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Abstract

The particle method is an ensemble-based data assimilation method for state- and parameter esti-
mation in a quasi-static problem. We apply the particle method in two different experiments with
models of increasing complexity. The first model, which calculates subsidence for a single observation
point due to a single source of strain, considers uncorrelated parameters and observations. In the sec-
ond model subsidence can be seen as a summation of subsidence contributions from multiple sources.
A single source in the second model causes deformation over a region and the observations within
this region will be correlated. Assimilating these correlated observations may trigger weight collapse.
With synthetic tests we show in a model of subsidence with 50 independent parameters and spatially
correlated observations a minimum of 1013 particles is required to have information in the posterior
distribution identical to that in a model with 50 independent and spatially uncorrelated observations.
Spatial correlations cause information loss which can be quantified with mutual information. With
synthetic experiments we illustrate how stronger spatial correlation results in a lower information
content in the posterior. This quantification underpins our finding that a larger ensemble size is
required for the particle method to remain effective in the case of spatial correlation. We further-
more illustrate how this loss of information is reflected in the log likelihood, and how this depends
on the number of parameters of the model. Based on the results of these experiments, we propose
criteria to evaluate the required ensemble size for data assimilation of spatially correlated fields.

PRE-PRINT WARNING

This manuscript has been submitted for publication in Computational Geosciences
Journal. Please note that, despite having undergone peer-review, the manuscript has
yet to be formally accepted for publication. Subsequent versions of this manuscript
may have different content. If accepted, the final version of this manuscript will
be available via the Peer-reviewed Publication DOI link printed on this webpage.
Please feel free to contact any of the authors; we welcome feedback.

Keywords: Particle method, ensemble size, information theory, weight collapse, subsidence, reservoir.

1



2 On spatially correlated observations in a particle method for subsidence estimation

1 Introduction

The Geosciences, specifically the fields of mete-

orology, oceanography, physical geography and

geophysics, involve the study of complex and

nonlinear processes over a range of scales using

numerical simulators of varying complexity. Data

assimilation is a technique that combines observa-

tions with models to estimate model parameters.

Complexity of a data assimilation system rapidly

increases with the number of parameters in the

model and the number of observations, and has

implications for how we predict physical processes

of the system.

One of the methods used in data assimila-

tion is the particle filter [1] or particle method

[2] for static problems. Filtering and ensemble

based methods have been applied to subsidence

estimation [3, 4] and [5] used ensemble smoother

and ensemble smoother multiple data assimilation

method to estimate geomechanical parameters of

the subsurface. An important question in these

applications is whether the ensemble spread is

sufficiently large to ensure applicability of the

method given the system complexity.

In many applications, the ensemble size is cho-

sen based on trial and error. The particle method,

as most other importance sampling methods, suf-

fers from weight collapse and its performance

exponentially degrades as the dimension of the

state and observation spaces increases [6–8]. We

can prevent this weight collapse by increasing

the ensemble size. A more systematic approach

to evaluate the necessary ensemble size has been

proposed by [6] and [7] and tested in a practi-

cal example through the work of [9]. However,

analytic derivations of the ensemble size in these

publications are often based on abstract prob-

lems, and thus the results are not always easily

translated to geoscience problems. [6] highlight

for example the problem of non-Gaussian prior

and observations, and the nontrivial dependen-

cies between parameters and observations. In this

study, we will extend the results of [6] to empirical

cases with observations with spatial correlation,

focusing specifically on the feasibility of the parti-

cle method and its performance. We illustrate this

with an example of subsidence caused by reser-

voir compaction, where observations of subsidence

allow us to estimate geomechanical properties of

the reservoir (e.g., [3, 10]).

To assess the feasibility of the particle method

to estimate reservoir parameters, we wish to eval-

uate the required ensemble size to account spa-

tial correlation in the observed field and prevent

weight collapse. In a previous study on the particle

filter, [6] derive a theoretical relationship between

the maximum weight, wmax of the particles and

the dimension of the problem for an example of

i.i.d. (independent identically distributed) sam-

ples and under the assumption of a standard

normal density for prior and likelihood. In their
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study, the authors generalize the results at an

asymptotic limit for a case where a linear transfor-

mation from model parameters to the observation

space can be represented by an Id (identity) obser-

vation operator. Strategies to assimilate spatially

correlated observations for large number of obser-

vations is developed by [11]. However, to our

knowledge, there is no theoretical approach to

estimate weight collapse and the required ensem-

ble size when spatial correlation occurs in the

observed field. In other words, when the obser-

vation operator becomes non-Id and when the

components of the observation vector depend on

multiple parameters.

The objective of the present study is to eval-

uate the necessary ensemble size that ensures the

applicability of the particle method and avoid

weight collapse as a result of 1) the dimension of

the system and 2) on the spatial correlation in

the observed field. For this, we use two conceptual

models of subsidence: 1) a linear model of sub-

sidence and 2) a multi-component model. In the

linear model of subsidence, we use a linear trans-

formation from parameter to observation space to

represent a first-order approximation of a com-

pacting reservoir. The multi-component model,

that includes spatial correlation, is based on the

nucleus of strain approach of [12], which has been

used in literature to estimate geomechanical reser-

voir properties [3, 13]. The resulting subsidence

shows spatial correlation, as the field of deforma-

tion is a superposition of the strain created by

each compacting compartment of the gas reser-

voir. To extend the derivation of the ensemble size

to problems with spatial correlation, we propose

an empirical quantification of the information in

both prior knowledge and posterior estimate using

the formalism of information theory with mutual

information.

The paper is organized as follow. In Section 2

we give an overview of the particle method and

of the previous results of [6] for weight collapse

in high-dimension. Using information theory with

the metric of mutual information, we extend the

results of [6] to the example of spatially correlated

subsidence. Results in Section 5 illustrate how the

ensemble size must grow with spatially correlated

observations to avoid the efficiency of the particle

method to degrade. Sections 6 and 7 conclude our

study.

2 The particle method

In this section, we first give an overview of the

particle method and the problem of weight col-

lapse, and we introduce the concept of mutual

information.
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2.1 Background on the particle

method

Data assimilation is used to estimate the proba-

bility of a model state or parameter x given the

observations y. The particle method that we use

in this study is a static application of the par-

ticle filter. We consider Ne particles as a Monte

Carlo sampling of prior state or parameter x. Each

state or parameter in {xi, i = 1, .., Ne}, gives

a model representation to be compared with an

observation {yi, i = 1, .., Ny}, Ny being the num-

ber of observations. We define the dimension of

the parameter space Nx, and we set the number of

observations Ny, equal to the number of param-

eters: Ny = Nx (e.g., Ny = Nx = 50). Model

predictions can be described by the observation

model,

y = Hx. (1)

Following the formulation of filtering problem

in [14], we define the observation operator H.

In Eq. 1, the observation operator H maps the

parameters x to the states y, i.e. observations or

model-predicted measurements.

Result of the particle method is a posterior

distribution p(x|y), which takes into account the

uncertainties in both model and assimilated obser-

vations to evaluates the probability of possible

model outcomes. The posterior probability of the

model to the observations can be described using

Bayes’ theorem.

p(x|y) = p(y|x)p(x)∫
p(y|x)p(x)dx , (2)

In Eq. 2 the prior p(x) consists of the ensemble

x sampled from a probability density function.

For the parameters x, we compute a model pre-

diction xf to map the parameter space to the

observation space. The superscript f stands for

”forecast” and represents a prior quantity in the

observation space. We later use the superscript a

to refer to the ”analysis”, or a posterior estima-

tion. We compare the model predictions xf with

the observations y through the likelihood p(y|x).

The likelihood is chosen as a probability den-

sity function f which represents the distribution

and uncertainty in data. In the posterior distri-

bution p(x|y) each particle is weighted with the

likelihoods.

wi =
p(y|xf

i )∑Ne

j=1 p(y|xf
i )

(3)

In Eq. 3, the posterior weights are normalized with∑Ne

j=1 wi = 1. The expected value of the posterior

distribution is an estimator of the value of param-

eters [14]. The quality of the estimator depends

on the quality of the posterior and thus on the

ensemble size, Ne as well as the dimension of the

parameter and observation spaces.
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2.2 Weight collapse in the particle

method

We define the efficacy of the particle method to

estimate model parameters as the ability to get

a posterior distribution that represent the prior

and likelihood as formulated in Bayes’ theorem

(Eq. 2). As in any sampling method, the posterior

mean becomes a better estimator of the param-

eters as the number of samples and hence the

ensemble size increases.

If a given ensemble size is insufficiently large to

sample the prior, we can observe a collapse of the

weights in the posterior (Eq. 3). Weight collapse

occurs when one single particle has almost all the

weight in the estimation of the posterior mean. In

this case, the maximum weight, wmax of all the

particles converges to one. Collapse occurs sooner

when the dimensions, Nx and Ny increase, unless

the ensemble size increases exponentially as well

[7, 8, 15].

Previous results of [6] and [7] give an indication

of the applicability of the particle method for a

given ensemble size at the asymptotic limit. This

asymptotic limit gives the asymptotic condition

for collapse for large ensembles and large numbers

of observations.

In the following we briefly review the asymp-

totic theory. For details, we refer the reader to

[6] and [7]. The theory of the asymptotic limit

is applicable for a case with a prior of state and

observation error that are i.i.d. and with an Id

observation operator. As a consequence, we can

apply the asymptotic limit to evaluate the ensem-

ble size in a linear model of subsidence without

spatial correlation (H = Id). To compare and

understand how weight collapse occurs in a system

with spatial correlation, we address the following

question:

Can we identify the required ensemble size, and

maximum weight wmax, for which the particle

method is practically applicable?

To derive a theoretical relationship between

the required ensemble size, Ne, and the dimen-

sion Ny, we start with the assumption of standard

normal density for the prior and the likelihood.

To derive this relationship, [6] approximate the

likelihood of one particle, p(y|xi), as the prod-

uct of the likelihoods over the observations, for

an Id observation operator with i.i.d. prior and

observation error ϵ.

p(y|xi) =

Ny∏
j=1

f
[
yj − (Hxi)j

]
. (4)

In Eq. 4, for a given observation j, (Hxi)j is

the model prediction from the particle xi seen

at the observation point j and f is a standard

normal density function f ∼ N(0, 1). The expres-

sion of the likelihood in Eq. 4 can be simplified

and expressed as a Gaussian distribution, N(µ, τ)

by defining a re-scaled mean µ and variance τ .
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To do this, we define a log likelihood Vij using

Ψ() = log f() as follows,

Vij = −Ψ
[
yj − (Hxi)j

]
, (5)

where, using the expression of the log likelihood

Vij in Eq. 5, the expression of the likelihood in

Eq. 4 can be rewritten as a re-scaled likelihood of

p(y|xi)

p(y|xi) = exp (−µ− τSi). (6)

Here, µ is a re-scaled mean and the variance is

τ . These are defined as a function of the log

likelihood Vij

µ =

Ny∑
i=1

E(Vij) τ2 = var

 Ny∑
i=1

Vij

 . (7)

An important condition for the expression of the

likelihood in Eq. 6 to be a valid approxima-

tion of the Eq. 4 is that the scale factor Si can

be approximated by a standard normal density

Si ∼ N(0, 1). From Eq. 6 and Eq. 7, we express

Si as a function of the log likelihood, µ and τ

and later verify its gaussianity with the following

expression. Si is now

Si =

 Ny∑
i=1

Vij − µ

 τ−1. (8)

Interestingly, [6] emphasize that in the example

of a linear model, the expression of Si does not

directly depend on the parameter dimension, Nx.

Using previous development of the re-scaled

likelihood (Eq. 6) and with the approximation

Si ∼ N(0, 1), we can now connect the maximum

weight, wmax, to the dimension Ny, and to the

ensemble size Ne, in the case of standard normal

distribution for the likelihood and the prior. With

this, we find

E[1/wmax − 1] ≈
√

4

5

√
logNe

Ny
. (9)

In this expression, the maximum weight, wmax, is

related to Si through Eq. 3. [6] use the conver-

gence properties of a wmax → 1 and Si ∼ N(0, 1)

for large Ne and Ny to derive the asymptotic

expression (Eq. 9).

Eq. 9 is valid for a Gaussian prior and likeli-

hood under the assumption of Si converging to a

Gaussian distribution.

An important result of [6] is that from Eq. 4

and from the expression of the log likelihood in

Eq. 5, the likelihood only depends on the dimen-

sion Ny, meaning that the observation dimension,

rather than the parameter dimension, controls

weight collapse. In case of spatial correlation, the

dependencies of the observations to the parame-

ters becomes nontrivial and this may no longer be

the case.
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Fig. 1 Models of subsidence. (a) Linear model of subsidence with H = Id, and (b) the multi-component model of subsidence
with spatial correlation. 3D models are built with an ensemble of 1D columns. While the linear model simulates subsidence
only for the surface directly above the compartment, the multi-component model computes the deformation field as an
integrated response from all compartments.

3 Subsidence models

Subsidence can occur as a consequence of reser-

voir compaction, which is a decrease in reservoir

thickness due a pressure drop, as a result of,

for example, gas production. When reservoirs are

compartmentalized by faults, some compartments

may compact more strongly than others. As a first

approximation, we could simulate compaction of

a reservoir by simulating the compaction of each

reservoir compartment separately. In reality, the

total compaction will be the integrated result of

the compaction of all compartments. As a sim-

plification, we could simulate the compaction of

each compartment separately, without it affect-

ing the surface above other compartments. This

is illustrated with respectively the ”linear model”

and the ”multi-component model” in Fig. 1. A

commonly used model for subsidence as a result

of compaction of a reservoir or reservoir com-

partment is the nucleus of strain approach of

[12, 16, 17]. The nucleus of strain represents com-

pacting reservoir (compartment) as a point source

of pressure variation, ∆P . The analytical solution

of the vertical deformation at the surface created

by a single nucleus of strain

uz(r, 0) =
−Cm(1− ν)V∆P

π

D

(r2 +D2)
3/2

, (10)

where the vertical deformation uz(r, 0) at an

observation point is calculated at the surface

(z = 0) for a nucleus at the depth D with the

compaction coefficient of the reservoir, Cm, the

Poisson ratio ν and the volume V of the reser-

voir, the pressure reduction ∆P and the relative

position of the nucleus to the observation point.

3.1 Linear model of subsidence

The linear model of subsidence gives a first

approximation of reservoir compaction and subsi-

dence and does not take into account the spatial

correlation in the subsidence field. To build this
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model, we start with a 1D geometrical approxima-

tion of subsidence (Fig. 1), and we create adjacent

and non-correlated 1D columns of subsurface with

Eq. 10. The radial distance r of the nucleus to

the observation point is r = 0, such as we have the

vertical displacement uz(r = 0, 0). The number of

columns thus indicates the model resolution and

the dimension of the parameters and the obser-

vation spaces. Because we don’t include spatial

correlation in the linear model, an observer at one

point only sees the compaction in the reservoir

compartment directly below (Fig. 1). This model

is similar to the example with an Id observation

operator, H = Id in [6]. In this subsidence case, H

represents a linear mapping from a vertical com-

paction of the reservoir to a vertical displacement

of the surface.

3.2 Multi-component model of

subsidence

The linear model of subsidence computes a local

displacement field caused by a single nucleus and

the resulting subsidence field does not include the

response from the entire compacting reservoir. As

an alternative, the nucleus of strain approach is

able to model arbitrary shaped reservoirs [16–18]

by linearly adding the effect of each nucleus k to

the total displacement field

uz(r, 0) =

Nx∑
k=1

uz,k. (11)

To evaluate the efficacy of the particle method in

more realistic problems, we now incorporate spa-

tial correlation using the multi-component model.

Geometry of the multi-component model is similar

to the linear model of subsidence. At the reser-

voir depth, we assume a nucleus of strain in the

center of each reservoir compartment and we com-

pute the subsidence (Eq. 10) by calculating the

influence of the nucleus of strain over the vol-

ume, V , of the reservoir compartment [19]. The

difference with the linear model is that the sur-

face displacement uz at one location j in space

arises from all sources of strain in all reservoir

compartments (Fig. 1b). The spatial correlation

in the multi-component model implies that the

observation operatorH is non-Id. Model-predicted

observations are then computed from all compo-

nents of the vector of parameters. This means that

the model (Hxi)j computed for an observation

point j with the particle xi can be written as

(Hxi)j =

Nx∑
k=1

hjkxik, (12)

where hjk is the jkth element of the observation

matrix. Recall that the multi-component model

integrates the responses of all compartments, and

thus is not a one-to-one transformation from

parameter space to observation space (i.e., it is a

non-injective transformation). This means that in
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a multi-component model an observation j is lin-

early dependent to all k = 1, ...Nx components of

the vector of parameters.

In the following, we use these two models

to investigate the effect of spatial correlation in

weight collapse. The pressure difference, com-

partment size and thickness are modelled after

the Groningen gas reservoir, in the Netherlands

(Tab. 1). The mechanical properties are also taken

from this reservoir (Tab. 2).

Table 1 Pressure difference, compartment size and
thickness of the multi-component model.

∆P dx dy dh
Nucleus of strain −0.35MPa 0.05◦ 0.05◦ 240m

Table 2 Reservoir properties.

Parameter Symbol Value Unit
Depth D 2800 m
Thickness h 240 m
Poisson ratio ν 0.32 -
Compaction coefficient Cm 1× 10−10 Pa−1

We first test the particle method with the

two models of subsidence at the asymptotic limit

(Sec. 2.2) and test agreement with the theoret-

ical derivation of weight collapse in the multi-

component model. Using concepts from informa-

tion theory we quantify the available information

before assimilation and the information in the

posterior to evaluate the required ensemble size

in the presence of spatial correlation, i.e., in the

multi-component model.

3.3 Synthetic experiments for

subsidence models

With synthetic data assimilation experiments, we

can assess the efficacy of the particle method to

estimate an unknown quantity. To do this we

define a ”true” value of parameters, xtruth and

sample values from this truth to generate syn-

thetic observations for assimilation y, {yi, i =

1, .., Ny} with Eq. 1. The observation operator H

maps the true parameters xtruth to the synthetic

observations y. Gaussian noise, ϵ, is linearly added

to simulate imperfect observations:

y = Hx+ ϵ. (13)

We use the same observation operator H, as for-

ward modelling operator, to compute the model

prediction p(xf ) from the particles xi in Bayes’s

theorem and to compute synthetic data. We com-

pare the outcome of synthetic experiments with

the ”true” values of parameters and subsidence

estimates as an indication on the efficacy of the

particle method.

4 Entropy and mutual

information

We investigate weight collapse in data assimilation

problems with spatially correlated observations

and thus with observable representation of higher
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complexity. With the information theory of Shan-

non [20] which is commonly applied in probability

theory in the field of dynamical systems [21].

In information theory, the measure of entropy

helps quantify the uncertainty, and conversely the

information about an unknown quantity.

[22] demonstrate the use of information the-

ory to diagnose the posterior probability func-

tion in Bayesian inverse problems. Although their

approach with Shannon’s information is not con-

clusive, they provide insightful perspectives for

application of information theory to other meth-

ods. [23] further refine the use of entropy and

mutual information to evaluate the efficiency of a

filtering method. We extend this study to address

the problem of weight collapse.

For a particle method, sources of uncertainty

are model error, imperfect data and the approx-

imation in the importance sampling algorithm

which all propagate into the posterior distribution.

The importance sampling algorithm assumes that

we can adequately sample the prior. If the sam-

pling is inadequate, for example because of non

independent or insufficient samples, weight col-

lapse can occur. In this case, the expected mean

of the posterior is no longer a good representa-

tion of the true posterior (Eq. 2). This implies a

loss of information in the posterior estimate. To

evaluate the propagation of information from prior

and likelihood to posterior, we use the metric of

entropy and mutual information as defined in [24]

and [25]. Mutual information allows us to estimate

the information about the parameter x contained

in the distribution p(x) with respect to an other

distribution p(y) (Fig. 2). Using mutual informa-

tion in data assimilation problems allows us to

evaluate the information in both model and data

available before assimilation and the ability of the

particle method to conserve this information in

the posterior.

For a parameter x sampled from a discrete dis-

tribution p(x), the entropy H(x) of p(x), can be

interpreted as ”can we know x given p(x)” and is

expressed by

H(x) = −
∑
i

p(xi) log (p(xi)) . (14)

The entropy is minimal if the value of the random

variable x can be estimated from p(x) with zero

uncertainty, meaning that the system is determin-

istic. Conversely, the entropy is maximum if x can

not be estimated from p(x), i.e., p(x) does not pro-

vide any information to determine an outcome x.

Let us consider the random variables x, y and z.

In the synthetic experiments, we have samples of

the model predictions, xf and we create synthetic

observations y vector for assimilation (Eq. 1).

Additionally, in order to apply the metric of [24]

we create synthetic observations for validation, z.

Both vectors y and z have the same dimension,



On spatially correlated observations in a particle method for subsidence estimation 11

p(xf )

p(y)H(xf ) H(y)

I(xf ; y)

H(xf)

H(y)
H(xf |y) H(y|xf )

(a)

(b)

Fig. 2 Venn diagram to illustrate the metric of entropy
before assimilation. (a) The colored area in circle represents
the entropy of a distribution (e.g. entropy H(xf) of the
prior distribution p(xf)). The intersection of the entropy of
prior and data constitutes the mutual information I(xf; y).
The remaining area of entropy (e.g., H(xf|y)) represent the
reduced uncertainty on the variable xf given the knowledge
brought by the variable y. (b) The joint probability gives an
intuitive approach to mutual information as a measure of
similarity between probability distributions. In the exam-
ple with discrete Gaussian distribution for the prior and
the data, if the joint probability shows strong correlation
then mutual information increases as the joint probability
increases (Eq. 15).

Ny. By construction, observation vectors y and z

are sampled from the same density, N(0, 1), and

the same observation model (Eq. 1). We assume

them to be independent. H(x) is the entropy in

the model and measures the uncertainty on the

parameters from the model predictions xf. Simi-

larly, for the entropy in a data set, we can compute

H(y), from observations {yi, i = 1, ..., Ny}.

We can now compute the entropy in model

H(x), and in data H(y) with Eq. 14 and the

mutual information I(z; xf) between p(z) and

p(xf), becomes

I(z; xf) =
∑
z

∑
xf

p(xf, z) log

(
p(z,xf)

p(z)p(xf)

)
.

(15)

In Eq. 15, the prior distribution p(xf), of the

model predictions xf, is then compared with the

validation data z, using the joint probabilities

p(z,xf). To compute mutual information, vec-

tor model prediction has the dimension of Ny

resulting of one model variable xf per observation

site. The joint probability gives the intersection

between the model and the observation spaces

(Fig. 2). A more practical implementation of

mutual information [26], written as a function of

the entropy and the joint entropy H(z, xf) is

I(z; xf) = H(xf) +H(z)−H(z, xf). (16)

Also Eq. 16 can be applied to estimate the mutual

information I(z; y). I(z; xf) and I(z; y) now

give an indication of the information content in

the model variable xf and the assimilated data

y, which can be used to evaluate a certain data-

assimilation setup. By quantifying propagation
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of information content before and after assimi-

lation we can relate weight collapse to particle

method performance. We can use this to evalu-

ate the required ensemble size given the model

complexity.

To evaluate how the information content

before assimilation propagates to the posterior

we define differential information Idiff and the

data assimilation efficiency EDA [24]. Differential

information is the difference between the mutual

information in the posterior and in the prior and

is expressed as Idiff = I(z : xa)− I(z : xf). This

quantity can be negative if the particle method

corrupts the prior information available before

assimilation (e.g., in the model or in the observa-

tions). To describe how information from both the

prior and observations is conserved in the poste-

rior distribution, we define the data assimilation

efficiency EDA. EDA is the ratio of the posterior

mutual information I(z; xa) and the prior mutual

information I(z; xf, y),

EDA =
I(z; xa)

I(z; xf, y)
(17)

The posterior mutual information represents the

mutual information between the distribution

of the validation data p(z) and the posterior

weighted ensemble p(xa). The prior mutual infor-

mation I(z; xf, y) represents the information

available before assimilation and is expressed as a

function of the mutual information I(z; xa) and

of the mutual conditional information I(z; y|xf).

I(z; xf, y) is then the information in the dis-

tribution of data p(y) conditioned on the model

predictions p(xf):

I(z; xf, y) = I(z; xf) + I(z; y|xf). (18)

This conditional information I(z; y|xf) can be

calculated as follows:

I(z; y|xf) =
∑
xf

∑
y

∑
z

p(xf,y, z) log

(
p(y|z,xf)

p(y|xf)

)
.

(19)

For assessment of the efficiency EDA, we use the

so-called interaction information I(xf; y; z):

I(z; y|xf) = I(z; y)− I(xf; y; z). (20)

Similarly to Eq. 16, to compute the efficiency of

the particle method, EDA, we use interaction infor-

mation as a function of entropy. Posterior entropy

H(xa) can be derived from the definition,

H(xa) = −
∫

p(x|y) log(p(x|y))dxdy, (21)

with the approximation of

p(x|y) =

Ne∑
i=1

wiδ(x− xi)
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and the expression of the weight in Eq. 3. A

maximum entropy represents a maximum uncer-

tainty on the analysis xa, and likewise a decreas-

ing entropy suggests a decreasing uncertainty.

Quantities of mutual information are empirically

estimated with histogram estimation methods.

5 Subsidence state- and

parameter estimation

5.1 Weight collapse and asymptotic

limit for subsidence models

We observe a stronger weight collapse in the

case of spatial correlation in the observation field.

Figure 3 illustrates weight collapse in the pos-

terior distribution in the subsidence models of

this study. The histograms show the distribu-

tion of the maximum weight wmax, over 1000

simulations for both the linear and the multi-

component models of subsidence and for a model

dimension of Nx = [10, 30, 100]. The maxi-

mum weight can be used as an indicator of the

particle method performance. It shows that the

method performance can rapidly decrease with

spatially correlated observations if the ensem-

ble size is inadequate. To evaluate weight col-

lapse in case of spatial correlation and increasing

dimension, we test the particle method at the

asymptotic limit (Eq. 9). We perform experiments

with both the linear and the multi-component

Fig. 3 Maximum weight wmax for a linear model of sub-
sidence (a) and for a multi-component model of subsidence
with spatial correlation (b) from simulations with, Nx=[10,
30, 100] parameters and an ensemble size Ne = 1000. His-
tograms of wmax are computed over 1000 simulations.

models with a large number of observations

Ny = [600, 800, 1000, 1200, 1400, 1600, 1800, 2000].

In each experiment, we assimilate synthetic

observations of subsidence into ensembles with

Ne = Nn
y with n = [0.75, 0.875, 1.0, 1.25].

Not surprisingly, the results of the linear model

(Fig. 4a and b) show a good accordance between

simulations and the theoretical prediction of

E[1/wmax] from Eq. 9. Connecting the maxi-

mum weight wmax, to the ensemble size Ne, and

the number of parameters Nx, through a linear
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Fig. 4 Results at asymptotic limit for the linear model of subsidence and the multi-component model. Verification of the
condition for collapse ((a), (b)). Dashed line gives the theoretical prediction of Eq. 9 and the solid line gives the best fit to
the simulations given Nx and Ne. The histograms of the distribution of the scale factor Si from the re-scaled likelihood in
Eq. 8 ((c), (d)). In (e) and (f), Kolmogorv-Smirnov (K-S) tests of the distribution of Si show the the cumulative probability
distributions over 1000 simulations with 1) a sampled standard normal density N(0, 1), 2) the subsidence model and in
dashed line the analytical cumulative probability of a density N(0, 1).
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relationship. A linear interpolation of the results

suggests that the line of E[1/wmax]−1 = −0.008+

1.0721
√

log(Ne)/Ny describes the variability of

the maximum weight which exponentially depends

on Ne. Particle method in the linear model of

subsidence shows good agreement with the results

of [6]. However, it clearly appears that the par-

ticle method in the multi-component model does

not fit the theoretical prediction of Eq. 9. The

main difference between the linear model and the

multi-component model reflected by the negative

log likelihood (Eq. 5) that results from the sum-

mation in observation operator H (Eq. 12). If we

assume a Gaussian density for the expression of

the negative log likelihood in the linear model

Vij ∝
1

2

[
yi − (Hxi)j

]2
σ2

, (22)

this becomes

Vij ∝
1

2

[
yj − xf

ij

]2
σ2

. (23)

In the case of spatial correlations, the expression

of the negative log likelihood differs as we take into

account the linear combinations of parameters

(Eq. 12). Because of the mapping from parameter

to observation space reflected by H, the log like-

lihood depends on the parameter dimension Nx

(Eq. 24) in the case of spatial correlation. This

can be explained by the fact that in the case

of spatial correlation, we consider the differences

between the vector observation yj with the states

computed from all parameters.

Vij ∝
1

2

[
yj −

∑Nx

k=1 hjk.xik

]2
σ2

. (24)

To assess how the weight collapse in assimilation

with the multi-component model (Eq. 24) differs

from the theoretical prediction of weight collapse

(Eq. 9), we test the approximation of the obser-

vation likelihood in Eq. 6 against the probability

distribution of the term Si in Eq 8. The term

Si is the scale factor which allows us to express

the re-scaled likelihood (Eq. 4) as a Gaussian dis-

tribution. The main assumption to re-scale this

likelihood is on Si to follow a standard normal

density, Si ∼ N(0, 1).

The histograms in Fig. 4 show the distributions

of Si in the linear and the multi-component model.

The distribution of Si in the multi-component

model shows a skewness compared to result for the

linear model, which approaches a standard normal

distribution. Distributions of Si provide evidence

of the effect of parameter dependency in Eq. 24

[9].

The histograms in Fig. 4 show the result of Si

for a single simulation. To confirm the deviation

to a standard normal density in the distribution

of Si, we perform the K-S (Kolmogorv-Smirnov)

tests over 1000 simulations.
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The analytical cdf (cumulative density func-

tion) of the standard normal distribution and the

cdf of sampled distributions from the standard

normal density, N(0, 1) are first compared to eval-

uate the spread around the analytical solution

(Fig. 4e and f), due to the sampling. For a dimen-

sion Nx = Ny = 1000 and the ensemble size of

Ne = 1000, we compute the value of Si (Eq. 8),

and compare to the analytical and sampled cdf.

We choose the values of Nx, Ny and Ne to per-

form simulations of Si at the asymptotic limit, in

a regime where Eq. 9 is valid.

Results in Fig. 4e and Fig. 4f, show a very good

overlap of the cdf for the linear model for both

the sampled distributions and the Si distributions.

K-S tests confirm the main assumption that Si

is approximately normal in the case of the linear

model of subsidence.

The K-S test for the multi-component model

exhibits a skewness in the cdf of Si, in corre-

spondence with the deviation from a standard

normal density in the histogram (Fig. 4d). Results

with the multi-component model thus suggest that

Si can not always be approximated by a stan-

dard normal distribution when the observations

are spatially correlated and consequently when the

log likelihood explicitly depends on the parameter

dimension, Nx in Eq. 24. Implications of non-

Gaussian Si is that 1) the re-scale likelihood in

Eq. 6 is not a valid approximation and 2) the rela-

tionship between the maximum weight and the

required ensemble size is not linear (Fig. 4a and b).

With these empirical results, we highlight a limit

of the analytical derivation of required ensem-

ble size in a spatially correlated data assimilation

problem.

5.2 Entropy and mutual information

for subsidence models

We apply the metric of mutual information

to evaluate the information content in model,

I(z; xf)/H(z) and in data I(z; y)/H(z) for both

the linear and the multi-component model. With

synthetic data assimilation experiments, we com-

pute the entropy and mutual information with a

histogram method. The sample size in this sim-

ulation is the number of model prediction, Nx

and the number of observations Ny, respectively

for I(z; xf)/H(z) and I(z; y)/H(z). The bin-

width is chosen such that the histogram covers

the range of the values of subsidence (e.g., for

both model predictions and synthetic observa-

tions). For our experiments with the dimension

of Nx = Ny = 50, sensitivity tests on the

robustness of the histogram method led us to

choose a bin resolution of 0.5mm. Table 3 shows

Table 3 Prior information content in model and in data
with a bin resolution of subsidence of 0.5mm and 40 bins
for Nx = Ny = 50.

Linear Multi-component
I(z; xf)/H(z) 0.76 0.76
I(z; y)/H(z) 0.76 0.77
Itot 0.99 0.99
wmax (Ne = 103) 0.71 0.94
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the mutual information for the linear and the

multi-component model before assimilation with

an information content in model and in data of

0.76. The linear and multi-component model have

similar information content before assimilation,

which is not surprising, as both have been sampled

from the same, Gaussian, distribution. Particle

Fig. 5 Posterior entropy for the linear model and the
multi-component model of subsidence for the dimension
Nx=[10, 30, 100] and 1000 ensemble members. Histograms
of entropy (Eq. 14) applied to the weighted posterior proba-
bility distribution. Entropy is computed and averaged over
1000 simulations.

method experiments are performed for an ensem-

ble size Ne = 1000. As expected from histograms

of wmax in Fig. 3, weight collapse is stronger in the

multi-component model than in the linear model

(Tab. 3) as the dimension increases. This suggests

that the particle method algorithm itself is the

main cause of information loss in the posterior in

case of weight collapse. Posterior entropy, H(xa)

in Fig. 5, which represents the uncertainty on the

vector of parameters x, after assimilation in the

posterior distribution p(x|y) is computed for the

dimensions Nx = [10, 30, 100]. Comparing Fig. 5

with Fig. 3, we observe that the posterior entropy

decreases as the maximum weight increases. If we

compare Fig. 5b with Fig. 5a, posterior entropy

converges faster to zero in the case of a model

with correlation than in the case of the linear

model. The lower entropy suggests a link to weight

collapse. Similarly to the maximum weight poste-

rior entropy can be used as a measure of weight

collapse (Fig. 3).

5.3 Information content and

efficiency

In the following, to evaluate the ability of the

data assimilation algorithm to conserve informa-

tion in the posterior, we use the definitions of

the data assimilation efficiency EDA (Eq. 17), and

of differential information Idiff . According to the

results of information content before assimilation

(Tab. 3), we compute EDA and Idiff with the bin-

width of 0.5mm and the dimensions Nx = Ny =

50 for an increasing ensemble size Ne. Figure 6
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Fig. 6 The differential information Idiff , indicates the
ability of the posterior to conserve the prior informa-
tion content. The best fit line of the differential infor-
mation with the multi-component model is given by
Idiff = 0.018 log10(Ne)− 0.17.

shows results of Idiff for the linear and the multi-

component model. Results clearly show a negative

Idiff for small ensemble size, in agreement with

a stronger weight collapse. In the example of the

linear model, Idiff < 0 for ensemble size Ne < 103

and a maximum weight wmax ∼ 0.7. Differen-

tial information increases as a function of the

ensemble size Ne, for both the linear and the

multi-component model. As expected, the ensem-

ble size of Ne = 100 and Ne = 1000 are not

large enough to avoid weight collapse in the linear

model and give a negative differential informa-

tion Idiff . In this example, the information in

the posterior distribution is less than in the prior.

We refer to this as corrupted information with

negative differential information. Idiff becomes

positive for larger ensemble sizes, reflecting an

increasing information content in the posterior

and a respectively decreasing weight collapse.

Results of differential information with the

linear model show good agreement with the

estimation of the required ensemble size of [6]

and are used as performance benchmark for our

study. Transposing this approach to the multi-

component model, Fig. 6 shows that with an

ensemble size of Ne = 107 the particle method still

corrupts the prior information, with Idiff < 0 and

the maximum weight approaching maxwi = 0.8

(Fig. 7).

To evaluate the ensemble size which pre-

serves the prior information and then ensures

the applicability of the particle method in the

multi-component model, we compare the efficiency

EDA with the maximum weight and the differ-

ential information Idiff . The efficiency EDA as

illustrated in Fig. 7 measures the quality of the

posterior given the information content in the

prior model prediction and the assimilated obser-

vations. Comparison of EDA with the differential

information (Fig. 6), shows that the information

in the posterior (EDA ∼ 0.75) is at least equal

to the prior information (Tab. 3) for a positive

Idiff . An efficiency EDA larger than the prior

information implies that the particle method con-

serves the prior information content. With the

example of the linear model with Ne = 100,

the particle method does not conserve the prior

information with an efficiency of EDA = 0.6 less
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Fig. 7 Efficiency EDA of the particle method for the linear
model and the multi-component model of subsidence for a
dimension Nx = 50, and with an increasing ensemble size
Ne. The best fit of EDA with the multi-component model
is given by EDA = 0.022 log10(Ne) + 0.56.

than the mutual information before assimilation

I(z; xf)/H(z) = 0.76 (Tab. 3). For an increas-

ing ensemble size Ne > 104, the particle method

now conserves the prior information (EDA > 0.75)

and does not corrupt the information in the pos-

terior (Idiff > 0). This result shows that the

required ensemble size should be of Ne > 104,

that is consistent again with the previous results of

[6]. For equivalent ensemble sizes and equal prior

information content, the efficiency in the multi-

component model is less than in the linear model.

This result confirms that the algorithm of the par-

ticle method causes the loss is information when

the observations are spatially correlated. For an

increasing ensemble size, the efficiency becomes

larger than one (Fig. 7a) despite the normal-

ization. This may come from the uncertainty in

the histogram method for the calculation of the

mutual information. This could be reduced using a

sample size larger than Nx = Ny = 50 (i.e., model

prediction or data).

Using the differential information and the effi-

ciency EDA we can evaluate a minimum required

efficiency of a particle method. We consider an

acceptable performance in the linear model for a

EDA at least equal to either the prior informa-

tion in model or in the observation. Using this

approach the differential information has a posi-

tive value atNe = 104 with the efficiency of EDA =

0.85, which is larger than the prior information

content in the model and in the data (Tab. 3). This

then suggests EDA = 0.85 as minimum required

efficiency corresponding to Idiff > 0.07 for an

ensemble size of Ne = 104.

In the multi-component model, a linear inter-

polation in Fig. 7a gives an equivalent perfor-

mance of EDA ∼ 0.85 with an ensemble size larger

than Ne > 1013. An ensemble size of Ne > 1013

is thus required in the example of the multi-

component model to have the same performance
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as that in a linear model with an ensemble size

Ne = 104. Likewise, the results of Idiff in Fig. 6

suggest that we need an ensemble size larger

than Ne > 109 to lift the differential information

to a positive value. For Idiff to reach ∼ 0.07,

the required ensemble size should be larger than

Ne > 1013.

Table 4 Required ensemble size Ne to ensure the
particle method applicability in the models of subsidence
based on differential information and data assimilation
efficiency EDA. Experiments are performed with a bin
resolution of subsidence of 0.5mm and 40 bins for
dimensions Nx = Ny = 50.

Linear model Multi-component model
Idiff > 0 Ne > 103 Ne > 109

Idiff > 0.07 Ne > 104 Ne > 1013

EDA > 0.85 Ne > 104 Ne > 1013

6 Discussion

Setting an adequate ensemble size can prevent

weight collapse in high dimensional problems.

Spatial correlation in the observed field increases

model complexity and estimation of the required

ensemble size can be biased ([6, 7]). In this study,

we show in an example with non-Id observa-

tion operator that the requires ensemble size to

ensure the applicability of the particle method can

increase with spatial correlation.

As in most of the Geoscience systems we

use non-injective transformation depending on the

strength of the correlations in the observed field,

the tendency for weight collapse may vary. Thus,

data-assimilation practitioners can expect a pos-

sible deviation to the asymptotic results of weight

collapse in the linear and Gaussian example. Our

empirical results can help derive the required

ensemble size. We show that information the-

ory, specifically the metric of mutual information

can give empirical criteria to ensure a minimum

particle method efficacy. Results of the multi-

component model at the asymptotic limit provide

insights to understand the deviation from results

of particle method with the linear model. In the

first part of this study we highlight that in the

approximation of the likelihood, the distribution

of the scale factor Si deviates from a standard

normal probability distribution. Moreover, the log

likelihood explicitly depends on the dimension of

the parameter space, Nx, in the case of spatial

correlation in subsidence. This could explain why

the particle method in the multi-component model

suffers of a stronger weight collapse than in the

linear model. In the results of [9] at the asymp-

totic limit with examples of non-linear models, we

observed a similar trend at the asymptotic limit in

our multi-component model for reservoir models

with varying strength of compaction. Our study

confirms previous results that the magnitude of

weight collapse can vary given the specificity of

the problem and the spatial correlation. Evalu-

ating the required ensemble size Ne can be very

difficult given model complexity and we high-

light the importance of a generalized methodology
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to evaluate Ne in Geoscience problems. We pro-

pose criteria to evaluate the required ensemble

size in Geoscience problems of realistic complexity,

involving high dimension and spatial correlation.

Information theory gives a means to quantify

the information in the model and in the data and it

shows how this information is conserved and prop-

agates in the posterior distribution. We propose a

generalized approach to evaluate uncertainty as a

flow of information for particle methods and other

data assimilation methods [23].

The quality of the data assimilation estimate

is often assessed with the variance of the pos-

terior distribution or the effective sample size

[27, 28]. However, posterior variance can be biased

because of weight collapse causing a narrow and

non-representative posterior distribution. In our

approach, we evaluate the bias caused by weight

collapse by assessing the method performance

using mutual information though the quantities

of differential information and data assimilation

efficiency. Differential information Idiff and data

assimilation efficiency EDA reveal that weight col-

lapse corrupts the information in the posterior

highlighting that the algorithm itself is the main

cause of information loss in the posterior

To compute the metric of mutual informa-

tion we used the histogram method and set the

sample size of model predictions and data to

Nx = Ny = 50 to test the sensitivity of

the particle method to the ensemble size Ne. It is

important to compare results computed with the

same number of parameters, of observations and

with the same spread and binwidth in the his-

togram. The linear model of subsidence provides

a benchmark to compare the empirical results of

mutual information with theoretical background

on weight collapse in the particle filter [6–8, 15].

Results of mutual information show good agree-

ment with previous results of [6]. For this reasons,

our methodology with the metric of mutual infor-

mation could be applied to larger datasets or a

time series of data in a filtering and ensemble

smoother methods [3, 29]. Weight collapse also

occurs in those methods [30].

Usually localization is used to reduce the

observation dimension, potentially reducing the

information content of a dataset by not taking into

account the large scales of spatial correlation. Our

approach is of interest for these applications to

either assess the method performance (e.g., infor-

mation loss, ensemble size) or even to optimize the

data assimilation before assimilation by evaluating

the information content in the prior and in a sam-

ple of data. The particle method algorithm could

be improved by choosing a more adequate prior

proposal [31–34] and using a scheme of resampling

methods.

As other criteria to ensure the applicability of

particle filter, the maximum weight or an effec-

tive sample size of the prior ensemble could be a
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threshold to choose the ensemble size and a min-

imum data assimilation efficacy. However, taken

alone it is not clear how we should choose these

values. Using a positive differential information

Idiff and a minimum data assimilation efficiency

EDA, one can decide what is the relevant amount

of information that the posterior should contain

in a specific problem.

7 Conclusion

With an example of models of subsidence we show

that the main cause of loss of performance comes

from the algorithm itself and only increasing the

ensemble size can effectively prevent weight col-

lapse. The required ensemble size in a problem

with spatial correlation can be underestimated

if evaluated based on non-representative trans-

formation from parameters to observation space.

In this study we propose two criteria based on

the information theory, differential information

and data assimilation efficiency using the met-

ric of mutual information to empirically derive

the required ensemble size in case of spatial cor-

relation in the observed field. For this we relate

weight collapse and the performance of the par-

ticle method to the information content before

and after assimilation. We find that in the linear

model of subsidence, the particle method requires

an ensemble size larger that Ne > 104 for a

dimension Nx = Ny = 50 to not corrupt infor-

mation available before assimilation and to obtain

a positive differential information. Our results

show good agreement with an earlier study of

[6] and provides an empirical method to measure

the applicability of a data assimilation method

through differential information and the relative

(i.e., relative to the prior information) criterion of

data assimilation efficiency, to choose the ensem-

ble size. This approach could be further used

to track the information content in other data

assimilation problems and to optimize the prior

information content. Eventually, a careful evalua-

tion of ensemble size could lead to a more reliable

use of particle methods.
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