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Abstract

Interferometric analysis of Synthetic Aperture Radar satellite images (InSAR) measures only one
component of ground deformation, in the satellite line-of-sight direction. In order to fully resolve the
three dimensional (3D) ground displacement field, InSAR images acquired with different imaging ge-
ometries are required. Despite the increase in the number of SAR missions, an area is most frequently
imaged by an InSAR pair, one image from an ascending and another from a descending satellite track,
with difference in the incidence angle allowing only partial retrieval of a 3D surface deformation field.

In particular, the near-polar orbits of SAR satellites do not allow good retrieval of the north component
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of displacement. Here we use a model resolution matrix approach for an InSAR pair to quantify the
ability to reconstruct the three components of the deformation field. We present and compare the results
of the decomposition for three methods, including two widely used techniques and ours that is based
on the Singular Value Decomposition (SVD) algorithm. The study case for the comparative analysis
is focussed on Bardarbunga volcano area (central Iceland) and complementary tests and modelling are
performed using synthetic data. We discuss the retrieved east and vertical components for each decom-
position method in terms of approach, viewing geometry, nature and orientation of the deformation field

allowing us to suggest some recommendations when planning the use of a decomposition method.

Keywords: Interferometric Synthetic Aperture Radar (InSAR); Surface deformation; Singular Value

Decomposition; InSAR pair; Line-Of-Sight (LOS); Two-dimensional (2D) displacements; Bardarbunga

1 Introduction

Interferometric analysis of synthetic aperture radar (InSAR) images acquired by satellites have im-
proved our understanding of ground deformation since the 1990s. It has become an inescapable tool
for mapping and monitoring a wide range of deformation processes, including studies in remote areas
of most difficult access where ground-based surveys can be hardly envisaged ([|Gabriel et al., 1989];
[Massonnet and Feigl, 1998]]). InSAR techniques allow to detect mm to cm scale ground movements
over wide areas (up to several 100 km for wide swath) whatever the light or the weather conditions. In

particular, they have been used to monitor volcanic processes ([[Vilardo et al., 2010]; [Pinel et al., 2014];

[Chaussard, 2016]]; [Hutchison et al., 2016[]; [Dumont et al., 2018]]), faulting and earthquakes ([Fialko et al., 2001];
[Wang et al., 2014]; [ElIGharbaw1 and Tamura, 2015]; [Dumont et al., 2016]), subsiding areas due to ground-

water extraction ([Bell et al., 2008]]; [Keiding et al., 2010]]; [Chaussard et al., 2014]]), glacier movement
([Joughin et al., 1998]]; [Kumar et al., 2011]]) or landslides ([Tong and Schmidt, 2016]; [Sun et al., 2017];
[Béjar-Pizarro et al., 2017]).

The characterization of ground deformation in the three dimensions (3D) of space is of crucial impor-
tance for deciphering the nature and the dynamics of the deformation source. However, a single interfer-
ogram provides only one dimensional measurement consisting in a projection of the surface deformation
field onto the line-of-sight (LOS). In order to fully resolve the 3D deformation field using classical In-
SAR techniques, e.g. based on the along line-of-sight phase difference, a combination of at least three
interferograms acquired with different imaging geometries is required ([Massonnet and Feigl, 1998]|;
[Hanssen, 2001]]; [Froger et al., 2004]; [Wright et al., 2004]; [Hu et al., 2014]). Despite the increase in
the number of satellites carrying SAR sensors since the 1990’s, it is, however, uncommon to have three
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or more scenes acquired with significantly different geometries covering the same area for the same
time-span. It is more common to routinely acquire images from two different views or a pair of inter-
ferograms, e.g. from ascending and descending orbits, what nevertheless prevents the full retrieval of
the 3D deformation field. The decomposition of interferogram pairs has thus become more and more
frequent, providing high resolution measures of the vertical and horizontal deformation over very large
areas that can easily be compared with other data sets. With the new generations of satellites such
COSMO-SkyMed (CSK), TerraSAR-X (TSX), ALOS-2 or Sentinel-1, the acquisition modes have been
made more and more flexible especially with larger ranges of incidence angles offering new possibilities
of combinations. Our study focuses on these combinations of InSAR data although other approaches
exist as for instance, the processing of along-track interferograms [Bechor and Zebker, 2006|] or the com-
bination of interferograms with other data sets such GNSS measurements ([[Gudmundsson et al., 2002];
[Wang et al., 2012]; [Pagli et al., 2014]; [Jo et al., 2015]]) and may be used to solve the 3D deformation
field.

The plane defined by the two incidence angles of the ascending and descending configurations is called

the "co-plane” (Fig[T)) and includes the LOS changes detected in the interferograms [Ozawa and Ueda, 2011].

The movements detected in the LOS can thus be expressed by two components in this co-plane which is
close to being an east-west oriented vertical plane (Fig. [I)). The vertical and east components can there-
fore be reconstructed with a relatively good accuracy from an InSAR pair while the north component
of the displacement field is only to a minor degree included in this co-plane and consequently poorly
resolved in general ([Fujiwara et al., 2000]; [Ozawa and Ueda, 2011])). In polar regions the satellite or-
bit configuration is, however, such that some sensitivity with respect to the north-south direction can be

reconstructed [[Ozawa and Ueda, 2011]].

With this paper, we start by quantifying our capacity to retrieve the components of the 3D displace-
ment field using an InSAR pair and the model resolution matrix. This latter can be seen as a mea-
surement of the uncertainties with respect to the true deformation field we do not measure using SAR
sensors. The Singular Value Decomposition or SVD, we then present, allows to condition the under-
determined system composed of the pair of interferograms and whose inversion allows the retrieval
of the east and vertical components. This approach is compared to two other techniques classically
used to solve the non-invertible system formed by a pair of interferograms, and for this, real and sim-
ulated data sets are considered. The real example is taken from a recent active volcano-tectonic event
in Iceland, that was associated with two different surface processes that have been well characterized
([Sigmundsson et al., 2015]; [Gudmundsson et al., 2016]]). Finally, we conclude by revisiting the classi-

cal modelling approach by using decomposition methods on synthetic interferograms.
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2 Data

2.1 Study site

Our study case takes place in central Iceland along the Eastern Volcanic Zone and nearby the north-
west corner of the Vatnajokull glacier (Fig. 2h). On 16 August 2014, a segmented dyke began propagat-
ing from Bardarbunga ice-capped caldera. Over two weeks, the eight main dyke segments formed over
a distance of 50 km (Fig. 2b). Inversion of geodetic measurements revealed an opening of 4-6 m in its
last segment ([Sigmundsson et al., 2015]); [Ruch et al., 2016]]; [Heimisson and Segall, 2020]). The dyke
feeded a major fissure eruption at its far end over 6 months, ending 26 February 2015 [Pedersen et al., 2017]].

Simultaneously to the dyke emplacement, a slow caldera collapse initiated resulting from the magma

LOS descending

U Los
1 ascending

N
Ascending Descending
. N .
Satellite Az'md“.th '?Ok Sateliite
trajectory & rrection trajectory
A
= Azimuth look
E direction A j E
View from above View from above

Figure 1. Imaging geometry of an INSAR pair for a right-looking SAR satellite. The ascending LOS
and the corresponding track on the ground are shown in red and the descending ones in blue. In
the case shown, the two LOS have different incidence angles with the angle for the ascending track
being more oblique than the one for the descending track. The ascending and descending LOS
directions define a common plane where the displacement components can be expressed. The two
boxes show a horizontal plan (view from above), with the azimuth look angle for the descending and
ascending geometries. U, N and E represent the Up, North and East geographical directions.



90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

source deflation [Parks et al., 2017]. It resulted in a 65-m deep collapse at the ice-capped volcano at the
end of the eruption ([Gudmundsson et al., 2016]; [[Coppola et al., 2017]).

Vatnajokull

-16.8" -16.6"
I I

Figure 2. (a) Volcano-tectonic map of Iceland including the Bardarbunga area. Background map
shows the Eastern Volcanic Zone (EVZ), the Western Volcanic Zone (WVZ), the Northern Volcanic
Zone (NVZ) and the South Iceland Seismic Zone (SISZ), with fissure swarms (shaded) and central
volcanoes (dotted outlines). After [Johannesson and Saemundsson, 2009]. Outlines of icecaps are
also shown. Vatnajokull icecap is marked with a V and Bardarbunga central volcano with a B.
Boxe indicates the studied area shown in (b). (b) Map of the NW-Vatnajokull area, including the
Bardarbunga volcano with seismicity (gray dots) over the dyke path. The eruption site opened at the
dyke tip (red star), and fed an extensive lava field over 6 months shown with the red outlines. After

|§|§munasson etal., 20 |5|

2.2 SAR data and processing

Iceland has been granted by the Committee on Earth Observation Satellites (CEOS) through the Ice-
landic Volcanoes Supersite project as Permanent Geohazard Supersite since late 2013 allowing regular

acquisitions over all active volcano-tectonic regions of the island by different satellite SAR sensors

[Dumont et al., 2018]]. In Iceland, SAR satellite images for InNSAR applications have preferentially been

acquired and used during summer thawing season, ~June to August-September as Icelandic ground is

seasonally frozen [[Oelke and Zhang, 2004]. The limited vegetation and acquisitions during summer pe-

riod allow to maintain a good coherence over the scenes, up to several years even using X-band data,

e.g. [Drouin et al., 2017]] (Supplementary Material, Fig. S1).
Here we use COSMO-SKyMed (CSK) SAR images whose wavelength is 3.12 cm and whose charac-

teristics are presented in Table [T} We use the term "oblique" for designating incidence angles > 30° as

those of CSK data, "high" for sub-vertical ones, e.g. < 30° and "mixed" for a combination of high and
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oblique incidence angles. The two interferograms formed cover both 36 days although they are shifted
by one day. We therefore assume that the two interferograms capture the same deformation. Their LOS
unit vectors are (—0.66, —0.23,0.71) and (0.55, —0.20, 0.81) in east, north and vertical components, for
the ascending and descending orbits respectively. For this example, the look vectors are about constant

across the scene.

Table 1. Details of the COSMO-SkyMed (CSK) interferograms used in this study.

Ascending Descending
Orbit 2761 2762
Dates 20140811-20140916 | 20140810-20140915
B, (m) 77 279
Mean incidence angle 44.56 35.67
Heading -19.47 -160.30
Look direction 70.53 -70.3

CSK data were processed using the InSAR Scientific Community ENvironment (ISCE) software
([Rosen et al., 2012]]). The InSAR processing steps included co-registration of the SLC images, interfer-
ogram formation and flattening, correlation calculation, removal of topographic phase, filtering, phase
unwrapping and geocoding. For both ascending and descending configurations, the SLC images were
multi-looked to reduce the speckle effect, 12 x 6 in range and azimuth directions respectively, producing
square ground pixels of ~15 x 15 m. The DEM used for removing topographic fringes in Bardar-
bunga area is a mosaic DEM mostly composed by TanDEM-X intermediate DEM, whose gaps were
filled using DEM from the ASTER satellite mission and the EMISAR DEM [Magnusson et al., 2005]],
the pixel size for this DEM being ~10 x 10 m. Interferograms were filtered using a power spectrum
filter [Goldstein and Werner, 1998] and were unwrapped using the statistical-cost, network-flow based
algorithm, Snaphu [Chen and Zebker, 2002]]. The unwrapped phase map was then converted to displace-
ments with a final geocoded resolution similar to that of the DEM.

The reference point for the ascending interferogram was taken in the south-west area, where the dis-
placement was relatively limited but not null (Supplementary Material, Fig. S2). For this reason, we
calibrated the reference point using HSKE GNSS station as it detected only ~2 cm of surface deforma-
tion during the 36 days interval studied. As HSKE being a few hundred meters off the interferogram, we
assumed the reference point located further 2.9 km, e.g. [-18.0364; 64.6320], to have recorded similar
deformation (Supplementary Material, Fig. S2). More, the last measurement at this campaign site was
performed on 12th September, e.g. four days prior to the second SAR ascending acquisition. However,

as the daily movement at the station has not exceed 3 mm since 30th August [Sigmundsson et al., 2015],
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the difference of displacement between the 12 and 16 September is of uncertainty order. The reference
point value was calculated by an average displacement using a 3x3 window and compared to GNSS
data, once projected into the LOS. For the descending interferogram, we applied a similar approach with
a point located at 2.5 km from the HSKE GNSS station, e.g. [-18.0330 ; 64.6251].

The descending interferogram shows an orbital ramp (Supplementary Material, Fig. S2) which was re-
moved using a linear ramp excluding the deforming area (Supplementary Material, Figs. S2 and S3).
We also investigated the atmospheric contribution in both interferograms by evaluating the correlation
between the phase and the topography [[Cavali€ et al., 2008]] along the northern side of Tungnafellsjokull
glacier (Supplementary Material, Figs. S2 and S3). The linear phase change correlated with elevation

was only removed for the descending interferogram (Supplementary Material, Figs. S3 and S4).

3 Methodology

3.1 Previous methods for retrieving displacements from an InSAR pair

Measurements of the satellite-to-Earth-surface range changes, denoted d g, consist in the projection
of the 3D surface displacement field ﬁ onto the satellite LOS direction. It is given by [Hanssen, 2001]
as

dros = i (1)

where L is the unit vector pointing from the ground to the satellite. Here ﬁ = [Ue, Uy, Uy, where U,
U,, and U, are the east, north and vertical displacement components, respectively.

The two different lines of sight, ascending («’4) and descending (ap) combined for the decomposi-
tion, have to cover as best as possible the same time interval such the ground deformation captured in
between the acquisition dates is the same. Similarly, such combination assumes that atmospheric con-
ditions are negligible or the same on all four dates. With such an InSAR pair, the following system of

linear equations applies:

<dASO> B <—Sm(€A) Sin(Ga) - —sin(f) cos(dy) cos<9A>) . @)
dppsc —sin(fp) sin(ap) —sin(fp)cos(ap) cos(fp) U"

where 6 is the incidence angle, a4 and & p are the azimuth look directions for the ascending and de-
scending passes respectively, and a right-looking satellite. Both azimuth look directions are equal to
apy — 3m/2 where ayy corresponds to the satellite heading defined as the direction of local azimuth on

the ground surface, measured clockwise from north (Fig. [I). For a left-looking satellite, &4 and &p
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would be equal to ay — 7/2. This system, with more unknown parameters (U, U, U,,) than data
(dasc and dpgsc) is under-determined with a non-unique solution, this is why different approaches

have been developed to derive an estimate of the east and vertical components.

A first approach consists in assuming the nature of the ground deformation leading to the elimination
of one or two of the horizontal components. If one of three displacement components is assumed to
be zero (e.g. U, equal zero), then the 2x3 matrix in Eq. reduces to a 2x2 matrix and the equations
to solve become well determined. We refer to this approach as the two-component linear inversion.
For examples of use of this approach see [Joughin et al., 1998]]; [Manzo et al., 2006]; [Bell et al., 2008];
[Samieie-Esfahany et al., 2009]; [Kumar et al., 2011]]; [Ozawa and Ueda, 2011]); [Wang et al., 2012];
[Rucci et al., 2013]]; [Chaussard et al., 2013|]; [Chaussard et al., 2014]]; [Samsonov et al., 2014],
[Chaussard, 2016]; [Dumont et al., 2016]; [[Hutchison et al., 2016]]; [[Parker et al., 2016];

[Wittmann et al., 2017]], [Drouin and Sigmundsson, 2019] and [Wang et al., 2019|]. However, such as-
sumption necessarily affects the inferred value of the two remaining components considering the total
displacement detected in the LOS is still the same. Nonetheless, as the SAR satellites are operated
along near-polar orbits, the north-south component cannot be well resolved as previously explained. Its
removal should therefore have a minimal impact, in particular if the real north-south ground motion is
small. Ignoring the two horizontal components and assuming purely vertical displacement field will
necessarily lead to an over- or underestimate of the vertical component depending on the LOS direction

with respect to the true horizontal deformation [Samieie-Esfahany et al., 2009].

Another approach to solve Eq. (2) is to consider linear combinations of the observed LOS changes
using the different LOS unit vectors (the LC method). Simple linear combinations of ascending and de-
scending interferograms aim at reducing the sensitivity of two of the three displacement components. For
examples, see [Fujiwara et al., 2000]; [Lundgren et al., 2004]; [Casu et al., 2006]; [Keiding et al., 2010];
[De Zeeuw-van Dalfsen et al., 2012]]. Such linear combinations have usually been applied to SAR data
sets for which the absolute value of the incidence angles are very similar (| 04 |~| 0p |= 0) as for
example, those fixed for the satellites ERS-1 and 2. More, the heading of the ascending and descend-
ing configurations, and therefore the azimuth look directions are also supposed very close in terms of
absolute value: &p = —a4 —| @p |=| &a |= a. The near-vertical (ny) component of deformation
is usually calculated by adding together the descending and ascending LOS changes, and the near-east
(ng) component by subtracting the ascending from the descending one. Using the two hypothesis above-
mentioned, the near-vertical and near-east components can be expressed as follow:

_ dasc — dpgsc

d d
_ fasc + dppse + tan 6 cos aU,, ng = ‘ _
2sin 0 sin «

o= 2cosf

3)
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These operations are also applied to the unit vectors associated with each interferogram, as illustrated
later in section 4 quantifying somehow how sensitive are ny and ng to the three displacement com-
ponents. The sensitivity vectors thus obtained are then normalized using the highest value of the sen-
sitivity vectors. However, the formulations of Eq. [3]show that ny is described independently from the
other displacement components, while ny does still include a small contribution of U,, according to
the two hypothesis above-mentioned. These two ways to proceed reveal some discrepancies, that are
more pronounced when the hypothesis, in particular that related to incidence angles, are only roughly

approximated.
3.2 The model resolution matrix approach

As for other geophysical measurements, the reconstruction accuracy of the true unknowns, in our case
the three displacement components, is completely governed by the data acquisition geometry as shown
by Eq. 2l As the acquisition system does not allow to measure the true ground deformation field, it
acts as a filter. In order to estimate the impact of the geometry of acquisition on the model parameters
and therefore to have a quantitative idea of the filter impact on the reconstructed displacement, one can
evaluate the model resolution matrix of the problem. The linear forward problem in Eq. (2) takes the
following form,

d =Gm 4)

where d is the data vector and m the model vector. In our case d are the InSAR ascending and descend-
ing LOS changes and m the 3D displacement field. The link between the data and the model is a linear
operator G, the 2 x 3 matrix in Eq. (2). It represents a transformation matrix that contains only informa-
tion on the geometry of acquisition. The pair of interferograms forming an under-determined system, we
adopt the minimum length solution [Menke, 2018|]. The minimum length solution is particularly well
appropriate when working on surface displacements as deformation processes are physical and natural
processes associated with Earth system whose total entropy is minimized from a thermodynamic per-
spective. In that case, the general inverse G~ for an under-determined system has been given and fully
described by [Menke, 2018]], such:

G ¢ =G'[GG"]™! (5)

est

An estimate of the model parameters, m®, can therefore be written such: m®! = G9d°. As we
previously mentioned, we can wonder how far is the estimated solution (m®") from the true solution
(m"¢), e.g the components of the true deformation field. If all model parameters would have been
independently predicted or resolved, we could have written: Gm®“ = d°**, which is not possible

est

because of the SAR configuration. m®** can thus be expressed such:

mest — G—gdobs — G—g [Gmtrue] — [G—gG]mtrue — Rmtrue (6)

9
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R represents the model resolution matrix and allows to know whether the model parameters can be
independently predicted while the estimates of the model parameters (m®s’) represent weighted averages
of the true model parameters. When R gets closer to the identity matrix, the estimates of the model
parameters are closer to the real components of the deformation field. In the framework of an under-
determined system solved using the minimum length solution [Menke, 2018|], R can be expressed as
follow:

R =GG =G"[GG"]'G (7)

With the acquisition geometry of SAR satellites, R is different from the identity matrix, as illustrated
with the model resolution matrices represented in Figure[3] With the model resolution matrix approach,
one can quantify how each real component (U., U,, and U,,;,) contributes to reconstruction of the de-
formation field observed by two complementary near-polar tracks. As illustrated in Figure 3 for the

Bardarbunga area, the reconstructed value of U, (U;‘p), for example, can be written:
Uf;p = 0.0139U, — 0.2576U,, + 0.9283U,,, (8)

The reconstructed vertical component includes 93.0% of the true vertical displacement and addition-
ally 25.8% of the true north displacement and 1.4% of the true east displacement. The reconstructed
east component, U7, includes 1.4% of the true vertical, 5.0% of the true north displacement and 99.7%
of the true east. Similarly, the reconstructed north component (U)) is composed by 25.8% of the true
vertical component, 7.4% of the true north component and 5.0% of the true east component. Figure
3| reveals that except for U}, the true north component U,, appears systematically as the second minor
contribution. This contribution to both Uy, and U increases with more oblique incidence angles, even
if it is more pronounced for U;,. This trend is also accompanied by a relative decrease, a few percent
(< 10%), of the U,, contribution to U} while the reconstruction of U7 is almost not sensitive to the
increase of the obliquity of the combined incidence angles. Finally the model resolution matrix shows
that only two components, Uy, and U; can be almost fully retrieved whereas it is not possible to retrieve
the north component for SAR sensor configurations (Fig. [3]). Indeed, the acquisition geometry imposes
that the most significant part of the reconstructed north component corresponds to the true vertical com-
ponent and not the true north component. These examples illustrate well how the north component is
seen by the acquisition geometry of two complementary tracks and why it can not be further considered.
The model resolution matrix can be viewed as representing uncertainties of the estimated reconstructed

components with respect to the true deformation field.

10
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Figure 3. Model resolution matrices for three geometries of satellite SAR acquisition. (U, U and
U{fp) correspond to the reconstructed east, north and up components respectively of the displace-
ment field whereas the (U,, U,, and U,,;,) define the real deformation field. The model resolution matrix
for the Bardarbunga area is presented in (a), representing a combination of two oblique incidence
angles (see Table[I|and Section [2.2). (b) Model resolution matrix for a combination of low and high
incidence angles, later called mixed incidences angles. Example taken from TerraSAR-X data over
Reykjanes Peninsula accessible from the Iceland Volcanoes Geohazard Supersite [Parks et al., 2018].
The related unit vectors are (-0.66 -0.13 0.73) and (0.39 -0.10 0.91) for the ascending and descending
passes in the east, north and vertical components respectively. (c) Model resolution matrix for a com-
bination of two high incidence angles, estimated for ERS/Envisat SAR data from [Keiding et al., 2010].
The related unit vectors are (-0.32 -0.10 0.94) and (0.40 -0.11 0.91) for the ascending and descending
passes in the east, north and vertical components respectively. The model resolution matrix shows
how the vertical and east components are almost fully retrieved with better resolution for high or
mixed incidence angles.

3.3 The SVD as natural inversion solution

The linear system described in Eq. (2) is under-determined with G being an ill-conditioned matrix
with more columns than rows, it is therefore non invertible in this form. Singular Value Decomposition
(SVD) is a classical method used to construct G™Y [Menke, 2018]. We therefore propose to use it for
jointly inverting d4sc and dprsc (Eq. [2).

G might be written as a product of three matrices, U A V7T, with U and V, two square matrices of

eigenvectors and a diagonal, non-square matrix composed of eigenvalues A [Golub and Kahan, 1965].

This 2 x 3 matrix of eigenvalues A is arranged such that the eigenvalues are in order of decreasing size

with some of them that may be null. A can be partitioned such the non-zero eigenvalues can be gathered

11



263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

289

into the submatrix A, [Menke, 2018]:

A 0
A= P
) ®

As the null eigenvalues do not provide any information, a truncation of A can thus be performed without
altering the information initially contained in G ( [Hansen et al., 1992]]; [Menke, 2018]). In our case, this
step consists in deleting the third column that makes A a 2 x 2 matrix. The inversion is then calculated
using the pseudo truncated inverse of G such: G™7 =V, A 1U§.

The corresponding model resolution matrix is given by: R = GG = [V, A} 1Ug] [UpApVg]. In addi-
tion to allow the inversion of our under-determined system (Eq. [2), the SVD algorithm does not modify
the initial system that we aim at solving (Eq. 2. This inversion process can be easily implemented using
pinv function in the Octave GNU software, which also exists in Matlab. We call this method "truncated
SVD" in the following text.

4 Results

4.1 Interferograms

The two interferograms formed over Bardarbunga area show apparent reverse surface displacements
from ascending and descending viewing geometries suggesting a significant horizontal component (Fig.
M). The ascending interferogram shows an increase in the satellite-target distance of ~ 20 cm on the
western part of the ice-covered Bardarbunga caldera. This distance change exceeds 25 cm in between
some of the glacier tongues. On the north-eastern side of the scene, this distance is shortened by ~40
cm. On the descending interferogram, a reduction in the LOS distance change is detected in the caldera
vicinity with a maximum about 15-20 cm and whose pattern extends up to Vonaskard caldera, located
further west. A lengthening superior to 20 cm is also observed north-east of the scene.

These two interferograms captured two different processes involving horizontal movements. The first
one took place outside the icecap edge next to the Bardarbunga caldera and corresponds to a subsidence
induced by the withdrawal of the magma reservoir located below Bardarbunga caldera ([Riel et al., 2015];
[Gudmundsson et al., 2016]; [Coppola et al., 2017]; [Parks et al., 2017]). The second one detected on

the north-east corner of the scenes, corresponds to an uplift caused by the dyke emplacement over a dis-

tance of 50 km mostly below Vatnajokull glacier and emitted from Bardarbunga volcano ([Sigmundsson et al., 2015];

[Ruch et al., 2016]; [Heimisson and Segall, 2020]).
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Figure 4. Surface displacements in the NW-Vatnajokull area captured by InSAR. LOS displacement
maps acquired along ascending (a) and descending (b) passes spanning almost the same time
interval, from 11 August to 16 September 2014 for the ascending configuration and from 10 August to
15 September 2014 for the descending one. The large arrows show the satellite flight directions and
the small ones the look direction from the satellite to the ground. See Section @and Appendixe A
for more details on the data processing.

4.2 Inversion results and comparison with other decomposition methods

In this section, we compare the results obtained using the three decomposition methods including
ours. As the two inversion-based decomposition methods have been previously described, we start by
quickly introducing the LC method.

The sensitivity vectors for the near-up (n;/) and near-east (ng) are estimated by summing and substract-
ing, respectively the ascending and descending LOS unit vectors (see Section[3.1)), illustrated below with
Equations [I0] and [T 1] for Bardarbunga area. The normalization factor for the component of interest cor-
responds to the highest value of the sensitivity vector. It is used to normalize the sum and difference of
the descending and ascending LOS changes that is of 1.52 for ny; and 1.21 for ng (Equations[TI0jand [TT].

The LC method applied to CSK data over Bardarbunga area gives:

1

1
= = ——(~0.11,-0.42,1.52 T 1
" 1.52 (dASC + dDESC) 152( 0 ) 0 ) i) )(U67 Un: Uup) ( 0)

1 1 .
np = o7 (dppse — dase) = 757 (1.21,0.04,0.10)(Ue, Uy, Uy) (1)
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Figure 5. Reconstructed components of the displacement field. (a-c) Vertical and (d-f) east compo-
nents resulting from the truncated SVD approach (a and d), two-component linear inversion (b and
e) and the LC method (c and f). Black lines indicate locations of profiles shown in Figure [6|

Retrieved vertical and east components of the deformation field are shown in Figures [Sp—c and [5d—f
respectively, for all three decomposition methods. The upper and lower panels clearly reveal that the
largest displacements are detected along the east-west direction. The spatial distribution and amplitudes
obtained for each reconstructed east component, are very similar (Fig. [5d—f), what is also illustrated
with the profiles and their differences that do not exceed ~1 cm (Fig. [6)). The eastward movement in the
vicinity of Bardarbunga caldera exceeds 30 cm in between some glacier tongues. Further north-east, the
westward movement induced by the dyke opening is mostly of 20-25 cm. More discrepancies appear in
the reconstruction of the vertical component (Figs. [Sh—c and[6). As an example, the subsidence detected
on the western part of Bardarbunga caldera extends more with the LC method with the highest estimates

(> 10 cm). On the contrary, the SVD approach results in a more limited subsiding area that reaches up to
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Figure 6. Comparative analysis of the three decomposition methods using profiles and the example
of Bardarbunga area. The profiles are extracted from the reconstructed vertical (left column) and
east components (right column). They are shown for the truncated SVD (red), the two-component
linear inversion (blue), and the LC method (green); see text for more details. The dark-grey dotted
curves represent the difference between the SVD and LC methods, and the dashed one the difference
between the SVD and 2 compo. linear inversion methods. Profile locations are indicated in Figure 5]

5-10 cm at maximum. Results from the two-component linear inversion appear as intermediate to both
previous methods. In the sector of the dyke, highest uplift values are also obtained for the LC method.
This latter approach shows actually the highest range of values for Uy, while our SVD-based approach
shows the smallest range. This observation is reinforced by the analysis of the profiles (Fig. [6). This
figure shows that the SVD-based and two-component linear inversions result in very similar estimates of
U;p in the subsiding area; estimates whose differences increase towards the north-east, to reach ~1 cm
at the end of the profile. This is also where the differences between the methods are stronger in both U,
and U} (Fig. [6). This comparison suggests that when horizontal deformation takes predominance over
the vertical one as in the area affected by dyke-induced deformation, the differences between the three

approaches are more pronounced for reconstructing the vertical and even the east components.
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4.3 Further analysis of decomposition methods using synthetic data

The three methods used for decomposing a pair of two interferograms can be further compared with
synthetic data. Here we: (1) decompose two interferograms whose acquisition geometries are known as

well as the true deformation field, and (2) use the decomposition results to model the deformation field.

4.3.1 How decomposition methods do influence results?

First, we consider a 3D surface displacement field created by a point source of pressure within an elastic
half-space known as the Mogi model [Mogi, 1958]. Our source is located at 4 km depth and associated
with a volume change dV of 0.1 km3. The resulting deformation field (Fig. , first column) is projected
into the LOS using the acquisition geometry of CSK SAR data presented in Table [I] (both incidence
angles are very obliques with a difference of «~ 10°). We then reconstruct the components of the dis-

placement field using the three decomposition methods (Fig. [7h, columns 2-4).

Figures [/| and S5 (Supplementary Material) reveal how U is better reconstructed whatever the de-
composition methods used than U, For the two-component linear inversion, the larger residues of U},
and U are distributed in two identical and symmetrical lobes. The orientation and shape of these lobes
match with the true north component deformation pattern suggesting that these errors are intrinsically
related to the removal of the north component. Even if the SVD-based approach shows also two lobes
similarly oriented, these lobes are systematically asymmetrical (Fig. [/} Supplementary Material, Fig.
S5). The lobe with the largest errors is actually located where no information on the north component
was available during the inversion process and also where the residue of the north component is the
largest (Fig. Supplementary Material, Fig. S5). This observation suggests that even if the north
component cannot be successfully retrieved during the truncated SVD because of the acquisition con-
figuration (Fig. [7; Supplementary Material, Fig. S5), it somehow brings an information that allows to
partly reduce the errors in the east and vertical components. More generally, we observe that the errors
become larger with two oblique incidence angles, errors that are also larger for Uy, than U (Figs. [7|and
Supplementary Material, Fig. S5). These tests confirm our previous observations: U/ is better retrieved

than Uy, using inversion-based decomposition methods.

Regarding the results obtained using the LC method, they show significant differences with the initial
deformation field and with other approaches. Actually, not only the polarity of the signal differs from the
original one but also the pattern. We highlight an asymmetry, different from that previously described
for the SVD results, that is likely inherent to the way ny and ng are calculated. The asymmetry for U,
and the complexity of U] tend to be reinforced as soon as the incidence angles capture more horizontal

movement (Fig. [7|and Supplementary Material, Fig. S5). This method is supposed to be applied under
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Figure 7. Comparison of decomposition results using synthetic data. (a) The first column shows the
three space components of the a priori deformation field induced by a Mogi point source located at
4 km depth and associated with a volume change of 0.1 km?®. Synthetic ascending and descending
interferograms were thus formed using CSK configuration (Table [T) and then decomposed. The
next three columns show the results of the decomposition for each of the three methods presented
in this study: the linear combination (LC), the two-component linear inversion associated with the
hypothesis that U,,=0, and the SVD-based inversion (truncated SVD), our approach. (b) Comparison
of the residuals obtained for the three decomposition methods. In b and d, the black lines represent
error isolines every 5 cm. See Section [4.3.1|for more details and Supplementary Material, Figure S5
for complementary configurations.

specific conditions, including similar incidence angles; assumption that is not really met in the case of

the CSK data presented in this study and also for those used in [De Zeeuw-van Dalfsen et al., 2012].

However, even with similar incidence angles, the differences appear significant, in particular for the
pattern of Uy, and for U; whose residues are of the order of 1/5° of the maximal east displacement
(Supplementary Material, Fig. S5). The complex pattern is likely due to secondary contributions from

the two other components that have not been fully removed by the linear combinations.

To complete this analysis, we performed a similar approach for three other classical processes induc-
ing surface displacements: normal and strike-slip faulting as well as diking. This comparative analysis
is presented using the cumulative errors calculated for each retrieved component, each decomposition
method and each combination of incidence angle as presented in Figure[§] The highest cumulative error
obtained among all decomposition methods, at fixed component and fixed geometry, was used for nor-

malization. All the processes are characterized using their ratio of vertical to horizontal (east and north
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Figure 8. Comparison of decomposition results for classical models of deformation field and three
combinations of incidences angles (symbols). Results are presented by their normalized cumulative
errors for Uy, (a) and U; (b) and as a function of the U. /U, ratio. The color code indicates the
decomposition method and the symbols correspond to a specific configuration of incidence angles.
For oriented structures such faults and dikes, two end-member orientations were considered: East-
West (upper panels) and North-South (lower panels). See Section [4.3.2] for discussion on oriented

structures and their influence on reconstructed components.

s components) displacements (U./Uy,) in order to emphasize their impact on the reconstruction of U, and
s+ U. Similarly, we also test the influence of the combined incidence angles with respect to these different

a5 deformation fields to see whether or not they differently impact the component retrieval. To do so, we
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considered the three configurations presented in Figure [3} 1) two high incidence angles representing
most of acquisitions with ERS-1/2 and ENVISAT satellites similarly as in [Keiding et al., 2010]] and 2)
mixed incidence angles represented by a high and an oblique incidence angles [Parks et al., 2018]], and
finally 3) two very oblique incidence angles, e.g «~ 30° illustrated with our CSK data set.

Starting with U, (Fig. ), the maximal error is almost systematically detected for the LC method,
whatever the combination of incidence angles. On the contrary, the two inversion-based decomposition
methods result in very similar error behavior. These errors are slightly better than those for LC method
but not much, except for north-south structure inducing both vertical and horizontal movements. More-
over, except for intermediate U,/U,, ratio associated with north-south oriented structure, all errors for
retrieving U, remain significant, as most of them are > 80%. When comparing the different geometries
of acquisition, it clearly appears that errors in reconstructing U, are minimized for mixed incidence
angles, errors that are down to 25% for a north-south striking dyke. Finally, the differences between
eastward and northward striking structures suggest that their orientation does influence the retrieval of
the vertical component, which will be further discussed in the next section.

The distribution of U; errors behave differently than those for U, (Fig. @)), even though the errors for
the two inversion based methods are once more, very similar. The difference between the inversion-
based methods and the LC one is more pronounced, > 20% in general, than for Uy,. LC method shows
largest errors when the deformation field is dominantly vertical or U,/ U, ~ 1, whatever the configu-
rations of acquisition. In other cases, the smallest errors are obtained for the two oblique incidence or
mixed angles while the largest errors result from the two-component linear inversion, the SVD-based
method being very closed but slightly inferior. As for U}

up?
for northward and eastward structures confirming the impact of the structure orientation on the compo-

clear differences appear in error distribution

nent reconstruction.

4.3.2 How oriented sources of deformation do influence decomposition results?

With Figure (8} the difference in error distribution of U, and U; for eastward and northward striking
geological structures evidences how their retrieval depends on the deformation field and therefore the
structure orientation. Whatever the structure azimuth, the retrieval of U, is optimized using mixed
incidence angles and the two inversion-based decomposition methods, the combination of two oblique
incidence angles resulting in the largest errors. Conditions for optimizing U reconstruction are slightly
different. For U,/ U, ~ 1, mixed incidence angles combined with one inversion-based decomposition
method provide best results, with limited errors on U;. For very low U,/ U}, characterizing almost pure
horizontal movement, LC method associated with two oblique incidence angles reduces errors by ~20%

when compared to other decomposition methods. For intermediate U,/Uy, ratio, the orientation of the
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Figure 9. Sensivity of decomposition errors to structure orientation and horizontal displacement.
The structure of geological structure (fault, dike) are taken from 0 (North) to 90° (East). For each
strike, three coloured bars indicate the normalized cumulative errors of a decomposition method.
The figure includes also maximal values of U, (black filled circles) and U,, (black crosses) to better
evaluate the correlation between the errors and the horizontal components of the deformation field.

We further investigate the influence of oriented structures on the retrieval on east and vertical com-
ponents using similar sources of deformation as in Figure [§] We calculated the cumulative errors for
strikes ranging from 0° (north-south) to 90° (east-west) for each structure and decomposition method
and we fixed the combination of incidence angles to the mixed one (Fig. 0). If we consider only the
error distribution in Fig. 0] (colored bars), three general observations may be done: 1) in most cases, the
cumulative error distribution varies non-linearly with the strike of the geological structure and differ-
ently between Uy, and U, 2) the cumulative errors are very similar for the two inversion-based methods

and 3) the LC method is associated with most of the largest errors and especially, when dealing with a
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horizontal dominantly deformation field. Superimposing the vertical and horizontal displacements to the
cumulative errors allows to decipher the source of these discrepancies (Fig. 9). For strike-slip faulting,
the cumulative error of U] for the two inversion-based methods is correlated with U, and anticorrelated
with U,. The contrary trend is observed for Uy, errors (Fig. @) For structures inducing both vertical and
horizontal movements, some common patterns appear in the error distribution. For U, retrieval, as soon
as U, > U,, the two-component linear inversion and SVD-based decomposition allow to significantly
reduce the cumulative errors, what corresponds to strikes ranging from 0° to 30°. When U, starts to
be of the same order than U,, and smaller, LC methods show reduced errors. Regarding U retrieval,
when U,/U; ~ 1, errors are minimized with the two inversion-based decompositions whose evolution
with strike variations correlates with U,,. With increase of horizontal movements, these inversion-based
decompositions provide the smaller errors up to 65°, after which the errors of the three methods differ
by less than 10% (Fig. [9).

This analysis has shown that the distribution of cumulative errors depends on the distribution of horizon-
tal displacements, and in particular those of the north component. This may be explained by the model
resolution matrix (Fig. E[) and U, representing systematically the second minor contributions to U,;, and

U}, whatever the geometry of acquisition.

4.3.3 Modelling using the reconstructed components

With this section, we would like to take advantage of this comparison and more importantly of the model
resolving matrix for testing modelling approaches. As we have seen in the past sections, model reso-
lution matrix allows to quantify the ability to reconstruct the three components of the deformation field
using the set of equations characterizing the combination of an ascending and a descending interfero-
grams (Eq. [2). As LC method does not rely on the system of equations as defined in Eq. [2] as well
as the two-component linear inversion as it modifies this initial system, it does not make sense to ap-
ply the model resolution matrix to both of these decomposition methods. Here our modelling approach
consists in testing three modelling approaches (Supplementary Material, Fig. S6): 1) the classical one
that consists first in projecting the modelled deformation field into the ascending and descending LOS
to estimate the misfits in both configurations that are then summed up. 2) The second approach relies
first on a decomposition of the ascending and descending interferograms using either the LC method or
the two-component linear inversion to reconstruct U, and U;. These components are then compared to
those of the modelled deformation field. 3) Similarly to the second approach, this last approach consists
in decomposing the data into the three components of the deformation using the SVD-based inversion,
even if U, is not reliable. The misfit is then calculated using these components representing the obser-
vations, and those of the modelled deformation field once the model resolution matrix has been applied.

This approach allows to substract comparable components, that are all seen through a SAR sensor. In
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the second and third approaches, the components obtained from modelling are considered as those of

the true deformation field.

Our modelling procedure consists in a non-linear inverse problem we solve using a simulated anneal-
ing (Kirkpatrick et al, (1983); Kirkpatrick, 1984). The model parameters are sampled using a Markov
chain combined to the Metropolis algorithm ([Metropolis et al., 1953]], [Kirkpatrick, 1984]). This semi-
random-walk is controlled by an external parameter called the "temperature" allowing to reconstruct the
a posteriori probability of the model parameters. For each temperature, 300 iterations are performed.
Here we test a Mogi point source with parameters similar as those in section 4.3.1] and interferograms
simulated using the acquisition geometry of CSK data presented in this study (Table [I). The model
parameters investigated during this inversion process are the volume change and the depth, the location
being fixed (Fig. [10).

The four approaches led to parameter estimates for both the depth and volume change, that are very
similar and very closed to the original ones. However, the use of model resolution matrix reduces sig-
nificantly the uncertainties for both modelled parameters. It seems it also contributes to improve the

inversion results as the best estimates are obtained using this approach (Fig. [10).

5 Discussion

Our comparison using an example from Iceland and synthetic data demonstrates that the choice of
the method for decomposing InSAR signals impacts the reconstruction of the displacement components.
More precisely, for a deformation field dominated by vertical motion, the SVD-based approach and the
two-component linear inversion will result in very similar retrieved east and vertical displacements (Fig.
[} Fig. [7] and Supplementary Material). With increasing horizontal displacement, the differences be-
tween the three approaches become more and more pronounced, especially between the inversion-based
methods and the LC method (Fig. [} Fig. [7). When comparing the two inversion-based methods, it
appears they give relatively similar results, with differences more or less pronounced depending on the
combination of incidence angles/headings and the deformation field (Figs. [7] [9} [§] and Supplementary
Material). Our approach also shows a minimum variation in range. This latter can reflect two processes
or their combination: (1) the minimum length solution that is used by the SVD algorithm or/and (2) the

consequence of the removal of the north component on U and U}, for the other approaches. Using the

*
up
model resolution matrix (Fig. [3), we have shown that the true north component influences all the com-
ponents of the reconstructed deformation field. U,, appears systematically as a secondary contribution
to the reconstructed U,;, and U, components. Therefore assuming U,, is zero, will impact both Uy, and
U} as suggested by [Samieie-Esfahany et al., 2009]. As the contribution of U,, is not the same for each

reconstructed component of the deformation field, its removal affects differently the reconstruction of
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Figure 10. Modelling a deformation field using reconstructed components due to a Mogi source
located a 4 km depth and dV=0.1 km®. The a-posteriori probability for the depth and volume change
parameters are shown in the first and second columns for each decomposition method, e.g LC
method, two-component linear inversion and SVD-based inversion and the classical approach that
relies only on LOS data. The black lines in the background represents the fixed model parameters.
See Section [4.3.3] for more details.

the other components hence the differences observed between the two-component linear inversion to the
truncated SVD (Fig. [6] and [7]and Supplementary Material). More, the SVD-based method will slightly
improve the results with respect to the two-component linear inversion when different incidence angles
will be considered (Fig. [/, Supplementary Material, Fig. S5).
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Differences between truncated SVD and LC method can be explained using the equations [I0]{I] that
describe the LC method. They allow to estimate ny; and ng considering empirical contributions of the
true displacement components using assumptions that are usually only approximatively validated (see
Section [3.1). Therefore the linear combinations of the LC method do not reflect the geometry of ac-
quisition as the model resolution matrix does. Although contributions of the true components in the
LC method are to first-order relatively similar as those of the model resolution matrix, the LC method
does not allow to reconstruct the components of interest as well as the truncated SVD approach does as

illustrated with synthetics (Fig. [/} Supplementary Material, Fig. S5).

Comparing different combinations of incidence angles for a same displacement field (see Section
4.3.1} Supplementary Material, Fig. S5) revealed that a decomposition method relying on data with
highly oblique incidence angles does not improve the reconstruction of the east component and this, even
if each individual interferogram shows a greater sensitivity to the east-oriented displacements. Actually,
it is even worse as it reduces the sensitivity to the vertical displacements. These effects were already
demonstrated by the model resolution matrix (Fig. [3). Actually, the east component is in essence well
reconstructed by combining an ascending and a descending interferogram because of the orientation of
the co-plane defined by the ascending and descending geometries (Fig. [I). In the light of these compar-
isons, it therefore seems preferable to combine interferograms with mixed or high incidence angles and
similar look direction (| &p |=| @4 |), whatever is the deformation field. More, the truncated SVD has
shown to be the most reliable solution for retrieving U, and U7, in addition to present the advantage
of limiting the a priori information on the displacement field to solve the system (2). The minimum
length assumption used by the truncated SVD not only contributes to stabilize solutions, limiting extra
variations due to a priori hypothesis on the deformation field, but also provides solutions consistent with
natural processes whose energy is intrinsically minimized, making in that sense the SVD-based inver-

sion better than the two others.

InSAR and therefore retrieved components from an InSAR pair, can provide high-resolution data in
very high inaccessible areas as illustrated with Bardarbunga example where high coherence measure-
ments were obtained in between the glacier tongues (Fig. [5). These data brings valuable constrain on
how surface deformation varies in space and potentially in time, depending on the ground conditions at
the time of the next acquisition and offering therefore opportunity to better decipher the source of surface
deformation and associated processes. Such information is particularly valuable when modelling the de-
formation source as more information are beneficial for converging towards the best solution, even more

when several sources interact. With this study, our modelling approach has proven that model resolution
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matrix could improve the results and reduce the uncertainties when included in the misfit calculations.
This approach is different from the classical one which consists in projecting the predicted deformation
field into the ascending and/or descending LOS that are then compared to the original ascending and
descending interferograms respectively for estimating the misfit. Such procedure implies that each in-
terferogram contributes independently to the misfit, that represents a sum of all differences between the
model and the interferograms. Our procedure in using the model resolution matrix allows to compare
any deformation field as seen by ascending and descending satellite geometries, a somehow equivalent
approach to the classical one but different in the sense that it does consider the information carried by
all interferograms together.

Model resolution matrix could also be considered to explore the best configurations for deploying in-
struments in the field in order to get the best data possible for optimizing the inversion process (see
[Bertero et al., 1985]], [Bertero et al., 1988]], [Jourde et al., 2015]]). For satellite-based SAR sensors, the
geometry of acquisition is pre-defined along near-polar orbits with only possible changes, e.g. in the inci-
dence angle, except if the design of satellite system would be changed in the future. Therefore the model
resolution matrix will not change dramatically from one configuration to another one, as we showed
through our example from Iceland and those taken from the literature (Fig. [3). However, when InSAR
data is combined with GNSS data, the model resolution matrix approach could be used to assess the
optimal location for GNSS observations using a likely source of deformation. This would allow to better
capture the ground movement and to optimize the inversion process of the three displacement compo-
nents. Such analysis would be an extension to approaches based on inversion of three dimensional dis-
placement fields combining InSAR and GNSS (e.g., [Gudmundsson et al., 2002]]; [Wang et al., 2012];
[Pagli et al., 2014]]).

6 Conclusion

Interferometric analysis of synthetic aperture radar satellite images allows to quantify the relative
ground deformation between two SAR acquisitions. For an InSAR pair, one interferogram from a
descending satellite pass and one from an ascending pass, the geometry of acquisition precludes full
retrieval of the components of the three dimensional displacement field. The model resolution matrix
allows to translate mathematically the filter imposed by the acquisition geometry of the satellites with
SAR sensors on board and therefore to quantify our ability to reconstruct the deformation field with re-
spect to the true one. This approach shows that all true components contribute to the reconstruction of all
displacement components through different linear combinations, with a better reconstruction obtained
for the east component than for the vertical one. We perform an inversion of the under-determined sys-
tem defined by an InSAR pair, using a truncated Singular Value Decomposition and a minimum length

solution. We compare our results with other methods classically used to retrieve the vertical and east
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components using an InSAR pair: the linear combination (LC) method and the two-component linear in-
version. The comparison is performed using a real example taken from the 2014-2015 volcano-tectonic
event in Iceland but also synthetics and modelling. We thus analyze different deformation fields and
show that the largest errors are generally obtained for the LC method, while our SVD-based approach
and the two-component linear inversion result in relatively similar estimates. These results are further
examined with respect to the configuration of acquisition of the two interferograms combined, the na-
ture of the deformation field and orientation of the geological structures. They suggest in particular that
combining two interferograms with both high or mixed incidence angles allow a better reconstruction
of the east and vertical components than having two oblique incidence angles. Finally, we show that the
model resolution matrix can be used in combination with retrieved displacement components to better

constrain an inverse problem that aims at solving source parameters of a deformation field.
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