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SUMMARY5

Centroid moment tensor (CMT) parameters of earthquakes are routinely estimated6

to gain information on structures and regional tectonics. However, for small earth-7

quakes (M<4), it is still challenging to determine CMTs due to the lack of high-8

quality waveform data. In this study, we propose to improve solutions for small9

earthquakes by incorporating multiple seismic data types in Bayesian joint inver-10

sion: polarities picked on broadband signals, amplitude spectra for intermediate fre-11

quency bands (0.2–2.0 Hz), and waveforms at low frequencies (0.05–0.2 Hz). Both12

measurement and theory errors are accounted for by iterative estimation of non-13

Toeplitz covariance matrices, providing objective weightings for the different data14

types in the joint parameter estimation. Validity and applicability of the method15

are demonstrated using simulated and field data. Results demonstrate that combi-16

nations of data, such as a single high-quality waveform, a few amplitude spectra,17
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2 M. Hamidbeygi et al.

and many waveform polarities, are able to resolve CMT parameters to comparable18

quality as if many high-quality waveforms were available.19

Results of 10 induced seismic events that occurred in northeastern British Columbia,20

Canada, between January 2020 and February 2022 indicate predominantly strike-21

slip focal mechanisms with low non-double-couple components. These events appear22

to be located at shallow depths with short time duration, as expected for induced23

seismicity. These results are consistent with previous studies, indicating that this24

method reduces the dependence of source inversion on high-quality waveforms, and25

can provide resolution of CMT parameters for earthquakes as small as Ml 1.6.26

Key words: Earthquake source observation; Induced seismicity; Computational27

seismology; Bayesian joint inference; Dynamics and mechanics of faulting.28

1 INTRODUCTION29

Centroid moment tensors (CMTs) are point-source approximations for earthquake ruptures30

and provide important source characteristics (Dziewonski et al. 1981). Point-source approx-31

imations can be considered when the earthquake source dimension and duration are small32

relative to the wavelength and period of the observed seismic wavefield. CMT inversion has33

been primarily useful for interpreting the style of faulting and deformation in active tec-34

tonic settings. In addition, understanding fault orientations and mechanisms can constrain35

the stress field in a region (Vavryčuk 2014). Even though the point source approximation36

simplifies rupture significantly, inferring all CMT parameters remains a challenging inverse37

problem.38

The challenges in the inverse problem are closely related to the parametrization of the39

full CMT (Stähler & Sigloch 2014), which includes the moment tensor, the centroid, and40

the source-time function (STF). The moment tensor comprises six force couples such that41

linear and angular momentum are conserved. The centroid of the rupture is parametrized42

by latitude, longitude, depth, and time. Finally, the time dependence of moment release, the43
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Bayesian estimation of nonlinear centroid moment tensors 3

STF, can be considered as unknown and parametrized in various ways. From the force couples,44

source characteristics such as magnitude and fault plane orientation can be computed, albeit45

with uncertainty. Estimating centroid and STF causes numerical challenges due to profound46

non-linearities (e.g., Cesca et al. 2016; Stähler & Sigloch 2014; Vasyura-Bathke et al. 2021).47

Therefore, many studies assume the source type to be pure shear slip, described by be a48

four-parameter moment tensor (a double-couple mechanism), and centroid and source-time49

function are assumed to be known.50

Various data types have been employed individually and jointly to estimate CMTs. Most51

commonly, seismic waveforms (e.g., Zhao & Helmberger 1994; Herrmann et al. 2011; Wéber52

2006; Ekström et al. 2012; Stähler & Sigloch 2014; Mustać & Tkalčić 2016; Fichtner & Simutė53

2018) and first-motion polarity data (e.g., Brillinger et al. 1980; Hardebeck & Shearer 2002b;54

Snoke et al. 2003; Walsh et al. 2009) have been used. In addition, amplitude spectra (e.g., Cesca55

et al. 2006; Fox et al. 2012), amplitude ratios (e.g., Hardebeck & Shearer 2002a; Pugh et al.56

2016; Shang & Tkalčić 2020) and geodetic data (e.g., Heimann et al. 2018; Vasyura-Bathke57

et al. 2020) have been considered for MTs. Each data type has limitations and jointly inverting58

multiple types with complementary information is desirable (e.g., De Matteis et al. 2016;59

Pugh et al. 2016; Heimann et al. 2018; Kühn et al. 2020; Petersen et al. 2021). For example,60

waveforms can be reliably modelled below 0.5 Hz for typical 1-D Earth models. Waveforms61

can contain useful information to 0.01 Hz or below, depending on the magnitudes of events.62

More detailed Earth models can be employed at small epicentral distances of a few kilometers63

to permit Green’s function computations at higher frequencies. Therefore, the availability of64

high-quality waveforms at stations near the epicentre is important, but often only a few such65

waveforms exist. First-motion polarity data are picked on broadband seismograms and include66

information from higher frequencies. The main disadvantage of polarity data is that their67

binary nature discards much information, resulting in these data only constraining the focal68

mechanism. Amplitude spectra can be reliably modelled at higher frequencies than possible69

for waveforms (Cesca et al. 2010) since phase information is discarded. Finally, spectra retain70

more information than polarities. Therefore, the three data types contain complementary71

information.72

Since the CMT inverse problem is non-unique and non-linear (e.g., Cesca et al. 2016;73
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4 M. Hamidbeygi et al.

Stähler & Sigloch 2014; Vasyura-Bathke et al. 2021), parameter estimation should include74

uncertainty quantification to permit meaningful interpretation of results. The uncertainties75

are caused by data errors that include measurement and theory errors (Tarantola et al. 1982)76

and require particularly careful consideration in joint inversion since the errors for various data77

types govern how these data contribute to the CMT solution. Bayesian inference is an effective78

tool to rigorously treat data errors in the inversion (e.g., Malinverno & Briggs 2004; Monelli79

& Mai 2008; Razafindrakoto & Mai 2014; Vasyura-Bathke et al. 2021), thereby appropriately80

weighting the data types. Bayesian inversion has been extensively applied to moment tensor81

inversion (e.g., Wéber 2006; Mustać & Tkalčić 2016; Gu et al. 2018), although fewer works82

consider the full CMT (e.g., Stähler & Sigloch 2014; Vasyura-Bathke et al. 2020). The most83

common inversion methods that characterize uncertainty of source parameters utilize a single84

or a combination of two data sets among first-motion polarities, amplitude ratios, and time- or85

frequency-domain traces (e.g., Walsh et al. 2009; Vackář et al. 2017; Gu et al. 2018; De Matteis86

et al. 2016; Pugh et al. 2016; Wéber 2018; Shang & Tkalčić 2020; Alvizuri & Tape 2016;87

Heimann et al. 2018; Kühn et al. 2020; Petersen et al. 2021).88

In this work, we present a Bayesian joint inversion method for small earthquakes with89

local magnitude (ML) less than 4 based on first-motion polarities, amplitude spectra, and90

waveforms. The method is implemented as a new feature of the Bayesian Earthquake Analysis91

Tool (Vasyura-Bathke et al. 2020). To improve the ability to resolve CMT parameters for92

small events, we utilize waveforms at low frequencies (0.05-0.2 Hz), spectra at intermediate93

frequencies (0.3-1.2 Hz), and polarities picked on broadband seismograms (Fig. 1). The novelty94

in the approach presented here is the fully non-linear treatment of all source parameters, and95

the combined empirical and hierarchical covariance estimation while using the previously96

mentioned data types jointly in a rigorous Bayesian framework. These are shown to permit97

resolving source parameters with limited data availability to comparable quality as if extensive98

high-quality data were available. We apply our method to simulated and field data to evaluate99

its applicability and reliability. The events considered range from M 1.6 to 4.2 and are induced100

by hydraulic fracturing operations in NE British Columbia, Canada. We present the results101

of 10 induced earthquakes, including the November 30, 2018, Mw 4.2 earthquake near Fort102

St. John, Canada.103
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Bayesian estimation of nonlinear centroid moment tensors 5

2 METHOD104

To study rupture characteristics, we assume earthquakes as point sources parametrized by the105

CMT. The parameters of the CMT include the moment tensor (MT) parameters in the lune106

parametrization (Tape & Tape 2015), centroid location (latitude, longitude, depth and cen-107

troid time), and source duration. The lune representation (MTQT) is a uniform parametriza-108

tion of moment tensors (Tape & Tape 2015) particularly useful to specify prior distributions109

for parameters in Bayesian inference. Instead of representing the MT as force couples in units110

of newton·metres, MTQT represents the source by a focal mechanism with strike, dip, and111

rake angles, and two parameters that describe the source type on the lune. Specifying priors112

for focal mechanism angles and the source type is straightforward when compared to speci-113

fying priors for force couples. For example, the parametrization can be constrained to source114

types of interest, such as double-couple or deviatoric, without requiring proposed sets of force115

couples to meet the MT requirements for a particular source type. In addition, geological prior116

knowledge about strike or dip of known faults can be incorporated in the analysis with full117

CMTs.118

In a Bayesian framework, model parameters are random variables, and the sampling pro-119

duces an ensemble of parameter vectors that approximates the posterior probability density120

(PPD) given data and prior information. The PPD can provide uncertainty estimates and121

other metrics of interest for individual parameters by marginalization. Bayes’ theorem relates122

the posterior probability p(m|d) to the likelihood function L(m) and the prior p(m)123

p(m|d) ∝ p(m)L(m). (1)

The prior distribution of model parameters provides information about the model that is in-124

dependent of the data. In this work, we consider multiple seismic data sets extracted from the125

raw waveforms at various frequency bands. These include long-period waveforms, spectra, and126

polarities. Therefore, the data vector is a concatenation of three data types d = [dw,ds,dp],127

where w, s, and p represent waveforms, spectra, and polarities, respectively. The likelihood128

function for all data is based on the assumption that the noise on each type of data is in-129

dependent of that on other data types. Therefore, the total likelihood is the product of the130
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6 M. Hamidbeygi et al.

individual data types131

L(m) = Lw(m)Ls(m)Lp(m). (2)

The polarity likelihood function attributes higher probability to rays that have a greater132

theoretical amplitude (Brillinger et al. 1980). The polarity likelihood function is given by133

Lp(m) =
N∏
i=1

π
(1+d

p
i
)

2
i (1− πi)

(1−d
p
i
)

2 , (3)

where N is the number of the observed polarity data, and dp
i denote the observed polarity at134

station i. The function πi is given by135

πi = γ + (1− 2γ)Φ

(
Ai(m)

σ

)
, (4)

where the cumulative distribution function (CDF) of the normal distribution, Φ, estimates the136

probability of first motions based on its theoretical amplitude Ai(m) calculated by a seismic137

source (m) (Aki & Richards 2002). To quantify the uncertainty, we follow Brillinger et al.138

(1980) and consider σ as the standard deviation of modelling errors (σ > 0). The parameter γ139

(0 ≤ γ ≤ 0.5) defines the probability that the polarity has been picked incorrectly. However,140

for high signal-to-noise ratio (SNR) data, γ may be considered small. Positive and negative141

polarities at stations are considered to be ±1 for first motions.142

To formulate a likelihood function for waveform and spectrum data, we assume Gaussian-143

distributed noise on waveform data. However, it is important to note that amplitude spectra144

are intrinsically positive and are derived from filtered waveforms. Therefore, if waveforms145

are contaminated by Gaussian-distributed noise, the noise on amplitude spectra is Rice-146

distributed (Rice 1944). In the case of SNR values that we expect for this application, the147

Rice distribution is well approximated by a Gaussian distribution (Yakovleva 2019). There-148

fore, a multivariate Gaussian distribution with an unknown standard deviation is assumed for149

waveform and amplitude spectrum data. In this case, the likelihood function for Kl channels,150

where l ∈ [w, s] represents the type of data (waveforms or spectra), is given by151

Ll(m) =

K∏
k=1

(2π)−N l
k/2 | Ck |−1/2 exp [−1

2
(dl

k − dl
k(m))TC−1

k (dl
k − dl

k(m))]. (5)

Here, dl
k(m) are predicted data for modelm, dl

k are observed data,Cl
k are covariance matrices,152

and N l
k are the number of data. Note that the Kl data vectors are concatenated in dl.153

Page 6 of 31Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Bayesian estimation of nonlinear centroid moment tensors 7

Uncertainty quantification (UQ) is required for meaningful interpretation of results (Jaynes154

2003). For geophysical inference, UQ should be based on measurement errors and theory errors155

(Tarantola & Valette 1982). Measurement errors are attributed to noise during measurement,156

and theory errors arise from assumptions in the mathematical formulation and parametriza-157

tion. In the formulation of the likelihood function, both types of errors can be considered by158

iterative estimation of covariance matrices based on residual errors (Dettmer et al. 2007). In159

this approach, non-Toeplitz covariance matrices, Ck, are estimated from the autocovariance160

function of the residuals. An initial estimate of m is needed to calculate the residual between161

observed and predicted data, and we use the solution as obtained by Bayesian inference as-162

suming uncorrelated noise. This covariance parametrization accounts for theory errors such163

as, e.g. centroid location and velocity model mismatch (Vasyura-Bathke et al. 2021). There-164

fore, the likelihood function is not biased by assuming uncorrelated errors when long-period165

noise is present in waveforms that are sampled at high rates. In joint Bayesian inference, the166

covariance matrix, i.e. noise parametrization, and the number of samples can affect the weight167

of a data set such that waveform or spectrum data can dominate the joint inversion without168

proper weighting factors. Consequently, it is crucial for joint inversion to avoid assigning un-169

reasonably high likelihood values to waveforms with high sampling rates. In addition, choosing170

a time window that does not contain constraining information may increase only variance re-171

ductions with ineffective number of samples. Hence, sampling rate and window length should172

be chosen with care. Furthermore, in hierarchical Bayesian inference, noise scaling factors are173

considered as unknown parameters. These scaling parameters can erroneously reduce data174

set weights. Empirically, the non-Toeplitz covariance matrix lowers the chance of estimating175

incorrect noise scalings (Vasyura-Bathke et al. 2021).176

To produce multi-component waveforms for an MT source, we assume a 1-D Earth struc-177

ture with homogeneous layers described by thickness, density, seismic-wave velocity, and at-178

tenuation. Green’s functions, composed of a linear combination of ten (eight for the far field)179

elementary seismograms, are computed for an appropriate source-receiver volume to predict180

10-Hz waveforms for a general moment tensor source (Wang 1999; Heimann 2011; Heimann181

et al. 2019). Amplitude spectra are produced by taking the square root of the sum of squared182

real and imaginary parts of the Fourier transform of waveforms. In addition, we calculate the183
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8 M. Hamidbeygi et al.

radiation pattern for P waves using:184

RP = ΓTMΓ, (6)

where M is the moment tensor in north-east-down coordinates, and Γ are coefficients for a185

station with a specific epicentral distance and azimuth:186

Γ =


sin θ cosϕ

sin θ sinϕ

cos θ

 , (7)

where θ are take-off angles that can be computed from the Earth structure, epicentral distances187

and depth of the events, and ϕ are azimuths of the receivers. These coefficients describe the188

amplitude of the different components at the source. The displacement components are given189

by (Aki & Richards 2002; Pugh et al. 2016)190

uP =
1

4πρα3r
(ΓTMΓ)Γ = FP (Γ

TMΓ)Γ, (8)

where FP is the propagation effect, including geometrical spreading and the effects of the191

Earth structure that we defined before.192

We estimate the PPD numerically with a sequential Monte Carlo sampler (e.g., Del Moral193

et al. 2006; Vasyura-Bathke et al. 2020). Samples are independent and based on a sequence194

of intermediate, annealed bridging distributions from the prior to the posterior. An annealing195

parameter enables the transitioning between distributions by scaling from the prior to the196

posterior. In this algorithm, samples can initially move freely in the parameter space but197

gradually become more constrained by the data as the sample approaches the posterior.198

3 STUDY AREA AND DATA199

Since the main focus of this work is inversion for small earthquakes (M<4), often only few200

impulsive, high SNR waveforms are available. The typically most reliable long-period signals201

(0.01–0.2 Hz) of such events can be weak and of poor SNR. The intermediate periods (0.2–202

2.0 Hz) are often complicated by coda with several interfering phases. However, complexity203

can be reduced significantly by removing phase information in the spectral domain. By only204

considering the amplitude information of the spectrum, predictions are more straightforward205
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Bayesian estimation of nonlinear centroid moment tensors 9

and can be successfully carried out at intermediate frequencies. This permits exploiting higher206

frequencies up to 2 Hz in the source inversion.207

Similarly, first motion polarities are picked on broadband waveforms, which contain infor-208

mation that is removed by filters in the case of waveforms or spectra. Since only the sign of209

the arrival is retained and since station coverage is usually sparse, polarities allow resolving210

mostly the double-couple (DC) MT component. However, constraining these via polarities211

reduces parameter uncertainties for other parameters of the CMT, which in turn can be con-212

strained by the other data types. Polarities are the simplest seismic data and straightforward213

to predict. Here, we extract long-period waveforms from 0.05 to 0.2 Hz, amplitude spectra214

from 0.3 to 1.2 Hz, and polarities from the broadband waveforms.215

We consider data from various networks in the Kiskatinaw Seismic Monitoring and Mit-216

igation Area (KSMMA) in northeastern British Columbia, Canada. Data are accessed via217

IRIS and include permanent and temporary stations. Most stations are obtained from the218

McGill University and University of Calgary networks. The station coverage in the 50 × 50219

km area is high with an average station spacing of 20 km (Fig. 2). We consider data recorded220

between January 2020 and February 2022 (Salvage et al. 2021). Seismic events used in this221

study are associated with hydraulic fracturing operations, and are expected to be small and222

shallow. The largest event of November 30, 2018, of Mw 4.2 produced 40 high-quality wave-223

form recordings. The smallest one of March 11, 2021, of Ml 1.6, produced only one usable224

waveform. This region is known for having induced earthquakes due to multi-stage hydraulic225

fracturing injections, and has received significant attention (e.g., Mahani et al. 2017; Fox &226

Watson 2019; Mahani et al. 2020; Peña Castro et al. 2020; Salvage et al. 2021; Salvage &227

Eaton 2022). Many previous events were found to be dominantly strike slip. However, com-228

plex flower structures can cause earthquakes with a variety of mechanisms in a small region229

(e.g., Barclay et al. 1990; Mei 2009; Wozniakowska et al. 2021).230
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10 M. Hamidbeygi et al.
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Figure 1. An example of data sets: (a) The vertical component recording at station BCH2A for the

Ml 2.5 September 10, 2020, event at 6-km epicentral distance and 15◦ azimuth. The origin time in local

time (red) is also shown. (b) Waveform of (a) filtered between 0.05–0.2 Hz. (c) Amplitude spectrum of

(a) filtered between 0.4–1.0 Hz. (d) Waveform of (a) filtered between 0.1–5.0 Hz for polarity picking.

P-wave first motion polarity pick is shown (red).

4 RESULTS231

4.1 Simulation examples232

In this section, we present the results of five different simulation examples, i.e., “cases” in the233

following, to evaluate the validity of the method. In these cases, we use varying combinations234

of simulated data to test the influence of each data type on the ability to constrain CMT235

parameters. These cases are summarized in Table 1. An oblique CMT with moment magnitude236

2.0 is considered to produce waveform data in units of velocity with a sampling rate of 10Hz237

and 39 polarities. Synthetic data are contaminated by filtered Gaussian noise to mimic the238
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Bayesian estimation of nonlinear centroid moment tensors 11

Figure 2. Fuzzy beach ball of all events that solutions are estimated for. Yellow stars present events

location and size of beach balls related to the magnitude of the events. In addition, each mechanism

is labeled with the inferred origin time of each event. The red focal mechanism refers to the solution

obtained by Peña Castro et al. (2020). Black triangles show the set of stations that recorded the data

that are used in our inversions. Black squares show important towns in the area.

SNR of waveforms recorded for an Ml 1.6 event in the region. A 20-s signal window around239

the P-wave arrival and a 20-s noise window before the P wave are considered to measure the240

SNR on filtered field data. All data are chosen based on their long-period SNR (Fig. 3). In241

addition, theoretical amplitudes are contaminated by 10% Gaussian noise to produce noisy242
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Figure 3. Noise-free (red) and noisy (gray) simulated data. Examples for one channel with waveform

and spectrum (top left), and five channels with only spectra, are shown. Station code, channel, epicen-

tral distance, and azimuth are shown in the top left of each panel. Maximum amplitude, time window

length and frequency bands for spectra are shown in the bottom-right corners.

polarity data. The noise scaling factor for polarity is considered to be a hierarchical parameter243

with a prior between 0.0 and 0.2. Furthermore, the noise on waveforms and spectra is estimated244

as a non-Toeplitz covariance matrix (Dettmer et al. 2007).245

For case 1, we consider only the waveform of KSM04 shown in Fig. 3 to constrain the246

parameters of the CMT. The data are bandpass filtered between 0.05 and 0.2 Hz and cosine-247

tapered with a 32-s time window around the P-wave arrival. For case 2, we add P-wave first248

motion polarities to the data of case 1. For case 3, the waveform of KSM04 is transformed249

to the spectral domain. We consider a 26-s time window around the P-wave arrival prior to250

the Fourier transform and we filter the spectrum to 0.3–3.3 Hz. Cases 4 and 5 include one251

waveform, 6 spectra, and polarities. The difference between these two cases is the frequency252

band for the amplitude spectra. We filter amplitude spectra between 0.3–1.0Hz and 2.3–3.0Hz253

for cases 4 and 5, respectively.254

PPDs for all cases are summarized in Fig. 4. By comparing histograms of first and second255

cases in each panel, we observe that the added polarity data in case 2 contribute significantly256

in reducing parameter uncertainties and, in particular, better constraining the source focal257

mechanism parameters, i.e., H (dip), Kappa (strike), and Sigma (rake). A comparison of the258
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Case
Data

Waveform Spectrum Polarity

1 KSM04 [0.05–0.2] Hz

2 KSM04 [0.05–0.2] Hz 39

3 KSM04 [0.3–3.3] Hz 39

4 KSM04 [0.05–0.2] Hz KSM{02,04,05,06,11},MG07 [0.3–1.0] Hz 39

5 KSM04 [0.05–0.2] Hz KSM{02,04,05,06,11},MG07 [2.3–3.0] Hz 39

Table 1. Case descriptions. Rows explains the data type of each station and frequency bands used in

the inversion.

second and third cases shows that replacing waveforms with spectra in the joint inversion259

resolves most parameters similarly well, such as DC source parameters. While the model260

parameters depth and magnitude are notably better resolved, the spectrum, the location shift261

parameters and centroid time are less well constrained in case 3 due to the discarded phase262

spectra information.263

Cases 4 and 5 consider joint inversion with two different frequency bands to illustrate the264

influence of intermediate-frequency data, i.e., spectra, in joint inversion. Data fits for the fifth265

case are plotted in Fig. 5 and show that the inversion is able to fit the main phase with high266

variance reduction. Posterior distributions (Fig. 4) indicate that CMT parameters are well267

resolved by each of these last two cases. A comparison between the posterior distributions of268

these cases demonstrates that uncertainties of centroid and lune parameters decrease signif-269

icantly when data of higher frequency range are included in the inversion. In the amplitude270

spectra inversion, discarding phase information causes ambiguity in distinguishing between271

fault and auxiliary planes. Consequently, solutions obtained from inversions with spectra-only272

data are highly ambiguous.273
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Case 1:1 waveform
Case 2:1 waveform 39 pol.
Case 3:1 spectrum [0.3-3.3]hz 39 pol.
Case 4:1 waveform 6 spectra [0.3-1.0]hz 39 pol.
Case 5:1 waveform 6 spectra [2.3-3.0]hz 39 pol.
Reference values

Figure 4. Marginal posterior distributions of the solutions obtained for simulation cases 1–5. Each

panel shows cases from 1 to 5 from top to bottom rows, respectively. When only four rows are shown,

the particular parameter is not part of the parametrization for that case. Dashed lines represent true

values. Each panel is labeled with parameter name and the prior bounds.
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Figure 5. Data fits for case 5: Simulated waveforms and amplitude spectra (gray); maximum a-

posteriori (MAP) predictions (red) and spectra residuals (shaded polygons) are shown. The brown

shading is for 200 randomly selected samples from the posterior predictive distribution. Panels are

annotated with station code, component, epicentral distance and azimuth obtained for the MAP solu-

tion. The arrival time with respect to the centroid time, and the length of each window are shown in

the lower- left and lower-right corners, respectively. The weighted variance reductions for the posterior

predictive distribution are shown in the top-right corners.

4.2 Field data examples274

4.2.1 The Mw 4.2 Fort St. John earthquake275

In this section, we apply five cases to the Mw 4.2 November 30, 2018, event (Table 2), and vary276

combinations of data types to consider their ability to constrain CMT parameters. We chose277

this event because it has many high-quality waveforms to consider as the basis for a reference278

solution. The MAP solution that we obtain for this event using 40 waveforms is consistent with279

previous studies (e.g., Peña Castro et al. 2020) and we refer to it as the“reference solution”280

in the following (Fig.7).281

Seismic waveform data are restituted, downsampled to 10 Hz, and rotated to source-282

receiver geometry to obtain high SNRs on horizontal components. A 0.03–0.12 Hz bandpass283

filter is applied to the 37-s time window around the P-wave arrival on the waveform while284
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16 M. Hamidbeygi et al.

Case
Data

Waveform Spectrum Polarity

1 MONT3 [0.03–0.12] Hz

2 MONT3 [0.03–0.12] Hz 36

3 MONT3 [0.1–0.5] Hz 36

4 MONT3 [0.03–0.12] Hz MONT{1,2,3,6},MG0{3,5} [0.1–0.5] Hz 36

5 40 waveforms [0.03–0.07] Hz

Table 2. Descriptions of the illustrative cases applied to the Mw 4.2 November 30, 2018, event. For

further details, see Table 1.

amplitude spectra for 26-s windows are fit between 0.1–0.5 Hz. We picked 36 polarities for the285

most impulsive waveforms. Finally, we jointly invert the available data of 10 events.286

Data that are included in cases 1 through 5, respectively, are a single waveform; single287

waveform and 36 polarities; single spectrum and 36 polarities; single waveform, 6 spectra and288

36 polarities; and 40 waveforms (Table 2). The waveform and spectra for station MONT3289

are chosen for the field data cases 1 through 3 since it is the closest station with the highest290

SNR. The best solution was obtained in case 4 and not only does it fit the main phase of the291

waveform well, but it also matches the amplitude spectra for the lower frequency band, where292

events with such a magnitude excite strong long-period signals (Fig. 6).293

Posterior marginal distributions of the solutions estimated for the five cases and the wave-294

form inversion are summarized in Fig. 7. Comparing cases 1 and 2 demonstrates that polarity295

data contribute significantly to resolving the focal mechanism. Comparing cases 3 and 4 shows296

that incorporating intermediate frequencies reduces uncertainty of some parameters such as297

depth and magnitude. While most parameters are resolved similarly resolved to case 2, other298

parameters such as time and location shifts are less well resolved. Finally, comparing the re-299

sults of the joint inference from case 4 with case 5 shows that all parameters have similar MAP300

solutions, with small uncertainties although they are somewhat larger in case 4 than for case301

5. Nonetheless, we conclude that the solution obtained by the joint inversion is of comparable302
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Figure 6. Spectrum and waveform fits for CMT inversion of the Mw 4.2 November 30, 2018, event.

For further details, see Fig. 5

quality to the reference 40-waveform inversion. Notably, the lune parameters of the moment303

tensor obtained by the joint inversion indicate a nearly pure DC moment tensor. This result304

is also illustrated by the MT decomposition (Fig. 8). This is reassuring, since high non-DC305

components for earthquakes may indicate susceptibility to theory errors. In fact, such non-DC306

components are often the reason to constrain the MT to special cases (Vasyura-Bathke et al.307

2021).308

4.2.2 Ten Mw ≤3 local/regional events309

As a representative example, CMT results for the Ml 2.5 September 10, 2020, event are310

discussed here in detail. For M≤3 events, Bayesian waveform inversion often is barely able311

to resolve source parameters due to limited data quality. Therefore, we incorporate fewer but312

high-quality waveforms in our inversions. This event has one high-quality waveform, along with313

a number of acceptable spectra (Fig. 9). We use data from stations at epicentral distances up314

to 50 km. A 30-s and 23-s window around manually picked body wave arrivals is considered315

for the single waveform and amplitude spectra, respectively. A third-order bandpass filter316

between 0.05–0.2 Hz is applied to the waveform, and a frequency filter between 0.4–1.0 Hz is317
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Figure 7. Posterior distributions of the solutions of the Mw 4.2 November 30, 2018 event obtained by

waveform and joint inversions. For further details, see Fig. 4
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Bayesian estimation of nonlinear centroid moment tensors 19

Figure 8. Moment tensor decomposition and polarity fit of the solutions for the Mw 4.2 Fort St.

John event (November 30, 2018) obtained by the joint inversions of one waveform, 6 spectra and 36

polarities (case 4). White diamonds and black squares show positive and negative polarities.

applied to spectra. In addition, polarities are picked manually on displacement data that are318

filtered in the frequency band of 0.1–5.0 Hz.319

The results are presented as waveform fits (Fig. 9), which include 200 random samples of320

the ensemble, 2-D posterior distributions (Fig. 10) that show qualitative statistics of model321

parameters and their correlation, fuzzy beach ball and lune (Fig. 11) that illustrates marginal-322

ization for the moment tensor decomposition in terms of focal the mechanisms. Dependability323

of the solutions are evaluated by data fits (Fig. 9), such that waveform fits are demonstrated324

in terms of the posterior predictive distribution and fits on waveform and spectra are quan-325

tified by variance reduction (Vasyura-Bathke et al. 2020). Fig. 9 shows that the majority of326

predictions fit the main trend of the waveform and amplitude spectra. In addition, the in-327

version successfully resolves the amplitude of the waveform and those of amplitude spectra,328

which raises confidence that the depth and magnitude are well estimated. Generally, transverse329

signal components are better explained than others due to less complexity.330

CMT parameters are resolved with low uncertainty and modes of the distribution are331

generally near the MAP model (Fig. 10). The strongest correlations can be observed between332

the longitude (v) and latitude (w) of the lune parametrization, and magnitude and depth of333

the event. Among centroid parameters, only east shift has a mild correlation with dip (h).334

The estimated depth and magnitude of the MAP model are the same as their corresponding335

catalog values. Centroid location shifts are reasonable and small, which means that the catalog336

location was reasonable. At ∼0.1 s, the STF length (duration) is also reasonable for this337
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Figure 9. Spectrum and waveform fits for the CMT inversion of Ml 2.5, Sep 10, 2020, event. For

further details, see Fig. 6
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Figure 10. Posterior distributions of the solutions of Ml 2.5 Sep 10, 2020, event obtained by joint

inversion. Red lines show MAP model parameters.

magnitude. Fault geometry parameters indicate a strike-slip mechanism caused by the almost338

E-W movement on a vertical fault surface.339

The fuzzy beach ball for the solution (Fig. 11) shows a strike-slip mechanism with well-fit340

polarity data. Parameters V and W of the lune parametrization (Fig. 10) refer to deviatoric341

and isotropic components of the source mechanism, respectively. Here, these parameters are342

small, which suggest that the source mechanism is nearly a pure DC. In addition, the lune343

plot (Fig. 11) presents the same information as a 2-D marginal. While not concerning, the344

small non-DC component is expected for induced events.345

To summarize the results for all events, we present a map of fuzzy beach balls obtained346

by the joint inversion (Fig. 2). Most mechanisms are strike-slip dominated, while some include347

oblique thrust.348

To further study the quality of the CMT solutions, we present comparisons of observed349
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Figure 11. a) Fuzzy beach ball with polarity fit and b) lune of the solution obtained for Ml 2.5 Sep

10, 2020 event.

waveforms with predicted waveforms for channels not included in the inversion. Fig. 12 shows350

that the solutions of two events match the main phase even for waveforms with poor SNR351

(e.g., MONT01, BCH1A, BCH2A, and MONT09). This figure also supports the claim that352

we are able to resolve CMT models with a small number of stations with little azimuthal353

coverage. However, this result depends on the station setting and also path effects. Thus, a354

higher azimuthal station coverage is usually desirable.355

5 CONCLUSION356

We applied Bayesian joint inversion of waveforms, spectra, and polarities with noise covariance357

estimation to several earthquakes of M< 3. Source inversions may suffer from a lack of high-358

quality data for small to moderate earthquakes due to weak long-period excitation and/or359
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Figure 12. An example set of qualitative waveform fits for the solution of two events obtained by the

joint inversion. For further details, see Fig. 3.

sparse station coverage. In addition, the solution obtained by including highly-contaminated360

waveform data may be unreliable. We choose only a single or few high-quality waveforms and361

exclude those that are noisy or produce poor variance reductions. Since these few waveforms362

are insufficient to resolve CMTs with low uncertainty, the information is complemented by363

amplitude spectra and first-motion polarities. All data are extracted from seismic waveforms364

but in distinct frequency bands: Polarity data are picked on broadband waveforms filtered365

between 0.1–5.0 Hz, amplitude spectra are in the intermediate band from 0.3–1.2 Hz, and366

waveforms in the band 0.05–0.2 Hz.367

We apply Bayesian inference to our joint inversion to quantify the uncertainties of model368

parameters. In this framework, we consider two likelihood functions based on the assumption369

of Gaussian-distributed noise on the raw waveform data. Since the number of data vary signifi-370

cantly for the three data types, it is crucial to account for data covariances in the case of spectra371

and waveforms. Otherwise, polarity data would be overwhelmed by the other two data types or372

require subjective weighting. Covariance estimation is by an iterative method, performed dur-373

ing early stages of sampling, and produces a non-Toeplitz covariance matrix (Vasyura-Bathke374
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et al. 2021). Inclusion of these covariance matrices removes any subjective data weights from375

the joint inversion. Further, the non-Toeplitz covariance matrix also accounts for velocity376

model mismatch, centroid location errors and other theory errors intrinsically.377

The lune parametrization (Tape & Tape 2015) is utilized to parametrize the moment ten-378

sor. This parametrization is a profound advantage for considering CMTs in a Bayesian frame-379

work since prior specification becomes intuitively straightforward and the parametrization380

permits changing the MT model constraints simply by limiting the prior for some parameters381

(e.g., limiting the MT to only consider DC mechanisms).382

Simulation cases demonstrated the method’s capability and reliability. For field data, we383

demonstrated the method for the largest event in the study area where many high SNR wave-384

forms are available and other published solutions exist. The results show that joint inversion385

can resolve the CMT with just a single waveform complemented with spectra and polarities386

to comparable uncertainty as the reference solution based on 40 waveforms. Results for a Ml387

2.5 event show similar results. Finally, results for 10 events in the region show robust results388

to Ml 1.6. Estimates of CMTs for all events indicate predominant strike slip focal mechanisms389

with low CLVD and low isotropic components. Shallow depths are resolved for all events, and390

source durations appear to be reasonably resolved.391

Overall, we observed that incorporating amplitude spectra at intermediate frequencies392

significantly reduces model parameter uncertainties. In addition, polarity data resolve the focal393

mechanism which, in turn, helps reducing uncertainties for the centroid and STF parameters.394
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Shang, X. & Tkalčić, H., 2020. Point-source inversion of small and moderate earthquakes from P-wave506

polarities and P/S amplitude ratios within a hierarchical Bayesian framework: Implications for the507

Geysers earthquakes, Journal of Geophysical Research: Solid Earth, 125(2), e2019JB018492.508

Snoke, J. A., Lee, W., Kanamori, H., Jennings, P., & Kisslinger, C., 2003. FOCMEC: Focal mechanism509

determinations, International handbook of earthquake and engineering seismology , 85, 1629–1630.510

Stähler, S. C. & Sigloch, K., 2014. Fully probabilistic seismic source inversion–Part 1: Efficient511

parameterisation, Solid Earth, 5(2), 1055–1069.512

Tape, W. & Tape, C., 2015. A uniform parametrization of moment tensors, Geophysical Journal513

International , 202(3), 2074–2081.514

Tarantola, A. & Valette, B., 1982. Generalized nonlinear inverse problems solved using the least515

squares criterion, Reviews of Geophysics, 20(2), 219–232.516

Tarantola, A., Valette, B., et al., 1982. Inverse problems= quest for information, Journal of geophysics,517

50(1), 159–170.518
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Date/Time Longitude Latitude Depth (Km) East shift (Km)
1 20181130T012706 56.02 -120.52 3.25 (3.06, 3.38) -12.16 (-12.54, -11.92)
2 20200209T040626 55.98 -120.59 1.78 (1.74, 1.81) 0.74 (0.51, 0.84)
3 20200910T001632 55.89 -120.38 1.65 (1.62, 1.68) 0.97 (0.87, 1.05)
4 20200910T002022 55.89 -120.38 1.61 (1.49, 1.70) 0.84 (0.69, 1.00)
5 20200910T101858 55.88 -120.38 1.98 (1.97, 1.99) -0.20 (-0.35, 0.03)
6 20200911T060810 55.88 -120.38 1.77 (1.72, 1.81) 0.75 (0.65, 0.87)
7 20200911T222907 55.89 -120.38 1.93 (1.93, 1.94) 0.72 (0.61, 0.84)
8 20200911T223726 55.89 -120.38 1.55 (1.38, 1.67) 0.13 (0.02, 0.31)
9 20210311T093732 55.89 -120.63 1.46 (1.26, 1.63) -1.8 (-1.93, -1.70)

10 20210726T093204 56.09 -120.792 1.06 (1.02, 1.08) -0.69 (-0.86, -0.50)

Events. Model parameters are considered by MAP, 0.5 and 99.5 percentile of the posterior distributions. w means waveforms, s are spectra, and p represents polarities.
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North shift (Km) Time (s) Duration (s) Magnitude (M_w) Data
4.40 (3.68, 4.98) -0.09 (-0.40, 0.34) 0.89 (0.00, 1.46) 4.31 (4.27, 4.35) 1w+6s+36p
0.84 (0.71, 1.04) 0.30 (0.18, 0.32) 0.02 (0.00, 0.16) 2.35 (2.33, 2.38) 1w+14s+15p

-0.67 (-0.74, -0.59) 0.46 (0.42, 0.48) 0.10 (0.08, 0.20) 1.93 (1.91, 1.94) 1w+15s+20p
-0.19 (-0.36, 0.05) 0.54 (0.44, 0.58) 0.09 (0.01, 0.15) 2.22 (2.18, 2.25) 2w+14s+23p
0.85 (0.67, 0.99) 1.65 (0.95, 1.95) 0.24 (0.01, 0.44) 2.44 (2.42, 2.46) 1w+18s+24p
1.21 (1.12, 1.30) 0.94 (0.82, 1.04) 0.09 (0.01, 0.20) 2.14 (2.11, 2.17) 1w+22s+18p

-0.62 (-0.74, -0.53) -0.10 (-0.31, -0.03) 0.01 (0.00, 0.19) 2.42 (2.41, 2.44) 1w+9s+23p
0.52 (0.36, 0.71) 0.44 (0.34, 0.53) 0.11 (0.03, 0.20) 2.60 (2.55, 2.64) 2w+10s+27p
0.59 (0.34, 0.85) 0.54 (0.40, 0.73) 0.13 (0.00, 0.30) 1.02 (0.97, 1.08) 1w+9s+19p
0.12 (-0.01, 0.28) 0.66 (0.54, 0.69) 0.01 (0.00, 0.20) 3.2 (3.18, 3.22) 1w+19s+17p

Events. Model parameters are considered by MAP, 0.5 and 99.5 percentile of the posterior distributions. w means waveforms, s are spectra, and p represents polarities.
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