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Spatially distributed chaos (turbulence) in the cumulus and stratiform clouds have been studied
using results of direct numerical simulations and radiometric measurements in cloudy atmosphere.
It is shown that in the both cases the second order moment of helicity distribution (the Levich-
Tsinober invariant) dominates the kinetic energy spectra.

I. INRODUCTION

The climate predictions and weather forecasting
are heavily dependent on the modelling of the cloud
formation under turbulent conditions. Therefore, a vast
range of scales should be taken into account - from
the cloud microphysical processes to the macroscopic
turbulent motions. Both these non-linearly interacting
components are poorly understood. The difficulty to
conduct measurements of the microphysical properties
of the real clouds formation under turbulent conditions
(see, for instance, Ref. [1] and references therein) makes
the problem formidable. Therefore, the recent direct
numerical simulations (see, for instance, Refs. [2],[3], [4]
and references therein) trying to take into account the
maximum possible variance of the key microscopic and
macroscopic processes (collision-coalescence of droplets,
condensation-evaporation, the cooling related to the
updraft motion inside the cumulus clouds, Reynolds
number dependent drag, supersaturation, longwave
radiative cooling etc.) in the buoyant turbulent environ-
ment are rather important.

In present paper results of the direct numerical simula-
tions have been used in order to develop a comprehensive
distributed chaos approach to the hydrodynamic aspects
of the problem and are compared to atmospheric mea-
surements.

In the Section II of the paper appearance of the tem-
porally distributed chaos from the deterministic one is
studied and compared with results of a direct numeri-
cal simulation of the Rayleigh-Bénard thermal convec-
tion. In the Section III the spatially distributed chaos in
the Rayleigh-Bénard thermal convection has been stud-
ied and compared with results of direct numerical simula-
tions. In the Section IV the buoyancy-helical distributed
chaos have been introduced, studied and compared with
the results of measurements in atmospheric boundary
layer during a morning transition from the stable to adi-
abatic mixed-layer convective conditions. In Section V
the distributed chaos has been studied in the cumulus
clouds. And, finally, in the Section VI the distributed
chaos has been studied in the stratiform clouds and com-
pared with the results of direct numerical simulations and
radiometric measurements in cloudy atmosphere
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FIG. 1: Logarithm of power spectrum for z-component of
the Eq. (1) against frequency f . The dashed straight line
corresponds to Eq. (2).

II. FROM DETERMINISTIC TO DISTRIBUTED

CHAOS

The deterministic chaos in the thermal convection was
discovered by E.N. Lorenz [5] in a simplified model of the
Rayleigh-Bénard convection

dx

dt
= σ(y − x),

dy

dt
= rx − y − xz,

dz

dt
= xy − bz (1)

The Rayleigh-Bénard convection is a thermal convection
in a layer of fluid, cooled from above and heated from
below. The parameters b = 8/3, r = 28.0, σ = 10.0,
for instance, provide a chaotic solution. Fig. 1 shows
power spectrum of z-component (in the semi-logarithmic
scales). The spectrum was computed using the maximum
entropy method, which provides an optimal resolution for
comparatively short data sets [6]. The dashed straight
line corresponds to the exponential spectrum

E(f) ∝ exp−(f/fc) (2)

where fc = const is some characteristic frequency. It is
now well known that the exponential spectrum Eq. (2)
is a typical spectrum for the deterministic chaos [6]- [10].
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The Boussinesq approximation for the buoyancy-
driven flows is (see, for instance, Ref. [11])

∂u

∂t
+ (u · ∇)u = −

∇p

ρ0
+ σgθez + ν∇2

u (3)

∂θ

∂t
+ (u · ∇)θ = S

∆

H
ezuz + κ∇2θ, (4)

∇ · u = 0 (5)

here p and θ are the pressure and temperature fluctuation
fields (θ = T − T0(z) with T0(z) as a conduction-state
profile), u is the velocity field, ez is the vertical unit
vector, the vertical distance between the two layers is
H and the temperature difference between them is ∆
(in the case of the Rayleigh-Bénard convection the H
is distance between the bottom and top plates), ρ0 is
the mean density of the fluid, ν is the viscosity and κ is
the thermal diffusivity, the gravity acceleration is g and
the thermal expansion coefficient is σ. For the unstably
stratified flows (Rayleigh-Bénard convection) S = +1
whereas for the stably stratified flows S = −1.

In a direct numerical simulation of the Rayleigh-
Bénard convection Eqs. (3-5), reported in Ref. [12],
dynamics of a global characteristic - normalized heat
current through the fluid layer N(t) (the Nusselt num-
ber) at constant temperature of the top and bottom
surfaces of a cylindrical domain, was studied at the
onset of the thermal convection at Prandtl number
Pr = ν/κ = 0.78 and aspect ratio Γ = 4.72.

Figure 2 shows (in the log-log scales) a broadband
windowed power spectrum of the N(t) fluctuations ob-
tained at δ = (Ra − Rac)/Rac = 0.614, where Rac is
the Rayleigh number at the convective threshold (Ra =
σg∆H3/νκ). The spectral data were taken from Fig.
3 of the Ref. [12]. Observations performed in the Ref.
[12] indicate that the spectrum shown in the Fig. 2 is
dominated mainly by the nucleation of dislocation pairs.
The dashed curve in the Fig. 2 indicates the expo-

nential spectrum Eq. (2) (position of the characteristic
scale fc is shown in the Fig. 2 by a dotted arrow). As
it was already mentioned above such spectrum is an
usual characteristic of smooth bounded deterministic
dynamics.

With increase of the parameter δ the convection dy-
namics becomes more and more complicated and at the
value δ ≃ 3 time-series of the N(t) fluctuations are al-
ready random-like (the dynamics in this case is domi-
nated mainly by the the roll pinch-off events [12]). In
order to understand this transition one should take into
account that with the increase of δ the parameter fc in
the Eq. (2) becomes fluctuating and one should use an
ensemble average over this fluctuating parameter (with
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FIG. 2: Windowed power spectrum of the N(t) fluctuations
at δ = 0.614.
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FIG. 3: Windowed power spectrum of the N(t) fluctuations
at δ = 3.

certain distribution P (fc)) to compute the power spec-
trum

E(f) =

∫
P (fc) exp−(f/fc) dfc (6)

To find P (fc) let us recall that despite the thermal
convection is not an Hamiltonian system there is a possi-
bility to introduce an effective action Ie for such systems
in the case of chaotic/stochastic dynamics (see Ref. [13]
and references therein). The basic dynamic relationship
involving the action is

uc ∝ I1/2e f1/2
c (7)

where uc is a characteristic velocity and Ie can be consid-
ered as an adiabatic invariant [14]. Providing Gaussian
(normal) distribution of the characteristic velocity (see,
for instance, Ref. [15]) we obtain

P (fc) ∝ f−1/2
c exp−(fc/4fβ) (8)



3

where fβ = constant.
Substitution of the Eq. (8) into Eq. (6) results in

E(f) ∝ exp−(f/fβ)
1/2 (9)

Figure 3 shows a windowed power spectrum of the N(t)
fluctuations obtained at δ = 3. The spectral data were
taken from Fig. 3 of the Ref. [12]. The dashed curve in
the Fig. 3 indicates the stretched exponential spectrum
Eq. (9). It follows from comparison of the Figs. 2 and 3
that the stretched exponential power spectrum in the Fig.
3 is tuned to the low-frequency edge of the exponential
spectrum shown in Fig. 2 - fβ (the second dotted arrow
in the Fig. 2). It is natural if the distributed chaos at
δ = 3 is a result of the development of the deterministic
chaos at δ = 0.614.

III. SPATIALLY DISTRIBUTED CHAOS

The exponential power spectra are typical for deter-
ministic chaos (or for onset of turbulence) not only in
the frequency domain but for the wavenumber domain
as well (see, for instance Refs. [7],[16] and references
therein)

E(k) ∝ exp(−k/kc) (10)

With transition to turbulence, analogously to the
temporal description, fluctuations of the characteristic
wavenumber kc can be taken into account by the ensem-
ble averaging

E(k) ∝

∫
∞

0

P (kc) exp−(k/kc)dkc ∝ exp−(k/kβ)
β

(11)
where the stretched exponential in the right-hand side of
the Eq. (11) is a generalization of the Eq. (9). In this
case the probability distribution P (kc) can be estimated
for large kc from the Eq. (11) [17]

P (kc) ∝ k−1+β/[2(1−β)]
c exp(−γkβ/(1−β)

c ) (12)

where γ is a constant.

The spatial (wavenumber) version of the relationship
Eq. (7) is

uc ∝ Iekc (13)

Let us consider a general scaling

uc ∝ kαc (14)

If uc has Gaussian distribution (with zero mean) [15]
a relationship between α and β

β =
2α

1 + 2α
(15)

follows immediately from the Eqs. (12) and (14).
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FIG. 4: Spatial kinetic energy spectrum at Pr = 1 and Ra =
108.

Then for the particular case Eq. (13) α = 1, hence
β = 2/3, i.e.

E(k) ∝ exp−(k/kβ)
2/3. (16)

In recent Ref. [18] results of a direct numerical simu-
lations of the Rayleigh-Bénard convection at Ra = 108

(still a moderate value) and the Prandtl number Pr =
ν/κ = 1 were reported. The free-slip boundary condi-
tions for the velocity field and conducting boundary con-
ditions for the temperature field were used at the top and
bottom horizontal plates, whereas at the side walls of the
computational domain the periodic boundary conditions
were used and random initial condition were applied.
Figure 4 shows spatial kinetic energy spectrum ob-

tained in this DNS. The dashed curve is drawn in order
to indicate the stretched exponential spectrum Eq. (16)
and the dotted arrow indicates kβ .

IV. HELICAL DISTRIBUTED CHAOS

Let us consider equation for mean helicity h = u · ω
(here the vorticity ω = ∇× u) corresponding to the Eq.
(3) with ν = 0

d〈h〉

dt
= 2σgez〈ωzθ〉 (17)

where 〈...〉 denotes an average over volume.
It follows from the Eq. (17) that the helicity generally

is not an ideal invariant of the Rayleigh-Bénard convec-
tion. However, one can expect that the correlation 〈ωzθ〉
being considerable at large scales (on the coherent struc-
tures) is quickly decreased in the chaotic/turbulent mo-
tion when the spatial scales become smaller. Therefore,
the second order moment of the helicity distribution (the
Levich-Tsinober invariant of the Euler equation [19]) can
be still considered as an ideal invariant of the Rayleigh-
Bénard convection. Indeed, let us divide the volume of
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motion into the cells Vj subject to the boundary condi-
tions ω ·n = 0 on the bounding surfaces of the cells - Sj ,
moving with the fluid [19],[20]. Then for the sells (where
the spatial scales are small enough) the helicity, averaged
over the cell, can be approximately considered as an ideal
invariant. The second order moment can be defined as
[20]

I = lim
V →∞

1

V

∑
j

H2
j (18)

where

Hj =

∫
Vj

h(r, t) dr. (19)

For a strong convection (e.g. for large Ra) one can
expect that the cells with the approximately conserved
H2

j provide the main contribution to the sum in the Eq.
(18) (cf. Ref. [21]) then the second order moment I is
approximately an ideal invariant of the Rayleigh-Bénard
convection.

For an inertial range of scales the ideal invariant I
can be considered as an adiabatic invariant even for the
viscous Eq. (3) and, therefore, can replace the Ie in the
Eq. (13)

uc ∝ I1/4k1/4c (20)

from the dimensional considerations (i.e. α = 1/4).
Then, it follows from the Eq. (15) that β = 1/3, i.e.

E(k) ∝ exp−(k/kβ)
1/3 (21)

for the helically dominated convection. Of course, as for
the Ie dominated convection, this consideration is valid
for both the stable and unstable stratification.

Figure 5 shows power spectrum of the longitudinal ve-
locity fluctuations measured at the altitude 100 m in the
atmospheric boundary layer during a morning transition
from the stable to adiabatic mixed-layer convective con-
ditions (the spectral data were taken from Fig. 3a of
the Ref. [22]). The high Reynolds number data were ob-
tained with a small unmanned aerial system. The dashed
curve is drawn in the Fig. 5 in order to indicate the
stretched exponential spectrum Eq. (21) and the dotted
arrow indicates position of kβ .

V. DISTRIBUTED CHAOS IN CUMULUS

CLOUDS

In cumulus clouds the buoyancy-driven thermal con-
vection is complicated by collision-coalescence of droplets
with hydrodynamic interaction and Reynolds number
dependent drag. Nonlinear interaction between turbu-
lent mixing and the condensation-evaporation process
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FIG. 5: Power spectrum of the longitudinal velocity fluctu-
ations measured at the altitude 100 m in the high Reynolds
number atmospheric boundary layer during a morning transi-
tion from the stable to adiabatic mixed-layer convective con-
ditions.

(in presence of large numbers of droplets) should also
strongly affect the convection and evolution of cloud
droplets.
There exist many models for description of this

complex system. For instance, it was suggested (see
recent Ref. [2] and references therein) to consider a
small air parcel (a cubic box with volume L3) ascending
inside the core region of a (maritime) cumulus cloud. In
the sufficiently small parcel the fluctuating quantities
can be considered as statistically homogeneous and the
periodic boundary conditions in all three directions can
be used. One have to consider corresponding equations
describing dynamics of the parcel, flow and droplets.

To describe dynamics of the parcel one can use equa-
tions

〈dH(t)〉

dt
= 〈W (t)〉

d〈W (t)〉

dt
= 〈B(t)〉 (22, 23)

where B(t) is a buoyancy force acting on the parcel, W (t)
and H(t) are corresponding updraft (vertical) velocity
and altitude associated with the parcel.
To describe the flow velocity field u, temperature θ and

water vapor mixing ratio q one can use the Boussinesq
approximation

∂u

∂t
+(u ·∇)u = −

∇p

ρ0
+(B−〈B(t)〉)ez+ν∇2

u+ f (24)

∂θ

∂t
+ (u · ∇)θ = −Γuz +

Lv

cp
(Cd − 〈Cd〉) + κ∇2θ, (25)

∂q

∂t
+ (u · ∇)q = −(Cd − 〈Cd〉) + κq∇

2q, (26)

∇ · u = 0 (27)
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FIG. 6: Kinetic energy spectrum for Reλ = 104.
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FIG. 7: Kinetic energy spectrum for Reλ = 167.

in the local coordinate system associated with the parcel.
In these equations f is an external (random) force, Γ
represents the cooling effect related to the ascending
motion of the parcel, Cd represents latent mass exchange
through condensation in the Eq. (26) and heat release
in the Eq. (25) (see for more details the Ref. [2]).

For the system Eqs. (24-27) the generalized action Ie
and second order moment of helicity I are still adiabatic
invariants for the inertial range of scales. Let us show
this for the second order moment of helicity I.

The equation of the mean helicity for the ideal case
(ν = 0) is

d〈h〉

dt
= 2〈ω ·F〉 (28)

F = (B − 〈B〉)ez + f (29)
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FIG. 8: Time-averaged kinetic energy spectrum for Reλ =
130.
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FIG. 9: The same as in the Fig. 8 but with the helically fitted
(cf. Eq. (21)) inertial subrange.

(cf. Eq. (17)). If the correlation 〈ω · F〉 is negligible
or it is not negligible for the large scales only then the
consideration of the Section IV can be readily general-
ized for the Eq. (28) and the second order moment of
helicity I is an adiabatic invariant for the inertial range
of scales (in the former case it is an adiabatic invariant
for the large scales as well). A direct numerical simu-
lation with the above described model was performed in
the Ref. [2] and figure 6 shows the kinetic energy spec-
trum obtained in this simulation for the Taylor-Reynolds
number [15] Reλ = 104 (the specral data were taken
from Fig. 7 of the Ref. [2]). Different colors correspond
to different times of the system’s evolution: from t = 10s
(black) to t = 600s (orange). The dashed curve indicates
correspondence to the Eq. (16) (the action invariant Ie
dominated distributed chaos).
Figure 7 shows the kinetic energy spectrum obtained

in this simulation for the Taylor-Reynolds number Reλ =
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167 (the specral data were taken from Fig. 7 of the
Ref. [2]). Different colors correspond to different times
of the system’s evolution: from the t = 10s (black) to
the t = 600s (orange). The dashed curve indicates cor-
respondence to the Eq. (21) (the helically dominated
distributed chaos).

VI. STRATIFORM CLOUDS

A. Direct numerical simulations

In the stratiform clouds the updraft velocity of the
parcel is about zero [23],[24]. This results, in particular,
in absence of the related cooling effect. Therefore, the
condensational growth of the cloud droplets is mainly
driven by supersaturation fluctuations (see, for instance,
a recent Ref. [3] and references therein).

In the Ref. [3] a direct numerical simulation of a
model corresponding to the stratiform clouds was per-
formed with especial attention to the phenomenon of the
cloud-droplet growth due to supersaturation fluctuations
affected by turbulence (see the Ref. [3] for more detail).
Figure 8 shows a time-averaged kinetic energy spectrum
obtained in this simulation for Reλ = 130 (the spectral
data were taken from Fig. 1a of the Ref. [3]). The
wavenumber is normalized by the Kolmogorov wavenum-
ber kη = 2π/η, where η = (〈ε〉/ν3)−1/4 is the Kol-
mogorov (dissipative) scale and 〈ε〉 is the mean dissipa-
tion rate due to viscosity [15]. The dashed curve indicates
correspondence to the Eq. (16) (the action invariant Ie
dominated distributed chaos).
Figure 9 shows the same spectral data but with

the dashed curve indicating the helically dominated
distributed chaos Eq. (21). One can see that there
already exists an inertial subrange with the helically
dominated distributed chaos, and one can expect that
this subrange will be increased with Reλ (cf. Figs. 6
and 7).

In the Ref. [4] results of a direct numerical simula-
tion of stratocumulus cloud-top turbulence were reported
(see for more details of the setting and simulations in the
Refs. [25],[26]). In the cloud-top region longwave ra-
diative cooling results in convective instability, that is a
major source of chaotic (turbulet) motion in the cloud’s
region.
Figure 10 shows longitudinal spectrum of the horizon-

tal velocity obtained in this simulation (the spectral data
were taken from Fig. 1a of the Ref. [3], excluding the
data for the upper part of cloud). Figure 11 shows cor-
responding transverse spectrum and again dashed curve
indicates the helically dominated distributed chaos Eq.
(21). Figure 12 shows longitudinal spectrum of the hori-
zontal velocity obtained in this simulation for the upper
part of cloud. The dashed curves in the Figs. 10-12 indi-
cate the helically dominated distributed chaos Eq. (21).
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FIG. 10: Longitudinal spectrum of the horizontal velocity.
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FIG. 13: 1D power spectrum of the radiance in the North-
South direction (DF).
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FIG. 14: 1D power spectrum of the radiance in the North-
South direction (DA).

B. Radiometric measurements in cloudy

atmosphere

The results of radiometric measurements made by the
airborne Multiangle Imaging Spectro-Radiometer (Air-
MISR), on the NASA ER-2 high-altitude (∼ 20 km) air-
craft, were reported in Ref. [27]. The measurements were
made for the blue channel radiance (λ = 0.443 µm) over
continental single-layer low stratocumulus clouds. There-
fore, one can expect that the radiance fluctuations were
produced mainly by the velocity field at the top of the
clouds.
Figure 13 shows 1D power spectrum of the radiance

in the North-South direction: zenith angle 70.5o and
scattering angle 140.8o (the spectral data were taken
from Fig. 7-DF of the Ref. [27]). Figure 14 shows 1D
spectrum of the radiance in the North-South direction:
zenith angle 70.5o and scattering angle 72.3o (the
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FIG. 15: 1D power spectrum of the radiance in the East-West
direction (DF).
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FIG. 16: 1D power spectrum of the radiance in the East-West
direction (DA).

spectral data were taken from Fig. 7-DA of the Ref.
[27]). The DF and DA camera’s view angles are the
most oblique ones and for them the cloud gaps close
about completely.

Figure 15 shows 1D spectrum of the radiance in the
EastWest direction (the spectral data were taken from
Fig. 8-DF of the Ref. [27]). Figure 16 shows 1D spectrum
of the radiance in the the East-West direction direction
(the spectral data were taken from Fig. 8-DA of the Ref.
[27]). The dashed curves in the Figs. 13-16 indicate the
helically dominated distributed chaos Eq. (21).
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