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Abstract:

Over the past three decades, started extensive measurements of ocean properties at fixed
stations throughout the water column, as well as in the surface ocean via oceanographic
ships and via ships of opportunity. The later ones were particularly used to determine
the air-sea CO:z fluxes from automated measurements of sea-surface temperature,
salinity, and COz fugacity. These underway measurements, often recorded at a frequency
of every minute, generate large data files that need to be quality controlled, stored and
analyzed. Thus, for practical use, these data are often binned by 1° latitude x 1°
longitude. Unfortunately, by doing so, there is loss of accuracy of these data sets.

Here, using the original 2010 underway data sets of sea-surface temperature, sea-surface
salinity, total alkalinity and total inorganic carbon, along the cruise track from Hobart
(Tasmania) to Dumont D’Urville (Antarctica), we show what would had been a more
appropriate record pattern for each of these properties while still keeping the full
accuracy of their measurements. Furthermore, we propose a general protocol to
objectively determine appropriate locations of each property underway measurements
according to their aimed accuracy. These results should greatly facilitate future cruise
preparation and reduce cost of measurements, thus, our carbon imprint.
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1. Introduction:

In the actual context of global warming and increasing anthropogenic carbon dioxide into
the atmosphere (Komhyr et al, 1989; Kirk et al., 1989; Keeling et al., 1996; Tans et al.,
1996, Stephens et al., 2000; Hall et al., 2021; https://gml.noaa.gov/ccgg/trends/), there is
a growing interest in quantifying the role of the ocean in the absorption of part of this
atmospheric anthropogenic carbon (DeVries et al, 2014; Friedlingstein et al., 2020).
Consequently, since a few decades, time-series stations and repeated transects of
underway measurements (ICOS https://www.icos-cp.eu/; Dyfamed; http://www.obs-
vifr.fr/cd rom dmtt/sodyf main.htm; HOT, BATS; https://scrippsco2.ucsd.edu/data/
seawater_carbon/ocean_time_series.html), were designed to quantify the penetration of
anthropogenic carbon in the ocean.

In the ocean, the anthropogenic carbon concentration cannot be measured. It has to be
calculated from the measured total CO2 concentrations (Cr, which include the natural
and anthropogenic carbon) and various associated properties (such as temperature,
salinity, total alkalinity, dissolved oxygen, etc.). Several approaches with various
hypotheses exist (Brewer, 1978; Chen and Millero, 1979; Gruber et al, 1996; Goyet et al.,
1999; Coatanoan et al., 2001; Touratier et al., 2004a,b; Lo Monaco et al., 2005; Touratier
et al., 2007; Vazquez-Rodriguez et al., 2009). All of these numerous approaches were
designed to compute anthropogenic carbon concentrations below the mixed layer depth
down to the bottom (thus, they all assume to be in a closed system). Fortunately,
generally, the results of most of these approaches provide relatively similar patterns
(although their absolute values may differ and their accuracies are still debatable).

In the surface ocean (from the air-sea interface down to the depth of the wintertime
mixed layer), many processes (such as air-sea exchanges [heat, gases, nutrients, etc.],
mixing of water masses [fresh waters from rivers, surface currents, etc.], and seasonal
biological activity), are at play. Thus, it is extremely difficult to disentangle the
anthropogenic signal from the natural variations of total CO2 concentrations (Cr).

At present, the only way to attempt to quantify the penetration of anthropogenic carbon
in the surface ocean and to determine CO: sink and source areas of the ocean, is to
assume the ocean is in quasi-steady-state (with negligible ocean circulation variation)
and to perform repeated underway measurements. Thus, with the automatization of
measuring systems (such as thermosalinographs for the Temperature and Salinity, or
Infra-Red based instruments for COz fugacity), it is possible to design programs based
upon Ships of Opportunity (SOOP, https:/community.wmo.int/ship-opportunity-
programme), in addition to those based upon oceanographic research vessels.

In France, ships that supply the bases of the Terres Australes et Antarctique Francgaise
(TAAF), also provide an excellent opportunity to acquire such valuable data sets. Thus,
several programs such as SURVOSTRAL (https://www.legos.omp.eu/survostral), and
MINERVE (https://campagnes.flotteoceanogra-phique.fr/series/128/fr/), were designed to
perform measurements of sea-surface temperature, salinity, CO2 fugacity, total CO2, and
total alkalinity while the supply ship “I’Astrolabe” is underway between Hobart
(Tasmania) and Dumont D’Urville (Terre Adélie, Antarctica).

Yet, after more than a few decades of sea-surface measurements, it is still very difficult
to disentangle the anthropogenic signal from the natural signal. The seasonal and inter-




82
&3
84
&5
86
87
88
&9
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129

annual variations are still large compared with the anthropogenic perturbations (Laika
et al., 2009; Morrow and Kestenare, 2014 ; Brandon et al., 2022).

The objective of this work is to show how simple mathematical equations (based upon
the general work of Davis and Goyet (2021)), can be used to determine an appropriate
sea-surface sampling strategy adapted to each measurable property. The two main
advantages of such sampling strategy are to minimize the number of data while
Increasing their interpolation accuracy, and to appropriately determine sample locations
in high variability ocean areas.

2. Materials and methods

2.1. Data sets

Over the past few decades, the French Antarctic supply ship “I'Astrolabe” provided the
opportunity to scientists to perform (mainly in austral summer), sea-surface
measurements and sampling from Hobart, Tasmania (43°S 147°E) to the French
Antarctic base Dumont D'Urville (66°S, 140°E).

As part of the SURVOSTRAL program (https:/www.legos.omp.eu/survostral),
continuous underway temperature and salinity “surface” seawater (at around 5 m), were
measured since 1993 from R/V “I'Astrolabe” via a thermosalinograph (T'SG). The raw data
were recorded every minute. These raw data were then corrected for any biais (compared
with discrete sample measurements), and by a median filter (over + 12 minutes) to reduce
the noise of the measurements. These raw and corrected data sets are freely available
(https://sss.sedoo.fr; Alory et al., 2015). Below, we used the corrected data set.

Similarly, as part of the MINERVE program (https:/campagnes.flotteoceanogra-
phique.fr/series/128/fr/), designed to quantify the interannual variability of the COq
properties in the Southern Ocean south of Tasmania, total alkalinity (At) and total COq
(Cr) were also sampled and measured from R/V “I'Astrolabe’. These data are freely
available (https://data.ifremer.fr/SISMER).

For the purpose of this work, we are focusing only the transect Hobart — Dumont
D’Urville which occurred in February 19-23, 2010. The choice of this transect was
randomly picked among the transects where Total alkalinity (At) and Total CO2 (Cr)
were measured.

The measurements accuracy of sea-surface salinity (SSS), during this 2010 cruise is
estimated to be = 0.005 (Morrow and Kestenare, 2014). The measurements accuracy of
sea-surface temperature (SST), is estimated to be = 0.001°C (from the manufacturer).
The measurements accuracy of total alkalinity (At) and total COz (Ct) measurements are
estimated to be + 3,5 umol.kg'! and + 2,7 umol.kg1, respectively (similar to the accuracies
of these measurements performed on board previous MINERVE cruises [Laika et al,
2009)).
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Figure 1 shows the result of the measurements of these four properties (SST, SSS, Ar,
Cr) along the cruise track from Hobart (Tasmania) to Dumont D’Urville (Antarctica), in
February 2010. These graphs clearly show the disparity in the frequency of the
measurements. There are 7815 data points for SST and SSS (one every minute; N = 7815
for SST and SSS), while there are only 238 data points for Ar and Cr (due to the difficulty
and time of measurements; N = 238 for A, Cr).
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Fig.1 Measured property as a function of latitude; a) SST and b) SSS measured every
minute (7815 measurements), ¢) Ct and d) Ar measured roughly every 20 minutes
(238 measurements).

2.2. Method

Based upon the work of Davis and Goyet (2021), who showed for example, how to
determine appropriate Total CO2 (Cr) sampling pattern throughout a water column from
the surface to the bottom, we will use the same equations to show how they can be used
to determine appropriate sampling patterns for underway surface ocean measurements

of SST, SSS, Ar and Cr.

Here, we first remind the main principle and equations (which are explained and
demonstrated in details in Davis and Goyet, 2021), and then we use the 2010 data to
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provide a concrete illustration of proper application of these equations to determine
appropriate sampling patterns for each of the four properties (SST, SSS, At and Cr).

Main principle and mathematical equations for optimizing underway measurements

Briefly, the principle of this method (Davis and Goyet, 2021), is to find a mathematical
equation to determine the error function as a function of the space and variability
functions. Since the variability function depends upon the signal itself (which cannot be
changed), the error function can be minimized only by adjusting the space function.

Considering a signal Y as a function of X, the first step is to determine the signal
variability and its bounds.
By definition, the signal variability (VarY (X)), can be calculated as follows:

VarY(X)=2 * ([A'Y /A'X]-[AY /AX]) / (AX + A X) (1)

with A+Y = Yi+1 — Yi; AY= Yi — Yi-l; A+X = Xi+1 — Xi; A X= Xi — Xi-l; for i= 2, .. .,N-l
where the first “1” starts at the second measured point, up to the one before last.

In other words, the signal variability is similar to the second derivative of the signal.

The maximum of the bound (BndY(X)) of this signal variability is noted MaxBndY(X ).

Consequently, the maximum error of interpolation of a regular sampling pattern of N
samples points in the interval [XsI, Xel ] is given by the relationship (Davis and Goyet
(2021):

)

MaxErrEven(N, MaxBndY(X ), Xs1, Xel) = (*=22) (LE2D)2

8 (N-1)

The maximum error of interpolation of a balanced error sampling pattern (irregular
sampling pattern), is given by the relationship (Davis and Goyet, 2021):

MaxErrBal(N, XsI, Xel) = (1/[8 (N-1)]) " ([r.. \/BndY (X) dX)” 3)

It is also possible to calculate the number of samples needed to reach an aimed maximum
error (MaxErrY) within a given interval [XsI , Xel], where there 1s a constant bound
(CstBnd) of its signal variability.

For samples regularly spaced along the X axis, the number of samples needed can be
calculated from the relationship (Davis and Goyet, 2021):
SampleSizeEvenMaxErrY ,CstBnd, XsI, Xel) = (Xel — XsI) . SCMS:% (4)
For samples regularly spaced along the Y axis (irregularly spaced along the X axis), the
number of samples needed can be calculated from the relationship (Davis and Goyet,

2021):
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Xel

SampleSizeBal(MaxErrY, XsI, Xel) = f’“%‘” (5)

The sample positions in an interval where the balanced error sampling pattern is chosen
can be determined as follows (Davis and Goyet, 2021):

Given a strictly increasing function A(x): A(x) = f;,/BndY(t) dt in an interval [a, b], the
following function calculates the distribution of the samples such as the values of studied
property are regularly spaced:

Distribute(M, A(x)) = {x;1=0,..., M-1,x0=a < x; < b = xm.1} (6)

Such that A(xi+1) - A(xi) = (A(b) — A(a))/(M-1), withi1=0, ..., M-1.
Where M represents the number of points to be distributed within the interval [a, b].

In other words, instead of distributing the samples points regularly along the X axis,
they are distributed regularly along the Y axis.

3. Results and discussion for underway SST and SSS measurements

During the 2010 cruise, the SST and SSS properties were measured and recorded along
with the ship’s position (latitude and longitude) every minute. Since the ship was mainly

sailing southward, and at a more or less constant speed, we will consider that the "x
axis 1s only the latitude (L).

Since the TSG instrument measurement error for the temperature and salinity can be
estimated as + 0.001°C and *+ 0.005, respectively, we would aim for an interpolation
maximum error of half that of the measurements. Thus, we define MaxErrT ==+ 0.0005°C
and MaxErrS = + 0.0025, for SST and SSS, respectively. Consequently, the overall
uncertainty of the interpolated data along the whole cruise track would be less than
(0.001 + 0.0005) + 0.0015°C for temperature and (0.005 + 0.0025) + 0.0075 for salinity.

In practice the temperature and salinity errors can be higher (Morrow and Kestenare,
2017), if one takes into account the environmental errors in addition to the instruments
errors. Thus, below, the results will be shown for the three aimed MaxErrT (+ 0.0005°C;
+ 0.005°C ; £ 0.05°C) and three MaxErrS (+ 0.0025; + 0.005; + 0.01).

3.1 Determination of the temperature and salinity variabilities and their bounds

Figure 2 illustrates each SST variability (VarT(L)) and SSS variability (VarS(L)),
respectively, as calculated according to eq.1, as well as their respective bounds (BndT(L)
and BndS(L)). Thus, the chosen points (latitude, temperature) for the temperature
variability bounds are:
BndT(L) = {(43.2262, 16600), (46, 16600), (52, 10545), (53.5, 4500), (63, 4500), (64.1,
6940), (66.2598, 6940)},
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and similarly, the chosen points (latitude, salinity) for the salinity variability bounds are:
BndS(L) = {(43.2262, 3260), (44, 3260), (45.3, 1000), (45.5, 2000), (46.8, 2000), (46.91,
55000), (46.98, 5500), (47, 1800), (562, 1800), (53.5, 400), (60, 400), (62, 900), (65.5, 900),
(65.7, 1900), (65.8, 1900), (66.2598, 700)}.
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Figure 2. Variability of a) sea-surface temperature, and b) sea-surface salinity, as a function of
latitude (in decimal degree). The solid (red) lines on each graph represents the variability
bounds.

Figure 2 clearly shows that the temperature and salinity bounds have different shapes
and thus, 1t may not be appropriate to measure them simultaneously. This observation
1s also in good agreement with the results, based upon vertical temperature and salinity
data, presented in Davis and Goyet (2021). Consequently, in order to minimize the
number of measurements in the ocean (from the surface seawater throughout the bottom
waters), while insuring the highest accuracy of each property, SST and SSS
measurements should be performed at different locations.

For instance, here, as illustrated in Fig.2, there is a large difference between the SST
and SSS variabilities at latitudes near 47°S. There is a huge salinity variability while
the temperature variability is decreasing. As shown in figure 3, these differences in
variabilities reflect the differences in the SST and SSS signals.
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Figure 3. Zoom of the SSS and SST data within the latitude interval [46,86°S ; 46,96°S].

This figure 3, which is zoom of figure 1 within the latitude interval [46,86°S; 46,96°S],
clearly shows that both the increase and the decrease in temperature and salinity occur
at different latitudes, with a latitude shifted around 0,01° (about 1 km), and at a very
different rate. Such features are typical of fine surface ocean structures. Thus, they are
expected to occur within this ocean area, especially between the SubTropical Front (STF),
and the SubAntarctic Front (SAF) where there are many eddies, cold cores, and filaments
with important SST and SSS small scales variations.

Inside such fine structures (below meso-scale), SSS and SST vary on different time
scales. In general SST varies much faster than SSS due to air-sea interactions. This was
clearly illustrated in a previous study by Morrow et al., (2004). They showed that the
fronts signatures of minimum of SSS and SST in cold cores are significantly sharper for
SSS than for SST. In their discussion, Morrow et al., (2004), indicated: “Our summer
XBT and TSG observations show that these cold-core eddies quickly lose their surface
SST signature; generally, a few weeks of summer warming removes the cooler SST
signature (we cannot be more precise due to the temporal resolution of our sampling).
The fresher SSS is a better indicator of these subsurface cold-core eddies, and the surface
salinity signature can last for one or 2 months after the ring detachment.”

In another time-series study, Morrow and Kestenare (2014) further illustrated the

recurrent high SSS variability in this ocean area in particular near 47°S and South of
the STF.
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3.2 Determination of the temperature and salinity maximum interpolation errors

For temperature measurements along the cruise track from 43.2262°S to 66.2598°S, the
result of eq.2 for an even sampling pattern is MaxErrEven(SST) = 0.018°C and that of eq.3
for a semi-balanced error sampling pattern is MaxErrBal(SST) = 0.009°C. Thus, these
results indicate that:

1) either it is unnecessary to use a temperature probe as accurate as 0.001°C since
the interpolation accuracy cannot be better than 0.018°C. Thus, a temperature
probe with an accuracy of 0.036°C would suffice for an even sampling pattern for
an overall (measurement + interpolation) accuracy of 0.054°C, or a temperature
probe with an accuracy of 0.018°C would suffice for a balanced error sampling
pattern for an overall (measurement + interpolation) accuracy of 0.027°C.

2) or it is necessary to greatly increase the frequency of the measurements to keep
the overall uncertainty below 0.0015°C,

3) or it may be appropriate to use a higher order interpolation (Davis and Goyet,
2021).

For salinity measurements along the cruise track from 43.2262°S to 66.2598°S, the result
of eq.2 for an even sampling pattern is MaxErrEven(SSS) = 0.0597 and that of eq.3 for a
semi-balanced error sampling pattern is MaxErrBal(SSS) = 0.0013. Thus, these results
indicate that:

1) either it is unnecessary to use a salinity probe as accurate as 0.005 since the
interpolation accuracy cannot be better than 0.0597. A salinity probe with a
measurement accuracy of 0.12 would suffice for an even sampling pattern for an
overall (measurement + interpolation) accuracy of 0.18.

2) oritisnecessary toincrease the frequency of the measurements to keep the overall
uncertainty below 0.0075,

3) or it is necessary to use a semi-balanced error sampling strategy which will
provide an interpolation error of only 0.0013 (below le aimed maximum
interpolation error of 0.0025), for an overall (measurement + interpolation)
accuracy of 0.0063. Thus, in this case, it would be possible to reduce the number
of measurements performed.

4) or in order to further reduce the number of measurements it may be appropriate
to use a higher order interpolation (Davis and Goyet, 2021).

In other words, these results indicate that for SST, a more efficient sampling pattern
would be a semi-balanced error sampling pattern. Yet, it will be necessary to
considerably increase the number of measurements to reach an aimed maximum
interpolation error below 0.005°C. In any case, SST sampling would be regularly spaced
along the latitudinal axis when the variability remains constant in the three latitude
intervals [43.2262°S — 46°S], [53,5°S — 63°S], [64,1°S — 66,2598°S]. And sampling would
be irregularly spaced along the latitudinal axis when the variability varies in the three
intervals [46°S — 52°S], [62°S — 53,5°S], [63°S — 64,1°S].

Similarly, these results show that for SSS, a more efficient sampling pattern would be
a semi-balanced error sampling pattern. But contrary to SST, it would be possible to

10
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reduce the number of measurements to reach the aimed maximum interpolation error
below 0.0025, if they were appropriately (irregularly) spread along the cruise track.

In order to determine more appropriate sampling patterns for SST and SSS, it is

necessary to calculate the number of samples needed prior to determine their locations.

3.3 Determination of the number of sample needed to reach the aimed accuracy using
even and balanced error sampling patterns

Since it is appropriate to use an even sampling pattern in areas where the bounds of the
variability signal are constant, and to use a balanced error sampling pattern in areas
where the bounds of the variability signal varies, the calculated number of samples
needed for SST and SSS along the cruise track (depending upon the aimed accuracy),
between Hobart and Dumont D’Urville can be calculated using eq. 4 and 5. The results
are summarized in Table 1 for measurements of SST and in Table 2 for measurements

of SSS.

Latitudinal interval N Aimed SST Maximum interpolation error
measured | 0.0005°C 0.005°C 0.05°C

43.2262°S - 46°S 905 5652 1788 566
46°S - 52°S 2015 11030 3489 1104
52°S - 53.5°S 566 2044 647 205
53.5°S - 63°S 3109 10077 3187 1009
63°S - 64.1°S 357 1314 416 132
64.1°S - 66.2598°S 863 2846 901 285
43.2262°S - 66.2598°S 7815 32958 10423 3297

Table 1. Numbers of samples needed within each latitudinal interval to reach the aimed
maximum interpolation error for SST measurements. The gray boxes indicate that the
number of samples are calculated (using eq.5) for a semi-balanced sampling pattern. The
white boxes indicate that the number of samples are calculated (using eq.4) for an even
sampling pattern.

Remark: In these tables the number of samples calculated over the whole latitudinal
interval (last line in the tables) are less than the sum of samples within the sub-
intervals. This 1s due to rounding of the result (since a fraction of a sample would
be meaningless), and of the limits (ex: one sample at 52°S would be counted twice;
once in the interval [46°S; 52°S] and once in the interval [52°S; 53.5°S]).

It is clear from these results (Table 1), that the aimed SST maximum interpolation error
of 0.0005°C 1is far from being reached with “only” 7815 measurements (quasi-evenly
spaced), since it would require a minimum of 32958 measurements (more than 4 times
7815 points) judiciously located along the cruise track. The aim of maximum
interpolation error of 0.005°C could not even be reached with the 7815 measurements
(which represent a measurement every minute), since it would need at least 10423 data.

11
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On the other hand, if the maximum interpolation error needed were of only 0.05°C, then
7815 measurements would be more than twice too many since only 3297 measurements
would suffice.

As expected, it 1s in the latitude interval [53.5°S; 63°S], where the SST variability is the
lowest, that the number of samples measured (3109) is the closest (per degree of latitude),
to the one calculated (3187) for an aimed maximum interpolation error of 0.005°C.

Table 2 illustrates that to reach the SSS aimed maximum interpolation error of 0.0025
the number of measurements could be significantly reduced if they were performed at
key locations rather than evenly spaced. Using a semi-balanced pattern strategy, only
5527 measurements would suffice while the 7815 measurements evenly spaced are not
enough to reach the aimed maximum interpolation error of 0.0025. Furthermore, if the
aimed maximum interpolation error is set to only 0.05, the number of SSS measurements
needed would drop down to 3908 (a reduction by a factor close to 2 of the 7815
measurements).

Latitudinal interval N Aimed SSS Maximum interpolation error
measured 0.0025 0.005 0.01
43.2262°S - 44°S 253 313 222 157
44°S - 45.3°S 432 420 297 210
45.3°S - 45.5°S 60 56 40 28
45.5°S - 46.8°S 432 412 292 207
46.8°S - 46.91°S 36 126 90 64
46.91°S - 46.98°S 30 117 83 59
46.98°S - 47°S 7 24 17 12
47°S - 52°S 1670 1501 1062 751
52°S - 53.5°S 566 346 245 174
53.5°S - 60°S 2137 920 651 461
60°S - 62°S 646 359 254 180
62°S - 65.5°S 1155 743 526 372
65.5°S 65.7°S 71 54 38 27
65.7°S -65.8°S 63 32 23 16
65.8°S - 66.2598°S 257 117 83 59
43.2262°S - 66.2598°S 7815 5527 3908 2764

Table 2. Numbers of samples needed within each latitudinal interval to reach the aimed
maximum interpolation error for SSS measurements. The gray boxes indicate that the
number of samples are calculated (using eq.5) for a semi-balanced sampling pattern. The
white boxes indicate that the number of samples are calculated (using eq.4) for an even
sampling pattern.

Overall, these results indicate that today, temperature and salinity data recorded every
minute along a cruise track do not guarantee linear interpolation errors less than half
that of these accurate measurements. They also emphasize the fact that the SSS and
SST variabilities may significantly differ in time and space. Thus, it would be best if SSS
and SST be measured at different rate to preserve their respective measurement
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accuracies. This would further avoid over sampling, and consequently would reduce our
carbon imprint (consumption of energy [measurements and data analysis], data analysis
[quality control, ..., storage], etc.).

These results further indicate that lowering the expected accuracy would considerably
reduce the required frequency of the measurements. Thus, it would be judicious to assure
that the objectives in term of interpolation errors could be reached with the given
accuracy of the measuring systems.

In practice, it may not be possible (or desirable if scientists do not wish to study cold
cores, eddies, or filaments), to considerably increase the frequency of measurements
when there is a very sharp variability variation of a property (such as that observed for
salinity near 47°S). In such case, it may be appropriate to feint to ignore this localized
very high variability to determine reasonable variability bounds over the whole signal.

For example, in this case for salinity we could define the variability bounds as:

BndS(L) = {(43.2262, 3260), (44, 3260), (45.3, 1800), (52, 1800), (53.5, 400), (60, 400), (62,
900), (65.5, 900), (65.7, 1900), (65.8, 1900), (66.2598, 700)}. These bounds are shown in
figure 4.

8000 _ ’ ,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, .................................... ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,, =
6000 U ...................................... ...................................... ....................................... ....................................... ............. .|
(Q L * 5 5
£ 4000

2000

0

Latitude °S

Figure 4. Variability of sea-surface salinity as a function of latitude. The red lines represent the
variability bounds if the highest SSS variability is ignored.

With these new bounds, using eq.2 MaxErrEven(SSS) = 0.0354 and using eq.3
MaxErrBal(SSS) = 0.0012. Compared with the ones above (MaxErrEven(SSS) = 0.0597;
MaxErrBal(SSS) = 0.0013), these results, clearly illustrate the importance of the choice of
a variability bound. The closest, such bound is to a variability signal, the lowest is the
number of samples needed to recover the full signal (with a minimum interpolation
error). As expected, these results further show that the largest difference is with an even
sampling pattern. Thus, there is always a significant advantage to use a semi-balanced
error sampling pattern, to minimize the number of measurements while ensuring a
lowest interpolation error.

Using these new bounds, the results of the sample size needed in each latitudinal
Interval are summarized below in Table 3.

Latitudinal interval Aimed SSS Maximum interpolation error
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rneals\Iured 0.0025 0.005 0.01
43.2262°S - 44°S 253 313 222 157
44°S - 45.3°S 432 462 327 231
45.3°S - 52°S 2235 2011 1422 1006
52°S - 53.5°S 566 346 245 174
53.5°S - 60°S 2137 920 651 461
60°S - 62°S 646 359 254 180
62°S - 65.5°S 1155 743 526 372
65.5°S 65.7°S 71 54 38 27
65.7°S -65.8°S 63 32 23 16
65.8°S - 66.2598°S 257 117 83 59
43.2262°S - 66.2598°S 7815 5349 3783 2675

Table 3. Numbers of samples needed within each latitudinal interval to reach the aimed
maximum interpolation error for SSS measurements assuming the high SSS variability
near 47°S does not exist. The gray boxes indicate that the number of samples are calculated
(eq.5) for a semi-balanced sampling pattern. The white boxes indicate that the number of
samples are calculated (eq.4) for an even sampling pattern.

Table 3 illustrates that without taking into account the high variability near 47°S, to
reach the SSS aimed maximum interpolation error of 0.0025 the number of
measurements could be reduced to 5349. This a reduction of 178 measurements
compared with the number of measurements needed (5527, Table 2) to take into account
the full SSS variability.

Furthermore, as expected, if the aimed maximum interpolation error is set to only 0.05,
the number of SSS measurements needed would drop down to only 3783 (a reduction of
only 125 measurements compared with result [3908] in Table 2). As the expected
maximum interpolation error increases, the number of measurements decreases and
lesser is the effect of moving the variability bounds.

Then, knowing the number of measurements needed in each latitude interval, it is easy
to determine their positions. In areas where the variability bound is constant, the
measurements would be regularly spaced, while in areas where the variability bound is
variable, the position of measurements would be simply determined using eq.6.
Remark: here, since the function BndY(t) is a simple linear function (a*t + b), the
integral of its square-root can be calculated exactly;

fttlz,/(a xt+b) dt = (a * t2 + b)32 * 2/(3%a) - (a * t1 + b)?¥2 * 2/(3*a). However, if the
function BndY(t) were more complex, the integral could simply be done numerically.
Given the relatively high number of data, a figure of the results of eq.6 would not help
to visualize them. Thus, we choose to show the results of eq.6 only for the Ar and Cr

sampling (below) which are considerably less numerous.

4. Results and discussion for underway Ar and Cr measurements

14
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Since the accuracy of the total alkalinity and total CO2 concentrations are 3.5 pmol kg
and 2.7 pmolkg’, respectively, for both properties, we would aim to an interpolation
accuracy of half the accuracy of the measurements. Thus, we define MaxErrAr = 1.75
umolkg”' and MaxErrCr = 1.35 pumol kg™

4.1 Determination of the Ar and Cr variability bounds

Figure 5 illustrates the variabilities and their bounds for total alkalinity and total CO2

data.
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Figure 5. Variability of a) total alkalinity as a function of latitude, and b) total inorganic carbon
as a function of latitude. The solid (red) lines on each graph represent the variability
bounds.

Consequently, the chosen points (latitude, Ar) for the Ar variability bounds (reported in
Figure 5) are:

BndAr(L) = {(43.25, 3900), (48.8, 3900), (562.8, 2800), (54, 1000), (63, 1000), (64.4, 1750),
(66.25, 1750)}, and the chosen points (latitude, Cr) for the Cr variability bounds (reported
on Figure 5) are:

BndCr(L) = {(43.25, 2700), (52.8, 2700), (54, 1000), (60, 1000), (61.2, 1520), (64.4, 1520),
(66.25, 2320)}.

Figure 5 further shows that the At and Cr bounds do not have the same shape. Thus,
knowing the maximum of variability (MaxBndAr= 3900 for T, and MaxBndCr = 2700 for
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Cr), the maximum errors of interpolation of these data sets with 238 points, can be easily
calculated using eq. 2 and 3. The results along the cruise track (43.25°S - 66.25°S) are:
MaxErrEven(Ar) = 4.59 umol.kg! ; MaxErrEven(Cr) = 3.18 umol.kg1;

MaxErrBal(Ar) = 2.42 pmol.kg! ; MaxErrBal(Cr) = 2.16 pmol.kg1.

Since the results for both (an even pattern sampling or an irregular sampling pattern),
indicate a maximum interpolation error larger than the aimed interpolation error (+1.75
pmol. kg1 for Ar and £1.35 umol.kg! for Cr, as mentioned above), it is clear that 238
samples evenly spaced along the latitude axis between Hobart and Dumont D’Urville are
not enough. These results clearly show that the position of the samples have a significant
1mpact on the interpolation accuracy.

Given the acquired knowledge on the At and Cr variability bounds, it is now possible to
design an appropriate sampling strategy with a minimum of samples. Thus, where the
bound is constant, samples will be evenly spaced along the latitudinal axis, and in areas
where the bound varies, samples will be unevenly spaced along the latitudinal axis.

In order to determine the exact position of samples to be measured throughout the cruise
track, it is necessary to first determine the number of samples to be taken (depending
upon the aimed maximum interpolation error), within each latitudinal area defined by
the variability bound, and then to calculate the sample positions in the areas where the
variability bound varies.

Tables 4 and 5 illustrate the results of the sample size needed (calculated using eq. 4 and
eq.5), in each latitudinal interval for Ar and Cr, respectively. These Tables further show
the results of the calculation performed for three aimed maximum interpolation error.
The first one guided by our effective cruise measurement accuracies. The second and
third ones assume the measurements are performed with an improved accuracy of 2
umol.kg'!l and 1 umol.kgl, respectively. Note that these improved targeted accuracies are
reasonable and reachable.

Latitudinal interval N Aimed Ar Maximum interpolation error
measured | 0.5 umol/kg 1.0 pmol/kg | 1.75 umol/kg
43.25°S - 48.8°S 55 174 124 94
48.8°S - 52.8°S 43 117 83 63
52.8°S - 54°S 15 27 19 15
54°S - 63°S 90 143 102 77
63°S - 64.4°S 14 27 19 15
64.4°S - 66.25°S 21 40 28 22
43.25°S - 66.25°S 238 523 370 280

Table 4. Numbers of samples needed within each latitudinal interval to reach the aimed
maximum interpolation error for At measurements. The gray boxes indicate that the
number of samples are calculated (eq.5) for a semi-balanced sampling pattern. The white
boxes indicate that the number of samples are calculated (eq.4) for an even sampling
pattern.

16



535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556

557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572

For total alkalinity, the results (Table 4) indicate that the aimed maximum interpolation
error of 1.75 pmol.kg! was reached within the two latitudinal intervals [54°S, 63°S] and
[64.4°S, 66.25°S] since in these intervals 77 and 22 samples respectively, are needed
while during the cruise 90 and 21 samples were effectively measured in these intervals,
respectively. In the interval [52.8°S, 54°S], the aimed maximum interpolation error
could have been reached only IF the 15 measured samples would have been measured
according to a semi-balanced error sampling pattern (unevenly spaced along the
latitudinal axis). Within the remaining three intervals ([43.25°S, 48.8°S], [48.8°S,
52.8°S], [63°S, 64.4°S]), they were not enough samples to reach the aimed maximum
interpolation error of 1.75 pmol.kg-1.

These results further show the significant increase in the number of samples needed as
the aimed maximum interpolation error decreases.

For total inorganic carbon, the results (Table 5) indicate that the aimed maximum
interpolation error of 1.35 umol.kg! can be reached only within the latitudinal interval
[64°S, 60°S]. All the other latitudinal intervals need to be sampled at a higher rate. This
1s logic since the aimed maximum interpolation error is reduced compared with that of
Ar. Here too, the results reported in Tables 4 and 5, clearly show the significant
differences in the number of samples needed as the aimed maximum interpolation error
decreases.

Latitudinal interval N Aimed Cr Maximum interpolation error

measured | 0.5 umol/kg | 1.0 pmol/kg | 1.35 pmol/kg
43.25°S - 52.8°S 98 249 177 152
52.8°S - 54°S 15 26 19 16
54°S - 60°S 59 96 68 59
60°S - 61.2°S 11 22 16 13
61.2°S - 64.4°S 34 63 45 39
64.4°S - 66.25°S 21 41 29 25
43.25°S - 66.25°S 238 494 350 301

Table 5. Numbers of samples needed within each latitudinal interval to reach the aimed
maximum interpolation error for Cr measurements. The gray boxes indicate that the
number of samples are calculated (eq.5) for a semi-balanced sampling pattern. The white
boxes indicate that the number of samples are calculated (eq.4) for an even sampling
pattern.

Since the shape of the Ar variability bound is different from that of the Cr variability
bound, ideally their sampling patterns would be different. However, as mentioned above,
for various reasons (technique of measurement, convenience, ...), it may be required or
desirable, to collect samples simultaneously for At and Ct measurements. In this case,
1t is then necessary to define a combined bound.

A common variability bound for At and Cr can be calculated as follows (Davis and Goyet,

2021):
BndArCr(L) = max ([BndAr(L)/minBndAr], [BndCr(L)/minBndCrt]) (7)
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Where “L” represents the latitude, minBndAr represents the minimum of the Ar
variability bound, and minBndCr represents the minimum of the Cr variability bound.

Then the combined bound for each of the At and Cr property can be determined as:

CombBndAr(L) = minBndAr * BndArCr(L) (8)
and
CombBndCr(L) = minBndCr * BndArCr(L) (9)

Note : Since in this particular case minBndAr = minBndCr, then the combined limits
CombBndAr(L) and CombBndCr(L) will be identical.

Consequently, here, the combined bounds (reported in figure 6) are:
CombBndAr(L) = CombBndCr(L) = {(43.25, 3900), (48.8, 3900), (52.8, 2800), (54, 1000), (60,
1000), (61.2, 1520), (63, 1520), (64.4, 1750), (66.25, 2320)}.
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Figure 6. Variability of a) total alkalinity as a function of latitude, and b) total inorganic
carbon as a function of latitude. The red lines with the stars on each graph
represent the variability bounds (as above in fig. 5), and the black lines with
the open squares represent the combined variability bounds.

Using these combined bound, the results (eq.2&3) are: MaxErrEven = 4.59 umol.kg! and
MaxErrBal = 2.56 pmol.kg-1.
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As expected these results clearly show that 238 samples (evenly spaced or not) along the
latitude axis [43.25°S - 66.26°S] between Hobart and Dumont D’Urville are not enough
to reach the aimed maximum interpolation error.

Consequently, in order to determine the minimum number of samples required to reach
the aimed maximum interpolation error of 1.35 umol.kg?! for Cr (as well as Ar), it is
necessary to calculate the number of samples within each latitudinal zone defined by the
combined variability bounds. The results are illustrated in Table 6.

Latitudinal interval N Aimed Ar or Cr Maximum interpolation error

measured | 0.5 pmol/kg 1.0 umol/kg | 1.35 umol/kg
43.25°S - 48.8°S 55 174 124 106
48.8°S - 52.8°S 43 117 83 71
52.8°S - 54°S 15 27 19 17
54°S - 60°S 59 96 68 59
60°S - 61.2°S 11 22 16 14
61.2°S - 63°S 20 36 26 22
63°S - 64.4°S 14 29 21 18
64.4°S - 66.25°S 21 43 30 26
43.25°S - 66.25°S 238 537 380 327

Table 6. Numbers of samples needed within each latitudinal interval to reach the aimed
maximum interpolation error for Ar and Cr measurements. The gray boxes indicate that
the number of samples are calculated (eq.5) for a semi-balanced sampling pattern. The
white boxes indicate that the number of samples are calculated (eq.4) for an even sampling
pattern.

Since, in this case sample locations are identical for AT and Cr measurements, the aimed
maximum interpolation error has to be the smallest of two. Thus, here, it will be 1.35
umol.kg1, that of Cr measurements.

These results show that in order to reach the aimed maximum interpolation error of 1.35
umol.kg1, for At and/or Cr measurements along this cruise track between 43.25°S and
66.25°S, it would be necessary to collect at least 327 samples at specific locations, while
only 238 samples were measured at quasi-regularly spaced locations along the latitude
axis. Thus, in some areas, such as within the interval [54°S; 60°S], the location and
number of samples measured were sufficient, while in other areas, such as within the
interval [43.25°S; 48.8°S], the number of samples measured is clearly not enough (by
almost a factor 2). Yet in other areas, such as within the intervals [52.8°S; 54°S] and
[60°S; 61.2°S], the number of samples measured is close to sufficient but only IF they
would have been measured at appropriate irregular spacing locations.

In order to provide further insights on the number of samples required as the aimed
accuracy improves, and assuming it is possible to perform the At and Cr measurements
with an accuracy of 2.00 umol.kg! or 1.00 umol.kg1, the same calculation was performed
for an aimed maximum interpolation error of 1.00 umol.kg?, and 0.50 pmol.kgl. The
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results are also reported in Table 6. They show that the number of samples measured
would need to be increased significantly (from 327 to 380, to 537) as the interpolation
error decreases (from 1.35 umol.kg?! to 1.00 pmol.kg1, and 0.50 umol.kg1, respectively).

In summary, in order to reach an aimed maximum interpolation error for both Ar and
Cr, measurements along this cruise track, an appropriate sampling strategy would be to
first determine the number of samples needed within each interval and then to sample
regularly along the latitude (“x”) axis within the three intervals [42.25°S — 48.8°S], [54°S
— 60°S] and [61.2°S — 63°S], and to distribute the samples according to eq.6 within the
following five other areas [48.8°S — 52.8°S], [52.8°S — 54°S], [60°S — 61.2°S], [63°S —
64.4°S] and [64.4°S — 66.25°S].

For example, for an aimed maximum interpolation error of 1.35 umol.kg!, figure 7
1llustrates the results of the function A(x) = f;,/BndY(t) dt (eq.6) with “x” within the

latitudinal interval [52.8°S — 54°S]. The 17 samples needed in this latitudinal interval
are then regularly distributed along the A(x) (“y”) axis to find the position of the samples
on the latitude (“x”) axis.
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Figure 7. Function A(x) = f: J/BndY (t) dt within the latitude interval [52.8°S — 54°S].

This figure clearly shows that within the 0.2° latitudinal interval [52.8°S — 53°S] four
samples would be needed, while within the other 0.2° latitudinal interval [53.8°S —
54°S], only three samples would be needed. Thus, with this function, an appropriate
Irregular spacing between samples can be easily calculated.

Figure 8 shows the result (of eq.6) for an appropriate number of samples and their

positions within the interval [43.25°S; 66.25°S], to reach an aimed maximum
interpolation error of 1.35 umol.kg-1, for both Ar and Cr.
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Figure 8. Sample location for each of the 327 samples within the latitudinal interval [43.25°S;

66.25°S]. In order to best visualize the position of the samples, the figure is split in
three areas; a) [43.25°S; 50.5°S], b) [50.5°S; 58°S], and c) [58°S; 66.25°S].

This figure 8 illustrates that spacing between samples should vary from very small in
the area [43.25°S; 48°S], to much larger in the area [54°S; 60°S], and to relatively small
South of 60°S. The number of samples required within each degree of latitude is shown
in figure 9.
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Figure 9. Number of samples per degree of latitude within the interval [43.25°S ; 66.25°S]

Thus, these two figures (8 and 9) clearly illustrate that the property variability bound

determines the relative proportion of samples spread over the latitudinal interval (X’
axis). Where the property variability is high, the number of samples should be high.
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Where the property variability is constant, the samples should be regularly spaced, as
1llustrated in fig.9 by the same number of samples per degree of latitude at the
beginning and at the end of the cruise track. Where the property variability bounds
vary, the number of sample per degree varies (see Fig.8 and 9, within the latitudinal
areas [50°S; 55°S] and [58°S; 62°S]).

5. Conclusions

This study shows that with simple calculations, it is possible not only to know the
maximum linear interpolation error of any measured property, but also to precisely
determine the positions of these measurements along a cruise track (based upon previous
data sets) while minimizing both the number of these measurements and the maximum
interpolation error.

Since the accuracy of each property measurement depends upon the measuring system,
each property would be ideally measured on its proper sampling pattern. However, if for
any (practical) reason, two (or more) properties should be sampled simultaneously, then
1t is possible to determine a common sampling pattern. Such common pattern will
increase the number of measurements required to preserve the aimed maximum
interpolation error of each of these properties.

All these calculations are based upon the variability of the signal or more exactly upon
the bounds of the property variability. In areas where the variability bounds of a property
(such as here, SST, SSS, Ar, or Cr), are constant, sampling would ideally be regularly
spaced along the ‘x’ axis (here, the “latitude” axis). However, in areas where the
variability bounds are variable, sampling would ideally be irregularly spaced along the
“x” axis and would tend to be regularly spaced along the property axis, such that the
maximum error between samples remains quasi-constant (whatever the amplitude of

property variability).

The choice of the variability bounds of a property is particularly important since all the
calculations are based upon them. In order to make sure to catch the whole signal
variability, it is good to define large variability bounds, but that means that the property
would probably be oversampled. On the other hand, if the variability bounds are chosen
too short, there will be less samples to measure but with the risk of missing the highest
signal variability. Thus, depending upon the objectives priorities and various practical
constraints, one would have to find an equilibrium between sample size and accuracy.

The key factor to design an appropriate sampling strategy (with a minimum of
samples/measurements), is to know both, the accuracy of the measurements and the
aimed maximum interpolation error.

In any case, all the results as presented above for SSS, SST, Ar, and Cr, show that the

current sampling strategy can significantly be improved by using a semi-balanced
Interpolation error sampling strategy.
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In particular, this study emphasizes the large difference in the number of SSS and SST
measurements needed (5527 and 32958, respectively), along a cruise track between
Hobart and Dumont D’Urville, to ensure that the maximum interpolation errors remain
below half the property measurement accuracy. Concerning Ar, and Cr, “only” 327
measurements could be sufficient. Even if it can be assumed that Ar, and Cr can be
measured with an improved accuracy of 1 pmol.kg1, “only” 380 measurements could be
sufficient. Yet, this would still represent a significant effort since a measurement of Ar
and/or Cr usually take much more time and is much more expensive than a SSS or SST
measurement.

Why is there such a large difference between the Ar and/or Cr and SSS number of
measurements? As mentioned above, all the calculations are based upon the estimate of
the property variability bounds. Since the number of SSS data is large (7815), all short-
scale SSS variabilities (such as that near 47°S), are likely to be detected, thus raising the
maximum of the bound. On the other hand, since the number of At and/or Cr data is
relatively small (238), some short-scale variabilities may remain undetected, thus
lowering the maximum variability bound.

These results further raise the question of scientific need for measurements accuracies,
the number and location of the measurements needed, as well as which scientific
questions could be answered with the present technology. Or, what kind of new
technologies are needed to make significant scientific progresses?

For instance, here, one could conclude that there is an urgent need to develop new
reliable technologies for much faster (and cheaper) measurements of Ar and Cr in
seawater.

Overall, this study based upon simple equations (in section 2.2), significantly facilitate
the determination of appropriate sampling and measurement locations, even when the
number of measurements is limited by various constraints (time, cost, technology,
accuracy, etc.). These equations are general and can be applied to any kind of
environmental studies (geology, meteorology, etc.), with any kind of data (in situ,
remotely sensed, etc.). Thus, this study opens the route to more efficient sampling
strategies (and cruise designs), which will enhance scientific progress.
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