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An inversion of surface waves dispersion curves is a non-unique and ill-conditioned

problem. The inversion result has a probabilistic nature, which becomes apparent

when simultaneously restoring the shear wave (S-wave) velocity and layer thickness.
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Therefore, the problem of uncertainty quantification is relevant. Existing methods

through deterministic or global optimization approaches of uncertainty quantification

via posterior probability density (PPD) of the model parameters are not computa-

tionally efficient since they demand multiple solutions of the inverse problem. We

present an alternative method based on a multi-layer fully connected artificial neural

network (ANN). We improve the current uni-modal approach, which is known from

publications, to multi-modal inversion. We use the Cox’s and Teague’s algorithm

to determine optimal parametrization (number of layers) and the ranges of possible

model parameters. We uniformly draw training data sets within estimated ranges

and train the ANN. Saved ANN’s weights map the phase velocity dispersion curves

to values of the S-wave velocity and layers thickness. To estimate the uncertainties,

we adapt the Monte-Carlo simulation strategy and project onto the resulting veloc-

ity model both frequency-dependent data noise and inverse operator errors, which

are evaluated by the prediction of the training data set. The proposed combination

of surface waves data processing methods, configured with each other, provides a

novel surface waves multi-modal dispersion data inversion and uncertainty quantifi-

cation approach. We first test our approach on synthetic experiments for various

velocity models: a positive velocity gradient, a low-velocity layer and a high-velocity

layer. This is done considering uni-modal inversion at first and then compared to the

multi-modal inversion. Afterwards, we apply our approach to field data and com-

pare resulting models with the body S-wave processing by the generalized reciprocal

method (GRM). The experiments show high-potential results - using ANN yields the

possibility to accurately estimate PPD of restored model parameters without a sig-
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nificant computational effort. The PPD-based comparison demonstrates advantages

of a multi-modal inversion over uni-modal inversion. The trained ANN provides rea-

sonable model parameters predictions and related uncertainties in real-time.
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INTRODUCTION

A method of multichannel analysis of surface waves (MASW) is widely used to study

near surface geological structures for several decades (Park et al., 1999). We consider

a key MASW problem of simultaneous inversion of surface wave phase velocity dis-

persion curves (DCs) for shear wave (S-wave) velocities and layer thicknesses, which

are the parameters of the layered near surface model (Miller et al., 1999). Note, that

the simultaneous inversion for both of the parameters is much more challenging than

looking only for unknown velocities for a fixed layer depth velocity model, which is

considered in a number of earlier MASW studies. Xia et al. (1999) state that the fewer

unknowns in an inverse procedure, the more efficient and stable the process and the

more reliable the solutions and suggest to subdivide the subsurface into a reasonable

number of layers. Global search methods (Song et al., 2015; Cox and Teague, 2016),

Monte Carlo inversion and artificial neural network (ANN) (Çaylak and Kaftan, 2014;

Yablokov and Serdyukov, 2020) are implemented for determination of both the un-

known velocities and layer thicknesses. As an alternative, Cao et al. (2020) propose

to split the velocity model into several depth intervals and determine the averaged

VS values for each interval from DCs data by mixed density neural networks (MDN).

Aleardi and Stucchi (2021) train a residual neural network (ResNet) to map the spec-

tral dispersion image of the surface wave into S-wave velocity and layer thicknesses.

The advantages of using artificial neural networks (ANN) are higher computational

efficiency without a need to adjust optimization parameters and the lack of necessity

to include any model constraint into the error function, unlike global optimization
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methods (Yablokov and Serdyukov, 2020; Aleardi and Stucchi, 2021; Yablokov et al.,

2021).

The inversion of surface wave DCs for S-wave velocity model parameters is an ill-

posed problem (Foti et al., 2014). In particular, the ambiguity of the DCs inversion

increases with the number of recovered velocity model parameters, which leads to

a problem of estimation of the uncertainties of the surface wave DCs inversion. To

correctly estimate the ambiguity of the solution to the inverse problem, it is necessary

to use a probabilistic approach. The first uncertainty studies related to the surface

wave analysis are focused on the estimation of the dispersion data errors, studying

data from repetitive filed data gathering experiments (Marosi and Hiltunen, 2004)

and propagating these errors by local optimisation inversion method onto model un-

certainties (Lai et al., 2005). However, these researchers do not take into account the

ill-posedness of the surface wave data inversion and do not investigate the errors in-

troduced by the used theory. Foti et al. (2009) and Comina et al. (2011) use a Monte

Carlo approach to select a set of S-wave velocity models that can be considered equiv-

alent with respect to fitting DCs according to the experimental uncertainties. This

set of equivalent solutions is then used to evaluate the resulting model uncertainty.

Molnar et al. (2010) employ a Bayesian framework and Markov Chain Monte Carlo

(MCMC) method to cast the surface wave DCs data inversion into a solid proba-

bilistic statement for accurate estimation of a posterior probability density (PPD).

Aleardi et al. (2020) perform a rigorous study and comparison of transdimensional

and reversible-jump MCMC inversions of Rayleigh-wave DCs. Aleardi and Stucchi
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(2021) state MCMC methods are computationally expensive due to the huge number

of samples needed to attain stable PPDs. For this reason, the MCMC approach be-

comes computationally impractical for inverting big data. Aleardi and Stucchi (2021)

consider the machine learning based inversion of a full dispersion images and sug-

gest a Monte Carlo simulation strategy that propagates onto the model space the

uncertainties related to noise in the data and the modelling error introduced by the

network approximation.

To reduce the ambiguity in the estimated model parameters, it is advantageous to

use multiple modes in the inversion procedure (Beaty et al., 2002; Xia et al., 2003).

Luo et al. (2007) find that the relative error in the velocity estimation decreases from

16% when only the fundamental mode is used to 4% when the fundamental mode as

well as the first two higher-order modes are used in the inversion. Supranata et al.

(2007) conclude that a more accurate inversion of irregular velocity profiles can be

achieved when higher-order modes are included. The main problem to deal with is the

separation and identification of different modes in the spectrum. Zhang and Chan

(2003) state that mode-misidentification errors on the experimental DCs are often

greater than errors resulting from inaccurate data for a given mode. An inversion

of the full dispersion image of the surface wave (Aleardi and Stucchi, 2021) seems a

reasonable alternative to the multiple-mode inversion. This approach is based on a full

surface wavefield modelling, which is challenging due to the need to take into account

attenuation, scattering of the surface waves, the presence of other types of waves

and unknown source wavelet as well. A standard reflectively approach and isotropic
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stratified elastic medium is not suitable for near surface full wave form modelling

in practice. At least, one has to define unknown pressure wave velocity (VP) and

density (ρ) values which affect the modelling waveforms but typically not determined

via the MASW method. The DCs are much less sensitive to these parameters (Xia

et al., 1999). From this point, the DCs-based multi-mode inversion seems to be

a more solid approach. Also, there are approaches dealing with the problems of

higher modes picking and misidentification. Maraschini et al. (2010) propose an

inversion procedure with using several modes simultaneously and without need to

identify the ones on the spectra. Recently, Serdyukov et al. (2019) demonstrate that

the slant f-k transform (SFK) provides well-traced spectral multiple-mode images

even in cases when standard 2D time-spacial Fourier transform technique (which is

actually equivalent to phase-shift (Park et al., 1999) and some other popular spectral

processing methods) enables the selection only of one fundamental mode for the

subsequent inversion.

In this contribution, we focus on selection, adopting and tune-up of several seismic

surface waves data processing methods in order to combine them into a novel multi-

modal surface waves DCs ANN inversion and uncertainties quantification approach

that is further tested on both synthetic and real data. We follow the ANN method

for the surface wave fundamental mode DCs inversion for S-wave velocity and layer

thicknesses suggested by Yablokov et al. (2021) and further develop their approach

for the multiple mode DCs inversion. First, we define the optimal parametrization

(number of geological layers of restoring velocity model) and possible near-surface
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parameter ranges for the layered model based on the observed frequency-depended

phase velocity. Then we prepare a training data set by generating numerous random

layered models by uniform distribution over the determined parameter intervals and

computing DCs using fast parallel forward solver. Due to the verified data-driven ap-

proach offered by Yablokov et al. (2021), the ANN is trained on a data set containing

realistic subsurface scenarios and learns how to reproduce a similar velocity model

to fit the input multiple mode DCs data. At current research, we use the rigorous

adjusted ANN architecture and parameters proposed by Yablokov et al. (2021). The

pre-trained ANN enables one to project dispersion data noise and inverse operator er-

rors onto a space of the velocity model parameters. Thus, we adapt the Monte-Carlo

simulation strategy applied by Aleardi and Stucchi (2021) to estimate uncertainties

of our ANN multiple DCs inversion method.

The paper is organized into four main sections, covering methodology, synthetic

and field examples, and discussion. In the methodology section, we provide the details

of the proposed algorithms: ANN inversion and Monte-Carlo simulation strategy. In

the second section, ”Results”, we first test our approach on synthetic experiments for

various velocity models: a positive velocity gradient, a low-velocity layer, and a high-

velocity layer and compare uni- and multi-modal inversion cases. Then, we apply

the ANN inversion and uncertainty estimation strategy to field data. We compare

resulting models with body S-wave processing by the generalized reciprocal method.

In the last section, ”Discussions”, we resume the main point, sum up time computing

and refer to some aspects, which are not mentioned in the paper.
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METHODS

The proposing approach of the near surface seismic exploration by multichannel anal-

ysis of surface wave method (MASW) with uncertainty quantification, includes fol-

lowing steps: (i) the dispersion curves (DCs) extracting from surface waves data with

spectral analysis (ii) fitting and train of an artificial neural network, (iii) inversion of

the extracted phase velocities into the S-wave velocity model and uncertainty quan-

tification with a Monte Carlo simulation.

The dispersion curves extracting and data structure

We use the slant f-k (SFK) transform (Serdyukov et al., 2019) to compute phase-

velocity (V − f) spectra of the surface waves. Next, we manually pick and extract

dispersion curves of several first modes from the computed SFK V −f spectral image.

The SFK transform provides much more clear spectral images of the surface waves,

compared with standard methods such as 2D Fourier transform f-k or phase shift

method (Serdyukov et al., 2019), that enables an observation of the higher modes.

We compose an input data vector from the selected DCs in order of increasing

the frequency and the mode number. Let us denote a mode and frequency sample

numbers by indexes i = 1 . . . N and, j = 1 . . .M respectively. Each pair of indexes

ij spawns an index k = i+ (j − 1)N . The corresponding k-th element of a resulting

input data vector Vinput
R is a value of the phase velocity of i-th mode of the Rayleigh

wave for the j-th sample frequency. Note that typically the fundamental mode is
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referred to the zero mode and the first mode is the first higher order mode. However,

here, for simplicity, we enumerate surface wave modes from the fundamental mode

starting with one (i = 1). Since high order modes (i > 1) do not exist below some

frequency, we fill the missing elements of the input data vector with zeros. This is

done because the same length for all modes is necessary for further processing.

The inversion algorithm based on an artificial neural network

We follow the artificial neural network (ANN) inversion algorithm described by Yablokov

et al. (2021). We improve it from a uni-modal to a multi-modal approach. The DCs

inversion consists of the following steps: (1) estimation of the ranges of the velocity

model parameters by an averaged fundamental mode DC; (2) calculation of a training

data set for a predetermined number of modes; (3) Creation and training the ANN

(4) application of the ANN for the inversion of the multiple-mode surface wave DCs.

At the first step of the ANN inversion, we follow Cox and Teague (2016) and set

the ranges of VS and h (thickness in m) to define the space of possible layered models.

We use only the fundamental mode DC, since the fundamental mode has the highest

penetration depth compared to all other modes. Yablokov et al. (2021) demonstrate

that this approach is suitable for such rough preliminary estimations. A number of

layers, l, is also defined at this step.

At the second step, we define the ANN training data set. We select a num-

ber, i.e. a set {VS,h} of S-wave model vectors VS =
(
V 1
S , V

2
S , ..., V

l
S

)
and thickness
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h =
(
h1, h2, ..., hl−1

)
assuming the uniform distribution of both parameters over the

previously defined intervals (the ranges from the first step). Each pair of [VS,h]

is a model sample vector, which is a vector of the matrix of the training models

dataset Mtrain. Next, we calculate the matrix Dtrain =
{
Vtrain

R

}
which contains the

corresponding number of training data DCs vectors by the numerical solution of

Rayleigh wave dispersion equation (Herrmann, 2013). P-wave velocities, which are

needed to calculate DCs, are obtained from equation: VP = VS
√

2(1− ν)/(1− 2ν),

where the Poisson’s ratio ν is assumed to be equal to 0.35. We also use empiri-

cal ratio for the density: ρ = 2.35 + 0.036 ∗ (VP − 3)2 g/cm3 (Kurita, 1973). The

dispersion equation numerical solver is coded in Python using the ”Numba” library

(https://github.com/keurfonluu/disba) and parallelized on CPUs. This allows

extremely fast calculation of DCs. For example, it takes about 0.0055 s to calculate

the fundamental mode DC for a four-layer velocity model for 100 frequencies samples.

The structure of each resulting multi-mode DCs training data vector Vtrain
R from the

matrix Dtrain is the same as the structure of the input data vector Vinput
R , which is

given above in the paper.

At the third step, the ANN is created and trained. We follow Yablokov et al.

(2021) and perform the same studies to design an optimal ANN architecture. Let

us briefly describe the main components of the ANN architecture. During the pre-

processing step before ANN learning, the input, and output data sets are scaled from

the original range so that all values are lying in the range [0,1]. The structure of the

considered ANN includes three-hidden-layer. The ANN input layer is composed of
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n×m neurons and is designed according to the structure of input data Vinput
R . The

ANN output layer is designed to produce the concatenation of vectors [VS,h] of the

length 2l−1, representing the resulting velocity model. The number of sample models

in Mtrain is selected equal to 100, 000 and there is the same number of multi-modal DC

data vectors in Dtrain. The number of neurons in the first hidden layer lhidden1 equals

the number of input layer neurons; the number of neurons in the third hidden layer

lhidden3 equals the number of output neurons; and the number of neurons in the second

hidden layer is equal to an intermediate value, i.e., lhidden2 = (n × m + 2l − 1)/2.

The loss function is the Mean Absolute Error (MAE). The optimizer algorithm is

“Nadam” with the linear decreasing model of learning rate. The solving of a problem

of the ANN architecture selection and its verification you can find in paper Yablokov

et al. (2021) in detail.

The ANN weights are obtained by the minimization of a misfit function:

MAE(F̂(W,Vtrain
R )− [VS,h])→ min, (1)

where MAE is the Mean Absolute Error and W is fitted weights, F is ANN action

with fitted weights i.e. an inverse operator that maps the domain of the picked phase

velocities into the domain of the model parameters:

F̂(W,VR) = [VS,h]. (2)
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Uncertainty quantification with a Monte Carlo simulation

We adapt the Monte Carlo simulation strategy by Aleardi and Salusti (2021) and

apply it for the uncertainty quantification of the MASW method results. To esti-

mate uncertainties, both dispersion data noise and inverse operator errors have to be

projected onto a space of the velocity model parameters.

The statistical characteristics of the dispersion data noise are determined based on

the V −f amplitude spectrum of the data. The standard deviation (σ) of the noise in

the phase velocity values (i.e. the picked DC) should be frequency-variant (σnoise(f))

since the spectral smearing increases with decreasing frequency. To introduce the

picking errors, at first, a phase velocity range within which a picking error can occur

is set. The confidence interval (for example, shown in Figure 1b by red lines) is

limited to the points at which the spectral amplitudes of a mode are decreased twice

relative to its maximum at a fixed frequency. This is done for each mode. Let us

denote the resulting phase velocity vector as Vextracted
R (f). The confidence interval

length is supposed to be equal to 6σ at phase velocity dimension. Let us assume that

the distribution of noise at each frequency is symmetric around the maximum value

and accept the expected value µnoise(f) = 0. On these assumptions, we propose to

introduce normally distributed noise Nnoise(0, σnoise(f)) into phase velocity values of

dispersion curves at each frequency.

To determine inverse operator errors, we apply the trained ANN to invert all
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dispersion curves from the dataset Dtrain:

W(Dtrain) = M. (3)

Then we estimate the errors connected to the reconstruction of the model param-

eters:

E = Mtrain −M (4)

We assume that the errors of the inverse operator, N error(µerror, σerror), are normally

distributed for the estimation of the expected value µerror and the standard deviation

σerror of E.

After the estimation of data noise and inverse operator errors distributions pa-

rameters, we quantify the uncertainty with the Monte Carlo simulation strategy by

1. inversion of the extracted modes of the dispersion curves W(Vextracted
R (f)) = m;

2. forward modeling F(m) = VR
restored(f);

3. introduction of noise to the dispersion data Dnoised = Vrestored
R (f)+n(f) at each

frequency, where n(f) is value generated by the distribution Nnoise(0, σnoise(f)).

The matrix of corrupted phase velocities, Dnoised has the dimension of p × u,

where a reasonable amount of u is 10,000 samples in sense of a statistically

significant sample;

4. inversion of the Dnoised matrix: W(Dnoised) = Mnoised;
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5. introduction of the inverse operator errors Mtarget = Mnoised +n, where n is the

value generated by the distribution N error(µerror, σerror). The matrix Mtarget has

the dimension of u× (2l − 1).

The distribution, Mtarget is the matrix of restored velocity model parameters. Each

velocity model [VS,h] from Mtarget can be considered a possible 1D S-wave velocity

model that is in accordance with the extracted dispersion curves, with provision for in-

troducing the frequency-dependent normally distributed noise to dispersion data and

the normally distributed inverse operator errors to the inversion result. We assume

that both error terms, noise and inversion errors, are Gaussian, but the algorithm

implemented in this work can be applied to whatever parametric or non-parametric

error distributions. Note that even though the resources to design and train an ANN

may be high, once the ANN is trained, the application of the fitted weights to inverse

the model parameters is negligibly small and grows insignificant with an increase of

the examples number, u.

RESULTS

Throughout this section, we demonstrate the application examples of the described

above algorithms for inversion and uncertainties quantification during the processing

of synthetic and field data. We show three synthetic cases for different velocity models:

1st - is a velocity model with a positive depth gradient (PGV-model), 2nd - is a model

with a low-velocity layer (LVL-model), and 3rd - is a model with a high-velocity layer

(HVL-model). During synthetic experiments, we reconstruct the velocity model from
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the mathematical expectation of the calculated posterior distributions and match it

with the true model in two cases: uni-modal (only the fundamental mode is used) and

multi-modal (the fundamental mode and the subsequent two higher modes are used)

inversion. For a real-data test, engineering seismic data with visually identifiable

three modes is used. In this case, the uncertainties for the uni-modal and multi-

modal inversion are also estimated. The result is compared with the velocity model,

which is obtained with generalized reciprocal method (GRM) for processing of the

S-wave first arrival times.

Synthetic experiments

Positive gradient velocity model

For the first synthetic experiment, we choose a four-layer PGV-model (a simulation

of a sediment accumulation) and calculate the first three modes of the Rayleigh sur-

face wave. To obtain a seismogram that contains only calculated Rayleigh surface

wave modes, we use the algorithm described by Gaždová and Vilhelm (2011). This

algorithm allows calculating the waveforms based on the summation of frequency

components, with shifts corresponding to the velocity dispersion and distance. After

calculating the waveforms, the end-on spread shot seismogram is gathered (Figure 1a).

In a completely similar way, we calculate synthetic seismograms in other experiments.

Then, we compute the V − f spectrum (Figure 1b) using the SFK transform and

manually picked three modes of the phase velocity dispersion curves. The extracted
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(a) (b)

Figure 1: Synthetic seismogram (a) and its V −f spectra with the confidence intervals

of picking shown in red color (b) for PGV-model.

phase velocities and spectrum amplitudes values are used to determine the range

of picking errors (indicated by red confidence intervals in Figure 1b), which limited

decreasing of the spectral amplitudes of a mode is twice relative to its maximum at a

fixed frequency. Analyzing Figure 1b, we clearly see that the spectral smearing of the

energy peaks increases with decreasing frequency and the picking ambiguity range

decreases with frequency for each mode.

We generate the noise for each mode of the phase velocity, supposing it is Gaussian

at each frequency: Nnoise(0, σnoise(f)). The resulting normal distributions of the added

noise Nnoise are shown in Figure 2, where the color shows the number of hits in the

interval (the brighter the color, the more values this error has). As we can see, the

addition of noise to the fundamental mode is more significant (more than two times)
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(a) (b) (c)

Figure 2: The noise data distributions for fundamental (a), first (b) and second (c)

modes extracted from the phase velocity dispersion curves for PGV-model. Color

scaling means the percentage of hit rate in pixel (the brighter it is, the more hits it

has).

than to the higher modes in this case. However, this is not a rule and rather depends

on the type of model considered, which is shown later. Below, we use only the noisy

fundamental mode for uni-modal inversion and all three noisy modes for multi-modal

inversion.

Only the picked values of the fundamental mode are used to estimate the ranges

of possible values of the reconstructing velocity model parameters according to the

inversion algorithm. The training data - [VS,h] ∈ Mtrain and its corresponding

Vtrain
R ∈ Dtrain is calculated within the estimated ranges. For uni-modal and multi-

modal inversions are calculated only the fundamental mode and first three modes

correspondingly. Then we train ANN and use saved weights to invert the train dis-
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(a) (b)

Figure 3: The error distributions of the inverse operator (ANN) for the S-wave velocity

(a) and thickness (b) using the uni-modal and the multi-modal training set for PGV-

model. Color scaling means the percentage of hit rate in pixel.

persion curves and compute errors E. Obtaining mathematical expectation of E and

standard deviation and assuming Gaussian distributed errors, we estimate inverse

operator errors as N error(µerror, σerror). The resulting normal distributions of the noise

additive N error are shown in Figure 3 for the S-wave velocity and thickness in each

layer in cases using only fundamental mode and using the first three modes of the

phase velocity.

According to our adaptation of the algorithm for uncertainties quantification, the

extracted dispersion curves (only the fundamental modes for the uni-modal and all

three modes for the multi-modal case) are inverted using the ANN weights and the
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1D velocity model is reconstructed. Then the direct problem is solved, and the phase

velocities are calculated using the reconstructed velocity model. Next, to the recon-

structed dispersion curve (to the three modes in the multi-modal case), the previously

estimated noise n(f), generated by the distribution Nnoise(0, σnoise(f)), is added. Then

the stored weights are applied again to invert the noisy dispersion curves, and inverse

operator noise is added to the resulting velocity models. As a result of the projec-

tion of the noise in the data and the errors of the inverse operator, we obtain the

posterior distribution of the reconstructed values of the S-wave velocity (Figure 4a

for uni-modal and 4c for multi-modal case) and thickness (Figure 4b for uni-modal

and 4d for multi-modal case) for each layer. The mathematical expectation of the

posterior distribution of S-wave velocity, µ(VS), and thickness, µ(h), yields the ”av-

erage model” (shown by gray solid line in Figure 4) - a robust result of solving the

inverse problem. The minimum and maximum values of the posterior distribution

determine the uncertainties range (shown by gray dashed line in the Figure 4). Max-

imum absolute errors (MA) between true and average models for uni-modal inversion

are MA(VS) = 15 m/s, MA(h) = 0.4 m; for multi-modal inversion are MA(VS) = 1

m/s, MA(h) = 0.3 m.

In addition to mathematical expectations µ(VS) and µ(h), we also analyze the next

three statistical moments: standard deviation (σ(VS) and σ(h)), skewness (S(VS) and

S(h)) and kurtosis (K(VS) and K(h)). Skewness is a measure of the asymmetry of the

distribution. It is customary that if values of skewness are between -0.5 and 0.5, the

data are fairly symmetrical. Kurtosis characterizes the ”tailedness” of the distribu-

20



(a) (b)

(c) (d)

Figure 4: Results of uncertainty quantification for PGV-model: S-wave errors distri-

butions (a) and thickness errors distributions (b) by uni-mode inversion and S-wave

errors distributions (c) and thickness errors distributions (d) by multi-mode inversion.

Color scaling means the percentage of hit rate in pixel.
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Inversion

type
Layer

S-wave velocity Thickness

True µ(VS)
√
σ(VS) True µ(h)

√
σ(h)

Uni-

modal

1 200 215 17 1.5 1.8 0.2

2 300 310 23 4.0 3.7 0.5

3 500 501 36 8.0 8.4 1.4

4 600 596 13

Multi-

modal

1 200 201 11 1.5 1.7 0.2

2 300 301 15 4.0 3.7 0.5

3 500 501 22 8.0 8.1 1.4

4 600 600 8

Table 1: Statistic moment values of the posterior distribution of the model parameters

for each layer in the PGV-model’s case.

tion. Since kurtosis of any univariate normal distribution is 3, we compare computed

kurtosis with this value. Computed mathematical expectation and standard devia-

tion for uni-modal and multi-modal inversion are summed in Table 1. The values

of skewness of model parameters within the range [−0.03; 0.03] for both uni- and

multi-modal cases. It shows that the distributions are almost perfectly symmetrical.

The values of kurtosis within the range [2.9; 3.0], that evidence of good conformity to

normal distribution.
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(a) (b)

Figure 5: The comparison of the phase velocity dispersion curves computed by aver-

age values of uni-mode (a) multi-mode (b) inversion for PGV-model. The true and

restored dispersion curves are shown by solid and dotted colored lines correspondingly,

the searching limits are shown by black dotted lines.

We calculate the resulting dispersion curves of the phase velocity using the av-

erage velocity model and compared them with the observed ones (Figure 5). The

MA between true and average dispersion curves (computed with the average velocity

model) for uni-modal inversion are MA(V 1
R) = 13 m/s; for multi-modal inversion are

MA(V 1
R) = 10 m/s, MA(V 2

R) = 15 m/s and MA(V 3
R) = 4 m/s for fundamental, first

and second modes, respectively.
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Low-velocity layer model

The presence of low-velocity layer (the pavement simulation) leads to the energy

redistribution in a spectrum between different modes in various frequency ranges.

For example, in our case, we see the decrease of fundamental mode energy and the

increase in the energy of the first mode within the range of 15-20 Hz as well as for the

first and second modes within the range of 40-50 Hz (Figure 6b). But we also see the

back redistribution from the second to the first mode in a range of more than 60 Hz.

In the case of the irregular distribution of energy, the picking of dispersion curves

becomes even more ambiguous. The energy irregularity in the spectrum may also

be caused by the presence of shallow lateral heterogeneous, interference of different

seismic waves, regular and random noise. In our case, we have a possibility to exactly

extract all modes since we examine noise-free seismogram containing the surface wave

only (Figure 6a). Nevertheless, the picking error range (indicated by red confidence

intervals in Figure 6b) and, correspondingly, the standard deviation of the Gaussian

noise distribution, are decreasing and growing with increasing frequency for higher

modes.

In order to quantify the uncertainty for the model with a low-velocity layer, we

apply the sequence of operations, which are completely analogous to the previous

example. The results of uncertainty quantification for uni-mode (using fundamental

curve only) and multi-mode (using the first three modes) inversion are shown in Figure

7. Maximum absolute errors between true and average models for uni-modal inversion

are MA(VS) = 5 m/s, MA(h) = 1.1 m; for multi-modal inversion are MA(VS) = 5
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(a) (b)

Figure 6: Synthetic seismogram (a) and its V −f spectra with the confidence intervals

of picking shown in red color (b) for LVL-model.

m/s, MA(h) = 0.8 m.

Computed mathematical expectation and standard deviation for uni-modal and

multi-modal inversion are listed in Table 2. The values of skewness of model parame-

ters are within the range [−0.02; 0.06] for both uni- and multi-modal cases. It shows

that the distributions are almost perfectly symmetrical. The values of kurtosis within

the range [2.9; 3.1], that evidence of good conformity to normal distribution.

The MA between true and average dispersion curves (computed with the average

velocity model) for uni-modal inversion is MA(V 1
R) = 91 m/s; for multi-modal inver-

sion are MA(V 1
R) = 38 m/s, MA(V 2

R) = 18 m/s and MA(V 3
R) = 7 m/s for fundamental,

first and second modes, respectively.

25



(a) (b)

(c) (d)

Figure 7: Results of uncertainty quantification for LVL-model: S-wave errors distri-

butions (a) and thickness errors distributions (b) by uni-mode inversion and S-wave

errors distributions (c) and thickness errors distributions (d) by multi-mode inversion.

Color scaling means the percentage of hit rate in pixel.
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Inversion

type
Layer

S-wave velocity Thickness

True µ(VS)
√
σ(VS) True µ(h)

√
σ(h)

Uni-

modal

1 300 301 21 1.5 1.9 0.2

2 200 196 22 4.0 4.2 0.6

3 500 495 36 8.0 9.1 1.5

4 600 597 18

Multi-

modal

1 300 301 12 1.5 1.8 0.2

2 200 203 14 4.0 4.1 0.6

3 500 501 23 8.0 8.8 1.4

4 600 605 8

Table 2: Statistic moment values of the posterior distribution of the model parameters

for each layer in the LVL-model’s case.

High-velocity layer model

The seismogram containing only three modes of Rayleigh surface wave for the third

synthetic example is shown in Figure 8a. The presence of a high-velocity layer (the

permafrost simulation) leads to energy redistribution in a spectrum much more than

the previous example (Figure 8b). In this case, we see the decreasing of the funda-

mental mode energy within several frequency ranges: 8-12 Hz, 18-37 Hz, and 45-80

Hz. It leads to irregular decreasing and increasing picking error range (indicated by
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(a) (b)

Figure 8: Synthetic seismogram (a) and its V −f spectra with the confidence intervals

of picking shown in red color (b) for HVL-model.

red confidence intervals in Figure 8b) for all existing modes.

The results of uncertainty quantification for uni-mode (using fundamental curve

only) and multi-mode (using the first three modes) inversion are shown in Figure 9.

Maximum absolute errors between true and average models for uni-modal inversion

are MA(VS) = 27 m/s, MA(h) = 1.8 m; for multi-modal inversion are MA(VS) = 6

m/s, MA(h) = 1 m.

Computed mathematical expectation and standard deviation for uni-modal and

multi-modal inversion are summed in Table 3. The values of skewness of model

parameters are within the range [−0.07; 0.04] for both uni- and multi-modal cases. It

shows that the distributions are almost perfectly symmetrical. The values of kurtosis
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(a) (b)

(c) (d)

Figure 9: Results of uncertainty quantification for HVL-model: S-wave errors distri-

butions (a) and thickness errors distributions (b) by uni-mode inversion and S-wave

errors distributions (c) and thickness errors distributions (d) by multi-mode inversion.

Color scaling means the percentage of hit rate in pixel.
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Inversion

type
Layer

S-wave velocity Thickness

True µ(VS)
√
σ(VS) True µ(h)

√
σ(h)

Uni-

modal

1 200 208 24 1.5 1.8 0.2

2 400 390 28 4.0 3.9 0.5

3 300 327 31 8.0 9.8 1.4

4 600 609 20

Multi-

modal

1 200 200 14 1.5 1.8 0.2

2 400 403 17 4.0 3.8 0.5

3 300 306 21 8.0 9.0 1.4

4 600 606 11

Table 3: Statistic moment values of the posterior distribution of the model parameters

for each layer in the HVL-model’s case.

within the range [3.0; 3.1] which give an evidence of a good conformity to the normal

distribution.

The MA between true and average dispersion curves (computed with average ve-

locity model) for uni-modal inversion is MA(V 1
R) = 41 m/s; for multi-modal inversion

are MA(V 1
R) = 48 m/s, MA(V 2

R) = 30 m/s and MA(V 3
R) = 62 m/s for fundamental,

first and second modes, respectively.
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Field data processing

The field data are acquired in the vicinity of Novosibirsk, Russia. The linear acqui-

sition system is used and consisted of 30 triaxial (3C) geophones with a sampling

frequency of 10 Hz placed with 5 m spacing. The length of seismic profile is 145 m.

The time-domain acquisition parameters are 2 s length and 1ms sampling rate.

Horizontal hits with a sledgehammer of 5 kg by loaded railway sleeper are used

for the generation of S-waves. Hits are carried out for both sides of the sleeper, then

recorded seismograms are subtracted from each other to increase S-wave and decrease

P-wave. An example of a recorded seismogram of horizontal displacement velocity

with horizontal source type is shown in Figure 10a.

A 100 kg dropped weight from 2 m height is used to generate P-waves. An example

of a recorded seismogram of vertical displacement velocity with vertical source type

(z-z seismogram) is shown in Figure 10b.

Let’s compare y-y and z-z seismograms for the first shot point at 0 m (shown

by black lines in Figure 10a) and the end shot point at 145 m (shown by red lines

in Figure 10a). Note that the first arrivals are close for forward (0 m) and back

(145 m) seismograms as well as for z-z seismograms (Figure 10b), which indicate the

sub-horizontal velocity structure of the subsurface.

To reconstruct the 1D S-wave velocity profile by the MASW method, we use a full

seismogram for vertical displacement with a vertical source containing multi-modal

Rayleigh wave (Figure 11a). As can be seen from the phase velocity spectrum (Figure
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(a) (b)

Figure 10: Field seismogram (y-y) of horizontal velocity displacement with using cor-

responding horizontal source for waves generation (a) and field seismogram (z-z) of

vertical velocity displacement with using corresponding vertical source (b). Seismo-

grams for source 0 m (first point of the seismic profile) and source 145 m (end point

of the seismic profile) are shown in black and red colors, respectively
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(a) (b)

Figure 11: Field seismogram (z-z) of vertical velocity displacement with using vertical

source for waves generation (a) and its V − f spectra with the confidence intervals of

picking shown in red color (b).

11b) the Rayleigh wave contains at least three modes. We do not have confidence

in the fourth mode since its presence might be connected with an aliasing effect.

Nevertheless, we clearly see three modes (fundamental and two high order modes) of

a simple form without an energy redistribution in a spectrum, which indicates a quiet

sediment accumulation condition.

Similar to the synthetic examples, picking errors are estimated with a double at-

tenuation of amplitude in relation to its maximum at each frequency for each uniden-

tified mode. The difference between training and predicted model parameters by

ANN gives the distribution of inversion operator errors. Applying the mentioned

algorithm of Monte-Carlo simulation, we determine PPDs of restored S-wave veloc-
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ity and thickness values, which statistic yields an estimation of uncertainties ranges.

As in previous examples, we examine uni-modal (using fundamental mode only) and

multi-mode (using the first three modes) inversions. The resulting PPDs are shown

in Figure 12.

We again observe that the uncertainty of S-wave velocity and thickness increase as

the depth of the considered layer increases. We reconstructed the 1D velocity S-wave

velocity model using the y-y seismograms processing with the generalized reciprocal

method (GRM) (Palmer, 1981). The obtained S-wave velocity model by the GRM

is shown in Figure 12 by red dashed lines. We observe the well predicted velocities

matching with GRM velocities in both uni-modal and multi-modal cases. However,

multi-modal case yields better matching in thicknesses. Also, we observe that the

MASW gives a more detailed 1D model - there is an additional shallow layer and the

model is deeper with comparison to the GRM model.

The comparison of the modes computed by the average models of PPDs and

extracted ones from the data shows the well matching in the considered frequency

range: mean absolute error for uni-modal inversion is MAE(V 1
R) = 41 m/s; for multi-

modal inversion are MAE(V 1
R) = 55 m/s, MAE(V 2

R) = 29 m/s and MAE(V 3
R) = 39

m/s for fundamental, first and second modes, respectively. Therefore, we consider

that the final predictions are in agreement with the observed data and with the

assumed noise and inverse operator errors.
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(a) (b)

(c) (d)

Figure 12: Results of uncertainty quantification while field data processing: S-wave

errors distributions (a) and thickness errors distributions (b) by uni-mode inversion

and S-wave errors distributions (c) and thickness errors distributions (d) by multi-

mode inversion. Color scaling means the percentage of hit rate in pixel.
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DISCUSSIONS

Special attention in our study is given to comparison of the uncertainty ranges of uni-

modal and multi-modal inversion. It follows from the results that in the multi-modal

case, the PPD’s expectation is closer to the true values of the model parameters,

and the PPD’s standard deviation is much smaller than in the uni-modal case. It

is especially noticeable for the models with close velocities in adjacent layers. For

example, experiments with the positive gradient velocity model and LVL-model show

that when only the fundamental mode is used, the uncertainty ranges of the velocity

in the 3rd and 4th layers intersect, i.e. some resulting models have the equal velocity

in the 3rd and 4th layers (confer Figures 4a and 7a). This leads to skipping the 3rd

interface, which can be significant, for example, in problems of micro-seismic zoning.

In contrast, in case of the multimodal inversion, the velocities in the neighboring

layers are well separated, and the 3rd boundary is restored (confer Figures 4c and 7c).

However, our experiments do not show a decrease of the PPD’s standard deviation for

thicknesses, which may be due to the low sensitivity of the first two high order modes

used in this work to thickness changes. An additional analysis of the sensitivity of

high order modes and their individual parts to changes in thickness is required and

will be done in the future.

Another interesting observation is connected to the redistribution of energy be-

tween the modes which affects the inversion uncertainty significantly. This is because

the energy outflow increases the ambiguity range of the dispersion curves peaking.

The energy outflow in the spectra is observed when the velocity gradient changes its
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sign with depth. This can be easily illustrated for the HVL-model, where there is

energy outflow from the fundamental mode in the range of 50-70 Hz (Figure 8b). This

leads to a wider range of uncertainty of the 1st layer velocity (Figure 9a) compared

to the result for the LVL-model (Figure 7a), for which there is no energy outflow at

these frequencies (Figure 6b).

During the study, it is noticed that for multi-modal inversion with a large number

of training epochs, steps may appear on the learning curves - a sharp decrease in

the value of the misfit function between neighbor epochs. This is mainly due to

the fact that the optimization algorithm reduces the learning rate when the loss

function plateaus. It appears, in our example, when using the Nadam algorithm with

an adaptive learning rate. With uni-modal inversion, no such steps are observed.

When the number of training epochs increases (tested 100 and 300 epochs) with

uni-modal inversion, the uncertainties ranges decrease slightly, but with multi-modal

inversion, the uncertainties ranges decrease significantly, while everything else remains

equal. Perhaps because the objective functional surface is more complex when using

numerous modes, and training is smoother, and we reach a deeper global minimum

than when using a single mode. When using one mode, the global minimum is not

reached even with a large number of epochs and training falls into a local minimum.

Thus, when using multi-modal inversion, it is advisable to increase the number of

training epochs to get a better result.

Let’s summarize the main factors of computational effectiveness carried out ex-

periments. The average computation time for 100,000 dispersion curves is about 20 s
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for only fundamental mode and about 50 s for the first three modes when using a

CPU-parallel solver with OpenMPI and a PC with 32 CPUs AMD Ryzen and 64 Gb

RAM. The average ANN training time is about 330 s when using a program imple-

mentation based on the Keras Python library and a PC with GeForce GTX 1080

Ti. The average time of the ANN with the predetermined weights is about 0.5 s for

inverting of the 10,000 examples. This time grows insignificant with increasing of the

examples number (u in our notation).

An advantage of the proposed algorithm is the fact that once the ANN has been

trained, it provides predictions of the S-wave velocity model and related uncertainties

in real-time without extra computational cost.

CONCLUSION

We propose an approach to restore the 1D S-wave velocity model with its uncertainty

quantification (each layer’s S-wave velocity and thickness values) by multi-modal

inversion of the surface wave dispersion data using a hybrid ANN and Monte Carlo

simulation strategy. The proposed approach is a well-turned combination of advanced

surface waves data processing methods. The surface waves phase velocity multiple-

mode DCs data is selected using robust SFK transform, which forms a solid basis

for DCs data processing. Next we suggest to use the Cox’s and Teague’s algorithm

to determine an optimal parameterization (number of layers) of unknown VS velocity

profile, which is also important for the further DCs inversion. The properly tuned

multi-layer ANN produces accurate results and provides computational effectiveness,
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that enables implementation of Markov Chain Monte Carlo method, which is a pow-

erful technique of inversion uncertainty quantification. We hope our research is a

useful and novel contribution to the seismic surface wave processing methods.

The advantage of multi-modal inversion over uni-modal is confirmed by the com-

parison between PPDs of the velocity model parameters. Undoubtedly, the using

of more modes leads to better results, but it is far from always possible to identify

modes correctly on real data. Sometimes, with a very noisy spectral image or for a

complex geological construction, it is more reasonable to use only the fundamental

mode. Estimated PPDs are a result of uncertainties quantification, which takes into

account data noise and inverse operator errors. The mathematical expectations of

the estimated PPDs are robust assessments of velocity structure in comparison with

a standard approach because it provides statistical characteristics. The use of ANN

is valid due to the low computational cost, since the inverse problem has to solve

many times for an accurate estimation of PPD. Moreover, the proposed approach

does not include any constraint into the misfit function different from standard in-

version approaches. The ANN is trained on a dataset containing realistic models

and learns how to reproduce a model to fit the dispersion curve. At the preparation

stages of the proposed algorithm, the reasonable layers number and the ranges of

possible values of the velocity model parameters are determined from the reference

observed dispersion curve. Once trained, the ANN for a fixed number of layers can

be used for the entire study area. Synthetic and field experiments have demonstrated

high-potential results - using ANN yields the possibility to accurately estimate PPD
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of restored model parameters without a significant computational effort. The trained

ANN provides reasonable model parameters predictions and related uncertainties in

real-time.
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