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Abstract18

An ensemble of eddy-rich North Atlantic simulations is analyzed, providing estimates19

of kinetic energy wavenumber spectra and spectral budgets below the mixed layer where20

energy input from surface convection is negligible. A wavelet transform technique is used21

to estimate a localized ‘pseudo-Fourier’ spectrum, permitting comparisons to be made22

between spectra at different locations in a highly inhomogeneous and anisotropic envi-23

ronment. We find evidence of a Gulf Stream imprint on the near Gulf Stream eddy field24

appearing as enhanced levels of kinetic energy (KE) in the North-South direction rel-25

ative to the East-West direction. Surprisingly, this signature of anisotropy holds into the26

quiescent interior. We detect forward cascades of KE and enstrophy but find no clear27

evidence of upscale energy cascades in the separated Gulf Stream region, although an28

inverse cascade of KE emerges downstream of the separated Gulf Stream. The spectral29

slopes inferred from our analysis are significantly steeper than expected from quasi-geostrophic30

(QG) theory, but roughly in line with a primitive equation extension of the enstrophy31

inertial-range theory. A summary conclusion is that expectations regarding spectral slopes32

built on quasi-geostrophy are at best only weakly supported in primitive equations be-33

low the mixed layer where submesoscale dynamics are expected to be weak.34

Plain language summary35

Describing the statistical characteristics of the weather system of the ocean, known as36

eddies, has been a long standing problem in the field of ocean science. This has been mo-37

tivated by the fact that eddies contribute significantly to the global heat and carbon trans-38

port. Here, in analysing numerical simulations of the North Atlantic that partially re-39

solve the eddies, we apply a relatively novel diagnostic framework based on wavelet func-40

tions to characterize the statistical nature of eddies in a realistic setting of the ocean.41

We find that the signature of the Gulf Stream imprints itself onto the eddy statistics.42

1 Introduction43

The ocean is ‘turbulent’, implying the presence of energetic and widespread spa-44

tial and temporal ‘eddies’ (Stammer, 1998; Stammer & Wunsch, 1999). It is now com-45

monly accepted in ocean modeling that resolving these features, at least at the mesoscale,46

leads to ocean simulations of a much more realistic nature (Chassignet & Marshall, 2008;47

Chassignet et al., 2020; Griffies et al., 2015; Constantinou & Hogg, 2021; G. Xu et al.,48
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2022), which may have important implications for climate projections (Saba et al., 2016;49

Beech et al., 2022). This implies the eddy field is an integral part of the ocean structure,50

and necessary to include in some fashion if acceptable ocean models are to be constructed.51

The computational demands of eddy-resolving resolution have led to the search for eddy52

parameterizations that faithfully capture the dynamical role of eddies in the absence of53

their explicit presence (e.g. Redi, 1982; Gent & Mcwilliams, 1990; Gent, 2011; Jansen54

et al., 2019; Guillaumin & Zanna, 2021; Berloff et al., 2021; Uchida, Deremble, & Popinet,55

2022; Li et al., 2023, and references therein). It is essential therefore to understand the56

behavior of the eddy field in well-resolved models in order to ascertain the character eddy57

parameterizations should portray and to provide benchmarks for assessing the affects of58

any particular proposed parameterization. This paper attempts to serve these purposes59

by describing and applying a methodology that allows for spatial inhomogeneity in the60

mean flow to influence eddy characteristics. We analyze a recently developed ensemble61

of North Atlantic simulations (Jamet et al., 2019) and use two-dimensional wavelet anal-62

ysis to diagnose the spectral structure.63

Most available theoretical guidance on oceanic turbulence comes from quasi-geostrophic64

(QG) theory, where the combined conservations of energy and potential vorticity (PV)65

lead to predictions for specific shapes for wavenumber spectra. Surface quasi geostropy66

(SQG), on the other hand, employs conservation of surface buoyancy instead of PV (Held67

et al., 1995; Lapeyre, 2017). It is generally thought that the eddy field should display68

a so-called ‘−5/3’ spectral slope as a result of an up-scale cascade of energy, and a ‘−3’69

slope due to a down-scale enstrophy cascade (Charney, 1971). Both predictions are based70

on the ideas of inertial ranges and involve a reasonable number of assumptions. Local-71

ity in spectral interactions, stationarity in time and homogeneity in space are amongst72

the most prominent assumptions; a thorough discussion appears in Vallis (2006). Nu-73

merical, observational and laboratory investigations in relevant settings tend to support74

the predictions (e.g. Gage & Nastrom, 1986; Yarom et al., 2013; Callies & Ferrari, 2013;75

Campagne et al., 2014).76

The inertial-range ideas are usually adopted when venturing into the more dynam-77

ically complex settings of primitive equations and realistic ocean simulations (e.g. Y. Xu78

& Fu, 2011, 2012; Khatri et al., 2018; Vergara et al., 2019), although it is difficult to jus-79

tify many of the assumptions. In particular, as will often be the focus of this paper, the80

presence of the Gulf Stream would seem to clearly violate spatial homogeneity in the field81
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in which the eddies are viewed. In addition, and perhaps at an even more fundamental82

level, the mix of a coherent, large-scale mean with an incoherent, variable component83

renders the definition of what constitutes an ‘eddy’ somewhat vague. One then questions84

what features should be focused on when constructing a spectrum (cf. Uchida, Jamet,85

et al., 2021). This problem of identifying or defining ocean eddies is a well known one,86

with an early reference being Wunsch (1981).87

Another problem facing the quantification of the eddy field in an inhomogeneous88

setting is a lack of available techniques for analyzing the data. A favorite, and classical,89

method for studying wavenumber spectra employs Fourier transforming momentum (e.g.90

Capet et al., 2008; Callies & Ferrari, 2013; Rocha et al., 2016; Uchida et al., 2017, 2019;91

Khatri et al., 2018, 2021). The connection between this measure and kinetic energy (KE)92

comes from Parseval’s theorem, which equates the area integrated KE to the wavenum-93

ber integrated spectrum94 ∫
x

|u(x)|2 dx =

∫
k

û · û∗ dk (1)95

where û is the Fourier transform of u = (u, v). This permits the interpretation of the96

spectrum in terms of a wavenumber dependent energy density. However, this same equiv-97

alence then implies the resultant spectra are averages over the domain involved in the98

analysis. While this does not represent a conceptual problem if the domain is spatially99

homogeneous, the relation of the result to the local spectrum in an inhomogeneous set-100

ting is not clear.101

Our primary numerical tool to tackle these questions is a recently developed ed-102

dying ensemble of partially air-sea coupled North Atlantic simulations. These simula-103

tions have been used before in studies of North Atlantic energetics (Jamet et al., 2020),104

the Atlantic Meridional Overturning Circulation (AMOC; Jamet et al., 2019; Dewar et105

al., 2022), Empirical Orthogonal Function (EOF) analyses of eddies (Uchida, Jamet, et106

al., 2021), and the thickness-weighted averaged (TWA) feedback of the eddies on the residual-107

mean flow (Uchida, Jamet, et al., 2022; Uchida, Balwada, et al., 2023). A full descrip-108

tion of the simulations appears in Jamet et al. (2019). For our purposes, the ensemble109

consists of 48 members exposed to small initial-condition uncertainties (usually referred110

to as micro initial conditions; Stainforth et al., 2007) run at an ‘eddy-rich’ 1/12◦ reso-111

lution. A map of the surface eddy Ertel’s PV appears in Fig. 1, displaying the expected112

activity around the Gulf Stream region, with a separation from the coastal U.S. around113
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Cape Hatteras, and North Atlantic Current. Also shown are six marked locations which114

will be referred to later in the text.115

A

B

C D

F
E

Figure 1. Surface eddy Ertel’s PV from member 00 amongst the 48 ensemble members at

00:10, January 1, 1967 where buoyancy is defined as b̂ = −δ/ρ0 and is dimensionless (cf. Sec-

tion 3.1.4 and Appendix A). Land and coastlines are in grey; the Gulf Stream and its extension

into the open Atlantic are visible. Locations within the Gulf Stream near to separation at Cape

Hatteras and North Atlantic Current are marked, as are other locations in the North Atlantic

interior and gyre retroflection with six regions in total named from A to F. The dashed lines in-

dicate the 10◦ × 10◦ domains over which the wavelet transforms are applied. These locations will

be referred to later in the text.

We assert that such an ensemble leads to a clear identification of oceanic eddies,116

namely as fluctuations about the ensemble mean. Specifically, we can average our sim-117

ulations at any space and time point across our ensembles to obtain an estimate of the118

classical ensemble mean. Then, we can revisit each individual ensemble member to com-119

pute its deviation from the ensemble mean at that same spatial and temporal location.120

Inasmuch as the ensemble mean represents that component of the solution common to121

all members, we identify it as the predictable part of the flow. The residuals, belonging122

to each individual realization, are the ‘unpredictable’ components of the flow and are iden-123

tified as the eddies. An attempt to rationalise this in terms of integrated KE budgets124

has recently been proposed by Jamet et al. (2022). Note that this eddy definition is in-125

dependent of any arbitrarily chosen spatial or temporal scale, a highly desirable feature126
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not characteristic of most definitions reliant on some form of spatial or temporal filter-127

ing (Chen & Flierl, 2015; Uchida, Deremble, Dewar, & Penduff, 2021; Uchida, Jamet,128

et al., 2021; Berloff et al., 2021). These eddies are the ones we propose to quantify.129

As to spectral computations, we proceed using a wavelet-based analysis. To our130

knowledge, the wavelet approach to wavenumber spectra was initially examined by Daubechies131

(1992) and Perrier et al. (1995) and in an oceanographic context by Uchida, Jamet, et132

al. (2023). For our purposes, we will interpret the spectra computed using wavelets as133

an estimate of a localized ‘pseudo-Fourier’ spectrum, which is backed by the Parseval’s134

equality (Uchida, Jamet, et al., 2023). The locality of these estimates permits us to ex-135

amine and compare the variability of the spectra throughout the domain.136

Our eddy definition is reviewed briefly in the next section, along with a descrip-137

tion of our wavelet-based analysis methods. Section 3 presents a comparison between138

wavelet-based spectral estimates and the canonical Fourier-based estimates within the139

North Atlantic gyre. The paper ends with a Discussion, speculations on the relevant dy-140

namics and plans for further work.141

2 Theory and techniques142

In this section, we describe our definition of ‘eddies’ (Section 2.1) and provide an143

overview on wavelet analysis (Section 2.2).144

2.1 Eddy Definition145

Due to the chaotic nature of the ocean (Poincaré, 1890; Lorenz, 1963), trajecto-146

ries of eddying numerical simulations are sensitive to initial condition uncertainties (e.g.147

Kay et al., 2015; Sérazin et al., 2017; Maher et al., 2019; Zhao et al., 2021; Uchida, Derem-148

ble, & Penduff, 2021; Leroux et al., 2018, 2022; Jamet et al., 2022; Germe et al., 2022;149

Romanou et al., 2023). This allows us to develop an ensemble of ocean simulations, dif-150

fering only in small ways in their initial conditions; i.e. simulations based on initial states151

that have small differences well within current measurement uncertainties. It is a mat-152

ter of experience that while gross characteristics of the resulting fully evolved states are153

similar (there will always be a Gulf Stream, for example), the mesoscale fields become154

incoherent. While each ensemble solution represents an equally valid and plausible sim-155

ulation of the North Atlantic, none of them at any specified date will recreate the ob-156
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served ocean state since the observed ocean is itself a single realization of the chaotic sys-157

tem.158

From such an ensemble, one can take an ‘ensemble mean’, which we will denote by159

brackets, i.e. for any model variable ψ(x, t),160

⟨ψ(x, t)⟩ = 1

N

N∑
i=1

ψi(x, t) , (2)161

where N is the total number of ensemble members and the superscript i denotes the en-162

semble member. We interpret the ensemble mean as the ‘forced’ response of the ocean.163

That is, as the ensemble mean is common to all members, it reflects the common exter-164

nal conditions imposed at the boundaries of the system. In our case, these common con-165

ditions consist of the prescribed atmospheric states and the open ocean boundary con-166

ditions at the northern and southern domain boundaries and the Strait of Gibraltor (Jamet167

et al., 2019).168

The eddy field is denoted by deviations of ψ about the ensemble mean169

ψi′(x, t) = ψi(x, t)− ⟨ψ(x, t)⟩ . (3)170

Each member, i, having its own eddy field thus identifies the eddies as an unpredictable171

component of the flow. Note that the ensemble mean in (2) is inherently a function of172

space and time, a feature which permits the examination of the non-stationary and in-173

homogeneous character of the statistics. It is a strength of the ensemble dimension, be-174

ing orthogonal to the space-time dimensions, that these features of non-stationarity and175

inhomogeneity are preserved.176

Finally, we note that the ensemble mean structure of the ocean is not independent177

of the eddies, rather the equations of motion in their non-linearity involve higher-order178

measures of the eddies as part of their balance. Each realization, in turn, is constrained179

by the lower-order statistics of the eddy contributions.180

2.2 Spectral Considerations181

We depart from the classical Fourier approach to compute wavenumber spectra for182

our non-periodic and inhomogenous settings, but do note the utility of wavenumber spec-183

trum emerges largely from Parseval’s equality (cf. Uchida, Jamet, et al., 2023, their Ap-184

pendix A). We base our spectral analysis on wavelet decompositions. Here, we provide185

a brief overview.186
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Given a function of two spatial dimensions, f(x), its continuous wavelet transform187

is given by188

f̃(s, ϕ,γ) =

∫
x

f(x)
1

s
ξ∗(RRR−1 ·

(
x− γ

s

)
) dx , (4)189

where RRR−1 is the inverse of the rotation matrix190

RRR−1 =

 cos (ϕ) sin (ϕ)

− sin (ϕ) cos (ϕ)

 , (5)191

for rotation through an angle ϕ. The quantity s is referred to as the ‘scale’, γ (∈ R2)192

is the two-dimensional coordinates of interest, ξ(x) is the so-called ‘mother’ wavelet and193

ξ(RRR−1 · (x− γ) /s) in (4) are the daughter wavelets. The quantities f̃ are the wavelet194

coefficients. Subject to a few, relatively easy to meet conditions (Uchida, Jamet, et al.,195

2023), the original data can be reconstructed from the wavelet coefficients via an inverse196

wavelet transform197

f(x) = C

∫
γ

∫
ϕ

∫
s

1

s4
f̃(s, ϕ,γ)ξ(RRR−1 ·

(
x− γ

s

)
) ds dϕ dγ (6)198

where C is a constant, to be clarified below. Exploiting the properties of wavelets, it is199

possible to show they satisfy a generalized Parseval’s equality200 ∫
x

f(x)g(x)dx = C

∫
γ

∫
ϕ

∫
s

f̃ g̃∗

s3
ds dϕ dγ, (7)201

with •∗ the complex conjugate. Note, if f = g, (7) corresponds to the Parseval’s equal-202

ity in (1).203

We employ the so-called Morlet wavelet (Morlet et al., 1982; Gabor, 1946), i.e.204

ξ(x) =
(
e−2πik0·x − c0

)
e
− x·x

2x2
0 , (8)205

where c0 is a constant included to insure that the wavelet has zero mean
∫
x
ξ(x)dx =206

0. The central wavenumber k0 is taken to be k0 = (k0, 0) and the quantity x0 is a ref-207

erence length scale, here taken to be 50 km, viz. the length scale of the mother wavelet.208

The zonal orientation of wavevector k0 is arbitrary as we will rotate the orientation with209

RRR. We will choose k0 = 1/x0, in which case the constant c0 is quite small and gener-210

ally ignored (i.e. c0 = 0), a convention adopted in this paper. Plots of (8) are found211

in Fig. 2. Note that the Morlet mother wavelet consists of a wave of wavelength L =212

x0 inside a Gaussian envelope of decay scale
√
2x0. Thus for s = 1 and ϕ = 0, the wavelet213

coefficient produced by this transformation comments on the presence of the wavenum-214

ber k0 = (k0, 0) at location γ in the original data. Increasing the rotation angle ϕ and215
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filtering returns information about the presence of the same wavelength at angle ϕ. Fi-216

nally allowing s to vary modifies the filter so that the primary wavelength of the filter217

is k = 1/(sx0). The Morlet wavelet coefficient can thus be thought of as a ‘local’ Fourier218

transform at wavenumber kT
0 ·RRR−1(ϕ)/s, where the superscript T denotes a transpose.219

Figure 2. Structure of the Morlet wavelet with the reference length scale x0 = 50 km. A

contour plot of the real part of the mother Morlet wavelet is shown in the left panel. Transects of

the real and imaginary parts along the dashed line appear in the right panel.

220

At this point, the scale factor in (4), s, is non-dimensional. It is more traditional221

in oceanography to discuss energy spectra in terms of wavenumber. As pointed out above,222

the effective wavenumber associated with s is k = 1/(sx0) = 1/s0, where the quan-223

tity s0 has units of length. Upon some algebra, one may transform (7) (with f = g)224

to wavenumber, k = 1/s0, space, ending with225 ∫
x

f2(x)dx =
1

CΞ

∫
ϕ

∫
k

∫
γ

f̃∗f̃kx20 dγ dk dϕ , (9)226

where CΞ =
∫
k

Ξ̂∗Ξ̂
k·k dk and Ξ̂ is the Fourier transform of the mother wavelet (cf. Uchida,227

Jamet, et al., 2023). Note, C = C−1
Ξ in (7).228

If we now produce wavelet coefficients for the zonal and meridional eddy veloci-229

ties u′i and v′i from member i of our ensemble, and manipulate them appropriately, we230

obtain231

Ẽi
K(γ, ϕ, k) =

1

CΞ

ũ′iũ′i
∗
+ ṽ′iṽ′i

∗

2
x20k , (10)232

as a measure of energy density in wavelet transform space. Each value of Ẽi
K is a ran-233

dom number as each ensemble member possesses a ‘random’ eddy field emerging from234
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the non-linearities in the system. Ensemble averaging those values returns an estimate235

of the ensemble-mean energy spectrum as a function of wavenumber k in direction ϕ. The236

spatial locality of the mother wavelet permits the interpretation of ẼK(s, ϕ,γ) = ⟨Ẽi
K(s, ϕ,γ)⟩237

as the local energy spectrum at location γ.238

In calculating the wavelet coefficients, we spatially interpolate each 10◦×10◦ do-239

main centered around each ⊗ in Fig. 1 onto a uniform grid (cf. section 3). The wavelet240

transform appropriate to the scale factor s was then taken between [kmin
F , kmax

F ] with 40241

monotonic increments where kmin
F and kmax

F are the minimum and maximum Fourier wavenum-242

bers respectively leaving us with 47 increments, and angle ϕ with the resolution of π/18 radian (=243

10◦) between [0, π). The scaling was then truncated at scales below 50 km and appended244

with scales corresponding to the Fourier wavenumbers to increase the wavenumber res-245

olution at higher wavenumbers. The spatial integration of the product of the wavelet and246

the data is the wavelet coefficient for each location.247

3 Results248

In this section, we examine the kinetic energy (KE) and enstrophy spectra and spec-249

tral flux from the various locations in Fig. 1; the location of the panels correspond to the250

locations on the map. We remind the reader that enstrophy here is defined by Ertel’s251

potential vorticity (PV). The depth of 452m was chosen to be within the general wind-252

driven circulation but well beneath the mixed layer in order to avoid KE input from con-253

vective events (cf. Uchida, Jamet, et al., 2022, their Fig. 2b), in our case parametrized254

by the K-profile parametrization (KPP; Large et al., 1994). The 48-member ensemble255

outputs used in this study are instantaneous snapshots at 00:10, January 1, 1967. No256

temporal averaging has been applied. By this date, four years after the initial ensem-257

ble generation, ensemble statistics have saturated. Similar spectral analyses at location258

A, performed on the same date at 10-year intervals in the available 50 years of five-day259

averaged outputs (not shown) produce statistically equivalent results.260

Prior to taking the wavelet transforms, the fields were linearly interpolated onto261

a uniform grid. In order to account for the finite-volume discretization of MITgcm, we262

first weighted the velocity fields by the grid area. The velocities were then linearly in-263

terpolated onto the uniform grid and divided by the area also interpolated onto the uni-264

form grid. The uniform grid spacings were taken as the minimum spacing per 10◦×10◦265

–10–



manuscript submitted to Journal of Advances in Modeling Earth Systems (JAMES)

domain centered around each location in Fig. 1. The wavelet transforms are taken at the266

center of the 10◦ × 10◦ domain while the Fourier transforms are taken over the 10◦ ×267

10◦ domain.268

3.1 The wavelet and Fourier approach269

One of the major differences between quasi geostrophy and primitive equations is270

that advection is two-dimensional (2D) in the former and three-dimensional (3D) for the271

latter. It can be argued that for primitive equations, the eddy velocity defined about the272

thickness-weighted averaged residual mean, which reduces to 2D under adiabatic con-273

ditions (Young, 2012; Marshall et al., 2012; Aoki, 2014; Loose et al., 2022; Uchida, Bal-274

wada, et al., 2023; Meunier et al., 2023), corresponds to the QG eddy velocities under275

order-Rossby number fluctuations in the layer thickness. Nonetheless, the spectral flux276

of KE and enstrophy have commonly been examined in geopotential coordinates (e.g.277

Capet et al., 2008; Arbic et al., 2013; Khatri et al., 2018, 2021; Ajayi et al., 2021). Due278

to the discrepancies between quasi geostrophy and primitive equations in geopotential279

coordinates, there is no guarantee that the inertial-range theory should hold for the lat-280

ter. In this section, we examine the agreement between the wavelet and Fourier approach,281

and to what extent the spectra and spectral fluxes in geopotential coordinates are con-282

sistent with QG predictions. We also include contributions from vertical advection un-283

like studies using satellite observations where only the horizontal velocities are available284

(Scott & Wang, 2005).285

3.1.1 Spectral Estimates286

We start by comparing the wavenumber spectra derived from wavelet and tradi-287

tional Fourier methods at Location A. Prior to taking the Fourier transform, land cells288

surrounded by ocean were linearly interpolated over and filled in with zeros otherwise.289

A standard Hann window was then applied to make the data doubly periodic. To con-290

duct a direct comparison of the two methods, land cells are similarly treated before per-291

forming the wavelet analysis, which requires no windowing. In all cases, bootstrapped292

confidence intervals are provided by randomly resampling (with replacement) from the293

48 ensemble member energy densities 9999 times.294
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As shown in Fig. 3a, the two approaches agree well in their spectral estimates. Such295

a similarity between Fourier and wavelet estimates have also been identified in doubly296

periodic homogeneous QG simulations where Fourier modes are best suited (Uchida, Jamet,297

et al., 2023). The overall spectral slopes are relatively steep. A best fit to the spectra298

between roughly 250 km and 40 km suggests a −4.13 power law, which is considerably299

steeper than either the −5/3 or −3 energy and enstrophy inertial range laws emerging300

from standard scaling analysis of quasi geostrophy.301

We have also computed the spectra of Ertel’s PV spectra at this location and depth302

(Fig. 3c). Again, standard Fourier and wavelet estimates agree within confidence bars.303

Consistent with the observations of steep KE spectra, the PV spectral slopes are con-304

siderably steeper than −1 (shown by the dashed line) expected from QG scaling in a for-305

ward enstrophy cascade.306

3.1.2 Spectral Budgets307

In the ocean, it is unlikely that the sources and sinks of energy are localized in wavenum-308

ber as assumed by standard, idealized inertial-range theories. Estimates of the scale-dependence309

can be made by explicitly computing wavelet-tranforms of the ‘dynamics’, i.e. transforms310

of all the terms in the eddy KE spectral budget311

TK = PK +AK +MtEK +KK (11)312

where the tendency of KE, TK , equals the sum of pressure work PK , advection AK , KE313

exchange with the mean flow MtEK , and non-conservative terms KK respectively. De-314

tailed notations of each term are given in (B6). Our form of pressure work consists only315

of the wavelet transforms related to −⟨u′ · ∇hϕ
′⟩. Adding and subtracting ⟨w′b′⟩ and316

using the hydrostatic relationship demonstrates that exchanges between potential and317

kinetic energies are contained in this term. We do not consider potential energy explic-318

itly here, leaving this as a topic for consideration elsewhere.319

The relative contributions of terms in the spectral budget computed at location A320

are shown in Fig. 3b where the residual (grey dashed line) is seen to be negligible. Namely,321

we are able to spectrally close the KE budget with wavelets, exemplifying their utility.322

Positive values indicate a source for the eddy KE reservoir and negative values a sink323

at a given wavenumber. The largest values from the dynamics belong to pressure work,324

KE tendency and advection. However, all the quantities, except for advection, are not325
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distinguishable from zero at the 95% confidence level. The non-conservative term is ex-326

pected to be very small as we are below the mixed layer. The advection AK is positive327

across all wavenumbers, which would imply a forward cascade of energy. The levels of328

kinetic energy exchange with the mean flow are quite low, and insignificant (green curve329

in Fig. 3b). The pressure work term, while noisy, tends to peak at around 250 km (red330

curve in Fig. 3b), so QG theory might argue for an upscale energy cascade at smaller331

wavenumbers (Vallis, 2006). This is not what we find (i.e. AK > 0), however, arguing332

for a deviation from quasi geostrophy in our results.

a)

c)b)

Figure 3. Isotropic (azimuthally-integrated) KE spectrum EK(k) using the wavelet and

Fourier approach from z = −452m at location A (indicated in Fig. 1) shown as black and red

curves respectively on January 1, 1967 (a). The isotropic wavelet spectral KE budget (B6) is

shown in panel (b) with the ABK term stemming from the Adam-Bashforth time stepping. The

residual in the spectral budget is shown as the grey dashed curve being negligible. The isotropic

enstrophy spectrum ZK(k) where buoyancy is dimensionless (cf. Section 3.1.4) (c). The land cells

are interpolated over except for the budget. The colored shadings indicate the 95% bootstrap

confidence interval.

333
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The temporal stability of these results can be assessed by conducting the same anal-334

ysis on data five and 10 days later in time. The lack of significance for most of the size-335

able quantities, like pressure work and kinetic energy tendency manifest in greatly dif-336

ferent values for these quantities on those dates. Clearly, they are not stable in sign (Fig. 4).337

In contrast, advection is persistently positive and significant at the 95% level and scales338

above ∼ 300 km at point A. TK largely fluctuates with PK . Namely, the pressure work339

is largely passed onto the tendency term, which might suggest signals propagating through340

location A from its surroundings. As the ensemble mean, which captures the oceanic re-341

sponse to atmospheric forcing, is removed from the spectral calculations, the signals are342

likely due to oceanic intrinsic variability including mesoscale eddies.

Jan. 6, 1967 Jan. 11, 1967

a)

c)

b)

d)

Figure 4. The KE spectra and spectral budget at location A on January 6 and 11, 1967 from

z = −452m. The land cells are interpolated over for the spectra to make the Fourier and wavelet

approach consistent with each other but are not interpolated for the budgets.

343
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3.1.3 Spectral Fluxes344

Using the wavelet transforms, we can also diagnose the KE and enstropy spectral345

flux given respectively as346

ε̃K(γ, ϕ, k) = − 1

CΞ

∫
k>κ

R
[
⟨ũ′∗ ˜(v · ∇u)′⟩+ ⟨ṽ′∗ ˜(v · ∇v)′⟩+ ⟨̃u⟩

∗ ˜∇ · ⟨v′u′⟩+ ⟨̃v⟩
∗ ˜∇ · ⟨v′v′⟩

]
x20κ dκ ,

(12)

347

348

349

η̃K(γ, ϕ, k) = − 1

CΞ

∫
k>κ

R
[
⟨q̃′∗ ˜(v · ∇q)′⟩+ ⟨̃q⟩

∗ ˜∇ · ⟨v′q′⟩
]
x20κ dκ , (13)350

351

where R[·] indicates the real part and κ is a dummy variable (Appendix B). Positive val-352

ues indicate a forward cascade towards smaller scales and negative values an inverse cas-353

cade towards larger scales. The Fourier equivalent of ⟨ũ′∗· ˜(v · ∇u′)⟩, which is implic-354

itly included in (12), corresponds to the KE spectral fluxes often examined by others (note355

whether the ′ is inside or outside the round brackets). While the scale transfer of total356

KE is unequivocally captured by ⟨u·(v·∇u)⟩, as geostrophic turbulence alludes to ‘ed-357

dies’, we have decomposed the flow into its mean flow and eddies. As a result, the ad-358

ditional non-local term related to ⟨v′ · ∇(⟨u⟩ · u′)⟩ emerges in the scale transfer term359

(cf. (B5)). In analogy to quasi geostrophy, one could make the claim that the correspond-360

ing term of KE scale transfer for the eddies in primitive equations should be ⟨ũ′∗· ˜(v · ∇u′)⟩361

but based on (B5), we argue that the spectral flux should include the non-local term pre-362

cisely because it can be incorporated as a divergence term. Jamet et al. (2022) has ex-363

hibited that the non-local transfer has leading-order importance in the KE budget. In364

the classical QG inertial-range theory, there is no presence of a mean flow (⟨u⟩ = 0),365

so the non-local term does not emerge (Uchida, Jamet, et al., 2023).366

The azimuthally-integrated spectral fluxes of KE and PV are shown for both the367

Fourier and wavelet approaches in (Fig. 5). While there is general agreement between368

the two estimates (within 95% confidence intervals), the wavelet approach provides free-369

dom of scale selection and the elimination of windowing effects thus reducing flux un-370

certainty at the largest scales.371

Both approaches indicate a forward energy flux at all available scales, but neither372

indicate the existence of an inertial range where the energy-flux might be considered scale373

independent. In contrast, the wavelet based estimate of the isotropic spectral flux of Er-374

tel’s enstrophy is relatively constant, and positive across the large scales, albeit with size-375

able uncertainties. As in the KE flux, the wavelet approach shows reduced uncertainty376
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at the largest scales where the Fourier flux is likely affected by the windowing (cf. Uchida,377

Jamet, et al., 2023). The entrophy spectral flux remains relatively constant over a range378

of wavenumbers also on January 6 and 11, 1967 compared to the KE flux, which varies379

widely over wavenumbers (Fig. 5c,d).380

c) d)

KE flux Enstrophy flux

a) b)

Figure 5. Isotropic (azimuthally-integrated) spectral KE flux εK (a), equivalent to AK inte-

grated in wavenumber, and spectral flux of Ertel’s enstrophy ηK at location A from z = −452m

on January 1, 1967 (b). The Fourier approach has the land cells interpolated over and is win-

dowed while neither are applied for the wavelet approach. The colored shadings indicate the 95%

bootstrap confidence interval. The lower panels show the wavelet spectral flux on Jan. 6 and 11

(c,d).

3.1.4 Implications for spectral scaling381

In this section, we review the inertial-range theory within the wavelet approach.382

We assume for convenience that the mother wavelet is a dimensionless function, in which383

case the wavelet transform ũ carries the dimensions L3T−1 and CΞ the dimensions L4.384

Thus, the dimensions of ẼK are L3T−2. A cross-scale energy flux ε must have dimen-385
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sions of L2T−3 and the usual inertial-range arguments lead to386

ẼK ∝ ε2/3k−5/3 , (14)387

in the energy cascade range (Vallis, 2006). In quasi geostrophy, a materially conserved388

quantity is QG potential vorticity (PV) and its enstrophy flux (ηQG) has the dimensions389

of T−3. If we assume a so-called inertial enstrophy range, characterized by constant en-390

strophy flux, similar dimensional arguments yield the classical391

ẼK ∝ η
2/3
QGk

−3 . (15)392

spectral shape. Accepting the usual QG idea that the enstrophy spectrum is given by393

Z̃K = k2ẼK(k), one obtains a −1 law for the enstrophy spectra.394

Here, we consider an extension of these ideas for primitive equations given the ob-395

servations of spectral slopes steeper than canonical QG estimates (Figs. 3 and 4). Con-396

sider an inertial range where the time scale is set, not by εK but by ηK , as is assumed397

for the QG enstrophy cascade range. The presence of an extended range of scales with398

relatively constant ηK (Fig. 5b,d) is consistent with this assumption. In the richer dy-399

namics of primitive equations, we can write a conservation equation400

Dq

Dt
≈ 0 , (16)401

for Ertel’s PV q = ω ·∇b = (f+ζ)bz+(e3×uz)·∇hb where ω is the absolute vorticity,402

b buoyancy (detailed in Appendix A), and e3 the vertical unit vector. The horizontal403

gradients of vertical velocity are neglected consistent with the hydrostatic approxima-404

tion of our simulation (Vallis, 2006). From a dimensional perspective and material con-405

servation of PV, we argue the units of b are immaterial; it is possible to write a PV equa-406

tion as (16) where ‘b’ is replaced by any variable, Θ, such that407

DΘ

Dt
≈ 0 , (17)408

so that surfaces of Θ are nearly material. In the following analysis, we take b to be di-409

mensionless, which is equivalent to buoyancy divided by gravity (hereon noted as b̂
def
=410

b/g and q
def
= ω · ∇b̂). Thus, the relevant dimensions of q become L−1T−1 and the en-411

strophy flux (ηPE) has dimensions L−2T−3. In an inertial range where the time scale is412

set by a constant PV flux, standard dimensional arguments imply that the energy spec-413

trum should scale as414

ẼK ∝ η
2/3
PE k

−13/3 , (18)415
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a spectral slope close to −4.3. Due to the richer definition of Ertel’s PV compared to416

QGPV, a simple spectral relation between the KE and enstrophy spectrum does not ex-417

ist.418

We acknowledge that such a steep spectral slope is also achievable by surface quasi419

geostrophy (SQG) in the interior with varying stratification (Callies & Ferrari, 2013; Yassin420

& Griffies, 2022). Dimensional analysis only provides a corollary explanation for spec-421

tral slopes.422

3.2 Spatial dependence of Wavelet spectra in the North Atlantic domain423

The wavelet technique agrees well with the Fourier method with the additional strengths424

of: i) negating the necessity for the data to be periodic, ii) flexibility in defining the wavenum-425

ber resolution via the scaling s, and iii) being able to extract the anisotropy in the flow426

through the rotational matrix RRR. Given this, we apply our method to five other locations427

in the North Atlantic subtropical gyre. We take advantage of our wavelet approach in428

this section; we do not interpolate over land and take the spatial integration (4) by treat-429

ing them as missing data. As before, there is no need to window the input data on sub-430

domains.431

3.2.1 Oriented Spectra432

At any spatial location, γ, we compute ẼK(k, ϕ) for 10 orientation angles. We de-433

fine energy maximal/minimal angles as those angles resulting in the maximum/minimum434

integrated energy across all scales in the wavelet decomposition. Plots of the wavelet spec-435

tra at energy maximal/minimal wavelet orientation angles, along with the respective an-436

gles, are shown for locations A-F in Fig. 6. At all locations, the directions of maximum437

and minimum energy are nearly orthogonal. The directions closely coincide with the merid-438

ional and zonal directions except at locations B and C.439

We first examine a location close to the Gulf stream separation point, as seen in440

Fig. 1 (location A; Fig. 6a), which exhibits the highest energy levels (close to 103 (m2 s−2)/cpm)441

amongst all analysed regions. Figures 3a and 6a differ in the land treatment, but also442

in the fact that the former is azimuthally integrated while the latter is not. A dotted line443

indicating a −3 slope appears in grey; the spectrum aligned with the angle associated444

with maximum energy is shallower than the angle associated with minimum energy but445
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still tends to be steeper than −3 at lower wavenumbers, and then transitions to an even446

steeper decay for higher wavenumbers as already observed in Fig. 3a. A statistically sig-447

nificant signal of anisotropy is apparent, characterized by enhanced energy in the merid-448

ional direction relative to the zonal direction. This is likely an imprint of the Gulf Stream449

on the eddy field due to the roughly zonal orientation of the separated Gulf Stream.450

Moving downstream in the North Atlantic Current region (location B; Fig. 6b), the451

spectral slopes are similar to location A across a wide range except for the smallest wavenum-452

bers. In stark contrast to A, no statistically significant evidence of anisotropy is seen.453

The spectral amplitudes have dropped from location A by about a factor of three. Lo-454

cation C is roughly from a location on the edge of the so-called ‘inertial recirculation’455

(Fig. 6c). A broad wavenumber band exhibits a steep slope, with best fit line of −4.2,456

and similarly to location B exhibits little to no evidence of anisotropy. Spectral ampli-457

tudes are comparable to those at location B.458

The remaining three regions (locations D-F; Fig. 6d-f) come from locations that459

are ostensibly in the interior of the general circulation, at locations where one might an-460

ticipate QG dynamics would govern. Mean flows are weak and do not exhibit much struc-461

ture on the deformation scale, generating conditions in which isotropy might be antic-462

ipated. In accord with these expectations, all three regions have the weakest energy lev-463

els, and all are comparable in amplitude. Beyond this, however, the results are quite sur-464

prising. Most unexpectedly, all three locations exhibit statistically significant anisotropy,465

in a sense similar to that at location A. Namely, North-South (nominally) spectra are466

more energetic than East-West spectra. The spectral slopes are also all steep, and sim-467

ilar to those seen in locations A-C. This is difficult to ascribe to QG dynamics. In short,468

our quantitative measures of the eddy field in the ocean interior do not meet with our469

expectations.470

Along with the spectra, we exhibit the eddy anisotropy angles defined as (Waterman471

& Lilly, 2015)472

ϑ =
1

2
arctan

(
2⟨u′v′⟩

⟨u′2 − v′2⟩

)
. (19)473

474

The angles north of 30◦N show no coherent patterns while there is some indication of475

a slight north-eastward self-organization of angular patterns south of 30◦N (Fig. 7), which476

may be associated to the anisotropy observed in the spectra. We do not exhibit the an-477

gle dependency of the spectral flux due to large confidence intervals.478
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3.2.2 Spectral slopes and fluxes479

Beyond the six locations A-F, we exhibit a spatial map of the KE spectral slopes480

as a least-squares fit between the length scales 250–50 km, and the spectral flux of KE481

and enstrophy. The wavelet transforms are computed every 5◦ over a 10◦×10◦ domain.482

The spectral slopes below the mixed layer are generally steeper than −3 except for483

the equatorial region (Fig. 8b). The KE cascade is downscale at the scales of 50 km but484

starts transitioning to upscale at scales about 200 km and above (Fig. 8c-e). In contrast,485

the PV-enstrophy consistently cascades downscale across length scales (Fig. 8f-h).486

Excluding the non-local term from the KE scale transfer leads to the spectral cas-487

cade transitioning to upscale at smaller scales (Fig. 9), which is consistent with previ-488

ous studies which only examine ũ′∗ · ˜(v · ∇u′) as the KE scale transfer (e.g. Aluie et489

al., 2018). Comparing Figs. 8d and 9b, it is interesting that the non-local term only ap-490

pears significant in the gyre interior but not in the separated Gulf Stream region.491

4 Conclusions and discussion492

Using a relatively novel wavelet approach applied to an ensemble of eddy-rich North493

Atlantic simulations, we claim we can compare local spectra from several spots within494

the general circulation characterized by vastly different dynamics. Specifically, we com-495

pare spectra within the recently separated Gulf Stream to those found further downstream,496

in the inertial recirculation and the gyre interior. The motivation for these comparisons497

arise from a parameter-free definition of an ‘eddy’ and interest in clarifying the descrip-498

tion of eddies in this heterogeneous field dominated by an ensemble-mean Gulf Stream499

and relatively quiescent interior. We anticipated that the Gulf Stream would imprint the500

eddy field with an anisotropic structure, but that the gyre interior would be much sim-501

pler and isotropic (Pedlosky et al., 1987). Although an earlier study had warned that502

the separated Gulf Stream might not be quasi-geostrophic (QG; Jamet et al., 2020), we503

nonetheless expected to see evidences of up-scale energy cascades at scales beyond the504

deformation radius, and down-scale cascades at shorter length scales, and that spectral505

slopes would follow QG expectations.506

Several relatively robust characteristics emerge from our calculations, almost none507

of which aligned with our hypotheses. As expected, the near separation Gulf Stream was508

found to be anisotropic at the 95% confidence level. However, beyond this, our analy-509
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sis yielded surprising results. An examination of spectral flux in the near Gulf Stream510

argued to down scale energy cascades across the spectrum and yielded essentially no ev-511

idence for an up-scale flux, although the inverse cascade emerges downstream of the sep-512

arated Gulf Stream (Fig. 8c,d). Consistent with this, with the caveat of large 95% con-513

fidence intervals, was a forward flux of enstrophy (Fig. 8f-h), although our spectral shape514

was far steeper than the quasi-geostrophically motivated value of −3. This exception-515

ally steep (∼ −4.2) slope was found across all our spectra, including those in the gyre516

interior where parameterically QG reasoning is expected (Fig. 8b). This steep slope was517

not sensitive to the numerical viscosity (we examined this by reducing the numerical vis-518

cosity by up to two orders of magnitude; not shown). Another unexpected result was the519

persistence of anisotropy throughout the interior, with exceptions appearing in the far520

Gulf Stream and the inertial recirculation (Fig. 6).521

While we remain largely unable to offer explanations for our results, we have of-522

fered some speculations in generalizing the enstrophy inertial-range theory. We can write523

a potential vorticity (PV) conservation equation for primitive equations, as can be done524

for a QG system. An unavoidable difference is in the scaling of PV between the two. We525

argue the dynamically significant difference involves a length scale, which results nat-526

urally in a steeper slope. To the extent we can assign dynamics to this, the importance527

of leading order vortex-tube stretching is emphasized, and this is a phenomenon easily528

present in the highly stratified Gulf Stream region. The fact that the Ertel’s enstrophy529

flux is positive and relatively constant over a range of wavenumbers where the KE flux530

varies widely and even changes sign is self consistent with our hypothesis that the eddy531

turnover time scale may be set by the enstrophy flux (Fig. 8). We remind the reader that532

the inertial-range theory hinges upon there being a ‘constant’ flux of something to de-533

fine the time scale (Kolmogorov, 1941). Its relevance there also underscores, and sup-534

ports, our earlier analysis suggesting QG dynamics do not adequately describe the sep-535

arated Gulf Stream (Jamet et al., 2020). What we are unable to explain is the appear-536

ance of such steep slopes in locations where QG dynamics are expected to dominate.537

In summary, we argue the North Atlantic eddy field is found in an unavoidably in-538

homogeneous environment (Uchida, Jamet, et al., 2021), and exhibits characteristics that539

we currently have little theoretical guidance to interpret. The steep spectral slopes could540

possibly be ascribed to the forward cascade of Ertel’s PV, surface quasi geostrophy (SQG)541

with a varying stratification (Callies & Ferrari, 2013; Yassin & Griffies, 2022), or inter-542
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mittency in the turbulence cascade (Vallis, 2006). A regime governed by SQG would re-543

sult in a shoaling of the spectral slope towards the surface, which is what we indeed see544

from Fig. 8a,b. It is unclear, however, how deep into the real ocean SQG would pene-545

trate as the governing mechanism for turbulence. Further examination on the level of546

deviation from (surface) quasi geostrophy below the mixed layer is left for future work.547

The steepness is also likely partially attributable to the lack of submesoscale turbulence548

in our ensemble, which has been demonstrated to shoal the KE spectra (Capet et al.,549

2008; Chassignet & Xu, 2017; Ajayi et al., 2020; Khatri et al., 2021), and us analyzing550

below the surface mixed layer where mixed-layer instability occurs (Boccaletti et al., 2007;551

Uchida et al., 2019). Amongst the most confusing of our results is the inconsistent ap-552

pearance and disappearance of anisotropy in our spectra.553

The goals of this paper were to apply the wavelet-based technique for estimating554

the KE spectra and its spectral flux in realistic simulations where the usual assumptions555

of homogeneity and isotropy are clearly suspect. We have demonstrated that the wavelet556

method agrees well with the canonical Fourier approach but with the additional strengths557

of: i) negating the necessity for the data to be periodic, ii) flexibility in defining the wavenum-558

ber resolution via the scaling s, and iii) being able to extract the anisotropy in the flow559

through the rotational matrix RRR (cf. Uchida, Jamet, et al., 2023). It is also true that the560

eddy field is not expected to be stationary, although this is a topic that has not received561

any serious attention in this paper. Based on characteristic time scale arguments τ =562

ẼK/TK , one might expect the spectra at scales above 100 km to vary on the timescales563

of ∼ 106 seconds ≃ 10 days looking at Fig. 3a,c. Interestingly, the KE spectra seem re-564

markably stable over time whereas its tendency TK fluctuates rapidly with time (Fig. 4).565

While the ensemble technique permits the examination of the time dependence of eddy566

spectra, we have only touched upon it here. A more complete examination of the cross-567

scale eddy energy transfers is also desirable and possible within the ensemble framework.568

And with it, one can examine in more detail the eddy dynamics to address the question569

of anisotropic up- and down-scale energy transfers. These are amongst the next set of570

items we intend to address.571

A highly related and separate issue involves the examination of potential energy572

fluxes. We have here looked solely at the KE spectra. QG theory in its predictions for573

up and down scale cascades involves the combined kinetic and potential energies of the574

flow (Vallis, 2006). However, in contrast to QG theory, where the resulting total energy575
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is quadratic and positive definite, primitive equation settings in geopotential coordinates576

bring no such guarantees as the eddy dynamic enthalpy is a linear term (h′
def
= h−⟨h⟩577

following the notation by Young, 2010); the TWA framework, on the other hand, sug-578

gests a (quadratic) positive-definite total eddy energy when the equation of state for den-579

sity is linear or when the amplitude of perturbations are on the order of small Rossby580

number (cf. Loose et al., 2022; Uchida, Jamet, et al., 2022, their Appendix A). How to581

address the role of potential energy in non-linear cascades and its impact on KE anisotropy582

is left for future work.583

Open Research584

The open-source Fourier and wavelet Python packages are available via Github (Uchida,585

Rokem, et al., 2021; Uchida & Dewar, 2022). Jupyter notebooks used to conduct the anal-586

ysis are available via Github (https://github.com/roxyboy/NA-wavelet-notes/tree/587

master/Snapshots; a DOI will be added upon acceptance of the manuscript). The sim-588

ulation outputs are available on the Florida State University cluster (http://ocean.fsu589

.edu/~qjamet/share/data/Uchida2021/).590
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Appendix A A dynamically consistent buoyancy607

For primitive equation models employing a non-linear equation of state (Jackett608

& McDougall, 1995), the choice of a materially conserved buoyancy variable is non-trivial609

and has been a subject of debate (e.g. Montgomery, 1937; Jackett & McDougall, 1997;610

McDougall & Jackett, 2005; de Szoeke & Springer, 2009; Klocker et al., 2009; Tailleux,611

2016a, 2016b, 2017, 2021; McDougall et al., 2017; Lang et al., 2020; Stanley et al., 2021).612

Following Stanley (2019), Stanley and Marshall (2022) and Uchida, Jamet, et al. (2022),613

we opt for in-situ density anomaly to define the buoyancy b̂ = −δ/ρ0 where ρ0 = 999.8 kgm−3
614

is the Boussinesq reference density prescribed in MITgcm and kept dimensionless (cf. Sec-615

tion 3.1.4). The in-situ density anomaly δ (= ρ − ρ̆) is defined by removing the effect616

of compressibility while retaining a straightforward dynamical relation to the horizon-617

tal gradients of hydrostatic pressure in Boussinesq fluids; this relation is crucial for dy-618

namical consistency in how buoyancy relates to momentum. Taking Cs(z) as the max-619

imum sound speed at each depth over the entire model domain and ensemble, we define620

ρ̆ as:621

ρ̆(z) = −
∫ 0

z

ρ0g

Cs
dz + ρ0, (A1)622

which reduces to ρ̆
∣∣
z=0

= ρ0. δ is subsequently diagnosed as the difference between the623

in-situ density and ρ̆. The interested reader is referred to Uchida, Jamet, et al. (2022)624

for further details. While more elaborate techniques may improve the material conser-625

vation of δ (and hence b), the relation to the dynamics is non-trivial for other density626

variables such as omega, neutral, orthobaric and topological density surfaces (Jackett627

& McDougall, 1997; McDougall & Jackett, 2005; Klocker et al., 2009; Stanley, 2019).628

Appendix B Spectral budget of the eddy flow629

One of the desirable properties of taking the averaging over the ensemble dimen-630

sion is that the wavelet transform and averaging operator commute with each other, i.e. ⟨̃·⟩ =631

⟨̃·⟩, owing to the ensemble dimension being orthogonal to the spatiotemporal dimensions.632

B1 Eddy kinetic energy633

The ensemble mean kinetic energy (KE; K# = |⟨u⟩|2/2) equation is given as634

K#
t + ⟨v⟩ · ∇K# = −⟨u⟩ · ∇h⟨ϕ⟩ − ⟨u⟩∇ · ⟨v′u′⟩ − ⟨v⟩∇ · ⟨v′v′⟩+ ⟨u⟩ · ⟨K⟩ (B1)635

636
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where v = u + we3 is the three-dimensional velocity, and K is the non-conservative637

term consisting of dissipation and contribution from KPP. The total KE, on the other638

hand, is639

Kt + v · ∇K = −u · ∇hϕ+ u ·K . (B2)640

Now, the total KE can be expanded as641

K =
1

2
|⟨u⟩+ u′|2642

= K# + K + ⟨u⟩ · u′ , (B3)643
644

where K = |u′|2/2 so645

⟨v · ∇K⟩ =
〈
(⟨v⟩+ v′) · ∇(K# + K + ⟨u⟩ · u′)

〉
646

= ⟨v⟩ · ∇K# + ⟨v′ · ∇K ⟩+ ⟨v⟩ · ∇⟨K ⟩+ ⟨v′ · ∇(⟨u⟩ · u′)⟩ . (B4)647
648

Hence, subtracting (B1) from the ensemble mean of (B2) yields649

⟨K ⟩t = −⟨u′·∇hϕ
′⟩−⟨v·∇K ⟩−⟨v′·∇(⟨u⟩·u′)⟩+⟨u⟩∇·⟨v′u′⟩+⟨v⟩∇·⟨v′v′⟩+⟨u′·K′⟩ , (B5)650

where we see the mean flow and eddies exchanging energy via the term ⟨u⟩∇·⟨v′u′⟩+651

⟨v⟩∇ · ⟨v′v′⟩, which can be interpreted as a eddy forcing onto the mean flow.652

In order to achieve machine precision in closing the budget using the MITgcm diagnostics653

package outputs, we rearrange Equation (B5) as654

655

⟨K ⟩t = −⟨u′ · ∇hϕ
′⟩ − ⟨v · ∇K ⟩ − (⟨u′v′⟩ · ∇⟨u⟩+ ⟨v′v′⟩ · ∇⟨v⟩+ ⟨u⟩∇ · ⟨v′u′⟩+ ⟨v⟩∇ · ⟨v′v′⟩)︸ ︷︷ ︸

=⟨v′·∇(⟨u⟩·u′)⟩

+ ⟨u⟩∇ · ⟨v′u′⟩+ ⟨v⟩∇ · ⟨v′v′⟩+ ⟨u′ ·K′⟩

= −⟨u′ · ∇hϕ
′⟩ − (⟨u′(v · ∇u)′⟩+ ⟨v′(v · ∇v)′⟩+ ⟨u⟩∇ · ⟨v′u′⟩+ ⟨v⟩∇ · ⟨v′v′⟩)︸ ︷︷ ︸

=⟨v·∇K ⟩+⟨v′·∇(⟨u⟩·u′)⟩

+ ⟨u⟩∇ · ⟨v′u′⟩+ ⟨v⟩∇ · ⟨v′v′⟩+ ⟨u′ ·K′⟩ ,

656

where we have also grouped all the divergence terms together as they are neither a source657

nor sink of energy and only redistribute it. The spectral budget of eddy KE, therefore,658
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becomes659

1

CΞ
⟨ũ′∗ · ũ′

t⟩x20k︸ ︷︷ ︸
TK

=− 1

CΞ
⟨ũ′∗ · ∇̃hϕ′⟩x20k︸ ︷︷ ︸

PK

660

− 1

CΞ

(
⟨ũ′∗ ˜(v · ∇u)′⟩+ ⟨ṽ′∗ ˜(v · ∇v)′⟩+ ⟨̃u⟩

∗ ˜∇ · ⟨v′u′⟩+ ⟨̃v⟩
∗ ˜∇ · ⟨v′v′⟩

)
x20k︸ ︷︷ ︸

AK

661

+
1

CΞ

(
⟨̃u⟩

∗ ˜∇ · ⟨v′u′⟩+ ⟨̃v⟩
∗ ˜∇ · ⟨v′v′⟩

)
x20k︸ ︷︷ ︸

MtEK

+
1

CΞ
⟨ũ′∗ · K̃′⟩x20k︸ ︷︷ ︸

KK

, (B6)662

663

(cf. (10)) where MtEK is the KE exchange between the mean and eddy flow. CΞ is com-664

puted using the xrft Python package (Uchida, Rokem, et al., 2021). The horizontal KE665

spectral flux often examined by other studies is encapsulated in AK of (B6).666

B2 Eddy enstrophy667

The enstrophy equation is slightly more tractable than the KE equation so we start668

off with the mean and eddy Ertel’s PV equations neglecting the non-conservative terms669

⟨q⟩t +∇ · (⟨v⟩⟨q⟩) = −∇ · ⟨v′q′⟩ , (B7)670

671

q′t +∇ · (vq′) +∇ · (v′⟨q⟩) = ∇ · ⟨v′q′⟩ , (B8)672

where the mean flow and eddies exchange PV via the term ∇·⟨v′q′⟩. Multiplying each673

by ⟨q⟩ and q′ and taking the ensemble mean gives the mean and eddy enstrophy equa-674

tions675

⟨q⟩⟨q⟩t + ⟨q⟩∇ · (⟨v⟩⟨q⟩) = −⟨q⟩∇ · ⟨v′q′⟩ , (B9)676

677

⟨q′q′t⟩+ ⟨q′∇ · (vq′)⟩+ ⟨q′∇ · (v′⟨q⟩)⟩︸ ︷︷ ︸
=⟨v′·∇(⟨q⟩q′)⟩−⟨q⟩∇·⟨v′q′⟩

= 0 . (B10)678

In a similar manner to the EKE equation, the eddy enstrophy equation can also be re-679

arranged as680

⟨q′q′t⟩+ ⟨q′(v · ∇q)′⟩+ ⟨q⟩∇ · ⟨v′q′⟩︸ ︷︷ ︸
=⟨q′∇·(vq′)⟩+⟨v′·∇(⟨q⟩q′)⟩

= ⟨q⟩∇ · ⟨v′q′⟩ . (B11)681

Thus, the eddy enstrophy budget in wavelet domain becomes682

1

CΞ
⟨q̃′∗q̃′t⟩x20k +

1

CΞ

[
⟨q̃′∗ ˜(∇ · vq)′⟩+ ⟨̃q⟩

∗ ˜∇ · ⟨v′q′⟩
]
x20k =

1

CΞ
⟨̃q⟩

∗ ˜∇ · ⟨v′q′⟩x20k . (B12)683

We note that the enstrophy budget does not close to machine precision due to the lack684

of diagnostics outputs.685
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Figure 6. KE spectra ẼK(ϕ, k) plotted along the orientation of maximum and minimum

energy from z = −452m at all six locations (A-F) on January 1, 1967. The angles, associated

with the maximum and minimum energy at each location, are color coded. The land cells are

not interpolated over and data are not windowed prior to taking the wavelet transforms, differing

from Fig. 3a. The 95% bootstrap confidence intervals are shown in colored shadings. Power laws

with the slope of −3 and −13/3 are indicated with the grey dotted and dotted-dashed curves

respectively.
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Figure 7. The eddy ellipse angle ϑ at z = −452m on January 1, 1967. The lime-colored ⊗ in-

dicate locations A–F.
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Figure 8. A map showing the slopes of KE power spectra at depths of 10 and 452m, and

spectral flux of KE (ε̃K) and enstrophy (η̃K) about the length scales of 400, 200 and 50 km at

the depth of 452m. The North Atlantic domain is configured to be zonally re-entrant. Locations

with less than 30% of land cells within the 10◦ × 10◦ domain centered around each marker are

shown. Locations where the 10◦ × 10◦ domain includes no land cells are shown with the circle

marker and triangle marker otherwise. Land cells are not interpolated over prior to taking the

wavelet transforms. The spectral flux corresponding to 50 km is multiplied by 10 to plot against

the same color range.
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Figure 9. A map showing a part of the KE spectral flux (−CΞ
−1

∫
k>κ

⟨ũ′∗ · ˜(v · ∇u′)⟩x2
0κ dκ)

about the length scales of 400, 200 and 50 km at the depth of 452m. Locations with less than

30% of land cells within the 10◦ × 10◦ domain centered around each marker are shown. Locations

where the 10◦ × 10◦ domain includes no land cells are shown with the circle marker and triangle

marker otherwise. The spectral flux corresponding to 50 km is multiplied by 10 to plot against

the same color range.
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