NOTES ON SEISMIC SOURCE MODELS IN ELASTOSTATICS

TECHNICAL NOTES

Deyu Ming*
Department of Statistical Science
University College London
London, UK

July 29, 2020

ABSTRACT

Seismic source models in elastostatics lay the foundations for the popular earthquake deformation
formula derived in |Okada (1992)), which forms key components for many studies in earthquake
displacement simulations, earthquake source inversions and ground-motion predictions. However,
despite of their importance, we found that the assumptions and proofs of some important theorems
about the topic are incomplete in the literature, causing difficulties for beginners to understand the
theoretical basis of |Okadal (1992)) and its extensions. This note fills these gaps, and conveys the
mathematics of relevant concepts in a consistent (in terms of notations) and rigorous (in terms of
assumptions and deviations) manner. The note could be used as a complement to the more general
introduction to the quantitative seismology provided in|Moczo|(2006)) and |Aki| (2009).

This note is a non-peer reviewed EarthArXiv preprint. These notes are meant for a general audience
who want to understand in depth the mathematical proofs of some important theorems involved
in seismic source models in elastostatics and their implicit assumptions. The main sources of the
material are|Moczo|(2006) and|Aki| (2009). Please consult listed references for more details of the
topics discussed. Please feel free to contact the author for any feedback.

Keywords Constitutive equation, equation of motion, Green’s tensor, principle of superposition, uniqueness theorems,
reciprocity theorem, representation theorem

1 Displacement

The displacement can be defined as the movement of individual points from their original positions due to various
external loads. The standard unit of displacement is meter (m). Mathematically, assume there is a Cartesian coordinate
system in a continuum and the position vector r is denoted by

r=(z,y,2) =xe' +ye? +ze3,

where e!, e? and e? are unit vectors in x, i and z directions respectively. Suppose there is a point at position r, then the
displacement of the point is given by

u(r) = (uw(r)7 uy (1), uZ(r))T = uy(r)e! + Uy (1) e +u.(r)ed.

*Corresponding author: deyu.ming.16@ucl.ac.uk.
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The displacement u(r) of any arbitrary point at the position r = (x, y, z) T can be treated as a vector-valued function,
u(r) : R? — R3. In another word, u(r) is a function of position vector r = (z, y, z) " and its output is a three-element
distance vector, measuring the displacement of a point from its original position r.

Remark The displacement of a point also depends on time. However, some work such as|Robinson & Benites|(1996)),
Zhou et al.|(2006) assume that the model for displacement is time-independent.

2 Strain Tensor

The displacements of points within a particle will change the particle in four basic forms:

e Translation;
e Rotation;
e Distortion;

e Dilation.

The translation of a particle is due to the parallel translations of points within it. The distortion and dilation is the
change in shape and volume of the particle respectively.

In order to examine how points within a particle move relative to each other due to external loads, we consider a
Cartesian coordinate in a continuum and a point P at position rg = (z¢, %o, 20) ' . Assume another point (), a small
distance (donated by the distance vector d = (d,, d,;, d.)") away from point P, at position r = (z, y, 2) . The
displacements of points P and @ due to external loads are donated by u(r() and u(r) respectively. By applying Taylor
expansion to u(r) at rg, we can obtain

u(r) = u(rg) + Jd,

where
Ouz(ro)  Oug(ro)  Ous(ro)
oz 2] 0z
J = Ouy (ro) (')uy%!ro) Auy (ro) (1)
ox 17} 0z ’
Ou (ro) 8u2?r0) du (ro)
ox Oy 0z

the Jacobian matrix of u(r) realised at r = r(. According to |Shearer (2009), higher order terms of partials are ignored
during the expansion in the sense that Earth strains are so small that the approximation is valid. J can be further
decomposed into a symmetric part € and an anti-symmetric part £2:

J=€e+Q,
where € is the strain tensor given by
- Bul(l‘o) l(aur(ro) + Buy(ro)) l(aug(ro) + auz(ro))_
2 oy 2 z
o r Oug (v 1¢) r 4] r Ou, (r
° 2(auy((())—i_a (;0))) 1 9us( l)b(%;())a (ro) %( ufg(z;)?‘)u(o)) @
_2( 5 0+ ; O) 5( gyo + gzo) gzo .
and €2 is the rotation tensor given by
r Oy Oy Oy Ou, .
0 Byt - S p(Buged — el
Ouy (r Ouy (1 Ouy (r Ou,(r
Q= |aCuel o) 0 L ylro) _ Quslro)) | 3)
[5(Hgret - eped) (el — el 0 ]

The off-diagonal components of strain tensor € reflect the angle that each side of a particle rotates and thus control the
distortion of the particle; The sum of diagonal components of € (i.e., the trace of €) reflects the relative volume change
of a particle and thus control the dilation of the particle; the rotation tensor €2 causes rigid rotation of a particle and thus
control the rotation of the particle. More information on the effects of strain tensor and rotation tensor can be found
in|Shearer| (2009).

Since strain tensor deals with shape and volume change of a particle, it is dimensionless.



D. MING NON-PEER REVIEWED EARTHARXIV PREPRINT

Ozz

Figure 1: The geometry of coordinate stresses through a particle in a Cartesian coordinate.

3 Stress

Stress is the force per unit area and its standard unit is Newtons per square meter (N/m?) or Pascal (Pa: 1 Pa =
1 N/m?). Assume there is a Cartesian coordinate system in a continuum and there is an infinitesimal plane of arbitrary
orientation specified by its unit normal vector n = (n, ny,, n.) ' . Then the stress vector across the plane specified by
n is denoted by

.
6(n) = (o), ty(0), -(0)) = ta(n) e +t,(m) e + L.(n) €,

where e!, e? and e are unit vectors in z, y and z directions respectively. Gauchy’s Stress Theorem (Irgens|2008) states
that the stress vector t(n) is uniquely determined by n to the plane and the stress tensor o':

t(n) = on, “)
or in its complete form:
tm (n) Oxx Umy Oxz Ny
tym) | = |oya oy Oyz| [Ny
tz(n) Oz Jzy Ozz nz

There are 9 components in stress tensor o and each component represents a stress through different surface of a particle
in different directions. These 9 components are called coordinate stresses and are visualised in Figure/I}
The coordinate stresses 0, 0y, and o, are normal stresses while the rest 6 coordinate stresses are shear stresses. For
each coordinate stress o;; with 4, j € {z, y, z}, the first subscript ¢ identifies the direction of the stress and the second
subscript j refers to the direction of the unit normal vector to the surface on which the stress is exerted. The coordinate
stresses can take both positive and negative values. We follow the sign rule given by (2008):

A coordinate stress is positive if

e it acts in the direction of a positive coordinate axis and the direction of the normal vector to the surface on
which it exerted points to the positive direction of a coordinate axis.

e it acts in the direction of a negative coordinate axis and the direction of the normal vector to the surface on
which it exerted points to the negative direction of a coordinate axis.

In other cases, a coordinate stress is negative.
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Since the continuum is in static equilibrium, coordinate shear stresses should be equal to prevent rotations of the particle
on which they are exerted. Thus, 0, = 0y, 04, = 0. and 0y, = 0., indicating the stress tensor is symmetric:

Ozz Ozy Ozxz
O =0 = |Ogy Oyy Oyz

Ozz Oyz Ozz

In summary, there are only six independent elements in the stress tensor o and they are sufficient to fully describe the
stress at a given position in the continuum. The normal stress 7 exerted on a surface specified by the unit normal vector
n can be calculated by

7=(n"on)n.
The shear stress 7 in an arbitrary direction (specified by the unit direction vector v = (v, vy, v.)") on a surface

specified by the unit normal vector n is given by

7= (v'on)v.

4 Transformation of Stress Tensor

In the analysis of seismicity, changes of coordinate systems usually are involved. When the coordinate system differs,
so does the stress tensor (see Figure . In the Cartesian coordinate system, if xyz-system is changed to 'y’ z’-system,

then the stress tensor o in the initial system is transformed into the stress tensor o’ according to the transformation rule
o' =AcAT,

where

Qprg  Qply Qglz

A= lay. ayy Gy

Ayt Qzly Qzlz
is a rotation matrix representing the coordinate system changes. For each element a;; with i € {z/, ¢/, 2’} and
j €{xz, y, z}, the first subscript ¢ identifies the axis in the 2y’ 2’-system and the second subscript j refers to the axis in
the initial xyz-system. Each element a;; equals to the cosine of the angles between the i-axis in the z'y’2’-system and
the j axis in the xyz-system.

5 Geometric Law

Given the position r of a particular point in a particle, the relationship between the displacement and strain tensor is
found by equation (2)). To simplify the notation, we rewrite the equation (2)) in following form:
1
e =5 (Vu(ro) + (Vu(x)) "), )

where Vu(r) is the gradient of displacement vector u(rg) operated by row and is equal to the Jacobian matrix J .

6 Constitutive Equation

The relationship between stress and strain tensors in linear elastic media can be described by constitutive equation
(generalised Hooke’s law)

3 3
oij = Z Z Cijki€ki 5 (6)
k=1 1=1
where o;; is the element on i-th row and j-th column of stress tensor; €y is the element on k-th row and [-th column
of strain tensor; ¢ € R?*Y is the elastic tensor representing properties of the material. The subscript 5kl determines

locations of elements in elastic tensor ¢ according to

row =3(i — 1) + 7, column = 3(k — 1) + 1.
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Figure 2: Transformation of the stress tensor in the Cartesian coordinate system xyz to the one in the Cartesian
coordinate system x'y’z’.

Proposition 6.1 The elastic tensor ¢ has the following symmetric properties:
Cijkl = Cjikls  Cijkl = Cijik  Ond  Cijpl = Cpiij -

Proof Due to the symmetry of stress tensor o, we have

O'ij = O'ji .
Thus we have
3 3 3 3
E E Cijkl€kl = E g Cjikl €kl
k=1 1=1 k=11=1
3 3
E E (Cijit — Cjint)€r = 0.

k=11=1
Given that e is non-zero and arbitrary, we have
Cijkl = Cjikl -
Due to the symmetry of strain tensor e, we have
€ij = €j; .

Thus, we obtain

3 3 3 3
E E Cijkl€kl = E E Cijlk€lk
k=11=1 k=11=1
3 3 3 3
E E Cijkl€kl = E Cijlk€kl
k=11=1 k=11=1
3 3
> > (cijn — cijir)er = 0.
k=11=1
Given that e is non-zero and arbitrary, we get
Cijkl = Cijlk -

To prove the last symmetry, we see the following equality:

3 3 3 3 3 3
E § E Cijkl€ij€Ll = § § § § Cklij€kl€sj -

i=1 j=1 k=1 I=1 k=11=1 i=1 j=1

W
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The equality then gives:

3 3 3 3
DD (cijh — criij)eser = 0.

Cijkl = Ckiij - O

Equation (6)) says that the stress tensor only related to the strain tensor, indicating that the stress changes are due to
changes of shape and volume of solids rather than particle translation and rotations. In seismology, the constitutive
equation (6)) is used to compute the stresses increased from the initial stress state with strain to be zero. We can also
obtain the relation between the stress tensor o and dispacement u(r) of a point at position r according to Equation (6):

T

Lemma 6.2 Assume u(r) is the displacement of any arbitrary point at positionr = (x, y, z) ' in an elastic medium,

then the elements of stress tensor o can be expressed by:

3

3
0
oij = chijkl%(lr)7 (7

k=11=1
where uy(r) is the k-th element of the displacement vector u(r) and v is the l-th element of the position vector r.
Proof We can rewrite the Geometric Law (3] in element-wise form:

1, 0u(r)  Owlr)
€Ll — 5( arl + Trk)7 V k, l S {].7 27 3} . (8)

We then replace €y, in equation (&) by equation (8) and obtain:

3 3
1 Oui(r)  Oul(r)
o= E3TS e 20 ),

k=11=1
3 3 3 3
1 dug(r) Ou(r)
- 5(;lzzlczjkl 81‘1 +I;lzzlczjlk ar ) )

where the last equality uses the symmetric property of c:
Cijkl = Cijlk -

Also note that

Thus, we have
3 3

Tij ZZZCijklal%‘(lr). |

k=11=1

Remark Lemmal6.2)also implies that the stress tensor o depends on position r. In fact, strain tensor €, stress tensor o
and elastic tensor c are spatial dependent while we suspend r in the notation, i.e.,

oc=o(r), e=¢€(r) and c=c(r).

The elastic tensor c is spacially independent when the elastic medium is homogeneous. From now on, however, we will
always express tensors with their associated position r to avoid losing in the jungle of notations.

It has been proved that much of the Earth interior can be approximated by an isotropic solid type (Shearer]2009). If
isotropy is assumed, the components of elastic tensor ¢(r) at position r can be written as

Cijri(r) = A(r)di50r + p(r) (0105 + Oindj1), )
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where p(r) and \(r) are scalar physical quantities (in unit of N/m?) describing the properties of medium at position r
and are called Lamé coefficients; (r) measures the resistance of the material to shearing; A(r), however, does not have
a simple physical implication; d;;, %, etc. are Kronecker delta, e.g.,

.
51-]-:{ A (10)
1, 1=73.

The elastic tensor c(r) in isotropic case is in the form of the general 4-th rank isotropic tensor. We refer Theorem 7.4 in
Matthews| (2012)) for the proof of equation (9). By plugging equation (9) into equation (6) and using the symmetry of
strain tensor €(r), we obtain the constitutive equation for isotropic solid:

3
o (r) = A(r)di; > €nr(r) + 2uei;(r) . (11)
k=1
The matrix form of equation is
Atrle(r)] + 2uerr (r) 2u€era(r) 2uers(r)
o(r) = 2p€91 () Atr(e(r)] + 2pe€an(r) 2u€23(T) ,
2uesz (1) 2u€za(r) Atrle(r)] + 2uess(r)

where tr[e(r)] = 327 _, €xr(r). Note that the stress tensor o is symmetry due to the symmetry of strain tensor (i.c.,
€ij(r) = €;i(r)).
Equation (TT)) can be also written in terms of displacements by using equation (8):

> Ouy(r) Ou,(r) . Ou;(r)

715(x) = Me)oy D2 T B ) (T S,

(12)

k=1
Remark The Lamé coefficients together with the density p(r) give the compressional velocity (v,(r)) and shear
velocity (vs(r)) at position r:

A(r) +2p(r)

uplr) = p(r)

Note that the Lamé coefficients completely describe the linear relationship between stress and strain in an isotropic
material and Lamé coefficients together with density give a complete description of isotropic elastic properties.

7 Equation of Motion
In this section we generalise the displacement function so that it is also time-dependent. We denote

.
u(r, t) = (uz(r, t), uy(r, 1), uy(r, t)) = u,(r, t)e! + uy(r, t) e + u,(r, t) e

to be the displacement of the point originating from position r at time ¢. Assume there is a continuous medium (or
body) with volume V' C R?, which is compact and has a boundary surface S C V/, then the motion of each particle
forming the body is determined by the forces acting in the interior of the body and the stresses acting on the surface of
the body. According to the Newton’s second law, the balance of linear momentum along the direction of unit vector e’
can be expressed by

/Sti(r, n(r), t)dS—i—/Vfi(n t)dV:/ ag(r, p(r)dV, i€ {1,2, 3}, (13)

v

where t;(r, n(r), t) is the i-th component of the stress acting on the surface element d.S (specified by its unit normal
vector n(r)) at position r and time ¢; f;(r, t) is the i-th component of the force per unit volume (N/m?) acting on the
volume element dV at position r and time ¢; a;(r, t) is the i-th component of the acceleration of particle at position r
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and time ¢; p(r) is the density of the body and is constant with time. The Gauchy’s Stress Theorem (@) allows us to
rewrite the equation (I3)) as

/ZU’J r, t)n,(r )dS+/ ;(r, 1) dV = /ai(r7 t)p(r)dV, (14)

14

where o;;(r, t) is the coordinate stress located on the i-th row and j-th column of the stress tensor o (r, ¢) at position r
and time ¢. Note that the particle acceleration a;(r, t) can be expressed as

Thus, equation (T4) becomes

/Za” r, t)n;(r )dS+/ S(r, t)dV = /iii(r, t)p(r)dv . (15)

v

The equation (T3) is the equation of motion for a finite medium. Due to the Divergence Theorem (or Gauss’s Theorem),
the surface integral in equation (15) can be replaced by a volume integral:

/ 23% 88 gy / (r, 1)V = / it (r, )p(r) dV. (16)
8I‘J v 1%

Thus, the equation of motion for an infinite medium can be written as the differential equation by cancelling the integrals
on both sides of equation (T6):

3
O0oi(r, t ..
> 9765T ) 4 e 1) = sl )p(r) (17)
= O
Jj=1
For an elastic medium, Lemmal6.2]allows us to express the equation (I7) in terms of displacements:
3 3 3
0 8uk (r, 1)
Za? SO ciulr ) =g, ) T hir, ) = u(r, D)p(r). (18)
j=1 "7 k=11=1

For an isotropic elastic medium, using equation (T2) the differential equation of motion (I7) can be written as

Zai ()6, 3 DLy Pile) + 200Dy o, 1) = (e, o). (19)

— Ory or; or;

Note that under the assumption of homogeneity (i.e., A(r) = A, u(r) = p and p(r) = p are constant in space) the first
term of equation (T9) can be rewritten as follow:

3 3
Z i /\5 8uk(r, t) n /j,( 811@‘(1‘, t) n (911j(1‘, t) ))

= ar] g 1 3rk 8rj 81‘1'
3 3
0?uy(r, t) 0?u,(r, t)
_)\;6” Z or;Ory, z; r? Z Or;Or;

3
0%y (r, t) 8urt 0%u;(r, t)
=)\ 1 J
’; or;0ry, 'U,Z Z Or;0r;

‘We thus obtain

0%y (r, t) 2L 0%u(r, t)
Z Brors u;T?H‘(r t) =i (r, t)p. (20)
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The differential equation of motion (20) for an isotropic homogeneous elastic medium can also be expressed in a more
compact form using vector notation:

A+ p)V(V - u(r, t) + pVu(r, t) + £(r, t) = pii(r, t), (21)

where

.. .. . . T 2 2 2 T
o ir, 1) = (i (r, ), fia(r, 1), iig(r, 1) = (L0, Pt SFuann)

e V.u(rt)= Zizl augir, %) is the divergence of the displacement vector u(r, t);

V(V-u(r, t) = (Zi L 88:’1‘(9;: ) Zk 1 aa?;”é’;k ) Zk 1 a:;“éﬁkt)) is the gradient of the scalar V -
u(r, t);

.
V2u(r, t) = (V2u1(r, t), V2uy(r, t), VZus(r, t)) is the Laplacian of the displacement vector u(r, t);

o V2u,(r, t) = V- Vu,(r, t) forall i € {1, 2, 3} is the Laplacian of the scalar u;(r, t).

8 Green’s Tensors

Assume that the system (or field) of volume forces
f={f(r,t): reV,teR}

in a medium with volume V' and surface .S is formed by an impulsive force acting at position r = £ and time { = 7
along the direction of unit vector ™ with some n € {1, 2, 3}, i.e.,

fi(r,t) = A 0(r — )5t — 1) Vie{l, 2, 3}, (22)

where A, (in unit of Ns) is a measurement of the magnitude of the impulsive force f,, (¢, 7); §(r — &) with unit m =3
and §(t — 7) with unit s~ are Dirac delta functions indicating that there is a volume force (impulsive force) applied at
position r = £ and time ¢ = 7 and volume forces outside this position and time are zero; d;,, is the Kronecker delta
(see equation (T0)) indicating that the direction of the impulsive force is along that of €™ for some n € {1, 2, 3}. By
substituting equation (22)) into the equation of motion (T3)) for a finite medium, we have

J

For an elastic medium, we then can express o-;;(r, ¢) in equation (23)) in terms of displacements:

/Zn] )23:

j=1 k=11

We divide both side of equation (24)) by A,, and obtain

3 3
/S ; n;(r) Z > cinlr

k=11=1

2L
ZO’U r, t)n,;(r) d5+/ Apd(r =€)t — 7)0in dV = /Vau(;g’t)p(r)d\/. (23)

j=1

3

0 t) 0%u,(r, t
3 cyulr %ds+/ Apd(r — €)5(t — 7)0im dV = /ua%)p(r)d‘/. (24)
=1

uk(r t) 62 u;(r,t)

—=—dS+ /V O0(r— &)t — 7)0in dV = /V Tg"p(r) av. (25)

Now define a second-order (or -rank) tensor G(r, t; &, 7) € R3*3 with

u;(r, t)
A;

G'ij(r> t7 67 T) = l', ] € {1a 21 3}7 (26)
which reads as the value of i-th component of the displacement (i.e., the displacement along the direction of e’) at
position r and time ¢ due to the unit impulsive force applied at position £ and time 7 along the direction of e’ . Thus
G(r, t; €, 7) gives the relationship between the elastic displacement and an unit impulsive force in space and time and
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we call G(r, ¢; &, 7) the Green’s tensor of elastodynamics (Udias et al.|2014). Putting the Green’s tensor (26) into
equation (23], we have the equation of motion for a finite elastic medium in terms of Green’s tensor:

3 3 3
0Ggn t; &, 82Gzn s 5 &,
/Sznj r)> > cijulr) Cn(r, £€,7) (grl &7 dS+/ J(r 5(t—7‘)5de:/V th &)y v
=1

k=11=1

Using the Divergence theorem, we can also obtain the equation of motion for an infinite elastic medium in terms of
Green’s tensor:

(Z > e 2EEEE D) gy - g, = LT LED )

3
81‘[ 8t2
k=11=1

8rj

If we assume that there is no time dependence in equation of motion (I3)) for a finite medium, that is

/ ZU,J r)ds + /V (r)dV = /V aQéIZQ(r)p(r)dV

=0 27

with
fz(r) = Ané(r - £)§zn Vie {17 27 3}1 (28)

the system of volume forces in a medium formed by an impulsive force acting at position r = £ along the direction of
the unit vector €™ with some n € {1, 2, 3}, then equation (27) and (28) give that

3
/sz_:lo'ij(r) n;(r)dS + /V And(r — €)8n dV =0.

In an elastic medium, we then have

/Z A )ii (0220 4 /A6 — €0 dV =0
5 nJ(r Cijkl r) or, + v nd(r )0in =V.

Define a second-order tensor S(r; &) € R3**3 with

u;(r)

A; 7

Sij(r; £ =

23]6{13 2’ 3}’

the value of ¢-th component of the displacement at position r due to the unit impulsive force applied at position £ along
the direction of e’ . Thus, the tensor S(r; &) represents the elastic displacement produced by an unit impulsive force
in static case and we call it the Green’s tensor of elastostatics. Finally, we obtain the equation of motion for a finite

elastic medium:
> ask )
/ E n,;(r E cijr(r gildS—i—/V&(r—g)éindV:O

k=1 1=1
and equation of motion for an infinite elastic medium:

3
Z ai] (ZZC”M askgfﬁ) + 5(1‘ — 6)(2” =0

3
j=1 k=11=1

in static case.

9 Initial and Boundary Conditions

In elastodynamic case, the displacements u(r, ¢) throughout a medium with volume V' and surface S caused by a
system of volume forces f during a time interval [Tg, 77| are found by given

10
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o Initial conditions:

forall r € V, where u(r) and fl(r) are respectively the given values of displacements and velocities at initial
time t = Tp.

e Boundary conditions: The boundary conditions can be divided into three types:
1. Displacement (or Dirichlet) boundary condition:
u(r, t) =u(r, t)

forallr € Sandt € [Ty, T3], where G(r, t) is the given values of displacements on the body surface
element d.S during [To, T1];

2. Traction (or Neumann) boundary condition:
t(r, n(r), t) = t(r, n(r), t)

forallr € Sandt € [Ty, T1], where t(r, n(r), t) is the given values of stresses on the body surface
element dS during [Ty, T4];

3. Mixed boundary condition:
u(r, t) =u(r, t)

forallr € Sy and ¢ € [Ty, T1] and
t(r, n(r), t) = t(r, n(r), t)
forallr € Sy and ¢ € [Ty, T1], where S; and S are two disjoint subsets of .S:

51U52:S and SlmS2:®.

Similarly, we can set three types of boundary conditions for elastostatic case where time element is neglected for
displacements u(r) throughout a body with volume V" and surface .S caused by a system of time independent volume
forces f(r) :

1. Displacement boundary condition:

forallr € S;

2. Traction boundary condition:

forallr € S;

3. Mixed boundary condition:

for all r € S7 and
t(r, n(r)) = t(r, n(r))
for all r € S5, where Sy and S5 are two disjoint subsets of S
S1US; =8 and S ﬂSQZ(Z).

Remark Note that if S1 = 0, the mixed boundary condition becomes the traction boundary condition; if So = ), the
mixed boundary condition becomes the displacement boundary condition.

11
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10 Principle of Superposition

Before we present the superposition principle, we recall and define some important concepts that will be used frequently
in the rest of the notes. Assume that there is a continuous elastic medium with volume V" and surface S. Then we define
following concepts:

o Density field, denoted by
o={p(r): reV},
is a set of densities p(r) at all positions r € V;

o Elastic tensor field, denoted by
c={c(r): reV},
is a set of elastic tensors c(r) at all positions r € V;
e Strain tensor field, denoted by
e=A{e(r,t): reV, te[ly, 1]},
is a set of strain tensors €(r, t) at all positions r € V' during the time interval [Tp, T1];
e Field of volume forces, denoted by
f={f(r,t): reV, te [Ty T1]},
is a set of volume forces f(r, ¢) at all positions r € V' during the time interval [Ty, T} ];
e Displacement field, denoted by
u={u(r,t): reV,te Ty T},
is a set of displacements u(r, t) at all positions r € V' during the time interval [Ty, T4];
o Displacement field set, denoted by
E(o, ¢, £, S xV x [Ty, Th]),

is a set of all displacement fields that satisfy the equation of motion (I8)) with density field p, elastic tensor
field ¢ and volume force field f on the medium with volume V" and surface S during the time interval [Tp, T1].

Proposition 10.1 (Principle of Superposition) Assume that there is a continuous elastic medium (with volume V' and
surface S = S1 U Ss) specified by the density field o and the elastic tensor field c. Let f and g be two fields of volume
forces acting to the medium during the time interval [Ty, T1], while let

uc g(g7 C, f, V xS x [/T(), Tl]),

w e g(g7 C g, V X S X [T‘(h Tl])

be the displacement fields caused respectively by f and g under the initial conditions:

u(r, Tp) = a(r), w(r, Tp) =w() VreV
u(r, Tp) =u(r), w(r, Tp) =w() VreV
and boundary conditions
u(r, t) = u(r, t) VreS; and Vte [Ty, Ti]
w(r, t) =w(r, t) VreS; and Vte [Ty, Ti]
t(r, n(r), t, u) = t(r, n(r), t, u) VreSy and Vte [Ty, Ti]
t(r, n(r), t, w) = t(r, n(r), t, w) Vre Sy and Vte [T, Ti],

where t(r, n(r), t, u) and t(r, n(r), t, w) are stresses (due to displacement fields u and w respectively) acting on
the surface element dS at position r and time t.

12
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The superposition principle then shows that for constants « and 3 the displacement field
v = (au+pw) € E(o, ¢, of + Bg, V x S x [Ty, Th])

under the initial condition

v(r, Ty) = an(r) + fw(r), v(r, Tp) = anu(r) + fw(r) VYreV
and boundary conditions

a(r, t) + pw(r, t) VreS; and Vi€ [Ty, Ti)
t(r, n(r), t, u) + Bt(r, n(r), t, w) Vre S, and VYtc [Ty, T1].

Proof The proof is an immediate result from the linearity of the equation of motion (T8). ]

The linearity property stated by the principle of superposition is an important result, which will be used to prove the
uniqueness theorems in the next section.

11 Uniqueness Theorems

In this section we show the uniqueness of displacement fields given different boundary conditions in both elstodynamic
and elastostatic cases.

Before presenting proofs, we define the positive-definiteness of elastic tensor field ¢ and the rate of mechanical work:

Definition 11.1 (Positive-Definiteness of Elastic Tensor Field) The elastic tensor field c is positive-definite if it satis-

fies
3

DD cimlr)Ci;(r)Cp(r) > 0

i=1j=1k=1I=1

for arbitrary non-zero symmetric tensors {(r) at all positionsr € V.

Definition 11.2 (Rate of Mechanical Work) The rate of of mechanical work Ry, (v, t) at position v and time t is
defined as

Ry (r,t) = /vf(r, t)-u(r, t)dV + /St(r7 n(r), ¢, u)-u(r, t)dS, (29)

where

T

>

o ale, 1) = (2afpd, dufen, s

o f(r, t)-u(r, t) is the dot product of f(r, t) and u(r, t) ;

e t(r, n(r), ¢, u) - a(r, t) is the dot product of t(r, n(r), t, u) and u(r, t).

13
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Note that the equation (29) for the rate of mechanical work can be further transformed as follow:

Ry (r, t):/vf(r t) - u(r, t)dVJr/ (r, n(r), ¢t, u) -u(r, t)dS
3
:/ Zfi(r, tyu(r, t)dV —|—/ Zti(r, n(r), t, u)u(r, t)dS
/Zf (r, t)a;(r, ¢ dV—i—/ZZa‘U (r, t)n;(r)u,(r, t)dS

=1 j=1
/ZfrtuirthJr/ZZa o'wrtul(rt))dV
=1 j=1
/(Zf r, i, ¢ +Zza"”” DY S ot p2ue 1) “) av
=1 j=1 =1 j=1

/(Zulrt rt+280”” 23323: w”aufairrt))dv
:/V(Zuxr,t) il 0+ >3 o 8uér ") av

=1 j=1

at/z rth—&—/ZZGUrtauzrt)dV
=1 j=1

8t/z2p (r, t dV—&—/ZZa”r t)€;ji(r, t)dV, (30)
=1 j=1

where the step 3 is due to the Gauchy’s Stress Theorem (@), step 4 is due to the Divergence Theorem, step 7 is due to the
equation of motion and last step is due to the following equalities:

Z Z Tij (I‘, t)e” (I‘, t)

i=1 j=1
R Ouy(r, t)  Owy(r, t)
Eq @D = :5 ; ]; Uij(r’ t)< 8rj + J@ri )
3 3
oy = 0 = —%(Z aij(r,t)aulr t) Zzaﬂr N 8u]r t))
i=1 j=1 i=1 j=1
3 3 )
=3 e n 2l G
i=1 j—1 Or;

Theorem 11.3 (Uniqueness of Displacement Fields in Elastodynamics) Assume there is an elastic medium with
volume V and surface S = S1 U Sy and let [Ty, T1] be a time interval. Suppose that

ul e E(o, ¢, £,V xS x [Ty, Th]),
u® e &(o, ¢, f, VxS x [Ty, T1])
are two displacement fields under the initial conditions
ul (e, 7)) =uP(r, Ty) VreV
al (e, 7)) =aP (e, Ty) VreV
and boundary conditions
u(r, t) =u?(r, 1) Vre S, and Vte [Ty, Th],
t(r, n(r), t, uV) = t(r, n(r), t, u®) VreS, and Vte [Ty, T1].

14
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Then we have
u® = u®

if the elastic tensor field c is positive-definite.
Proof Let displacement field u = u(Y) — u(®. Then we have from the Principle of Superposition that
ueé&(p,c, 0,V xS x|[Ty, Ti])

under the initial conditions
u(r, 7Ip) =u(r, Tp) =0 VreV

and boundary conditions

u(r,t)=0 VYreS; and Vte [Ty, Th],
t(r,n(r),t,u) =0 VreSy, and Vte[ly, T1].

Now consider the rate of mechanical work done on the medium, we know from equation (29) that

Ry (r, t):/vf(r t) - u(r, t)dV+/ t(r, n(r), t, u) - u(r, t)dS.

s
Since the volume force field f causing the displacement field u is zero and due to the boundary conditions, we have
zero rate of mechanical work at all positions r € V and time ¢ € [Ty, T1], i.e.,

Rw(r, t>:0 VreV and Vite [To, Tl]

Following the equation (30), we then have
3

3t/ ng (r,t dV+/ ZZO’” (r, t)é€i(r, t)dV =0 VYreV and Vte [Ty, T1].

=1 j=1

Integrating both sides of equation respect to ¢ from Tj to 7 € [Ty, T3], we obtain

/ at/z (x, t)av) dt+/ /ZZUU v, ey (r, )V ) dt =, (32)

which is a constant for all r € V and ¢ € [T}, T1]. Note that the first integral of equation (32) gives

/ at/ Zzp (r, t) dv)
/Z (r, t)dV :_TO
/ng’ 2(r,7)dV — /22;) 2(r, Tp) dV
_ /V ;;p(r)ﬁf(r, nav, (33)

where the last equality follows that the initial velocity is zero anywhere.

We now simplify the second integral of the equation (32)). We first interchange the order of integrals:

/ /ZZUZ] r, t)€;(r, t)dV)dt

11]1

/ /T ZZGU r, t)€;(r, t)dt)d

0 4=1 j=1

15
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We then try to solve the integral with respect to time in the braclets:

/T ZZO’” r, t)€;;(r, t)dt

04=1 j=1
—ZZ/ oii(r, t)é€;;(r, t)dt
=1 j=1
.
_ZZ<0” r, t)e;(r, t) —/ o;i(r, t)e;;(r, t) dt)
i=1 j=1 =Ty To

3 3 . -3 3
:ZZ(ZZCmm r)e(r, t)ei;(r, t) */ chigkl( Jéri(r, t)ey;(r, t) dt)

i=1j=1 k=11=1 t=To To g=11=1
3 3 3 r 3 3 3 3
= Z Z Z Z cijri(r)eri(r, t)e;;(r, 1) - / Z Z Z Z Criij(r)€pi(r, t)ei;(r, t) dt
i=1 j*l k=1 1=1 t=Tpo To j=1 j=1 k=1 1=1
r 3 3 3 3
—ZZZZC”M r)eg(r, t)E” (r, t) — / ZZ Zcijkl(r)éij(r, t)ep(r, t) dt
i=1 j=1 k=1 I=1 t=Tpo To j=1 j=1 k=1 1=1
r s 3 3
LYY S epumentn et | - [ 3 oute st vy, (34)
i=1 j=1k=1I=1 t=To To j=1 j=1

where step 4 uses the symmetric property of elastic tensor, i.e., €5 = Cg;; and step 5 uses the fact that swapping the
index ¢ «— k and j <— [ will not change the value of the total summation.

Note that the left hand-side of equation (34)) is the same with the second term on the right hand-side of the equation.
Then, we obtain the time integral

I
-M“
Mw
NE

s
I

—
<

cijri(r)eri(r, t)ei;(r, t)

t=To

=
o~ Il
[« T« =
—
~
Il
=

|
M-
NE
NE
-
M-
NE
NE

Cijri(r)er(r, 7)€ (r, ) — Cijri(r)eri(r, Tp)es;(r, Tp)

1=1 j=1k=1[=1 i=1 j=1k=11=1
3 3 3 3 3 3 3 3
1 1 Oug(r, Tp) Ou,(r, Tp)
=3 Z Z > cijr(r)en(r, T)ei;(r, T) — 3 > Z > cijul(r) o or
i=1 j=1k=1I=1 i=1j=1k=11=1
MERERENE
=3 Z Z Z Cijri(r)er(r, 7)€ (r, T), (35

s
Il
_
<
Il
—
~
Il
-
~
Il
-
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where the last step is due to the initial condition of displacement field and the third step is due to

3 3 3
ZZZZCUH r)eg(r, Tp)ei;(r, Tp)

i= 1j 1k=11=1

= Z Z ai;(r, To)ei;(r, Tp)

i—lj—l
Ou;(r, T,
Similar to Eq. (31) = :ZZUU . To %
=1 j=1 J
3 3
0 Tp) Ou(r, To
Lemmal6.2] = ZZZZCHM ngl;l 0) ug; 0). 36)
i=1 j=1k=11=1 j

Putting equation (33)) and equation (33) back to equation (32)), we obtain

/Zp (r, T dV+/ ZZZZCU“ r)eg(r, T)ei(r, 7)dV =b (37)

i=1 j=1 k=1 I=1

forallr € V and 7 € [Ty, T1]. Let 7 = T} in equation (37) then we have

3 3 3
b—/ Zp (r, T dV—i—/‘/ZZZZc”M €r(r, 7)€ (r, 7)dV

=1 j=1 11

=1
3 3 3
0 , Ty) Ou;(r, T,
Ea. (9 = - /zp e D) dv 4 [ 33 ST Y el P P T gy
1 J

=0.

Thus, we get

3 3 3
/ Zp (r, 7)dV —|—/ Z Z Z Zcijkl(r)ekl(r, T)€i;(r, 7)dV =0 (38)
forallr € V and 7 € [Ty, T3] . Observe that the first term of equation (38) is non-negative and the second term is

positive as c is positive-definite and strain tenor €(r, 7) is symmetric. Therefore, equation (38)) implies that

u(r,7) =0, (39

forallr € V and 7 € [Tp, T1] . Equation (39) indicates that u(r, 7) is a constant for all r € V and 7 € [Ty, T3]. Due
to the initial condition that u(r, Tp) = 0 for all r € V, we conclude that

u(r,7)=0 VreV and Vr7e [Ty T1],

which proves the theorem. O

The proof shows that the displacement field in elastodynamic case is unique under displacement boundary condition,
traction boundary condition as well as mixed boundary condition. In elastostatic case, however, this is not the case. In
elastostatics, we denote the displacement field set by

Ele, £, Sx V),

which implies that the elastostatic displacement fields do not depend on density field and time. This is evidenced by
elastostatic equation of motion (27).
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Theorem 11.4 (Uniqueness of Displacement Fields in Elastostatics) Assume there is an elastic medium with volume
V and surface S = S1 U Ss. Suppose that

uV € &(c, £,V x 9),
u® e &, £,V x8)

are two displacement fields under three different types of boundary conditions:

o Displacement boundary condition, i.e.,
uP(r) =u® @) vres;
e Traction boundary condition, i.e.,
t(r, n(r), u?) = t(r, n(r), u?) vres;

o Strictly mixed boundary condition, i.e.,

u®(r) = u®(r) VreS, #0,
t(r, n(r), u) = t(r, n(r), u®) vVre S, £0.

Then, if the elastic tensor field c is positive-definite, we have

e For displacement boundary condition,

u = u®;
e For traction boundary condition,

u® £ u®;
o For strictly mixed boundary condition,

u® = u®

Proof Let displacement field u = u(Y) — u(®. Then we have from the Principle of Superposition that
ueé(c,0,Vx59)
with corresponding boundary conditions given by:

e Displacement boundary condition, i.e.,

u(r)=0 Vres; (40)
e Traction boundary condition, i.e.,
t(r, n(r),u) =0 Vres; (41)
e Strictly mixed boundary condition, i.e.,
ur)=0 Vres £0, 42)
t(r,n(r),u) =0 VreSy#0. (43)

18
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Now consider the mechanical work W (r) at position r:

W(r) = /Vf(r) ~u(r)dV + / t(r, n(r), u) - u(r)ds (44)

S

3 3
/‘/;fi(r)ui(r)var/S;ti(r, n(r), u)u;(r) dS

:/V;fi<r)ui(r)dv+/Szzaij(r)nj(r)ui(r)ds

) z=31 j:31
_/V;fz(r)ul(r)dwr/v;;a ](a”(r, t)uy(r)) dV
3 3 3 3 3
= /V (Zfz(r)ul(r) + ZZ Bcrazljfr) i(r) + ZZ i (r) 8181;(1*)) dv
i=1 i=1 j=1 J i=1 j=1 J

J
3 3 3 3

Oug(r) Ou,(r
XS et SO ay

i=1 j=1k=11=1

3 3 3 3

- /VZzzzcim(r)emr)eij(r) dv, 4s)

i=1 j=1k=11=1

where the third equality uses the Gauchy’s Stress Theorem (@), the forth equality uses the Divergence Theorem, the
seventh equality uses the equation of motion (I7) by taking (r, t) = 0 due to time-independence and the last step uses
equation (36).

Since the volume force field f causing the displacement field u is zero and due to the boundary conditions, we have
from equation (@4)) that the mechanical work is zero at all positionsr € V', i.e.,

W()=0 VreV.

Thus, we have from equation (3] that

3

/VZzzzcijkl(r)ekl(r)fij(r) dV=0 VreV. (46)

i=1j=1k=1I=

—

Since the elastic tensor field c is positive-definite, equation (46) implies that
e(r)=0 VreV. 47)

It can be verified that the strain tensor €(r) in expression and rotation tensor Q(r) in expression (3) have the
following identity:
Vxelr) =Vw(r) VreV, (48)

where
e V x €(r) " isthe curl of €(r) T ;
e Vw(r) is the gradient of vector w(r);

e w(r)= (932(1'), Q3(r), QQl(r))T
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As the strain tensor €(r) is zero at all r € V' (see equation (7)), we have from indentity {@8) that
Vw(ir)=0 VreV. 49)

Then the equality (#9) implies that w(r) is constant for all r € V'. Note that vector w(r) uniquely determines the
rotation tensor £2(r), we obtain that
Q(r) =D, (50)

a 3 x 3 constant matrix for allr € V. We learned from Section that the Jacobian matrix J(r) of displacement u(r)
has the following relation with strain tensor and rotation tensor:

J(r)=Vu(r) =€(r) + Q(r) VreV. (51)
Using zero strain field {@7)), equation (31) gives
Q(r) =Vu(r) VreV. (52)
Together with equation (50), equation (52) implies that
Vu(r)=D VreV,
which consequently gives the displacement field u of the medium when the strain field is zero:
u(r)=Dr+L VreV, (53)
where L € R3 is a constant vector forallr € V.
Now we examine the displacement field u under different boundary conditions.
e Displacement boundary condition: Due to displacement boundary condition (@0), equation (33) requires
D=0 and L=0 VresS.
As D and L are spatially homogeneous (i.e., constant for all r € V'), we then have
D=0 and L=0 VreV.

Thus,
u(r)=0 VreV,

which proves that u(®) = u(® under the displacement boundary condition.

e Traction boundary condition: Since the traction boundary condition #T) does not require the displacements
to vanish on the boundary, D and L in equation (33)) are not zero in general. Thus,

u(r)#0 VreV,
which proves that u(") # u(?) under the traction boundary condition.

e Strictly mixed boundary condition: Although the strictly mixed boundary conditions #2) and #3) only
require displacements to vanish on part of the boundary, i.e.,

D=0 and L=0 Vres,
the spatial homogeneity of D and L still requires
D=0 and L=0 VreV,

which proves that u") = u(?) under the strictly mixed boundary condition. (]

The uniqueness theorem [T1.4] for elastostatics tells us that the displacement field is unique only under displacement and
strictly mixed boundary conditions while under traction boundary condition this is generally not the case.
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12 Reciprocity Theorem

Theorem 12.1 (Betti’s theorem) Assume there is a continuous elastic medium with volume V' and surface S. Let
f(r,t) and g(r,t) be two volume forces acting on the volume element dV' at position r and time t. The corresponding
displacements at position v and time t are denoted by u(r,t) and w(r,t) respectively. In addition, assume that
t(r, n(r), t, u) and t(r, n(r), t, w) are stresses (due to displacement fields u and w respectively) acting on the
surface element dS (with unit normal vector n(r)) at position v and time t. The initial condition and boundary
conditions of u(r, t) are generally different from those of w(r,t). Then the following equality holds:

/Vg (fi(r, t) — p(r)iy(r, t))Wi(r,t) dVv + /S gti(r, n(r),t, u)w;(r,t)dS

3 3
= /V; (gi(n t) — p(r)w,(r, t))ui(r,t) dv + /S ;ti(r, n(r), ¢, w)u;(r,t)dS. (54)

Proof We prove the theorem from the left-hand side of the equality. According to the equation of motion|17|for an
infinite medium, the first term on the left of the equality becomes:

/VZZZ (fi(r, t) — p(r)i(r, t))wi r,t)d / ZZ &Tgrj ) w;(r,t)dV . (55)

=1 j=1
Due to the Gauchy’s Stress Theorem [ and Divergence Theorem, we have for the second term on the left-hand side of
the equality:

3
/ th‘(n n(r),t, w)w,(r,t) ds
/ZZ% r, t, un;(r)w;(r,t) dS

=1 j=1
/22 o4(r, 1, wwi(r,1)) dV
i=1j
00 ;(r, t, u) 8Wi(r,t)
/;; YO\t b B dV+/ ;;a” 7&% dv (56)

Replacing the left-hand side of equation @]) by equation (33)) and (56)) , we have

LHS = /ZZO’U r, t, u) 6W5(r ) dVv

i=1 j=1

8 t) Owi(r,t)
- [T Y S e ay

i=1 j=1k=11=1

Similarly, it can be shown that the right-hand side of the equation (54)) is given by
3

Owy(r, t) Ou,(r
RIS — /ZZZZCUM k t) a(r] )

zl]lklll T

-/, )3)3) P IMELLLULLLNTE (59

i=1 j=1k=11=1 T1

where we use the symmetric properties of the elastic tensor (see Proposition [6.1]) in the last step. Note that equation (57)
is in fact the same with equation (38)), thus we have

LHS = RHS,

which proves the theorem. O
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It is important to note that Betti’s Theorem does not depend on the initial conditions of displacement. It is valid for all
t € R. In addition, it can be shown that the theorem is still valid when f(r, ¢), i;(r, t), t(r, n(r), ¢, u) and u(r, t)
are evaluated at ¢ = ¢; while g(r, t), W;(r, t), t(r, n(r), ¢, w) and w(r, t) are evaluated at t = t5 # {4, i.e.,

2 3
/Vg (fi(r, t1) — p(r) iy(r, t1)> wi(r, ta)dV + /s ;ti(r, n(r), t1, u) wi(r, t2) dS
> 3
B /V ; <gi(r’ o) = ple)Wilr, t2)) ui(r, 0) dV +/s;ti (r, n(r), ta, w) wi(r, t1)dS. (59)

Theorem 12.2 (Reciprocity Theorem) Assume that the Causality Principle (Udias et al.|2014) that the medium keeps
rested until a given time t = 1o when the motion starts is satisfied:

u(r, t) =u(r,t) =0, t<m (60)
wi(r, t) = wy(r, t) =0, t<m (61)

foralli € {1, 2, 3} and r in the continuous elastic medium with volume V' and surface S. Then, we have

0o 3
/ dt/ 3 (ui(r,t) gi(r, 7 —t) — wi(r, T — 1) fi(x, t)) dv
—oo Vi=1
0o 3
= / dt/ Z (Wi(r7 T—1)t; (r7 n(r), t, u) —u,(r, t)t; (r, n(r), 7 —t, W)) ds (62)
—oo S i=1
for some T € R.
Proof Rearranging equation (39), we obtain
3

/V gp(r) (i, t2) wilr, t2)=oi(r, t2) wilr, 1)) dV+/ > (wilr, ) gilr, t2)—wilr, t2) £i(r, t1)) AV

Vii=1
3
= /SZ (wi(r, ta) ti(r, n(r), t1, u) — w;(r, t1) t;(r, n(r), to, w)) ds. (63)

Lett; =t and ¢ = 7 — ¢ and integrate each term in equation (63)) with respect to ¢ through all time (i.e., from —ococ to
00):

IS 3
/m dt/vzp(r)(ﬁi(r, ) wilr, T —t) — Wi(r, T — ) wi(r, t)) av

0o 3
—|—/ dt Z (ui(r7 t)gi(r, 7 —t) — w;(r, 7 — t) fi(r, t)) dv

% Vi=1

- /C: dt/Si (Wz—(r, 7 —t)t;i(r, n(r), t, u) —u(r, ¢) t;(r, n(r), 7 — ¢, w)) dS. (64)

Then it remains to prove that the first term in equation (64) is equal to zero. We interchange the order of integrals in the
first term of equation (64)), which gives

o 3
/_oQ dt/v Zp(r) (ﬁi(r, tyw;(r, 7 —t) — w;(r, 7 — t) u;(r, t)) av

o 3
:/V dV/OO;p(r) (ia(r, Y wilr, 7 — 1) =i, 7 0)wilr, ) . (65)
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Due to the causality conditions (60) and (61)), the time integral in equation (63) becomes

/_O<> i:p(r) (i'li(r, tyw;i(r, 7 —t) — w;(r, 7 — t) u;(r, t)) dt

/ Zp 89( (r, £) wi(r, 7 — t) + wi(r, T—t)ui(r,t))dt
_ Zp(r) /:_TO %(ﬁi(r, Dwile, 7 )+ veile, 7~ ) uilr, 1)) dr
_Zp (ul r, ) wi(r, 7 —t) + wi(r, 7 — t) u,(r, t)) :__To

3
=3 () (ui(n T 0) Wi(r, 7o) + Wilr, 7o) wi(r, T — 70) — W(r, 70) Wilr, T — 70) — Wilr, T — 70) Wi(r, TO))
i=1

:0 ;
where in the last step we use the causality conditions that
u;(r, 70) = w(r, 79) =0,
wi(r, To) = V'Vi(I‘7 TQ) =0

Thus, we have in equation (64)

oo 3
[t [ S e (e ywite =) =it 7 = e, ) dV =0,
—oo Vi=1
which proves the reciprocity theorem. (]

The reciprocity theorem is an important result as it gives the relationship between displacements produced by two
different systems of forces. One important application of the theorem is the reciprocity of Green’s tensor (see Section [§]
for the definition of Green’s tensor) .

Lemma 12.3 (The Reciprocity of Green’s Tensor) Under the homogeneous boundary conditions, the Green’s tensor
G has the following reciprocities:

Gn(&a: 75 €15 0) = Gm (&1, 73 €2, 0),
Gn(&as 723 €15 T1) = Gm(§15 =715 &9, —T2),
where &£, and &, are two different position vectors; T, T1 and Ty are points of times.
Proof Assume that there are two volume force fields f and g formed by two different impulsive forces respectively:
fi(r,t) = A,o(r — &)6(t — 11)din n € {1, 2,3}, (66)
gi(r, t) = Apd(r — €5)0(t + m2)0im me {1, 2, 3} (67)

foralli € {1, 2, 3} and all r € V. Their corresponding displacements u(r, ¢) and w(r, ¢) under the same boundary
conditions can be expressed in terms of a same Green’s tensor G:

u;(r, t) = Ap Gin(r, t; &4, 1), (63)
Wi(r7 t) =An Gi77L(r7 t; 625 _7-2)- (69)

Equation and (69) can be rewritten after changing their input time variable ¢:

gi(r, T — t) = Am(S(I‘ — 52)(5(7' —t + TQ)(SZ'm, (70)
wi(r, 7 —1t) = A Gipn (v, 7 — t; &5, —T2) . (71)
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Remind that the Reciprocity Theorem[12.2] gives:

0o 3
/_OO dt/\/z (ui(r,t)gi(r, T—1t)—w;(r, 7 —t)fi(r, t)) dv

- /Z dt/si (Wi(r, T —t)t;i(r, n(r), t, u) —u(r, ¢) t;(r, n(r), 7 — ¢, w)) ds. (72)

Since both displacement fields have the same homogeneous boundary conditions satisfying
u(r, t) =w(r,t) =0 or
t(r7 n(r), t, u) = t(r, n(r), t, w) =0

at every r on surface .S throughout all time, we have the integral over S in the reciprocity equation (72)) vanished and
obtain:

o 3
/ dt/ Z (ui(r, t)gi(r, 7 —t) — w;(r, 7 — t) fi(r, t)) dv =0. (73)
—oo Vi1
Plugging equations (66)), (63)), and into gives:

s 3
/_Oo dt/v ; (An Gin(r, t; €1, 71) And(r — £,)0(T — £+ 72)8im

— Ay Gign (1, 7 b5 €9, —72) An8(x = £)0(t = 7)5in ) AV = 0. (74)
Due to the definitions of Dirac delta function and Kronecker delta, we have equation reduced to:

An Am Gmn(€2> T+ T2 517 Tl)*An Am Gnm(&la T —T1; 62; 77—2) =0
Gm,n(é.Za T+ 725 613 Tl) :Gnm(£17 T —T1; 523 77_2) . (75)
Let 71 = 75 = 0 in equation (73], we then have

Gmn(€2> 7; &1, O) = Gnm(gla 75 &9, O)a
which proves the first relation that gives the spatial reciprocity of Green’s tensor. Let 7 = 0, equation implies

Gmn(ﬁz» 725 &1, 7'1) = Gnm("sb —715 &2, _72)»

which proves the second relation that gives the spatial-temporal reciprocity of Green’s tensor. (]

12.1 Reciprocities in Elastostatics
In the case of elastostatics, we can also obtain the following reciprocal relations:

o Betti’s theorem for elastostatics: By neglecting time element ¢ and taking 1;(r, ¢) and w;(r, t) to be zero
in (54), we obtain the Betti’s theorem for elastostatics:

3 3
/V ;fi(r)wl»(r) dV + /S ;ti(r, n(r), u)w;(r)dS

__/‘/;gi(r)ui(r)dV+/9;ti(r, n(r), w)u;(r)dS; (76)

e Reciprocity theorem for elastostatics: The reciprocity theorem for elastostatics is an immediate result by

arranging (76):
/Vg; (ui(r) gi(r) —w;(r) fi(r)> dV = /Sg; (Wi(r) t;(r, n(r), u) —u;(r) t;(r, n(r), w)) ds;

77
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e Reciprocity of Green’s tensor of elastostatics: Let
fi(r) = And(r — &)din
gi(r) = An0(r — &€5)dim ,
u;(r) = Ay Gin(r; &),
wi(r) = Ay Gim (15 §5)
forn € {1, 2, 3} and m € {1, 2, 3}. Then, under the homogeneous boundary conditions that
u(r) =w(r)=0 or
t(r, n(r), u) = t(r, n(r), w) =0
at every r on surface S, we can prove in a similar way to Lemma[12.3]that

Smn(£2; 51) = Snm(ﬁﬁ 52)-

13 Kaelvin’s Problem

In 1848, Lord [Kelvin| (1848) gave the static displacement field due to a single point force in an infinite homogeneous
isotropic elastic medium. The problem solved for the displacement field in this case is sometimes called the Kelvin’s
Problem and can be formulated mathematically as follow:

Problem 13.1 (Kelvin’s problem) Find the displacement field

ue &\ u f, 1) (78)
with

fi(r) =d(r — &)din 79)
such that

a) [¢30 o) n(r)dS + [, fi(r)dV =0 WV CII;
b) u;(r) = 0(d™ "), oij(r) = O(d~?) foralli, j € {1, 2,3} asd — oo ;
c) ui(r) =0(d™1), o4i(r) = O(d™2?) foralli, j € {1, 2,3} asd — 0,

where A and (i in are Lamé coefficients; 11 represents the infinite medium; expression shows that the volume
force field is formed by an impulsive force acting at € along the direction of unit vector €™ ; condition a) is the
elastostatic equation of motion that displacement field u needs to fulfil; S and V denote the surface and volume of
any region in the infinite medium that encloses position & ; condition b) gives the boundary conditions of the problem
requiring the displacements and stresses to vanish at infinity; condition c) requires displacement and stresses to be
unbounded at the force-acting position; d = ||v — &|| is the Euclidean distance between the displacement-evaluating
position r and the force-acting position £ .

The conditions a), b) and c¢) are sufficient to uniquely determine the solutions of the Kelvin’s problem (Sternberg||1980).
We present the solution of the Kelvin’s problem (13.T) in the form of the Green’s tensor of elastostatics defined in
Section 8

. o 1 5in (ri B éi)(rn - én)
Sinles €) = g (2= w) "+t o) (30)
forall ¢, n € {1, 2, 3}, where
A .
o= >\++2l; ;

o d=r €l = \/Th e - €07,

The Green’s tensor (B0) to the Kelvin’s problem is called the Somigliana’s tensor and its derivation can be found
in|Lay & Wallace|(1995) and |Bower] (2005)).
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14 Mindlin’s Problem

The solution of the Kelvin’s problem is a fundamental result for linear elastic theory. However, in seismology, we are
more interested in displacement fields due to a single point force exerted in a half space as this mimics the Earth and the
boundary of the half space can be treated as the surface of the Earth. For this reason, in this section we present the
displacement solution for a semi-infinite homogeneous isotropic medium in elastostatic case. The problem on finding
such a solution is sometimes called the Mindlin’s Problem as it is solved by Mindlin|(1936)) in 1936 by the method
of images and derived again by [Mindlin| (1953) in 1953 using potential theory. The following is the mathematical
formulation of the problem.

Problem 14.1 (Mindlin’s problem) Find the displacement field
uec & p, f, Px1I) (81)
with
fi(r) =0(r — &)din (82)
such that

a) [¢X3_ oy(r)n;(r)dS + [, fi(r)dV =0 VYV CII;

b) o(r)e> =0 VreP;

¢) wi(r) = O(d), oi;(r) = O(d~2) foralli, j € {1,2, 3} asd — 00;
d) w;(r) = O™, o4j(r) = Od~2) forall i, j € {1,2, 3} asd — 0,

where X and 1 in (81) are Lamé coefficients; I represents the semi-infinite medium and P(xy-plane) represents the
boundary of the medium, expression shows that the volume force field is formed by an impulsive force acting at
& along the direction of unit vector €™ ; condition a) is the elastostatic equation of motion that displacement field u
needs to fulfil; S and V denote the surface and volume of any region in the semi-infinite medium that encloses position
& ; condition b) and ¢) give the boundary conditions of the problem requiring the surface P to be stress-free and the
displacements and stresses to vanish at infinity, condition d) requires displacement and stresses to be unbounded at the
Sorce-acting position; d = ||r — &|| is the Euclidean distance between the displacement-evaluating position r and the
force-acting position & .

The conditions a), b), ¢) and d) ensures the uniqueness of the solution of the Mindlin’s problem. In Mindlin & Cheng
(1950) the displacement field is given by assuming that the single point force is exerted on the z-axis beneath the free
surface P, while in |Press| (1965) the displacement field is given with the single point force acted on xz-plane beneath
the free surface P. More generally, Kachanov et al.| (2013) presents the displacement field with the single point force
exerted at an arbitrary position in the semi-infinite medium. In this note, we adopt the form used by |Okadal (1992):

Sin(r; 5) = fl(i7 n, I'/7 5) - fl(i7 n,r, £) + fQ(ia n,r, £) + I‘gfg(l., n,r, 5)7 (83)
forall i, n € {1, 2, 3}, where

o fi(i,n,r, &) = 87TH ((2 )R( o +u R/(r},%ng’z()r,@);
1 5171 i(ra g)Rn(rv 6) 1-v 6271
9= (gt T Bre t v w8 R
RZ‘(I‘, ) n3 — Rn(r7 ) 13(1 - 6n3)
R(r, §)(R(r, &) + Rs(r, €))

— Ri(r, )R”(r’ £) 1—08:2)(1—=8,- .
R (R 6 + Far, €))L N )

+

o fali .1, €) =1~ 26 (2 - ) Pl £

R(r, £) g {33
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1 0 O
er' = |0 1 0 | risthereflection of r with respect to the free surface;
00 -1
At
e UV = ﬁQ’L »

hd Rl(r7 5) =T — £1 > R2(r7 5) =TI — 52 and R3(I‘, 5) = —rz— 53;
o R(x, &) = \/R2(r, &) + Ro2(r, £) + Ry*(r, £).

Note that the first term fi (i, n, r/, €) in (83) is the Somigliana’s tensor, representing the displacement contributed
by a single point force exerted at £ in an infinite medium; the second term — f (¢, n, r, &) in (83) represents the
displacement changes due to an image single point force acted at (&;, &€,, —&5) in an infinite medium; f>(4, n, r, &)
in (83) is a surface deformation related term as when r3 = 0 the term represents the surface displacement due to a single
point force in a half space; the last term f3(é, n, r, £) in is simply a multiplier of the depth of the observation
pointr.

The proof for the solution to the Mindlin’s problem has been illustrated by |Chau| (2012)) using potential theory.

15 Representation Theorem

Theorem 15.1 (Representation theorem) Assume there is a continuous elastic medium with volume V' and surface S.
Suppose that

ueé(g,c, f,VxS8x[—oo, a]),
WGE(Q& c, g,VxSX[—oo, OO])

are two displacement fields caused respectively by £ and g under generally different initial and boundary conditions.
Then, if the volume force field g is formed by an impulsive force, i.e.,

gi(r, t) = A, 0(r — €)6(t)dim n€{l, 2, 3} (84)
foralli e {1,2,3}andallr €V, with its corresponding displacement field
Wi(rv t) =A, Gm(rv t; &, 0); (85)

the following representation of the displacement field u can be obtained under the causality principle:

o 3
wt= [ ar [ Y ene-rn 0t v
-0 i=1

3

+ /_O:O dq—/sg (Gm(ﬁ, t—7T;r, O)ti(sv n(§), 7, u)

3 w —rr
(e ) Y e 2R E LT D ) g

j=1k=1 =1 9€,

Proof Remind that the Reciprocity Theorem states that
oo 3
/ dt/ Z (ui(r, t)gi(r, 7 —t) — w;(r, 7 — t) fi(r, t)) av
% Vi=1

= /oo dt/s _3 (wi(r7 T —1)t;(r, n(r), t, u) —u(r, t) t;(r, n(r), 7 — ¢, w)) ds (86)

—0o0 i
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for some 7 € R. According to Gauchy'’s Stress Theorem ] Lemmal6.2]and expression (83)), we have

ti(r,n(r), 7 —t, w) = Z o;j(r, T —t, w)n;(r)

3 3 3
owg(r, 7 — 1t
D 3D ) L LALLE P
=1 k=11=1 !
LI OGY, (r, 7 —t; &, 0)
=A, Z Z Z Cijni(r) or, n,(r). (87)
j=1k=11=1

Inserting expressions (84), (83) and into equation (86) gives

oo 3
| af > (3. ) nd(e = 0~ 0 =y G, 7= 5 € O . 1))V
3

:/m dt/SZ(An GY(r, 7 — 15 € 0)ti(r, n(r), £, u)

o0 i=1

3 3 HGw PP
—u,(r, ) Ay, Z Z Z Ciji(r) k"(r’a:'l t&0) nj(r)) ds. (88)

Note that
/ dt/ Zuz 1) Anb(r — €)0(T — )0 dV = Ay un (€, 7).

Thus, equation (88) becomes

T)= /_Z dt/‘/iGﬁl(r, T—1; & 0)f(r, t)dV
—|—/OO dt/SZS:(G;",’]( T—t; &, O)ti(r, n(r), t, u)

o0 i=1

3 3 3
— u(r, t) ZZZ Cijri(r 8G’“”(ra; t&0) j(r))ds. (89)

j=1k=11

For the notational convenience, we would like to make the displacement to be evaluated at position r and time t.
Therefore, by interchanging £ with r and 7 with ¢ in equation (89) and noting that the symbol-interchange does not
affect the equality of (89), we have

u,(r, t) / dT/ ZG — 71, 0) (€, 7)dV
< dfsg (Gule t=ir 0)ti(€ n(g), 7, w)

3 3 w —
(e ) Y el 2GR LT D ) a5, o)

J=1lk=11=1 8§l

which proves the theorem. O

Remark From this section onwards, we will use notation G¥ to represent the Green’s tensor corresponding to the
displacement field w. Since different boundary conditions will lead to different displacement fields and thus different
Green’s tensors, it is necessary to make different notations to differentiate Green’s tensors subject to distinct boundary
conditions.
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It should be noted that after symbol-interchanges from (89) to (90), the integrals over volume V" and surface S are
evaluated with respect to £ instead of r. The Representation Theorem states that the displacement at a certain
position is contributed by the volume force field, the tractions (i.e., stresses on surface) as well as displacements on
surface. However, the weights of these three contributions are not satisfactory as the Green’s tensor components they
involve indicate that the volume force field g is formed by an impulsive force placed at r and the observation point is at
& . We would like to have the force to be acted at £ and the observation at r so that u(r, ¢) can be treated as the sum of
displacements on the surface and those caused by tractions and volume forces. To achieve this, we need the reciprocity
of Green’s tensor in Lemma[I2.3] The application of the lemma, however, requires homogeneous boundary conditions,
which state that at every position on the surface either the displacement or the traction is zero. In the rest of this section,
we present two forms of the representation theorem under two special cases of the homogeneous boundary conditions.

e Rigid boundary: A rigid boundary on w (or G%) indicates that the displacement field w (or the Green’s
tensor GV) is constrained by the boundary condition that displacement at each position on the surface S is
zero. Mathematically, we have

GV t—7;r,00)=0 VEeS. 91)

Plugging (O1) into (90) and invoking Lemma (12.3) then give the representation theorem under a rigid
boundary:

Un(r, 1) / dT/ZG 7€ 0) (€, T)aV
oo 3 3 W (p t_
_/ dT/SZui(ﬁ, 7) ZZZ%M 8G"k( ,atgl 7:&0) n;(&)ds. (92)
- i=1

j=1k=11=1

e Traction-free boundary: A traction-free boundary gives the boundary condition that the tractions (i.e.,
stresses on the surface .S) due to w (or G%W) are zero. Thus, we have

G .
t; (Ev n(f), = An Z Z chjkl a (5’855 R O) n; (E) =0 (93)
j=1k=11=1

forall £ € Sandall i € {1, 2, 3}. Inserting (93) into (O0) and invoking Lemma (I2.3) then give the
representation theorem under a traction-free boundary:

¢S] 3
u,(r, t) = / dT/VZG:LVi(r’ t—7; & 0)f(& 7)dV
- i=1
0o 3
+/_OC dT/SZ_Zle(ra t — T, f, O) ti<£, 1’1(5)7 T, u) ds . (94)

Note that the Green’s tensors G% in and are different as they are under different boundary conditions.

15.1 Representation Theorem in Elastostatics

The deviation of the representation theorem in elastostatics can be done in a similar fashion to that of the Representation
Theorem [15.1] in elastodynamics. From the Reciprocity Theorem (T7) for elastostatics, we obtain the elastostatic
representation theorem:

/ZS dV+/Z ti (€. n(¢), u)

3 3 -
L ODIPIP I (250 (s)) ds. (95)
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16 Representation Theorem with an Internal Surface

In the last section, we presented the representation theorem in an elastic medium with volume V' and surface S. In this
section, we give out the representation theorem with an internal surface ¢, which has two adjacent surfaces ¢ and ¢~
representing the opposite faces of a fault plane.

When an earthquake happens, dislocation (slip) will occur across ¢, causing discontinuities on displacements across .
In another word, the displacements on ¢~ may be different from those on ¢T. To derive the representation theorem in
this section, we first denote the displacement discontinuity (or dislocation) at position 1 € < at time ¢ by

Au(n, t) = u(n, t)|c+ —u(n, t)lc-,

where u(n, t)|.+ and u(n, t)|.- are respectively the displacement at position 7 on side ¢* and ¢~ at time ¢. In addition,
we denote the unit normal vector to the surface element ds™ at position 1 as v(n), which points from ¢~ to ¢*. Since
¢~ and ¢ are opposite, the normal vector to the surface element d¢* at position 7 is simply —v(n7), which points from
¢t to¢™. Although ¢ and ¢~ have different orientations (specified by opposite unit normal vectors), they contain the
same set of positions as g:

As there are displacement discontinuities in the medium, the equation of motion is invalid in the interior of S (see
Sectionfor the assumptions on the equation of motion). However, it is valid in the interior of S + ¢t +¢™.

Remark Despite of the discontinuities of displacements on <, there can be traction discontinuities, which are defined

by
t(m -v(n), t, u>|§+ + t(”?a v(n), t, u)|§‘

forallm € ¢ at time t.

Theorem 16.1 (Representation theorem with an internal surface) Assume that there is a elastic medium with vol-
ume V and surface S and consists of an internal surface  with opposite faces ¢~ and <. Then, if displacement fields
u and w satisfy the same homogeneous boundary conditions on S and the Green’s tensor G¥ satisfies equation of
motion on s, the representation for u is given by

00 3
w,(r, t) :/ dT/VZGm(r, t—T1; & 0)£(& 7)dV
-0 i=1

ol ZGW( t=7im, 0) (t(m, —v(n), 7, W)l + b (m, Vi), 7 W)l ) ds

3 W (r,t—m;
+ /ZAm(n, 7) ZZZcijkz(n)aG"’“( LT 0 ) dc}- (96)

3
0
i=1 j=1k=11=1 K
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Proof Since the equation of motion is valid in the interior of S+¢* +¢™, we have from the Representation Theorem
that

u,(r, 1) / dT/ ZG — 71, 0)£(&, 7)dV
+/ dT / ZGm n,t =751, 0)ti(n, —v(n), 7, u) ds*
[ ZGm mt=7ir, 0)t(n. vin), 7 w) i

3 3 3

- S il ) S el PGB ETE O ) g
tim1 j=1k=1I=1 m
3 3 3 3 HCw oy
—/ Dowiln ) YYD ciuln) k"(n’[; Ti %, 0) Vj(n)dG_}
ST =1 j=1k=11=1 "
3
/ dT/ Z( (& t—7;r,0) ti(ﬁ, n(¢§), T, u)
i=1
3 3 3 w -
e, )ZZZcW(aaG’m“’él 500 ) as. ©7)
j=1k=11=1

As displacement fields u and w satisfy the same homogeneous boundary conditions on .S, i.e.,

u§ 7)=w( 7)=0 or
t(£7 n(§), 7, u) = t(E, n(§), 7, W) =0

at every & on surface S throughout all time 7 € R, we have

0o 3
/_OO dT/s; (Gﬁl(g, t—7;r,0)t;(€, n(g), 7, u)

3 3 w o
—u ) Y (e L8RS LT O nj(€)) ds =0. (©8)

J=1 k=1 1=1 08,

As Green’s tensor GV satisfies the equation of motion even on ¢ (i.e., it and its derivatives are continuous on §), we
have

GY(n, t—7;r, 0)+ =G"(n, t —7;r, 0)]- 99)
and
0GY, (n,t—1;1,0) _ 0GY. (n,t—1;r,0) (100)
on, ot on, -

forall k, I, n € {1, 2, 3} and all 5§ € <. The continuity of the Green’s tensor G" on ¢ implies that GV is continuous
throughout the whole medium. Thus, due to the homogeneous boundary conditions of w on S, Lemma can be
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invoked. With (98), (99), (1@1) and Lemma[I2.3] representation (97) can be rewritten as:

u,(r, t) / dT/ ZG”, —7;1,0)f(& 7)dV
—i—/ {/ ZGm n,t—7;r, 0)t;(n, —v(n), 7, u)ds*

3 3
+ [0S @m0t vl 7o) e
S i=114=1
3 3 3 3
0GY (n,t—71;1r,0
3w IS eSO ()
j=1k=11=1 i
SRR OGY (n,t—m1;r,0)
- [ 50 e ST D |
j=1k=11=1 K

/ dT/Z W t—1ir, 0) (€, 7)dV
+/ {[ZGzn m, =i, 0) (ti(n, —v(m), 7, W)l + b, V), 7 ) ) d

i=1

3 3 3 3
(mt—T1;r, 0
+/§ Aui(na T) E E E ngkl k ( 877[ )Vj(n) d§}
S j=1k

i=1 j=1 k=1 I1=1

:/ m/zq” ~T € 0)E(E )V

3 3 3 .
/ZAIh n, T ZZZCUM w(r,t—7;n,0) v;(n) d(},

on,

which proves the theorem. ]
The theorem [I16.1] states that the displacement field u consists of three components:
e The first term

~ 3
/_Oo dT/V;Gni(r? t—T; &, 0) fZ(£7 T) av

indicates that the displacement field u is caused by the volume force field f;

e The second term

/- m/ (e t =1, 0) (t(m. —v(m). 7. w)|ox + (. vlm), 7, w)|- ) ds
S =1
implies that the tractions on ¢ are the causes for the displacements. The discontinuities of tractions on g,
t(nv 7V(n)7 T, u)‘§+ +t(n7 V("?)7 T, u)|§7 )
is also called the stress glut in seismology and is considered as the driver for fault slips;
e The third term

> & : (rﬂ t— 71, 0)
/ dr ZAUZ n, T ZZZC”“ v;(n)ds (101)

0
S =1 j=1k=11=1 ™
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says that the displacements are the results of the displacement dislocations (discontinuities) across ¢. In seis-
mology, this term is a kinematic model as it describes the earthquake displacements as the direct consequences
of the relative movements between the two faces of a fault plane. This term is a very important representation
in seismology as it presents a straightforward relation between the displacement field and the fault slips without
any reference to the stresses that cause the slips.

In this tutorial we focus on the kinematic model, thus in the remainder of this section we show how the representation
can be reduced to (T0T). To achieve this, we need to make two assumptions:

e Assumption 1: The tractions due to displacement u are continuous across , i.e.,

t(n, —V(’l’]), t, u)|§+ + t(nv V(’r]), t, u)|§_ =0
forallm € gand allt € R;

e Assumption 2: The volume force for the displacement field u is zero throughout the medium and time, i.e.,

f(§,6)=0 VE€V and VteR.

Under these two assumptions, the representation is then reduced to the kinematic model (10T].

Remark It should be noted that in deriving the theorem [16.1) we choose boundary conditions for u and w on
independently. This is permitted by the Reciprocity Theorem which allows for different boundary conditions for
uand w on .

16.1 Representation Theorem with an Internal Surface in Elastostatics

It is straightforward to show that under the same assumptions made in theorem|[I6.1|for elastodynamics the representation
theorem with an internal surface for elastostatics is given by

3
:/‘/Zsm(r; §fi(§)av

3 3 3 W (-
+ / > Auim) ZZZcmmem ds (102)

Similarly, we can make assumptions on the traction continuity and zero volume force to obtain the kinematic model in
elastostatics:

3 w T
/ZAuz Zzzcijkl(ﬂ)(w vj(m) ds. (103)

<=1 j=1k=11=1

Particularly, if the medium is isotropic we can plug equation (9) into (T03) and obtain

u,,(r) =/§ZS:AuL Z{ n)d;; asgk(meru(n)(aS;(?r L asggs:; "))}vj(n) ds. (104)

i=1 j=1 k=1 Oy J

Furthermore, if the medium is homogeneous we have from (104):

3 3 3
OSY(r; m) (5 Sw.(r;m)  OSy(r; n)) }
= E:Aui E: A\ nk + ni + J vi(n)ds, 105

=1 Jj=1 k=1

which is the famous Steketee’s formula (Steketee]|1958)).
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Strike
Direction

Hanging way

Figure 3: The geometry of a faulting: The grey area is the fault surface; « is the dip; 3 is the strike; € is the rake.

17 Faulting Geometry

The geometry of an earthquake faulting (Figure [3) can be described by three angular measurements (strike, dip and
rake) and the magnitude of the slip.

Dip and dip direction. Dip (« in Figure[3) is the angle used to describe the steepness of a fault surface. The angle is
between 0° and 90° and is measured from Earth’s surface, or a plane parallel to Earth’s surface, to the fault surface.
The dip direction is the direction toward which the fault surface is inclined.A fault with dip of 0° is called horizontal
fault while a fault with dip of 90° is called vertical fault.

Foot wall and hanging wall. For non-vertical faults, the foot wall is the lower fault block beneath Earth’s surface
and the fault surface (grey area in Figure [3), while the hanging wall is the upper fault block that is beneath Earth’s
surface and above the fault surface. For vertical fault, the foot wall is assumed to be on the left of an observer looking
in the strike direction.

Strike and strike direction. The strike (¢ in Figure[3) is the angle between 0° and 360° used to specify the orientation
of a fault. To determine the strike, strike direction needs to be decided first. The strike direction is the direction an
observer looks along the fault line (i.e., the intersection of Earth’s surface and the fault surface) when he stands on the
Earth’s surface with the foot wall on his left while the hanging wall on his right. The strike is then measured clockwise
from North direction to the strike direction.

Slip and rake. The slip is a parameter used to describe the motion of a fault. The slip is a vector, meaning that it has
magnitude and direction. The magnitude of a slip is simply the distance that a hanging wall moves relative to the foot
wall. The direction of slip is the direction that hanging wall moves relative to the foot wall. The rake (£ in Figure[3) is
the angle between 0° and 360° measured anticlockwise from the strike direction to the slip direction. According to the
slip direction, the faulting can be classified into two types termed strike-slip and dip-slip. The faulting is strike-slip
if the slip direction is parallel to the strike direction (i.e., the rake 8 = 0° or S = 180°); the fault is dip-slip if the
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Figure 4: (Top-left) The left-lateral strike-slip faulting. (Top-right) The right-lateral strike-slip faulting. (Bottom-Ieft)
The reverse dip-slip faulting. (Bottom-right) The normal dip-slip faulting.

slip direction is perpendicular to the strike direction (i.e., the rake 5 = 90° or 8 = 270°). The strike-slip and dip-slip
faulting can be further categorised:

o Strike-slip: If an observer, standing on one side of a fault, finds that the adjunct side moves to the left, then the
faulting is left-lateral strike-slip (i.e., slip has the same direction with the strike direction or the rake 8 = 0°).
If the adjunct side moves to the right, then the faulting is right-lateral strike-slip (i.e., slip has the opposite
direction with the strike direction or the rake 5 = 180°).

e Dip-slip: If the hanging wall moves upward relative to the foot wall (i.e., 5 = 90°), the faulting is termed
reverse, whereas the hanging wall moves downward relative to the foot wall (i.e., 5 = 270°), the faulting is
called normal.

Figure []illustrates the faulting types explained. There are some unusual faulting types such as tensile faulting that not
only includes strike- and dip-slips but also have expansion and compression of faults.
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