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Abstract A large class of solid solution models are built on the premise that
exchange of chemical species takes place on a finite number of unique sites,
and that the thermodynamic properties of the solution are a function of the
proportions of species occupying each of the sites. The site-occupancy spaces
spanned by such models are geometrically equivalent to convex polytopes, n-
dimensional generalisations of polygons and polyhedra. The endmembers of
these solid solutions correspond to the vertices of the polytopes.

We present a set of mathematical tools based on this geometrical equiv-
alence which aid the creation and manipulation of solution models. Vertex
enumeration methods can be used to compute the total set of endmembers in
a solution from the valences of the species occupying each site and the total
charge of the species not involved in site exchange. The number of independent
endmembers constructed in this way is equal to nsite-species − nsites + c, where
nsite-species is the total number of potential site-species occupancies in the so-
lution and nsites is the number of distinct sites. If charge-balance constraints
are active, c = 0, otherwise c = 1.

We also present the linear algebra required to transform solution model
parameterisations between different independent endmember bases. The same
algorithms can also be used to derive macroscopic endmember interactions
from microscopic site interactions. This algebra is useful both in the initial
design of solution models, and when making thermodynamic calculations in
restricted chemical subsystems.
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A polytope description of solid solutions is now used in the thermodynamic
software PerpleX and burnman. The algorithms described here are made avail-
able as python code.

Keywords solid · solution · creation · manipulation

1 Introduction

Solid solution models are an essential component in modelling geological, met-
allurgical and other chemical processes. The motivation behind this paper is
to introduce some mathematical background defining the structure and prop-
erties of commonly used solution models, and to introduce tools that aid in
their construction and manipulation. We concentrate on solution models which
have a constant number of sites per formula unit, and where interactions are
dependent only on the total proportions of species occupying each site. We do
not consider models which explicitly involve local interactions, such as bonding
between pairs or clusters of species [1,2].

2 An algebraic description of solid solutions

2.1 Solid solutions as polytopes

Substitutional solid solutions can be written in the form:

[A,B]Yy [B,C,D]Zz ... (1)

where the square brackets denote distinct sites in the structure, and the
comma-separated lists are the species that can occupy each site. In the ex-
ample above, species A and B can occupy Site Y, which has a multiplicity of y
per formula unit, and species B, C and D can occupy Site Z, which has a mul-
tiplicity of z. Throughout this paper, the species which can occupancy each
site for any given solution are called site-species. There are five site-species in
Equation 1: AY, BY, BZ, CZ and DZ (nsite-species = 5).

We define the site-occupancy space of any solid solution as the set of site-
species occupancies which satisfy the chemical formula of the solution. This
space is mathematically equivalent to a convex polytope (the n-dimensional
equivalent of a polyhedron). That is, the set X of valid site-species occupancies
x of a solid solution can be described using an mxnsite-species matrix P and a
vector b of length m:

X = {x;Px = b;xi ≥ 0} (2)

where m is the number of independent constraints on the site populations. For
solutions where each site can be occupied only by species with equal charges,
m is equal to the number of sites. In this case, each row of P corresponds to
a distinct site (such as the dodecahedral site in garnet), and each column to
a site-species (such as Mg on the dodecahedral site). Each component of P



On the creation of solution models 3

is equal to zero unless the column and row correspond to the same site, in
which case the component is equal to one. The components of b are all equal
to one. Charge-balance can be incorporated as an additional row in matrix P
and component in vector b, with the new components of P corresponding to
the charges of each site-species multiplied by the site multiplicity, and the new
value in b corresponding to the total charge over all the sites.

We illustrate this formalism by way of a few examples (Figure 1). Single-
site solutions where all site species have the same valence can be represented
by a matrix P equal to a 1xnsite-species vector of ones, and a vector b=1. The
resulting constraints on the site populations can be written as

nsite-species∑
i=1

xi = 1 (3)

These solutions can be represented graphically as (k−1)-simplexes, the (k−1)-
dimensional equivalent of a triangle (Figure 1a and b).

Single site solutions can also involve site-species with more than one charge.
One example is pyrope-majorite garnet. At extremely high temperatures (>3000
K), this solution can be reasonably approximated as Mg3[Mg, Al, Si]2Si3O12,
with mixing of Mg, Al and Si on a single octahedral site [3]. The correspond-
ing polytope matrix and vector for this solution are provided (Table 1). The

Table 1 Polytope matrix P and vector b for a one-site pyrope-majorite garnet.

Site Y (multiplicity 2)
Mg2+ Al3+ Si4+ b

Y-site 1 1 1 1
Charge-balance 4 6 8 12

charge-balance constraint in Table 1 can be represented graphically by a line
cutting through the original 2-simplex (Figure 1c). The two endpoints of this
line correspond to the endmembers pyrope (Mg3[Al]2Si3O12) and disordered
majorite (Mg3[Mg0.5Si0.5]2Si3O12).

We now turn to multi-site solutions. The site-occupancy space of multi-
site solutions cannot be represented by simplices, but rather by the Cartesian
product of the individual site-simplices. If a charge-balance constraint is in-
volved, the site-occupancy space is restricted to the intersection of the raw
Cartesian product with a hyperplane. We illustrate this general case with a
two-site bridgmanite in the simple system FeO–MgO–Al2O3 –SiO2, whose
general formula can be expressed as

[Fe2+,Mg2+,Al3+][Al3+,Si4+]O3.

The matrix P and vector b for the polytope corresponding to this solution
have three rows; one for each site and one for the charge-balance constraint
(Table 2). Each vertex of this polytope corresponds to an ordered endmember
in the solid solution (Figure 1d): {[Mg][Si], [Fe][Si], [Al][Al]}. Here we define an
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ordered endmember as any instance of a solid solution where each site is occu-
pied by a single species (i.e. where the solution has a configurational entropy
of zero). This differs from other studies, which define ordered compounds as
those where multi-site species reside on only a subset of their potential sites
[4,5].

Table 2 Polytope matrix P and vector b for a two-site FMAS bridgmanite including full
order-disorder.

Site A Site B
Fe2+ Mg2+ Al3+ Al3+ Si4+ b

A-site 1 1 1 0 0 1
B-site 0 0 0 1 1 1
Charge-balance 2 2 3 3 4 6

Finally, a three-site solution whose site-occupancy space can be represented
in three dimensions is [Cu, Ag]10[Fe, Zn]2[Sb, As]4S13 fahlore [6] (Figure 1e).
Most solution models have no simple representation in three dimensions, but
the examples in Figure 1 provide the insights necessary to understand site-
occupancy spaces of arbitrary complexity.

2.2 Endmember enumeration

For simple solutions, the full set of endmembers are easily enumerated by
hand. However, for complex solutions, this task is significantly more arduous.
By expressing a solid solution in polytope form (Equation 2), standard ver-
tex enumeration algorithms can be used to find all the endmembers [7,8,9].
These algorithms yield an endmember site-occupancy matrix E, where each
component Eij comprises the fractional occupancy of site-species j in a dis-
tinct endmember i. The resulting number of endmembers may be much larger
than the number of site-species. For solid solutions with no charge-balance
constraints, the number of endmember vertices grows geometrically with the
number of sites:

nmbrs =

nsites∏
i=1

nspecies,i (4)

where nspecies,i is the number of species on site i. Despite the geometric growth
in the total number of endmembers, the number of independent endmem-
bers grows linearly with the number of sites. A potential set of independent
endmembers can be computed in several ways, including as a by-product of
finding the row-reduced en-echelon form of E. One such implementation is
found in the algorithms linked in the Appendix. Taking the dot product of the
transpose of Eind with a vector of independent endmember proportions pind

yields the site-species occupancies x of any instance of a solution:

Eind
ji p

ind
j = xi (5)
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Fig. 1 Polytopes corresponding to some 1-site (a-c), 2-site (d) and 3-site (e) solu-
tion models. The dimensionality of an n-site solution model without charge-balance
constraints is equal to

∑n
i=1(ki − 1), where ki is the number of endmembers on

site i, restricting the variety of polytopes which can be represented graphically in 3-
dimensions. a) A 2-simplex, such as [Mg, Fe, Ca]3Al2Si3O12 garnet. b) A 3-simplex, such
as [Mg, Fe, Ca, Mn]3Al2Si3O12 garnet. c) A subset of a 2-simplex, such as a one-site pyrope-
majorite solution Mg3[Mg, Al, Si]2Si3O12, where a charge-balance constraint limits the valid
site-occupancy space (see Table 1). Grey lines mark the original 2-simplex without charge-
balance constraints. d) A subset of the Cartesian product of a 3-simplex and 2-simplex,
such as [Fe, Mg, Al][Al, Si]O3-bridgmanite (Table 2). Grey lines mark the original polytope
without charge-balance constraints. e) The Cartesian product of three 2-simplexes, e.g.
[Cu, Ag]10[Fe, Zn]2[Sb, As]4S13 fahlore [6].

2.3 Constructing a polytope from an existing set of independent endmembers

The previous section described how to compute a complete set of endmembers
and an independent endmember basis from a set of known site-species and their
valences. This is a fundamental first-step for anyone wishing to construct a
solution model, and can be a time-consuming and error-prone task to compute
by hand. The following section describes the inverse procedure: how a set of
independent endmembers can be used to construct the polytope matrix P and
vector b.

First, we populate the independent endmember site-occupancy matrixEind.
Table 3 shows the elements of Eind for the two-site bridgmanite described in
Section 2.1. A polytope matrix P and vector b of this solution can be computed
from the right nullspace (or kernel) of Eind, defined as a set of independent
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Table 3 The independent endmember site-occupancy matrix Eind for a two-site FMAS
bridgmanite including full order-disorder.

Site A Site B
Endmember Fe2+ Mg2+ Al3+ Al3+ Si4+

[Fe][Si]O3 1 0 0 0 1
[Mg][Si]O3 0 1 0 0 1
[Al][Al]O3 0 0 1 1 0

site-species occupancy vectors x which satisfy the expression:

N (Eind) = {x;Eindx = 0} (6)

Note that Equations 2 and 6 are both sets based on a set of linear equalities
involving the site-species occupancy vectors. Indeed, the sets can be made
identical by adding to Equation 6 the requirement that the sum of the site-
species occupancy fractions equals the number of sites. Therefore, a polytope
matrix P can be constructed by adding a row of ones to the right nullspace of
Eind, and the vector b can be constructed from the null vector 0 by appending
a component with value equal to the number of sites in the solution.

This construction reveals a relationship between the shape of Eind and the
number of constraints m defining the polytope. As the nind-mbrs x nsite-species
matrix Eind is, by-definition, of full row-rank, the dimension of N (Eind), its
nullity, must be equal to nsite-species − nind-mbrs. As P can be constructed by

adding a single row to N (Eind), it follows that

m = rank(P )

= nullity(Eind) + 1

= nsite-species − nind-mbrs + 1

(7)

From Section 2.1, m is equal to the number of sites, plus one if charge-balance
needs to be considered. Thus, the number of independent endmembers de-
scribing the full site-occupancy space of any solid solution is governed by the
relationship:

nind-mbrs = nsite-species − nsites + c (8)

where c = 0 if charge-balance needs to be considered, and c = 1 otherwise.

2.4 Subspaces and degeneracy within solid solutions

If no single species can exist on more than one site, like in the [Cu, Ag]10[Fe, Zn]2[Sb, As]4S13

fahlore solution [6], every point in site-occupancy space defines a unique bulk
composition of the solution and the composition space of the solution is there-
fore identical to its site-occupancy space. Such solutions are known as re-
ciprocal solutions. Non-reciprocal solutions host two or more species which
mix across sites (e.g. Mg and Fe in [Mg, Fe][Mg, Fe]Si2O6-pyroxene). In these



On the creation of solution models 7

solutions, referred to as order-disorder solutions, the composition and site-
occupancy spaces are not equivalent.

The shape of a polytope spanning the site-occupancy space of a solid so-
lution does not dependent on whether a solution model is reciprocal or not.
It depends only on the number of sites, and the number and total charge of
site-species on those sites. Polytopes for a reciprocal solution with different
species on all sites ([A,B][C,D][E,F]) and a non-reciprocal solution where the
same species appear on all three sites ([A,B][A,B][A,B]) will therefore have the
same shape (Figure 2).

[A][B][A]

same occupancy 
on sites 2 and 3

[A][A][A]

[B][A][A]

[B][B][A]

[A][A][B]

[B][A][B]

[B][B][B]

[A][B][B]

same occupancy 
on sites 1 and 2

same occupancy 
on sites 1 and 3

[A][D][E]

[A][C][E]

[B][C][E]

[B][D][E]

[A][C][F]

[B][C][F]

[B][D][F]

[A][D][F]a) b)

Fig. 2 Polytopes for two different three-site solutions. a) A polytope representing a solution
where the three sites “[...]” are occupied by different species, denoted A–F: [A,B][C,D][E,F].
The shaded tetrahedron shows a subspace of the solution whose vertices represent one po-
tential set of independent endmembers. b) A polytope representing a solution where the
three sites are now filled with similar components: [A,B][A,B][A,B]. Coloured planes mark
where two sites have the same proportions of A and B. Again, the shaded tetrahedron
shows the subspace of the solution whose vertices represent one potential set of independent
endmembers.

For the reciprocal solution (Figure 2a), every point within the polytope
has a unique composition. In contrast, the compositional space of the order-
disorder solution (Figure 2b) is one-dimensional. Planes perpendicular to AAA–
BBB represent instances of the solid solution with exactly the same bulk com-
position, but different distributions of species A and B amongst the three sites.
The vertices of the tetrahedra in Figure 2 represent one potential set of inde-
pendent endmembers. A linear combination of these endmembers is sufficient
to describe any site-occupancy within the solution; if the site-occupancy lies
outside the tetrahedron, one or more proportions will be negative.

Up to this point, we have restricted ourselves to discussing the site oc-
cupancy space of solutions without reference to the energetics of mixing or
the most energetically stable arrangement of species within solutions of fixed
composition. A review of the various formulations for the energetics of solid
solutions is beyond the scope of this paper, but it is worth noting that within
solutions capable of undergoing order-disorder, (a)symmetries in the energy
landscape within the occupancy space of the solution may dictate which parts
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of the solution can be stable. For the order-disorder solution [A,B][A,B][A,B]
(Figure 2b):

– If there is no energetic preference for A and B to reside on different sites,
all stable points will lie along AAA–BBB, i.e., the solution will be fully
disordered at all temperatures.

– If all three sites are identical with respect to A,B occupancy and interac-
tion energies (see Section 3.2), a single tetrahedron contains all the relevant
thermodynamics of the system; the energy landscape of the other tetrahe-
dra can be calculated by reflecting the landscape of the first tetrahedra
in the planes shown in Figure 2b. Such solutions will become completely
disordered at high temperatures, but are not necessarily disordered at low
temperatures.

– If the energies associated with A,B occupancy and exchange are not iden-
tical for all three sites, one or more tetrahedra may only be energetically
stable under particular pressure-temperature-composition conditions, or
may be metastable under all conditions. In other words, the solution will
remain partially ordered at all temperatures.

We illustrate these three cases for a two-site solution model [A,B][A,B]
(Figure 3). In Figure 3a, A-B exchange on the same site is associated with an
interaction energy of 1 kJ/mol, while the cross-site reaction [A][A]+[B][B] −−→
2 [A][B] is 4 kJ/mol, favouring disorder. In Figure 3b, the energy of the cross
site reaction is reduced to -4 kJ/mol, favouring ordering at low temperatures.
Note the symmetry about the line of complete disorder in Figures 3a and b. At
high temperatures, the contribution of the configurational entropy to the Gibbs
free energy (Figure 3d) will lead to complete disorder at all compositions.
Finally, in Figure 3c, the energy associated with A residing on Site 1 is raised
by 1 kJ/mol. The symmetry of the previous two cases is now broken. Under
this circumstance, the portion of site-occupancy space in the upper-left hand
triangle will always be thermodynamically unstable. The degree of disorder
will still increase with increasing temperature, but instances of this solution
will always remain partially ordered.

2.5 Identifying and avoiding “logical inconsistencies” in solution models

If a solid solution model has fewer independent endmembers than that sug-
gested by Equation 8, then the model includes at least one constraint which is
not related to charge-balance. Sometimes, these choices are made consciously,
with the aim of reducing the number of endmembers or to avoid dealing with
order parameters. However, the approximations implicit in these simplifica-
tions are not always reasonable.

We illustrate the problem using a two-site pyrope-majorite solution (Ta-
ble 4), extending the one-site solution introduced in Section 2.1. This two-site
solution allows for Mg and Si to reside on different sites. The site-occupancy
space of this solution is a polytope with five endmember vertices, of which
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Fig. 3 Excess non-configurational energy (E*, J/mol) and configurational entropy (Sconf,
J/K/mol) for a two-site, two-species order-disorder solution ([A,B][A,B]) modelled with
three different regular/symmetric solution models. Dotted lines represent lines of constant
composition. The black line respresents equal amounts of A and B on both sites. a) The
ordered phases [A][B] and [B][A] are destabilised by a large positive energy of ordering. Both
sites have identical properties. b) The ordered phases are stabilised at low temperatures.
Both sites have identical properties. c) The ordered phases are again stabilised at low tem-
peratures, but the two sites are now distinct, with an increased energy associated with A
occupying Site 1. As a result, species B will always favour Site 1. d) Configurational entropy
for all cases. See main text for further description.

Table 4 Polytope matrix P and vector b for a two-site pyrope-majorite garnet.

Site Y1 (multiplicity 1) Site Y2 (multiplicity 1)
Mg2+ Al3+ Si4+ Mg2+ Al3+ Si4+ b

Y1-site 1 1 1 0 0 0 1
Y2-site 0 0 0 1 1 1 1
Charge-balance 2 3 4 2 3 4 12
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any four are linearly independent. A possible set of independent endmembers
is {[Mg][Si], [Si][Mg], [Al][Al], [Al][Mg0.5Si0.5]}, with the dependent endmem-
ber in this case being [Mg0.5Si0.5][Al]. Splitting the sites has not removed all
disordered endmembers. Depending on the choice of endmember and inter-
action energies, it may be that this disordered endmember never contributes
to the free energy of the stable compound. However, there is no guarantee
that this will always be the case, especially if energies are defined based on
an analysis of atomic-interactions (Section 3.2), see also [10]. There are many
examples where reducing the number of independent endmembers is unrea-
sonable. Holland and Powell [5] used the example of Mg-Fe-Al orthopyrox-
ene [Mg, Fe, Al][Mg, Fe](Al, Si)2O6 (where mixing on the tetrahedral site is
not treated explicitly), and showed that reducing the number of independent
endmembers by splitting the Mg and Fe equally between the two sites was
thermodynamically implausible.

Clinoamphibole provides a more complex example. One recent model in-
cludes 18 potential site-species distributed over six sites [11,12]. Using Equa-
tion 8, a complete model in this system should have 12 independent endmem-
bers (Table 5, computed using freely available python code, see Appendix).
The published model in this system has only 11 independent endmembers,
and so does not span the full site-occupancy space of the solution. For such
complex models, Equation 8 provides a vital consistency check.

Table 5 Independent endmember site-occupancy matrix Eind for a six-site clinoamphi-
bole solution model including full order-disorder. Site multiplicities are given in brackets.
The famph endmember is one of many potential endmembers that completes the published
endmember basis [11,12]. This solution model has a total of 432 endmembers.

A (1) M13 (3) M2 (2) M4 (2) T (4) V (2)

name v Na K Mg Fe Mg Fe Al Fe3+ Ti Ca Mg Fe Na Si Al OH O
tr 1 0 0 1 0 1 0 0 0 0 1 0 0 0 1 0 1 0
ts 1 0 0 1 0 0 0 1 0 0 1 0 0 0 0.5 0.5 1 0
parg 0 1 0 1 0 0.5 0 0.5 0 0 1 0 0 0 0.5 0.5 1 0
gl 1 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 1 0
cumm 1 0 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 0
grun 1 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0 1 0
a 1 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 1 0
b 1 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 1 0
mrb 1 0 0 1 0 0 0 0 1 0 0 0 0 1 1 0 1 0
kprg 0 0 1 1 0 0.5 0 0.5 0 0 1 0 0 0 0.5 0.5 1 0
tts 1 0 0 1 0 0 0 0 0 1 1 0 0 0 0.5 0.5 0 1
famph 1 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1

On the basis of this discussion, one may ask in which circumstances inde-
pendent endmembers can be removed from a solution model. The following
points should be borne in mind:

1. Independent endmembers should not be removed if they exclude regions of
composition space in the chemical system of interest.

2. Endmembers which represent non-zero and non-maximal entropies at their
given composition may be removed as long as they do not disobey Rule
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1, with the understanding that their removal will render some of the full
site-occupancy space inaccessible.

3. Once a full solution model has been constructed and parameterised, the
extent of the accessible site-occupancy space under the conditions of in-
terest can be determined. If the accessible space can be described by a
smaller number of independent endmembers than the full site-occupancy
space, then a modified polytope can be defined following the procedure in
Section 2.3.

It should be stressed that simplifying solution models based on Rule 3 should
not change the results of any thermodynamic calculations, and serves only to
improve computational efficiency.

3 Manipulation of solid solution models

3.1 Changing independent endmember bases

The previous section described how to consistently determine an independent
endmember set for a solid solution, based on knowledge only of the number of
distinct sites in the structure, and the potential species residing on each site.
It also outlined potential pitfalls in attempts to simplify the resulting solution
models. We now show how to convert endmember and interaction energies
between sets (or bases) of independent endmembers. This conversion has two
primary purposes:

– We often wish to solve thermodynamic problems in restricted composi-
tional spaces. For example, we might want to model the almandine-skiagite
binary in garnets ([Fe2+]3[Fe3+, Al]2Si3O12) using a solution model where
almandine ([Fe2+]3[Al]2Si3O12), grossular ([Ca]3[Al]2Si3O12) and andra-
dite ([Ca]3[Fe3+]2Si3O12) are the independent endmembers.

– We can use the same mathematics to convert interaction energies on the
atomic scale (for example, the interaction between Fe2+ on one site and
Fe3+ on another) into interactions between endmembers (for example, the
interaction energy between almandine and andradite, see Section 3.2).

Throughout this section, the matrixA is used to transform an independent
endmember basis to a new basis. Each element of Aij corresponds to the
number of moles of original endmember i contained within the new endmember
j. The proportions of the original endmember set pi in terms of the new
endmember set p′l are thus given by:

pi = Ailp
′
l (9)

The following subsections outline the mathematics to convert endmember
bases within the “asymmetric” [13] and “subregular” [14] mixing model formu-
lations. “Ideal”, “symmetric/regular” solution models can be viewed as special
cases of these more general formalisms.
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3.1.1 The asymmetric model

Changing endmember basis for the asymmetric model has been described in
Diener et al. [15]. It is included here both for completeness and to provide an
alternative derivation using Einstein summation convention. Repeated indices
are summed over unless they appear on both sides of the equation. The non-
configurational Gibbs free energy is given as a function of the proportions of
an independent set of endmembers pi:

G∗ = piG
mbr
i + αipiαjpjW

B
ij /f (10)

f = αkpk (11)

where Gmbr
i is the Gibbs free energy of endmember i, αi is the van Laar

(asymmetry) parameter for that endmember, the components of WB
ij are equal

to 2Wij/(αi +αj), and W is an upper triangular matrix containing the binary
endmember interaction parameters. The endmember and interaction terms can
be combined into a single combined matrix WC :

G∗ = αipiαjpjW
C
ij /f (12)

WC
ij = WB

ij + ((Gmbr/α)i1j + 1i(G
mbr/α)j)/2 (13)

Combining Equations 9 and 12 yields:

G∗ = αiAilp
′
lαjAjmp

′
mW

C
ij /f (14)

f = αkAknp
′
n (15)

In order to transform this new expression into the same form as Equation
10, we first define new asymmetry parameters α′ and matrices B and C:

α′l = αiAil (16)

Bilα
′
l = Cil = αiAil (17)

such that

Bil = αiAil(1/α
′)l (18)

Substituting these expressions into Equation 15 yields

G∗ = Bilα
′
lp
′
lBjmα

′
mp
′
mW

C
ij /f

′ (19)

f ′ = α′np
′
n (20)

The interaction matrix can now be transformed to yield an expression in the
form of Equation 10:

G∗ = α′lp
′
lα
′
mp
′
mW

′C
ij /f

′ (21)

W ′Clm = BilBjmW
C
ij (22)
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The transformed endmember properties are now removed from W ′C . This is
the reverse of the operation in Equation 12:

G′mbr
l = α′lW

′C
ll (23)

Dlm = W ′Clm −
(
(G′mbr/α′)l1m + 1l(G

′mbr/α′)m
)
/2 (24)

Finally, the binary can be converted back to upper triangular form by summing
the upper and lower triangular components of D:

W ′Blm =

{
Dlm +Dml, if l < m

0, otherwise
(25)

where the components of W ′Blm are equal to 2W ′lm/(α
′
l + α′m).

3.1.2 The subregular model

In the subregular model, the non-configurational Gibbs free energy includes
unary Gmbr, binary WB and ternary W T contributions [14]:

G∗ = piG
mbr
i + pipjW

B
ij (1 + pj − pi)/2 + pipjpkW

T
ijk (26)

This equation can be transformed into a single term involving a combined
interaction matrix WC :

G∗ = pipjpkW
C
ijk (27)

where

WC
ijk =(Gmbr

i 1j1k +Gmbr
j 1i1k +Gmbr

k 1i1j)/3

+ (1iW
B
jk +WB

ij Ijk −WB
ij Iik)/2 +WT

ijk

(28)

The transformed interaction matrix W ′C is computed using the relationship
between the original and transformed endmember proportions (Equation 9):

G∗ = Ailp
′
lAjmp

′
mAknp

′
nW

C
ijk (29)

W ′Clmn = AilAjmAknW
C
ijk (30)

To convert this back into the form of Equation 26, we first remove the trans-
formed endmember excesses from W ′C :

G′mbr
l = W ′Clll (31)

Blmn = W ′Clmn − (G′mbr
l 1m1n + 1lG

′mbr
m 1n + 1l1mG

′mbr
n )/3 (32)

The transformed binary matrix W ′B is then given by

W ′Blm = (Blmn +Bmln +Bmnl)Imn (33)

Removing W ′B from B leaves us with matrix C:

Clmn = Blmn − 1lW
′B
mn/2 (34)
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The transformed ternary components W ′T can then be found by summing the
six contributing terms in C:

W ′Tlmn =

{
Clmn + Cmnl + Cnlm + Cnml + Cmln + Clnm, if l < m < n

0, otherwise
(35)

The lack of ternary terms in any particular multisite-solution endmember
basis does not guarantee the lack of ternary terms in any other basis. For this
reason, such terms must always be considered when constructing subregular
solution models.

3.2 Converting microscopic interactions into endmember interactions

The models presented so far are macroscopic models; they deal with the ener-
getics of interaction between endmembers. Solution models are also frequently
formulated in terms of atomic interactions [16,17,18]. Microscopic models can
be described by interaction matrices of the same form and dimension as their
macroscopic counterparts, with the dimensions of the interaction matrices
equal to the number of site-species, rather than the number of endmembers.
The elements of the matrices correspond to the site-species interactions.

There are benefits to describing the properties of a solid solution in terms of
microscopic interactions. Microscopic descriptions provide a much more direct
link between the physics of the interactions (for example, order-disorder, Al-Al
avoidance). In addition, Powell et al. [10] argue that well-constrained values
of microscopic interactions in one mineral can be used as informed guesses
for other minerals. For example, Fe-Mg exchange interaction has a value of
around 5 kJ per mole of sites in many silicate minerals. This concept, termed
micro-φ [10], may be useful for constructing complex models where there is
insufficient data to fully constrain all interactions.

Despite the benefits of parameterising solutions using microscopic mod-
els, it is usually more practical to convert these to macroscopic models [19].
Macroscopic models require fewer parameters, automatically maintain charge
balance, and the set of independent endmembers can be chosen to enable
more efficient computations. The linear relationship between site-species pro-
portions and endmember proportions (Equation 5) has exactly the same form
as the relationship between sets of independent endmembers (Equation 9).
Therefore, the conversion from a microscopic to a macroscopic formalism is
simply another form of basis conversion, allowing the mathematics of Section
3.1 to be used to convert from site interactions to endmember interactions.
The untransformed endmember proportions p in Equation 9 are set equal to
the site-species proportions x, and the matrix A = EindT . The endmember
energies G′mbr and (macroscopic) interaction matrices calculated using the
asymmetric formalism equations of Section 3.1.1 should be normalised to one
mole of endmembers by multiplying them by nsites. The subregular equations
require only that the 1iW

B
jk term in Equation 28 be divided by nsites.
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The following section describes how to populate the microscopic interaction
matrices.

3.2.1 Binary interaction parameters

The symmetric, asymmetric and subregular formalisms all involve parameters
describing the interactions between pairs of site-species. Two types of inter-
actions are considered: simple mixing on a single site (e.g. Mg2+ and Al3+

on Site X), and two-site combinations of species (e.g. Mg2+ on Site X and
Ca2+ on Site Y). Each entry in the binary interaction matrix corresponds to
an energy of formation of a cluster of sites from their constituents:

[A]X + [C]Y −−→ [A]X[C]Y (36)

For single-site mixing, the reaction can be rewritten as

[A]X + [B]X −−→ 2 [A0.5B0.5]X (37)

Two-site (XY) energies (ε[A]X [C]Y ) cannot be obtained from experimental
analyses. Instead, the energies corresponding to cross-site reactions can be
used to populate the matrix. For example, the reaction

[A]X[C]Y + [B]X[D]Y −−→ [B]X[C]Y + [A]X[D]Y (38)

is associated with the cross-site interaction energy wACBD,XY , which is a
function of the two-site energies (e.g. ε[A]X [C]Y , abbreviated as εAC):

wACBD,XY = (εBC + εAD)− (εAC + εBD) (39)

In each XY block of the microscopic interaction matrix, one component can
be set to zero. For the example above, let us arbitrarily choose that element
to be [B]X[D]Y. All the remaining elements (such as [A]X[C]Y) of that block
are filled with values corresponding to reaction with the excluded component
−wACBD,XY . Note that interaction energies involving repeated site-species
(e.g. wBCBD,XY and wADBD,XY ) are also set equal to zero, because the cor-
responding reactions have the same products and reactants [19]. A fully-worked
example corresponding to that discussed in Powell et al. [10] is provided in a
python package accompanying this paper (see Appendix).

3.2.2 Ternary interactions

The subregular model has ternary interaction parameters in addition to binary
parameters. To construct a microscopic ternary matrix wT , we consider each
component of the matrix to correspond to the energy of formation of a cluster
of sites ε[A]X [C]Y [E]Z from their constituents:

[A]X + [C]Y + [E]Z −−→ [A]X[C]Y[E]Z (40)
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Mixing of species on the same site can be rewritten:

[A]X + [C]X + [E]X −−→ 3 [A 1
3
C 1

3
E 1

3
]X (41)

When mixing three site-species on two distinct sites, we have

[A]X + [C]X + 2 [E]Y −−→ 2 [A 1
2
C 1

2
]X[E]Y (42)

The energy of formation of two- and three-site complexes includes site-bonding
terms which cannot be uniquely determined by experimental means. Similar
to the case of binary two-site exchange, we can arbitrarily select a single “spe-
cial” component in each XXY or XYZ block of the ternary matrix to be equal
to zero (e.g. [A]X[C]Y[E]Z), and populate the other components in that block
using reactions involving the special component. Components are also set to
zero if all but one of the corresponding site-species is the same as for the
special component. Components sharing a single site-species with the special
component are assigned values based on exchange reactions involving four clus-
ters. For example, the component corresponding to the [B]X[D]Y[E]Z cluster
is assigned the negative of the following reaction energy:

[A]X[C]Y[E]Z + [B]X[D]Y[E]Z −−→ [B]X[C]Y[E]Z + [A]X[D]Y[E]Z (43)

Finally, components sharing no site-species with the special component are
assigned values based on exchange reactions involving five clusters:

2 [A]X[C]Y[E]Z + [B]X[D]Y[F]Z −−→
[B]X[C]Y[E]Z + [A]X[D]Y[E]Z + [A]X[C]Y[F]Z (44)

The number of non-zero (and independent) components in the XYZ blocks of
the ternary matrix is therefore mno −m − n − o + 2, where m, n and o are
the number of potential site-species on the X, Y and Z sites. The XXY blocks
have fewer independent endmembers (because [A0.5B0.5]X[E]Y is the same as
[B0.5A0.5]X[E]Y), but are otherwise constructed in the same way.

4 Discussion

4.1 Applications of polytope-related algebra for solid solutions

In describing the site-occupancy space of solid solutions as a polytope, we can
use a variety of mathematical tools to solve various thermodynamic tasks. In
this manuscript, we have discussed how to find the polytope corresponding to a
solution, how to find the number of independent endmembers corresponding to
the solution, and enumerating the total set of endmembers. From this starting
point, other tasks are also made easier, including:

– Gridding of site-occupancy space as a function of site occupancies or end-
member proportions. This is necessary for software tools such as PerpleX
[20].
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– Finding the independent endmember-bounded simplex within site-occupancy
space which is most appropriate for a given mineral composition. This is
particularly important in the fitting of thermodynamic models to experi-
mental data. Commonly, phases in experimental runs are poor in one or
more components, and therefore provide poor or misleading constraints on
certain endmember reactions. In such cases, endmember basis transforma-
tion (the subject of Section 3) may provide a better set of endmembers
from which to construct an endmember reaction matrix.

4.2 Applications for the microscopic formulation

The practise of constraining macroscopic (endmember-based) solution models
from microscopic interaction parameters has already been advocated by Powell
et al. [10], but there are additional benefits which are highlighted by our work.

Firstly, if the microscopic interactions wij between similar species are taken
to be equal to each other (e.g. w(AlMg,Y1) = w(AlMg,Y2) and w(MgSiAlAl,Y1Y2)
= w(SiMgAlAl,Y1Y2) for the two-site majorite solution given in Table 4), the
relative endmember energies derived from the conversion described in Section
3 guarantee globally convergent ordering. In other words, the system is guar-
anteed to become completely disordered at a composition-dependent critical
temperature. This is true regardless of the number or multiplicity of sites, and
therefore provides a useful guide for model parameterisation.

Using the microscopic formulation also allows the user to continue subdi-
viding sites to an arbitrary level without necessarily increasing the number of
independent parameters. This site-splitting provides a straightforward way to
reproduce observations of ordering at intermediate compositions. This could
be particularly powerful in systems such as pyrope-majorite, which shows some
tendency for ordering at the 50:50 composition at temperatures <1473 K [3].
A small number of microscopic interactions could be used to produce mod-
els with large numbers of sites, consistently dealing with the high degree of
parameter degeneracy.

Site-splitting coupled with the use of higher-order interaction parameters
also presents an alternative to the use of asymmetric parameters such as αi 6= 1
in the asymmetric formalism [13], or Wij 6= Wji in the subregular formalism
[14]. These model choices have no microscopic justification, and as such may
not extrapolate well. It has long been acknowledged that ordering is an impor-
tant cause of asymmetry in solid solution properties [21], so site-splitting could
better mirror atomic-scale processes within the same model formalism. In a
similar vein, site-splitting could be used in place of “fake”-site multiplicities,
where the multiplicity of one or more sites is reduced to simulate short-range
ordering [22,23]. This would produce more realistic configurational entropies
when strongly-ordered species exist only in dilute quantities on a site.

Acknowledgements R.M. is grateful to George Helffrich and Eleanor Green for encour-
agement and insightful discussions.
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A Research Data

Python implementations of the polytope algorithms described in this paper are provided as
zip files attached to this draft (during revision, online repositories with dois will be used).

Up-to date implementations can be downloaded from https://github.com/bobmyhill/burnman/tree/polytope,
provided as a branch of the open-source burnman software [24].

Examples of solution model polytope generation, endmember enumeration, independent
endmember (basis set) generation and gridding of site occupancy space can be found in the
example script example solution creation and manipulation.py.

A separate code implementing the endmember and microscopic-macroscopic basis con-
versions for the subregular and asymmetric formalisms [14,15,10] can be downloaded from
https://github.com/bobmyhill/microphi. A set of illustrative examples are provided.
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