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Floating ice shelves in Antarctica and Greenland
limit land-ice contributions to sea level rise by
resisting the flow of grounded ice. Melting at
the surface and base of ice shelves can lead to
destabilisation by promoting thinning and fracturing.
Basal melting often results in channelised features
that manifest as surface topography due to buoyancy.
The assumption of hydrostatic flotation commonly
underlies estimates of basal melting rates. However,
numerical simulations and ice-penetrating radar data
have shown that narrow topographic features do
not necessarily satisfy the local flotation condition.
Here, we introduce a linearised model for ice-shelf
topographic response to basal melting perturbations
to quantify deviations from hydrostatic flotation
and the stability of topography. While hydrostatic
flotation is the dominant behaviour at wavelengths
greater than the ice thickness, ice elevation can
deviate from the perfect flotation condition at smaller
wavelengths. The linearised analysis shows that
channelised features can be stable when the timescale
of extensional thinning is small relative the timescale
of viscous flow towards the channel. When extension
is non-negligible, channels can break through the
ice column. We validate the linearised analysis by
comparing numerical solutions to a nonlinear ice-
flow model with steady-state solutions obtained via a
Green’s function.

© The Authors. Published by the Royal Society under the terms of the
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1. Introduction
Ice shelves and floating ice tongues in Greenland and Antarctica slow ice-mass loss and land-ice
contributions to sea level rise by buttressing the flow of grounded ice [1–4]. Subglacial outflow
near grounding lines and warm seawater intrusions can cause localised melting at the base of
ice shelves [5–8]. Topographic features that are elongated in one direction, commonly called ice-
shelf channels, have been found on many ice shelves and arise from localised melting at the base
[7,9]. These anomalous topographic features manifest at the ice-shelf surface due to buoyancy. Ice-
shelf channels have been associated with a variety of features including rifts, subglacial outflow,
persistent polynyas, and terracing of the basal surface [9–11]. While channel formation is driven
by persistent plumes of buoyant water, the dynamics vary and are influenced by the plume source
(i.e., oceanic or subglacial), the presence of heterogeneous surfaces, and ice deformation [7,12–15].

Although melting dominates the basal mass balance of most Antarctic ice shelves [16],
altimetry, ice-penetrating radar, and numerical models have shown that many ice shelves have
regions where water is freezing to the base [17–22]. Borehole drilling has shown that thick
units of frozen-on marine ice exist beneath the Amery Ice Shelf [23–25] and the Ronne-Filchner
Ice Shelf [26,27]. Marine ice can have different rheological properties than meteoric ice due to
differences in crystal size and orientation as well as the presence of interstitial brine [28]. Marine
ice has also been found within suture zones, boundaries within ice shelves that separate different
flow units, and may contribute to the structural stability of ice shelves by impeding fracture
propagation [29–33]. For these reasons, quantifying the mechanical effects of marine ice accretion
and refining inferences from ice-shelf topography remain important areas of investigation.

The melting or freezing rate at the base of ice shelves can be estimated from surface
observations under the assumptions that the ice is undergoing hydrostatic flotation and that
the horizontal velocity is depth-independent. In this limit, the surface elevation of the ice shelf
relative to sea level only depends on the ice thickness and the densities of ice and water. However,
since ice flows like a viscous fluid over long time scales [34–36], deviatoric (bridging) stresses in
the ice can lead to a non-hydrostatic state where the ice-surface elevation is diminished relative
to the hydrostatic elevation [37–39]. Ice-penetrating radar data from the Fimbul Ice Shelf, East
Antarctica, shows that narrow basal channels can be associated with diminished topographic
anomalies [14]. Similarly, hydrostatic imbalance was found in the vicinity of a channel on the
Getz Ice Shelf, West Antarctica, by comparing hydrostatic flotation thickness estimates with ice
thickness obtained from radar profiles along NASA Operation IceBridge transects [40]. When
hydrostatic balance is not satisfied exactly, the velocity is not depth-independent due to the
presence of a secondary flow that balances the formation of basal channels. Deviation of the
surface velocity and elevation from hydrostatic balance produces errors in melting-rate estimates
that are based solely on surface observations [39,40].

Previous models of subglacial channels have been used to explore deviations from hydrostatic
flotation [38,39], coupling with ocean physics [13,41–43], inclusion of viscoelastic effects [44,
45], and evolution of ice-shelf stratigraphy [46]. In a similar setting, a small-perturbation
approximation of the Stokes equations has been used to model the evolution of crevasses in
ice shelves over long time scales in relation to oceanic forcing [47,48]. While detailed analyses
of Stokes-based perturbation models have been developed previously for grounded ice [49–52],
similar analyses for floating ice shelves have not been developed beyond the model for crevasse
evolution in a floating viscous medium that is undergoing extension [47].

Here, we develop a detailed linearised analysis of the ice-shelf topographic response to
melting or freezing perturbations at the base. Our focus is on modelling the competition between
topographic decay and buoyancy from the basal forcing rather than developing a model for the
basal melt rate, which we consider to a be a prescribed field. We derive a linearised model that
describes small perturbations to a floating viscous layer undergoing depth-independent extension
and advection. We simplify the model and analyse the problem via a spectral decomposition. We
quantify conditions under which ice-elevation anomalies approach perfect flotation as well as the
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Figure 1. (a) Sketch of model variables. The ice-surface elevation perturbation is h, the elevation perturbation at the ice-

water interface is s, the melting rate is m, the ice thickness is H , the sea level is ℓ, the flotation factor is δ= ρw/ρi − 1,

and the background horizontal velocity in the x direction is ū. The y direction is pointing out of the page. (b) Example

of a topographic anomaly that is wide relative to the ice thickness and satisfies the perfect flotation condition (h=−δs)

locally. (c) Example of a narrow topographic anomaly that does not satisfy the perfect flotation condition locally.

stability of steady-state solutions for a range of extensional regimes and melting rates. To test the
validity of the small-perturbation approach, we compare numerical solutions obtained by solving
a fully nonlinear ice-flow problem with a finite element method to semi-analytical steady-state
solutions that we obtain with a Green’s function. We conclude by discussing implications and
avenues for further research.

2. Model derivation

(a) Governing equations
First, we outline a general Stokes model for ice-shelf flow. We assume that the domain is an ice
shelf of finite thickness H and infinite horizontal extent (Figure 1a). The domain is defined by
|x|<∞, |y|<∞, and s≤ z ≤ h, where h and s are the upper and lower surfaces of the ice shelf,
respectively. We assume that ice deforms according to the incompressible Stokes equations

−∇p+∇· (2ηε̇) = ρig (2.1)

∇· u= 0, (2.2)

where u= [u, v, w]T is the velocity, ε̇= 1
2

(
∇u+∇uT

)
is the strain rate, η is the ice viscosity, p is

the pressure, ρi is the ice density, and g= [0, 0,−g]T is gravitational acceleration with magnitude
g. For simplicity, we consider a constant (Newtonian) viscosity in the linearised analysis below,
but later compare the analytical results to finite element solutions with a shear-thinning (Glen’s
law) viscosity [34–36].

We assume a stress-free condition at the upper surface (z = h), which is equivalent to

[2ηε̇− pI] · n= 0, (2.3)

where n is an upward-pointing unit normal to the ice boundary and I is the identity tensor. The
normal stress at the ice-water interface (z = s) equals the water pressure and the shear stress
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vanishes,

[2ηε̇− pI] · n= ρwg(ℓ− s)n, (2.4)

where ρw is the water density and z = ℓ is the (far-field) sea level. Below, we set the sea level to
ℓ= (ρi/ρw)H , where H is the ice thickness in the uniform reference state.

The upper and lower surfaces of the ice shelf evolve according to kinematic equations that are
coupled to the Stokes flow equations. The upper surface, z = h(x, y, t), evolves according to

∂h

∂t
+ u

∂h

∂x
+ v

∂h

∂y
=w + a, (2.5)

where a denotes accumulation or ablation at the ice-shelf surface. Similarly, the lower surface,
z = s(x, y, t), evolves according to

∂s

∂t
+ u

∂s

∂x
+ v

∂s

∂y
=w +m, (2.6)

where m is the basal melting or freezing rate (Figure 1). We also require that all fields approach
appropriate far-field reference states in the limits |x| →∞ and |y| →∞, which are naturally
incorporated in the perturbation-based framework described below. While our focus is on a
spectral analysis of the linearised problem, we also compare the results to solutions obtained
by solving the fully nonlinear problem (2.1)-(2.6) with a finite element method, subject to a shear-
thinning flow law for the viscosity and additional boundary conditions on the side-walls of the
computational domain.

(b) Perturbation equations
Next, we derive a linearisation of the problem (2.1)-(2.6). We take perturbations relative to an
idealised reference state that is characterised by depth-independent extension and advection,
a constant (Newtonian) ice viscosity η̄, perfect flotation, and no surface accumulation or basal
melting (Figure 1). Denoting the reference states with bars, these conditions are given by

ū= ū0 + Exxx, v̄= v̄0 + Eyyy, w̄=−E(z − ℓ), p̄= ρig(h̄− z)− 2η̄E,

h̄= ℓ+ (H − ℓ)e−Et, s̄= ℓ(1− e−Et), ℓ̄=
ρi
ρw

H, ā= m̄= 0 (2.7)

where H is the initial ice thickness, Exx and Eyy are constant principal strain rates, E =

Exx + Eyy is the thinning rate, and ū0 and v̄0 are advective components of the background
flow. The advective components can be ignored in the perturbation analysis if the melting
perturbation advects with the basal topography or is oriented in the along-flow direction. Thus,
the advective components are primarily relevant to flow across a stationary melting source
as in, for example, a subglacial outflow plume [9]. While we assume a Newtonian rheology
for simplicity, an extensional stress regime with shear-thinning rheology has been analysed
previously in a linearised framework [47]. In the limit of no extension (E → 0), the cryostatic
reference state is comparable to previous work that quantified the stability of channels and non-
hydrostatic stresses with numerical simulations of idealised, laterally confined ice shelves [39].
We will assume throughout that the background thickness remains approximately constant,
h̄− s̄≈H , over the timescales considered here because our focus is on small thinning rates.

We introduce small, localised perturbations (denoted by asterisks) to the reference states via

u= ū+ ϵu∗, v= v̄ + ϵv∗, w= w̄ + ϵw∗, p= p̄+ ϵp∗,

s= s̄+ ϵs∗, h= h̄+ ϵh∗, m= m̄+ ϵm∗, (2.8)

where ϵ is a small parameter. For simplicity, we do not consider perturbations to the surface
accumulation (or ablation) rate. We revisit possible sources of surface-mass balance perturbations
and related model extensions in the discussion. Here, we consider the melt-rate perturbation
to be a prescribed field and focus on the topographic response to this basal forcing. We revisit
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the importance of process-based models for channel formation that capture feedbacks between
melting and basal topography in the discussion

We insert the perturbations (2.8) into (2.1)-(2.2) and discard the O(ϵ2) terms to obtain a
homogeneous, linear Stokes problem for the perturbed fields,

−∇p∗ + η̄∇2u∗ = 0 (2.9)

∇· u∗ = 0. (2.10)

Although not explored here, a non-Newtonian reference state results in a perturbed momentum
balance that depends on the stress exponent and background principal strain rates [47]. The
surface kinematic equations (2.5) and (2.6) reduce to

∂h∗
∂t

+ ū0
∂h∗
∂x

+ v̄0
∂h∗
∂y

=w∗ + Eh (2.11)

∂s∗
∂t

+ ū0
∂s∗
∂x

+ v̄0
∂s∗
∂y

=w∗ +m∗ + Es, (2.12)

where we have made the approximations

Exxx
∂ζ

∂x
≈−Exxζ, Eyyy

∂ζ

∂y
≈−Eyyζ, (2.13)

for ζ = h∗ and ζ = s∗, under the assumption that ∂
∂x (Exxxζ) and ∂

∂y (Eyyyζ) are small, which is
true when the perturbations decay away from the origin.

To account for changes in ice geometry, we linearise the upper and lower surface boundary
conditions at z = h̄+ h∗ and z = s̄+ s∗ onto z =H and z = 0, respectively. The vanishing normal
stress condition in (2.3) is approximated at z =H by

p∗ − 2η̄
∂w∗
∂z

= h∗ρi g, (2.14)

where we have assumed that |H − h̄| is small. Similarly, the normal stress condition at the base
(2.4) is approximated at z = 0 by

p∗ − 2η̄
∂w∗
∂z

=−s∗∆ρg (2.15)

where ∆ρ= ρw − ρi is the density difference between ice and water and we have assumed that
|s̄| is small. The vanishing shear-stress conditions in (2.3) and (2.4) take the form

∂u∗
∂z

+
∂w∗
∂x

= 2
∂ζ

∂x
(2Exx + Eyy) (2.16)

∂v∗
∂z

+
∂w∗
∂y

= 2
∂ζ

∂y
(2Eyy + Exx) (2.17)

with ζ = h∗ at the surface and ζ = s∗ at the base. The terms on the right side of (2.16) and (2.17)
arise from the projection of the stress tensor onto the perturbed surfaces [52,53]. We drop the
asterisk subscripts on the perturbed fields below.

A primary goal in the analysis below is to determine when the perfect flotation condition

h=−δs (2.18)

is satisfied locally, where we have defined the flotation factor

δ≡ ρw
ρi

− 1. (2.19)

The perfect flotation condition (2.18) corresponds to a purely hydrostatic state (Figure 1b).
However, deviatoric (bridging) stresses within the ice can support departures from this state
[37–39](Figure 1c). While our analysis is focused on ice-shelf topography, testing whether or not
the horizontal velocity is depth-independent is also possible in this framework.
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(c) Fourier transform approach
We apply Fourier transforms with respect to the horizontal coordinates (x, y) to simplify the
system (2.9)-(2.17). The Stokes equations (2.9)-(2.10), written component-wise, transform to

−ikxp̂+ η̄

(
−k2û+

∂2û

∂z2

)
= 0 (2.20)

−iky p̂+ η̄

(
−k2v̂ +

∂2v̂

∂z2

)
= 0 (2.21)

−∂p̂

∂z
+ η̄

(
−k2ŵ +

∂2ŵ

∂z2

)
= 0 (2.22)

ikxû+ iky v̂ +
∂ŵ

∂z
= 0, (2.23)

where k= [kx, ky]
T is the horizontal wavevector with magnitude k=

√
k2x + k2y . Equations

(2.20)-(2.23) reduce to a fourth-order equation for the transformed vertical velocity [52],

∂4ŵ

∂z4
− 2k2

∂2ŵ

∂z2
+ k4ŵ= 0. (2.24)

The general solution to (2.24) is

ŵ=
c1
k
ekz +

c2
k
e−kz + c3ze

kz + c4ze
−kz , (2.25)

where the coefficients cj depend on k. To determine the coefficients in (2.24), we rewrite all of the
boundary conditions in terms of ŵ. The shear-stress conditions (2.16) and (2.17) along with the
transformed incompressibility condition (2.23) imply that

∂2ŵ

∂z2
+ k2ŵ=

[
4k2E − 2k2yExx − 2k2xEyy)

]
ζ̂ (2.26)

at ζ = h and ζ = s. The transformed normal-stress condition at the upper surface can be rewritten
using (2.20)-(2.23) as

η̄

(
3k2

∂ŵ

∂z
− ∂3ŵ

∂z3

)
=−k2ρigĥ, (2.27)

and, similarly, the transformed normal-stress condition at the base becomes

η̄

(
3k2

∂ŵ

∂z
− ∂3ŵ

∂z3

)
= k2∆ρgŝ. (2.28)

We insert the formula for ŵ (2.25) into the boundary conditions (2.26)-(2.28) to obtain a linear
system for the coefficients cj ,

ek
′

−e−k′
k′ek

′
−k′e−k′

ek
′

e−k′
(k′ + 1)ek

′
(k′ − 1)e−k′

1 −1 0 0

1 1 1 −1




c1
c2
c3
c4

=
ρig

2η̄


−ĥ

(2γ − γ0)k
′ ĥ

δŝ

(2γ − γ0)k
′ ŝ

 , (2.29)

where the scaled wavevector magnitude,

k′ = kH, (2.30)

appears due to evaluation of the boundary conditions at z =H . In equation (2.29), we have
defined the extensional parameters

γ =Etr (2.31)

γ0 =
Eyytrk

′2
x + Exxtrk

′2
y

k′2
(2.32)
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where

tr =
2η̄

ρigH
, (2.33)

is a characteristic timescale for the relaxation of surface topography due to viscous flow [54,55].
Thus, γ is a ratio of the timescale of topographic decay from viscous flow to the timescale set
by extension. In the analysis below, we compare the timescale tr to an intrinsic timescale that
arises from competition between topographic relaxation and buoyancy, along with the extensional
timescale set by the thinning rate E. The quantity γ0 (2.32) vanishes in the case of uniform
unidirectional extension (e.g., Eyy = ky = 0) and approaches γ in the case of radial spreading
(Exx =Eyy).

We solve the linear system (2.29) for the coefficients cj for all k′ > 0. In the limit k′ → 0, the
system is singular, meaning that the long-wavelength component of ŵ is not uniquely determined
by the momentum balance alone. We show that solutions to the coupled problem are well-
defined in the limit k′ → 0 because the surface evolution equations (2.11) and (2.12) impose
additional constraints on the vertical velocity in relation to the surface elevations and melting
rate. A necessary condition for the existence of solutions to (2.29) is that ĥ→−δŝ as k′ → 0, or,
equivalently, ∫+∞

−∞

∫+∞

−∞
h dxdy=−

∫+∞

−∞

∫+∞

−∞
δs dxdy. (2.34)

The condition (2.34) implies that that the perturbations will satisfy the perfect flotation condition,
h=−δs, on average, but not necessarily locally.

Substituting the coefficients cj into (2.25), we obtain an expression for the vertical velocity at
the upper surface,

ŵ|z=H =− 1

tr
[R+ (2γ − γ0)R0]ĥ− 1

tr
[δB+ (2γ − γ0)B0] ŝ, (2.35)

where the surface relaxation function R is given by

R=
e4k

′
+ 4k′e2k

′
− 1

k′[e4k′ − 2(1 + 2k′2)e2k′
+ 1]

, (2.36)

and the buoyancy transfer function B is given by

B=
2(k′ + 1)e3k

′
+ 2(k′ − 1)ek

′

k′[e4k′ − 2(1 + 2k′2)e2k′
+ 1]

. (2.37)

The functions

R0 =
4k′3e2k

′

k′(e4k′ − 2(1 + 2k′2)e2k′
+ 1)

(2.38)

and

B0 =
2k′2ek

′
(e2k

′
− 1)

k′(e4k′ − 2(1 + 2k′2)e2k′
+ 1)

(2.39)

are contributions to the relaxation and transfer functions due to the extensional background state.
We show that the extensional contributions R0 and B0 are negligible compared to R and B when
the thinning rate is small, which allows for a simplified mathematical analysis.

Combining (2.11) and (2.35), the upper surface evolves according to

∂ĥ

∂t
+ i(k · ū0)ĥ=− 1

tr
[R+ (2γ − γ0)R0]ĥ− 1

tr
[δB+ (2γ − γ0)B0] ŝ+

1

tr
γĥ. (2.40)

where we have defined ū0 = [ū0, v̄0]
T . Similarly, the vertical velocity at the lower surface is given

by

ŵ|z=0 =−[δR+ (2γ − γ0)R0]ŝ− [B+ (2γ − γ0)B0]ĥ (2.41)
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which, along with (2.12), leads to the evolution equation

∂ŝ

∂t
+ i(k · ū0)ŝ= m̂− 1

tr
[δR+ (2γ − γ0)R0]ŝ−

1

tr
[B+ (2γ − γ0)B0] ĥ+

1

tr
γŝ (2.42)

Equations (2.40) and (2.42) show that the upper and basal surfaces evolve according to a
competition between topographic decay that is captured by the R functions, buoyancy forcing
that is captured by the B functions, and extensional thinning from the γĥ and γŝ terms. The
buoyancy function B transmits perturbations between the upper and basal surfaces, similar to
transfer functions in previous models of grounded ice [51,52].

The relaxation function (2.36) and buoyancy function (2.37) are singular in the limit k→
0 (Figure 2). Physically, these singularities imply that topographic relaxation and buoyancy
adjustments occur instantaneously at long wavelengths under the assumption of an infinitely
expansive ice shelf. Laurent expansions of R and B indicate that they grow like k−4 as k→ 0

in accordance with the similar crevasse evolution model [47]. We show that the solutions are
well-defined despite the singularities. For the purpose of computing the solutions below, we
regularise the functions R and B so that the long-wavelength limit of the dominant eigenvalue
in the problem is attained at a small value of k (Appendix A). Below, we will show that the
asymptotic behaviour R∼B at long wavelengths is associated with a hydrostatic state because
topographic relaxation is perfectly balanced by buoyancy.

At short wavelengths, the behaviour R≫B can lead to diminished surface topography
because the presence of deviatoric stresses causes the topographic relaxation to exceed the
buoyancy forcing (Figure 2). In particular, the behaviour R∼ k−1 at short wavelengths agrees
with classical models of postglacial rebound where the mantle is modelled as a viscous layer with
infinite thickness [54]. The extensional contributions R0 and B0 behave like k−2 as k→ 0 and e−k

as k→∞ (Figure 2b). Thus, these terms can be neglected for small values of γ. The extensional
terms enhance the effects of buoyancy relative to relaxation because B0 > R0, which can influence
the non-hydrostatic effects and stability at larger values of γ.

(d) Scaling and simplification
Now, we introduce a scaling for the model equations (2.40) and (2.42). We scale the variables
according to

h=Hh′, s=Hs′, x=Hx′, kx =H−1k′x, t= trt
′, m= tr

−1Hm′, (2.43)

where the viscous relaxation time scale tr is defined in (2.33). Omitting primes, equations (2.40)
and (2.42) become

∂ĥ

∂t
+ i(k ·α)ĥ=−[R+ (2γ − γ0)R0]ĥ− [δB+ (2γ − γ0)B0] ŝ+ γĥ. (2.44)

∂ŝ

∂t
+ i(k ·α)ŝ= m̂− [δR+ (2γ − γ0)R0]ŝ− [B+ (2γ − γ0)B0] ĥ+ γŝ, (2.45)

where the parameter

α=
ū0tr
H

(2.46)

is the advective component of the background flow velocity relative to the velocity scale H/tr.

Below, we show that solutions evolve over a longer time scale te ≡ tr × 2
(
1 + δ−1

)
, which

coincides with the characteristic time scale in shallow approximations of ice-shelf flow [56].
We derive a simplified system under the assumption that the extensional contributions to

the relaxation and buoyancy functions satisfy (2γ − γ0)R0 ≪ R and (2γ − γ0)B0 ≪B and can,
therefore, be neglected. This approximation is accurate for small values of the extensional
parameter γ (Figure 2b). Here, we focus on the effects of across-channel advection and set v̄0 = 0

because the melt rate does not vary in the along-channel direction for the examples explored
herein (Figure 1). Along-channel advection (v̄0 > 0) does not have an effect when there are no
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Figure 2. (a) Graphs of R (2.36) and B (2.37) as functions of k (nondimensional) along with their asymptotic behaviours as

k→ 0 and k→∞ (dashed lines). (b) Extensional contributions R0 and B0 to the full relaxation and buoyancy functions

R+ (2γ − γ0)R0 and B+ (2γ − γ0)B0, which are plotted for γ = 0.05 and γ0 ≡ 0. The extensional contributions are

negligible for this value of γ.

along-channel variations because the problem can be translated to a frame moving with v̄0
where the melt rate remains the same. By including an across-channel advective component
ū0 ≥ 0, we are assuming that the melt rate does not necessarily advect with the basal topography
perturbation. For example, a stationary melt source that the ice advects over could arise from a
subglacial outflow plume [7]. We revisit this issue in the discussion.

Under these assumptions, equations (2.44) and (2.45) simplify to

∂ĥ

∂t
+ ikxαĥ=−Rĥ− Bδŝ+ γĥ (2.47)

∂ŝ

∂t
+ ikxαŝ= m̂− Rδŝ− Bĥ+ γŝ (2.48)

where α= ū0tr/H . We have retained the growth terms, γh and γs, to explore the effect of
extension on the stability of topography. While we have made these approximations to simplify
the presentation, solutions to the full problem (2.44)-(2.45) can be obtained by following the same
spectral decomposition argument that we employ below. As we have neglected terms that only
arise during extension, the system (2.47)-(2.48) can be viewed as a quasi-cryostatic, Newtonian
simplification of the previous linearised extension model [47], although we have extended this
to include an advective component in the across-channel direction. The simplified mathematical
structure of (2.47)-(2.48) allows us to analyse the solutions in detail and derive a Green’s function
for a certain class of steady-state solutions.

3. Analysis
Next, we derive solutions to the problem (2.47)-(2.48) via a spectral decomposition. We analyse
the stability of channels, time scales of channel evolution, and the role of the extensional
parameter γ. We also quantify when solutions can be expected to deviate from the perfect flotation
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condition, h=−δs. We then derive steady solution formulas and find a Green’s function for a one-
dimensional melt channel in the absence of background advection and extension. While our focus
is on topography, velocity solutions can be derived and analysed once the elevations h and s are
obtained. We provide expressions for the vertical and horizontal velocity solutions in Appendix
B and C, respectively.

(a) Solution formulas
We rewrite the system (2.47)-(2.48) as

∂y

∂t
=Ay + b, (3.1)

where

y=

[
ĥ

ŝ

]
, b=

[
0

m̂

]
, A=−

[
ikxα− γ + R δB

B ikxα− γ + δR

]
. (3.2)

To derive solutions and analyse their basic properties, we diagonalise the matrix A according to

A=PDP−1, P=

 | |
φ− φ+

| |

 , D=

[
λ− 0

0 λ+

]
. (3.3)

The eigenvalues (λ±) and eigenvectors (φ±) of A in (3.3) are

λ± = γ −
(
ikxα− δ + 1

2
R∓ µ

2

)
(3.4)

φ± =

[
R(1−δ)∓µ

2B
1

]
(3.5)

where we have defined
µ=

√
4δB2 + R2(δ − 1)2. (3.6)

The eigenvector corresponding to the dominant eigenvalue λ+ has the limit φ+/∥φ+∥→
[−δ, 1]T as k→ 0, which drives the solution towards the perfect flotation condition h=−δs

(Figure 3 and Figure 4). The other eigenpair encourages deviations from perfect flotation,
but this effect decays rapidly as k→ 0 since λ− becomes very negative (Figure 3). However,
we show below that these effects can be important at short wavelengths. The normalised
eigenvectors approach φ+/∥φ+∥→ [0, 1]T and φ−/∥φ−∥→ [1, 0]T as k→∞, meaning that the
surface and basal responses become decoupled at short wavelengths because perturbations are
not transmitted through the ice column.

In the absence of thinning, steady-state solutions are stable because the eigenvalues of A have
negative real part when γ = 0. Equation (3.4) implies that Re(λ−)< 0 and Re(λ+)< 0 if and only
if R>B, which is satisfied for all k > 0 (Figure 2). The long-wavelength limit of the dominant
eigenvalue is

lim
k→0

λ+

∣∣∣∣
γ=0

=−1

2

(
δ

δ + 1

)
, (3.7)

when γ = 0, although this limit is approximately attained for k≲ 1 (Figure 3). This limit shows
that solutions will tend to evolve over the longer timescale te defined by

te ≡ tr × 2

(
1 +

1

δ

)
=

4η

∆ρ gH

ρw
ρi

, (3.8)

which is a characteristic timescale in shallow approximations of ice-shelf flow [56]. The timescale
te (3.8) properly accounts for the competition between topographic relaxation and buoyancy in
contrast to the original timescale tr. In particular, the intrinsic time scale te exceeds tr because
the topographic relaxation at the upper surface must coincide with topographic relaxation at
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Figure 3. Real parts of the eigenvalues (λ±) of A from equation (3.4) along with their asymptotic behaviours as k→ 0

and k→∞ (dashed lines) in the absence of extension (γ = 0). Imaginary components of the eigenvalues are only

present when across-channel advection is nonzero (α> 0). The extensional parameter γ shifts the real parts of the

eigenvalues towards positive values.

the lower surface due to buoyancy, meaning that more mass must be redistributed relative to
the case where there is a single free surface as in, for example, the classical postglacial rebound
problem [54]. While longer-wavelength solutions reach steady state according to the time scale
te, shorter-wavelength solutions will take longer to reach steady state because the eigenvalues
become diminished as k→∞ (Figure 3).

When the extensional parameter is positive (γ > 0), equation (3.4) shows that the real parts
of the eigenvalues are shifted towards positive values so that instability will arise first at shorter
wavelengths (Figure 3). All wavelengths are unstable when γ > 1

2δ/(δ + 1). In physical terms, this
occurs when the intrinsic channel evolution timescale exceeds the time scale from the background
strain rate, te > 1/E. This long-wavelength stability ratio 1/(teE) is the same as the stability
parameter S0 from [47] when the effects of snow density at the upper surface are neglected. When
γ < 1

2δ/(δ + 1), the stability of the solution depends sensitively on the spectral properties of the
melt rate m. In particular, stable steady solutions are possible for γ < 1

2δ/(δ + 1) if m̂ is rapidly
decaying to zero at the wavelength where the instability arises.

Assuming no initial perturbation, the solution to (3.1) is

y=

∫ t
0
eA(t−t̃)b(t̃) dt̃, (3.9)

where we compute the matrix exponential via eAt =PeDtP−1. Equation (3.9) shows that the
solution for the ice-surface elevation anomaly is

ĥ=

∫ t
0
Kh(t− t̃)m̂(t̃) dt̃,

Kh(t)≡−δB

µ
(eλ+t − eλ−t). (3.10)

Similarly, the solution for the elevation anomaly at the ice-water interface is

ŝ=

∫ t
0
Ks(t− t̃)m̂(t̃) dt̃,

Ks(t)≡
1

2µ
[(µ+ (1− δ)R)eλ+t + (µ− (1− δ)R)eλ−t]. (3.11)
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Figure 4. Normalised eigenvectors (φ±) of A. ‘h comp.’ is the first vector component and ‘s comp.’ is the second

component in accordance with (3.2). Dashes lines highlight analytical limits.

Figure 5. Real parts of the kernels Ks (3.11) and −Kh/δ (3.10) of the solution operators in the absence of extension

(γ = 0). The dashed boxes denote the region in (k, t) space where the flotation thickness is approximately satisfied since

Kh ≈−δKs. Imaginary parts of the kernels only arise when across-channel advection is present (α> 0).

The formulas (3.10) and (3.11) show that ĥ will be close to −δŝ provided that Kh is close to
−δKs and |m̂| is not too large. We show the kernels Ks and −Kh/δ in Figure 5, highlighting
that Kh(k, t)≈−δKs(k, t) when k ∈ (0, 1) and t∈ (10−1,∞). Therefore, significant deviations
from perfect flotation only occur on fast timescales relative to the relaxation timescale or short
wavelengths relative to the ice thickness.

Finally, across-channel advection from the background flow, which is described by the α

parameter, can produce asymmetry and smaller surface perturbations. In the fast-flow limit
(α→∞), the perturbations decay to zero because the integral kernels in (3.10) and (3.11) become
highly oscillatory due to the imaginary parts of the eigenvalues in (3.4). This limit occurs when
the ice advects with the background flow too quickly to be disrupted by basal melting or freezing
perturbations. After deriving steady solutions, we illustrate through several examples how the
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Figure 6. Graph of the free-space Green’s function G given by equation (3.17).

evolution and stability of topography is affected by across-channel advection, extension, and the
spectral properties of the melt rate.

(b) Steady states
We compute steady solutions via [ĥe, ŝe]

T =−A−1b to obtain

ĥe =− δBm̂

δ(R2 − B2) + (ikxα− γ)(δ + 1)R+ (ikxα− γ)2
(3.12)

ŝe =
(R+ ikxα− γ)m̂

δ(R2 − B2) + (ikxα− γ)(δ + 1)R+ (ikxα− γ)2
. (3.13)

We derive a free-space Green’s function for the steady problem in the limits of no background
advection (α= 0), no thinning (γ = 0), and no variations in the y direction (i.e., k= |kx|). Under
these assumptions, we obtain

ĥe = Ĝ m̂. (3.14)

where

Ĝ≡− B

R2 − B2
=−k2coth(k)csch(k)− kcsch(k). (3.15)

We use the convolution theorem to find the steady surface elevation via

he(x) =

∫+∞

−∞
G(x− x̃)m(x̃) dx̃, (3.16)

where the free-space Green’s function is

G(x) =
π

4
sech2

(πx
2

) [
πx tanh

(πx
2

)
− 3

]
. (3.17)

In two horizontal dimensions, G corresponds to the steady elevation anomaly that arises when
the melt rate is a line source (Figure 6).

4. Examples
We explore solutions to the model for different melt rates m, across-channel advection parameters
α, and extensional parameters γ. In all of these examples, we choose a stationary Gaussian-
shaped melting or freezing anomaly that does not vary with time or the y direction for simplicity
and to facilitate comparison with previous modeling studies [38,39,47]. Therefore, we set m=

Page 14 of 25

http://mc.manuscriptcentral.com/prsa

Submitted to Proceedings A

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Review Only

14

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

Figure 7. Steady ice-shelf profiles highlighting the flow field and topography in the limit of no background extension

(γ = 0). Normalised velocity streamlines are plotted on the deformed grid defined by z 7→ (1− z)s+ zh. The elevation

(green) and perfect flotation elevation −δs (dashed black) are shown for each example, along with the melting or freezing

rate m (orange). For both examples, the standard deviation of the melting rate is σ= 10/3.

±m0 exp
(
− 1

2x
2/σ2

)
and choose an amplitude of m0 = 0.014, which corresponds to a melt

rate of 5 m/yr when H = 500 m, η̄= 1014 Pa s, and ρi = 917 kg/m3. In all examples, we set
δ= 0.11, which corresponds to a sea water density of ρw = 1020 kg/m3. With these parameters,
the intrinsic channel evolution timescale given by te in equation (3.8) is ∼27 yr and the critical
value of the extension parameter above which instability is guaranteed is γ = 1

2δ/(1 + δ)≈ 0.05.
We first explore the effect of varying the across-channel advection parameter α, the width of

the anomaly via σ, and the sign of the anomaly in the limit of no background extension, γ = 0

(Figure 7 and Figure 8). We set either α= 0 or α= 1/2, corresponding to no across-channel flow
or an across-channel flow of ū≈ 193 m/yr with the parameters cited above, respectively. We also
show streamlines of the steady flow fields for each example. Expressions for the vertical and
horizontal velocity fields are provided in Appendix B and Appendix C, respectively.

When the melting anomaly is wide relative to the ice thickness (σ= 10/3), we find that the
steady surface elevation closely matches the perfect flotation condition (Figure 7a). Introducing
background advection leads to asymmetry in the surfaces and flow fields (Figure 7b). Ice flows
inwards to balance the melting anomaly (Figure 7a) and outwards to balance the freezing anomaly
(Figure 7b). We find that significant deviations from perfect flotation (h ̸=−δs) occur when the
melting anomaly width approaches the ice thickness (σ≈ 1/3) or smaller. In this regime, the
elevation anomaly is diminished relative to the perfect flotation elevation (Figure 8a). At these
smaller length scales, across-channel advection from the background flow produces pronounced
asymmetry and the surface expression of the basal anomaly is greatly diminished (Figure 8b).

We illustrate the stability and hydrostatic imbalance results further by first considering the
transient evolution of the ice thickness for the narrow channel example (σ= 1/3) for a range
of values of the extension parameter γ, up to the critical value of γ = 1

2δ/(1 + δ)≈ 0.05 where
instability is guaranteed (Figure 9). For smaller values of the extension parameter, γ ≲ 0.01, the
channel approaches steady state after t≈ 10 te in dimensional terms (Figure 9a). Larger values
of the extension parameter result in channels that are more deeply incised. When γ ≳ 0.01, the
channels break through the ice column because viscous flow towards the channel is not able
to overcome the extensional forcing. For larger γ, the channel incision can exceed the linearly
extrapolated melt rate due to the effects of extension (Figure 9a). We also compare the ice thickness
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Figure 8. Same as Figure 7 except that the standard deviation of the melting rate is set to σ= 1/3. The ice-surface

elevations (green lines) deviate from the perfect flotation condition (dashed lines).

Figure 9. (a) Time series of the maximum channel incision for various values of the extensional parameter γ along with

the linearly extrapolated maximum melt rate (dashed line). Time has been (re-)scaled relative to the intrinsic channel

evolution time scale te. The parameters σ= 1/3 and α= 0 are the same as in Figure 8a. Stability is found for small

values of the extensional parameter, i.e., γ ≲ 0.01. The melting rate and other parameters are the same as in Figure

8a. (b) Profiles of the thickness change at the time points indicated in (a) for γ = 0 (black) and γ = 0.01 (orange). (c)

Thickness change estimated by assuming the surface elevation is in perfect flotation. When γ = 0, the steady thickness

is underestimated by up to ∼0.2, or ∼20% of the background ice thickness (H) in dimensional terms, relative to the true

thickness change in (b). When γ = 0.01, the steady thickness is underestimated by up to ∼35%.
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Figure 10. Same as Figure 9 except with the parameters σ= 10/3 and α= 0 from Figure 7a. Stability is possible for

larger values of the extensional parameter, i.e., γ ≲ 0.03, relative to Figure 9. (b) Steady profiles are shown for γ = 0

(black) and γ = 0.03 (green). In (c), the hydrostatic thickness estimate is ∼0.03 smaller than the true thickness change

in (b), or 3% of the background ice thickness (H) in dimensional terms, for both values of γ.

change to an ice thickness estimate based on the assumption of perfect flotation (Figure 9b).
We find that an ice thickness estimate that is based on the perfect flotation assumption would
underestimate the true ice thickness by as much as ∼20% of the background ice thickness when
γ = 0 or up to ∼35% when γ = 0.01 (Figure 9c).

To explore these effects further, we repeated the above experiment for the wide channel
example (σ= 10/3) and found that stable steady states exist for a wider range of extension
parameters, γ ≲ 0.03, relative to the narrow anomaly example (Figure 10). This difference arises
because the stability depends on the spectral properties of the melt rate when γ < 1

2δ/(1 + δ)≈
0.05. The wide melting anomalies are inherently more stable than the narrow anomalies because
they are transformed to longer wavelengths in Fourier space that can avoid short-wavelength
instabilities (Figure 3). For example, instability arises at k≈ 3.7 when γ = 0.03, which falls outside
the "width" of m̂∝ exp(−k2σ2/2) when σ= 10/3 but not when σ= 1/3 (Figure 9a and Figure
10a). In physical terms, the wider channels generate a stronger secondary flow that can overcome
the extensional forcing. Stability at stronger extensional regimes also allows wide channels to
become more deeply incised at steady state relative to narrow channels (Figure 10b). The wide
anomalies approach steady state by t≈ 5 te, which more closely follows the intrinsic long-
wavelength timescale than the narrow channel examples. We find that an ice thickness estimate
based on the perfect flotation assumption would underestimate the true ice thickness by up to
∼3% of the background ice thickness for the stable values of γ ≲ 0.03 shown here (Figure 9b).

Finally, we also compare the one-dimensional convolution solution (3.16) to a solution
obtained by solving the fully nonlinear problem (2.1)-(2.6) with a finite element method [57].
In the nonlinear simulations, we relate the ice viscosity to strain rate through a regularised Glen’s
flow law [34–36]

η=
1

2
B(|ε̇|2 + ν)

1−n
2n , (4.1)

where n is the stress exponent, B is the ice hardness parameter, |ε̇|=
√

1
2 ε̇ : ε̇ is the second

invariant, and ν is a regularisation parameter that ensures finite viscosity in the limit of zero
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Figure 11. Nonlinear solutions obtained with a finite element method in one horizontal dimension for two different basal

melting rates and no background extension. The melting rate in panel (b) is five times larger than the melting rate in panel

(a). The finite element solutions are shown at time t= 5 te and have approached steady state. Steady state Green’s

function solutions he given by (3.16)-(3.17) are shown as dashed lines.

strain rate. In the flow law (4.1), we set the stress exponent to n= 4 and the ice hardness to
B = 108 Pa s1/n following recent calibration of these parameters for Antarctic ice shelves [58]. We
set the viscosity regularization parameter ν to coincide with the background viscosity η̄= 1014

Pa s at zero strain rate with these parameters. Thus, the viscosity in the nonlinear model only
deviates from the linear model due to strain rates from the flow perturbations. On the side-walls
of the computational domain, we set the horizontal velocity and vertical shear stress to zero.
The computational domain is defined by a height of H = 500 m and width of 40 km, which is
discretised by a uniform mesh with an element width of 100 m. The sea level is set to ℓ= (ρi/ρw)H

in the lower-surface boundary condition (2.4). The velocity and pressure are approximated by
Taylor-Hood elements [57]. To allow for steady-state solutions in this confined setting, we set
a constant accumulation rate a in (2.5) that is equal to the average melt rate [39]. We have
implemented the finite element method in FEniCSx and made it openly available as described
in the Data Availability statement [59–61].

We find that the nonlinear solution approaches steady state by t= 5 te. For the parameters
listed above, the finite element solution closely matches the Green’s function solution (3.16) when
the melt rate is small, e.g., 1 m/yr (Figure 11a). This agreement suggests that the Green’s function
solution could be used for verification of nonlinear Stokes models when the melt rate is small.
When the melt rate is larger, there can be deviations between the Green’s function solution and
finite element solution due to nonlinearities in the original problem (2.1)-(2.6) and the lateral
confinement in the numerical solution (Figure 11b). Deviations from a Newtonian viscous state in
the nonlinear model is controlled by the rheology parameters B and n in the flow law (4.1), which
also influence the agreement with the linearised model. Linearisation of the boundary conditions
onto the simplified domain also contributes to the accuracy of the small-perturbation solutions
when the channel incises through a significant fraction of the ice thickness (Figure 11b).
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5. Discussion
The linearised analysis shows that short wavelength topography can deviate locally from perfect
flotation even in steady state. These non-hydrostatic effects are due to the presence of non-
negligible deviatoric (bridging) stresses. As the ice thickness is typically assumed to be in
hydrostatic balance, non-hydrostatic effects can influence the accuracy of ice thickness and basal
melt-rate estimates [38–40]. For example, recent numerical modelling showed that the true melt
rate and hydrostatic melt-rate estimate can have a pointwise mismatch of up to 25%, although the
total effect was less than 1% when integrated over the entire domain [39]. In these simulations,
the accuracy of the integrated melt rate estimate could arise because the ice shelf satisfies the
flotation condition in an averaged sense analogous to equation (2.34). Comparisons of hydrostatic
thickness estimates with thickness from ice-penetrating radar showed a significant discrepancy
across a channel on the Getz Ice Shelf in West Antarctica [40]. Similarly, we found that the
thickness can be underestimated significantly at short wavelengths under the perfect flotation
assumption (Figure 9).

Incorporating hydrostatic imbalance into estimates of ice thickness and discharge could
help to sharpen melt-rate estimates. The linearised model developed herein could potentially
be used to invert for the basal melt rate from altimetry data while allowing for hydrostatic
imbalance. For example, equation (3.10) suggests that the inverse problem would take the form
of a spatiotemporal deconvolution. Further validation against nonlinear models, incorporation
of additional background states, and comparison with existing estimation methods would be
necessary steps to consider before applying the linearised model to estimate basal melt rates. We
found that across-channel advection leads to diminished topography that could be difficult to
associate with basal melting in the framework of an altimetry-based inverse method, although
this issue could be circumvented with an alternative method if surface velocity data that resolves
the flow response across the channel is available (Figure 8b).

Aside from non-hydrostatic effects, our analysis highlights several important aspects of
channel stability and suggests that melt-rate estimates should be interpreted carefully in
conjunction with strain rates and ice rheology. For example, previous work has suggested that
a channel on the Dotson Ice Shelf, West Antarctica, will eventually break through the entire
thickness of the ice column based on linearly extrapolating melt rate estimates [62]. Previous
analysis and the simplified treatment herein shows that instability can arise when the timescale
set by extensional thinning is faster than the intrinsic channel evolution timescale, which depends
on the ice viscosity [47]. On the other hand, we found that channels can reach a stable steady state
where melting is balanced by viscous flow towards the channel whenever melting is constant
through time and extensional thinning is small, in agreement with recent numerical simulations
[39]. Channel stability generally depends on the spectral properties of the melt rate when thinning
rates are non-negligible (Figures 9-10). Thus, time-varying melt rates due to evolving ocean
conditions or complex ice-ocean coupling such as melt enhancement along steep or rough basal
surfaces could also influence the stability of channels [15,63]. Careful consideration of the stress
regime, ice rheology, and coupling with ocean physics is needed for predicting channel evolution
and the potential for incision through the ice column.

We also found that across-channel advection leads to diminished topography (Figure 7b),
especially at shorter wavelengths (Figure 8b). The topography is diminished because a portion of
the melt rate is balanced by advection from the background flow rather than vertical deformation.
These results suggest that channel development in the across-flow direction is hindered at short
wavelengths, which could provide one explanation for why channels are preferentially oriented
in the along-flow direction. The orientation of the ocean current or subglacial outflow that drives
channel incision also influences the along-flow orientation as buoyant meltwater preferentially
follows the ice-shelf profile towards the terminus [7,9]. However, these across-channel flow effects
are negligible if the melting anomaly is advecting with the flow rather than stationary as in
the examples shown in this study (Figure 7b and Figure 8b), which are akin to tectonic plate
motion over a hot spot [54]. The melt rate can be expected to at least partially advect with the ice
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flow when localised melting involves entrainment of warmer waters in topographic features [9],
whereas a stationary subglacial outflow plume could potentially produce advective effects similar
to those highlighted here.

In our analysis, we assumed that the idealised ice shelf could be characterised by a
simple reference state to focus on deviations from perfect flotation. Several nonlinear effects
not considered in our analysis may also influence the evolution of melt-generated ice shelf
topography. For example, ice deformation regimes such as proximity to the grounding line,
varying ice-shelf geometry, fracture, buttressing, or viscoelasticity may produce different non-
hydrostatic effects or stability criteria relative to the idealised shelves considered here [4,22,45,64].
Quantifying the influence of these more complex stress regimes on channel evolution would be
valuable.

We have also assumed that the melting or freezing rate is a prescribed forcing function in this
model. While considering non-hydrostatic effects can help to improve estimates of basal melting
from surface observations, models that include oceanic physics coupled to ice deformation
are needed to fully understand the physical processes governing ice-ocean interaction and
predict the ice-shelf response to ocean warming [12,13,65–68]. Observations also suggest complex
relations between ocean conditions, melting rate, and basal ice topography. For example, ice-
penetrating radar and autonomous underwater vehicles have shown that melting depends on
the ice roughness or slope of the ice-water interface [11,15,63]. Further modelling and analysis
would be useful for elucidating the effects that these processes have on the evolution of ice-shelf
topography that is generated by melting at the base.

In our linearised analysis, we excluded perturbations in ice-surface mass balance for simplicity.
Localised changes in mass balance at the ice-shelf surface are often related to hydrology [69–73]. In
particular, the drainage of ponded water on ice shelves can lead to flexure and potential instability
[74–77]. For example, supraglacial lake drainage has been linked to the breakup of the Larsen
B Ice Shelf [78,79]. As observations suggest that basal channels and surface hydrology can be
coupled [80], implementing surface hydrology in ice-shelf models is a valuable avenue for future
work [81,82]. While including surface mass balance perturbations in our linearised analysis is
straightforward, we would need to modify our model so that the normal stress condition at the
surface accounts for the load associated with ponded water and include additional physics to
describe the redistribution of surface waters [83]. We could explore the effects of lateral variations
in ice density due to variations in firn properties in a similar way [84]. We leave considerations of
perturbations related to surface hydrology or ice density variations for future work.

Finally, the theory developed herein could potentially be extended to analyse the evolution
of topography on icy satellites that are thought to have subsurface oceans, like Europa and
Enceladus [85–87]. Our analysis diverges from previous treatments of icy satellite topography
wherein pressure gradients are assumed to balance shear stresses similar to the shallow-
ice approximation for land-based glaciers [88,89]. Further analysis of the physics governing
topographic evolution on icy satellites and terrestrial ice shelves would be valuable for
elucidating connections with thermomechanical processes at the ice-water interface [90,91].

6. Conclusions
Here, we have derived and analysed a linearised model for the evolution of ice-shelf topography
that is generated by melting or freezing at the base. We presented a spectral decomposition of the
linearised problem to elucidate the dominant modes and time scales governing channel evolution.
The analysis shows that the flotation condition is the dominant mode at longer wavelengths,
while shorter wavelength topography can persist in hydrostatic imbalance indefinitely. We
illustrated through several examples the variety of topographic expressions that can result from
a Gaussian-shaped melting anomaly when across-channel advection, extensional effects, and
the width of the anomaly are modified. We validated the linearised approach for the examples
herein by comparing steady solutions obtained via a Green’s function to solutions of a fully
nonlinear problem obtained with a finite element method. Future work should focus on including
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hydrostatic imbalance in basal melting estimates, further constraining the ice-ocean interactions
that lead to channel incision, and determining the influence of channelisation on ice-shelf stability.
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Appendix A. Regularisation
To remove the singularities in R and B for the purpose of computation, we define the regularised
relaxation and buoyancy functions

Rθ = (θ + R−1)−1, Bθ = (θ + B−1)−1, (6.1)

where θ is a small regularisation parameter. We choose θ such that the analytical limit Rθ − Bθ →
1
4 as k→ 0 is attained at k= 10−3, resulting in θ≈ 2.5× 10−14. The regularisation results in
other analytical limits like the long-wavelength eigenvalue limit in (3.7) being respected at small
k (Figure 3 and Figure 4). These regularisations are only used to facilitate computation of the
solutions; we show in the main text that the solutions are well-defined. Analogous regularisations
are employed for the velocity response functions derived in Appendix B and Appendix C. Further
discussion of the physics behind the singularity and an alternative regularisation procedure that
is motivated by a matched asymptotic analysis is presented in [47].

Appendix B. Vertical velocity
Velocity solutions can be obtained after solving for the elevations h and s. Here, we outline
a derivation in the limit of no background extension (γ = 0). The surface elevation equations
remedy the singularity of the system (2.29) in the limit k→ 0 by determining the long-wavelength
component. In steady state, equations (2.11) and (2.12) imply that the long-wavelength limits of
the vertical velocity at the surface and base are

lim
k→0

ŵ|z=H = 0, lim
k→0

ŵ|z=0 =− lim
k→0

m̂. (6.2)

The elevation solutions derived in the main text result in these limits being satisfied in (2.35) and
(2.41). We apply the limits (6.2) to (2.25) to find that the the long-wavelength component of the
vertical velocity on the interior of the ice is

lim
k→0

ŵ=−
(
1− z

H

)
lim
k→0

m̂. (6.3)

The particular expression for ŵ (2.25) at an arbitrary depth is given by

ŵ=−Whĥ−Wsδŝ, (6.4)
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where the functions Wh and Ws are

Wh =
1

tr

[(
k′z′

((
2k′ + 1

)
e2k

′
− 1

)
+ k′ +

(
k′ + 1

)
e2k

′
−(

k′z′
(
2k′ + e2k

′
− 1

)
−

(
k′ + 1

)
e2k

′
− k′ + 1

)
e2k

′z′
− 1

)
ek

′(1−z′)
]
/ L (6.5)

Ws =
1

tr

[((
k′z′

((
2k′ + 1

)
e2k

′
− 1

)
−

(
2k′

2
+ 2k′ + 1

)
e2k

′
+ 1

)
e2k

′z′

−
(
k′z′

(
2k′ + e2k

′
− 1

)
− 2k′

2
+ 2k′ + e2k

′
− 1

)
e2k

′
)
e−k′z′

]
/ L (6.6)

L = k′(e4k
′
− 2(1 + 2k′

2
)e2k

′
+ 1) (6.7)

These response functions reduce to R and B when evaluated at the upper and lower surfaces in
accordance with equations (2.35) and (2.41).

Appendix C. Horizontal velocity
We now outline a derivation of expressions for the horizontal velocities. As before, we outline a
derivation in the limit of no background extension (γ = 0). We derive only the component in the
x direction, u; the derivation of the y component, v, is analogous except with kx replaced by ky .
The transformed horizontal momentum equation (2.20) has the general solution

û(z) =
ikx
2η̄k

[
ekz

∫z
0
p̂(z̃)e−kz̃ dz̃ − e−kz

∫z
0
p̂(z̃)ekz̃ dz̃

]
+ d1e

kz + d2e
−kz , (6.8)

where d1 and d2 depend on k. Using the identity p̂= η̄
(
k−2ŵzzz − ŵz

)
, we find that equation

(6.8) reduces to

û(z) =
ikx
k2

P (z) + d1e
kz + d2e

−kz (6.9)

P (z) = ŵz − ŵz |z=0 cosh(kz)−
1

k
ŵzz |z=0 sinh(kz). (6.10)

Equation (6.9) and the vanishing shear-stress conditions, ûz =−ikxŵ, at z =H and z = 0 lead to
the linear system[

ek
′

−e−k′

1 −1

][
d1
d2

]
=− ikx

k2

[
kŵ|z=H + 1

kPz(H)

kŵ|z=0

]
, (6.11)

where ŵ|z=H and ŵ|z=0 are given by (2.35) and (2.41), respectively. After solving the system
(6.11) for the coefficients d1 and d2, we can write the horizontal velocity in (6.9) as

û= ikx
(
Uhĥ+ Usδŝ

)
, (6.12)

where the response functions Uh and Us are

Uh =
1

tr

[
z′((1− 2k′ − e2k

′
)e2k

′z′
+ 1) +

(
1− z′(1 + 2k′)

)
e2k

′
+ e2k

′(z′+1)(e2k
′
− 1)− 1

]
× ek

′(1−z′) / L (6.13)

Us =
1

tr

[
z′(e2k

′z′
− e4k

′
− (1 + 2k′)e2k

′(z′+1)) + 2k′e2k
′(z′+1) +

(
−2k′z′ + 2k′ + z′

)
e2k

′]
× e−k′z′

/ L, (6.14)

where L is defined in (6.7). As with the vertical velocity, the coupling with the elevation solutions
renders the horizontal velocity well-defined in the limit k→ 0 even though the system (6.11) is
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singular. We find that that û→ 0 as k→ 0 for the examples herein, which is the expected behavior
for a symmetric flow field with vanishing horizontal integral.
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