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Geometries of eroding landscapes contain important
information about geologic, climatic, biotic and
geomorphic processes. They are also characterised by
variability, which makes disentangling their origins
challenging. Observations and physical models of
fluvial processes, which set the pace of erosion
on most continents, emphasise complexity and
variability. In contrast, the spectral content of
longitudinal river profiles and similarity of geometries
at scales & 100 km highlight relatively simple
emergent properties. A general challenge then,
addressed in this manuscript, is development of a
theory of landscape evolution that embraces such
scale-dependent insights. We do so by incorporating
randomness and probability into a theory of fluvial
erosion. First, we explore the use of stochastic
differential equations of the Langevin type, and
the Fokker-Planck equation, for predicting migration
of erosional fronts. Second, analytical approaches
incorporating distributions of driving forces, critical
thresholds and associated proxies are developed.
Finally, a linear programming approach is introduced,
that, at its core, treats evolution of longitudinal
profiles as a Markovian stochastic problem. The
theory is developed essentially from first principles
and incorporates physics governing fluvial erosion.
We explore predictions of this theory, including the
natural growth of discontinuities and scale-dependent
evolution, including local complexity and emergent
simplicity.
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1. Introduction
A characteristic feature of continental landscapes is their variability, see e.g. [1]. Spectral analyses
of fluvial geometries, for instance, emphasise considerable scale-dependence [2]. Geomorphic
and geologic observations indicate that physical landscape evolution is determined by tectonic,
hydraulic and biotic processes operating across a broad range of spatial and temporal scales. The
span of scales is many orders of magnitude, i.e. < 1 to > 107 meters (sediments to continents), and
< 1 to 107 years. As such, disentangling the origins of landscapes and a general, self-consistent,
theory for their evolution remains elusive. Here we explore how information about the natural
randomness of processes driving landscape evolution and erosional thresholds can be used to
develop such a theory. We use it to investigate scale-dependent evolution of landscapes and their
emergent properties.

Erosion by rivers appears to set the pace of landscape evolution in most mid-low latitude
continents, see e.g. [1]. It is generally agreed that the geometries of longitudinal river profiles, i.e.
elevation as a function of distance, z(x), provide useful information about histories of driving
processes, e.g. uplift and erosion. We therefore focus on developing a stochastic theory for the
evolution of river profiles. We note that stochasticity has been extensively studied with respect
to hillslope evolution, hydrologic processes and especially sediment transport, see e.g. [3–10] and
references therein. As far as we are aware, stochasticity has not been used to develop theories of
fluvial network evolution at larger scales. Consequently, we address three questions in this paper.
First, how can the natural randomness of the forces that drive and resist erosion be incorporated
into a theory of fluvial erosion? Secondly, what are the emergent properties of such a theory?
Finally, how can observations of erosion and landscape geometries be used to understand the
scales at which fluvial landscapes acquire their form when randomness is inherent? We are
especially interested in quantifying likely geometries and trajectories of longitudinal river profiles
subject to random forcing of erosional processes at scales that are measurable in the field or
laboratory.

We explore three approaches to incorporate stochasticity into a theory of fluvial landscape
evolution. First, we examine how stochasticity could be incorporated into models of erosional
‘front’ (e.g. waterfall, knickpoint, knickzone) retreat using equations of Langevin’s type. A
natural next step is to relate these equations to partial differential equations that can predict
the temporal evolution of probability density functions of displacements of erosional fronts (i.e.
Fokker-Planck). We briefly examine limitations of using such approaches to understand landscape
evolution. Second, we explore the use of semi-analytical approaches that can incorporate
distributions of probabilities of erosion to calculate expected displacements of erosional fronts
and their variance, by making use of Chapman-Kolmogorov forward equations. Finally, flexible
numerical approaches that can incorporate arbitrary geometries and random variables, are used
to explore the emergent properties of river profile geometries in the presence of stochastic driving
forces and thresholds for erosion. To begin, we summarise relevant existing approaches used to
understand how river profiles acquire their geometries.

2. Geometries and evolution of longitudinal river profiles
A broad array of processes, operating at a large range of spatial and temporal scales, contribute
to the development of longitudinal river profiles. Evolution of topography at the largest spatial
(up to 104 km) and temporal scales (up to 100 million years) is largely governed by histories
of horizontal and vertical motion of the lithosphere driven by geologic processes (e.g. plate
shortening, mantle convection). At these scales, the sedimentary flux histories of continents,
recorded by, for example, stratigraphy along passive margins, the longitudinal profiles of
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rivers, radiometrically dated histories of fluvial incision and indirect geochemical estimates
of denudation (e.g. thermochronometry) attest to the efficacy of erosional processes and the
long-term (up to 107 years) variability of erosion rates, see e.g. [11–15] and references therein.
Observations such as these are used to parameterise phenomenological models of landscape
evolution, which are briefly summarised in the following section.

(a) Phenomenological and spectral approaches
The Stream Power model is probably the most widely used approach to predict evolution of
longitudinal river profiles, see e.g. [16–20]. It features as an important constituent in landscape
evolution models that can, for example, incorporate hillslope erosion, sedimentation, discharge
variability, erodibility contrasts and the biosphere, see e.g. [21,22]. Derivations of the Stream
Power model often start with postulates such as, erosion rate is a power law function of shear
stress, or that erosion rate is a product of shear stress and mean (water) velocity. Sometimes
erosional thresholds are explicitly incorporated, and the capacity of a river to transport sediment
is considered, see e.g. [19]. The resultant family of models provides kinematic descriptions of river
profile evolution. They are parameterised empirically, for example the constants in the power
laws are tentatitvely related to lithology, jointing and fracturing, or weathering, say. They can also
be calibrated by minismising misfit between for example measured incision rates, or by fitting
river profile shapes, see e.g. [23]. A simple version of the Stream Power model, in one dimension,
can be expressed by the following partial differential equation

@z
@t

=�vA(x)m
✓
@z
@x

◆n

+ U(x, t), (2.1)

where A is upstream drainage area, incorporated into the equation of motion as a means
to involve increases in water discharge that are often observed downstream. A(x) increases
monotonically downstream, with occasional sudden jumps as tributaries join, and can, in some
situations, be approximated by x2 and in some special cases is broadly proportional to x. v, m
and n are tuneable parameters that ensure dimensionality. They are calibrated to predict rates
at which longitudinal profiles evolve and thence their geometries (and thence, in more general
models, landscape evolution). This version of the Stream Power model takes the form of a non-
linear advection equation with a source term (uplift rate, U ), it is sometimes generalised to include
erosional ‘diffusivity’, which is omitted here for simplicity, see e.g. [16,17,19].

Despite its utility for understanding and predicting landscape form across a variety of space
and time scales, a fundamental basis for this, essentially phenomenological, model is lacking.
Parameterisation of the Steam Power model, and in fact understanding processes that determine
fluvial geometries, typically depends on the scale being studied. As such there is significant
disagreement about its validity, and how best to parameterise the model, across scales of
interest, see e.g. [20]. In particular, it is challenging to reconcile the predictions of this model
with observations of erosion at small scales and physics-based insights into fluvial erosion
that emphasise the importance of considering forces, and source terms (e.g. biota), that do not
feature in such kinematic models, see e.g. [24]. Hence there is little agreement about how best
to generate general insights into landscape evolution using this approach, especially when the
basic postulates underpinning the approach may be invalid (e.g. in landscapes dominated by
‘glassy’ dynamics [25]; continuity is not expected). In that sense, it is challenging to derive (and
certainly parameterise) this model from first principles. Nonetheless, we start by exploring how
such approaches could incorporate stochasticity. We are especially interested in understanding
how complexity at smaller scales might be incorporated and used to assess the probability of the
emergent geometries predicted by this family of models. We then move on to consider an entirely
different approach to understand the evolution of longitudinal river profiles that does not rely on
the assumption of continuity.
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One way to incorporate additional complexities (or uncertainties in the underpinning
postulates) is via the incorporation of noise, ⌘(x, t), such that the Stream Power model becomes

@z
@t

=�vA(x)m
✓
@z
@x

◆n

+ U(x, t) + ⌘(x, t). (2.2)

One reason for taking such an approach arises from spectral analyses of longitudinal
river profiles [26,27]. Wavelet transforms of actual river profiles, z(x)! z(x, k), where k is
wavenumber (spatial frequency), provide information about the power spectral content of
profiles, i.e. �(x, k), which is helpful for assessing scaling regimes and a guide to the physical
processes governing landscape evolution, see e.g. [27] and references therein. Consider that at
scales & 100 km many large river profiles can be broadly characterised by red noise (i.e. they have
spectral slopes close to �2; �(k)/ k�2). However, at smaller scales (down to ⇠ 1 km) spectral
slopes tend to be ⇡�1 and perhaps 0 (or even 1) at the shortest wavelengths, i.e. pink to white (to
perhaps blue) noise characteristics. In contrast, spectral analyses of river profiles extracted from
landscape evolution models parameterised using the Stream Power model in the form presented
in Equation 2.1, or its two-dimensional equivalent @zt =�vAmrn + U(x, y, t), have spectral
characteristics that depend on the inserted uplift history, initial conditions and to a far lesser
extent the numerical methods used to solve these partial differential equations. These conditions
often (for the two-dimensional case) incorporate random noise or flow directions to enforce
channelisation. Such models can often reproduce the (e.g. red noise) spectral characteristics at
longer (e.g. > 100 km) wavelengths but not exhibit observed spectral ‘whitening’ at shorter
wavelengths [27].

(i) Adding noise by inference and known unknowns

Adding (e.g. quenched) noise to the solutions of these equations, either directly or via an
additional source term, are obvious ways to generate more realistic spectral content [27–30].
However, doing so is somewhat arbitrary in that, as of yet, there is no firm independent basis
to quantify the contributions (i.e. amplitudes at specific wavenumbers) of various landscape
phenomena (e.g. lithological contrasts, biota) to elevations or rates of change of elevation.
Consider, for example, lithology or lithological contrasts over which a river flows. An obvious
and widely held intuition is that fluvial substrate must be an important determinant of landscape
form. For instance, empirical evidence from measured erosion rates of rocks in the laboratory and
field shows that ‘hard’ rocks (more formally, those with high tensile strengths) can be less prone
to erosion than ‘soft’ rocks, see e.g. [30,31]. A corollary is that high elevations in landscapes may
be associated with ‘hard’ rock and changes in relief are associated with changes in rock strength.
That intuition is fraught. Consider, for example, that the geometries of the longitudinal profiles
of large rivers are almost entirely determined at wavelengths > 100 km, which is typically much
greater than the wavelength of lithological change across most landscapes [27]. It is also almost
certainly much larger than the rate of jointing and fracturing, which likely play a crucial role in
determining substrate erodibility, at Earth’s surface, but are (generally) poorly understood [32].
In other words, it is clear that tensile strength of e.g. individual clasts measured in the laboratory,
or perhaps at specific localities in the field, can vary considerably, and determine erosion rates at
small scales. However, this variability is not manifest in the geometries of river profiles at large
scales (& 100 km), where most of the form of large rivers is determined. In short, it appears that
substrate contrasts are unimportant for determining the majority of the form of fluvial landscapes
(at large scales).

Even if reliable schemes to convert substrate into erodibility emerge, a fundamental
challenge remains—fluvial erosion, by necessity, removes substrate. As such, we have almost
no observations (of e.g. joint spacing, lithology, sedimentary cover) that could be used to
parameterise models with specific substrate erodibilities for the vast majority of the lifetime of
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a river. One way to address this challenge is to explicitly incorporate the natural randomness of
erosion into a theory of landscape evolution.

(b) Emergence of simplicity and importance of uplift at large scales
In fact, it is straightforward to use simple versions of the Stream Power model (e.g. Equation 2.1),
or its two dimensional equivalent, to generate theoretical profiles that have low residual misfit
to actual profiles, i.e. rms⇡ 1 [14,23,34–36]. For instance, changes in erosion rate due to substrate
contrasts, precipitation rate or biota, need not be incorporated. In itself this result is not surprising,
nor particularly important, in that many models could fit the data equally well. However, in
conjunction with sparse observations of long-term incision rates and the spectral power of river
profiles, it provides an indication that, at long wavelengths (& 100 km), additional erosional
complexity is not required to fit the available data, i.e. the geometries of observed longitudinal
profiles. Moreover, damped inverse models that use Equation 2.1 to predict uplift rate histories
yield results that match independent observations of, for example, net uplift constrained by
the elevation of (ancient) marine rock, see e.g. [27,36]. These results indicate that families of
river profiles, e.g. those draining a particular uplifted region—a domal swell for instance—have
common geometries determined by the history of uplift, e.g. [39]. Cross wavelet spectral power of
the profiles of families of rivers draining, for example, the Bié dome in Angola yield a consistent
view [40]. In short, at wavelengths & 100 km and on timescales & 1 Ma observed incision histories
of large rivers, the spectral content of river profiles, and very simple advective models of erosion,
indicate that erosion need not necessarily be very complicated to generate large-scale geometries
of observed river profiles.

(c) Erosional complexity at smaller scales
In contrast, erosional processes and profile geometries at smaller scales are extremely diverse. For
example, substrate strength, discharge variability, biota and sedimentation can play important
roles in governing local erosion rates and profile shapes [34]. A variety of physics-based models
of erosion seek to provide understanding of landscape evolution at spatial and temporal scales up
to, say, O(1 km) and O(1 ka). Many models tend to, understandably, focus on erosional processes
at scales where experiments are reproducible (e.g. in flume tanks) or at scales in which driving
processes can be constrained in the field, see e.g. [24]. For example, physics-based models of
block toppling, in which the propensity of a single block (or column) of rock to topple (i.e.
erode) derived from simple torque calculations that incorporate body forces, drag form and
shear stresses, do a reasonably good job of explaining independent geologic observations of e.g.
waterfall retreat rates in some settings at scales O(1–1000 m) and O(1–1000 years), see e.g. [24,33].
There are many other similar examples of physics-based studies that consider, for example, rock
plucking, abrasion, sediment transport and landscape evolution in response to viscous creep at
similar, relatively small scales, compared to the entire evolving fluvial system; e.g. [25]. Many
physics-based approaches emphasise the importance of erosion at the ‘atomistic’ scale, here O(1
m) or less, once a threshold has been exceeded (e.g. once shear stress is sufficiently high that
bed-load particles can be moved or entrained in a flow; drag is sufficiently high to topple rock
columns; tensile strength of impacted substrate is exceeded).

This study is principally concerned with understanding whether these scale-dependent
views—emergent simplicity and local complexity—of landscape evolution can be reconciled.
An obvious challenge emerges, how can diverse and scale-dependent erosional processes be
incorporated into a general theory of fluvial erosion? Moreover, how can uncertainties and
variability (or randomness) in the forces driving and resisting erosion be absorbed into such a
theory?
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3. Stochastic migration of erosional fronts
One approach to assess whether erosional processes operating at small scales can lead to the
kinematic behaviour predicted by, for instance, the Stream Power model at larger scales, is to
compare expected locations of erosional ‘fronts’ (e.g. knickpoints, waterfalls) and their variance.
A simplifying first step is to assume that the velocity, ↵, at which kinematic waves propagate
upstream is constant and deterministic. Hence, when U = 0, Equation 2.1 then has the well known
characteristic solution z = z0(x� ↵t), where z0 = z(x, 0) is the initial condition. The time taken
for an erosional wave to propagate distance L upstream is simply ⌧G =

RL
0 dx/↵=L/↵, and total

distance travelled in time ⌧G is L= ⌧G↵. Similar approaches are central to a variety of techniques
used to understand fluvial landscape evolution (e.g. ‘�’ analyses; ‘Gilbert’ times; see e.g. [41,42]).

Exposure ages downstream of the Dettifoss and Selfoss waterfalls in Iceland indicate that
such an erosional model, i.e. broadly constant advective velocities (unique for each waterfall),
is a reasonable starting point on spatial and temporal scales of O(1 km) and O(1 ka) [37].
However, simple physical models and the variability of measured retreat rates indicate that there
is considerable inconsistency in retreat velocities at smaller scales. They likely depend on a variety
of space- and time-dependent phenomena include discharge, rock strength and orientation of
jointing and fracturing [1]. Consequently, in the following section, these observations are used to
explore how stochasticity might be incorporated into such simple models of landscape evolution.
This approach could be, for example, used to introducing randomness associated with changes
in, say, discharge, lithological contrasts and biota, or to incorporate uncertainties in model
parameterisation.

(a) Stochastic waterfall retreat: Equations of Langevin’s type
3He exposure ages of fluvial terraces downstream of Dettifoss and Selfoss indicate that the
waterfalls are expected to have had positions x⇡ x(0)� vt during the last few thousand years,
where time, t, is chronological (not geological) time. For Dettifoss v⇡ 0.69 m /year, and v⇡ 0.11

m /year for Selfoss [37]. For instance, Dettifoss is expected to have migrated from x(0) = 2200

m downstream of the modern waterfall to its current position in ⇡ 3200 years (e.g. Figure 1).
Stochasticity can be incorporated quite simply by modifying the ordinary differential equation of
motion such that

dx
dt

=�v + �⌘(t), (3.1)

which has coefficients that do not depend on x. ⌘(t) is, say, random white noise. Note that the
expected value of h⌘(t)i= 0 since any non-zero mean can be absorbed into the definition of v.
Solutions to this equation can be approximated via the Euler-Maruyama method, in which the
equation is first recast as dx=�vdt+ �dW , where W indicates the Wiener process, and thus xt
is approximated recursively over the (discrete) times of interest by

xt+�t ⇡ xt � v�t+ �dWt. (3.2)

where dWt are independently and identically (i.i.d.) distributed normal random variables, with
expected value zero and variance �t (standard deviation =

p
�t), dW ⇠N (0,

p
�t). This notation

is used to represent normal distributions throughout this paper unless otherwise indicated.

Solutions to this equation are compared to positions of Dettifoss and Selfoss as a function
of time estimated from measured exposure ages downstream in Figure 1. For the pathways
shown, �t= 1 year, �= 8 and 2 for Dettifoss and Selfoss, respectively. v= 0.11 m /year for
Selfoss and v= 0.69 m /year for Dettifoss, consistent with the retreat rates estimated by
simple linear regression of exposure ages as a function of distance from the waterfalls. 1000
‘waterfall’ trajectories in distance-time space, calculated using Equation 3.2, are shown by the
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overlapping grey curves in Figure 1. The translucent histograms show examples of distributions
of displacement at three times. Single realisations, to demonstrate the complexity of individual
paths, are shown by the thin black curves. Expected values are simply hx(t)i= hx(0)i � vt and
are shown by the thick white lines in Figure 1. These results demonstrate how stochasticity
can be incorporated into simple models of landscape evolution. If � is too large there are many
theoretical trajectories that are not consistent with measured exposure ages, which indicates that
such data provide constraints on the distribution of stochasticity in eroding systems.

Figure 1. Calculated stochastic retreat of Icelandic waterfalls. (a) Red circles and error bars are calculated

using 3He cosmogenic exposure ages of fluvial terraces downstream of Dettifoss waterfall, its modern position is indicated

by white circle annotated D, see body text [37]. Grey curves = 1000 solutions to Equation (3.2); white histograms =

distribution of displacements at t= 500, 1500 and 2500 years. Black curve = single realisation to demonstrate the

stochastic trajectory of an individual migrating waterfall. White curve = expected values. (b) Results for Selfoss. Arrows

point to examples of trajectories that advance significantly downstream.

(b) Stochastic erosional front migration with rates that depend on location
Most macroscopic models of fluvial erosion assume that erosional fronts migrate upstream with
a velocity that depends on location, e.g. retreat rates decrease towards the head of the river (e.g.
first term on right-hand side of Equation 2.1). A Langevin-type equation that allows displacement
to be a function of position is

dx
dt

=�vx+ �⌘(t), (3.3)

which has the form of an Ornstein-Uhlenbeck process, see e.g. [43]. Without noise this equation
is equivalent to assuming slopes in the Stream Power model (Equation 2.1) retreat with a velocity
dx/dt=�vx (for n= 1). Solutions to the Langevin equation can again be approximated via the
Euler-Maruyama method, in which the equation is first recast as dx=�vxdt+ �dW , which leads
to

xt+�t ⇡ xt � vxt�t+ �dWt, (3.4)

again dWt ⇠N (0,
p
�t). For a deterministic value of x0 (i.e. the initial value of x at time, t= 0),

Var(x0) = 0, and expected values (of xt) for a Ornstein-Uhlenbeck process are straightforward to
calculate by integrating the deterministic part of Equation 3.3

hxt|x0i= hx0i exp(�vt). (3.5)

where | is the probabilistic notation for ‘given’. Variance, calculated by rearranging Equation
(4.4.29) in [2], is

Var(xt) =
�2

2v
[1� exp(�2vt)] , (3.6)
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and standard deviation =
p

Var(xt). Examples of solutions to Equations 3.4-3.6 are shown in
Figure 2. Each pathway (black and grey curves) could be regarded as a possible trajectory of
an erosional front, say, a single knickpoint along a river, or an escarpment, in time-distance
space. In this example, 0 t 3200, �t= 1, �= 5 and v= 5⇥ 10�4. The front starts at x0 = 2200

(dimensions of length) and propagates head-ward (towards lower xt). The propagation velocity
depends on the distribution of noise, the value of the tuneable parameter v, as well as position,
x, such that erosional velocities (on average) decrease head-ward. They demonstrate that even in
the presence of noise that generates complex pathways for single erosional fronts in time-distance
space, expected (mean) values and variance follow smooth trajectories. These trajectories can be
calculated analytically for specific distributions of noise.

Figure 2. Solutions of stochastic differential equation to estimate retreat pathways of erosional fronts
when velocity decreases upstream. Grey curves = 1000 solutions to Equation (3.4); black curve = 1 realisation

demonstrating an individual path. Thick white curve = expected values calculated using Equation 3.5. Thin dashed and

solid white curves =
p

Var(xt) and 2
p

Var(xt), respectively (see Equation 3.6).

(c) Stochastic erosional front migration with the Fokker-Planck equation
Equations of Langevin’s type are readily related to equations that calculate the temporal evolution
of the probability density function of the system. Here, the stochastic migration of an erosional
front upstream developed in the previous section is described in terms of a probability density
function, P (x, t). The probability of finding an erosional ‘front’, e.g. waterfall, knickzone, at
position (state) x is specified at time t. The Ornstein-Uhlenbeck Equation 3.4 can be expressed as
the Fokker-Planck (sometimes called Kolmogorov’s) equation. Trajectories of Ornstein-Uhlenbeck
processes can be described by,

@P (x, t)
@t

= v
@
@x

[xP (x, t)] + 
@2P (x, t)

@x2
, (3.7)

where = �2/2. A reasonable starting condition is P (x|t= t0) = �(x� x0), such that the
probability density of an erosional front is assumed to take the form of a Dirac-delta distribution
centred at x0 at time t0. The probability density of the erosional front (which must integrate to 1)
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can then propagate and spread from x0. A way to think about this scheme is that the advective
(drift) part of this equation (first term on right-hand side) is related to the deterministic part of
the Langevin equation (see Equation 3.4), and the diffusive part (second term on right-hand side)
describes the spread of variance (see histograms in Figure 1). We note that such an approach has
already been used to develop stochastic theories of sediment transport, e.g. [11].

Following [44], solutions to Equation 3.7 are found by performing a Fourier transform with
respect to x. In the frequency domain where the probability distribution is given by P̃ (k, t),

@P̃
@t

=�vk
@
@k

P̃ � k2P̃ , (3.8)

where k is wavenumber; @/@x! ik and x! i@/@k. This equation can be solved via the method
of characteristics. The Fourier transform of the probability density, from the wavenumber to the
spatial domain, is

P (x, t|x0, t0) =
1
2⇡

Z
exp(�ikx)P̃ (k, t|x0, t0)dk. (3.9)

Given the assumed (� distribution) starting condition, the initial condition, in the wavenumber
domain, is P̃ (k, t0|x0, t0) = exp(�ikx0). The solution to Equation 3.8, making use of the method
of characteristics, is thus

P̃ (k, t|x0, t0) = exp
n
�ikx0 exp [�v(t� t0)]� k2(1� exp [�2v(t� t0)] /(2v)

o
. (3.10)

By inserting this equation into Equation 3.8, integrating, and performing the Fourier transform,
the following solution is obtained,

P (x, t|x0, t0) =
✓

v
2⇡ {1� exp [�2v(t� t0)]}

◆1/2

exp

⇢
�v(x� exp(�v(t� t0)x0)

2

2 [1� exp(�2v(t� t0))]

�
, (3.11)

which takes the form of a Gaussian distribution that can be regarded as the Green’s function for
this problem. Figure 3 shows solutions to this equation compared to solutions to the Langevin
equation (Equations 3.5–3.6). In this example, �= 1, v= 0.01, x0 = 100. As [44] points out,
solutions to Equation 3.11 become the stationary distribution, indicated by the dashed line in
Figure 3, when v(t� t0)� 1.

These complimentary approaches provide means to incorporate stochasticity into theoretical
approaches to understand how erosional fronts propagate upstream. However, a problem
with tackling landscape evolution problems in this way is that large advances (i.e. waterfalls
propagating downstream), although rare, are permitted. As an example consider the single paths,
indicated by arrows in Figure 2, that advance downstream for significant portions of their history.
Whilst small advances may be physically realistic, large advances are almost certainly not. In
other words, the probabilities of erosion used to parameterise stochastic models of fluvial erosion
need more careful consideration, and probably a more flexible framework, for assessing how
stochasticity impacts landscape evolution, which is the focus of the remainder of this paper.

4. Self-consistent theory of scale-dependent landscape evolution
The approaches explored so far have assumed that probabilities of erosion have well-defined
distributions, which may not always be the case in reality. They are also somewhat removed from
the actual physical processes governing landscape evolution at small scales. Consequently, we
now explore how probabilities of erosion at small scale can be estimated and used to explore
landscape evolution across the scales of interest. For instance, we seek to understand whether
local erosional process are likely to combine in such a way that such behaviour emerges naturally.
We are principally concerned with understanding whether parsimonious, probabilistic models
of fluvial erosion, derived from first principles, or as near as reasonable, are consistent with the
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Figure 3. Solutions of Fokker-Planck differential equation for retreat pathways of erosional fronts
when velocity decreases upstream. Coloured lines = solutions to Fokker-Planck equation at times t (see Equation

3.11). Dashed curve = stationary solution to Fokker-Planck equation: Pst(x) =
p

v/2⇡ exp
⇥
�vx2/2

⇤
. Expected

values from solutions to the equivalent to Langevin equation and standard deviation,
p

Var(Xs), are shown by coloured

circles and error bars (see Equations 3.5–3.6). Note that position of circles on ordinate are staggered for clarify.

emergent behaviour observed in nature and predicted by widely used phenomenological models.

(a) Markovian evolution of river profile geometries
Most physical models of erosion, at their core, are simply a statement that material will be
removed once a threshold has been exceeded. Consequently, we start by exploring the emergent
properties of a very simple Markovian model of erosion such that

zxt+1 =

(
zxt if F  c⇤

zxt � �z if F > c⇤
(4.1)

where z is elevation above a datum (e.g. the equipotential surface), x and t indicate location and
time with indices {0, 1 . . . N}, respectively (see Figure 4). �z is (vertical) erosion and F and c⇤

are respective applied forces and critical values (thresholds) that must be overcome for erosion
to take place. The following, even simpler, formulation of Equation 4.1 produces ‘river’ profiles
that, for specific distributions of F and c⇤, mimic solutions to the Stream Power model (Equation
2.1; i.e. propagating kinematic waves) at large length and time scales

zxt+1 =

(
zxt if �z  c

zx�1
t if �z > c

(4.2)

where �z = zxt � zx�1
t . Location x� 1 is downstream of x. During a single time step of this model

(of length �t), either erosion (i.e. elevation reduction, �z) occurs such that an erosional ‘front’ (e.g.
a waterfall; knickpoint) migrates upstream by one hop (of length �x), or erosion does not occur.
In this deterministic model, erosion occurs when a change in relief, �z, exceeds a critical value,
c. In fact, �z > c could be regarded as any situation in which erosion occurs when a threshold is
exceeded (for many conceivable models of erosion; [45]).

This evolution equation is an initial value problem in which the dynamics of the system, z(x, t),
are determined a priori by the starting condition i.e. z(x, 0) and the value(s) of c. The process
appears to be irreversible such that recovering zxt�1 from (only) zxt is not obviously tractable.
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In fact, it appears that this problem is not even tractable if we know locations at which erosion
occurred (from t� 1! t) and the value of c; consider that any �z > c will result in erosion and
hence zxt�1 could have any value, such that zxt�1 � zx�1

t�1 > c. This inference implies that predicting
historic river profile shapes using deterministic physics-based models such as this one is likely to
be fraught.

Figure 4. Two Markovian erosional schemes for longitudinal river profile evolution. (a) Erosion occurs

only if �z > c, where �z = relief between adjacent ‘blocks’ (separated here for clarify; i.e. zi � zi�1, where z is

elevation), and c = threshold for erosion, indicated here by height of annotated grey bar. Distance (e.g. along a river;

x) has discrete spatial indices i. Note that in this example only the blocks labeled xi�1 and xi are active between time

steps t and t+ �t such that block xi is eroded (reduced in elevation) by �z to the elevation of block xi�1 (dashed line),

in other words �z is migrated upstream by �x. (b) A more flexible scheme in which erosion, �z, occurs if forces exceed

critical thresholds; black dashed and solid grey lines labelled F and c, respectively.

(i) Data availability

Measurements of river profile elevations through time are sparse globally, similarly we do not
usually know specific histories of thresholds for erosion. Perhaps the most complete set of
observations that constrain the evolution of a longitudinal profile on long time scales arise from
K-Ar dating of ⇠ 23 Ma incised basaltic flows in South Eastern Australia, see e.g. [15]. In contrast,
measurements of modern elevations (and hence �z) exist for nearly all rivers. Modern river
profile geometries can be mapped at resolutions down to O(10 m) using satellite technologies (e.g.
Copernicus, TanDEM-X). At specific localities high resolution digital elevation models have been
generated and can used to assess landscape change on timescales up to centuries (e.g. from repeat
laser or photogrammetric surveying) but they tend to be sparse and at small scales, e.g. [37].
Assessing changes in relief for most rivers, by comparing recent and older global digital elevation
models is perhaps possible (e.g. Shuttle Radar Topographic Mission, 2000-2014, [46]). However,
given the longevity and resolution of existing global digital elevation models, quantifying local
changes in erosion from these datasets likely requires erosion rates to be O(1–10 m/year), which
is extremely high and hence unlikely to yield representative insight into landscape evolution
across the scales of interest. From a geologic (longer term) perspective, the specific values of
these functions are likely to always be extremely difficult to determine. Consider, for example,
that discharge, which is used to calculate e.g. drag, depends on precipitation rate, and we only
have records that extend, at most, a few decades to hundreds of years.

However, if we assume that modern parameters (e.g. �z; critical thresholds) are representative
of erosional systems more generally, determining probabilities that erosion occurs and associated
statistical moments (e.g. expected value, variance) is tractable. In the subsequent sections we
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describe and apply a probabilistic approach to understand emergent behaviour for specific
distributions of, say, F , �z or c. More formally, we seek to address the question, what is the
impact of P (�z > c), and similarly P (F > c), on the emergent behaviour of the system described
by Equations 4.1 and 4.2? It is trivial to show by brute force computation that, at large scales,
such models can yield profiles that are similar to those predicted by the Stream Power model for
similar starting conditions, see e.g. [1,17,19,23]. An obvious extension is to allow F , z (or �z), and
c to be random variables and explore their impact on the evolution of the erosional system using,
say, a Monte Carlo style approach. However, we first explore whether any analytical insight can
be gained by considering �z and c as probability distributions.

(b) Erosional probabilities in a Markovian model
As a first step, consider the transition probabilities for the simple Markovian problem described
above (see Figure 4). Consider an erosional front (e.g. a knickpoint or a waterfall) moving
incrementally along a river (along the x axis). The front can either jump to the left with step
�x (with probability p) or stay where it is (with probability 1� p) at each time step s, which could
be regarded as a Poisson process. Time ⌧ = s�t, where �t is the length of the time step (e.g. hours,
days, years, decades). In this simple model erosion is treated as a one-sided, one-step, random
walk. If a jump occurs, cell elevation is reduced to the elevation of the cell downstream as per
Equation 4.2. We discuss more general models later. In terms of transition probabilities

P (xi ! xi�1, t! t+ �t) = p, (eroding) (4.3)

P (xi ! xi, t! t+ �t) = 1� p, (static). (4.4)

It would be useful to know the probability of finding elevation z at position x at time t+ �t given
these probabilities of stasis and erosion. Consequently, the transition probability equations are
recast, such that the Master equation is

P (x, t+ �t) = (1� p)P (x, t) + pP (x� �x, t) (4.5)

where P indicates the probability distribution of elevation, z, as a function of space and time.
Since we are considering time steps that are very small (e.g. seconds to years) compared to the
overall evolution of a landscape (e.g. hundreds of thousands to tens of millions of years) we
perform a Taylor expansion, such that in the continuum limit

P (x, t) + �t
@P (x, t)

@t
+O(�2t ) = (1� p)P (x, t) + p


P (x, t)� ↵�t

@P (x, t)
@x

�
+O(�2x). (4.6)

Noting that �x = �t↵, where ↵ is the ‘transition velocity’ (i.e. jump rate), which could be
estimated using, for example, the toppling rate of eroding blocks. Ignoring the second order terms
and higher,

@P (x, t)
@t

⇡�↵p
@P (x, t)

@x
. (4.7)

When p= 1 this formulation is similar to a version of the macroscopic advective Stream Power
erosional model (e.g. Equation 2.1 without uplift) with constant advection velocity (with units of
e.g. 1 m /year for the block toppling example given above).

(c) Stochastic displacement of individual erosional fronts
Alternatively, and perhaps more intuitively, the evolution model could be recast to calculate the
expected position of a migrating erosional front (i.e. xi�1 ! xi) during time step �t. In turn
we could estimate emergent advection velocities or sum them to yield expected travel times
of erosional fronts, or distances moved. We could, for instance, calculate the probability that N
erosional ‘events’ occur within a given time by drawing samples from a binomial distribution.
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These values could then be used to calculate the expected distance an erosional front will have
travelled and its variance. In this simple model, probabilities of ‘success’ (i.e. erosion occurring)
are specified by the probability that a critical threshold for erosion will be exceeded (i.e. p).

First consider the simple case in which the probability, p, of an erosional event during each
time step is constant. The probability of N erosional events (hence N head-ward steps of an
erosional front) within a given number of time steps, s= 0, 1, 2 . . . n, can then be calculated using
the binomial probability mass function

P (N) =

 
s
N

!
pN (1� p)s�N , (4.8)

where the number of combinations of erosional events in s time steps is given by the binomial
coefficient

� s
N

�
= s!/N !(s�N)!. For instance, if the total number of time steps in the scenario

being considered s= n= 100, and the probability that erosion occurs at each time step is
independent and a constant p= 0.5, the probability that N ⌘ 50 erosional events will have taken
place (and hence the erosional front will have migrated N�x distance upstream) is a maximum
P (50)⇡ 0.08. The probability of erosion decreases with a binomial distribution such that the
probability of (N ⌘) 20 or 80 erosional events having occurred is < 10�9.

(i) Expected retreat distances: single step

In general p= p(x, t), consequently, building on work presented by [11], a more general approach
is explored as follows. First, consider the distance travelled by an erosional front at each time
step, which is here expressed as �xs (= �x if p= 1). The expected distance of travel of a single
erosional front, h�xsi, per time step, incorporating probabilities of motion and stasis, can then be
expressed as

h�xsi= p�x � [(1� p)⇥ 0] . (4.9)

Note that (1� p)⇥ 0 is the static situation and included for completeness. The second central
moment of �xs (i.e. variance of the migration distance of the erosional front) for an individual
step is given by h�x2i i � h�xii2, such that Var(�xs) = �2xp� h�xii2 = �2xp� (�xp)

2 = �2x(p�
p2). In other words, this problem takes the form of a Bernoulli trial.

(ii) Expected displacement after s steps

The distance travelled after s time steps is thus Xs =
Ps

i=0 �xs. The expected total displacement
of the erosional front at time ⌧ = s�t is therefore

hXsi=
sX

i=0

hxsi=
sX

i=0

pi�x (4.10)

If p is a constant this equation simplifies to

hXsi= sp�x =
⌧
�t
p�x. (4.11)

If the jumps are random independent events (we are treating them as such), then the variance
of the total distance traveled (i.e. in time ⌧ ) equals the sum of the variances of each random event
in the chain of events up to ⌧ . Variance of the total distance moved by the erosional front at time
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step s is

Var(Xs) =
sX

i=0

h�x2i i � h�xii2 = �2x

sX

i=0

pi � p2i (4.12)

and standard deviation =
p

Var(Xs). For constant p,

Var(Xs) = �2x(p� p2)s= �2x(p� p2)
⌧
�t
. (4.13)

These equations indicate that for a given probability (p) that erosion occurs within a specific
interval of time (�t) the variance of possible positions of erosional fronts increases as they
propagate upstream. We start by exploring how different probabilities of erosion impact evolution
of fluvial systems. To begin with we make four simplifying assumptions. First, the probability
of erosion, p, along a river is constant. Second, �t and �x are unity. Third, relief is normally
distributed and, fourth, a constant threshold for erosion, c, exists.

(iii) Expected displacement when �z ⇠N (µ�z, ��z) and c is a constant

Here we are interested in quantifying the probability of erosion, i.e. p= P (�z > c), for different
(normal) distributions of �z defined by mean and standard deviation, µ�z and ��z , respectively.
Note that variance is �2. In this case, the probability of erosion is simply

P (�z > c) = 1� �

✓
c� µ�z

��z

◆
, (4.14)

where � is the normal cumulative distribution function. Figure 5 shows calculated probabilities
for different normal distributions of �z and values of c. Note that negative and positive �z are
permitted, i.e. river profiles, z(x), do not necessarily need to be monotonic to be incorporated into
this approach. In scenarios where µ�z is much greater than c, P (�z > c)! 1 (i.e. erosion is much
more likely; e.g. white triangle in Figure 5b). Conversely, when µ�z ⌧ c, P (�z > c)! 0 (i.e. stasis
is increasingly likely; e.g. black triangle in Figure 5c). Armed with such probabilities it is trivial to
calculate the expected distance an erosional ‘front’ will retreat and its variance through time. For
example, if �x = 1, s= 100, �z ⇠N (50, 50) and c= 50, such that p= 0.5 (e.g. grey circle in Figure
5b), a front is expected to have migrated hXsi = 50 steps (out of a possible 100) and associated
variance Var(Xs) = 25 (Equations 4.11 and 4.13).

(iv) Expected displacement for normal distributions of �z and c

There are good reasons not to consider c as being normally distributed, simply because c < 0 has
no obvious physical meaning. Nonetheless, for completeness, consider a simple example in which
�z ⇠N (µ�z ,��z) and c⇠N (µc,�c). It is then straightforward, because we are working with
two normal distributions, to calculate the expected value and variance of ⇣ =�z � c, they are
simply µ⇣ = µ�z � µc and Var(⇣) = �2

⇣ = �2
�z + �2

c , respectively. It is then also straightforward
to calculate the probability of erosion at each position along a river, p= P (�z > c), such that

P (�z > c) = 1� �

✓
0�

µ⇣

�⇣

◆
. (4.15)

Appendix A gives a more detailed derivation of Equation 4.15. This approach is sufficiently
flexible that the impact of changing the (normal) distributions of �z and c can be assessed.
We will first consider a simple scenario in which µ�z = µc and ��z = �c, in other words relief
and critical values for erosion are assumed to have the same (normal) distributions. In this case,
P (�z > c) = 0.5 everywhere. Similar to the examples given previously for constant c, in scenarios
where µ�z is much greater than µc, P (�z > c)! 1 (i.e. erosion is much more likely). Conversely,
when µ�z ⌧ µc, P (�z > c)! 0 (i.e. stasis is increasingly likely). However, given the challenges
associated with interpreting c < 0 we do not explore this approach further. Instead we investigate
the consequences of incorporating more realistic distributions of �z into the calculations of
probabilities of erosion.
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Figure 5. Probabilities of erosion for normal distributions of relief. (a) Grey scale = probability that �z > c

(i.e. that erosion occurs) when �z ⇠N (µ�z ,��z), i.e. �z is assumed to be normally distributed with mean µ�z

and standard deviation ��z , and the critical value for erosion is constant (c= 10 in this example). White circle indicates

locality where µ�z = ��z = 50 (see probability and cumulative density functions in panels (d) and (e), respectively).

(b-c) Calculated probabilities for c= 50 and 100, all other parameters are held constant between panels (a-c). (d) Thick

black curve = example of a probability density function; here �z ⇠N (50, 50). Labelled solid, dashed and dotted lines

= values of erosional threshold, c, used to calculate probabilities of erosion at locations indicated by the circles in panels

(a-c). (e) Grey curve = cumulative density function, �(z), of �z. Black curve = 1� �, which was used to calculate

probabilities that �z > c shown in panels (a-c). Vertical lines and shaded circles correspond to lines and coloured circles

in panels (a-d).

(v) Expected displacement for exponential distribution of �z

One way to quantify the distribution of (global) fluvial relief is to use inventories of waterfall
height measurements. Figure 6a shows waterfall heights from worldwaterfalldatabase.com,
which appears to be the most comprehensive inventory of waterfall heights currently
available. We note that waterfall heights are currently being mapped globally (see Hydrosheds:
www.hydrosheds.org), which could provide additional constraints for the following analyses.
The primary benefit of using waterfalls to estimate the distribution of local relief, compared to
using digital elevation models (DEMs), is that relief measurements are not necessarily limited
by DEM resolution. The particular inventory used in this study does not contain information
about relief for waterfalls where �z < 152 m or < 97 m (overall relief or highest individual
drop). Nonetheless, these data suggest that the probability of local relief in real rivers is broadly
exponentially distributed. Consequently, we now consider the probability of erosion when, the
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probability density distribution, P (�z)⇠Exp(�), such that

P (�z) =

(
� exp(���z) if �z � 0

0 if �z < 0
(4.16)

where � is the ‘rate parameter’ ensuring that
R1
0 P (�z)d�z = 1. Expected values and variance

are h�zi= 1/�, and Var(�z) = 1/�2, respectively. An obvious challenge is to define an
appropriate value for � using the available data. The available data are truncated such that we
neither known the number of height measurements less than the cutoff, ⌧⇤, say, 150 m for this
dataset, nor their values. Hence, the value of � is estimated using the Maximum Likelihood
Estimator, L, for a left-truncated exponential distribution,

L(�|�z1 and �z2 . . .�zn, ⌧
⇤) =L(�|�z1, ⌧

⇤)L(�|�z2, ⌧
⇤) . . .L(�|�zn, ⌧

⇤) (4.17)

= �n exp

"
�

 
n⌧⇤ �

nX

i=1

�zi

!#
, (4.18)

where �z1, . . . ,�zn are measured waterfall heights within the truncated domain �z > ⌧⇤. The
maximum of L(�) is expected to be where dL/d�= 0, which can be straightforwardly confirmed
by plotting the Log-likelihood. Hence, following differentiation of the right-hand side of Equation
4.18, and some simplifications (see Appendix B), we find

1
�
=�⌧⇤ +

1
n

nX

i=1

�zi =�z � ⌧⇤. (4.19)

where �z is the mean of the truncated dataset. There are n= 805 waterfalls in the inventory with
measurements of total overall relief. The cumulative relief of this dataset, truncated at ⌧⇤ = 150

m, is 2.6⇥ 105 m (with mean = 320 m), which indicates �⇡ 6⇥ 10�3 /m. The accuracy of this
parameter might be improved if, say, more information about waterfall heights globally becomes
available. This distribution is shown by the thick black curve in in Figure 6b, alongside examples
where � increased or decreased by a factor of 2.

It is now straightforward to calculate the probability that erosion will occur for an exponential
distribution of �z if a single, constant, threshold for erosion, c, is assumed,

P (�z > c) =

Z1

c
� exp(���z)d�z = exp(��c), (4.20)

noting lower bound on the integral = c. If, for example, we assume that �= 6⇥ 10�3 /m, and
c= 10 m, then the probability of erosion is 0.94. If c= 100 m, P (�z > c) = 0.55. Figure 6b shows
examples of calculated probabilities of erosion for different values of � and c. As expected, they
demonstrate that increasing rate parameter � decreases the probability of erosion for a constant
critical threshold for erosion. Figure 6d maps probabilities of erosion as a function of the rate
parameter and critical erosional threshold. This figure demonstrates the trade-off between the
rate parameter and threshold, i.e. erosion is similarly probably for different combinations of �

and c. Inserting a probability of erosion of 0.55 into Equations 4.10 and 4.13, and assuming that
�x = 1 and s= 100, yields an expected total horizontal displacement hXsi = 55 out of a possible
100 steps, with variance 24.75. A central theme in this study is assessment of how variance evolves
as erosional fronts migrate upstream.

(d) Head-ward decreases in the probability of erosion
So far we have considered simple scenarios in which the probability of erosion has the same
distribution at each locality along a river (e.g. normal with identical means and standard
deviations; exponential with same rate parameter value). We now consider more realistic
scenarios in which the probability of erosion decreases towards the head of a river. Such scenarios
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Figure 6. Probabilities of erosion for exponential distributions of relief. (a) Black histogram = number of

global waterfalls by overall relief (n= 805); data truncated at 152 m (grey rectangle). White = waterfalls by tallest individual

drop (truncated at 97 m; n= 619). Grey = waterfalls by free falling drop (truncated at 97 m; n= 90). (b) Probabilities

of relief. Thick black curve = exponential distribution, Exp(�), with rate parameter, �= 6⇥ 10�3, calculated using

Maximum Likelihood Estimator for the left-truncated distribution of waterfalls (overall relief) shown by black histogram in

panel (a). Thin black curves: �z ⇠Exp(2�) and Exp(�/2). Examples of assumed critical thresholds for erosion, c,

are annotated atop the panel, and indicated by grey bands. (c) Probability of erosion as a function of rate parameter,

�, i.e. P (�z > c|�) = exp(��c), see body text. Dashed vertical line indicates rate parameter constrained by relief of

waterfalls (panel a). Annotated grey curves = probabilities of erosion for annotated critical thresholds. (d) Probability of

erosion as a function of rate parameter and critical thresholds for erosion.

might be expected where discharge, and hence power available for erosion, tends to increase
downstream.

To start we consider solutions to Equations 4.10 and 4.12 for probabilities of erosion that vary
simply as a function of distance along a river (and hence time). For simplicity, temporal and
spatial steps are both set to unity, and s= ⌧ = 100. Figure 7 shows results for four scenarios. In
the first simple example, we calculate the limits of expected displacements in which probability
of erosion p is constant and equal to one (see black lines in Figure 7). This example has expected
value hXsi= s�x, and variance Var(Xs) = 0 (i.e. this scheme is deterministic). The purple curves
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in Figure 7 show results for a scenario in which the probability of erosion for individual time
steps decreases linearly upstream. Unsurprisingly, expected displacements are less than when
p(x) = 1, and variance increases with time; hXsi=�t2/4l + t, where l, here 10�2, is a scaling
parameter. Decreasing probabilities of erosion, shown by the red and pink curves, forces expected
displacements of migrating erosional fronts to ‘plateau’, i.e. reach, or tend to, finite expected
displacements.

Figure 7. Space-dependent probabilities of erosion. (a) Probabilities of erosion used to generate trajectories of

erosional fronts shown in panel (b). (b) Black line = expected displacement (in direction of arrow) of an erosional front for

constant probability of erosion (p= 1); Equations 4.11 & 4.13. Purple solid and dashed curves = expected displacement

and standard deviation,
p

Var(Xs) when p(x) = 1� xl/2; Equations 4.10 & 4.12. Red solid and dashed curves:

p= (1� xl)2, respectively; pink solid and dashed curves: p= (1� xl)2 for p� 0.6 otherwise p= 0; l= 10�2.

It is now straightforward to estimate displacements from probabilities of erosion determined
by the distribution of forces and critical thresholds, which could vary as a function of space and
time. We start by considering the distributions �z ⇠N , as proxies for forces available for erosion,
explored already. To begin with we explore the simple scenario in which �z(x)⇠N (µ�z(x), ��z),
where µ�z(x) = 1� xs/2. In other words we assume that the means of the normal distributions
of �z decrease head-ward and standard deviations are constant. We start by assuming that
the critical threshold for erosion, c is constant and identical (Figure 8). We again assume space
and time steps are unity, and that s= ⌧ = 100. Higher critical thresholds for erosion reduce
probabilities of erosion, and hence expected displacements of erosional fronts for a given time.
Second, we explore the implications of assuming that the critical threshold for erosion c is also
normally distributed. Figure 4.15 shows results for a scenario in which c⇠N (10, 2). Expected
values and variances are compared to the case in which c is constant and identical (every other
parameter value is consistent between the two models). The results indicate that when the
critical threshold for erosion is a random variable we should still expect convergence to expected
displacement. They provide analytical benchmarks with which we test more general approaches
developed in the rest of this paper.
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Figure 8. Expected displacements for space-dependent probabilities of erosion incorporating �z ⇠N .

(a-c) Results for constant critical thresholds for erosion, c. (a) Local relief, �z, is assumed to be normally distributed

with mean indicated by black line; dashed and dotted lines = one (��z = 1) and two standard deviations. Coloured

lines = assumed thresholds for erosion. (b) Calculated probabilities of erosion, P (�z > c), as function of distance for

critical thresholds indicated in panel a; see Equation 4.14. (c) Expected displacements, hXsi, and standard deviations,p
Var(Xs), for three scenarios indicated in panels a-b, see Equations 4.10 and 4.12. Arrows indicate direction of travel of

erosional front. (d-f) Probabilities of erosion and expected displacement when �z ⇠N and c⇠N . Orange curves show

results for c⇠N (10, 2) (panel d; Equation 4.15). Grey curves show, for comparison, probability of erosion and expected

displacement when c= 10 (i.e. orange curves in panels a-c).

(e) Time step length and probabilities of erosion
We might have observations that can provide estimates of probabilities of erosion during specific
intervals of time. For instance, we might know the probability that a column of rock will topple
once per decade is pd = 0.1. The probability of erosion not occurring during the decade is 1� pd.
We might wish to know the probability of erosion at different time scales, for example when
parameterising stochastic models of erosion. If we assume that erosional events are independent,
the probability of erosion during s time steps is ps = 1� (1� pd)

s, i.e. we simply incorporate all
of the probabilities that erosion will not occur during s time steps. For instance, for the example
above, the probability of erosion in a century (s= 10), is ⇡ 0.65. It is straightforward to calculate
probabilities of erosion at shorter time scales, such that py = 1� (1� pd)

1/s. For example, the
probability of erosion per year, for this simple example, is py ⇡ 0.0105 (where, again, s= 10).
In general, p�t = 1� (1� ptc)

�t/�tc , where �tc and �t, are respective time step lengths at which
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probabilities of erosion are known or sought, and ptc is the calibrated (observed) probability of
an erosional event during time step �tc.

(f) A stochastic theory of longitudinal river profile evolution
We now return to the development of a stochastic theory of river profile evolution. In general, the
distributions of forces available for erosion (or proxies, e.g. �z) and critical erosional thresholds
(c), and hence probabilities of erosion (p) are not necessarily well-behaved functions amenable
to analytical attack. Therefore a more general, computational, approach is now explored. In this
generalisation, which takes the form of a set of Bernoulli trials that approximate a Poisson process,
arbitrary distributions of F (x, t), �z(x, t) and c(x, t), are used to define probabilities of erosion.
They are then used to predict the evolution of river profiles, the geometries of which can be
compared to expected displacements of erosional fronts and their variance, and, ultimately, real
profiles.

The approach adopted is a simple linear programming problem in which, at a single
locality along a river, the probability of erosion is drawn from a Bernoulli distribution in
which the probability of success (i.e. erosion occurs) is determined by p. A successful draw
from the binomial distribution yields a value of 1, and hence the river erodes locally and the
erosional front steps head-ward by �x. Of course in this problem, many erosional fronts can be
stepped head-ward in the same time step. By performing many of these simple calculations,
in a Monte Carlo style approach, it is straightforward to investigate emergent behaviours for
different probability distributions of forces. We seek to understand whether these numerical
approaches, that incorporate reasonable river profile geometries, produce results consistent with
analytical (and semi-analytical) approaches described in previous sections to calculated expected
displacements and variances of erosional fronts.
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Figure 9. Longitudinal profile evolution when probability of erosion = 1. (a) Colors = longitudinal profiles

as a function of time; grey arrow indicates retreat direction. Small white square indicated by black arrow = location of

panel (b). Colored circles on x-axis = expected displacement of erosional front starting at (1000,0) calculated analytically

using Equation 4.11. Note that variance in this example is zero. (b) Evolution of select individual blocks for first ten time

steps. In this simple example, elevations of individual blocks are reduced to the elevation of the nearest downstream block

in each time step, e.g. labeled grey arrows for three lowermost rows.
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(i) A simple deterministic example

We start with a simple demonstration of the approach using a model in which the probability
of erosion p= 1 (i.e. �z > c, or F > c⇤, everywhere; Figure 9). The evolution of the longitudinal
profile, calculated using Equation 4.2, is compared to expected displacements (circles) calculated
using Equation 4.10. Note that in this deterministic experiment variance is zero. Figure 9b shows
a ‘zoom’ into the results for the first ten time steps of this model (within the small white square
indicated by the black arrow in panel a). The grey labeled arrows indicate the head-ward stepping
of ‘blocks’ during each time step for lowermost three rows; all rows evolve in a similar way. We
now explore the consequences of stochastic driving forces.

(ii) Erosional forces as Ornstein-Uhlenbeck distributions

The Ornstein-Uhlenbeck process provides a flexible scheme that can produce distributions
of forces in which initial values (F0), stochasticity (�), stationary expected values (µ), and
rates at which means are obtained (✓), can be variables. This Gaussian process also has the
useful property that expected values and variances can be calculated analytically, e.g. [43]. An
Ornstein-Uhlenbeck distribution of forces along the river at each time step can be expressed as

Fx = Fx��x + ✓
�
µ� Fx��x

�
�x + �dWx. (4.21)

The grey curves in Figure 10a show examples of forces calculated in this way for ten time steps.
The single black curve is shown to aid visualisation of the variability of a single realisation. In this
example, ✓= 10�3, µ= 5, and �= 2⇥ 10�2. The initial force (at the head of the ‘river’) F0 = 1.
The solid and dashed black curves in Figure 3a show expected values and variance where

hFxi= µ+ (F0 � µ) exp(�✓x) and Var(Fx) =
�2

2✓
[1� exp(�2✓x)] , (4.22)

respectively, see e.g. [43]. Since the Ornstein-Uhlenbeck process produces Gaussian distributions,
similar to the normal distributions already examined, the probability of erosion can be calculated
analytically. The probability that the erosional force Fx is greater than the critical value for erosion
c (e.g. red line in panel a), given F0, can be expressed as

P (Fx > c|F0) = P (Fx � c > 0|F0) = 1� �

 
c� hFxip
Var(Fx)

!
. (4.23)

Results of this calculation are shown in Figure 10b. Note that the probability of erosion tends
to 1 towards the mouth of the ‘river’ in this example where F > c at almost all time steps in all
realisations. The probability of erosion decreases head-wards, tending to zero where F < c.

Expected values and variances of arbitrary distributions of force could of course be estimated
numerically by running simulations, such as the one shown in Figure 10c. This panel shows the
results of running the linear programme in which the starting solution is simply a linear function
that decreases from the head to the mouth of the ‘river’. It is evolved according to Equation 4.2. Fx

is different at each time step, but is always drawn from the same probability distribution (cf. grey
and black curves in panel a). The resultant evolving longitudinal ‘river’ profile has considerable
complexity at small scales (note roughness at small scales). In contrast, evolution at large scales
resembles head-ward migration of a kinematic erosional wave. The results at large scales are
consistent with calculated expected displacement and its variance estimated using Equation 4.22.
It is now straightforward to incorporate estimates of actual body and surface forces driving and
resisting erosion in fluvial systems into the stochastic theory.
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(iii) Estimating stochastic erosional and resisting forces

Forces in eroding fluvial systems arise from the interaction of flowing water with substrate mass
and the geometry of the system. It is straightforward to estimate values in some situations,
for example, for the block toppling process explored already in this paper and elsewhere
[25,37,45]. Moments (torque) driving erosion in this simple scheme arise from forces associated
with drag (Fd = ⇢Cdu

2h1/2), shear along the top of the block (F⌧ 0 ⇡ ⇢g�zLh2), and buoyancy
(Fb = ⇢gLh3), noting that unit area is assumed. Parameters and typical values are as follows,
density of water, ⇢= 1 Mg/m3, drag coefficient, Cd, is dimensionless and O(1) [47], u is velocity
of water, O(1� 10 m/s), h1, h2 and h3 are respective lengths for drag, shear and buoyancy, all
typically O(1� 10 m) but can be zero (e.g. for no flow). Rarely h3 can be O(100 m), e.g. Figure 6a.
L is the width of the block, substrate density ⇢r ⇡ 2� 3 Mg/m3. Thus the forces driving erosion,
F ⇡ Fd + F⌧ 0 + Fb, in this simple example are typically O(104 � 106 N), but can be as low as zero,
see [21] and references therein. The mass of the block provides a body force (Fg = ⇢rgLH , H is
block height) to resist erosion, which is O(104 � 105 N). Torque depends on the width and length
of the blocks. For simplicity we assume both are O(1 m). Incorporating other stochastic driving
and resisting forces (e.g. friction) into the stochastic approach is straightforward.

Figure 11 shows the results from solving Equation 4.2 in a suite of simulations with stochastic
forces driving erosion O(104 � 105 N) and constant critical resisting force, c⇤ = 105 N. Ten
simulations, each with different forcing drawn from the same Ornstein-Uhlenbeck distribution,
are used to generate an ensemble of predicted profiles. Figure 11a shows forces at select time steps
calculated using Equation 4.21, with ✓= 5⇥ 10�3 1/L, µ= 2⇥ 105 N, �= 5⇥ 103 N/L�1/2, and
F0 = 5⇥ 104 N. Expected forces and variance are calculated using Equation 4.22. Probabilities of
erosion calculated by solving Equation 4.23 are shown in panel b. The evolution of one simulation
is shown in panel c. A zoom into a small portion of this simulation, centred on (190, 250), and
another simulation are shown in panels d and e, respectively. The evolution of entire longitudinal
profiles is shown for all simulations at five time steps in panel f. These results are shown alongside
calculated expected displacement of erosional fronts that originate from the ‘mouth’ of the river
at (1000, 0). Panel g shows profiles from the ten simulations centred on (190, 250) at the same
time step (600). These panels demonstrate the complexity and variability of profile geometries
possible at small scales when forces driving erosion are stochastic, even when starting conditions
are very simple (see e.g. black line in panel f). They also demonstrate that it is possible to generate
evolving profiles that naturally incorporate complex geometries at small scales and relatively
simple, emergent, geometries at large scales. The evolving geometries, in this example, resemble
a ‘fuzzy’ propagating kinematic wave at large scales (e.g. panel f).

5. Discussion
Pioneering work on stochastic eroding systems has tended to focus on evolution of sedimentary
and hydraulic systems, see e.g. [3–11] and references therein. In contrast, at the scale of evolving
landscapes, the role of randomness in generating fluvial landforms is poorly understood.
Nonetheless, pioneering work by [28,29] demonstrated the important of considering ‘quenched
noise’ in the evolution of fluvial landscapes. We also note that randomness is often incorporated
into the starting conditions of many landscape evolution simulators, e.g. Landlab, as a means
to enforce channelisation [21,22]. The results from this paper indicate that it is possible to also
incorporate stochasticity into a theory of fluvial landscape evolution, in particular in situations
where evolution of slopes is important, for instance, along evolving longitudinal river profiles.

We explored three approaches to incorporate stochasticity into a theory of fluvial erosion
and landscape evolution. First, incorporating randomness into the velocity of propagating
erosion fronts (e.g. waterfalls) was explored the use of equations of Langevin’s type. A
complimentary approach that uses the Fokker-Planck equation to calculate temporal evolution
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Figure 10. Longitudinal profile evolution with variable probabilities of erosion. In this example, forces

driving erosion are calculated using the Ornstein-Uhlenbeck (OU) process. (a) Grey/black curves = forces as a function of

distance along a river at ten/single select time steps demonstrating stochasticity. Red line = assumed critical threshold for

erosion. Dashed and dotted curves = expected values and variance for the OU process (Equation 4.22). (b) Probabilities

of erosion given expected forces, their variance, and critical threshold (Equation 4.23). (c) Longitudinal profile evolution

subject to history of forces indicated in panel a, see Equation 4.1. (d) Expected displacement (solid curve) and variance

(dashed) of erosional front starting at the mouth of the river (1000, 0; Equation 4.22).
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of probability distributions of propagating erosional fronts was examined. Both approaches
provide a straightforward way to incorporate stochasticity into landscape evolution problems.
They are, however, somewhat removed from the physics associated with erosion and, as
parameterised, occasionally predict propagation of erosional fronts downstream. Consequently,
we examined methodologies that allow for more arbitrary distributions of forces and critical
thresholds of erosion (and proxies, e.g. relief). Analytical approaches for calculating probabilities
of erosion, resultant displacement of erosional fronts and associated variance were explored.
These approaches tested assumptions of normally and exponentially distributed relief, with
calibration of rate parameters using the heights of waterfalls. Finally, a theory for including
stochastic erosion in the evolution of longitudinal river profiles was explored. The Ornstein-
Uhlenbeck process was found to be a flexible means to parameterise erosional forces. Its
Gaussianity enables expected displacements and variance to be calculated analytically, which is
useful for testing predictions from the linear programming approach.

The Markovian approaches explored in this paper provide straightforward means to
incorporate physics of fluvial erosion into landscape evolution simulations. They include natural
emergence of discontinuities and steps that can propagate at different velocities without the need
for special numerical treatment. Consequently, many of the challenges associated with developing
techniques to predict fluvial landscape evolution using a continuum-based approach, e.g. stability
(Courant) conditions, multi-valued functions when shocks develop, are avoided.

The stochastic theory explored has several geomorphic implications. First, it raises the prospect
of inferring long term rates of landscape evolution from observations at small scales. For instance,
repeat measurements of the forces (or phenomena that dictate forces, e.g. discharge) available
for erosion (e.g. over multiple seasons), or erosion rates measured on longer time scales could
constrain stochasticity and hence be useful for estimating expected values and variance. However,
it raises the obvious problem that identifying long-term trends (e.g. expected displacements) from
sparse observations, which could be obtained from, for example, fast, slow or ‘mean reverting’
trajectories, could be very challenging. We note that the variance of trajectories of erosional fronts
calculated in this study tends to increase with age. We also note that variance of erosion can
be substantial when critical thresholds for erosion are within the variance of driving forces. The
system is simpler when very many observations are available and focus is on large scales.

There are various obvious limitations to what we present that could be addressed in future
work. First, we assume that erosional events are independent. They may not be and exploring
dependence would be interesting future work. For instance, a slightly more complicated
stochastic model could enforce erosion of neighbouring ‘blocks’ if certain conditions are met.
Preliminary results from such a scheme indicates simplicity remains emergent at large scales.
Second, we have not incorporated material once it has been eroded. Sedimentary cover could
be straightforwardly incorporated, for example, by distributing eroded masses downstream in
such a way that conserves mass, perhaps randomly. Third, relatedly, we might consider the
incorporation of (stochastic) source terms that could provide means to include, for instance, short
wavelength uplift or biota. Finally, generalising this scheme to understand stochastic landscape
evolution in two dimensions, e.g. z(x, y), might be fruitful. It would be a step towards developing
inverse methodologies to recover information from landscape geometries about processes that
govern landscape evolution (e.g. uplift, climate) in the presence of inherently random erosion.

6. Conclusion
Disentangling origins of continental landscapes provides crucial information about geologic,
climatic, biotic and geomorphic processes. However, an important complicating problem is that a
diverse suite of erosional processes, operating on spatial and temporal scales < 1 to > 107 meters
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Figure 11. Demonstration of local erosional complexity and emergent simplicity for an evolving
theoretical river profile subject to stochastic forcing. (a-b) Examples of inserted forces (grey), associated

expected values and variance (solid and dashed), critical threshold (red), and resultant analytical probabilities of erosion

(thick black; see Figure 10a-b for extended explanation). (c) Example of profile evolution in one simulation. Grey and

black curves = profiles every 50 and 200 time steps, respectively. (d) Zoom into panel c. Black outlined bars = river profile

at time step 600. (e) Zoom into a separate simulation that has different random driving forces (but same distribution).

Black outlined bars = time step 600. Note differences between evolution and resultant profiles in panels d and e. (f)

‘Fuzzy’ black curves = profiles at 200, 400, 600 and 800 time steps (e.g. black curves in panel c) from 10 simulations with

different random driving forces (but same distribution). Straight line = starting condition. Circles = expected displacements

of erosional front originating at the mouth of the ‘river’ at (1000, 0); colors = time steps (see panel c for scale); calculated

variance is smaller than symbol size. Small grey square centred at (190, 250) = position of zoomed-in region shown in

panels d, e and g. (g) Calculated positions of longitudinal profiles at time step 600 for the 10 simulations shown in panel

f. Colors and line widths simply indicate profiles from different simulations for clarity. Note their variability.

and years, contribute to the evolution of landscapes. As far as we are aware, a theory of fluvial
erosion that can self-consistently predict geometries across the scales of interest does not exist.
Consequently, we develop a stochastic theory of fluvial erosion that naturally incorporates scale-
dependent variability, and the inherent randomness and ‘unknowability’ of erosional processes.
Three approaches are explored. First, stochastic differential equations of Langevin’s type and the
Fokker-Planck equation are used to incorporate randomness into the motion of erosional fronts
(e.g. waterfalls). Second, more flexible analytical schemes incorporating probabilities of erosion
calculated using distributions of driving forces and critical thresholds for erosion (and proxies)
are explored. Finally, a flexible linear programming approach that can incorporate arbitrary
probabilities of erosion into the evolution of theoretical longitudinal river profiles is developed.
The Ornstein-Uhlenbeck process is used to parameterise random forcing of erosional processes,
which, helpfully, can also be used to develop analytical insight. We demonstrate that the inherent
randomness of erosion can generate complex geometries at small scales and emergent simplicity
at large scales. It emphasises the importance of considering scale in interpreting observational or
theoretical insights into evolution and geometries of landscapes eroded by rivers. We suggest that
stochastic theory provides means to understand landscape evolution across the scales of interest.
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7. Appendices
[A] The derivation of Equation 4.15 is as follows. First, the probability that �z > c is recast as
P (�z � c > 0) = P (⇣ > 0). ⇣ is then converted into a standard normal distribution (i.e. with mean,
µ⇣⇤ = 0, and standard deviation, �⇣⇤ = 1) so that we can later make use of a Standard Normal
Cumulative Distribution table. Thus, ⇣⇤ = ⇣ � µ⇣/�⇣ , and P (⇣ > 0) is then shifted to P (⇣⇤ > (0�
µ⇣)/�⇣), and hence the probability that ⇣ > 0 becomes

P

✓
⇣ � µ⇣

�⇣
>

0� µ⇣

�⇣

◆
, (7.1)

which is equivalent to

1� �

✓
0� µ⇣

�⇣

◆
= P (⇣ > 0) = P (�z > c), (7.2)

where � is the Normal Cumulative Distribution Function, which yields Equation 4.15 in the main
manuscript. In the examples presented in this paper the Python scipy.stats library is used to
calculate P (�z > c) = 1� norm.cdf{0� µ⇣/�⇣}.

[B] In Section v a rate parameter for the exponential distribution of relief along rivers globally
is sought using waterfall heights. The challenge with using this dataset to estimate the value
of a rate parameter is clear: only large reliefs are included in this dataset. A value is estimated
using the Maximum Likelihood Estimator. The probability density function is assumed to be a
left-truncated exponential distribution. The derivation of Equation 4.19 in the main text follows.
First, consider that the assumed (complete) probability distribution of river reliefs, �z, is given by
f(�z|�) = � exp(���z), for �z � 0, with support on the interval 0 to 1. The cumulative density
function, F (�z|�) = 1� exp(���z) for �z � 0, and zero otherwise. Here we are interesting in
using the heights of waterfalls, which have truncated support between ⌧⇤ and 1. The truncated
probability distribution can be expressed as

f(�z|�,�z > ⌧⇤) =
� exp(���z)
1� F (⌧⇤)

I = � exp[�(⌧⇤ ��z)]I. (7.3)

where I(�z) = 1 for ⌧⇤ <�z <1 and 0 otherwise. The term 1� F (⌧⇤) = exp(��⌧⇤) normalises
the truncated probability distribution to ensure that it integrates to (total probability) 1, which
is the crucial conceptual step in this derivation. For a single measurement of relief within the
truncated support, the maximum likelihood for the value of � given the available data, can be
expressed as L(�|�z1) = � exp[��(⌧⇤ ��z1]. With two estimates of relief, L(�|�z1 and �z2) =

L(�|�z1)L(�|�z2) = � exp[��(⌧⇤ ��z1)]� exp[��(⌧⇤ ��z2)], which can be rearranged to
�2 exp[��[(⌧⇤ ��z1) + (⌧⇤ ��z2)]. Thus for n measurements of relief in the truncated series
L(�|�z1 . . .�zn, ⌧

⇤) = �n exp{��[(⌧⇤ ��z1) + . . .+ (⌧⇤ ��zn)]}, which can be expressed in
the form given by Equation 4.18 in the main manuscript. The derivative of the natural logarithm
of this function is given by

d
d�

ln[L(�|�z1 . . .�zn, ⌧
⇤)] =

d
d�

ln

"
�n exp

 
�n⌧⇤ � �

nX

i=1

�zi

!#
, (7.4)

Since L(�) is expected to be greatest where dL/d�= 0, by setting the left-hand side to zero,
and solving the derivative on the right-hand side we obtain

0 =
n
�
+ n⌧⇤ �

nX

i=1

�zi, (7.5)

which can be rearranged to produce Equation 4.19 in the main manuscript.
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