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Abstract 14 

 15 

The warming climate in high-latitude permafrost regions is leading to permafrost 16 

degradation. Estimating seismic velocity in permafrost can help predict the 17 

geomechanical properties of permafrost and provide information for planning and 18 

designing resilient civil infrastructure in cold regions. Seismic velocities of permafrost 19 

are mainly influenced by three components in permafrost: soil grains, water, and ice. 20 

Unfrozen water content reflects the variation of ice content and therefore is a key 21 

parameter in predicting seismic velocity. This paper statistically evaluates the 22 

performance of seven seismic velocity models in predicting seismic wave velocity of 23 

permafrost; these models are the time-average model, Zimmerman and King model, 24 

Minshull et al. model, weighted equation model, three-phase model, the Biot‐Gassmann 25 
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theory modified by Lee (BGTL model), and Dou et al. model. The unfrozen water content 26 

used in these models is obtained from a modified Dall’Amico’s model that we propose 27 

and this new model is evaluated against six existing unfrozen water content models based 28 

on soil temperature. The data used in the evaluation are from published laboratory and 29 

in-situ data, including 369 data points for joint P- and S-wave velocities from 9 30 

publications and 980 unfrozen water content data points from 13 publications. This study 31 

finds that permafrost of all soil types generally shares the same linear trends between P- 32 

and S-wave velocities, regardless of porosity, grain size, and temperature. Fitting all 33 

existing data, we derive an empirical linear relationship between P- and S-wave 34 

velocities. Among the seismic velocity models evaluated in this study, the Minshull et al. 35 

model and BGTL model are the most accurate in predicting seismic velocity of 36 

permafrost. The study also provides the applications of seismic velocity models for 37 

various permafrost soil types. 38 

 39 

Keywords: seismic velocity; permafrost; statistical evaluation; unfrozen water content. 40 

 41 

1. Introduction 42 

 43 

Increasing air temperatures are driving the warming of permafrost across the high-44 

latitude permafrost regions. As permafrost warms, its geomechanical properties degrade, 45 

in turn, permafrost degradation disrupts the natural environment and infrastructure 46 

systems and results in long-lasting societal impacts. Studying geomechanical properties 47 

of permafrost can help quantitatively understand permafrost warming. The 48 

geomechanical properties of permafrost include strength characteristics such as 49 
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compressive strength, tensile strength, yield strength, shear strength, and dynamic 50 

mechanical properties such as bulk modulus, shear modulus, Young’s modulus, and 51 

Poisson’s ratio. The acquisition of these geomechanical properties usually requires 52 

accessing and sampling of permafrost using borehole drilling and laboratory testing, 53 

which can be difficult, expensive, and time consuming (Ferrero et al., 2014). 54 

Observations are limited due to a limited number of sampling sites, while heterogeneity 55 

of permafrost leads to potential significant variation of conditions even with a short 56 

distance (e.g. near the edge of an ice wedge). Seismic imaging techniques allow us to 57 

reconstruct maps of properties in larger regions and identify the heterogeneity of 58 

permafrost. Besides, many studies were based on remolded, artificially frozen soil 59 

samples, and they may not represent field conditions (Yang et al., 2015). For instance, 60 

the shear strength of frozen soil is influenced by sample preparation method, including 61 

freezing conditions, strain rate, and sample orientation and size (Radd and Wolfe, 1979). 62 

Therefore, to understand the in situ geomechanical properties, in situ measurement 63 

techniques are preferred. 64 

 65 

Seismic wave velocities estimated using in situ measurements indicate the strength and 66 

modulus of soils. Seismic wave propagation is affected by external stresses in permafrost, 67 

i.e., compressive, tensile, and shear stresses. Seismic wave velocities are correlated with 68 

compressive strength in permafrost (Schön, 2011; Dou et al., 2016). The ultimate 69 

compressive strength of permafrost increases with decreasing temperature (Yang et al., 70 

2015; Haynes and Karalius, 1977; Zhu and Carbee, 1984). Besides, yield strength shows 71 

a clear correlation with compressive strength (Yang et al., 2015). Laboratory acoustic 72 
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tests and uniaxial tests were performed to investigate the relationship between seismic 73 

wave velocity and peak and residual strength of permafrost (Ferrero et al., 2014).  74 

 75 

Bulk modulus, shear modulus, and Young’s modulus decrease with increasing 76 

temperature (Liew et al., 2022; Yang et al., 2015). Bulk modulus, shear modulus, 77 

Young’s modulus and Poisson’s ratio can be calculated based on seismic wave velocities: 78 

 79 

𝐾 = 𝜌(𝑉௣
ଶ −

4

3
𝑉௦

ଶ) (1) 

𝐺 =  𝜌𝑉௦
ଶ (2) 

𝐸 =
𝜌𝑉௦

ଶ(3𝑉௣
ଶ − 4𝑉௦

ଶ)

𝑉௣
ଶ − 𝑉௦

ଶ  (3) 

𝜈 =
𝑉௣

ଶ − 2𝑉௦
ଶ

2(𝑉௣
ଶ − 𝑉௦

ଶ)
 (4) 

 80 

where 𝑉௣ is compressional wave velocity, 𝑉௦ is shear wave velocity, 𝐾 is bulk modulus, 81 

𝐺 is shear modulus, 𝜌 is the bulk density of a soil specimen, 𝐸 is Young’s modulus, and 82 

𝜈 is Poisson’s ratio. 83 

Thus, seismic wave velocities can be used to detect the temporal changes of permafrost, 84 

vertical distribution of active layer, permafrost layer, talik formation, distributions of 85 

thermokarst and ice wedges, and lateral variability in these features. Apparent increase 86 

in seismic velocities in permafrost has been observed as temperature decreases in 87 

previous laboratory tests (Nakano et al., 1972; Kurfurst, 1976). The increase primarily 88 

coincided with the increase of ice content (Timur, 1968; Nakano and Froula, 1973; 89 
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Zimmerman and King, 1986), which is equivalent to the decrease of unfrozen water 90 

content (King et al., 1988; Leclaire et al., 1994). Laboratory measurements of acoustic 91 

velocities in frozen porous media have shown that P-wave and S-wave velocities sharply 92 

increase with decreasing temperature when below 0° C in sandstone samples (King et al., 93 

1988). Therefore, seismic wave velocities can be quantified based on ice content and 94 

water saturation. However, quantitatively relating seismic velocities to ice content has 95 

proven challenging due to the heavy dependence on the microstructure of ice (Dou et al., 96 

2017).  97 

 98 

All seismic velocity models discussed in this study use volumetric proportion of the three 99 

permafrost constituents: soil skeleton, water, and ice. The volumetric ice content plays 100 

an important role in determining the responses of seismic wave velocity and 101 

geomechanical property changes to thermal perturbations (Dou et al., 2016; Dou et al., 102 

2017). Volumetric unfrozen water content can be used to reflect ice content and calculate 103 

the volumetric proportion of the constituents. Unfrozen water in frozen soil is a certain 104 

amount of liquid water remaining at a negative temperature owing to capillarity and the 105 

surface potential energy of soil (Hu et al., 2020). The thermos-hydro-mechanical (THM) 106 

behavior of frozen soils is highly dependent on the unfrozen water content (Lyu et al., 107 

2020) and therefore influences the seismic wave velocities and geomechanical properties 108 

of permafrost. Unfrozen water content decreases with the decrease of temperature 109 

(Watanabe and Osada, 2017). As the unfrozen water content changes, the volume 110 

proportions of unfrozen water, ice and soil solid alter and have a strong influence on the 111 

mechanics of frozen soil, including seismic wave velocities and geomechanical 112 

properties. Measurements of unfrozen water content are usually time-consuming and 113 
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expensive. Therefore, models for predicting the unfrozen water contents of frozen soils 114 

are important. 115 

 116 

This paper evaluates seven seismic velocity models corresponding to unfrozen water 117 

content. Temperature and total moisture content are first used to determine unfrozen 118 

water content. The estimated unfrozen water content of six existing unfrozen water 119 

content models is also evaluated statistically. We proposed a modified and simpler 120 

unfrozen water content model based on the Dall’Amico’s model to provide unfrozen 121 

water content estimation in the seismic wave velocity models. The estimated seismic 122 

wave velocities of the seven existing seismic wave velocity models are then evaluated 123 

statistically. The seven seismic wave velocity models either calculate P-wave or S-wave 124 

velocity or composite elastic moduli of permafrost, based on different theoretical 125 

assumptions. 126 

 127 

2. Reviews of Existing Unfrozen Water Content Models and Seismic Wave 128 

Velocity Models Applied in Permafrost 129 

 130 

This section reviews existing unfrozen water content models and seismic wave velocity 131 

models. Unfrozen water content can be measured using different methods including 132 

differential scanning calorimetry (DSC), time domain reflectometry (TDR), nuclear 133 

magnetic resonance (NMR), and dilatometer method (Lu et al., 2019). However, these 134 

methods are usually time-consuming and expensive (Lu et al., 2019). Therefore, previous 135 

research proposed various unfrozen water content models. Section 2.1 reviews six 136 

commonly used unfrozen water content models based on soil temperature, including the 137 
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Michalowski (1993) model, McKenzie et al. (2007) model, Kozlowski (2007) model, 138 

Anderson and Tice (1972) model, Zhang et al. (2017) model, and Dall’Amico et al. (2011) 139 

model. Section 2.2 reviews seven existing seismic wave velocity models using estimated 140 

unfrozen water content, including the time-average model (Wyllie et al., 1958), 141 

Zimmerman and King (1986) model, Minshull et al. (1994) model, weighted equation 142 

model (Lee et al., 1996), three-phase model (Leclaire et al., 1994), the Biot‐Gassmann 143 

theory modified by Lee (BGTL model) (Lee, 2002), and two-end member model (Dou 144 

et al., 2017). 145 

 146 

2.1 Reviews of Existing Unfrozen Water Content Models in Permafrost 147 

 148 

Unfrozen water content is usually calculated based on four parameters: soil temperature, 149 

soil temperature and specific surface area of soil particles, soil water characteristic curve, 150 

and different types of water (such as free water, capillary water and bound water) (Hu et 151 

al., 2020). Evaluation of unfrozen water content models has been conducted by Lu et al. 152 

(2019) and Hu et al. (2020). There are two main approaches in the unfrozen water content 153 

models: empirical and physical approaches. Among these methods, the models using soil 154 

temperatures can be easily applied for seismic wave velocity prediction. This section 155 

reviews six commonly used unfrozen water content models based on empirical or semi-156 

theoretical and semi-empirical approaches using soil temperature. Table 1 lists the six 157 

unfrozen water content models: Michalowski (1993) model, McKenzie et al. (2007) 158 

model, Kozlowski (2007) model, Anderson and Tice (1972) model, Zhang et al. (2017) 159 

model, and Dall’Amico et al. (2011) model.  160 

 161 
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Table 1 Comparison of existing unfrozen water content models (modified based on Lu 162 

et al., 2019). All fitting parameters are unitless if not stated. 163 

Models Formulae and Assumptions Additional Parameters 

Michalo

wski 

(1993) 

model 

 

𝜃௨ = ቊ
𝜃௥௘௦ + (𝜃଴ − 𝜃௥௘௦) expൣ𝜇(𝑇 − 𝑇௙)൧

𝜃଴

𝑇 < 𝑇௙

𝑇 ≥ 𝑇௙
 

Assumption: The residual unfrozen water content is 

independent of soil temperature. 

𝜃௨: volumetric unfrozen water 

content; 

𝜃௥௘௦: residual volumetric 

unfrozen water content; 

T: temperature (C); 

𝑇௙: temperature of freezing 

(C); 

𝜃଴: initial volumetric water 

content at 𝑇௙; 

𝜇: fitting parameter. 

McKenz

ie et al. 

(2007) 

model 

𝑆௪ = ቐ
 𝑆௪௥௘௦ + (1 − 𝑆௪௥௘௦) exp ቈ− ൬

𝑇 − 𝑇௙

𝛾
൰

ଶ

቉ 𝑇 < 𝑇௙

𝑆଴ 𝑇 ≥ 𝑇௙

 

or 

𝜃௨ = ቐ
𝜃௥௘௦ + (𝜃଴ − 𝜃௥௘௦) exp ቈ− ൬

𝑇 − 𝑇௙

𝛾
൰

ଶ

቉ 𝑇 < 𝑇௙

𝜃଴ 𝑇 ≥ 𝑇௙

 

Assumption: The residual unfrozen water content is 

constant. 

𝑆௪: unfrozen water saturation; 

𝑆௪௥௘௦: residual saturation 

corresponding to the residual 

volumetric unfrozen water 

content; 

𝑆଴: initial water saturation at 

𝑇௙; 

 

𝛾 : fitting parameter. 

Kozlows

ki 

(2007) 

model 

𝜃௨

=

⎩
⎪
⎨

⎪
⎧

𝜃௥௘௦ 𝑇 ≤ 𝑇௥௘௦

𝜃௥௘௦ + (𝜃଴ − 𝜃௥௘௦) exp ቈ𝛿 ൬
𝑇௙ − 𝑇

𝑇 − 𝑇௥௘௦
൰

ఌ

቉ 𝑇௥௘௦ < 𝑇 < 𝑇

𝜃଴ 𝑇 ≥ 𝑇௙

Assumption: The water remains in a liquid form when 

the soil temperature is above 𝑇௙, and the unabsorbed 

𝑇௥௘௦: temperature 

corresponding to 𝜃௥௘௦; 

𝛿: fitting parameter;  

𝜀: fitting parameter. 
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water is all frozen when the soil temperature is below 

𝑇௥௘௦. 

Anderso

n and 

Tice 

(1972) 

model 

𝑊௨ = ൜
𝑎(−𝑇)௕

𝑊଴

𝑇 < 𝑇௙

𝑇 ≥ 𝑇௙
 

or 

𝜃௨ = ൜
𝑎 ∙ 𝜌ௗ(−𝑇)௕

𝜃଴

𝑇 < 𝑇௙

𝑇 ≥ 𝑇௙
 

where 

ln 𝑎 = 0.5519 ln 𝑆 + 0.2618 

ln 𝑏 = 0.2640 ln 𝑆 + 0.3711 

Assumption: Adsorptive force governs the freezing of 

pore water. 

𝑊௨: gravimetric unfrozen 

water content; 

𝑊଴: initial gravimetric 

unfrozen water content; 

𝜌ௗ: dry density of soil; 

𝑆: specific surface area of soil 

grains; 

𝑎: fitting parameter;  

𝑏: fitting parameter. 

Zhang et 

al. 

(2017) 

model 

𝜃௨ = ቐ
𝜃଴ ቈ1 − ቆ

𝑇௙ − 𝑇

𝑇௞଴ + 𝑇௙
ቇ

ఠ

቉ −𝑇௞଴ < 𝑇 < 𝑇௙

𝜃଴ 𝑇 ≥ 𝑇௙

  

Assumption: All liquid water in soil would change into ice 

if the soil temperature falls below the absolute zero 

(−273.15 °C). 

𝜃଴: initial volumetric unfrozen 

water content; 

𝑇௙: initial freezing point of 

pore water; 

𝑇௞଴= 0 C; 

𝜔: fitting parameter. 

Dall’Am

ico et al. 

(2011) 

model 

𝜃௨ = 𝜃௥௘௦ + (𝜃଴ − 𝜃௥௘௦){1 + [−𝛽Ψ(𝑇)]௡}ି(ଵି
ଵ
௡

) 

Ψ(𝑇) = Ψ௪଴ +
𝐿௪௜

𝑔𝑇௙

(𝑇 − 𝑇௙) 

Assumption: The residual unfrozen water content is 

constant. 

Ψ(𝑇): soil-water 

potential energy (m);  

𝐿௪௜ : the latent heat of phase 

change between ice and water, 

𝐿௪௜ = 334 kJ/kg; 

𝛽: fitting parameter (m-1); 

𝑛: fitting parameter. 

 164 

The soil parameters used in the models in Table 1 include water freezing temperature 𝑇௙, 165 

initial volumetric water content at 𝑇௙ (𝜃଴), residual volumetric water content 𝜃௥௘௦, and 166 

soil-water potential energy as a function of temperature Ψ(𝑇). For non-saline soil, 𝑇௙ = 167 
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0 °C is used. Residual unfrozen water content is the unfreezable water content at a low 168 

temperature, 𝑇௥௘௦. 𝑇௥௘௦ is usually below −10 °C, at which the unfrozen water content is 169 

constant or has small changes (Kozlowski, 2007). Soil-water potential energy Ψ(𝑇) is 170 

calculated based on the following equation (Dall’Amico et al., 2011): 171 

 172 

Ψ(𝑇) = Ψ௪଴ +
𝐿௪௜

𝑔𝑇௙
൫𝑇 − 𝑇௙൯ (5) 173 

 174 

where Ψ௪଴= soil-water potential energy related to the total water content and is equal to 175 

the soil-water potential divided by 𝜌௟𝑔 ; 𝜌௟  is density of liquid, 𝑔  = gravitational 176 

acceleration. For saturated soil, Ψ௪଴=0. 177 

 178 

The Anderson and Tice (1972) model, the Michalowski (1993) model, and the Kozlowski 179 

(2007) model are initially expressed by gravimetric unfrozen water content. It is 180 

converted to volumetric unfrozen water content and shown in Table 1. The relationship 181 

between volumetric unfrozen water content (𝜃௨) and gravimetric unfrozen water content 182 

(𝑊௨) is 183 

 184 

𝜃௨ =
𝑊௨𝜌ௗ

𝜌௪

(6) 185 

 186 

where 𝜌ௗ is the dry density of soil; 𝜌௪ is the density of water. 187 

 188 

Lu et al. (2019) discussed the influence of fitting parameters and the boundary conditions 189 

of the Michalowski (1993) model, McKenzie et al. (2007) model, Kozlowski (2007) 190 
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model, Anderson and Tice (1972) model and Zhang et al. (2017) model. The most 191 

common model used is the Anderson and Tice (1972) model, which is a power function 192 

relationship between unfrozen water content and negative temperature. However, the 193 

model prediction approaches infinity when the temperature is close to 0 °C, making it 194 

unreasonable for conditions frequently encountered in polar regions. For the McKenzie 195 

et al. (2007) model and the Kozlowski (2007) model with 𝜀 > 1 (Table 1), the derivative 196 

of the unfrozen water content curve at the freezing point is zero; this means that the 197 

unfrozen water content is predicted to remain constant near the freezing point, a behavior 198 

that is inconsistent with the actual rapid decrease of unfrozen water content during the 199 

freezing process (Lu et al., 2019). Physics-based unfrozen water content models provide 200 

more accurate results but are more complicated and difficult to use in practical 201 

applications and in numerical modeling (Hu et al., 2020). Physics-based models contain 202 

more input properties and requires more computation than empirical models. Some of 203 

the properties of soils are difficult to measure, therefore assumptions of the property 204 

values are needed. Dall’Amico et al. (2011) model is semi-theoretical and improved from 205 

the van Genuchten model (van Genuchten, 1980). 206 

 207 

The empirical parameterized unfrozen water content models are easy to implement in 208 

numerical modeling with simple formulas. Their limitation is that the fitting parameters 209 

lack physical meanings (Hu et al., 2020), and the parameters vary among different soil 210 

samples. Meanwhile, theoretical models of unfrozen water content are complicated. 211 

Semi-theoretical and semi-empirical models, such as Dall’Amico et al. (2011) model, 212 

may mitigate the limitations of the models either entirely based on empirical data or 213 

theoretical calculations. 214 
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 215 

2.2 Review of Existing Seismic Wave Velocity Models in Permafrost 216 

 217 

Saturated permafrost is a multiphase porous material that consists of unfrozen water, ice, 218 

and soil particles. Permafrost is heterogeneous and discontinuous on a small scale, while 219 

seismic wave velocities in permafrost are sensitive to the average properties of a larger 220 

scale volume (i.e., wavelength scale) (Guéguen and Palciauskas, 1994; Dou et al., 2017). 221 

The seismic wave velocity models discussed in this study assume that the composite 222 

density is the volume-weighted average of the densities of the constituents, given by 223 

 224 

𝜌 = 𝜙௪𝜌௪ + 𝜙௜𝜌௜ + 𝜙௦𝜌௦ (7) 225 

 226 

where 𝜙௪ , 𝜙௜ , 𝜙௦  are the volume proportions of unfrozen water, ice, and soil solids, 227 

respectively, and 𝜙௪ + 𝜙௜ + 𝜙௦ = 1. 𝜙௪, 𝜙௜, and 𝜙௦ can be derived based on unfrozen 228 

water content, i.e., 𝜙௪ = 𝜃௨, 𝜙௜ = 𝜃଴ − 𝜃௨, 𝜙௦ = 1 − 𝜃଴ (Table 1).  229 

 230 

Three previous studies compared seismic wave velocity models for permafrost (Thimus 231 

et al., 1991; Carcione and Seriani, 1998; Lyu et al., 2020). Thimus et al. (1991) and Lyu 232 

et al. (2020) used geoacoustic models to determine unfrozen water content. Thimus et al. 233 

(1991) made a comparison for Boom clay between the three‐phase Wood’s equation, 234 

time‐average equation, and Zimmerman and King (1986) model. Lyu et al. (2020) 235 

evaluated eight geoacoustic models relating seismic wave velocity to unfrozen water 236 

content and summarized the limitations and applications of each model. Carcione and 237 

Seriani (1998) evaluated six seismic wave velocity models, including the Voigt model 238 
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(Voigt, 1928), Reuss model (Reuss, 1929), and three‐phase Biot theory proposed by 239 

Leclaire et al. (1994).  240 

 241 

This section reviews the following seismic wave velocity models: time-average model 242 

(Wyllie et al., 1958), Zimmerman and King (1986) model, Minshull et al. (1994) model, 243 

weighted equation model (Lee et al., 1996), three-phase model (Leclaire et al., 1994), the 244 

Biot‐Gassmann theory modified by Lee (BGTL model) (Lee, 2002), and two-end 245 

member model (Dou et al., 2017). Time-average model, Minshull et al. (1994) model, 246 

weighted equation model (Lee et al., 1996), and three-phase model directly calculate P-247 

wave and S-wave velocities, while Zimmerman and King (1986) model and BGTL 248 

model calculate bulk and shear modulus and use Equations (1) and (2) to derive P-wave 249 

and S-wave velocities. The complete equations of the seismic wave velocity models are 250 

presented in Appendix A. Table 2 summarizes the assumptions and applications of these 251 

models. The weighted equation model and BGTL model were initially proposed for gas 252 

hydrate due to the similarities between frozen soil and gas hydrate (Lyu et al., 2020). 253 

Conclusions drawn from hydrate sediment studies should be evaluated before applying 254 

to unconsolidated permafrost (Lyu et al., 2020). 255 

 256 

(a) Time-average model (Wyllie et al., 1958; Timur, 1968) 257 

 258 

The time-average model estimates the effective slowness (i.e., the inverse of velocity) of 259 

the multiphase material as the volume-weighted average slowness of the constituents of 260 

two-phase material (Wyllie et al., 1958). The model calculates the average time needed 261 

for the seismic wave velocity to travel through the material. The assumption is that the 262 
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P-wave velocities and transmission coefficients are independent of wave frequencies for 263 

elastic media when there is no slippage or separation of interfaces. Therefore, this model 264 

is more appropriate for a fully cemented system such as fully frozen permafrost (Lyu et 265 

al., 2020). Timur (1968) first proposed a three-phase, time-average equation to explain 266 

the compressional wave velocity in various consolidated rocks measured at subzero 267 

temperatures. The time-average model can only be used for predicting 𝑉௣ , but 268 

overestimates 𝑉௣  of permafrost. Therefore, some studies use artificially low P-wave 269 

velocity of soil matrix (𝑉௣௦) (Hoyer et al., 1975; Lee et al., 1996). The model is not 270 

applicable if the material is unconsolidated (Wyllie et al., 1958; Dvorkin and Nur, 1998), 271 

has clay content or organic content, or contains secondary porosity such as fractures 272 

(Timur, 1968; Castagna et al., 1985; Eberhart-Phillips et al., 1989).  273 

 274 

(b) Zimmerman and King (1986) model 275 

 276 

Zimmerman and King (1986) extended the two-phase wave-scattering theory of Kuster 277 

and Toksöz (1974) for estimating three-phase bulk and shear moduli of unconsolidated 278 

permafrost (King et al., 1988; Zimmerman and King, 1986). Given that only limited 279 

parameters are required, the model was frequently used (King et al., 1988; Kneisel et al., 280 

2008; Lyu et al., 2020). The Zimmerman and King (1986) model assumes unconsolidated 281 

permafrost with spherical soil particles embedded in ice-water mixture. The ice-water 282 

mixture is composed of spherical water inclusions in a continuous ice phase. The model 283 

also assumes a discontinuous water phase in the frozen soil; therefore, only porosity 284 

between 30% and 50% and low unfrozen water saturation below 60% can be estimated. 285 

This assumption may be invalid for frozen soils with high unfrozen water content.  286 
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 287 

(c) Minshull et al. (1994) model 288 

 289 

The Minshull et al. (1994) model uses a two-end-member mixing approach to derive the 290 

seismic wave velocities of permafrost. The Minshull et al. (1994) model constitutes two 291 

end members, including fully ice-saturated sediment (fully frozen) as the stiff end 292 

member and fully water-filled sediment (fully unfrozen) as the soft end member. The 293 

fully frozen end uses the time-average model, and the fully unfrozen end uses 294 

Gassmann’s equation (Gassmann, 1951). By averaging the two end members, the P-wave 295 

and S-wave velocities of partially frozen permafrost can be derived. 296 

 297 

(d) Weighted equation model (Lee et al., 1996) 298 

 299 

The weighted equation model proposed by Lee et al. (1996) is a modification of the 300 

weighted average relationship proposed by Nobes et al. (1986). The model calculates the 301 

weighted average of the three-phase time-average model in Section 2.2 (a) (Timur, 1968; 302 

Wyllie et al., 1958) and Wood equation (Wood, 1941) of P-wave velocity, initially 303 

proposed for hydrate-bearing sediments (Lee et al., 1996). The Wood equation calculates 304 

the weighted sum of kinetic energy for constituents of water, ice, and soil solids (Lee et 305 

al., 1996; Lyu et al., 2020). The Wood equation can be treated as theoretical minimum 306 

value (Lee, 2002) and seems to be more accurate at temperatures near 0 °C for 307 

unconsolidated permafrost (Lyu et al., 2020), suitable for high porosity and high water 308 

saturation conditions (Lee et al., 1996). 309 

 310 



16 
 

As the elastic properties of ice and gas hydrate are similar (Pearson et al., 1983), the 311 

weighted equation model can be applied to permafrost. Empirical parameters 𝑊 and 𝑛 312 

are used in the weighted equation model and derived by data fitting. They control the 313 

weight of element models and the changing rate of P-wave velocity according to unfrozen 314 

water content. Porosity also influences the weight of each element model. Based on 315 

Equation A.13, when 𝜙 decreases, the weight of the time-average model increases. 316 

 317 

S-wave velocity 𝑉௦ in the weighted equation model can be approximately predicted based 318 

on an empirical equation for mudrock by Castagna et al. (1985) (Equation A.14). When 319 

applying the weighted equation model for permafrost, this empirical linear relationship 320 

of P-wave and S-wave velocities may need to be replaced. 321 

 322 

(e) Three-phase model (Leclaire et al., 1994) 323 

 324 

The three-phase model by Leclaire et al. (1994) is an extension of the two-phase Biot 325 

theory, imposing a soil grain – water – ice layered medium structure. The Biot theory 326 

describes wave propagation in a statistically isotropic, fully saturated medium with 327 

uniform porosity (Biot, 1956; Lyu et al., 2020). The three-phase model assumes no direct 328 

contact between solid grains and ice (Leclaire et al., 1994). The model considers the 329 

influence of potential energy, kinetic energy and a stress-strain relationship for wave 330 

propagation in frozen medium (Leclaire et al., 1994). Due to the strong theoretical basis, 331 

it requires many material properties and empirical factors such as soil and hydrate matrix 332 

permeability, friction coefficients, and viscosity of free water. These values are difficult 333 
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or even impossible to measure, and some of them need to be determined by data fitting 334 

(Lyu et al., 2020). 335 

 336 

There are multiple solutions of P-wave velocities (three solutions) and S-wave velocities 337 

(two solutions) based on the three-phase model (Equation A.15 – A.18). Only one of 338 

these solutions can be selected as the P- and S-wave velocities of permafrost. While other 339 

solutions may mathematically solve these equations, they are physically incorrect and do 340 

not fit experimental results.  341 

 342 

Carcione and Seriani (1998) evaluated this model using unfrozen water content that 343 

mainly considered capillary effect and assumed Gaussian pore size distribution, the 344 

values of average pore radius and its standard deviation. In the three-phase model, a 345 

percolation model is used to predict elastic moduli of the ice matrix, based on the 346 

relationship by De Gennes (1976) and Kuster-Toksöz models (1974). 347 

 348 

(f) Biot‐Gassmann theory modified by Lee (BGTL model) (Lee, 2002) 349 

 350 

Lee (2002) modified the Biot‐Gassmann theory (Biot, 1941; Gassmann, 1951) by 351 

updating the original two‐phase Biot theory, the modified model is named the BGTL 352 

model. This model is initially proposed for unconsolidated gas hydrate-bearing 353 

sediments (Lee, 2002). The BGTL model considers the effective solid matrix consisting 354 

of soil grains and ice based on the Hashin-Shtrikman (HS) average equation (Hashin and 355 

Shtrikman, 1963; Hill, 1952).  356 

 357 
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In BGTL model, Lee (2002) assumed the relationship of P- and S-wave velocities 358 

between soil and its solid skeleton are proportional to (1 − 𝜙௪) (Equation A.47) and 359 

proposed an empirical relation between the Biot coefficient 𝛽 and volume proportion of 360 

unfrozen water (𝜙௪ = 𝜃௨) using the weighted equation model (Equation A.48). The later 361 

assumption (presented in Equation A.48) is not valid when grains lose contact in high 362 

porosity materials. The empirical relationship in Equation A.47 is derived from tested 363 

examples of gas hydrate-bearing sediments with 𝜙௪ in range of 0.19 – 0.68 (Lee, 2002). 364 

When the BGTL model is applied to permafrost, Equation A.47 may provide inaccurate 365 

Biot coefficient 𝛽. 366 

 367 

(g)  Dou et al. (2017) model 368 

 369 

The two-end member model by Dou et al. (2017) is an effective-medium model for 370 

saturated, unconsolidated saline permafrost and is an improvement of the Minshull et al. 371 

(1994) model. The two end members to form the effective medium of partially frozen 372 

sediments include an ice-filled, fully frozen end member and a water-filled, fully 373 

unfrozen end member (Dou et al., 2017). Instead of using the time-average model for the 374 

fully frozen end as in the Minshull et al. (1994) model (Equations 13 and 14), Dou et al. 375 

(2017) used an effective-medium modeling procedure. The fully frozen end uses the self‐376 

consistent approximation (Berryman, 1995) and the fully unfrozen end uses the Herz‐377 

Mindlin contact theory (Mindlin, 1949) and Biot theory (Dou et al., 2017).  378 

 379 

The Dou et al. (2017) model does not require parameter tuning of the mixing proportions 380 

and inherently assumes mixed pore-scale ice distributions. However, it overestimates P-381 
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wave velocities at moderate to high ice saturations, indicating that the model may 382 

overestimate the role of cementing ice at those saturations. Another limitation is that the 383 

Dou et al. (2017) model uses modified HS average as mixing strategy, which lacks a 384 

physical interpretation. 385 

 386 

(h) Summary of the seismic velocity models 387 

 388 

A summary of the assumptions and applications of the seismic wave velocity models is 389 

shown in Table 2. Some of the models are initially proposed based on other materials 390 

such as rock and gas hydrates (e.g., time-average model, Minshull et al. (1994) model, 391 

weighted equation model, BGTL model) and applied in permafrost. Some of the models 392 

are extended from poroelastic theory, adding assumptions for permafrost (e.g., 393 

Zimmerman and King (1986) model, three-phase model). For the time-average model, it 394 

calculates the sum of travel time in the individual components and is highly idealized 395 

even for rock material. The time-average model is empirical and lacks physical basis. In 396 

the application to permafrost, the time-average model can be considered to assume fully 397 

frozen permafrost, leading to an overestimation of the seismic wave velocities. An 398 

additional limitation of the time-average model is that it can only derive P-wave 399 

velocities. The weakness of the weighted equation model and Minshull et al. (1994) 400 

model is that the time-average model is a component of these models. The Minshull et 401 

al. (1994) model and Dou et al. (2017) model use a two-end-member mixing approach. 402 

Both models do not require parameter tuning and incorporate ice and water saturation in 403 

the mixing proportion. The improvement of the Dou et al. (2017) model is that it modified 404 

the mixing method and replaced the end member models in Minshull et al. (1994) model, 405 
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avoiding the application of the time-average model. The Zimmerman and King (1986) 406 

model and the three-phase model both utilize Kuster-Toksöz equations. The Kuster-407 

Toksöz equations (1974) were initially proposed for two-phase media, commonly used 408 

for low-porosity rocks. The three-phase model uses Kuster-Toksöz equations to derive 409 

the ice matrix elastic moduli. The Zimmerman and King (1986) model extends the 410 

Kuster-Toksöz equations to three-phase permafrost by applying the equations twice. The 411 

three-phase model and BGTL model are both extended from Biot theory. The three-phase 412 

model imports the phase transition between liquid state and solid state into Biot theory 413 

(Leclaire et al., 1994). BGTL model applies Biot-Gassmann equation with Biot 414 

coefficient calculated from weighted equation model (Lee, 2002). 415 

 416 

Table 2. Assumptions and applications of seismic wave velocity models 417 

Models Assumptions Applications 

Time-average 

model (Wyllie et 

al., 1958; Timur, 

1968) 

 Rigid consolidated rock with little 

fluid 

 The wave velocities and transmission 

coefficients are independent of 

frequencies for elastic media when 

there is no slippage or separation of 

interfaces 

P-wave velocity of gas 

hydrates or permafrost 

(using artificially low 

matrix velocity for 

unconsolidated 

sediments) 

Zimmerman and 

King (1986) model 

 Discontinuous water phase in frozen 

soils 

 Only considers spherical shape for 

water and soil phases of 

unconsolidated permafrost 

Permafrost porosities 𝜙 ∈

[0.3,0.5] and low 

unfrozen water saturation 

below 60% 
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Minshull et al. 

(1994) model 

 Two-end-member mixing approach 

based on time-average model and 

Gassmann’s equation 

 Poisson’s ratio is independent of 

porosity 

Initially proposed for 

partially gas-saturated 

oceanic sediments 

Weighted equation 

model (Lee et al., 

1996) 

 Weighted average of the three-phase 

Wood equation and the time-averaged 

model 

 Only considers spherical shape for 

water and soil phases of 

unconsolidated permafrost 

Initially proposed for 

unconsolidated gas 

hydrates 

Three-phase model 

(Leclaire et al., 

1994) 

 Extended based on Biot theory, the 

corresponding assumptions are 

statistically isotropic, fully saturated, 

and with a uniform and connected 

porosity 

 No direct contact between solid grains 

and ice inclusions 

Frozen porous media 

Biot‐Gassmann 

theory modified by 

Lee (BGTL) (Lee, 

2002) 

 Extended based on Biot theory 

 The 𝑉௣/𝑉௦ ratio of a consolidated 

sediment is related to the 𝑉௣/𝑉௦ ratio 

of the matrix material and the 

effective porosity of the soil 

Initially proposed for gas 

hydrates 
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Two-end member 

model (Dou et al., 

2017) 

 Two-end-member mixing approach 

based on self‐consistent 

approximation and Biot theory 

Initially proposed for 

saturated, unconsolidated 

saline permafrost 

 418 

 419 

3. Statistical Evaluation of Unfrozen Water Content Models and Seismic Wave 420 

Velocity Models in Permafrost 421 

 422 

This section evaluates the six unfrozen water content models discussed in Section 2.1 423 

and proposes a modified model based on the Dall’Amico et al. (2011) model (denoted as 424 

modified Dall’Amico’s model). The modified Dall’Amico’s model is then used for the 425 

evaluation of seven seismic wave velocity models discussed in Section 2.2. The data used 426 

for evaluating the models are collected from published laboratory results. For unfrozen 427 

water content models, we collected a total of 66 datasets of unfrozen water content versus 428 

temperature with 980 total data points from 13 journal and conference publications. For 429 

seismic wave velocity models, we collected a total of 41 datasets of seismic wave 430 

velocities (including P- and S-wave velocities) versus temperature with 369 total data 431 

points from 9 journal and conference publications. All the datasets are saturated or nearly 432 

saturated permafrost. All the soil samples are unconsolidated, non-saline or with low 433 

salinity. The dataset’s soil index properties are listed in Appendix B. 434 

 435 

3.1 Statistical Evaluation of Unfrozen Water Content Models in Permafrost 436 

 437 
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The 66 datasets of volumetric unfrozen water content with various soil types are plotted 438 

in Figure 1, including sand, sand with fines, silt, clay and organic soil. Soils are classified 439 

using the Unified Soil Classification System (USCS). The index properties and testing 440 

conditions of the soil samples are listed in Table B.1 in Appendix A. More details of the 441 

laboratory data could be found in the references (Christ et al., 2009; Li, 2009; Li et al., 442 

2020; Smith and Tice, 1988; McGaw et al., 1983; Oliphant et al., 1983; Aksenov et al., 443 

1998; Hivon and Sego, 1990; Lai et al., 2021; Qiu et al., 2020; Watanabe and Wake, 444 

2009; Zhang et al., 2019; Wen et al., 2012). This meta-analysis indicates that clay 445 

(datasets=30 or 45%) is the most tested soil, followed by sand (datasets=16 or 24%), and 446 

silt (datasets=9 or 14%). Sand with fines and organic soil is the least tested (datasets=6 447 

or 9%). Fine-grained soils (silt and clay) are the most tested, which is probably due to its 448 

capability to hold more moisture and therefore its higher susceptibility to permafrost 449 

degradation. As temperature decreases from 0 °C, the decrease rate of unfrozen water 450 

content is higher at near 0 °C temperatures and then gradually decreases as temperature 451 

further decreases. The changing rate of unfrozen water content is much less at 452 

temperatures below -15 °C as compared to the rate of change near 0 °C. 453 
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 454 

Figure 1. Volumetric unfrozen water content data with temperature 455 

 456 

All the unfrozen water content models listed in Table 1 are empirical or semi-empirical. 457 

In contrast, the Dall’Amico et al. (2011) model is based on theoretical equations by van 458 

Genuchten (1980). The residual unfrozen water content, i.e., the water that cannot freeze 459 

even at extremely low temperature, is usually difficult to measure and the estimated 460 
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values used in practice are based on empirical relationships. Thus, the estimated residual 461 

unfrozen water content may not be accurate. Based on the Dall’Amico et al. (2011) model, 462 

we propose a modified model assuming that the soil is fully saturated, so that Ψ௪଴ = 0, 463 

and the residual unfrozen water content is ignored, i.e. 𝜃௥௘௦ = 0: 464 

 465 

𝜃௨ = 𝜃଴ ൝1 + ቈ−𝛽ᇱ
𝐿௪௜

𝑔𝑇௙
൫𝑇 − 𝑇௙൯቉

௡ᇲ

ൡ

ି(ଵି
ଵ

௡ᇲ)

(8) 466 

 467 

where 𝛽ᇱ and 𝑛ᇱ are fitting parameters. 468 

 469 

We evaluate the modified Dall’Amico model (Equation 8) together with the other six 470 

unfrozen water content models discussed in Section 2.1, using root-mean-square error 471 

(RMSE) and average deviation. RMSE is the square root of the average of the squared 472 

differences between the predicted values and the true values in the dataset. A lower 473 

RMSE value indicates that the model makes better predictions on the dataset. The unit 474 

of RMSE is the same as the evaluated variable. The average deviation is the mean of 475 

predicted values minus measured values and can quantify whether the models are biased 476 

to overestimate or underestimate quantities of interest. Figure 2 compares the calculated 477 

and measured volumetric unfrozen water contents of the 66 soil samples by the six 478 

existing models and the modified Dall’Amico model for different soil types including 479 

sand, sand with fines, silt, clay and organic soil. Figure C.1 and C.2 compare the RMSE 480 

values and average deviations of the seven models for volumetric unfrozen water content 481 

datasets that are grouped by soil types. The overall prediction performances of the 482 

Kozlowski (2007) model, Anderson and Tice (1972) model, Dall’Amico et al. (2011) 483 
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model and modified Dall’Amico model provide better estimation than the Michalowski 484 

(1993) model, McKenzie et al. (2007) model, and Zhang et al. (2017) model. The 485 

Michalowski (1993) model and McKenzie et al. (2007) model underestimate 𝜃௨  for 486 

measured 𝜃௨  below 20%. The Michalowski (1993) model underestimates 𝜃௨  for sand 487 

with measured 𝜃௨ above 30%. The McKenzie et al. (2007) model overestimates 𝜃௨ for 488 

sand and clay with measured 𝜃௨ above 30%. Similar performance of the Michalowski 489 

(1993) model and McKenzie et al. (2007) model may be due to similar trends in the 490 

formulas, with both using an exponential equation and considering residual unfrozen 491 

water content. The Anderson and Tice (1972) model provides good performance with 492 

the advantage of a simple formula format. The Anderson and Tice (1972) model 493 

underestimates 𝜃௨ for sand with measured 𝜃௨ between 30% and 50%. The Zhang et al. 494 

(2017) model was initially proposed for silt. Therefore, the prediction performance of 495 

Zhang et al. (2017) model may not predict well for soil types other than silt. Figure 2e 496 

shows a general trend that the Zhang et al. (2017) model overestimates 𝜃௨  when 497 

measured 𝜃௨ is less than 25% and underestimates 𝜃௨ as measured 𝜃௨ increases. 498 

 499 

The empirical unfrozen water content models with two fitting parameters perform better 500 

than the models with only one fitting parameter. The Michalowski (1993) model has a 501 

similar formula format to the McKenzie et al. (2007) model and Kozlowski (2007) model, 502 

but the Michalowski (1993) model has one more fitting parameter. As shown in Figure 503 

3a, 3b and 3c, the fitting performance of the Kozlowski (2007) model is better than the 504 

Michalowski (1993) model and McKenzie et al. (2007) model. The modified Dall’Amico 505 

model has RMSE values similar to Dall’Amico et al. (2011) model. The RMSE values 506 

of the modified Dall’Amico model for sand and sand with fines are slightly larger than 507 
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the values of Dall’Amico et al. (2011) model, while the modified Dall’Amico model 508 

(Equation 8) has fewer input properties than the Dall’Amico et al. (2011) model (Table 509 

1). The values predicted by the modified Dall’Amico model for clay samples have a 510 

smaller RMSE, indicating better performance than the Dall’Amico et al. (2011) model 511 

for clay. For the Kozlowski (2007) model, Anderson and Tice (1972) model and 512 

Dall’Amico et al. (2011) model, the predicted volumetric unfrozen water contents match 513 

well with the measured values. The modified Dall’Amico model shows a similar overall 514 

performance to the Dall’Amico et al. (2011) model. The modified Dall’Amico model has 515 

the advantages of a sound theoretical basis, good performance, and suitable amount of 516 

input properties. We derive the ranges of the two fitting parameters of the modified 517 

Dall’Amico model supported by the fitting results: 𝛽ᇱ ∈ (2.49, 3610), 𝑛ᇱ ∈ (1.13, 2.72). 518 

In the following section, the modified Dall’Amico model is used to predict unfrozen 519 

water content that is then used as an input for the seismic wave velocity models. 520 

 521 

 522 

 523 

 524 

 525 
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 526 

 527 

Figure 2. Comparisons between the measured and calculated volumetric unfrozen water 528 

contents of the six current models and the proposed model 529 

 530 

3.2 Statistical Evaluation of Existing Seismic Wave Velocity Models in Permafrost 531 

 532 

This section evaluates seven seismic wave velocity models in permafrost statistically, 533 

including the time-average model, Zimmerman and King (1986) model, Minshull et al. 534 
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(1994) model, weighted equation model, three-phase model, BGTL model, and Dou et 535 

al. (2017) model. The time-average model only predicts P-wave velocities while other 536 

six models can predict both P- and S-wave velocities. To evaluate the models of seismic 537 

wave velocities, we collected a total of 41 datasets with 369 total data points from 9 538 

journal and conference publications. Table 3 summarizes the number of datasets and data 539 

points for each soil type. Soils are classified based on USCS. The number of datasets and 540 

data points for each soil type is summarized in Table B.2; the index properties and testing 541 

conditions of the soil samples are listed in Table B.3 in Appendix B. More details of the 542 

laboratory data can be found in the references (Wang et al., 2006; Christ et al., 2009; 543 

Nakano and Arnold, 1973; Kim et al., 2016; Li, 2009; Meng et al., 2008; Fu et al., 1983; 544 

Yang et al., 2015; Ge et al., 2013; Zhang et al., 2018). Most of the datasets are non-saline 545 

permafrost. Only the datasets from Aksenov et al. (1998) are clay permafrost with low 546 

salinity (1 – 15 ppt). The data from the original publications include joint P-wave and S-547 

wave velocities and other elastic moduli: bulk modulus, shear modulus, Young’s 548 

modulus and Poisson’s ratio. All elastic moduli collected in this study are converted to 549 

seismic wave velocities based on Equations 1 – 4. 550 

 551 

The datasets represent the variations of seismic wave velocities with temperature for 552 

various soil types (sand, sand with fines, silt, clay, and organic soil) and are shown in 553 

Figures 3 (P-wave velocity versus temperature) and Figure C.3 (S-wave velocity versus 554 

temperature). As temperature decreases from 0 °C, the increase rates of P- and S-wave 555 

velocities are higher at near 0 °C temperatures and then gradually decreases as 556 

temperature further decreases. This trend is consistent with the decrease rate of unfrozen 557 

water content as temperature decreases (Figure 1), indicating that the variation of seismic 558 
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wave velocities is correlated with variation of unfrozen water content. By comparing P- 559 

and S- wave velocities of each soil type in Figures 3 and C.3, similar trends can be 560 

observed between P- and S- wave velocities.  561 

 562 

 563 

 564 

Figure 3. P-wave velocity data of various soils with temperature 565 

 566 
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The datasets of 𝑉௦ and 𝑉௣ in permafrost are plotted in Figure 4; the linear trend shows a 567 

clear correlation of 𝑉௦  and 𝑉௣  of permafrost. The linear relationship of 𝑉௦  and 𝑉௣ 568 

coincides with the similar trends of 𝑉௦ and 𝑉௣ for all soil types in Figures 3 and C.3. 569 

 570 

 571 

 572 

Figure 4. Correlations between P- and S-wave velocities 573 

 574 

The following equation shows the linear regression relationship between 𝑉௦ and 𝑉௣  in 575 

Figure 7, with 𝑅ଶ = 0.89: 576 

 577 

𝑉௦ = 0.6116𝑉௣ − 210.4 (9) 578 
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 579 

Equation 9 is applied in the weighted equation model to calculate 𝑉௦ in this study, as a 580 

replacement of Equation A.14. Since Equation A.14 is derived based on mudrock 581 

(Castagna et al., 1985), the replacement by equation 9 can increase the accuracy of 𝑉௦ 582 

predictions in the weighted equation model when applied for permafrost. Empirical 583 

parameters 𝑊 = 1.1 and 𝑛 = 1 are used in the analysis for the weighted equation model.  584 

 585 

The modified Dall’Amico’s model (Equation 8) is first used to predict unfrozen water 586 

content, which is used as input for the seismic wave velocity models. Therefore, the 587 

evaluation results can only represent the performance of the seismic wave velocity 588 

models based on predicted unfrozen water content, which may introduce uncertainty of 589 

the evaluation results. The applied fitting parameter ranges of the modified Dall’Amico’s 590 

model in this study are summarized in Table 3 for different soil types, where 𝛽ᇱ and 𝑛ᇱ 591 

values are selected to make the best fit of seismic wave velocity models.  592 

 593 

Table 3 Parameter ranges of the modified Dall’Amico’s model for different soil types 594 

Soil Type 𝛽ᇱ 𝑛ᇱ 

Sand (𝜃௨<40%) [6, 100] [1.7, 2.7] 

Sand (𝜃௨>40%) 223 1.57 

Sand with Fines [2.5,10] [1.2, 1.8] 

Silt [2.5,5] [1.2, 1.8] 

Clay [1.2, 2.7] 2.5 

Organic Soil 4 1.8 

 595 
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The calculated and measured seismic wave velocities of the 41 soil samples are shown 596 

in Figure 5 for P-wave velocities and Figure 6 for S-wave velocities. Values used for 597 

elastic moduli and densities are shown in Table B.4. Figures C.6 – C.9 compare the 598 

RMSE values and the average deviations for different models for P- and S-wave 599 

velocities, respectively, for different soil types. The prediction results from different 600 

seismic wave velocity models depend on their theories and assumptions. The 601 

performance of the models varies even for the same soil type. For example, in Figure 5 602 

and Figure 6, the predictions of sand with fines for the dataset by Kim et al. (2016) are 603 

higher compared with other datasets of sand with fines. This is likely because the testing 604 

method in Kim et al. (2016) was resonant column test, different from other samples’ 605 

testing method, which may affect the microstructural distribution of pore ice in the 606 

sample. The performance of the same model varies for different soil types. This indicates 607 

that different seismic velocity models should be used depending on permafrost soil types. 608 

The performances of the six models' S-wave velocity predictions differ in their 609 

performances for P-wave velocity prediction because of different methods for S-wave 610 

velocity predictions, including calculating from composite shear modulus (most 611 

common), direct theoretical calculation, and empirical relationships between P- and S-612 

wave velocities. 613 

 614 

For all soil types, the time-average model and weighted equation model mostly 615 

overestimate P-wave velocities. For the time-average model, this is due to the assumption 616 

of fully frozen state of permafrost, while unfrozen water exists in permafrost. Among the 617 

seven seismic wave velocity models, this can be treated as the upper-bound prediction. 618 

The performance of the weighted equation model is similar to the time-average model 619 
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since the weighted equation model uses the input from the time-average model. The 620 

empirical equation of Biot coefficient β (Equation A.48) in the BGTL model is derived 621 

based on the weighted equation model, while the performance of the BGTL model is 622 

better than the weighted equation model. The weighted equation and BGTL models have 623 

acceptable prediction for silt, clay and organic soils when 𝑉௣  is less than 3000 m/s; 624 

however, they overestimate 𝑉௣  and 𝑉௦  for sand with fines as shown in Figure 5d and 625 

Figure 6e. The prediction of the three-phase model is relatively accurate when 𝑉௣  is 626 

between 2000 m/s to 3000 m/s, while overestimates when 𝑉௣ is less than 2000 m/s and 627 

underestimates when 𝑉௣ is larger than 3000 m/s. The three-phase model performs better 628 

for sand and sand with fines, while overestimates fine-grain soils including silt, clay and 629 

organic soil. The overestimation of 𝑉௣ in the three-phase model when 𝑉௣ is less than 2000 630 

m/s may be due to the assumption of no direct contact between solid grains and ice 631 

inclusions. This assumption works well for negative temperature near 0 C when 632 

permafrost is close to unfrozen state, but not for lower temperature as ice content 633 

increases, likely due to the complex contact among soil skeleton, unfrozen water and ice 634 

and the effects of diffuse double layer and different microstructure of ice. 𝑉௦ of the three-635 

phase model is underestimated for sand and sand with fines. 636 

 637 

Note that the time-average model can only predict 𝑉௣ with an overestimation. Overall, 638 

the seismic wave velocities calculated by the Minshull model, Dou et al. (2017) model 639 

and BGTL model match better with the measured data than other models. While with 𝑉௣ 640 

decreases, the bias of the Dou et al. (2017) model increases. For the Zimmerman and 641 

King model, the prediction for sand with fines shows better accuracy than for other soil 642 

types. The BGTL model preforms better for sand compared with other models. For 𝑉௣ of 643 
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silt, the three-phase model shows lower RMSE values, while the Zimmerman and King 644 

model shows larger RMSE values. 645 

 646 

 647 

 648 

Figure 5. Comparisons between the measured and calculated 𝑉௣ 649 

 650 
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 651 

Figure 6. Comparisons between the measured and calculated 𝑉௦ 652 

 653 

4. Discussions 654 

 655 

We compared and evaluated the unfrozen water content models of different soil types. 656 

We proposed a modified Dall’Amico’s model (Equation 8) to predict unfrozen water 657 

content of permafrost. The modified Dall’Amico’s model is a semi-theoretical and semi-658 

empirical model based on soil temperature and assumes that the permafrost is fully 659 
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saturated, and the residual unfrozen water content is zero. Determining the residual 660 

unfrozen water content is difficult and requires specific surface area and diffuse double 661 

layer thickness of clay soils (Saarenketo, 1998). For practical use, the assumption of zero 662 

residual unfrozen water content may change the fitting parameter values but has little 663 

influence on the prediction accuracy. The modified Dall’Amico’s model needs one 664 

variable and two fitting parameters and is simplified for practical purpose. The regression 665 

analysis shows similar prediction accuracy compared to the original Dall’Amico’s model. 666 

 667 

The prediction of all unfrozen water content models shows overall good performance. 668 

This is because all unfrozen water content models reviewed and evaluated in this study 669 

use fitting parameters. However, the disadvantage of this kind of model is the 670 

determination of fitting parameters when applying the models to a sample without 671 

unfrozen water content measurements. Based on the RMSE results in Figure C.1, 672 

unfrozen water content models with two fitting parameters perform better than models 673 

with one fitting parameter. The Michalowski (1993) model, McKenzie et al. (2007) 674 

model and Kozlowski (2007) model have similar formulas, which use exponential 675 

equations and consider residual unfrozen water content. The difference is that the 676 

Michalowski (1993) model and McKenzie et al. (2007) model only have one fitting 677 

parameter, reducing the flexibility of the models, compared to the Kozlowski (2007) 678 

model with two fitting parameters. The results in Figure C.1 show that the performance 679 

of the Kozlowski (2007) model is better than the Michalowski (1993) model and 680 

McKenzie et al. (2007) model. The Anderson and Tice (1972) model and Zhang et al. 681 

(2017) model are empirical models with simple equations. These models are easy to 682 

apply but have less accuracy. The Anderson and Tice (1972) model prediction 683 
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approaches infinite when the temperature is close to 0 °C. The Zhang et al. (2017) model 684 

is initially proposed for silt and performs well for sand with fines. The performance of 685 

Zhang et al. (2017) model is not suitable for sand, clay, and organic soil. 686 

 687 

Table 4 summarizes the evaluation results based on Section 3.2 and suggests applications 688 

of the seven seismic wave velocity models of permafrost. The time-average model shows 689 

a poor prediction among all the models evaluated and may not be suitable for seismic 690 

wave velocity predictions in permafrost. And the time-average model cannot predict S-691 

wave velocities. 692 

 693 

Table 4. Application of seismic wave velocity models of permafrost based on statistical 694 

evaluation 695 

Models Prediction Performance Suggested applications 

Time-average 

model (Wyllie et 

al., 1958; Timur, 

1968) 

Overestimate P-wave 

velocities for all soil types 

 Predict P-wave velocity only 

 Fully frozen permafrost 

Zimmerman and 

King (1986) 

model 

Good performance on P-

wave velocity of clay, and 

S-wave velocity of sand 

 Predict S-wave velocity for sand 

 Predict P-wave velocity for clay 

Minshull et al. 

(1994) model 

Overall good performance 

on both P-wave and S-

wave velocities of all soil 

types 

 Predict P-wave and S-wave 

velocities for sand with fines and 

clay 

 Predict P-wave velocity for sand 

 Predict S-wave velocity for silt 
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Weighted 

equation model 

(Lee et al., 1996) 

Good performance on S-

wave velocity of silt 

 

 Predict S-wave velocity for silt 

Three-phase 

model (Leclaire et 

al., 1994) 

Good performance on P-

wave velocity of silt 

Good performance on S-

wave velocity of clay 

 Predict P-wave velocity for silt 

 Predict S-wave velocity for clay 

Biot‐Gassmann 

theory modified 

by Lee (BGTL) 

(Lee, 2002) 

Good performance on both 

P-wave and S-wave 

velocities of sand and clay 

Good performance on S-

wave velocity of sand with 

fines 

 Predict P-wave velocity for sand and 

clay  

 Predict S-wave velocity for silt 

Dou et al. (2017) 

model 

Overall good performance 

on both P-wave and S-

wave velocities of all soil 

types 

 Predict P-wave and S-wave 

velocities for sand and clay 

 696 

In the seismic wave velocity models, the Zimmerman and King (1986) model and BGTL 697 

model calculate bulk and shear modulus and then derive 𝑉௣ and 𝑉௦; The Minshull et al. 698 

(1994) model and three-phase model calculate 𝑉௣ and 𝑉௦ directly; the weighted equation 699 

model predicts P-wave velocities first, then derive S-wave velocities based on the 700 

empirical relationship between 𝑉௣  and 𝑉௦ . Therefore, 𝑉௣  prediction results are more 701 

reliable in the weighted equation model than 𝑉௦ prediction results. The empirical linear 702 

relationship between 𝑉௣ and 𝑉௦ for different media varies. S-wave velocity derived by the 703 
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original weighted equation model depends on the empirical 𝑉௣  and 𝑉௦  relationship 704 

developed for mudrocks by Castagna et al. (1985) in Equation A.14. This relationship is 705 

not suitable for permafrost. In this study, we derive new empirical linear relationship 706 

between P-wave and S-wave velocities for unconsolidated permafrost based on large 707 

amount of data (369 data points of joint P-wave and S-wave velocities), as presented in 708 

Figure 7 and Equation 42. Equation 42 is used for 𝑉௦ prediction in the weighted equation 709 

model to replace the original equation (Equation A.14). 710 

 711 

The Zimmerman and King model generally performs better with decreasing unfrozen 712 

water content, which corresponding to higher P- and S-wave velocity values. A clear 713 

trend can be observed in Figure 5b especially for sand with fines. This is because the 714 

Zimmerman and King model assumes a medium unfrozen water content range (less than 715 

60%). However, when ice formation starts as temperature is close to 0 °C, the water 716 

phase may be continuous. The Zimmerman and King model may therefore overestimate 717 

the seismic wave velocities in most soils as temperature increases. 718 

 719 

The Minshull et al. (1994) model is a two-end-member mixing approach, providing an 720 

overall good performance for each soil types. The two end-members are mixed to model 721 

the intermediate, partially frozen sediment, and the mixing proportions are set to be equal 722 

to the relative proportions of pore ice and pore water. Instead of relying on parameter 723 

tuning, the mixing proportion is consistent over the full range of the possible ice 724 

saturations. However, the mixing scheme of Minshull et al. (1994) cannot apply to 725 

unconsolidated sediments because the time-average model (Equation A.1) is used to 726 

model the velocities of the fully frozen end-member, the fully unfrozen end-member, and 727 
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partially frozen condition. Therefore, the Dou et al. (2017) model improves based on the 728 

Minshull et al. (1994) model. 729 

 730 

In the weighted equation model, Lee et al. (1996) selected 𝑊 = 1 and 𝑛 = 1 to fit the 731 

joint P- and S-wave velocities reported by Zimmerman and King (1986). It is challenging 732 

to establish the values of 𝑊 and 𝑛 for prediction purposes since the values depend on the 733 

observed data (Lee et al., 1996; Lee, 2002). 𝑊 > 1 favors the Wood equation (Equation 734 

19) (Nobes et al., 1986). In this study, we selected 𝑊 = 1.1 and 𝑛 = 1. 735 

 736 

In the BGTL model, 𝑉௣௖/𝑉௦௖ (the P- and S-wave velocities of the porous solid matrix) is 737 

assumed equal to the multiplication of 𝑉௣/𝑉௦ and the solid fraction for unconsolidated 738 

permafrost (Equation A.47), but the actual 𝑉௣௖/𝑉௦௖ is smaller than the value assumed by 739 

the BGTL model. Therefore, the BGTL model has relatively low bias but large error in 740 

𝑉௦  prediction (Figures 6e, C.7e and C.9e). Another error source is from the Biot 741 

coefficient estimation. When temperature increases, the S-wave velocity estimated based 742 

on the BGTL model is less than the actual measurements for fine-grain soils (Figure 6e). 743 

 744 

5. Conclusions 745 

 746 

This study evaluates six unfrozen water content models of permafrost. For unfrozen 747 

water content estimation, the regression analyses show that semi-empirical models give 748 

an overall good performance (average RMSE values are smaller than 5%) when using 749 

appropriate fitting parameters. We found that empirical models are easier to apply than 750 

theoretical models but lack physical meaning. Empirical models with two fitting 751 
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parameters perform better compared with models with only one fitting parameter. We 752 

proposed a modified and simple semi-empirical model (the modified Dall’Amico’s 753 

model) for predicting unfrozen water content based on soil temperature.  754 

 755 

We also evaluated seven seismic velocity models of permafrost. Regardless of porosity, 756 

grain size, and temperature, permafrost of all soil types generally shares the same linear 757 

correlation between P-wave and S-wave velocities. We derived the empirical relationship 758 

between P-wave and S-wave velocities of permafrost based on large amount of data 759 

points. This study evaluates the prediction results of seven seismic wave velocity models 760 

based on predicted unfrozen water content using the modified Dall’Amico’s model. The 761 

statistical evaluation results show that Minshull et al. model and BGTL model have an 762 

overall better performance in seismic wave velocity prediction reflected by lower RMSE 763 

values than other models. The evaluation performance of the seismic wave velocity 764 

models varies with permafrost soil type. The application of each model by soil types of 765 

permafrost is summarized in this study. 766 

 767 

The unfrozen water content datasets and seismic wave velocity datasets are independent. 768 

The unfrozen water content in the seismic wave velocity models is first estimated by the 769 

modified Dall’Amico’s model, and errors in this estimation may contribute to the 770 

estimation accuracy of seismic wave velocity models. 771 

 772 
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Appendices 1052 

 1053 

Appendix A. Equations of Seismic Wave Velocity Models 1054 

(a) Three phase time-average model (Wyllie et al. 1958; Timur 1968): 1055 

 1056 

1

𝑉௣
=

𝜙௪

𝑉௣௪
+

𝜙௜

𝑉௣௜
+

𝜙௦

𝑉௣௦

(𝐴. 1) 1057 

 1058 

where 𝑉௣௪, 𝑉௣௜, 𝑉௣௦ are the P-wave velocities of water, ice, and soil solids, respectively. 1059 

 1060 

(b)  Zimmerman and King (1986) model 1061 

 1062 

In Zimmerman and King (1986) model, the Kuster-Toksöz (1974) equations are used for 1063 

the moduli of ice-water mixture, given by  1064 

 1065 

𝐾௛

𝐾௜
=

1 + ൤
4𝐺௜(𝐾௪ − 𝐾௜)

(3𝐾௪ + 4𝐺௜)𝐾௜
൨ 𝑠

1 − ൤
3(𝐾௪ − 𝐾௜)
3𝐾௪ + 4𝐺௜

൨ 𝑠
(𝐴. 2) 1066 

 1067 

𝐺௛

𝐺௜
=

(1 − 𝑠)(9𝐾௪ + 8𝐺௜)

9𝐾௜ + 8𝐺௜ + 𝑠(6𝐾௜ + 12𝐺௜)
(𝐴. 3) 1068 

 1069 

where 𝐾௛ and 𝐺௛ are bulk and shear modulus of the ice-water mixture, respectively; 𝐾௜ 1070 

and 𝐺௜ are bulk and shear modulus of ice, respectively; 𝐾௪ is bulk modulus of water, 𝑠 =1071 

𝜙௪/(1 − 𝜙௦) is the water saturation. 1072 
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 1073 

Similarly, the bulk (K) and shear (G) moduli of the soil can be obtained using the Kuster-1074 

Toksöz equations: 1075 

 1076 

𝐾

𝐾௛
=

1 + ൤
4𝐺௛(𝐾௦ − 𝐾௛)

(3𝐾௦ + 4𝐺௛)𝐾௛
൨ 𝜙௦

1 − ൤
3(𝐾௦ − 𝐾௛)
3𝐾௦ + 4𝐺௛

൨ 𝜙௦

(𝐴. 4) 1077 

 1078 

𝐺

𝐺௛
=

(6𝐾௛ + 12𝐺௛)𝐺௦ + (9𝐾௛ + 8𝐺௛)[(1 − 𝜙௦)𝐺௛ + 𝜙௦𝐺௦]

(9𝐾௛ + 8𝐺௛)𝐺௛ + (6𝐾௛ + 12𝐺௛)[(1 − 𝜙௦)𝜇𝐺௦ + 𝜙௦𝐺௛]
(𝐴. 5) 1079 

 1080 

where 𝐾௦ and 𝐺௦ are bulk and shear modulus of soil solids, respectively. 1081 

 1082 

(c) Minshull et al. (1994) model 1083 

 1084 

In Minshull et al. (1994) model, the P-wave and S-wave velocities of the fully frozen end, 1085 

i.e., 𝑉௣௧ and 𝑉௦௧ are determined first: 1086 

 1087 

1

𝑉௣௧
=

(1 − 𝜙௦)

𝑉௣௜
+

𝜙௦

𝑉௣௦
(𝐴. 6) 1088 

 1089 

1

𝑉௦௧
=

(1 − 𝜙௦)

𝑉௦௜
+

𝜙௦

𝑉௦௦
(𝐴. 7) 1090 

 1091 

where 𝑉௦௜ , 𝑉௦௦  are the S-wave velocities of ice and soil solids, respectively. The 1092 

corresponding density is 𝜌௧ = (1 − 𝜙௦)𝜌௜ + 𝜙௦𝜌௦.  1093 
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 1094 

Then, the Gassmann’s equation is applied to determine the moduli for the fully unfrozen 1095 

end: 1096 

 1097 

𝐾௚ − 𝐾௦௠ =
ቀ1 −

𝐾௦௠

𝐾௦
ቁ

ଶ

1 − 𝜙௦

𝐾௪
+

𝜙௦

𝐾௦
+

𝐾௦௠

𝐾௦
ଶ

(𝐴. 8) 1098 

 1099 

𝐺௚ = 𝜇௦௠ (𝐴. 9) 1100 

 1101 

where 𝐾௚  and 𝐺௚  are the bulk and shear modulus of the water-filled sediment, 1102 

respectively; 𝐾௦௠ , 𝜇௦௠  are the bulk and shear modulus of the porous soil matrix, 1103 

respectively; 𝐾௦ and 𝐾௪ are the bulk modulus of soil solids and water, respectively. The 1104 

density of the water-filled sediment is 𝜌௚ = (1 − 𝜙௦)𝜌௪ + 𝜙௦𝜌௦. 1105 

 1106 

Finally, P- and S-wave velocities of permaforst are obtained by a weighted average of 1107 

the slowness of the fully frozen end and fully unfrozen end, using unfrozen water 1108 

saturation (𝑠) as the mixing ratio: 1109 

 1110 

1

𝑉௣
=

(1 − 𝑠)

𝑉௣௧
+

𝑠

𝑉௣௚

(𝐴. 10) 1111 

 1112 

1

𝑉௦
=

(1 − 𝑠)

𝑉௦௧
+

𝑠

𝑉௦௚
(𝐴. 11) 1113 

 1114 
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where 𝑉௣௚  and 𝑉௦௚  are the P- and S-wave velocities of the water-filled sediment, 1115 

corresponding to 𝐾௚ and 𝐺௚ in Equations A.8 and A.9. 1116 

 1117 

(d) Weighted equation model (Lee et al. 1996) 1118 

 1119 

The weighted equation model (Lee et al. 1996) calculate the weighted average of P-wave 1120 

velocity based on the three-phase time-average model in Equation A.1 and the Wood 1121 

equation. The Wood equation calculates the weighted sum of kinetic energy for 1122 

constituents of water, ice, and soil solids (Lee et al. 1996; Lyu et al. 2020):  1123 

 1124 

1

𝜌𝑉௣௔
ଶ =

𝜙௪

𝜌௪𝑉௣௪
ଶ +

𝜙௜

𝜌௜𝑉௣௜
ଶ +

𝜙௦

𝜌௦𝑉௣௦
ଶ (𝐴. 12) 1125 

 1126 

where 𝑉௣௔ is the predicted P-wave velocity, 𝑉௣௪, 𝑉௣௜ , 𝑉௣௦ are the P-wave velocities of 1127 

water, ice, and soil solids, respectively. 1128 

 1129 

The weighted equation model by Lee et al. (1996) is 1130 

 1131 

1

𝑉௣
=

𝑊𝜙 ∙ 𝑠௡

𝑉௣௔
+

1 − 𝑊𝜙 ∙ 𝑠௡

𝑉௣௕

(𝐴. 13) 1132 

 1133 

where 𝑉௣௕ is the P-wave velocity by time-average equation (Equation A.1), 𝜙 = 𝜙௪ +1134 

𝜙௜  is porosity, unfrozen water saturation 𝑠 =  𝜙௪/𝜙. 𝑊 is a dimensionless weighting 1135 

factor. For permafrost, n is a dimensionless constant that simulates the rate of water 1136 

freezing. An increase in 𝑛 indicates that the changing rate is faster while freezing. 1137 
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 1138 

S-wave velocity 𝑉௦ in the weighted equation model can be approximately predicted based 1139 

on an empirical equation for mudrock by Castagna et al. (1985): 1140 

 1141 

𝑉௦ = 0.8621𝑉௣ − 1172.4 (𝐴. 14) 1142 

 1143 

(e) Three-phase model (Leclaire et al. 1994) 1144 

 1145 

 1146 

The resulting equation to calculate P-wave velocity 𝑉௣௝ is 1147 

 1148 

𝑉௣௝ = ൤𝑅𝑒 ൬ටΛ௝൰൨
ିଵ

, 𝑗 = 1,2,3 (𝐴. 15) 1149 

 1150 

where 𝑅𝑒 denotes the real part and Λ௝  are obtained from the following characteristic 1151 

equation: 1152 

 1153 

𝐴Λଷ − [𝜌ଵଵ𝐵 + 𝜌ଶଶ𝐶 + 𝜌ଷଷ𝐷 − 2(𝑅ଵଵ𝑅ଶଷ𝜌ଶଷ + 𝑅ଷଷ𝑅ଵଶ𝜌ଵଶ)]Λଶ

+ [𝑏𝑅ଵଵ + 𝑐𝑅ଶଶ + 𝑑𝑅ଷଷ − 2(𝜌ଵଵ𝜌ଶଷ𝑅ଶଷ + 𝜌ଷଷ𝜌ଵଶ𝑅ଵଶ)]Λ

− 𝑎 = 0 

(𝐴. 16) 

 1154 

The coefficients in Equations A.16 are given in Equation A.19 – A.32.  1155 

 1156 

The S-wave velocity 𝑉௦௝ is given by 1157 
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 1158 

𝑉௦௝ = ൤𝑅𝑒 ൬ටΩ௝൰൨
ିଵ

, 𝑗 = 1,2 (𝐴. 17) 1159 

 1160 

where Ω௝ is obtained from the second-order equation 1161 

 1162 

Ωଶ𝜌ଶଶ𝜇ଵ𝜇ଷ − Ω(𝜇ଵ𝑏 + 𝜇ଷ𝑑) + 𝑎 = 0 (𝐴. 18) 1163 

 1164 

𝑉௣௝  and 𝑉௦௝  denote the solutions of Equations A.15 and A.17. The coefficients in 1165 

Equations A.18 are given in Equation A.30 and A.33 – A.38.  1166 

 1167 

The coefficients of Equation A. 16 and A 18 are provided in Equation A.19 – A.46. 1168 

Completed procedures and equations can be found in Leclaire et al. (1994). 1169 

 1170 

𝐴 = 𝑅ଵଵ𝑅ଶଶ𝑅ଷଷ − 𝑅ଶଷ
ଶ 𝑅ଵଵ − 𝑅ଵଶ

ଶ 𝑅ଷଷ (𝐴. 19) 1171 

𝐵 = 𝑅ଶଶ𝑅ଷଷ − 𝑅ଶଷ
ଶ (𝐴. 20) 1172 

𝐶 = 𝑅ଵଵ𝑅ଷଷ (𝐴. 21) 1173 

𝐷 = 𝑅ଵଵ𝑅ଶଶ − 𝑅ଵଶ
ଶ (𝐴. 22) 1174 

𝑅ଵଵ = [(1 − 𝑐ଵ)𝜙௦]ଶ𝐾௔௩ + 𝐾௦௠ (𝐴. 23) 1175 

𝑅ଵଶ = [(1 − 𝑐ଵ)𝜙௦]𝜙௪𝐾௔௩ (𝐴. 24) 1176 

𝑅ଶଶ = 𝜙௪
ଶ𝐾௔௩ (𝐴. 25) 1177 

𝑅ଶଷ = [(1 − 𝑐ଵ)𝜙௜]𝜙௪𝐾௔௩ (𝐴. 26) 1178 

𝑅ଷଷ = [(1 − 𝑐ଷ)𝜙௦]ଶ𝐾௔௩ + 𝐾௜௠ (𝐴. 27) 1179 

𝜌ଵଵ = 𝜙௦𝜌௦ + (𝑎ଵଶ − 1)𝜙௪𝜌௪ (𝐴. 28) 1180 
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𝜌ଵଶ = −(𝑎ଵଶ − 1)𝜙௪𝜌௪ (𝐴. 29) 1181 

𝜌ଶଶ = (𝑎ଵଶ + 𝑎ଶଷ − 1)𝜙௪𝜌௪ (𝐴. 30) 1182 

𝜌ଶଷ = −(𝑎ଶଷ − 1)𝜙௪𝜌௪ (𝐴. 31) 1183 

𝜌ଷଷ = 𝜙௜𝜌௜ + (𝑎ଶଷ − 1)𝜙௪𝜌௪ (𝐴. 32) 1184 

𝑎 = 𝜌ଵଵ𝜌ଶଶ𝜌ଷଷ − 𝜌ଶଷ
ଶ 𝜌ଵଵ − 𝜌ଵଶ

ଶ 𝜌ଷଷ (𝐴. 33) 1185 

𝑏 = 𝜌ଶଶ𝜌ଷଷ − 𝜌ଶଷ
ଶ (𝐴. 34) 1186 

𝑐 = 𝜌ଵଵ𝜌ଷଷ (𝐴. 35) 1187 

𝑑 = 𝜌ଵଵ𝜌ଶଶ − 𝜌ଵଶ
ଶ (𝐴. 36) 1188 

𝜇ଵ = [(1 − 𝑔ଵ)𝜙௦]ଶ𝜇௔௩ + 𝜇௦௠ (𝐴. 37) 1189 

𝜇ଷ = [(1 − 𝑔ଷ)𝜙௜]
ଶ𝜇௔௩ + 𝜇௜௠ (𝐴. 38) 1190 

𝑏ଵ = 𝜂஽

𝜙௪
ଶ

𝜅௦

(𝐴. 39) 1191 

𝑏ଶ = 𝜂஽

𝜙௪
ଶ

𝜅௜
(𝐴. 40) 1192 

𝜅௦ =
𝜅௦଴𝜙௪

ଷ

(1 − 𝜙௦)ଷ
(𝐴. 41) 1193 

𝜅௜ =
𝜅௜଴ ቂ

1 − 𝜙௦
𝜙௜

ቃ
ଷ

ቀ
𝜙௪

𝜙௦
ቁ

ଷ (𝐴. 42) 1194 

 1195 

Tortuosity values: 1196 

 1197 

𝑎ଵଶ =
𝑟ଵଶ(𝜙௦𝜌)

𝜙௪𝜌௪
+ 1 (𝐴. 43) 1198 

𝑎ଶଷ =
𝑟ଶଷ(𝜙௦𝜌ᇱ)

𝜙௪𝜌௪
+ 1 (𝐴. 44) 1199 
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𝜌 =
𝜙௪𝜌௪ + 𝜙௜𝜌௜

𝜙௪ + 𝜙௜

(𝐴. 45) 1200 

𝜌ᇱ =
𝜙௪𝜌௪ + 𝜙௦𝜌௦

𝜙௪ + 𝜙௦
(𝐴. 46) 1201 

 1202 

(f) Biot‐Gassmann theory modified by Lee (BGTL model) (Lee 2002) 1203 

 1204 

In BGTL model, Lee (2002) assumed the relationship of P- and S-wave velocities 1205 

between soil and its solid skeleton as 1206 

 1207 

𝑉௣௖

𝑉௦௖
=

𝑉௣

𝑉௦
(1 − 𝜙௪) (𝐴. 47) 1208 

 1209 

where 𝑉௣௖, 𝑉௦௖ are the P- and S-wave velocity of the porous solid matrix (soil grains and 1210 

ice), respectively. 1211 

 1212 

Lee (2002) proposed an empirical relation between the Biot coefficient 𝛽 and volume 1213 

proportion of unfrozen water (𝜙௪ = 𝜃௨) using the weighted equation model: 1214 

 1215 

𝛽 =
−184.0468

1 + 𝑒
థೢା଴.ହ଺ସ଺଼

଴.ଵ଴଼ଵ଻

+ 0.99494 (𝐴. 48) 1216 

 1217 

The Biot coefficient is then used to calculate the modulus, 𝑀 , which describes the 1218 

pressure needed to change the fluid volume without changing the total volume based on 1219 

Gassmann’s theory: 1220 
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 1221 

1

𝑀
=

𝛽 − 𝜙௪

𝐾௦௖
+

𝜙௪

𝐾௪
(𝐴. 49) 1222 

 1223 

where 𝐾௦௖ is the HS average bulk modulus of the solid matrix (soil grains and ice), and 1224 

𝐺௦௖  is the corresponding shear modulus. 1225 

 1226 

The bulk modulus 𝐾 can then be calculated as follows: 1227 

 1228 

𝐾 = 𝐾௦௖(1 − 𝛽) + 𝛽ଶ𝑀 (𝐴. 50) 1229 

 1230 

The shear modulus, 𝐺, can be estimated from Equations A.46 and A.49: 1231 

 1232 

𝐺 =
𝐺௦௖𝐾௦௖(1 − 𝛽)(1 − 𝜙௪)ଶ + 𝐺௦௖𝛽ଶ𝑀(1 − 𝜙௪)ଶ

𝐾௦௖ +
4𝐺௦௖[1 − (1 − 𝜙௪)ଶ]

3

(𝐴. 51) 1233 

 1234 

(g) Dou et al. (2017) model 1235 

 1236 

The two-end member model by Dou et al. (2017) uses the self‐consistent approximation 1237 

(Berryman, 1995), the Herz‐Mindlin contact theory (Mindlin, 1949) and Biot theory 1238 

(Dou et al. 2017). The fully frozen end consists of soil grains and ice, calculated by self-1239 

consistent approximation. The effective moduli of the fully frozen end member (𝐾ூி and 1240 

𝐺ூி) are calculated from the following equations: 1241 

 1242 
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𝜙(𝐾௜ − 𝐾ூி)𝑃∗௜
௣௘௡௡௬

+ (1 − 𝜙)(𝐾௦ − 𝐾ூி)𝑃∗௦
௦௣௛௘௥௘

= 0 (𝐴. 52) 1243 

 1244 

𝜙(𝐺௜ − 𝐺ூி)𝑄∗௜
௣௘௡௡௬

+ (1 − 𝜙)(𝐺௦ − 𝐺ூி)𝑄∗௦
௦௣௛

= 0 (𝐴. 53) 1245 

 1246 

where 𝑃∗௜
௣௘௡௡௬ , 𝑄∗௜

௣௘௡௡௬ , 𝑃∗௦
௦௣௛௘௥௘  and 𝑄∗௦

௦௣௛௘௥௘  (unitless) are shape factors calculated 1247 

based on bulk and shear moduli (Dou et al. 2017). 1248 

 1249 

The fully unfrozen end consists of soil grains and water. The effective moduli of the dry 1250 

granular frame (𝐾௦௙ and 𝐺௦௙) are first calculated using Hertz-Mindlin contact theory. The 1251 

effective moduli of the water-filled granular pack (𝐾ௐி and 𝐺ௐி) are then calculated by 1252 

 1253 

𝐾ௐி = (𝑉௉ஶ
ଶ −

4

3
𝑉ௌஶ

ଶ )𝜌ௐி (𝐴. 54) 1254 

 1255 

𝐺ௐி = 𝑉ௌஶ
ଶ 𝜌ௐி (𝐴. 55) 1256 

 1257 

where 𝜌ௐி = 𝜌௦(1 − 𝜙) + 𝜌௪𝜙 , and 𝑉௉ஶ  and 𝑉ௌஶ  are the high-frequency limiting 1258 

velocities given by Biot’s fluid substitution equations (Dou et al. 2017). 1259 

 1260 

The effective moduli of permafrost are calculated based on modified HS averages as: 1261 

 1262 

𝐾 =
1

2
(𝐾ுௌା + 𝐾ுௌି) (𝐴. 56) 1263 

𝐺 =
1

2
(𝐺ுௌା + 𝐺ுௌି) (𝐴. 57) 1264 
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𝐾ுௌା = 𝐾ூி +
𝑠

(𝐾ௐி − 𝐾ூி)ିଵ + (1 − 𝑠) ቀ𝐾ூி +
4
3

𝐺ூிቁ
ିଵ (𝐴. 58)

 1265 

𝐺ுௌା = 𝐺ூி +
𝑠

(𝐺ௐி − 𝐺ூி)ିଵ + 2(1 − 𝑠)(
𝐾ூி + 2𝐺ூி

5𝐺ூி(𝐾ூி +
4
3

𝐺ூி)
)

(𝐴. 59)
 1266 

𝐾ுௌ = 𝐾ௐி +
1 − 𝑠

(𝐾ூி − 𝐾ௐி)ିଵ + 𝑠 ቀ𝐾ௐி +
4
3

𝐺ௐிቁ
ିଵ (𝐴. 60) 1267 

𝐺ுௌ = 𝐺ௐி +
1 − 𝑠

(𝐺ூி − 𝐺ௐி)ିଵ + 2𝑠(
𝐾ௐி + 2𝐺ௐி

5𝐺ௐி(𝐾ௐி +
4
3

𝐺ௐி)
)

(𝐴. 61)
 1268 

 1269 

Complete procedures and equations can be found in Dou et al. (2017). 1270 

 1271 

Appendix B. Index properties and testing conditions of the unfrozen water content soil 1272 

samples 1273 

 1274 

Table B.1 Index properties and testing conditions for unfrozen water content datasets 1275 

References  Soil types in 

figures 

USCS or 

soil 

description 

if USCS is 

not 

available  

Test method Total 

moisture 

content 

(%) 

Porosity 

(-) 

Salinity 

(ppt) 

Christ, 

2009 

Sand 

Sand with 

fines 

SP 

SC  

ML 

Time domain 

reflectometry  

12 

12 

20 

0.28 

0.27 

0.38 

0 
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Silt 

Li 2009 Silt ML Frequency domain 

reflectometry 

sensor; 50 MHz 

20, 26 0.43, 

0.49 

0 

Li et al. 

2020 

Sand 

Sand with 

fines  

Clay 

Medium 

sand  

Silty clay 

CL 

Pulsed nuclear 

magnetic resonance 

23, 27 

20 – 38 

20 – 38 

0.41, 

0.45 

0.45 – 

0.51 

0.42 – 

0.46 

0 

Smith and 

Tice, 1988 

Clay CL Nuclear magnetic 

resonance 

33 0.47 0 

McGaw et 

al. 1983 

Silt Silt Nuclear magnetic 

resonance 

15, 18 0.36 0 

Oliphant et 

al. 1983 

Clay Clay Nuclear magnetic 

resonance 

22 0.46 0 

Aksenov et 

al. 1998 

Clay Clay Not reported 48 0.58 1 – 15 

Hivon and 

Sego 1990 

Sand 

Sand with 

fines  

 

S 

SM 

Time domain 

reflectometry 

17.6 

16.5 

– 0 

Lai et al. 

2021 

Sand 

 

S Nuclear magnetic 

resonance 

39 – 0 

Qiu et al. 

2020 

Clay CL –  (collected from 

literature) 

10 – 32 0.34 – 

0.42 

0 
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Watanabe 

and Wake 

2009 

Sand 

Silt 

Organic soil 

S 

ML 

OL 

Nuclear magnetic 

resonance 

16 – 29 

21 – 37  

27 – 51  

– 0 

Zhang et 

al. 2019 

Sand with 

Fines 

Silt 

Clay 

SM 

ML 

CL 

Nuclear magnetic 

resonance 

17 

18 

9 – 23  

0.35 

0.38 

0.38 – 

0.40 

0 

Wen et al. 

2012 

Clay Silty Clay Nuclear magnetic 

resonance 

16 – 29  – 0 

 1276 

Table B.2. Number of datasets of seismic wave velocities 1277 

Soil Types Number of Datasets Number of Datapoints 

Sand 14 111 

Sand with Fines 9 103 

Silt 9 73 

Clay 8 48 

Organic Soil 1 31 

Total 41 369 

 1278 

Table B.3. Index properties and testing conditions for seismic wave velocity datasets 1279 

References  Soil 

types in 

figures 

USCS or soil 

description if 

USCS is not 

available 

Test method Total 

moisture 

content (%) 

Porosity 

(-) 

Confining 

pressure 

(kPa) 
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Wang et al. 

2006 

Sand 

Sand 

with 

fines 

Fine-

grained 

soil 

Fine sand 

SC 

CL 

Ultrasonic; 

500 kHz 

18 

19 

31 

0.38 

0.41 

0.45 

0 

Christ et al. 

2009 

Sand 

Sand 

with 

fines 

Fine-

grained 

soil 

SP 

SC 

ML 

Ultrasonic; 2 

MHz 

12 

12 

20 

0.28 

0.27 

0.38 

0 

Nakano and 

Arnold, 1973 

Sand Medium sand  Ultrasonic; 1 

MHz 

8 – 22 0.39 – 

0.41 

0 

Zimmerman 

and King 1986 

Sand 

Fine-

grained 

soil 

S 

ML-CL, CL 

Ultrasonic; 

500 – 850 

kHz 

0 – 5 

6 – 22 

0.36 – 

0.40 

0.32 – 

0.44 

350 

Kim et al. 

2016 

Sand 

Sand 

with 

fines 

Fine to medium 

sand  

SC-SM 

Resonant 

column 

19 – 21 

8 – 11 

0.36 – 

0.38 

0.26 – 

0.27 

0 

Li 2009 Sand Fine sand  

SC 

ML, silt  

Ultrasonic; 

400 kHz 

30 – 34 

20 

20 – 36 

0.44 – 

0.47 

0 
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Sand 

with 

fines 

Fine-

grained 

soil 

0.50 – 

0.53 

0.43 – 

0.49 

King et al. 

1982 

Sand 

Fine-

grained 

soil 

S 

C, M 

Ultrasonic 22, 25 

22 - 29 

0.37, 

0.40 

0.36 – 

0.43 

 

340 

Meng et al. 

2008 

Fine-

grained 

soil 

CL Ultrasonic; 

50 kHz 

11 – 22 0.43 0 

Fu et al. 1983 Sand 

Fine-

grained 

soil 

Medium sand 

C 

Ultrasonic 5 – 25 N/A 50 

Yang et al. 

2015; Ge et al. 

2013 

Fine-

grained 

soil 

Organic 

soil 

ML 

OL 

Universal 

Testing 

Machine 

62 – 141 

86 – 225 

0.63 – 

0.79 

0.67 – 

0.87 

0 

Zhang et al. 

2018 

Sand 

with 

Fines 

Silt 

SM 

 

ML 

CL 

 26 

21 – 26  

24 

0.46 

0.40 – 

0.46 

0.42 

0 
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Clay 

 1280 

Table B.4. Elastic moduli and densities of materials 1281 

Materials K (GPa) G (GPa) 𝜌 (kg/m3) 

Quartz 44 37 𝐺௦ ∙ 𝜌௪  

Ice 8.4 3.7 920 

Water 2.0 0 1000 

Soil matrix (𝐾௦௠ and 

𝐺௦௠) 

1 1 - 

 1282 

Appendix C. Additional statistical evaluation and analysis results of unfrozen water 1283 

content models and seismic wave velocity models 1284 
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 1285 

Figure C.1 RMSE of volumetric unfrozen water content models for different soil types 1286 



72 
 

 1287 

Figure C.2 Average deviations of volumetric unfrozen water content models for 1288 

different soil types 1289 

 1290 
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 1291 

 1292 

Figure C.3 S-wave velocity data of various soils with temperature 1293 

 1294 

Figures C.4 and C.5 present 5 examples out of 41 datasets of the predicted values of the 1295 

seven models for P-wave velocities and six models for S-wave velocities for different 1296 

soil types, including sand, sand with fines, silt, clay, and organic soil. The prediction 1297 

results from different seismic wave velocity models depend on their theory and 1298 

assumptions. For example, in Figure 8b, the Zimmerman and King (1986) model shows 1299 

a good match with sand with fines samples from Li (2009). This sample has initial 1300 
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moisture content 𝜃଴ = 27%  and porosity 𝜙 = 0.5 , which align with the application 1301 

range 𝜙 ∈ [0.3,0.5].  1302 

 1303 

 1304 

 1305 

Figure C.4 Seismic wave velocity models for P-wave velocity versus temperature of 1306 

different soil types 1307 

 1308 
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 1309 

 1310 

Figure C.5 Seismic wave velocity models for S-wave velocity versus temperature of 1311 

different soil types 1312 
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 1313 

 1314 

Figure C.6 RMSE of P-wave velocity predictions for different soil types 1315 

 1316 
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 1317 

 1318 

Figure C.7 RMSE of S-wave velocity predictions for different soil types 1319 

 1320 
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 1321 

 1322 

Figure C.8 Average deviations of P-wave velocity predictions by six seismic wave 1323 

velocity models for different soil types 1324 

 1325 
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 1326 

 1327 

Figure C.9 Average deviations of S-wave velocity predictions by five seismic wave 1328 

velocity models for different soil types 1329 

 1330 
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