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Abstract

Specular meteor radars (SMRs) have significantly contributed to the
understanding of wind dynamics in the mesosphere and lower thermo-
sphere (MLT). We present a method to estimate horizontal correlations
of vertical vorticity (Qzz) and horizontal divergence (P ) in the MLT, us-
ing line-of-sight multistatic SMRs velocities, that consists of three steps.
First, we estimate 2D, zonal, and meridional correlation functions of wind
fluctuations using the wind field correlation function inversion (WCFI)
technique. Then, the WCFI’s statistical estimates are converted into lon-
gitudinal and transverse components. The conversion relation is obtained
by considering the rotation about the vertical direction of two velocity vec-
tors, from an east-north-up system to a meteor-pair-dependent cylindrical
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system. Finally, following a procedure previously applied in the upper tro-
posphere and lower stratosphere to airborne wind measurements, the lon-
gitudinal and transverse spatial correlations are fitted, from which Qzz, P ,
and their spectra are directly estimated. The method is applied to a spe-
cial SIMONe (Spread Spectrum Interferometric Multistatic meteor radar
Observing Network) data set, obtained over northern Germany for seven
days in November 2018. The results show that in a quasi-axisymmetric
scenario, P was more than five times larger than Qzz, indicating a pre-
dominance of internal gravity waves over vortical modes of motion as a
possible explanation for the MLT mesoscale dynamics during this cam-
paign.

1 Introduction

The terrestrial atmosphere between tropospheric and mesospheric altitudes con-
tains a diversity of fluid motions, that range from large periods (up to around
30 days), large horizontal extent (thousands of kilometers), namely planetary
waves [Rossby, 1939, McCormack et al., 2014], to small-to-medium scale oscil-
lations like gravity waves (GWs) [Hines, 1988] or stratified turbulence regimes
[Billant and Chomaz, 2001, Lindborg, 2006]. A typical way to discern the intrin-
sic nature of the motion is to separate the horizontal velocity wind vectors into
a rotational and a divergent component using the Helmholtz decomposition
[Lindborg, 2014]. The comparison between the two components, or different
estimates associated with them, allows us to build a notion of how the fluid
propagates and determines the dominant physical processes.

For example, at synoptic and planetary scales (>1000 km) in the lower
atmosphere, the rotational component is dominant. From general circulation
models, it was found that its energy content, is about 100 times larger than
the energy content of the divergent component [?]e.g.¿Augier2013. For smaller
horizontal scales, in the tens to hundreds of kilometers (mesoscales), the relative
importance is not clear. Many simulations, as well as observational studies, have
been carried out in the upper troposphere and lower stratosphere (UTLS) with
dissimilar results [Callies et al., 2016, Hamilton et al., 2008]. Hamilton et al.
[2008] estimated that the rotational component was more than three times larger
than the divergent component near the troposphere. In addition, Skamarock
et al. [2014] found the same order of magnitude for the two components in
the 8.5-10.5 km tropospheric altitude range and a clearly dominant divergent
component (five times larger than the rotational component) in the 16-18 km
altitude range.

Observationally, Lindborg [2007] presented a method to quantify the infor-
mation of the two vector components given by the Helmholtz decomposition. It
consists in calculating the vertical component of the two-point correlation tensor
of vorticity and the two-point correlation of horizontal divergence. To estimate
these functions, the author used one-dimensional longitudinal and transverse
structure function components, calculated from velocity measurements in the
UTLS, using the MOZAIC (Measurement of Ozone and Water Vapor by Air-
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bus In-Service Aircraft) database of commercial flight measurements [Marenco
et al., 1998]. The results showed that the two functions and their spectra had
similar orders of magnitude, for horizontal scales up to a couple of hundred
kilometers.

Performing such analysis from observations at mesosphere and lower thermo-
sphere (MLT) altitudes poses the difficulty that to obtain correlation or struc-
ture functions for displacements of at least several hundreds of kilometers in
horizontal directions, the full three-dimensional velocity vector with good hori-
zontal coverage, should be known beforehand, which is not the case. To tackle
this problem, Vierinen et al. [2019] introduced the wind field correlation function
inversion (WCFI) technique. WCFI uses an indirect way to calculate wind-field
correlation functions without previously knowing the complete velocity vectors.
The technique has been implemented on lines-of-sight multistatic specular me-
teor radar velocities to calculate six independent components of the velocity
correlation tensor, distributed either in time lags, horizontal or vertical dis-
placements. The method is particularly useful when a dense data set of meteor
detections is used.

Monostatic specular meteor radar (SMRs) have been proven to be an essen-
tial tool to characterize the mesoscale dynamics in the MLT region. For instance,
wind estimates over horizontal areas of a couple of hundred kilometers radius,
resolutions of several hours and of 1-2 km in the vertical direction, which are
typically well resolved by SMRs [Hocking et al., 2001, Holdsworth et al., 2004],
have contributed to the understanding of the climatological behavior of mean
winds, planetary waves, and tides [Sandford et al., 2006, Clemesha et al., 2009,
Hoffmann et al., 2010]. Besides, SMR measurements have been used to study
GW-driven momentum fluxes [Placke et al., 2011, Nicolls et al., 2012, Andrioli
et al., 2015, Conte et al., 2021]. In recent years, multistatic SMR configurations
have been implemented [?]e.g.¿Stober2015,Chau2017,Stober2018,Chau2021, al-
lowing a significant increase in scattering detections per unit time, observing
the same volume from different viewing angles.

This work introduces a novel approach for calculating longitudinal and trans-
verse horizontal correlation functions in the MLT. With them, and the formalism
developed by Lindborg [2007], the relative importance of internal GWs and vor-
tical modes of motion to explain MLT mesoscale variations can be established.
So far, the role of vorticity has been poorly quantified in the MLT mesoscales.
Since GW breaking is a primary source of vorticity, it cannot be insignificant.
Also, many different mechanisms of coupling between atmospheric regions, like
spontaneous imbalances or secondary gravity waves require non-zero vorticity.
This study aims to fill this gap in observations by introducing a method to
quantify it, in terms of its spatial correlation.

The technique is demonstrated with Spread Spectrum Interferometric Mul-
tistatic meteor radar Observing Network (SIMONe) 2018, which was conducted
over Northern Germany in November of 2018. SIMONe 2018 led to the detailed
characterization of different aspects of the mesospheric wind field, documented
in several publications so far [Vierinen et al., 2019, Charuvil Asokan et al., 2022,
Vargas et al., 2021, Volz et al., 2021].

3



This article is organized as follows. Section 2 briefly describes the derivation
of the two-point correlation of vertical vorticity and horizontal divergence as
was originally done by Lindborg [2007], and their relation to the longitudinal
and transverse correlation functions. Section 3 describes the data set and the
methodology to obtain the correlation estimates. Section 4 presents the results
on the 2D correlation functions, the functional fits used to represent the trends,
and the calculation of Lindborg’s functions. Section 5 discusses the main points,
and Section 6 presents the scope of this work and treats the possible extension
of the technique to other applications.

2 Two-point correlation of vertical vorticity (Qzz)
and horizontal divergence (P ) - Definitions

The Reynolds decomposition of the mesospheric wind field (u)

u = U + u′ (1)

into its mean wind U = 〈u〉 and fluctuating wind u′ part is frequently used to
study the wind in different spatio-temporal scales. From equation 1, one would
expect that 〈u′〉 = 0, where 〈· · · 〉 denotes an ensemble average or expected value.
In practice, due to the presence of intermittency, the separation into the mean
and fluctuating parts is always strongly dependent on the averaging procedure,
and so the mean wind represents different dynamics when it is averaged over
one month, 24 hr or 30 min, for example.

The fluctuations u′ can be used to define the two-point correlation tensor of
the wind velocity fluctuations R′ij , that for points separated by s and determined
at position r is

R′ij(r, s) = 〈u′i(r)u′j(r + s)〉.

The analogous expression for the vorticity vector ζ = ∇r × u′ is

Qij(r, s) = 〈ζi(r)ζj(r + s)〉, (2)

where Qij is the two-point correlation tensor of the vorticity. If the velocity
field is considered homogeneous in horizontal planes, then for an altitude r3 we
have R′ij = R′ij(r3, s) and Qij = Qij(r3, s).

The relation between R′ij and Qij can be derived by inserting in equation 2
the ζ components ζi as a function of u′i and applying the derivative definition
assuming homogeneity. Batchelor [1953, pp. 38 Eq. 3.2.1] gives an elegant
solution, that for the vertical component of Qij , i.e., Q33, hereinafter referred
to as Qzz, is

Qzz = −ε3ikε3jl
∂2R′kl
∂si∂sj

, (3)

with summation over repeated indices. εijk is the Levi-Civita tensor that ac-
counts for the permutations. Lindborg [2007] expanded equation 3 into a local
cylindrical coordinate system (sh, φ, sz) in which sh and sz are the horizontal
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and vertical distances between two points, and φ is the angle between the di-
rection of sh and a predefined horizontal direction. He found that for a fixed
altitude

Qzz(sh) =
1

sh

∂R′shsh
∂sh

− 1

s2h

∂

∂sh

(
s2h
∂R′φφ
∂sh

)
. (4)

A similar expression can be found using a cartesian coordinate system, as it
is presented in A. An important hypothesis assumed to derive equation 4 is
axisymmetry, that is when all statistical quantities are invariant under rotations
of s and so derivatives with respect to φ vanish.

Similarly, the divergence ∇h · u′h can be used to define the two-point corre-
lation function of horizontal divergence P [Lindborg, 2007] as

P = 〈(∇h · u′h(r)) (∇h · u′h(r + s))〉 = −
∂2R′ij
∂si∂sj

. (5)

In this case, h stands for horizontal components so the repeated indices in the
right-hand side term are summed over the two horizontal orthogonal directions.
Expanding the expression, under the assumptions of homogeneity and axisym-
metry it is found that

P (sh, sz) =
1

sh

∂R′φφ
∂sh

− 1

s2h

∂

∂sh

(
s2h
∂R′shsh
∂sh

)
. (6)

Qzz and P can be directly solved when R′shsh and R′φφ are known. These
two components are usually termed as longitudinal R′shsh = R′LL and transverse
R′φφ = R′TT components [King et al., 2015a,b]; and so this designation will be
maintained along this study.

3 Data set and methods

3.1 SIMONe 2018 campaign

The SIMONe 2018 campaign was conducted in northern Germany for seven
consecutive days between November 2 and November 9. It collected approxi-
mately one million specular meteor detections over an area of about 500×500
km in the MLT region. This extraordinary number of observations was the
synthesis of several new techniques, designed in recent years to increase the
number of measurements. Firstly, the multistatic, multi-frequency Agile Radar
for Investigations of the Atmosphere (MMARIA) concept was used, which is
a multistatic and multi-frequency approach for SMRs to improve MLT wind
determinations [Stober and Chau, 2015]. Secondly, a new coded multiple-
input–multiple-output, continuous-wave transmitter was used [Vierinen et al.,
2016, Chau et al., 2019]. Thirdly, the interferometry and compressed sensing
were made with multiple transmitters and receivers following Urco et al. [2018,
2019]. The measurements consist of Bragg vectors and Doppler frequencies with
their corresponding statistical uncertainties.
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The radar network consisted of two pulsed transmitters in Collm (51.31◦

N, 13.00◦ E) and Juliusruh (54.63◦ N, 13.37◦ E), operating at 36.2 MHz and
32.55 MHz, respectively; and one coded–continuous-wave transmitter located
in Kühlungsborn (54.15◦ N, 11.76◦ E), that consisted of five antennas that
transmitted different pseudo-random binary phase code. The antennas were
deployed in a pentagon configuration, which presents some benefits compared
to the Jones configuration, typically used in monostatic SMRs [Espy et al.,
2004]. For instance, the signal presents sidelobes with larger separation, lower
amplitude, and better symmetry [Younger and Reid, 2017, Chau and Clahsen,
2019]. Figure 1 shows a map of the region where the campaign took place. The
transmitters are placed as green triangles.

The transmitter locations were also receiving sites. In addition, there were
six other places with receivers only, that are depicted as white dots in Figure 1.
The reception mode and reception type for each place is specified in Charuvil
Asokan et al. [2022, Table 1].

Figure 1 also shows a 2D histogram for the total number of specular meteor
observations detected during the campaign as red, orange and yellow tones in
logarithmic scale. The color bar values are the number of detections within bins
of 0.1◦ wide in Latitude and Longitude. The horizontal distribution of meteors
was almost uniform in all directions. This is important to calculate reliable
correlation values in multiple horizontal directions, as it is explained in Section
3.3. Also, the vertical distribution presented maxima in the ∼87-96 km range
[Charuvil Asokan et al., 2022, see Figure 1b], that lies in the mesopause region
[Xu et al., 2007], below the Kármán line at the edge of outer space [McDowell,
2018].
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Figure 1: Transmitting and receiving sites during the Spread Spectrum Interfer-
ometric Multistatic meteor radar Observing Network (SIMONe) 2018 campaign.
The green triangles mark the location of the transmitters and the white circles
mark the location with receivers only. The red, orange and yellow tones rep-
resent a 2D histogram for the total number of specular meteor observations
detected during the campaign. The color bar values show the number of detec-
tions within bins of 0.1◦ wide in Latitude and Longitude.

3.2 Mean wind velocity estimations in time and altitude

A direct consequence of the meteor trails drifting with the mesospheric neutral
wind, is that their Doppler shifts (f) can be expressed as

2πf = u · k + ξ (7)

where u = (u1, u2, u3) = (u, v, w) is the full wind vector as defined in equation 1
in the local meteor-centered east-north-up (ENU) cartesian coordinate system,
with u, v and w referring to the zonal (east-west), meridional (north-south)
and vertical (up-down) components, respectively. The Bragg wave vector k =
(ku, kv, kw) is obtained from the subtraction between the scattered and incident
vector, and ξ is the error [Hocking et al., 2001, Holdsworth et al., 2004].

Equation 7 is classically solved for u in time and altitude bins using least-
squares methods. Then, for every time-altitude bin, the wind estimations are
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representative of a large horizontal area, where the maximum limit is constrained
by the total horizontal range covered by the data. This means that the solu-
tions are mean winds U, and depending on the resolutions that are selected to
calculate them, they represent average characteristics of different processes.

In the case of monostatic SMRs, the mean wind is frequently calculated in
hourly values every 2-3 km of altitude [Jacobi et al., 1999, Hoffmann et al., 2010].
For multistatic SMR networks, the resolutions can be considerably improved
due to the larger amount of meteor detections. Time and vertical resolution
values can be of ∼15 min and 1 km, respectively [Stober and Chau, 2015, Conte
et al., 2021]. In this case, as multistatic SMRs observe the same mesospheric
volume from different viewing angles, horizontal gradients that contain vorticity
information can be determined [Chau et al., 2017, Zhong et al., 2021].

Examples of mean winds estimated with different time and altitude resolu-
tions can be seen in Conte et al. [2021, Figure 4] for measurements carried out
in southern Patagonia, or in Chau et al. [2017, Figure 4] using SMRs located
in Tromsø, Norway. The winds are estimated by the linear least-square method
and show the typical behavior of winds at mesospheric altitudes i.e. strong ve-
locity changes from positive to negative throughout a day or a couple of days.
Tidal modes can also be recognized.

For the SIMONe 2018 campaign, the mean winds are presented by Charuvil
Asokan et al. [2022, Figure 2] and Vargas et al. [2021, Figure 2], estimated using
30 min and 1 km bins. The semidiurnal tide was dominant in both horizontal
components and indications of higher-frequency fluctuations, in the order of
hours can be recognized. These fluctuations are better observed if mean winds
calculated with larger temporal and vertical resolutions are subtracted. The
residuals winds that result from subtracting the 4 hr, 4 km resolution winds,
presented coherent gravity wave features in both horizontal components. In
general, removing the 4 hr, 4 km mean winds works well to study fluctuating
winds that include gravity waves activity [Conte et al., 2021].

3.3 Wind field correlation function inversion to calculate
2D horizontal correlation functions

The essence of the WCFI method is in considering products of Doppler shifts of
meteor detections that occur in a different time and location to estimate corre-
lation functions. Given two detections n and m at times tn, tm and positions rn,
rm; with their corresponding velocities un, um; Doppler shifts fn, fm; Bragg
wave vectors kn, km; and errors ξn, ξm; for their Doppler shifts (equation 7)
product we have:

4π2fnfm = (un · kn) (um · km) + (un · kn) ξm + (um · km) ξn + ξnξm. (8)

If the expected or mean value of equation 8 is calculated, considering a
sufficient amount of meteors n and m, only the first term on the right-hand side
is different than zero. This is because the errors are assumed to be zero-mean,
independent, and normally distributed random variables and the mesospheric
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winds can usually be modeled as a stationary and horizontally homogeneous
stochastic process. The resulting expression has the form

〈4π2fnfm〉 = 〈(un · kn) (um · km)〉. (9)

Vierinen et al. [2019] showed that if equation 9 is expanded in terms of the
vectors components, a linear system can be formed as

y = Ax̃ + η, (10)

in which y is an array of values containing the cross product between the Doppler
shifts of different meteors, A is a matrix containing products and summations
that involve the Bragg vector components of the different meteor detections,
x̃ is the least-square solution of the system that gives the correlation tensor
components distributed in temporal and spatial lags, and η are the associated
errors on solving the system. The reader can examine the detailed form of the
matrix A in Vierinen et al. [2019, equation 14].

More specifically, the solution x̃ is given by the array

x̃ = [Ruu(τ, s) Rvv(τ, s) Rww(τ, s) Ruv(τ, s) Ruw(τ, s) Rvw(τ, s)]
ᵀ
, (11)

where Rij(τ, s) = 〈ui(tn, rn)uj(tm, rm)〉 are the six unique components that
are retrieved by the method. Rij(τ, s) depend on temporal and spatial displace-
ments (also called lags) τ = tm−tn and s = rm−rn. The criterion implemented
to combine the meteors to solve the system gives the nature of the correlations,
because it determines the ranges of τ or s, resulting in temporal or spatial
correlations.

The meteors are combined in pairs. For spatial, horizontal correlations dis-
tributed in two dimensions, i.e., east-west (x) and north-south (y) directions,
the meteor pairs are formed in the following manner. Since SMRs detect me-
teors continuously in time, approximately between 70 and 110 km of altitude,
the first step is to confine these ranges. Then, the data in an interval of 6 or 2
km wide, and one day or one week are selected.

After that, the pairing scheme moves to particular detections. We select
one meteor n and tune the vertical and temporal conditions, finding every me-
teor that is not separated from it by more than a given temporal and vertical
resolution (∆τ and ∆sz, respectively). Then, for each meteor fulfilling the tem-
poral and vertical requirements, only those meteors that lie in the intervals
s ± ∆s/2 = (sx ± ∆sx/2, sy ± ∆sy/2) for particular values of s = (sx, sy) and
fixed horizontal lag resolutions ∆sx = ∆sy, are selected. The meteor pairs are
formed by combining the meteor n with each one of the resulting meteors.

The procedure continues by selecting another meteor to play the role of n
in the previous step, and repeat the process. In the end, every pair has in
common that their elements preserve the distance between each other (within
the horizontal resolution ranges).

Finally, with every non-repeated meteor pair, the system in equation 10 is
solved for the correlation components Rij(sx, sy).
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Figure 2: Schematic representation of the meteors selection procedure to cal-
culate 2D correlation functions. Left panel: plane view showing different ge-
ometries to form the meteor pairs. The gray dots represent meteor positions
mapped into a plane in Latitude and Longitude for the given altitude range.
The colors represent different geometries, given by the values of sx and sy. Right
panel: Position in the lags domain where the correlations are calculated. The
colors represent different values of sx and sy.

Figure 2 helps to schematically visualize the transition from the Latitude-
Longitude domain, i.e., where the measurements are taken, to the spatial hori-
zontal lags domain, i.e., where the correlation functions are calculated. The gray
dots in the left-hand side panel represent the meteor positions mapped into a
plane in Latitude and Longitude for the given altitude range. The colors repre-
sent different geometries, that manifest in the values of sx and sy, because the
resolutions ∆sx and ∆sy are kept constant. The straight lines mark the distance
between the starting point and the center of the searching area, of dimension
∆sx∆sy. If we look at the meteor n, the pairs are formed with the meteors
that lie inside the green box, after the temporal and vertical filtering. For this
particular geometry, the total amount of pairs is obtained when the process is
extended to every meteor, considering the same sx and sy (every geometry in
green for all the meteors). With every pair, the correlations are mapped to
the corresponding s value, sketched also in green color on the right-hand side
panel of the figure. In particular, note that for the sketches in red, that show
opposite geometries, the relation Rij(s) = Rij(−s) is valid, because almost the
same measurements are used to form the pairs for both cases. Consequently, the
method produces only two quadrants with independent correlations to analyze:
(I) and (II), (I) and (IV), (II) and (III) or (III) and (IV).

3.3.1 Fluctuating wind correlations

In Section 3.3, the WCFI method was introduced for the more general case,
that is when the correlations of the total wind Rij are needed. To estimate
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the two-dimensional correlations of the fluctuating wind R′ij , two approaches
can be followed. The first one is to calculate the full correlation tensor in
which correlations in short and long lags can be identified and also calculate
another correlation tensor with lower resolutions over a large temporal and
spatial extent. The difference between both gives the correlation functions of the
fluctuating wind. In general, short lags show the contribution of the fluctuating
winds while long lags capture the contributions of the mean winds.

The second method consists of filtering the Doppler shifts before applying
the WCFI method. This is achieved by estimating U, using the procedure
introduced in Section 3.2. In particular, solving equation 7 with low resolutions,
for example 4 hr, 4 km; so the filtered Doppler shifts f ′ are f ′ = f − U ·
k/2π with f ′ the Doppler shift measurement of the high-pass-filtered wind.
Then, the WCFI technique is applied using f ′ and k to get 2D correlation
functions of the fluctuating wind. As stated by Vierinen et al. [2019], high-pass-
filtered measurements have shorter temporal and spatial lengths, resulting in
more independent samples of the wind field correlation function to be obtained
per unit of time and space. The second approach was followed in this work. We
subtracted mean winds calculated every 1 km and 30 min; with resolutions of 4
hr and 4 km.

3.4 Transformation from zonal-meridional (Ruu, Rvv) to
longitudinal-transverse components (RLL, RTT )

Figure 3: Schematic diagram showing the wind velocity vectors for two different
detections n and m on a plane view. The vectors are decomposed in longitudi-
nal, transverse and vertical components uL, uT and w and in Cartesian ENU
components u, v and w. l̂, φ̂, ẑ and x̂, ŷ, ẑ are the unit vectors of the two
systems.

The WCFI method delivers 2D horizontal correlation functions in cartesian ENU
components. These components are given by the solution array in equation 11.
In order to use the WCFI method solutions to solve equations 4 and 6 we must
find a way to convert Ruu and Rvv to RLL and RTT . This can be done using
a post-statistic approach under certain conditions. The conversion method is
described in this section.
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Similarly to section 3.3, we consider the two points n and m that represent
two meteor detections depicted in the diagram of Figure 3. At these two points,
the neutral wind velocities are un and um. These vectors can be decomposed
in longitudinal, transverse and vertical components un = uLn l̂ + uTn φ̂ + wnẑ,

um = uLml̂+ uTmφ̂+wmẑ, where we have used the local, meteor-pair dependent

basis l̂, φ̂, ẑ, with ẑ in the vertical direction, l̂ perpendicular to ẑ along the
line that connects both meteors and φ̂ perpendicular to l̂ and ẑ. The figure
also shows the decomposition in the ENU system un = unx̂ + vnŷ + wnẑ,
um = umx̂+vmŷ+wmẑ, where the basis x̂, ŷ, ẑ are on the east-west (x̂), north-
south (ŷ) and vertical (ẑ) directions. In the case of the vertical components, they
are the same for both systems. On the other hand, the horizontal components
in the two systems are related by a rotation of an angle (φ) around the vertical
axis. The relation, for the point n for example, is

uLn = un cosφ+ vn sinφ, (12)

uTn = −un sinφ+ vn cosφ, (13)

deduced considering the well-known conversion of a velocity vector from Carte-
sian to Cylindrical components, or by using geometrical arguments in Figure
4.

We can extend equation 12 for point m, and build RLL as

RLL(s) = 〈uLn(rn)uLm(rm)〉
= 〈un(rn)um(rm) cos2 φ〉+ 〈un(rn)vm(rm) cosφ sinφ〉
+ 〈um(rm)vn(rn) sinφ cosφ〉+ 〈vn(rn)vm(rm) sin2 φ〉, (14)

in which ideally, when the velocity vectors in ENU components are fully known,
the expected values of the four terms are calculated combining the products
of the sines, cosines and velocity components of every detection. In our case,
this scenario is not feasible since we do not know the velocity vectors of every
detection. However, once the correlation tensor components are calculated with
the WCFI method, we can assume that for every detection within s±∆s/2, φ
is approximately constant. Then, the φ-dependent products of equation 14 can
be taken out the expected value operator to get the following expression

RLL(s) ' Ruu(s) cos2 φ+ 2Ruv(s) cosφ sinφ+Rvv(s) sin2 φ, (15)

that considering horizontal isotropy (Ruv = Rvu = 0) becomes

RLL(s) ' Ruu(s) cos2 φ+Rvv(s) sin2 φ. (16)

It is very important for equations 15 and 16 to be valid that |∆s| < |s|,
otherwise φ cannot be considered as a constant value for the given s. Therefore,
if the resolution is fixed, equations 15 and 16 are not valid for small lags.

Repeating the same procedure for RTT , similar expressions are obtained

RTT (s) ' Ruu(s) sin2 φ− 2Ruv(s) cosφ sinφ+Rvv(s) cos2 φ, (17)
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and
RTT (s) ' Ruu(s) sin2 φ+Rvv(s) cos2 φ, (18)

for the isotropic case.

4 Results

4.1 2D horizontal correlation functions

The 2D correlation function components R′uu(s), R′vv(s) and R′uv(s) calculated
for the SIMONe 2018 campaign can be seen in panels (a), (b) and (c) of Figure 4,
respectively. The white lines are smoothed contours of the correlations, plotted
to visualize the behavior for different directions. Also, the correlation errors are
shown as light-blue contours in the three panels.

R′uu(s), R′vv(s) and R′uv(s) were estimated using detections within the 87-93
km altitude range, and considering time and altitude resolutions of ∆τ = 30 min
and ∆sz = 1 km, respectively; and horizontal resolutions of ∆sx = ∆sy = 25
km. We calculated the correlations every 12.5 km in both directions, sx and sx,
covering the displacements range given by sx = [−250, 250] km and sy = [0, 400]
km; i.e., only the quadrants I and II were considered to avoid working with
repeated information (see the pairs selection procedure described in section 3.3).
The white areas for large |s| values mark correlations with errors larger than 25
m2 s−2, that were excluded from the analysis.

R′uu and R′vv show a gradual decorrelation as |s| increases, and R′uv presents
comparatively lower values of correlations in the entire domain. The decrease
of R′uu and R′vv is not identical in every direction for certain separation ranges.
For example, a moderate alignment in the northwest/southeast direction can be
identified for both components. This behavior is more clear for mid-range lags,

around horizontal lags sh =
√

s2x + s2y ' 150 km, and disappears for shorter

values. For larger lags, the correlations increase their dispersion due to the
increase in errors. The cross-correlation component R′uv ' 0, meaning that the
background wind was correctly calculated and there was no preferential direction
for the fluctuating wind during the campaign. As a result, u and v variations
are approximately uncorrelated. The relatively high correlation values reached
by R′uv lie in the longest displacements region, where the errors are the largest
as well.

In general, the errors of the three components increase as the lags grow,
partially because there are less number of pairs in longer lags to resolve the
correlations with high precision. Figure 4(d) shows the gradual decrease in the
number of pairs as lag values increase.
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Figure 4: 2D correlation functions and number of meteor pairs during the SI-
MONe 2018 campaign. Panels (a), (b) and (c) show R′uu, R′vv and R′uv com-
ponents, respectively. The light-blue lines are the correlation errors in units of
m2/s2 and the white lines in panels (a) and (b) are smoothed contours, showing
decorrelation patterns along different directions. Panel (d) shows the number
of meteor pairs as a function of the horizontal displacements s = (sx, sy).

4.2 1D longitudinal and transverse correlation and struc-
ture functions

In order to estimate Qzz(sh) and P (sh) from equations 4 and 6, R′uu(s) and
R′vv(s) in Figure 4 were converted into R′LL(s) and R′TT (s), applying the re-
lations 16 and 18, and then reduced to the radial dependence sh, setting an
exclusion lags region of |∆s|/|s| < 0.8. When applying the dimensional re-
duction from 2D to 1D, several correlation values are mapped to the same sh
value because it is calculated with fixed steps of sx and sy using the relation

sh =
√

s2x + s2y. Note that this implies that there are less correlation values at

initial lags. To work with single correlation values for each lag, we estimated
mean correlations for each sh value.

The results for R′LL and R′TT are presented as black dots in panels (a) and
(b) of Figure 5, respectively. The error bars, determined by summation in
quadrature, are also added to the plots. Both components present increasing
dispersion as the lag values grow. Yet, it can be noted from casually examining
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the trends that they progressively reduce their values, going to zero at sh ' 350
km for R′LL and at longer lags for R′TT , which are out of the measurements
ranges.

The physical mechanisms behind correlation functions can be investigated
by making use of the second-order structure functions DLL and DTT . In the
homogeneous case, both components are linked to the correlation functions by
[Frisch, 1995, Kolmogorov, 1941, Schulz-DuBois and Rehberg, 1981]

RLL(sh) = RLL(0)− 1

2
DLL(sh), (19)

RTT (sh) = RTT (0)− 1

2
DTT (sh), (20)

where RLL(0) and RTT (0) are the correlations at zero lag. The advantage of
using structure functions is that if DLL(sh) ∝ sγ−1h with 1 ≤ γ ≤ 3, then
their spectral shape follows a power law k−γ where k is the wavenumber (the
same reasoning is valid for DTT ). In addition, structure functions are less
sensitive to low-frequency oscillations than correlation functions [Schulz-DuBois
and Rehberg, 1981]. In terms of structure functions, the well known γ = 5/3
spectral power law found by Nastrom et al. [1984] for wavelengths . 500 km
corresponds to 2/3 and the γ = 3 for wavelengths around 1000-3000 km, to 2.

Then, considering the sh ranges that we investigate, R′LL and R′TT can be
approximated by the functions

R̂′LL = a0 − a1s2/3h (21)

R̂′TT = b0 − b1s2/3h , (22)

where a0 and b0 are the estimates for the zero-lag correlations and a1, b1 the
parameters that represent the energy-cascade dynamical origin. We have carried
out these fits over the mean values of R′LL and R′TT , and the resulting curves
are presented as orange lines in panels (a) and (b) of Figure 5, for R′LL and
R′TT , respectively.

R̂′LL and R̂′TT follow the trends of the observed correlations fairly well. We
can infer the goodness of the fit, in terms of the root mean square (RMS), with;
RMS = 8.61 for R′LL and RMS = 10.75 for R′TT . Although they are in the same
order of magnitude, the RMS is a bit larger for R′TT , which can be caused by
the fact that at sh . 75 km and sh ' 360 km, the observations depart from the
fit predictions.

Using a0 and b0, the structure functions can be determined as

D′LL = 2 (a0 −R′LL) , (23)

D′TT = 2 (b0 −R′TT ) , (24)

and the corresponding fits are D̂′LL = 2a1s
2/3
h and D̂′TT = 2b1s

2/3
h . On these

definitions, we are assuming that the correlations at zero lag are constant, given
by R′LL(0) = a0 and R′TT (0) = b0 (homogeneous medium). Since the region
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containing the shortest lags is excluded when estimating the longitudinal and
transverse correlation components (see section 3.4), it is not possible to use a
measured zero-lag approximation for R′LL(0) and R′TT (0). D′LL and D′TT are
plotted as black crosses in panels (c) and (d) of Figure 5, respectively. The
fitting functions are also added to the plots as orange curves.

The agreement of D′LL with a 2/3-power law of sh is remarkable. This is
expected for horizontally distributed second-order structure functions in these
scales [Nastrom et al., 1984]. Even though D′TT values have a larger dispersion,
the 2/3-power approximation follows the general trends as well.

Other dynamical effects can be considered to fit the observations. Lindborg
[1999] proposed functional dependencies for second-order structure functions
that incorporate not only an energy cascade mode but an enstrophy-cascade
dynamical origin. For this, two terms are incorporated into the fitting models,
to capture the variations for large scales, in the γ = 3 range [Lindborg, 1999, Eq.
68-69]. Since our measurements cover a more narrow range in the mesoscales,
the enstrophy-cascade terms were not incorporated to fit the observations.

Figure 5: Panels (a) and (b) show the longitudinal and transverse correlation
functions (black dots), respectively, as a function of the horizontal lags sh,
during the SIMONe 2018 campaign. The error bars are shown in gray. The
orange curves show fits and their uncertainties are presented as shaded areas.
Panels (c) and (d) present the second-order longitudinal and transverse structure
functions, respectively. The observed values are shown as black crosses and the
corresponding fits as orange curves. For clarity purposes, the errors are not
shown in these panels.
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4.3 Vertical vorticity and horizontal divergence correla-
tions and spectra estimations

Once the parameters of the models proposed to represent R′LL and R′TT are
determined, we can make use of equations 4 and 6 to calculate Qzz and P .
Introducing equations 21 and 22 into equations 4 and 6 and calculating the
derivatives it is found that

Qzz = q1s
−4/3
h , P = p1s

−4/3
h , (25)

with q1 = 2
3

(
5
3b1 − a1

)
= 0.34×10−2m4/3s−2 and p1 = 2

3

(
5
3a1 − b1

)
= 1.90×10−2m4/3s−2.

Both functions are plotted in the left-hand side panel of Figure 6 as blue and
green lines for Qzz and P , respectively. The black dashed lines indicate the
extrapolation to larger and shorter (not measured) displacements.

The characteristics of both functions can be inferred from the parameter
values as well as from the plots. For example, it is clear that they quickly
go to zero as sh grows. P reduces its values about a hundred times from the
shortest displacement where P ' 0.01 s−2 to the largest displacement where
P ' 0.0007 s−2. On the other hand, Qzz . 0.002 s−2 for the entire sh range.
Moreover, with the coefficients q1 and p1, we can estimate the ratio P/Qzz =
p1/q1 = 5.6, meaning that P is more than five times larger than Qzz; i.e., a
clear predominance of P over Qzz.

The two-dimensional horizontal spectra of Qzz for wavenumbers k = 2π/sh
can be calculated as

Φ(k) = 2πkF [Qzz], (26)

where the fourier transform, expressed in polar cylindrical coordinates is

F [Qzz] =
1

4π2

∫ ∞
0

∫ 2π

0

Qzz(sh) exp (−is · k) sh dsh dφ. (27)

If k = (k, θ), the inner product in the exponential takes the form s · k =
shk cos (φ− θ), but since φ goes from 0 to 2π, the integral on the angle does
not depend of θ. Qzz is only a function of sh, so we can write Φ as

Φ(k) = k

∫ ∞
0

Qzz(sh) J0(shk)sh dsh, (28)

in which J0(shk) = 1
2π

∫ 2π

0
exp (−ik sh cosφ)dφ is the cylindrical Bessel function

of zero order. Replacing Qzz in equation 28, and changing the integration
variable η = shk, we get the expression

Φ(k) = q1k
1/3

∫ ∞
0

η−1/3J0 (η) dη, (29)

in which the integral can be taken from tabulated values to get

Φ(k) ' 1.57q1k
1/3. (30)
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An obvious problem to solve equation 29 with this procedure is that Qzz is
only known in a bounded sh interval, that in the wavenumber domain is k ∈
[2π/383.07, 2π/45.07] = [0.016, 0.139] km−1. The method is valid if we can
assume that the contributions to the spectra outside these limits are small com-
pared to a given k value inside the domain [Lindborg, 2007].

Repeating the exact same procedure for the spectrum of P , hereinafter re-
ferred to as Ψ, we get

Ψ(k) ' 1.57p1k
1/3. (31)

Φ and Ψ are shown in the right-hand side panel of Figure 6 in the same color
code as their corresponding functions in the space domain. The main feature of
this plot is that Ψ > Φ in the entire mesoscales range studied, demonstrating the
prevalence of P over Qzz in the wavenumbers domain. Also, Ψ/Φ = P/Qzz =
5.6 showing that the scaling between the two functions is maintained.

Figure 6: Left panel: Qzz (blue) and P (green) as a function of the spatial lags
sh. The shaded area shows Qzz and P calculated using the uncertainties of
the fits in equations 21 and 22. The dashed black lines show the continuation
for larger and shorter (not measured) horizontal lags. Right panel: Qzz and P
spectra (Φ and Ψ, respectively) as a function of the wavenumber k = 2π/sh.
The same color coding as for Qzz and P is used.

5 Discussion

Longitudinal and transverse horizontal correlation functions of wind fluctuations
in the MLT have been determined by making use of the WCFI technique. These
functions were further analyzed to study the vorticity-tensor vertical component
and horizontal divergence correlation functions. The detection range enabled
the examination of horizontal displacements in the mesoscales, from about 40
to 400 km, in which the vorticity and divergence estimates account for different
physical phenomena. On the one hand, Qzz may represent pancake-like struc-
tures with fine vertical resolutions in ∼300 m - 1 km [Avsarkisov et al., 2022].
Eddies in strongly stratified fluids can spread in horizontal planes, forming such
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structures with non-zero vertical vorticity. On the other hand, the divergent
component given by P is composed of motions that are not hydrostatically and
geostrophically balanced, such as GWs or stratified turbulence, which are the
probable physical processes behind P .

It is found that P spectrum was more than five times larger than the Qzz
spectrum during the campaign. This result can be compared with the ones
obtained by Lindborg [2007], in which the same orders of magnitude for both
spectra were observed, with the vorticity spectrum a bit larger than the di-
vergence spectrum. From this, the author argued that the mesoscale energy
spectrum could not be generated by internal GWs, otherwise the divergence
spectrum would have dominated over the vorticity spectrum. We can extend
this reasoning to the results of our study to speculate that for MLT altitudes,
internal GWs may be more important than vortical modes to explain the wind
dynamics.

However, one must be cautious with the generalization of this assertion be-
cause we are using a much more limited data set than the one used by Lindborg
[2007], and so the relative predominance of the divergent component might be
representative of the campaign time conditions. In fact, according to the recent
work by Vargas et al. [2021], the campaign presented a significant activity of
small- and large-scale GWs interacting with the mean wind flow. In particular,
Charuvil Asokan et al. [2022] found that during the campaign, gravity waves
with periods smaller than seven hours and greater than two hours were domi-
nated by horizontal structures significantly larger than 500 km. But, it should be
noticed that the detailed examination of the waves’ activity cannot be performed
nor is it the objective of the method described in this work, since we obtain sta-
tistical estimates that represent a combination of the divergence(vorticity) that
particular structures have.

Extending the analysis to other data sets would also reduce the correlation
errors, enabling to test of additional fitting models. For example, the exponent
2/3 can be generalized to an unknown fitting variable (so-called “Hurst param-
eter”). Preliminary tests applied to the SIMONe 2018 campaign data suggest
that the correlations are still too noisy to obtain reliable fitted exponent values.
This parameter has been shown to vary for different regions, seasons, and mea-
surement instruments [King et al., 2015a]. In the MLT for example, Roberts
and Larsen [2014] were able to reconstruct the second-order structure functions
exponent evolution for different stages of turbulence. They used trimethyl alu-
minum trails from sounding rockets as a tracer of the fluid motions, showing the
asymptotic behavior of the parameter as time and horizontal scales increase. In
addition, data sets from different SMR network geometries can be helpful to
explore either shorter lags, improving zero-lag determinations, or larger lag dy-
namics, by means of the incorporation of additional terms in equations 21 and
22 to represent an enstrophy cascade origin [Lindborg, 2007], or large-scales
planetary waves [Frehlich and Sharman, 2010].

Another important outcome of this work is the estimation of 2D correlation
functions of wind fluctuations in the MLT. These functions provide a direct
way to characterize the horizontal correlation field from visual inspection and
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ultimately by statistical analyses. Important properties like the degree of hori-
zontal axisymmetry can be evaluated. This has only been indirectly inferred in
the past, for example, with the method by Cho and Lindborg [2001]. The au-
thors compared two types of one-dimensional transverse structure functions, one
estimated from theoretical fits (just as we do for the correlations) and the other
calculated following the 2D isotropic relation D′TT = d

dsh
[shD

′
LL], where D′LL is

the measured longitudinal structure function. From the comparison, they found
considerable departures from isotropy in the stratospheric structure functions
and lower departures from isotropy in the tropospheric structure functions.

For our case, the degree of horizontal axisymmetry can be inspected in more
detail by separating the correlations R′uu and R′vv in different directions, and
repeating the Qzz and P estimations for each direction. This method has been
applied before by King et al. [2015a], using structure functions in the UTLS. For
instance, by separating R′uu and R′vv in Figure 4 between quadrants I and II, it
is found that the one-dimensional R′LL component it is well represented by the
fitting model in both quadrants, while for the R′TT component, the observations
in quadrant II are better represented by the fits than in quadrant I. For both
cases Ψ > Φ.

6 Concluding remarks

In this study, it has been demonstrated that the WCFI method has the po-
tential to improve the understanding of the mesoscale dynamics in the MLT.
This work analyzes only one of the applications of the method: the estimation
of 2D correlation functions and the consequent estimation of longitudinal and
transverse correlation functions. As it was shown, this serves to account for the
behavior and relative importance of vortical and divergent modes, showing the
latter to be more significant in space and wavenumber domain, for the period
and location in which the SIMONe 2018 campaign took place. Performing such
a comparison in the MLT, using multistatic SMR observations has not been
done before.

Exploiting the technique in longer multistatic data sets, measured at differ-
ent locations such as those provided by SIMONe Argentina [Conte et al., 2021]
and SIMONe Perú [Chau et al., 2021] will allow to more efficiently calculate
the correlation functions of different spatial and temporal scales and to have a
broad view of vortical and divergent modes behavior in the MLT.

Other products of the WCFI technique are temporal correlations, vertical
correlations, and horizontal 1D correlation functions, which are currently being
explored to characterize other aspects of the upper atmosphere correlation field.
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A Qzz and P in cartesian ENU system

The derivation of Qzz and P can be performed in cartesian ENU coordinates by
expanding equations 3 and 5 as a function of horizontal displacements sx and
sy. This is achieved by summing over repeated indices, to get

Qzz = −∂
2R′uu
∂s2y

− ∂2R′vv
∂s2x

+ 2
∂2R′uv
∂sy∂sx

(32)

P = −∂
2R′uu
∂s2x

− ∂2R′vv
∂s2y

− 2
∂2R′uv
∂sy∂sx

. (33)

It is interesting to note that, P + Qzz = −∇2 (R′uu +R′vv), which is also valid
for R′LL and R′TT when summing P and Qzz from equations 4 and 6, as shown
by Lindborg [2007, Eq. 15]. This means that by combining components of the
velocity correlation tensor, one might get an idea of the total contribution of
vortical and divergent correlation components. In theory, equations 32 and 33
can be used to reproduce the analyses and results developed in this work.
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