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Abstrak

In this paper we shall describe mized formulations -differential and variational-
of Darcys flow equation, an important model of elliptic problem. We describe *
Galerkin method with finite dimensional spaces; * Local matrices and assembling;
* Raviart-Thomas RTy — Py elements; * Edge basis and local matrices for RTy —
Py FEM; * Model problem with corresponding local matrices, right hand side and
treatment of boundary conditions. A simple demo written in GNU Octave is given.
Kata kunci: Persamaan Darcy, Aliran di bahan berpori, Flux, Kekekalan Local,
Metode Elemen Hingga Campuran

Abstract

In this paper we shall describe mized formulations -differential and variational-
of Darcys flow equation, an important model of elliptic problem. We describe *
Galerkin method with finite dimensional spaces; * Local matrices and assembling;
* Raviart-Thomas RTy — Py elements; * Edge basis and local matrices for RTy —
Py FEM; * Model problem with corresponding local matrices, right hand side and
treatment of boundary conditions. A simple demo written in GNU Octave is given.

Keywords: Darcy flow, Flow in porous media, Flux, Local conservation, Mixed finite
element methods

1. INTRODUCTION

This report describes basis of RT1 code, which can be characterized as a code for test-
ing solvers and preconditioners for FEM systems arising from lowest order Raviart-Thomas

discretization of Darcy flow problems, see also [2] [1]
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The code is characterized by simplicity and possibility of easy modifications,

directly solving model problems on square domains (generalization possible),
stochastic generation of heterogeneity,

fast system assembling using vectorization and sparse reconstruction,

possible testing of Krylov type solvers with both (block) matrix and matrix free (vari-
able) preconditioners.

This report describes the finite element system generation, experiments are involved in

papers, e.g. [3].

2. PROBLEM FORMULATION

Let us consider Darcy flow elliptic problem in the form

—div(k(—g+ gradp) = finQ
p = ponlp
(=kgradp)-n = donTy

where g # 0 if we consider elevation changes. It can be also written in a two field form

with two basic variables p: Q — R! and u : Q — R",

k~lu+ gradp = g .
div(u) = [ &
P = ]5 on FD
(=kgradp)-n = donTy

The variational formulation uses test functions v and g to get

Jo k™ u-vda + [, Vp - vdzx
fQ div(u)g

Transformation of one mixed term then provides

Jog-vdx
Jo fadz

JoVpv = [, 3 %”kdx =2kl Soq pvk - ni — fgpavk dx}
= fag p(v-n)— [, pdiv(v)de

Then the variational formulation gets the form

Joktu-v— [odivv)-p = [yg9-vde— [ p(v-n)— [p plo-n) Vv
Jo div(u)g = Jota Vq

—or in abstract form: find (u,p) € Uy X P

m(u,v) +b(v,p) = G(v) Yo € Uy
b(u, q) = F(v) Vqe P
where
U = {veLy(2)":div(v) € L2(Q)} — H(div)
Uy = {veU:v-n=0o0nTy}
Uy = {veU:v-n=donTxn}
P = {qe L2(Q)}
Note that pressure BC enters G(v — fF (v - n) whereas velocity BC are included

in UN.
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47 3. GALERKIN METHOD -MI1XED FEM
48 We start with introducing FEM spaces Uy, C U,Un, C Un,Up, C Ug and P, C P.
49 Then the Galerkin method is to find (up,pn) C Upn X P,
m(uh,vh) + b(vh,ph) = G(Uh) Yoy, € Ugy,
b(un, qn) = Flqn) Vpn €Dy
50 After a choice of bases
U, = lin{®;,i€ I}, P, =1in{l,:je J}
UNh = uy +u,u € Uy,
Uoh = hn{@z NS Io}

uy € lin{®;:ie No}uy =Y (i-n)(a)®;

51 the discrete mixed problem can be written as -find (up,pr) € Upn X Pn, up = uny +
52 Zz‘elo o;®;,  pn = ZjeJ BJ'\IJJ'

Zielo alm(@l,q)k) +ZjeJ ﬂjb(@k,\llj) = G(@k) —m(uN,CDk) Vk € Iy
Zie]o Oéib(q)i,\:[/l) = F(\I/l) —b(’LLN7\I/l) VieJ
53 Rewriting to matrix form provides
BQ—FBTQ = G, a€R™, ni=H#I

Ba F, BeR"™, ng=4#J

54 where M € R™ ™™ My; = m(®;,®;), B € R"2*™, B;; = b(®;,¥,), BT € R"*"2 BL =
s b(P;,U,) =By, G = (Gy),Gi = G(8;), F = (Fp), Fi, = F(Iy,).

56 4. LOWEST ORDER RAVIART-THOMAS FINITE ELEMENTS

57 Let © € R? be a 2D polygonal domain, 7, be its triangulation, £, be set of edges of all
ss  elements T' € T, see the situation in the following Figure 1.
59 Then, we can define

RTo(T) = {v: T = R*,v(x) = &lar 2] + [m n2)", &m0 € RY

60

U, = {v:Q¢R%wv|p € RTH(T) VT € Tp,v-ng is continuous over E € &,}
P, = {q:9Q¢€ R q|r is constant VT € Ty}
61 Continuity of v - ng guarantees U, € U, P, € P is obvious. Note that VE € &, we define

62 ng (unit normal vector), independently of relation to triangles and consequently in possibly
63 inner or outer direction, see Figure 2.

64 6 LOCAL PROPERTIES AND LOCAL EDGE BASIS FOR RT(0) ELEMENTS

s Lemma 4.1. Let T € Tp,v € RTo(T). Then VE € £, UIT : v-n|E = const.

66 Proof. Let E € &, UJT,ng be normal to E (can be either outer or inner to T'), * € E be
67 arbitrary point at E. Then

xe€E= (x—2a") ng=0,ng=(ni,n2) = 101 + 2ang = x7n1 + T509 = const. =
68

v(x) - n = &xing + Exang + mny + neng = E(xing + x3n2) + mng + nong = const .
69 O
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()

GAMBAR 1. {2(V} set of centres of E; € &, {y\9)} barycentres of T € Ty,

ng
T 3

© |
Py l Eq P,

nB = —ng,

GAMBAR 3. Triangle T € Ty,
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t

Lemma 4.2. (Expression for local basis functions.) Let

D, (x) = (x — P;), 0y :nEin(i),

7T

where ng, are global prescribed normals and nD are outer normals for T € Ty, see Figure
3. Then

(i) ®;(x) ng, = s,

) ®; € RTo(T),

i) @1, Pq, 3 create a basis of RTo(T),
) dZ’U‘I)Z = Ui|ETi|’

Proof. (i) If i # j, then P, € Ej and (v — P;) -ng, = 0 for v € E;. If i = j then for
x € E; the value (x — P;) - np, appears in the projection of (x — P;) to the height of
T passing through P; and therefore |(z — P;) - ng,| = h;. Moreover, +h;|E;| = |T| and
h; = 2|T|/|Es|, (x — P;) -n > 0 -both vectors have outward direction w.r.t. 7. Finally

2|7
(¢ - P np, = 0121
| Eil
(ii) obvious
(i) u € RTH(T),w = u — 3 (u - ng,)®;. Obviously w - ng, = OVE;. Therefore VP; :
w(Pj) -ng, = 0 and because VE; : P; € E;, it holds w(P;) = 0Vj = 1,2,3. As w is
linear polynomial, w = 0. Proof of uniqueness:

3
w = Za,@i =0= WNEg; = Oéj(I)anj = = OVj
1

(iv) obvious

5. LOCAL MATRICES AND ASSEMBLING

Assume that ®; and ¥, are constructed as finite element basis functions above some
triangulation Tp,i.e.T € T,

(I)i|T S {(I)l, ceey <IJp,O = (I)()}
\Ifj|T S {\1117 LU, 0= \Ifo}
Then
m(@i,fl)k) = fQ k‘lézékd:ﬁ
= Yrer Jr k;‘i(l)ifbkdx
= Yrerm Jrk q)loc(i)q)loc(k)dx
b((I)Z,\I’]) = fQ(le(I)Z)\I/Jd(E
= YreT fT(diV(I)IOC(i))\IIIOC(j)dm
where locg (i) = locg (4, T) is a transformation from global index to local index of basis
function on T'. It can be also zero.
Vice versa, for T' € Ty, it is possible to construct local matrices
MTa (MT)TS = fT kil(bs(prdx
BT; (BT)TS = — fT diV@s . \Ijrdl'

and then perform the assembling of local matrices to global M, B
(Mr)rs — Mglob(T,r)glob(T,s) = +(Mr)rs

(Br)rs — Bglobl(T,r-)globz(T,s) = +(Br)rs
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Note there are two sets of basis functions {®;}, {U;}, two sets of local basis functions {®;}, {T;}
and two mappings
locy () = locy (i, T), loca

glObl(rv T) = Z.v g10b2(57 T) = .]
6. LOCAL MATRICES

Let us consider the local basis on T' created by &1, ®o, P35 € RTH(T) and ¥; = 1. Then
BT c R1><37

E,
(Br)s = / (divD,) 0y = o Bl i1 = o 1B
T T
i.e. By = [01|E1|,02|Es|, 03] E3]] € R**3. Further, My € R3%3
ET ES —
(MT)TS - / k71¢S®Td$ = O'7=0'3¥|2| k 1(x — Ps) . (x — Pr)dl'
T 4T Jr

To compute the integral [ k~*(z — Ps) - (x — P.)dx, we can use barycentric coordinates

at T,
T = )\1(33)]31 + )\2($)P2 + /\3($)P3, A+ Ao+ A3 = 1,
thus
= Pp=M@)(PL = P) + Ao (2) (P2 — Pr) + As(2)(Ps — Pr)
and
3
| Er[| Es| / 1
Mr)s = 0,04 Aargk™ (P, — Py) - (Pg — P,)dx.
(Mr)es = 000 57" 32 [ dadok ™ (P = R)- (B = P
Assuming k constant on 7' and using the integration formula fT AaAg = %(1 + 0ag),
which is a special case of
Ible!
AN d = ——— 9|
/le333 (a+b+c+2)!||
Ibleld!
AEASNE NS = ¢ 6|V
/V LM = b e+ d + 3)! V]

see e.g. [4, 5]
the elements of M7 can be expressed as

3
1
Mp),s = ——o0,.|E E 1 (P, - P,)-(Ps — P.)o,|E,
( T)m 48|T|07| r‘ ( +5a,6)k ( a s) (,3 7)05‘ 5‘

a,B=1
If we define vectors v,., vy € R8¥!,
P, — P, P — P .
Vy = PZ_PT , Vs = P2_Ps ap7|: 1:|
Py — P, P — P, 2
Then
2 0 1 0 1 0
02010 1|0,
1 1102010 .
(MT)TS = MO’T|ET‘UT 0 1 0 2 0 1 k kil ’USO‘S|E5‘
1 01 2 0 0
01 0 1 0 2
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201010
0 20101
102 010
C:=(dh 01 0 2 01
101 2 00
01 010 2

Note that the diagonal elements are equal to elements of Br. If we denote C' € R%*6 the
matrix, which appeared in the expression above and

0 P-P P—-P
V= [Ul,vg,’Ug] = P27P1 0 P27P3
P3—P1 0 P3_P2

\in R"{6\times 3}

then
1 0'1|E1| 0 0 kL O‘1|E1‘ 0
(Mr) = = 0  o9/Es] O vic k=1 % 0 o2|Es
| | 0 0 O'3‘E3| kL 0 0 O’3|E3|

S \in R"{3\times 3}
L \in R"{6\times 6}
S

i.e.
1
Mr) = ——=SVTCLVS
(M) 18T
0 P —P, P—P;
where S:diag[b1E1|,ng2,b3E3],V: P2 —P1 0 P2 —P3 s
Ps—P P3—DP 0
k1 -t
L= k! = ﬁ] , if we consider the isotropic environment, k = k7 on T.
k,—l
For comparison see [2] formula (4.6).
Note that we constructed velocity mass matrix M. In the case of time dependent problems,

we also need the pressure mass matrix (Mr),s = fT U, U, = 0,4|T)|

7. MODEL PROBLEM

We shall consider a model Darcy flow problems on a square domain with flow from left
to right induced by the pressure gradient.

The problem domain is divided into rectangular elements with the size characterized by
the parameter ns = number of segments on the side.

Heterogeneity. We assume that each cell can possess a different permeability coefficient
kiyi =1,...,nc = (ns)?. This can be produced by MATLAB using command sequence

1)rmg (’default’);
2 ) RM = randn ( ns , ns ) ;
3)LK=C(Cexp (1) .~ ( sigma *RM) ) ;

The first command initializes the random number generator to make the results in this
example repeatable. The same sequence is generated as after restart of MATLAB. The second
command generate a ns-by-ns matrix of normally distributed random numbers from N (0, 1),
i.e. with mean p = 0 and standard deviation 1. Then sxRM is a matrix of normally distributed



Garnadi & Bahriawati, JMI Vol x No y Okt/Apr 2020, pp. xx-yy,doi:10.24198/jmi.vxx.ny.XxXxX.y-yy

Ta

no flow

=0 1% | =1

i~
Il
f—

no flow r1
i =0

GAMBAR 4. Model problem

GAMBAR 5. Discretization of the model problem.

11 random numbers with the mean y = 0 and standard deviation 0. Third command then creates
142 matrix of conductivities such that In(LK) has normal distribution.

143 Orientation of (global) normals to element edges

Model problem -local matrices.

My = SVICLVS, L = I.
24n? cell
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in the direction of upper right direction
coordinate system

GAMBAR 6. Global normals.

144 Lower Triangle
0 -1 0
V2 Lo
Br = [V2h,—h,—h],S = h. ~1 .
-1 0 -1 0
1 1 0
145 Upper triangle
0 1 0
= i
Br = [*\@hv h, h], S =h. 1 = 7Slow7 Vupper =h 0 0 1 = —Viow-
1 0 1 0
-1 -1 0

As a conclusion -the matrices My = 575 SVTCLVS are the same for both lower and upper

Lower triangle Upper triangle

P Py Es Py
Ey
P
P P 3
1 E3 P

146 )
147 triangles.

148 Right hand side and boundary conditions. Consider the global system

Ma+BrB = G
Ba = F

149 where
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e —add+h-p,p=1
to the corresponding entry of G,

GAMBAR 7. Pressure boundary conditions for the model problem.

o — null corresp. rows, columns

GAMBAR 8. Treatment of velocity boundary conditions: a) exclude corre-
sponding rows and columns and rhs entries, b) or put 1 on diagonal otherwise
zeros in corresponding row, columns and rhs entries

.h.s. contribution
l.h.s., in our case

Fi=— | fU— Y iy | div(®)¥;de=0
Q kel\Io @
= \int_{T_j} f =0 in our case
\int_{T_j} \mbox{div} (\Phi_k ); u_k are zero in our case

8. ASSEMBLING

Standard assembling

Algorithm 1 Standard assembling
define M = 0,B = 0
for 1:nt
take M_T ,B_T
forr=1,...,3
for s = 1,2,3
Mi(T,r) j(T,s) = (M_T)_{rs}
B\kappa(T ) i(T,r) = (B_T )ir
end
end
end

The standard assembing has two drawbacks: for cycles, which are not efficient in MATLAB,
and dense matrix storage of the global matrix. Just replacing the global matrix declaration as
sparse is not a good solution as it the sparse structure is not given apriori but must be con-
structed during the assembling process. This inefficiency can be removed by gradual recording
the nonzero components and indices into one dimensional vectors X, I, J and constructing
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172 the matrix through
sparse(X, I,J,n,m).

173 Further improvement and loop avoiding can be done by vectorization, see [6][6]. The
174 resulting code is able fast assembly very large matrices.

GAMBAR 9. Transmissivity coefficient k, blue color k = 1.0, red color k = 1.4

175 9. NUMERICAL TEST

176 We test numerically an example from [7]. For simplicity, the exact u, in € is set to be
177 Uy = cos(x — 0.5) x exp(y).

ke o — 1.0, 0<x<05,0<y<1
9= 14, 05b<zx<0,0<y<l1

Oou — O,u = sin(z—0.5)*xexp(y),0 <y <1l,z={0,1}
" Oyu = cos(x —0.5) xexp(y),0 <z <1,y=1{0,1}
178 The program implemented in GNU Octave run in octave-online.net, which is a web

179 Ul for GNU Octave.
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Program Darcy equation implementation based on

EBMFEM for 2D Raviart—Thomas mixed finite element method
based on the edge—oriented basis function

Agah D. Garnadi and C. Bahriawati

File <Darcy-EBmfem.m>

M—files you need to run
<stimaB.m>, <edge.m>, <f.m>, <u.D.m>, <u_N.m> (optional)
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Data—(files) you need to prepare

o° o

coordinate <coordinate.dat>,

% element <element.dat>,
% Dirichlet <Dirichlet.dat>,
% Neumann <Neumann.dat> (optional)

This program and corresponding data—files is modified from

oo e o

"Three Matlab Implementations of the Lowest—Order Raviart—Thomas

o\

MFEM with a Posteriori Error Control" by C.Bahriawati and C. Carstensen

o

A.1l. The main program

oo oo

load coordinate.dat;

coordinate = [ O 0; 0.50; 1 0; 1 0.5 ; 1 1; 0.5 1; 0 1; 0 0.5; 0.5 0.51;%
% load element.dat;

element = [2 8 1; 2 98 ; 24 9; 234, 945; 956; 967; 9728];%

% load k_element.dat;

k_element = [1 ; 1 ; 1.4 ; 1.4 ; 1.4 ; 1.4 ; 1 ; 1 1;%

% load dirichlet.dat;

dirichlet = [ 3 4; 4 5; 78 ; 8 1];

$load Neumann.dat;

Neumann = [1 2; 2 3; 5 6; 6 7];

[

nodes2element, nodes2edge, noedges, edge2element, interioredge]=edge (element, coordinate) ;

A.2. EBmfem
function u=EBmfem (element, coordinate,dirichlet, Neumann, nodes2element, ...

do oo o

nodes2edge, noedges, edge2element) ;

% Assemble matrices B and C
B=sparse (noedges, noedges) ;
C=sparse (noedges, size (element, 1)) ;

for j = l:size(element, 1)
coord=coordinate (element (j,:),:)";
I=diag (nodes2edge (element (j, [2 3 1]),element (3, [3 1 2])));

signum=ones (1, 3);

signum (find (j==edge2element (I,4)))=—1;

B_element = k_element (j)+diag(signum)+xstimaB (coord) xdiag (signum) ;

n=coord(:, [3,1,2])—coord(:, [2,3,11);

B(I,I)= B(I,I) + B_element ;

C(I,]j) = diag(signum) *[norm(n(:,1)) norm(n(:,2)) norm(n(:,3))1";
end
% Global stiffness matrix A

A = sparse (noedges+size (element, 1), noedges+size (element,l));
A= [B, C, i
C', sparse(size(C,2),size(C,2))];

% Volume force
b = sparse(noedges+size(element ,1),1);
for j = l:size(element ,1)

b (noedges+j)= —det ([1,1,1; coordinate(element(j,:),:)"']) =

f (sum(coordinate (element (j,:),:))/3)/6;

end

o

% Dirichlet conditions
for k = l:size(dirichlet, 1)
b (nodes2edge (dirichlet (k, 1) ,dirichlet (k,2)))= norm(coordinate(dirichlet (k,1),:)—.
coordinate (dirichlet (k,2), :))+u.D (sum(coordinate (dirichlet (k, :),:))/2);
end

% Neumann conditions
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if —isempty (Neumann)
tmp=zeros (noedges+size (element,1),1);
tmp (diag (nodes2edge (Neumann(:, 1) ,Neumann(:,2))))=...

ones (size (diag(nodes2edge (Neumann(:,1),Neumann(:,2))),1),1);
FreeEdge=find (—-tmp) ;
x=zeros (noedges+size (element, 1) ,1);
CN=coordinate (Neumann(:,2), :)—coordinate (Neumann(:, 1), :);
for j=1l:size (Neumann,1l)
x (nodes2edge (Neumann (j, 1) ,Neumann(3j,2)))=...
g (sum(coordinate (Neumann(j,:),:))/2,CN(j, :)*[0,—1;1,0]/norm(CN (3, :)));
end
b=b—Axx;
x(FreeEdge):A(FreeEdge,FreeEdge)\b(FreeEdge);
else

x = A\b;
end
figure (1)
ShowDisplacement (element, coordinate, x);
p=fluxEB (element, coordinate, x, noedges, nodes2edge, edge2element) ;
figure (2)
ShowFlux (element, coordinate, p) ;
pEval=fluxEBEval (element, coordinate, x, nodes2edge, edge2element) ;



