compaction
driven by ¢* P in causing volumetric deformation.

The flux coefficients K ;, K are non-negative scalars that de-
scribe the relative fluxes. so that the reference pressure gradient is
the weighted sum of phase-wise pressure gradients,

ZwK, (VP)' ZZ Kk (A4)

Al.3 Sources

There are no external sources for mass, while gravitational acceler-
ation g provides an external source for momentum,

Q, =-¢rg. (A.5)

A2 Flux and transfer coefficient closures

We require material closures to describe the flux and transfer co-
efficients K¢, K ;, Ct, C;;. Since local-scale diffusive transport fa-
cilitates transfers and fluxes, the model uses closures that depend
on phase fraction, the diffusive properties of pure-phase materials,
k¢, and the local-scale phase topology. The pure-phase momentum
diffusion parameter is the dynamic viscosity n¢, whose value can
be obtained from experiments. The pure-phase volume diffusion
parameter is motivated by the hindered Stokes settling speed to be

i /06, which implies that volume diffusion is influenced by the

compliance of a liquid of viscosity 1 moving around an obstacle
of size dj. The local-scale phase topology is parameterised in terms
of permission functions 0;, 6% (defined below) to regulate volume
and momentum diffusion based on the connectivity of phase ¢ in the
aggregate. Combining pure-phase diffusion parameters and permis-
sion functions, the flux and transfer coefficients are

Kﬁ _ ¢ikf}9fj _ qsiniai’ (A.6a)
S22
) S ‘d" 6.,
Ky = ¢'kgly = 2 . (A.60)
o k0 L St SO L SN
d’L dl
G B VS S
C;:¢( di)¢¢:¢(ni¢)¢’ (A.6d)

Transfer coefficients are related to flux coefficients by a factor (1 —
"/ dﬁf, reflecting that transfers go to zero in the pure-phase limits,
and that transfers take place over the length scale of the grain size.

The permission functions 6, are geometric averages of pure-
phase diffusive properties weighted by a measure of connectivity
within and between phases,

Xk
0, =M ", (A7)
k

where MiF = k¥ /K are the pure-phase diffusive parameter con-
trasts and X ;k are weights (range 0 to 1) that describe how local
phase connectivity depends on phase fraction, encapsulating infor-
mation on phase size, shape, compositions, surface energies, and
other factors that affect how one phase wets another,

X = (Z A““s;;k) o'+ <1 - ZAiksjf> Sy, (AB)
k k

where Sék are smooth step functions in phase space,

k \1/CHF
Sy = % . (A.9)

SN\1/Ch
2 (%)

A™ B (' are empirical fitting parameters to describe the
transition of phase connectivity between pure-phase limits with the
slope 0 < A < 1 and a smooth step function centreed at criti-
cal phase fraction 0 < B™* < 1 with (30, B** = 1), which can
be thought of as the disaggregation or percolation threshold, and
weights C** > 0 setting the relative step width. Ideally, these fit-
ting parameters would be calibrated using existing data.

A2.1 Calibrating transport coefficients for the two-phase system

We model the two-phase igneous system containing solids and lig-
uids after a mixture of olivine crystals and basalt liquid. Keller &
Suckale|(2019) calibrated the fitting parameters A, B, C of the per-
mission weights using experimental and theoretical constraints on
the solid-rich and liquid-rich end members, which we continue to
use for this two-phase system. The momentum flux coefficient K¢
controls the rate at which stress is transmitted through the phase,
and can thus be calibrated using experimental data at solid-rich end
from |Hirth & Kohlstedt| (2003), and effective viscosity models in
a dilute suspension at the liquid-rich end (Roscoe} |1952). The vol-
ume flux coefficient K é, is calibrated using hindered-Stokes settling
theory and sedimentation experiments on the velocity correlation
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Figure Al. (a,b) Permission weights, (c,d) flux coefficients, (e,f) transfer coefficients, (g) pressure weights and (h) velocity weights as functions of liquid
fraction ¢¢ in the two-phase solid-liquid system, calibrated to an olivine-basalt mixture.

Table Al. Properties for material closures.

Property Symbol Solid Liquid
Pure-phase properties

Viscosity [Pa s] nd 1018 102
Granular scale [mm] d(i) 5 5

Calibrated permission weight parameters™

Slopes A [0.6945, 0.1832]  [0.5360, 0.1834]
Thresholds B [0.6906, 0.3094]  [0.9993, 0.0007]
Weights (step width) C [0.6889, 0.1750]  [0.8154, 1.5642]

* Permission weight fitting parameters A, B, C are given as they relate to
[solid,liquid], e.g. the order of slope values is [A%, Ase], [A‘S, A”}.

among solid grains (Segre et al.| 2001). Rearranging the equations
to yield (3) shows that the combination qbﬁ /C% corresponds to the
Darcy percolation coefficient in the compaction equations (ratio of
matrix permeability to liquid viscosity), thus C?, is calibrated us-
ing the Kozeny-Carman permeability relationship and the viscosity
models at the solid-rich end. The combination ¢i2 / C; is analo-
gous to the compaction viscosity in the compaction equations and
is calibrated using theoretical work of [Takei & Holtzman| (2009)
and Rudge| (2018)). Notably, this calibration procedure showed that
one set of connectivity parameters can reasonably match the con-
straints on all four coefficients, reflecting the common physical ba-
sis of connectivity that controls the flux and transfer of mass and
momentum.

We apply the same calibrations here (Table Figure [AT).
The permission weights (panels a,b) are a representation of phase
connectivity. With increasing liquid fraction, solid-solid connectiv-
ity decreases and is compensated by greater connectivity of the
solid to the liquid phase. This change is greatest at the disaggre-
gation threshold where the liquid fraction is 0.3094. Beyond the
disaggregation threshold, the solid grains are well connected to the

liquid. In contrast, the liquid phase reaches a high level of connec-
tivity with itself from a very low liquid fraction, which we call the
percolation threshold, here set as 0.0007. This reflects that the lig-
uid wets the solid much more easily, and is able to reach high levels
of connectivity even at low liquid fraction.

We apply the permission weights to the flux (panels c,d) and
transfer (panels e,f) coefficients. The large connectivity decrease
across the disaggregation threshold is apparent in the solid trans-
port coefficients, while the connectivity increase at the percolation
threshold is seen in the liquid transport coefficients. The transfer
coefficients acts as weights for the reference pressure and veloc-
ity fields (panels g,h). At low liquid fraction, the liquid volume
transfer coefficient is much greater than the solid, thus the liquid
phase dominates the pressure weights. The solid momentum trans-
fer coefficient is orders of magnitude greater than the liquid, thus
the solid phase dominates the velocity weights. As liquid fraction
increases, transfer coefficients of both phases approach each other,
until both phases contribute to the reference pressure and velocity
equally.

APPENDIX B: NUMERICAL STABILISATIONS:
LIMITERS ON PERMISSION FUNCTIONS AND
COEFFICIENTS

Due to the large viscosity contrast between the solid and liquid
phase, we employ two limiters to stabilise the numerical solutions:
thtlim to limit contrasts within permission functions within each
phase across the domain, and cf£f1im to limit contrasts between
flux and transfer coefficients between phases. Permission functions
6!, 9; describe the local-scale phase topology, and are combined
with pure-phase diffusive properties and phase fraction to calculate
the flux and transfer coefficients (Appendix [A2). For each phase,
permission functions can take on vastly different values across the
domain. After calculating these permission functions, the code cal-
culates a characteristic scale for each phase by taking its geometric
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mean over the domain, then adjusts the permission functions by

S I S Y I D ()
0 o= | v 2 B.1
vt [95 + thtliml/Q} * tht1imi/e ®.13)

%:[1 ) ]‘+ (65)

0, ' thtlim!/2 thtlim!/2’

(B.1b)

where 6’;, 03, are the original, unstabilised permission functions,
(0%), (05) are the characteristic scales from geometric averaging
over the domain, and 05, , 07,  are the numerically stabilised per-
mission functions. If thtlim is set to be much larger than the av-
erage permissions across the domain, then the limiter will have no
effect and the stabilised values will be identical to the original per-
mission functions.

The stabilised permission functions are then used to calcu-
late the flux and transfer coefficients, on which the second limiter
cfflim applies. The code first calculates a characteristic scale for
the coefficients, again using the geometric mean. To control the co-
efficient contrast between phases, the code updates the coefficients
using this characteristic scale and c££f1im,

; ;  max; (KJ)
T (G puunan’ R YA B.2
v,st v + cfflim ) ( a)
i i max; (K7)
Kja =K+~ (B.2b)
; 1 f£flim | '
%Fb‘;%}v (B.20)
v min;(C})
—1
i 1 cfflim
6 ming(C})

A similar notation to the permission functions applies, where the
subscript st denotes the numerically stabilised coefficient. Among
the phases, the maximum flux coefficient scale is chosen and nor-
malised by cfflim, then added to all the flux coefficients. This
raises smaller flux coefficients to be within cff1lim of the max-
imum while leaving maximum coefficient unchanged, effectively
increasing the rate of the slowest process in the system to be within
cfflim of the fastest process. The reciprocal approach is applied to
transfer coefficients using the minimum, such that the larger trans-
fer coefficients are reduced to be within cff1im of the minimum
transfer coefficients. The reciprocal approach prevents overestima-
tion of the compaction pressures and segregation velocities of the
more mobile phase, since the transfer coefficients appear in the de-
nominator of governing equations (). As with the first limiter, se-
lecting a large value for c££1im will nullify its effect.

APPENDIX C: MODEL VERIFICATION USING
MANUFACTURED SOLUTIONS

To verify the numerical model, we employ the Method of Man-
ufactured Solutions (e.g. [Salari & Knupp} 2000). This verifica-
tion procedure substitutes an analytical expression (the “man-
ufactured solution”) for the solution variables y'(z,z,t) =
[u®, w®,p*, ¢'](x, 2,t) into the governing equations. Since the
manufactured solution is not the exact solution to the governing
equations, there will be a residual term, which can also be evaluated
analytically. This analytical residual term is written into the code as
an additional term in the governing equations. The numerical model
is then solved together with the analytical residual term, and the re-
sulting numerical solution is compared with the input manufactured
solution.
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-20 () d 0.91

LA L AL L L
LA AL LA L 0.905
LA L AL L L
LA AL LA L 0.9

LA L AL L L
BEEEEEEY poss
LA L AL L L

depth [x4§°]

0.89
width [x65°]
. (b) MMS convergence test
10 + ‘ :
T+ .
5 e
g o T
NN 100 L + -l.- |
= +
2 R
C\I] ..+..p *....'41- .'..“IE,'.
+u "..'"._‘*_ ‘. A
= e, N
10 v | ]
25 50 100 200

Number of grid points, N

Figure A2. Model verification by the Method of Manufactured Solutions.
(a) Liquid fraction distribution applied to the problem for the suspension
flow regime. The same sinusoidal pattern is used for the pressure and veloc-
ity fields, with different amplitudes. (b) Convergence plot of 2-norm per-
centage errors comparing the numerical and analytical solutions for pres-
sure p, horizontal velocity u and vertical velocity w at different number of
grid points along one direction N. The gray lines are, in increasing order of
steepness, the reference lines for 1st, 2nd and 3rd order convergence.

This manufactured solution should be continuous, differen-
tiable to the order required by the problem, and similar in mag-
nitude and spatial pattern to an expected solution to the governing
equations, so that the residual term does not dominate the resulting
numerical solution. For the system of equations in this study, we
chose a sinusoidal variation for the analytical solution fields with
periodic boundary conditions (Figure [A2h). We show results from
the suspension (¢° = 0.90) flow regime and use the scaling anal-
ysis to estimate the appropriate amplitude of the sinusoidal varia-
tions, set as [10™% m/s, 10™% m/s, 10° Pa, 1072], as they appear
in the vector . These solution fields are then substituted into the
governing equations. To solve the numerical model, we follow the
same procedure as outlined in Section 3] using the initial condition
of phase fractions to solve for consistent velocity-pressure fields,
but now with the additional analytical residual term. Both thtlim
and cf£1lim were set to large values of 10 to render their effect
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Table A2. Metrics for numerical model scalability by testing models at different grid resolution.

Grid size Increase in # cells B

# Iterations

Solution time [min] ~ Time per iteration [ms]

¢t = 0.90, fixed 3

50 x 50 1 0.5 1900
100 x 100 4 0.5 3900
200 x 200 16 0.5 9400
400 x 400 64 0.5 17900

¢t = 0.90, variable 3

50 x 50 1 0.5 1900
100 x 100 4 0.7 2400
200 x 200 16 0.8 3900
400 x 400 64 0.9 3600

¢t = 0.05, fixed 3

200 x 200 1 0.4 10900
400 x 400 4 0.4 17000

¢t = 0.05, variable 3

200 x 200 1 0.4 10900
400 x 400 4 0.6 11400

0.24 7.6
0.50 7.7
2.63 16.8
17.10 57.3
0.24 7.6
0.37 9.3
1.24 19.1
3.60 60.0
3.07 16.7
16.35 57.7
3.07 16.7
10.83 57

negligible. We then solve the numerical model at different grid res-
olutions of a specified domain size of 4065°. This domain size is
large enough for both phase segregation and mixture flow to be ap-
preciable, while still small enough to test a sufficient variety of grid
numbers.

The resulting two-norm errors between the numerical and an-
alytical manufactured solutions for velocity and pressure fields are
shown in Figure [A2p. The solutions converge with second-order
accuracy as expected for the staggered-grid central differencing
scheme used to discretise the governing equations.

APPENDIX D: SCALABILITY OF THE NUMERICAL
MODEL

We test the numerical model scalability by running simulations at
different grid resolutions. We select two phase fractions to repre-
sent the suspension and porous flow regimes, while imposing ran-
dom initial perturbations of amplitude 0.01 and periodic boundary
conditions on a domain of size 408§° (similar to the setup for Sec-
tion . We set thtlim and cfflim to 10'. The iterative step
size control o was set to 0.95. We run the simulation for one time
step, and terminate iterations once the absolute residual to the gov-
erning equations goes below 10~°. The simulations were run on a
2020 8-core Macbook Air with an Apple M1 chip and 16GB mem-
ory.

Table [A2] reports the resulting number of iterations and time
to solution per grid resolution. For each phase proportion, we run
two sets of simulations: one with fixed S for iteration convergence,
another with the maximum [ permitted at a given grid resolu-
tion, where § is the damping parameter in the iterative scheme.
With fixed 3, the pseudo-transient iterative solver demonstrates a
favourable scaling: as the resolution quadruples, the number of it-
erations needed increases by less than four times, as discussed in
Section [3.3] However, for finer grids, each iteration requires more
time because of the much larger number of matrix multiplication
operations to calculate the constitutive relations, hence the time to
solution increases by greater than four times. On the other hand, al-
lowing 3 to vary makes better use of the pseudo-transient method.

In this case, we first run the simulation with large (. If the iterations
diverge, we reduce [ by 0.1 and rerun the solution, repeating this
process until we find a 5 with converging iterations. We find that
although the time per iteration is the same at the same grid resolu-
tion, finer grids permit larger 3, enabling convergence with fewer
iterations and overall shorter time compared to the simulations with
fixed S.
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