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ABSTRACT

Convective self-aggregation is proposed to be fundamental to the develop-

ment of tropical cyclones and the Madden-Julian Oscillation, both of which

are long-term mysteries in tropical meteorology. Therefore, understanding

self-aggregation is key to deciphering how convection works in the tropical

atmosphere. Here we present a 1D shallow water model that simulates the

dynamics of the planetary boundary layer. We parameterize convection as a

small-scale, short-lived mass sink that is triggered when the layer thickness

exceeds a certain threshold. Once triggered, convection lasts for finite time

and occupies finite length. We show that the model can successfully simulate

self-aggregation, and that the results are robust to a wide range of parameter

values. By analyzing the available potential energy budget (APE), we show

convection generates APE, providing energy for self-aggregation. This paper

provides a simple modeling framework to study self-aggregation, which can

be used to understand the temporal and spatial scales of self-aggregation.
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1. Introduction21

Persistent convectively coupled circulations can self-emerge over an ocean surface with uniform22

temperature (Held et al. 1993; Bretherton et al. 2005). These circulation patterns are sustained by23

significant buoyancy and pressure gradients in the planetary boundary layer (Yang 2018a,b). In-24

tense thunderstorms are ubiquitous in the upwelling branch of the circulation; clear sky conditions25

prevail in the downwelling branch of the circulation. This phenomenon is known as convective26

self-aggregation and has been extensively simulated in computer models (Muller and Held 2012;27

Wing and Emanuel 2014; Holloway and Woolnough 2016; Yang 2019).28

A suite of studies have suggested that physical processes that lead to and maintain self-29

aggregation are key to the development of tropical cyclones (Wing et al. 2016; Boos et al. 2016)30

and the Madden-Julian Oscillation (MJO) (Yang and Ingersoll 2013, 2014; Arnold and Randall31

2015; Pritchard and Yang 2016; Khairoutdinov and Emanuel 2018), which are long-term myster-32

ies in tropical meteorology. Understanding physics of self-aggregation, therefore, would help us33

decipher how convection interacts with atmospheric circulations in the tropics.34

Recent progress in understanding self-aggregation primarily relies on cloud-resolving models35

(CRMs) and general circulation models (GCMs) (Bretherton et al. 2005; Muller and Held 2012;36

Muller and Bony 2015; Yang 2018a, 2019, 2018b; Arnold and Putman 2018; Patrizio and Randall37

2019). These studies have suggested that a number of physical processes can affect the devel-38

opment of self-aggregation, including feedbacks involving radiation, surface fluxes, water vapor,39

convective heating, and evaporation of rain. Studies have also suggested that, at steady state, there40

is a natural length scale of self-aggregation, which is of O(2000 km) in the current climate (Wing41

and Cronin 2015; Yang 2018b; Patrizio and Randall 2019; Arnold and Putman 2018).42
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However, there are no simple models that can capture all basic features of self-aggregation.43

Some models focused on developing instability mechanisms responsible for the initial growth44

of aggregated circulations (Bretherton et al. 2005; Craig and Mack 2013; Emanuel et al. 2014;45

Beucler and Cronin 2016; Yang 2018a; Windmiller and Craig 2019), and other models focused on46

what maintains the circulation and sets the spatial scale at steady state (Yang 2018b; Wing et al.47

2016; Arnold and Putman 2018; Patrizio and Randall 2019). There lacks a simple model that48

simulates the entire aggregation process, from the onset to the steady state.49

Recent studies suggested that PBL diabatic processes are key to the development of self-50

aggregation (Naumann et al. 2017; Yang 2018a), and that horizontal buoyancy and pressure gra-51

dients in the PBL maintain the steady-state circulation (Yang 2018b; Arnold and Putman 2018;52

Patrizio and Randall 2019). Motivated by these studies, we present a 1D shallow water model53

that simulates atmospheric flows in the planetary boundary layer (PBL), roughly the lowest 2 km.54

With a simple convection parameterization, this model can simulate convective self-aggregation to55

a statistically steady state from a homogeneous initial condition. We propose that the convective56

heating–overturning circulation (CHOC) feedback provides energy to self-aggregated circulations,57

which is consistent with recent CRM results (Yang 2018a, 2019).58

As a starting point, the current model focuses on reproducing the minimal simulation in Figure59

7 of Yang (2018a). In that simulation, convection self-aggregates without radiative, surface-flux,60

and vapor-buoyancy feedbacks, and evaporation of rain. Building complexity on this shallow61

water model will be left for future work.62

2. A Boundary Layer Framework63

We briefly review the PBL framework for self-aggregation (Naumann et al. 2017; Yang 2018a,b;64

Arnold and Putman 2018; Patrizio and Randall 2019). Yang (2018a) discovered that the devel-65
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opment of convective self-aggregation is associated with increase of available potential energy66

(APE), which is due to the generation of APE. The generation of APE, also known as the APE67

production, is a process of amplifying buoyancy anomalies: heating (cooling) the warm (cold)68

part of the atmosphere generates APE (Vallis 2017). The APE production then requires horizontal69

buoyancy anomalies. In the absence of rotation, there is no force to balance horizontal buoyancy70

and pressure gradients in the free troposphere, so buoyancy and pressure perturbations can be ef-71

fectively smoothed out by gravity waves (Charney 1963; Sobel et al. 2001; Yang and Seidel 2020).72

Therefore, the APE production is primarily in the PBL, which then becomes critical to the devel-73

opment of self-aggregation. This hypothesis was confirmed by using a suite of mechanism-denial74

CRM simulations (Yang 2018a).75

Yang (2018b) developed a theory for what sets the horizontal scale of self-aggregation by con-76

sidering dominant balances in the PBL. This theory suggests that the size of self-aggregation scales77

with PBL height and the square root of buoyancy variation in the PBL. This theory correctly pre-78

dicts that the natural length scale of self-aggregation is of O(2000 km), and explains how the79

spatial scale of self-aggregation varies with climate change (see his Figs. 3 & 10). Although this80

theory was developed in a 2D atmosphere, it has been subsequently used to explain 3D simulation81

results (Arnold and Putman 2018; Patrizio and Randall 2019).82

This PBL framework is supported by a growing body of literature showing the importance of83

PBL in leading to self-aggregation (Bretherton et al. 2005; Muller and Bony 2015; Naumann et al.84

2017; Colin et al. 2019) and in maintaining the steady-state circulations (Arnold and Putman 2018;85

Patrizio and Randall 2019). These recent studies justify the idea of constructing a shallow water86

model to simulate PBL dynamics and thereby self-aggregation.87
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3. A Shallow Water Model88

We construct a linear shallow water model that simulates the dynamics of the PBL. This model89

only includes a minimum set of ingredients in order to reproduce the basic features of the minimal90

simulations presented in Yang (2018a), in which radiative, surface-flux, vapor-buoyancy feed-91

backs, and evaporation of rain are all absent.92

In the shallow water model, we represent the effect of convection, radiation, and surface fluxes93

in the continuity equation, which acts as the thermodynamic equation (Lindzen and Nigam 1987;94

Gill 1980). We then represent convection as a small-scale mass sink and represent the overall95

effect of radiation and surface fluxes as a constant and uniform mass source to the shallow water96

model (no radiative and surface-flux feedbacks). In a statistically steady state, the mass sink97

should balance the mass source averaged over the entire domain, which can be considered as the98

radiative-convective equilibrium (RCE) in this shallow water model.99

There are different ways to interpret why we can represent convection as a mass sink for our100

shallow water model. First, when convection occurs, there are small-scale upward mass fluxes101

from the PBL to the free troposphere, which is a mass sink of the PBL indeed. Second, we can view102

that our shallow water model simulates the lower branch of an overturning circulation roughly with103

a first-baroclinic vertical structure. Then convective heating is mathematically equivalent to a mass104

sink to the PBL (our model) or a mass source to the upper troposphere (Gill 1980; Lindzen and105

Nigam 1987; Kuang 2008; Yang and Ingersoll 2013): convective heating lowers surface pressure.106

The overall effect of radiation and surface-fluxes does the opposite to convection, so we repsent it107

as a mass source.108

The governing equations of our shallow water model are given by109

∂tu =�fx �u/td, (1)
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110

∂tf + c
2∂xu = Fc +Fl � (f � f̄)/td, (2)

where u represents horizontal velocity (m/s2); f represents geopotential (m2/s2), and f̄ represents111

its domain average; td represents a linear damping timescale (1/s); c represents the gravity wave112

speed (m/s); Fc represents convective heating (m2/s3), which is parameterized as a mass sink, Fl113

represents large-scale forcings that are constant in time and space (m2/s3), parameterized as a mass114

source.115

Before we provide details of the convection parameterization, we discuss a few important as-116

sumptions and simplifications. First, we assume that linear dynamics is sufficient to capture con-117

vective self-aggregation, because nonlinear contributions to the development of self-aggregation118

seem to be negligible in CRM simulations [see the APE analysis in Yang (2018a, 2019)]. Second,119

we assume linear damping in both u and f . Although highly idealized, the linear damping seems120

to capture the overall damping effect at a wide range of lengthscales [see Fig. 10 of Kuang (2012)].121

Similar to previous studies, here we use the same damping timescale for both u and f for simplic-122

ity (Gill 1980; Neelin 1989). Third, we parameterize the overall effect of radiative cooling and123

surface fluxes as a uniform mass source Fl , mimicking the minimal simulation in Yang (2018a),124

in which there are no radiative and surface-flux feedbacks. Last, we assume that a prognostic125

moisture equation is not necessary. This is because the moisture-entrainment-convection feedback126

seems to be secondary for self-aggregation (Arnold and Putman 2018; Yang 2019).127

We parameterize convection as a triggered process (Fig. 1) following Yang and Ingersoll (2013,128

2014), who have sucessfully simulated spontaneous development of the MJO. When f exceeds a129

threshold fc, convection is triggered, and latent heat is released. Each convective event occupies a130
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finite length (2rc) and lasts for a finite time (tc):131

Fc =� q

rc ⇥ tc

⇥
"

1�
⇣Dt � tc/2

tc/2

⌘2
#
⇥
⇣

1� r
2

r2
c

⌘
, (3)

where q measures the amplitude of convection (a positive number), Dt represents the time interval132

since the onset of convection, and r represents the distance of a location to the convective center.133

Fc is zero when Dt > tc or r > rc (Fig. 1).134

This convection parameterization is almost identical to that in Yang and Ingersoll (2013, 2014),135

who have successfully simulated the MJO in a shallow water model. The only difference is that136

we parameterize the effect of convection on the PBL (the lowest 2 km), whereas Yang and Inger-137

soll (2013, 2014) focused on the upper troposphere. This convection scheme has been referred to138

as triggered convection, in contrast to quasi-equilibrium (QE) convection (Emanuel et al. 1994).139

Convective heating is not an instantaneous function of the thermodynamic state nor the PBL con-140

vergence. This convection scheme is, therefore, also different from the conditional instability of141

the second kind (CISK) (Bretherton 2003; Emanuel et al. 1994). This convection scheme proposes142

that convection would occur only if enough mass has been accumulated in the PBL (f > fc). This143

implies that convection lags the PBL convergence. This lag could be due to the sensitivity of deep144

convection to moisture and convective available potential energy (CAPE), both of which favor145

deep convection. Therefore, f in our model has implicitly included information of moisture.146

Here convection is triggered by small-scale high pressure anomalies. At first sight, this seems to147

be surprising because convection often occurs at low pressure areas. However, we will show that148

convection indeed occurs in large-scale low pressure environment in our shallow water simulations149

(Section 4). Although convection is triggered when f is higher than fc, f quickly falls below150

fc and then keeps falling until Dt = tc. Therefore, convection lowers the layer thickness in an151

area with anomalously low f during most of the convecting period. This is key to generate the152
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large-scale low-pressure environment and to simulate convective self-aggregation. We will further153

illustrate how convection works by using our simulation results (Section 4).154

In this shallow water model, fluid dynamics is linear, and the only nonlinearity comes from the155

triggered convection. Therefore, the absolute amplitude of any forcing is not of interest. This is156

because we can scale the entire equation by any arbitrary factor, and the dynamics should remain157

identical. There are five free parameters: convective timescale tc, radius of convective storms rc,158

gravity wave speed c, and the damping timescale td , number density of convective events Sc. Sc159

is a derived parameter, measuring number of convective events per unit area per time. Over a time160

period T and a spatial scale L, the energy balance is given by161

n⇥q ⇠ Fl ⇥T ⇥L, (4)

where n represents number of convective events over T and L. Sc then emerges from this energy162

balance:163

Sc ⌘
n

T ⇥L
⇠ Fl

q
. (5)

Here we have used that the integrated effect of individual storms over its entire life cycle and164

convective area scales with q, which has been carefully discussed in Yang and Ingersoll (2013,165

2014). We have dropped an O(1) scaling factor in the above analysis, which makes the physics166

more transparent and does not affect the rest of the paper.167

We choose a set of reference parameter values: tc = 0.6 hr, rc = 10 km (the size of a storm is168

2⇥rc = 20 km), Sc = 4⇥10�10 m�1 s�1 (about 276 storms per day over the entire domain), c= 20169

m/s, and td = 1 day. The parameter values are similar to those in Yang and Ingersoll (2013, 2014).170

In order to test the robustness of simulation results, we have varied all parameter values at least by171

a factor of 2.172
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We integrate the shallow water model using the Lax-Wendroff method with the grid spacing173

dx = 5 km and time step d t = 1 min. For the reference parameter values, there are 5 grid points174

and 36 time steps within a convective storm, which is then well resolved. We have tested the175

sensitivity to dx and d t, and the simulation results remain almost unchanged by using higher176

resolutions.177

4. Simulation Results178

Our shallow water model can successfully simulate spontaneous organization of large-scale cir-179

culations and convection. Figure 2 shows f , convection, and u of the reference simulation. Large-180

scale structures in convection and circulation self-emerge quickly, reaching a statistically steady181

state around day 30. Convective centers collocate with large-scale low pressure centers and conver-182

gence, which is consistent with results in CRM simulations [see Fig. 2 in Yang (2018a)]. Within183

the large-scale envelopes, there are small-scale, short-lived gravity waves excited by convective184

storms. These gravity waves propagate toward opposite directions at the same speed, forming185

standing wave patterns that meanders slowly.186

To further illustrate how our convection scheme works, we plot a snapshot of f and Fc in Fig. 3a.187

Convection is triggered when f exceeds fc locally. This is evident, for example, at x ⇡ 2500 km188

and at x ⇡ 4500 km (the small orange dips). These storms span 2rc = 20 km in x (a much smaller189

scale than the convective aggregates) and will last for tc = 0.6 hours once triggered. The amplitude190

of convective heating evolves with time according to (3), which is also illustrated in Fig. 1b. It191

will first increase and then decrease back to 0 when Dt = tc. The big orange dips (e.g., at x ⇡ 4500192

km and x ⇡ 7000 km) represent convective heating around the mature stage (Dt = tc/2). f at these193

locations already becomes much lower than fc due to the effect of convection. Although triggered194
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by high f , convection lowers the layer thickness in an area with anomalously low f during most195

of the convecting period.196

The convective storms excite small-scale gravity waves, which then form large-scale wave en-197

velopes (Figs. 2a, 2c and 3a). To better illustrate this multi-scale structure, we decompose f198

according to199

f(t,x) = f(t)+f 0(t,x), f 0 = ef +(f 0 � ef), (6)

where f(t) represents domain-averaged f , which is very close to c
2; f 0 represents perturbations200

around f ; ef represents slowly varying components of geopotential anomalies (Fig. 3b, calculated201

as a 5-day average); and (f 0 � ef) represents fast components of geopotential anomalies (Fig.202

3c), which are mostly gravity waves. The slow components have clear large-scale structures,203

corresponding to convective aggregates (Fig. 3b). The fast components have two length scales.204

The fine-scale structures are associated with individual gravity waves, and the large-scale features205

are wave packets–a group of gravity waves that travel together (Fig. 3c). Because these gravity206

waves propagate to opposite directions with the same speed, the wave packets are almost stationary207

in space.208

These gravity waves are excited by convection, and their energy–the amplitude of waves–209

concentrates around convective centers (Fig. 3c), which helps trigger new convective storms210

nearby. This is essentially the aggregation mechanism proposed in Yang and Ingersoll (2013).211

The collective effect of individual storms rectifies to a large-scale mass sink, producing a large-212

scale low pressure environment (Fig. 3b): statistically, convection resides in a large-scale low213

pressure environment indeed.214

We apply running average in time and space with the window widths as 5 days and 100 km,215

respectively. This filters out gravity waves and highlights the large-scale circulations (Figs. 2d-f).216

It becomes clearer that the envelope of convective heating coincides with low pressure centers217
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throughout the entire simulation. This suggests that, at the large scale, convection generates APE,218

providing energy for self-aggregation.219

Before we perform detailed APE analysis, we test the parameter sensitivity of our results. In220

each simulation, we only vary one parameter and keep the other parameters identical to those221

in the reference simulation. In Fig. 4, the first column presents simulations with tc = 0.4, 0.6,222

and 1 hour, respectively. The second column presents simulations with rc = 10, 20, and 40 km,223

respectively. The third column presents simulations with td = 0.5, 1, and 2 days, respectively. The224

fourth column presents simulations with Sc = 2⇥10�10, 4⇥10�10, 8⇥10�10 m�1 s�1. The fifth225

column presents simulations with c = 15, 20, 30 m/s. We have varied each parameter at least by226

a factor of 2.227

Figure 4 shows horizontal wind u in a suite of simulations with a wide range of parameter values.228

All simulations have reproduced basic features of convective self-aggregation simulated by CRMs.229

Convection can self-aggregate from an initially homogeneous state, and the large-scale circulation230

pattern persists and reaches a (quasi-) steady state. The spatial scale of convective aggregates is231

about 2000 km - 4000 km, consistent with 2D CRM results Yang (2018b).232

In all simulations, there are small-scale, short-lived gravity waves within the large-scale circu-233

lation pattern. The gravity waves propagate to both directions at c = 15� 30 m/s, whereas the234

large-scale pattern remains almost in place or meanders slowly without a preferred direction. For235

example, in Fig. 4a, the gravity wave speed is 20 m/s (the black line). The large-scale circulation236

drifts to the right at about 3 m/s during the first 30 days of the simulation and then drifts to the left237

with the same speed for another 30 days. Such slow propagation was also observed in CRM sim-238

ulations (e.g., Fig. 7 in Yang (2018a)). Given that the maximum propagation speed is only about239

15% of c, and that there is no preferred direction, this slow propagation is not of our interest.240
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In Fig. 4b, there are abrupt shifts in locations of large-scale convergence (precipitation) centers241

(e.g., around day 20, 40, and 80). In CRM simulations, such abrupt shifts rarely occur unless242

there are significant horizontal winds (e.g., Fig. B3 in Yang (2018a)). This is because moisture243

helps localize convection: humid environment favors convection, and its associated large-scale244

circulations then further moisten the environment (Tompkins 2001). Here, the drift rate compares245

to c, so these abrupt shifts are likely related to gravity waves.246

The spatial scale varies when we change parameter values in Fig. 4. For example, when in-247

creasing td or c, convective aggregates become larger (the third and fifth columns in Fig. 4). This248

seems to suggest that the spatial scale l ⇠ c⇥td . Using c= 20 m/s and td = 1 day, we get l = 1728249

km, which is consistent with the characteristic length scale of the simulated convective aggregates.250

However, the spatial scale also changes when we vary other parameters. For example, l decreases251

with increasing Sc (the fourth column in Fig. 4), suggesting l ⇠
p

c/Sc, which was proposed by252

Yang and Ingersoll (2014). To test which scale sets the spatial scale of convective aggregates, we253

need a suite of large-domain simulations that can accommodate 10+ convective aggregates, so that254

the domain size is much larger than l and no longer affects the scaling results. Therefore, we leave255

this investigation to a future study.256

In summary, we have successful simulated convection self-aggregation in a shallow water model257

with a wide range of parameter values. The gross features of the simulated aggregates resemble258

those in CRM simulations, although details may differ (e.g., the abrupt shift of precipitation cen-259

ters).260

5. Available Potential Energy Analysis261

Now we focus on the reference simulation and try to understand what provides energy for the262

development and maintenance of self-aggregation at the large scale. We analyze the APE (J/kg)263
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budget, following Yang (2018a, 2019). In the shallow water system, we define264

APE =
f 02

2c2 , (7)

where f 0 ⌘ f � f̄ , and f represents the domain average of f (Gill 1982). This APE formulation265

corresponds well with that of a continuously stratified atmosphere [e.g., (1) in Yang (2018a)]: f 0
266

is related to the buoyancy perturbation, and c
2 measures stratification.267

We can derive the APE budget for convective self-aggregation, which is given by268

∂tAPEz }| {

∂t

ef 02

2c2 + ef 0∂xũ| {z }
Conversion to KE

=

APE Productionz}|{
eF 0
c
ef 0

c2 �
ef 02

c2td|{z}
APE Sink

, (8)

where ˜(·) represents a slowly varying component associated with self-aggregation Yang (2018a);269

F
0
c = Fc � F̄c.270

Figure 5a shows the evolution of APE. The evolution of APE generally synchronizes with the271

development of convective self-aggregation. In the beginning of the simulation, APE is negligible272

because of the uniform initial condition. However, APE rapidly increases with time around day273

7, when large-scale organization starts to appear. APE reaches a local minimum around day 20,274

when the aggregated circulation weakens; APE starts to grow again when the aggregated circula-275

tion strengthens. The APE oscillates around a reference value after day 40, when the aggregated276

circulation reaches a statistically steady state. This is in good agreement with Yang (2018a, 2019),277

suggesting the process of self-aggregation is associated with APE evolution.278

We further show that convective heating coincides with f 0, generating APE and providing energy279

for self-aggregation. Figure 5b plots280

s =
(8)

APE
, (9)
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where s is an inverse timescale, characterizing the efficiency of generating APE due to individual281

processes. Larger s indicates a shorter timescale (higher efficiency). We find that convective282

heating is most efficient in generating APE. Once APE is generated, a large fraction of it is quickly283

converted to KE, forming circulations. The sink of APE is due to the linear damping in (3): ssink284

= 2/td = 4 day�1. The sum of all above contributions leads to slow changes in APE with time.285

Figure 5 agrees well with Figs. 3-4 in Yang (2018a) and Fig. 3 in Yang (2019), which show286

APE evolution in CRM simulations. This agreement supports that the CHOC feedback provides287

energy for the development of self-aggregation.288

6. Conclusion and discussion289

This paper presents a shallow water model to simulate the PBL circulation of convective self-290

aggregation. The simulation results resemble those of CRM simulations, and we show that the291

simulation results are robust to a wide range of parameter values. A key component of this model is292

the triggered convection, which are intermittent and energetic. The convective storms interact with293

gravity waves, leading to new storms in the vicinity of old storms. This is a process of generating294

available potential energy and forming convective self-aggregation. Our results agree with Yang295

(2018a, 2019): the CHOC feedback provides energy for the development and maintenance of296

convective self-aggregation.297

Our model is consistent with the broadly-defined conditional instability of the second kind298

(CISK), a cooperative instability between atmospheric flows and convection that does not re-299

quire radiative and surface-flux feedbacks (Bretherton 2003; Mapes 2000; Wu 2003; Kuang 2008).300

However, there are important differences. First, simple CISK models often parameterize convec-301

tion in proportion to PBL convergence (of moisture) (Emanuel et al. 1994). In our model, however,302

convection only occurs once enough mass is accumulated in the lower troposphere, which lags the303
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PBL convergence. This triggering mechanism could be related to the sensitivity of convection to304

moisture and/or convective available potential energy (CAPE). Deep convection often occurs when305

there is enough moisture and CAPE in the atmosphere. Second, CISK models often produces the306

instability at the grid scale. However, our model produces circulation patterns of thousands of307

kilometers, similar to those simulated in CRMs. Therefore, the instability in our model due to the308

CHOC feedback might be distinct from the conventional CISK (Bretherton 2003; Charney and309

Eliassen 1964; Lindzen 1974).310

Our shallow water model can be considered as a non-rotating version of the Yang-Ingersoll311

model, which reproduces basic features of the MJO (Yang and Ingersoll 2013, 2014). This is312

consistent with results from convection permitting models: the MJO is a form of self-aggregation313

over an equatorial b plane (Arnold and Randall 2015; Khairoutdinov and Emanuel 2018). This314

agreement suggests that the triggered convection scheme might have captured key aspects of how315

convection interacts with atmospheric flows.316

This paper presents a simple modeling framework to study convective self-aggregation, which317

opens new avenues of research. For example, with only a few free parameters, this model is318

particularly useful to develop scaling theories for self-aggregation. Following Yang and Ingersoll319

(2014), we would like to systematically vary all parameters and use the Buckingham P Theorem320

to understand what controls the temporal and spatial scales of self-aggregation.321

For simplicity, the current model focuses on reproducing the minimal simulation in Yang (2018a)322

and has, therefore, omitted some physical processes that are known to be important for self-323

aggregation. In future studies, we would like to construct a more complete model by adding324

interactive radiation and surface fluxes, and an explicit moisture variable to the shallow water325

model. The model will then help us gain theoretical insights on the role of radiative and surface-326

flux feedbacks. It would also be interesting to compare the model results with other theoretical327
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models that focus on radiative feedbacks (Bretherton et al. 2005; Emanuel et al. 2014; Beucler and328

Cronin 2016).329
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Convective heating Fc (m2/s3). (c) Horizontal wind u (m/s). (d-f) The slow components correspond to (a-c),

respectively. The forcing amplitude is arbitrarily small. Therefore, the absolute value of our model output is not

important.
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FIG. 3. The relation between f and Fc at different scales. Locally, anomalously high f triggers individual

convective storms. However, these convective storms reside in a large-scale low pressure environment. (a) A

snapshot of geopotential f and convective heating Fc. (b) Slow components of f and Fc. They are calculated

as five-day averages. (c) Fast components of f . Three snapshots with a one-day interval. Blue shows the time

shown in (a), red shows one day earlier, and yellow shows one day later.

504

505

506

507

508

27



�c rc �d Sc c

t (
da
y)

x (km)

a b c d e

f g h i j

k l m n o
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u is shown in all panels. The first column presents simulations with tc = 0.4, 0.6, and 1 hour, respectively.

The second column presents simulations with rc = 10, 20, and 40 km, respectively. The third column presents

simulations with td = 0.5, 1, and 2 days, respectively. The fourth column presents simulations with Sc =

2⇥ 10�10, 4⇥ 10�10, 8⇥ 10�10 m�1 s�1. The fifth column presents simulations with c = 15, 20, 30 m/s.

We have varied each parameter at least by a factor of 2. All of the other parameters remain the same as in the

reference simulation. The black lines provide the gravity wave speed in the corresponding simulations.
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