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Abstract

We introduce a method for long-distance maritime route planning in polar regions, taking
into account complex changing environmental conditions. The method allows the construction
of optimised routes, describing the three main stages of the process: discrete modelling of the
environmental conditions using a non-uniform mesh, the construction of mesh-optimal paths, and
path smoothing. In order to account for different vehicle properties we construct a series of data
driven functions that can be applied to the environmental mesh to determine the speed limitations
and fuel requirements for a given vessel and mesh cell, representing these quantities graphically
and geospatially. In describing our results, we demonstrate an example use case for route
planning for the polar research ship the RRS Sir David Attenborough (SDA), accounting for ice-
performance characteristics and validating the spatial-temporal route construction in the region
of the Weddell Sea, Antarctica. We demonstrate the versatility of this route construction method
by demonstrating that routes change depending on the seasonal sea ice variability, differences in
the route-planning objective functions used, and the presence of other environmental conditions
such as currents. To demonstrate the generality of our approach, we present examples in the
Arctic Ocean and the Baltic Sea. The techniques outlined in this manuscript are generic and can
therefore be applied to vessels with different characteristics. Our approach can have considerable
utility beyond just a single vessel planning procedure, and we outline how this workflow is
applicable to a wider community, e.g. commercial and passenger shipping.
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Plain Language Summary

We introduce a method that helps the Captain of a vessel by generating suggested navigational
routes in polar regions with changing sea ice conditions and ocean currents. The resulting system
works similarly to an in-car navigation system, by presenting best routes annotated with metrics
such as travel time and fuel usage. Ocean navigation poses a number of difficulties not encountered
in the in-car navigation problem: in ocean environments weather conditions are always changing
and can be very disruptive, impacting significantly on route structure and metrics. Furthermore,
although shipping lanes are present in busy shipping areas, the open ocean has no fixed road
system. Our route-planning approach therefore relies on the dynamic construction of a digital
representation of the ocean and environmental conditions, in enough detail to support high
quality and timely automated decision-making. Our method is parameterised by ship information
such as its typical fuel usage under different ocean conditions. We use the example of the British
Antarctic Survey vessel the RRS Sir David Attenborough (SDA). We demonstrate some use
cases for our method, including planning routes in years with different sea ice conditions; in the
Arctic ocean; and under different quality objectives (such as minimising the fuel cost or travel
time implied by a journey).



1 Introduction

Master navigators are highly skilled and can plot safe and efficient routes for ships through complex
environmental conditions. However, many regions of the polar oceans are either poorly charted or
feature highly dynamic conditionsﬂ The task of efficient route planning involves consideration of
many alternatives in both space and time, and the task of finding optimal paths under changing
conditions quickly exceeds the capabilities of human navigators. Providing a toolkit that ship
captains can use to help generate and explore alternatives is essential to support decision-making.
Such a toolkit can minimise transit time, fuel usage and carbon emissions, and give a detailed
explanation of how the changing conditions might affect viable routes. In order to achieve these
goals the toolkit must be able to rapidly ingest, combine and interpret multiple datasets and use
these data to generate high-integrity digital representations of the world and to generate and explain
high quality routes between user-defined waypoints.

In this manuscript we present an automated route-planning method for use by a vessel operating
in polar regions. We build on the prior work developed for underwater vehicle long-distance route
planning described in [Fox et al.| [2021]. We start by generating a meshed model of the environment
that is able to ingest multiple different datasets. The mesh is constructed as a quad-tree
. The sizes of the cells in the mesh are dependent on a series of functional cell-splitting
conditions, leading to a non-uniform mesh with greatest detail in the areas of highest environmental
complexity (Figure [lp and b). Once the environmental mesh is constructed we apply a series of
vessel-dependent functions, computing the vessel speed and fuel usage constraints implied by the
mesh properties (e.g. sea-ice concentration, Figure ) in each cell. These functions are used to enrich
the cells of the mesh with vehicle-specific information. On this basis we construct mesh-dependent
routes for the vessel that satisfy constraints on the performance of the vessel in ice and under other
conditions. We finally apply a path-smoothing method to the mesh-based routes, reducing their
dependence on the underlying mesh (Figure [1| ¢) and usually significantly shortening them. This
two-stage process of path-generation and path-smoothing efficiently generates routes that follow
standard navigation solutions in open water and optimise vessel performance in the face of currents
and in and around areas dominated by sea ice. While we have focused on navigation in and around
polar ice, our methods are also applicable to shipping in other conditions (e.g.: commercial shipping)
where route-planning must be responsive to changing local and weather conditions.
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Figure 1: Flow diagram demonstrating the key processing stages of the route-planner toolkit discussed
in the following sections

!(https://gcaptain.com/safely-navigating-polar-regions /)



2 Background

There is a large body of work on automated methods for solving the navigation problem for ships
and other vehicles in di erent ocean settings |(Zermelo| [1931], Bijlsma [1975], Kotovirta et al| [2009],
Sen and Padhy|[2015], Walther et al.[[2016], Topa] et &l| [2019], Lehtola et al. [2019], Li et al. [2020],
Fox et al.| [2021], Mishra et al| [2021]). The most common methods use mesh-based approximations
of the environment (Kotovirta et al. [2009], Sen and Padhy [2015], Lehtola et al. [2019], Fox et al.
[2021], Mishra et al. [2021]). Fox et al. [2021] introduce a non-uniform meshing strategy, where cells
are nest in areas of the greatest complexity. Mesh-based methods discretise the environment into
a graph of locations and then use optimisation methods to nd paths from the start node to the
destination. Approaches to the problem of nding shortest paths in meshes use heuristic search
(Hart et al. [1968]) or greedy methods (Sen and Padhy [2015], Lehtola et al. [2019], Fox et al. [2021],
Mishra et al. [2021]) such as Dijkstra's algorithm (Dijkstra [1959]). In a mesh-based representation,
edges can be weighted to model environmental impacts on vessel performance, such as the presence
of strong surface currents, wind or ice (Mishra et al. [2021]). Alternatively, cells can be augmented
with performance data that a ects route e ciency, as is done here and by Lehtola et al. [2019].

A shortcoming of mesh-based approaches is typically that all paths follow the prede ned mesh
edges, between vertices that are the centres and corners of the cells. This results in rectilinear paths,
consisting of straight horizontal and vertical lines between cell centres, which are often far from
optimal depending on the mesh resolution. Further increasing mesh resolution to better approximate
optimal solutions is often prohibitively computationally expensive. A further di culty arises when
environmental constraints are time-dependent. These cannot easily be combined into edge weights,
because they change over time whilst the edge weights are constant. The 2D mesh used by Dijkstra's
algorithm must be extended to a third dimension to model temporal variability, which introduces
extra complexity. This complexity is avoided by Fox et al. [2021] and Lehtola et al. [2019], by
introducing time-dependent meshes and a mechanism for passing between layers in the mesh as time
moves along.

An alternative, cell-free, modelling approach is to use the principle of wavefront expansion
(Pétrés et al. [2007],Bijlsma [1975]) to identify the points in a non-homogeneous space that can be
reached in equal time (or energy expenditure) from the location of the vehicle. The approach avoids
discretisation of the space at the outset, but faces similar problems of e ciency and optimality of
solutions that depend on the number of points identi ed on each wavefront. Furthermore, the need
for a temporal dimension must still be addressed when conditions are time-dependent.

In Mishra et al. [2021], the ice and wind resistance encountered under di erent conditions are
computed using a mathematical model parameterised by vessel-speci ¢ information, and precompiled
as travel times into the weights connecting nodes in a uniform mesh. Dijkstra's algorithm is then used
to compute the mesh-optimal path. Whilst the ice and wind resistance models used are sophisticated,
enabling performance in both level and brash ice to be taken into account, the bene ts of this
sophistication may be outweighed by the simplicity of the route-planning approach. The routes
shown reveal typical weaknesses of the mesh-based approach: a highly rectilinear structure which
would be infeasible to navigate and are much longer (and require much more fuel) than could be
achieved in the absence of the mesh constraints.

Kotovirta et al. [2009] plan routes in a mesh constructed using a lossy compression technique.
To address dependence on the underlying mesh, Powell's conjugate direction method (Powell [1964])
is used to search for a route between two points taking into account the impact of di erent ice



conditions on speed. The result is a path that is not constrained by mesh artifacts so is not restricted
to the construction of rectilinear paths. A weakness of the approach is that the curvature of the
Earth is not taken into account, and the number of waypoints needed for route construction must be
determined in advance. The distance to be travelled must be split into segments to keep the overall
computational cost realistic. The approach therefore constructs long routes as chains of segments
and are hence not globally optimal. Long paths comprising great circle arcs cannot be constructed
without modelling of curvature and the ability to choose both number and placement of waypoints
dynamically.

Lehtola et al. [2019] describe an approach to navigation in ice that navigates an icebreaker in a
variety of challenging conditions, including those where other marine tra c is present. We focus
here on the path- nding approach used. The approach combines a graph-based optimal path- nding
method with a post-processing step to remove some of the resulting mesh artifacts from the paths
and improve their geodesic validity. This relaxation monotonically improves the cost of the path by
successively removing points. When the cost can no longer be improved, the edges between pairs of
points are replaced by geodesic curves. The resulting paths have smoothed out some of the mesh
e ects and respect, to some extent, the curvature of the Earth. A shortcoming of the second part of
this approach is that when the cost function has been optimised the resulting path may be far from
fully smoothed because of dependence on grid points that could not be removed without worsening
the path cost. This is especially the case when the path navigates around ice or land. A further
weakness of this approach is that the order of removal of the points is xed, but removal of di erent
subsets could lead to better paths: a search over alternatives would be prohibitively expensive.

The navigation problem, which is to nd the fastest path for a vehicle navigating in a vector eld
on a plane, was rst formalised by Zermelo [1931]. He o ered as an example the problem of navigating
a ship in wind. In a conference in 1929 he also proposed a version of the same problem with an
airship moving in a 3-dimensional vector eld. Zermelo and other mathematicians approached the
problem primarily through the calculus of variations. Certain cases are solvable analytically (for
example, a vector eld of constant magnitude and direction is easily solvable) and navigation on
surfaces of revolution, such as a globe or an ellipsoid, have been explored, with some simpler cases
also being solvable analytically. In most cases, the problem can only be solved numerically.

3 Methods and Data

The following datasets were used for the construction of the environmental mesh used in the work
described here. The Southern Ocean current vector eld is a 6-year surface current mean, averaged
over the years 2005-2010 inclusive, provided by the Southern Ocean State Estimate (SOSE) (Mazlo

et al. [2010]F. The Southern Ocean Sea Ice Concentrations (SICs) are obtained from the AMSR-2
(Advanced Microwave Scanning Radiometer) dataset for a given year (we used 2014, 2019 and 2022
for the experiments reported in Section 6). The depth measurements used were provided by the
GEBCO0-2022 data set*. GEBCO is the global terrain model for ocean and land. We use this data

in preference to the Southern Ocean portion (IBCSO) because it supports application in any area of

the global oceans. For the Arctic Ocean we used the AMSR-2 Northern Hemisphere data included
in the dataset used for the Southern Ocean. We zeroed currents for the Arctic Ocean in the example

2https:/iclimatedataguide.ucar.edu/climate-data/southern-ocean-state-estimate-sose
3https:/lwww.earthdata.nasa.gov/learn/find-data/near-real-time/amsr2
“https://lwww.gebco.net/data_and_products/gridded_bathymetry_data/



we studied. For the Baltic sea ice concentration data we use the Copernicus gridded sea ice time
series datasef for March 2011, and for the Baltic Sea currents we use the Copernicus Baltic Sea
Physics Reanalysis. We are not restricted to the use of any of these datasets: any geo-spatially
located data with a de ned coordinate system can be reprojected to EPSG 4326 and be ingested by
our mesh construction process.

Wind speed and direction, although having a signi cant impact on e ciency of transit, is not
yet included but is one of the topics of our current work.

The current vector eld is not analytic, but is described extensionally at discrete sample points,
and the sea ice extent is modelled as a scalar eld which is also not described analytically. Finally,
the land (any points of less than 10m depth) presents obstacles that are, once again, not described
analytically and present discontinuities in the underlying space. Because we do not in fact have a
continuous model, our problem cannot be approached directly using the techniques that have been
considered for solving variants of Zermelo's problem.

Instead, we follow a three-stage approach. Firstly, we support a non-uniform meshing so that
cells can be re ned where there is high variance in the environmental conditions. We model the
temporal dimension by discretising time into di erent time periods and recomputing the meshing in
each time period.

Secondly, we generate mesh-based route plans using Dijkstra's algorithm. We address the
limitations of Dijkstra's algorithm, noted above, in three ways. Locally, the problem of nding
the fastest path between two adjacent cells involves coupling two instances of Zermelo's navigation
problem each in a constant magnitude and constant direction eld (the current) speci ¢ to the cell.
We address this problem using Newton's method to nd the optimal crossing point on the adjoining
edge between two adjacent cells, in the presence of currents and ice concentrations. Using Newton's
method mitigates the e ect of the mesh by allowing the traversal between cells to pass through
vertices that are neither centres nor corners of cells. Dijkstra's algorithm is then used to nd routes
that optimise some user-de ned objective function such as travel time.

Thirdly, having generated mesh-optimal paths using Dijkstra's algorithm, we further mitigate
the e ect of the mesh by smoothing the paths to remove visits to artifacts of the mesh and to better
approximate realistic traverses over the curved surface of the Earth.

The novelties of our approach, particularly with respect to Kotovirta et al. [2009], Lehtola
et al. [2019] and Mishra et al. [2021], who have tackled a very similar problem, are: the use of a
non-uniform mesh constructed from a variety of di erent datasets, the use of Newton's method
within the construction of Dijkstra paths, and the post-processing of paths to smooth them, using
a method that removesall of the mesh artifacts whilst following the Dijkstra path as closely as
possible. The combination of these features leads to routes that combine the best characteristics
of both the discrete and the continuous methods, whilst having the great bene t of being highly
computationally e cient to generate.

4 Environmental Mesh Construction

In this section we will give a brief background to the construction of a discretised environmental mesh
representation originally outlined in Fox et al. [2021]. In this work, the environmental conditions are

Shttps://doi.org/10.48670/moi-00131
®https://doi.org/10.48670/moi-00013



discretised to construct a high integrity model of a physical environment, using multiple heterogeneous
datasets consisting of observational and modelled data. A set of hierarchical splitting conditions are
applied to dynamically represent the environmental data as a non-uniform quadtree mesh (Finkel
and Bentley [1974]), consisting of a series of independent cells. The di erent datasets are each
independently aggregated inside each cell to reduce the number of data points, making the procedure
more computationally e cient for downstream applications like route planning, discussed later in this
article. Outlined below, the mesh construction can be separated into three main stages: processing
input data, environmental mesh splitting and neighbourhood graph construction.

4.1 Processing Input Data

The environment conditions can be represented as a series of distinctly di erent datasets, all with
di ering projections and input datatypes (e.g. Scalar, Vector). For the route planner described
here, we use information about ocean currents, temporally varying SIC and bathymetry, but want
to create a input structure that is insensitive to possible future data formats. This is achieved by
de ning a series of loader functions that are dependent on the input dataset. These loader functions
act to extract the time-period and spatial domain of interest, applying a reprojection to a WGS-84
(EPSG: 4326) geographic reference frame. The transformed data are passed to the construction of
the mesh given in the next section.

4.2 Environmental Mesh Splitting

A regular meshed representation of the environmental conditions allows for the combination of
di erent datasets which may not be resolved on the same regular mesh. However, care must be
taken to de ne a mesh resolution that enables resolution of the small scale variability in all the
datasets, whilst ensuring that the mesh resolution never exceeds that of the dataset and without
incurring an unacceptable computation cost. Further improvement can be achieved by de ning a
dynamic variable sized mesh, where discrete meshing is re ned only in areas with large di erences,
further improving the computational cost. Fox et al. [2021] generated a variable size mesh for the
environmental conditions, sub-dividing mesh cells with large variance in dataset values into four
small cells, based on a speci ed splitting condition. We follow the same approach. First, the cells
in the mesh are scaled uniformly by the latitudes of their centres. This results in rectangular cells,
with cells at more southerly latitudes having smaller width. Once a cell is split, the data in the cell

is then reallocated amongst the subdivisions and the process of subdivision applied recursively to
each of the quarters until a user de ned maximum split depth is achieved, or a minimum number
of data points in a given cell is reached. These splitting conditions di er according to the feature
being modelled (sea ice, depth etc) and are applied according to a hierarchical process to generate
the regional environmental mesh as shown in Figure 2a. In this gure, each cell has a unique index
identi er (e.g. i5 as shown in Figure 2c¢), cell centre ¢x,cy) and latitude corrected cell dimensions
(Height= h,Width= = w cogcy)).

4.3 Neighbourhood Graph

Once a regional mesh is generated, the nearest neighbours must be determined for each cell to de ne
the neighbourhood subgraph, with the connections between all cells de ning the neighbourhood
graph. In order to rapidly identify the directions in which neighbouring cells are adjacent to a given



cell, we identify 8 di erent cases, four of which are diagonals (1 is the case in which travel is heading
North East, 3 is the case in which travel is heading South East, -1 is the South West direction and
-3 is the North West direction) and the others are orthogonals: 2 is eastward, -2 is westward, 4 is
southward and -4 is northward. These arrangements can be seen in Figures 4c¢ and 2c.

The neighbourhood graph is pruned so that it only contains the cell connections that can actually
be traversed depending on vehicle parameters (eg: maximum SIC tolerance) and environmental
conditions (e.g. average SIC, proportion of the cell that is land, and so on). In the example shown
in Figure 2c, these conditions lead to the removal of the neighbours in the westward, southward and
south-eastward directions.

4.4 Performance-based Mesh Augmentation

In order to plan routes for a given vessel under a given set of environmental conditions we need to
construct a model of how its performance will be in uenced by the environment conditions in play,
and provide the route planner with information about the vessel that will constrain decision-making.

In the following sections we describe how we model the e ect of sea ice on a generic vessel, how we
would subsequently adjust the speed of the vessel to account for this e ect and how we can then
model the amount of fuel that will be consumed while traversing the cells comprising the planned
route.

44.1 Ice Resistance

When planning routes for a vessel travelling in polar waters one of the key factors to account for is
how the vessel in question performs in sea ice conditions. There are certain ice conditions which will
be too challenging for the vessel to traverse, depending on the ice breaking capabilities of the ship,
and this fact is accounted for by setting an average ice concentration threshold. If any cell in the
mesh has an average ice concentration value above this threshold it will be treated as inaccessible by
the route planner. The value of this threshold will vary according to the polar class of the vessel in
question.

However, even for ice-infested areas that are considered navigable it is still essential to understand
how the ice will in uence the performance of the vessel. In order to model the slowing e ect of
sea ice on a vessel we have implemented the ice resistance model described in Colbourne [2000],
the mathematical expression of which is shown in Eq. 1. This model allows us to determine the
resistance forceR, experienced by a vessel, taking into account the ice concentratiorg;, thickness,
hi, and density, i, as well as the beamB, and speed,V, of the vessel. Despite recent advances in
the Arctic (Sallila et al. [2019]), Antarctic sea ice thickness cannot be directly inferred from satellite
observations (Liao et al. [2022]), so when considering the Southern Ocean we use the quantised
approximations based onin situ measurements described in Worby et al. [2008]. Whilst these are
very coarse approximations they are shown to be realistic by comparison with the few directly
sampled data points that we could obtairf and will be improved when observational datasets become
available.

R =0:5C ;Bh;v2C" (1)

"A small number of direct measurements were taken during the ice trials conducted for the RRS Sir David
Attenborough in January 2022 (unpublished data)



Figure 2: Example of a regional mesh construction. (a) represents the whole region mesh using SIC
from 1st Jan 2022. (b) represents a zoom in. (c) represents the mesh and graph information from a
further zoomed in section of the mesh.



The factor C here is the ice force coe cient as de ned in Eq. 2. The model parameter., b and
n are constants dependent on hull shape and are given in Supplementary Table 1.

C= kcFrP 2)

Fr is the ice Froude number, as de ned in Eq. 3, determined from the ice concentration and
thickness as well as the vessel speed and the acceleration due to graviy,

Vv
Fr = p——— 3
ghiCi ®)

Examples showing how this ice resistance force varies with changing ice concentration for a
speci ¢ vessel are discussed in Section 6 but the approach described here is generic and could be
applied to any vessel capable of navigating in ice. Using this model the value of the ice resistance
force can be calculated for each cell in our discrete mesh and then pre-compiled within that structure
for use in calculating other derived quantities. A similar approach of pre-compilation of performance
constraints into the mesh is adopted by both Mishra et al. [2021] and Lehtola et al. [2019]. Mishra
et al. [2021] captures all such information in the travel time between cells, whilst Lehtola et al.
[2019] models speed constraints on the vessel within the cells. Our approach goes further in also
pre-compiling the fuel requirements implied by the conditions in each cell of the mesh, allowing us
to choose routes that minimise fuel use rather than travel time.

An example of a mesh with the pre-compiled speed and fuel requirements is shown in Figure 3.
An interesting consequence of our model is that the fringe of the ice implies a higher fuel requirement
than is encountered inside the low-concentration ice. This is because ice resistance is increasing,
but has not yet noticeably slowed the ship, so the ship requires more fuel to maintain its speed.
This combination of e ects is shown in Figure 14, in the range between about 40 and 50% ice
concentration, where resistance is increasing sharply but the vessel has not yet started to slow
signi cantly.

4.4.2 Speed Adjustment

The maximum speed of the vessel in open water is a con gurable parameter of the route planner and
this is the default speed that will be assumed for the vessel when planning a route to optimise travel
time. However, travelling at this maximum speed will not always be possible. For example, when
the vessel encounters signi cant ice resistance it will be forced to travel more slowly. To account for
this and adjust the speed of the vessel to a more realistic value we apply a simple algorithm based
on the modelled ice resistance force to calculate the maximum speed in a given cell based on the ice
conditions.

This speed adjustment is performed by rst determining a maximum resistance force that the
vessel can safely handle, checking if a given set of ice conditions produce a resistance force above
this threshold and subsequently calculating a new safe speed, if necessary. The force linfRf, is
calculated to be the value of Equation 1 in the harshest ice conditions a vessel is expected to traverse
and at the maximum speed at which it can navigate in those conditions. The force limit is therefore
determined by the polar class of the vessel in question. We then calculate the ice resistance force
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Figure 3: (a) an example sea ice concentration in the Southern Ocean, with red indicating the

average SIC over 80%. (b) The fuel map, with extreme ice shown in white, and brown-scale regions
showing the cells with highest (reddest) fuel requirements. (c) The speed map, with ice shown in

white and the blue-scale indicating the areas where ice resistance has the highest (bluest) impact on
speed.

under these conditions at the relevant speed with Eg. 1 and set this as the maximum speed. The
appropriate speed under other conditions can then be calculated from the rearranged form of Eq. 1
given in Eq. 4. This relies on the environmental information being available within the mesh as well
as the pre-computed value of the ice resistance being stored within each cell.

2R,

V2+b:
ke iBhiCN(ghCi) 2

(4)

4.4.3 Fuel Consumption

Once we have determined the ice resistance force experienced by the vessel in each cell of the meshed
environment, and thus the suitable transit speed, it then becomes interesting to examine how much
fuel would be required by the vessel to cross that cell as part of a route. We have a developed a
simpli ed fuel consumption model that decomposes the fuel consumption of the vessel into two
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parts, one determined by the fuel required to operate the vessel at a given speed in open water
and the other by the additional fuel required to overcome the calculated ice resistance force. The
value for each of these factors will be pre-computed and stored within the discrete data structure of
our environment model, in a way similar to that used by Lehtola et al. [2019]. The route planner
can then query these values to calculate the fuel consumption rate within a given cell and use that
information for optimisation purposes. As the ice resistance force depends directly on the speed of
the vessel and the vessel speed is adjusted according to the resistance force encountered this model
results in a coupling of the two fuel consumption components when determining fuel optimal routes.

5 Route Construction

In this section we will describe our route construction approach, which uses the methods introduced
in Section 3. The distances between the cells in the accessibility graph are initialised using Newton's
method to optimise the crossing points between adjacent pairs of cells in the presence of currents
and ice concentrations. Dijkstra's algorithm is then used to nd the optimal routes between pairs of
waypoints. These routes are subject to the restrictions on travel speed, fuel use and the e ects of ice
that have been compiled into the mesh, and are optimal with respect to the constraints imposed by
the mesh. They are referred to asnesh-optimal This stage of our route-planning method follows
the approach described in Fox et al. [2021]. In the remainder of this paper, we refer to the routes
generated by the mesh-based method dsijkstra paths.

An optimal path in open water will in fact always follow a path approximating a great circle
arc (subject to the e ects of currents). Dijkstra paths are mesh-based approximations of these arcs
that are constrained to visit cell centres and corners. The centres of the cells are artifacts of our
model and, in large cells, excursions to the centres can cost hundreds of kilometres (and hence tons
of fuel). We therefore proceed to a second stage of route-planning smooththe routes to remove
visits to the centres and unnecessary visits to the corners of cells. The resulting routes follow close
approximations of great circle arcs whenever possible. The smoothing process uses the Dijkstra
path as a guide, which greatly improves the e ciency of the construction of smooth routes. The
smoothing method we present is an advance over that described by Lehtola et al. [2019] because it is
not constrained to simply bypass a subset of the grid points on the Dijkstra path, but is allowed to
freely re-select the crossing points between cells chosen by the Dijkstra path, according to a physical
model of the curvature of the Earth. Our approach allows departure from the Dijkstra path with
the addition of new cells when our physical model of the curvature suggests that the best smoothed
path goes beyond the constraints modelled by the mesh abstraction.

5.1 Dijkstra Paths - Mesh-Based Route Construction

Denition 1.  Two cells, A and B, are adjacent if neither is blocked and the straight line connecting
the centre of A to the centre of B passes through no other cell.

The mesh abstraction represents the region as a graph,
G = hV;Ei 5)

whereV is the set of cell centre points andE is the set of edges connecting adjacent pairs N .
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In the initial route-planning process a route between waypoints is found by determining the
route through the mesh that minimises a user de ned objective function. The route between two
adjacent cells is found by optimising travel in the cell array representation of the vector eld (Figure
4a). When the adjacent pair is diagonally arranged, the optimal route between them is initialised to
be the straight line between their centres through the corner point connecting the two cells. The
non-diagonal cases to be considered are adjacent arrangements where the cell being travelled to
is at the left, right, above or below the cell being travelled from. All these arrangements can be
normalised into an adjacent cell pair where the task is to go from the left centre to the right centre,
taking into account the currents in the two cells. This requires rotation of the arrangement and
consequent interpretation of thex and y axes and the currents. After normalisation, the route
between the adjacent cells goes through an intermediate point on the edge between them, chosen to
optimise the travel time between their centre points. This is of course not always the horizontal line,
because of the currents present in the cells. The normalised adjacent cell pair arrangement is shown
in Figure 4b.

The adjacent cell pair has the special property that it is context-free, since it does not matter
where the left cell is entered or where the right cell is exited, as these decisions will not a ect the
selection of the crossing point between the centres.

Having constructed the adjacent cell pairs, we nd Dijkstra paths between given start and end
waypoints. Dijkstra paths are sequences of connected adjacent cell pairs that minimise a given
objective function under the constraints imposed by the mesh. The path structure contextualises the
adjacent cell pairs by specifying their entry and exit points. Whilst the objective function used by
the Dijkstra method can vary, the resulting paths are constrained by the fact that the crossing points
in each of the component adjacent cell pairs are selected by minimising the travel time between the
cells as detailed in section 5.1.1. An abtstracted example is shown in Figure 5.

5.1.1 Crossing point optimisation

The following describes how the crossing point is chosen between two adjacent cells in the initial
route-planning process. The method receives parameters that have been scaled by the cosines of the
latitudes of the two cells, but does not make any further allowance for curvature. We therefore use
an equirectangular approximation in which cells are treated as having a at surface and a constant
width. This allows us to compute the shortest distance across a cell using Pythagoras' theorem as a
simple approximation of the distance across the curved surface of the Earth.

In a constant current, the shortest route between two points, ignoring curvature e ects, will be
the straight line between them. The e ect of the current is to slow the vehicle down on this route,
as it will have to choose a heading that counters the current. To achieve the straight line route the
vehicle must maintain a constant net velocity along that line, which will be the sum of the current
velocity and the velocity the vehicle is maintaining relative to the water. In our model, the speed of
the vehicle in a cell is dependent on the conditions pertaining in that cell.

If the vehicle crosses the central boundary between cells at a selected poigtyal (measured
relative to the central crossing point), then the time, t, it takes to travel from the centre of a the
left-hand cell to yval (or from yval to the centre of the right-hand cell) satis es:

t(u+ n)= @ (6)

where # is the current vector in the cell, i is the velocity of the vehicle andd is the vector from the
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Figure 4: Dijkstra Path construction. (a) represents the vector diagram showing how the time taken
to travel through a cell is calculated. (b) represents the nding of the optimal y value crossing
crossing point between an adjacent cell pair. The cell widths are scaled by the cosine of their latitude
( ) in order to approximate the Earths curvature. (c) represents the crossing point case de nitions,
a value between -4 and 4 dependent on the direction.
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Figure 5: A route is a sequence of connected adjacent cell pairs constituting a directed graph (the
edges will have di erent crossing points in each direction, according to the currents).

centre of the cell to the crossing point on the boundary. The cell-dependent speed of the vehicle is
constant on this path.

We proceed as follows. First we nd the solution fort as a function of the crossing pointyval.
Then we minimise this function to obtain the yval that optimises the travel time in the cell. We
use Newton's method to optimise the choice ofval. Newton's method nds successively better
approximations to the roots of a continuous function, iterating until a convergence condition is
achieved. The single variable function case is de ned as follows:

f (Xn)
f qAxn)

(7)

Xn+1 = Xp

wheref {x) denotes the derivative off (x).

The function, f, that we are minimising is the sum of the two travel times, from the centre of
the rst cell to the best yval on the edge between the two cells, and from thayval to the centre of
the second cell. These two travel times we denott(yval) (the time to travel to the yval from the
centre of the left cell) andtt, (yval) (the time to travel to the centre of the right cell from the yval).
We denote the speed of the vehicle in the left cell as; and its speed in the right cell ass; .

Rearranging Equation 6, the travel time in the left cell is derived as follows.

th=d tu (8)

Considering the left cell, in which the speed of the vehicle isj, the vector from the centre to the
crossing point isd; and the current vector is u;, the square of Equation 8 is:

sft? = ju?t?  2Dat + jduj? (©)

whereD; = h:61. This equation can be solved fott:

q
(_ DR+ @A j m?) D

s?j thj?

(10)

with a special case whers|2 = jtnj? which is when the speed of the current matches the speed of the

vehicle in the left cell. In this case,t = j%z, being unde ned whenD; = 0 (the case in which the
current is orthogonal to the intended direction of travel). The case wherD; is negative is degenerate,
with the vehicle not fast enough to overcome the current in the intended direction. The solution for
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t de nes the function tt|(yval) for a given current vector, cell size and speed. The relevant vectors
are shown in Figure 4a. The functiontt, (yval) is de ned similarly, using s, uz, D> and ds.

Our function, f (yval) is then the sum of the two travel times, tt|(yval) + tt,(yval), which we
want to minimise by choosing the bestyval possible. This is found by iterating over equation 11
until a convergence condition is reached. The ticks indicate the rst and second derivatives and the
subscriptedr and | indicate whether travel is through the left or right cell respectively.

ttAyvaly) + tt2(yvaly)

yvalsy = yvalg tt%yvaly) + tt%yvaly)

(11)

The speed of the vehicle within a cell is dependent on the ice conditions that are present. In
Section 4.4 we introduce methods for calculating the speed of the vessel in a cell as a function of the
ice concentration being encountered in that cell.

The following derivation echoes that given in Fox et al. [2021]. First we nd the solution fort
as a function of the crossing pointyval. Then we minimise this function to obtain the yval that
optimises the travel-time in the cell. The variabley stands for the optimal crossing point valueyval.

Figure 4b refers to the following quantities. t; and t, are the travel times in the left and right
cells respectively, based o and s;, the speeds of the vehicle in the left and right cells(us;v1) and
(ug; v2) are the current vector components in the left and right cells respectivelyY is the vertical
separation of the two centre points. x is half of the width of the left cell, and a is half of the width
of the right cell. As noted above,y is yval itself. bis the vertical distance travelled in the right hand
cell.

The distances travelled in the two cells are calculated as follows.

df = x*+y? (12)

d2=a?+ P =a?+(Y vy)? (13)

The following terms are helpful in simplifying the derivations below. We use the shorthand@to

d
mean dy*

Ci=s? u? 2 (14)
Co=s? u3 V3 (15)
D1 = uix + viy (16)
@Q=v; (17)
Dz=auz+(Y Yy (18)
@B= v (19)
q___
X1= D% + Cld% (20)



q___
Xo = D% + Czd% (21)
Equations 14 to 21 name the left and right cell components of the expressions in equation 10. By
pattern matching, equation 10 can be specialised to refer to each of the left and right cells, and
abbreviated as shown in equations 22 and 23. These expressions are the travel time functiotis(y)

and tt, (y) respectively.
_ X1 D1

t 22
1= (22)
X2 D>
tor = —— < 23
2= e (23)
Di erentiation of Equation 9 in the left cell, yields:
@12C1t; + @12D1 +2vit; 2y =0 (24)
Factorising gives:
@i(Cit1+ D7) =y tavg (25)
and by a similar derivation for the right cell:
@3(Catz+ Do) =y Y + tavz (26)
The minimum travel time is achieved when@1 + @4 = 0. By equation 22 we have that:
Cltl = Xl D]_ (27)
so
X1=Cit1+ D1 (28)
and, similarly:
Xo= Coto+ D> (29)
The derivatives of X1 and X, are:
Divi+ C
@x%= M= (30)
1
and 5 CalY )
%
@% = 2V2 2 2 y (31)
2
Using 28 with equation 25 we have that
t
@=L (32)
1
and, by similar reasoning from equation 23:
Y + tov
@4 = % (33)
2
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To obtain the minimum travel time, we require that the derivative of @1+ @41 is zero:

y Y+t2V2+y tivy _
X X1

0 (34)

Rewriting this expression using equations 22 and 23, we de ne the functiof (y):

vi(X1 Dj)
Cy

Vo(X2 Dp)

F(y) = Xa(y S

)+ Xaly Y+ ) (35)
It can be seen that this equation corresponds td-(y) = XX z(ttlo(y) + tt9(y)), which is zero
wheneverf (y) = @1+ @41 is zero. The derivative ofF (y) is:

@Ry) = ( X1+ X2)+ y(@X% + @X%)
¢ (@%(X1 D)+ X(@% @D))
+2(@X%(X2 Do)+ X1(@% @B))
Y@X

Using the de nitions of F(y) and @Ry), we can apply Newton's method to arrive at a value of
y that makes F(y) =0.

The di erences in vehicle speed between the two cells is due to di erences in the ice resistance or
other environmental factors encountered in the two cells, as discussed in Section 4.4. It can arise that
there is a marked di erence in speed as a vehicle crosses from an ice-free cell into one that contains
a signi cant proportion of ice, resulting in a speed discontinuity at the boundary between cells. In
our model, this is similar to a refraction e ect because the vehicle must travel at the speeds de ned
in the two cells. This is a mesh artifact that is mitigated by mesh re nement, since the ner-grained
the mesh, the more accurately the physical boundary is captured by the mesh. Furthermore, the
e ect would be reduced if the ship were able to choose a speed within the limits set by the cells.
This is a topic of our future work.

(36)

5.2 Route Smoothing

Once the Dijkstra paths have been constructed, they are smoothed in order to remove dependency
on the artefacts of the underlying mesh. Avoiding the need to pass through the centres of the cells
allows routes to travel further south, often saving substantial travel-time.

When smoothing a route between two waypointsa and b, the Dijkstra path is used to guide the
process, as it provides the mesh-optimal sequence of adjacent cell pairs connectangnd b. The
smoothing process smooths the adjacent cell pairs in the order in which they appear in the Dijkstra
path. The task of smoothing the passage between the cells is to pass between the entry and exit
points connecting the adjacent cell pairs without visiting the centres of the cells. Smoothing therefore
entails choosing the optimal crossing point between the cells when travelling between these entry
and exit points rather than between the cell centres. This requires a second invocation of Newton's
method, as the optimal crossing point between the entry and exit points will not be the same as the
optimal crossing point between the cell centres chosen during Dijkstra path construction.

On this second invocation, we introduce a more sophisticated approximation of the curvature of
the earth that models the change in widthwithin a cell by introducing a latitude correction. This
was not needed in the use of Newton's method during Dijkstra path construction because all paths
are forced to go between the centres of the two cells. This requirement dominates any sensitivity to
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latitude changes within a cell, so the xed cell-width assumption is adequate in this case. It is no
longer adequate when paths are not constrained in this way.

Each adjacent cell pair is horizontally, vertically or diagonally oriented, as shown in Figure 6, and
each orientation can result in the need to introduce additional adjacent cell pairs during smoothing.
In the horizontal case, the consequence of the latitude correction is that the optimal crossing point
selected between the entry and exit points can fall south of the bottom boundaries of one or both of
the adjacent cells. When this happens, new cells must be added to the path. New cell pairs are
always added in ahorseshoe patternconsisting of as many as three adjacent cell pairs. Figure 7
shows the possibilities that arise in the horizontal case, when both cells are the same size and when
they are of di erent sizes as a result of cell-splitting.

In the diagonal cases, the smoothed route will always need to pass through either the top or
bottom cell on the missing diagonal, as shown by the dotted lines in Figure 6c. In the vertical case,
the crossing point must lie on the xed latitude boundary between the cells, but if the entry and exit
points are close to one of the longitudinal boundaries the crossing point can be pushed by currents
beyond the boundary in the East or West direction. This results in the need for the addition of a
horseshoe pattern.

The smoothing process works by smoothing successive triples of points, called the rst, mid and
last tracking points (fp, mp and Ip), and moving the tracking points along the path as smoothing
progresses. Figure 8 shows the process by which an iteration works over a given horizontal adjacent
cell pair in the Dijkstra path. The smoothing process is iterative, iterating over the entire path
until there is convergence in the choice of crossing point in every adjacent cell pair visited. On each
iteration, the whole path is considered again to see whether it can be smoothed further.

As the smoothing process nears convergence, no further pairs will be introduced but crossing
points will continue to be moved until the shortest route (according to our curvature approximation)
has been found.

5.2.1 Horizontal Smoothing

Using Equation 9, the speed of the vessel through the left hand cell is de ned as:
StE=(x  tin)?+(y  tva)’ (37)

where (u; + v1) is the current vector t in the left cell, and x and y are the distances from the centre
to the boundary and from the midpoint of the boundary to the yval, respectively.

In the method described in section 5.1.1, each cell is treated as having a constant width which is
scaled by the latitude of its centre point. Now we want to introduce a latitude correction so that
the choice ofyval more closely respects the curvature of the earth. We use a spherical geometry
approximation, following Veness [2002f, in which we replace the cell widths,x and a, with x cos
and acos , where = % + and = ﬁb+ . Here, is the latitude of the yval, is the latitude
of the entry point into the left cell and s the latitude of the exit point on the right cell edge.
Considering travel through the left cell, we have:

stt? =(xcos  tiur)?+(y tivi)? (38)

8https://www.movable-type.co.uk/scripts/latlong.html
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Figure 6: The di erent cases, shown prior to smoothing, that must be considered for smoothing
a route. The entry and exit points are shown in blue, and the chosen crossing point between the
centres in black. In the horizontal and vertical cases, adjacent pairs in the horizontal and vertical
alignments are shown, contextualised by their entry and exit points. The latitudes of the entry, exit
and crossing points are shown. In the diagonal cases, the crossing point is always on the connecting
corner. The cells that might be introduced when smoothing the diagonal cases are shown.
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Figure 7: The horseshoe pattern for smoothing a horizontal adjacent cell pair. On the left, the case
for two equal-sized cells. On the right, a more general case in which the cell sizes in the original
pair di er. The original crossing point in the Dijkstra path is ¢;. The edges of the Dijkstra path
are shown in red. The new crossing point chosen during smoothing ¢. In both cases,c, drops
further south than cp, due to the improved curvature approximation used in the smoothing process,
requiring the introduction of a horseshoe pattern. The green nodes and dotted lines are not part
of the smoothed path, but indicate the three new adjacent cell pairs that comprise the horseshoe
pattern. The edges of the smoothed path (at this iteration) are shown in blue.
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This approximation treats a cell as at, so that the distance calculation in each cell can still be done
using Pythagoras, with just one cosine operation rather than the multiple trigopnometric functions
required for calculating the haversine as would be required in a spherical geometry.

As in section 5.1.1, we use the shorthand@to mean % We usez; = xcos to refer to the
horizontal distance travelled in the left cell, andz; = acos to refer to the horizontal distance
travelled in the right cell. This latitude correction is pushed through all of the equations 14- 26, so
that:

df = 27+ y? (39)
B=2z7+(Y y)? (40)
Di= zuy + yv; (41)
Da=zuz+(Y Y2 (42)

F (y), the function we wish to minimise, is:

F(y)=( X1+ X2)y tiXovi+ t2X1v2 Y X1+ @z(zr  taun)X1+ @Az tiug)Xo (43)

The derivative of F (y) is:

@Ry)=( X1+ X2)+ y(@X + @%)
G(@%(X1 Di)+ X(@% @ND))
+2(@%(X2 Do)+ X1(@% @B) Y@X
25 (2 Xz Dajus CE;Z)UZ)Xl 25(z X1 D cel)ul)xz (44)
+@H@7 Z(@% @D)X:
+@A@z H(@% @D)X:
r@uz  Yr22@x + @iz CroUM)@%

where @X and @ % are de ned as follows.

— D1@0+Ci(z@zty)
@x = 21 Xlll

- (@Zu1+v1)D>1(J; Ciy+z @9 (45)

— Divi+Ciy+ @¢D1u1+Ca2)
X1

— D2(@ruz Vv2)+ Co(zr @z Y+Yy)
@)é— 2 2 2 X22

(46)
voDy Co(Y y)+ @z(Dauy+Coz)
X2

Using equations 43 and 44, we can use Newton's method to arrive at a value ptthat makes
F(y) = 0. Due to the new latitude correction, this value ofy might drop further south than the
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Figure 8: Smoothing a horizontal adjacent cell pair. The three tracking points (fp, mp and Ip) are
initialised in the leftmost pair, then updated as the horseshoe construction progresses.

latitudes of the bottom boundaries of the left and right cells. This results in the addition of a
suitable horseshoe pattern, which will result in new cell pairs to be smoothed on later iterations.

During smoothing, it can happen that the travel time is zero in one or other cell. This can occur
when, on some iteration during the smoothing process, the entry point has been moved onto the
edge between the adjacent cells. If this happens, it is treated as a special case, in which the path
simply tracks the edge of the cell. To aid convergence, this solution is used whenever the entry and
exit points are within some small of each other, as shown in Figure 9.

5.2.2 \Vertical Smoothing

The derivation above deals with smoothing the crossing between two horizontally adjacent cells, in
which the latitude of the crossing point varies. The journeys to and from the crossing point are
determined by the latitudes of the entry and exit points. When travelling vertically, the latitude of
the crossing point is xed, and it is the longitude that varies. Also, travel to and from the crossing
point is in the longitudinal direction so is not a ected by the latitudes of the entry and exit points.
Therefore the vertical case is di erent from the horizontal case and requires a di erent method for
computing the travel time between the cells.

We now describe how the passage between vertically aligned cells is smoothed. When crossing
from an entry point to an exit point in a vertical alignment, we will pass through a midpoint at a
latitude, , between the entry and exit point latitudes, and respectively.

Suppose that the vertical distance from the entry point to the mid point is x when travelling
North, and x when travelling South, and that the vertical distance from the mid point to the exit
point is a ( a). When travelling from the side of a cell to its mid point at a latitude , the distance
travelled, d, depends on both the distance from the edge to the mid point and. We approximate d
quite coarsely using cos ratios as shown in Figure 10. This shows two longitudinal lines and three
latitudes, in a vertical adjacent cell pair arrangement. The entry point is at latitude , the exit
point is at latitude , and the boundary between the cells is at latitude . As shown, a distance
travelled at the boundary latitude must be scaled to give the corresponding distances at the other
two latitudes. Two ratios are required, one to approximate the horizontal distance travelled at the
entry latitude, and the other to approximate the horizontal distance travelled at the exit latitude.
We call these ratiosr, and r, respectively, de ned in equations 47 and 48.
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Figure 9: Smoothing special cases: (a) the entry and exit points are within of each other and in
order to avoid convergence issues thgval (red node) is placed on the longitudinal boundary closest
to the exit point. (b) The entry point has moved to the boundary, so the left-hand travel time is zero.
The yval is placed over the entry point (by a symmetric argument, the exit point could move to the
boundary so that the travel time in the right cell is zero and the yval is placed over the exit point.)

s (47)

df = x%+(ray)? (49)

d3 = a?+(ra(Y )2 (50)
D1 = xXui+ riviy (51)
D2 = auz+ ravo(Y y) (52)
@i =riv; (53)

@B = rav2 (54)

The travel times in the start and end cells,t; and t,, are given as:
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stti=(x  twu)?+(riy  tivy)?

S5 = (X taup)®+(ra(Y y)  tavp)?
Di erentiating equations 55 and 56, we obtain:

SS@t= (X tu)ui@i+(ry tiva)(rs vi@i)

@1(sPty + (X toug)ug + vi(ray  tave)) = ra(ray  tava)
@1((s?  uZ VAtp+ xup+ rpviy) = ra(ry  tivi)
@1(Csty1+ D1) = re(ray  tyvy)

@1X1=re(r1y tyvy)

_ Ny tava)
R TR

and, by similar reasoning:

ra(ra(Y tov

@4 = 2(r2( XY) 2V2)
2

As before, we require@1 + @4 =0.

We di erentiate X ; and X, to obtain:

ri(Divi + riCuy)

@X% = X1

and
ra(Dave + r2Co(Y  y))

@x% = X,

We can now write:

ra(y Y)+ tavo

=0
X2 )

t
@i+ @i= rl(rlyX11vl)+ o

This can be rewritten as follows using equations 22 and 23:

ri(Xi D1)X2V1+ ra(X2 D2)X1vo

F(y) = (r3X1+ riX2)y c, >

which, di erentiated, gives:
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Figure 10: Using cos ratios to approximate horizontal distance in a vertical alignment.

@RY) = (r3X1+ r{Xo) + y(r3@X + ri@X%)
TrH(@X% @D)X2+(X1 D1)@X%)
+ b (@% @D)X1+ @%(Xz Dy)
r3Y @X

Using the de nitions of F(y) and @Ry), equations 67 and 68, we use Newton's method to arrive
at a value of y that makes F(y) = 0. It can happen that the choseny falls outside one of the
longitudinal boundaries due to the strength of the current present in the cell. This will result in
the addition of a horseshoe pattern to enable smooth passage between the entry and exit points.
Futhermore, as in the horizontal smoothing case, it can happen that an iteration of smoothing moves
the entry point to within  of the boundary between the cells. In this case the special case solution
shown in Figure 9 is used.

(68)

5.2.3 Dealing with Special Cases in Smoothing

If completely unconstrained, the smoothing process can lead the route far away from the optimal
Dijkstra path. If this happens, the resulting smoothed route might visit cells that are actually
inaccessible because of ice or land, or that represent much worse conditions than the cells visited by
the Dijkstra path. This could happen because the smoothing process only has a local view of the
adjacent cell pair under consideration (and any neighbouring cells that must be added when the
crossing point falls out of range) and does not have any global optimisation strategy. We want to
avoid this, because the Dijkstra path represents the optimal route in the mesh. Smoothing should
remove the dependency on the mesh artifacts, thereby typically shortening the path and making it
more fuel-e cient, whilst adhering to the guidelines of the Dijkstra path.
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Figure 11: (a) One or both of the two new cells are blocked by ice or land (the grey cell). (b) The
crossing point is clipped back to the original cell pair.

Figure 12: (a) Introduction of a second horseshoe can produce reversed edges (the red dotted line
and the green line in the middle cell reverse one another). (b) These are removed.

We introduce three methods for constraining the smoothing process.

1. When constructing a horseshoe, as shown in Figure 7, the crossing point is clipped back to a
corner of the original adjacent cell pair if either of the newly accessible cells are blocked by
extreme ice concentration or land (for example, see Figure 11).

2. Whenever new adjacent cell pairs are introduced, any reversing edges that have been introduced
are removed (for example, see Figure 12). This prevents the smoothing process from introducing
unnecessary loops in the path.

3. We do not allow smoothing to enter cells that have a much higher ice concentration than the
cells in the original adjacent cell pair. Entering these cells would introduce step changes in
the vessel speed, power requirements and fuel demand which would be infeasible to execute in
reality. Instead we clip the crossing point back to the original cell box pair, as in (1) above.
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5.2.4 Convergence of the Smoothing Process

Smoothing tends to converge within at most a few hundred iterations. We set an upper bound of
1000 iterations. Convergence occurs when two successive paths are less th@n3days di erent in
travel time. The convergence of the smoothing process for two examples can be seen in Figure 13.

6 Results

In this section we apply our methods to the British Antarctic Survey (BAS) research and supply
vessel, the RRS Sir David Attenborough (SDA), and validate the planned routes generated in this
case.

The SDA is a Polar Class 5-rated ice-strengthened vessel and is therefore designed to be capable
of breaking medium thickness rst year ice (approximately 1m thickness). The SDA underwent its
maiden voyage in the Southern Ocean in January 2022. Relatively little observational data is so far
available, so our modelling of ice resistance and fuel requirements are currently based on summary
gures rather than on measured experience. We have applied the modelling technique described
in Section 4.4.3 to a set of summary fuel consumption gures for di erent operating modes of the
SDA. For the following examples we have chosen a conservative maximum average ice concentration
threshold of 80%, meaning that a cell with an average ice concentration of more than 80% will not
be entered. The maximum speed achievable by the SDA is taken to be its open water cruising speed
of 13 knots (1 knot = 1.852 km/h). Given these parameters we can now calculate the ice resistance
force as a function of the ice concentration. The result of this can be seen in Figure 14a.

An example of the speed variation algorithm in use is shown in Figure 14b. This shows the speed
recommended for a vessel with similar parameters to the SDA at di erent ice concentrations when
travelling through level ice with a thickness of 0.8 m. The force limit used to determine when to
slow the vessel is derived from the ice breaking speci cation of the SDA which states that it can
achieve a speed of 3 knots when breaking 1m of level ice.

In order to determine the fuel usage, at any speed and in any ice conditions, a polynomial t was
made to these summary gures. The resulting equation for daily fuel use is given by Equation 69.
This model rests on the assumption that the ship consumes a certain amount of fuel to achieve a
given speed, determined from the open water gures, and that it requires an additional quantity
of fuel in order to overcome the ice resistance force and maintain that speed, determined from the
ice breaking gures. There is also a base fuel consumption of 6 tons per day for essential services
onboard (heating, lighting etc). Equation 69 gives the vessel's fuel usagelq, in tons per day (t/day)
for a given speed in knots (kn) and a given ice resistance force in kilo Newtons (kN).

Ug=0:113v2 0:132V +0:003R? + 0:04R +6:0 (69)

This model is simple, and will be further developed in future work as the SDA gains experience
in operating in ice, and more data becomes available.

6.1 Path Validation

In this section we investigate and evaluate the paths generated for the SDA vehicle for varying sea-ice
concentrations, exploring the stability of the path generation results under changing environmental
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Figure 13: Example Path Smoothing over great distance and around Ice/Land. (a) path smoothing
over great distances. (b) smoothing around land and ice.
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Figure 14: (a) The ice resistance force acting on an ice breaking vessel for di erent ice concentration
values. (b) the recommended speed for a given ice concentration.

and user-de ned conditions.

Throughout this section all routes are based on a mesh of the AMSR-2 Sea Ice Concentration
spanning 2019-2020, unless stated otherwise. A temporal abstraction of 14 days is used, with a
maximum splitting level of 3.

6.1.1 Quality of the Smoothed Routes

The Dijkstra path construction inherently determines the optimal route through the meshed en-
vironment. However, smoothing these paths o the mesh relaxes the formulation and sacri ces
the optimality guarantee, requiring evaluation of the quality of the resulting paths. We expect
smoothing to reduce the travel time implied by a path, but we need to determine whether smoothed
paths truly represent a reduction in travel-time over the meshed Dijkstra path. In order to evaluate
this we construct Dijkstra paths and subsequent smoothed paths between a series of waypoints
(Supplementary Table 2) across a range of seasonal sea-ice concentrations. An example of a subset
of all the constructed Dijkstra and smoothed paths from Marguerite Bay to all other waypoints are
shown in Figure 15a and b respectively. Once all paths are constructed the total travel-time of the
Dijkstra and smoothed paths is determined for all waypoint pairs, with the travel-time percentage
improvement from Dijkstra to smoothed path determined. The histogram of the path improvements
is given in Figure 15, demonstrating a mean improvement across all paths &12% with a standard
deviation of 4:81 hours and only 0:8% of the paths show no improvement.

6.1.2 Time series averaging

To test the robustness of the generated routes against the real conditions, we examine the e ect
of time-averaging the ice-concentration for route-planning by running the generated paths against

the original unprocessed data. In order to quantify how well the routes perform when run against

the original data we determine apath violation to have occurred whenever the path comes close to
an ice point that exceeds the concentration that is navigable by the vehicle (e.g> 80% for the

30



Figure 15: Histogram showing the travel-time percentage improvement of the smoothed path
construction over the original Dijkstra paths.
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SDA example). Based on evaluating the performance of routes generated under di erent temporal
abstractions, we can select the best abstraction to use to balance the computational cost of route
construction with the robustness of the resulting routes.

To initialise the testing procedure we rst resample the routes at10km spacing, so as not to
bias paths transiting shorter distances. Once re-sampled, a k& radius of in uence is determined
around each path point, determining the mean and standard-deviation of the original unprocessed
ice concentration data for the date on which that point is visited on the path. This allows us to
determine if any point along the path constitutes a violation. A series of increasingly coarse temporal
abstractions is selected for the construction of the mesh, represented by abstracting 2, 7, 14, 28
and 56 days. Routes are then planned in these meshes for all waypoint pairs for every month of
2019, with the temporal abstractions starting on the rst day of each month. For example Figure 16
demonstrates the single waypoint pair from Marguerite Bay, a waypoint situated close to the BAS
Research Station Rothera, to SASSI Moorings, a location of scienti ¢ interest on the East coast of
the Weddell Sea. The time windows corresponding to the temporal abstractions all start on 1st
January 2020. Panel a represents the paths generated under the di erent temporal abstractions,
overlaid on the 2-day averaged unprocessed sea-ice concentration. In this example a series of the
corresponding cross-sections is given in Figures 16b-e, with each cross-section showing the mean
(blue line) and 2-std con dence (blue region) of the unprocessed ice concentration data within the
radius of in uence. These cross-sections demonstrate that increasing the coarseness of the temporal
abstraction increases the percentage of points along the routes in violation, for example the 7 day
abstraction shows that 3.6% of the path points are in violation, while this rises t04:4% under the
28-day abstraction.

Applying this to all waypoint pairs we can determine the global percentage violation of path
points across all paths relative to the temporal abstraction (Figure 17b), determining that a temporal
abstraction of 18 days or less is within the95% con dence interval. As most of our routes are less
than 14 days in length, we choose 44-day sampling period as the optimal consistent with thel4-day
SIC mesh window shown in Figure 17a.

6.2 Example Routes

In this section we demonstrate the use of the route planner the construction of routes from di erent
waypoints. This section is splitin three sections: route-planning in high- and low-SIC years; di erences
in the fuel requirements and travel-time of routes optimised according to di erent objective functions;
and, versatility of the route planner for construction of routes in di erent geographic locations.

6.2.1 Seasonal Variations in Routes

Sea ice extent is an ever-changing condition in the Central Weddell Sea with 2019 showing the lowest
SIC in the area (Jena et al. [2022]). The changing conditions mean that very di erent routes are
taken between waypoint pairs at di erent times of year, and in some cases of extreme SICs, typically
inaccessible scienti ¢ waypoints can become reachable. Unlike previous route-planning methods,
such as those cited in Section 2, the work described in this article can e ciently compute smoothed
routes with changing environmental SICs allowing us to investigate the di erent routes for di erent
legacy SICs as well as for the current or a projected year.

One such example outlined in Figure 18 shows the routes generated for the two main operational
months (January and February) of 2014 and 2019. 2014 represents a higher than average SIC and
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Figure 16: Time series averaging e ects on the smoothed route path between Marguerite Bay and
Sassi Moorings with sea-ice concentration starting 1'st January 2020. (a) represents the smooth
routes for di erent abstraction sizes. The purple colourmap represents the unprocessed 2-day average
of the AMSR-2 SIC, with the red-regions representing the SIC above that navigable by the vessel.
Black points represent user de ned waypoints. (b) - (e) represent the cross-sections along the
routes with label colour corresponding to abstraction size. The dark-blue dotted line represents the
unprocessed mean SIC within the radius of in uence and blue region the 2-std region of the SIC.
Red dashed line represents the maximum extent SIC for the vessel.
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Figure 17: Temporal abstraction size for the mesh creation and its e ect on Mean SIC and %
violation of path construction relative to the unprocessed SIC data. (a) represents the mean Weddell

SIC seasonal variations and the e ect of the temporal abstraction size on the mesh construction. (b)
represents the percentage of path points across all routes in the whole year that are in violation.
The colour of the points corresponds to the temporal abstraction used, with temporal abstractions

ner than 18 days found to be within the 95% con dence interval.

2019 represents the lowest mean SIC on record. It can be seen that in January 2014 time-optimal
routes travelling in the Weddell Sea require a detour much further east compared to January 2019,
requiring a 3-day increase in travel-time for the longer paths. These additional costs may outweigh
the scienti ¢ bene ts gained, which might justify deferring some scienti ¢ goals to a later year. Being
able to explore how the fuel requirements and travel times of routes will vary under di erent sea ice
conditions, and rapidly conduct comparative evaluations of routes, is an essential part of planning
science cruises across a 2 or 3-year horizon.

6.2.2 Fuel and Travel-time Optimised Routes

In Section 5 we observed that di erent user-de ned objective functions can be used in route
construction. In order to understand how di erent objective functions can a ect the generated
routes, we construct a simple example in which there are two waypoints, Marguerite Bay and the
Falklands (Figure 19), with a requirement to plan a route between them. In addition, there are two
locations at which science experiments can optionally be completed on the way. The locations are
named "Expl' and "Exp2'. The direct route optimised for shortest travel time from Marguerite Bay
to the Falklands, without doing the experiments, would cost 2.88 days of travel and 80.29 tonnes of
fuel; this acts as the benchmark of the minimum that can be achieved without doing the experiments.
If we wish to do both of the experiments but still optimise the route for travel time then the quickest
route would involve ice-breaking through the narrow channel known as the Gullet (demonstrated by
the route path going through the purple SIC in Figure 19c¢). This route would cost an additional 0.54
days of travel (12.96 hrs) and an additional 28.26 tonnes of fuel. It can be seen that the additional
fuel expense for conducting the two experiments is considerable even though the additional cost in
travel time is small. To explore the trade-o between travel time and fuel use, we construct the
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Figure 18: 2014 and 2019 optimal travel-time route variation for paths from Marguerite Bay to all
other waypoints during two operational months. Panels are separated into January and February,
which represent the two main eld season months in Antarctica. Black dots represent user de ned
waypoints. Coloured lines represent the optimal travel-time routes, where colour represents the
travel-time in unit days. Colourmap represents SIC where darker purple is higher concentration,
areas of red represent regions of SIC above that navigable by the vessel.
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