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The collapse behaviour of granular materials is influenced by many factors, such as aspect ratio and 7 

inter-particle friction. However, the specific impact of basal to grain friction on column collapse 8 

remains poorly understood. In this study, we systematically analyse the effect of basal friction on 9 

gravity-driven granular column collapse using a validated smoothed particle hydrodynamics (SPH) 10 

model. The results show that such the basal friction coefficient does influence run-out distance, final 11 

height, and deposit morphology. To predict the run-out distance, we propose a modified formula that 12 

incorporates the basal friction coefficient, considering two extreme cases, i.e., μ = 0 and +∞. 13 

Furthermore, the basal friction also exerts an influence on the final height, with higher friction 14 

coefficients resulting in greater final heights. As the friction coefficient increases, the aspect ratio 15 

corresponding to the maximum final height also increase. However, we observe a convergence of the 16 

effect of basal friction on the final height when μ > 0.5. Moreover, the competition mechanism between 17 

the initial column aspect ratio and basal friction coefficient reveals two transition zones between the 18 

three main deposit regimes (regime I, regime II, and regime III). This implies that the basal friction can 19 

influence the deposit regime. Our findings show the clear influence of basal friction on the collapse 20 

behaviour of granular materials and therefore should be carefully considered in future studies. 21 
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List of notations 32 

μ          basic friction coefficient 33 

ρ          mass density of granular material 34 

v          Poisson’s ratio 35 

a          aspect ratio 36 

φ          internal friction angle 37 

E          elastic modulus material 38 

g          gravitational acceleration 39 

r0          initial radius 40 

r∞         final run-out distance 41 

h0          initial height 42 

h∞         final height 43 

  44 
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I. INTRODUCTION 45 

Granular column testing and studies are a traditional reference experiment to study the failure and 46 

rheological behaviour of granular media. Their study is useful in multiple applications such as natural 47 

disasters, optimizing industrial processes, and advancing fundamental research in physics and materials 48 

science.  49 

Of critical importance for certain applications, such as landslides, is to understand the characteristics of 50 

the final deposit run-out, including its final run-out distance, height, and final morphology. Until now, 51 

the widely accepted and reported results in the literature indicate that the run-out distance is mostly 52 

governed by the initial aspect ratio [1-6]. Fundamental studies by [1], who used five types of grains 53 

(different particle sizes and shapes), and [2] who used two types of glass beads (different particles sizes 54 

but the same particle shape) propose a bilinear relationship of the same form between initial aspect ratio, 55 

a (defined as 𝑎 = ℎ0 𝑟0⁄ , where h0 is initial height and r0 is initial radius), and normalized run-out 56 

distance, 𝑅∗ = (𝑟∞ − 𝑟0) 𝑟0⁄  (where r∞ is final run-out distance). The scaling law is of the form 𝑅∗ =57 

𝛼 ∙ 𝑎𝛽 (where the coefficient α and exponent β are obtained from experimental results) as shown in FIG. 58 

1.  59 

 60 

FIG. 1. A sketch of the bilinear relationship between R* and a (log-log form). 61 

More recent results have shown that the relationship collapses into a single line when also considering 62 

the kinematics of the moving front [7]. However, other affecting parameters have been also recently 63 

studied. For example, the effects of an erodible surface [8, 9], grain size effects (R0/d) [10, 11], and 64 

collapse in water or cohesive materials collapse [6, 12, 13] have been investigated. Despite these many 65 

publications, only a handful of studies are dedicated to the effect of the friction coefficient between the 66 

substrate and column grains; herein called basal friction coefficient, µ. This has resulted in an apparent 67 

R
*

a

R1
*= α1·a 

R2
*= α2 · a β
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lack of consensus on whether it has an effect and where exactly it is most prominent. Goujon, et al. [14] 68 

conducted experiments to study the effect of roughness of the inclined plane on the dynamics of granular 69 

flows with different-sizes beads flowing over a plane where a layer of the same beads was glued. It 70 

appears from these experiments that the relative roughness, defined as the ratio between the size of 71 

flowing beads and the size of glued beads is critical to determine the run-out distance. Contrary to this, 72 

Lube, et al. [1] reported that the roughness of the ground made no significant effect on the deposit 73 

results. Lajeunesse, et al. [2] found that for columns with larger aspect ratios, roughness had no effect 74 

on the final run-out distance, and only had influence on the final height. Roche, et al. [15] generated a 75 

column of particles initially fluidized with air to eliminate the inter-particle friction in the granular 76 

columns, and concluded that fluidization reduces contacts between the grains and increase the 77 

coefficient α (𝑅∗ = 𝛼 ∙ 𝑎𝛽 ) compared to dry flows but it has no effect on the exponent β. However, 78 

fluidized particles also reduce the friction between column grains and run-out plate although they did 79 

not analyse this. In numerical studies, Frank [16] used the three-dimensional discrete element method 80 

(DEM) to study the effect of the static friction coefficients (μs=0.4 and μs=0.65) on the collapse of 81 

granular column with a fixed aspect ratio of a = 1.91. They discovered that the run-out distance and 82 

final deposit height remain unaffected by the static friction coefficient. Zhang, et al. [17] studied the 83 

quasi-static collapse of two-dimensional granular columns using particle finite element method (PFEM) 84 

simulations. They reported that the change of basal roughness not only significantly influences the 85 

collapse process quantitatively, but may lead to new failure patterns that have not been observed in the 86 

experiments of quasi-static collapse. Sheikh, et al. [18]  proposed two frictional boundary algorithms 87 

(penetration method and momentum mothed) of SPH and then test them to investigate the effect of 88 

basal friction (μ = 0.0, 0.2, 0.4 and 0.9) on the collapse behaviour of granular columns. Their results 89 

show that the flow of a collapsing granular column can be divided into three deposit regimes and the 90 

interaction of collapsing regimes is affected by basal friction. Also, their results show that the 91 

normalized run-out distance increases as μ decrease and this effect becomes negligible for large aspect 92 

ratios. However, they do not have a systematic analysis of μ and do not incorporate it into the formula 93 

for predicting run-out distance. Furthermore, with consideration of both inter-particle friction and 94 

particle-boundary friction, Man, et al. [19] proposed a dimensionless number, the effective aspect ratio, 95 

𝛼𝑒𝑓𝑓 = √
1

𝜇𝑤+𝛽𝜇𝑝
(
ℎ0

𝑟0
)  (where μw is the basal friction coefficient, μp is the inter-particle friction 96 

coefficient, and β is a fitting parameter) to analysis the deposit morphology of the granular column 97 

collapse. However, they did not consider the extreme conditions (zero and +∞) of the particle-boundary 98 

friction, which resulted in findings that only show one transition zone between three types of deposit 99 

regimes. 100 

Despite this mounting evidence, no study has yet systematically investigated the basal friction 101 

coefficient influence on collapse behaviour. Hence, in this study, we use SPH to analyse the effects of 102 
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basal friction on gravity-driven particle column collapse. By using various basal friction coefficients μ, 103 

a modified model for predicting the run-out distance considering μ has been proposed. The model is 104 

fully physical consistent as it also considers two extreme cases, i.e., μ = 0 and +∞. Furthermore, the 105 

basal friction effect on final height and deposit regime transition were also analysed. 106 

The next section briefly introduces the SPH framework, explains the model construction, and then 107 

validates the model against existing experiments. Sec. III presents the results and discussions of the 108 

effects of various basal friction coefficients on the deposit results. Finally, Sec. IV concludes this paper. 109 

 110 

II. METHODS 111 

A. SPH framework 112 

SPH has been broadly demonstrated for the modelling of large deformation granular materials, 113 

including granular column collapse [20-25]. We use the SPH solver in LS-DYNA [26], that uses an 114 

explicit code developed for the dynamic analysis of non-linear problems and has the advantage of 115 

widely available material models suitable for granular materials. 116 

In SPH the governing equations for the bulk are discretised over a set of particles, each representing a 117 

certain volume and therefore with a certain mass obtained from the initial density of the material they 118 

represent. Each particle is used to calculate the different variables, such as velocity and stresses (forces) 119 

where the continuum is approximated by a summation of quantities for each particle. Hence, a variable 120 

(e.g., velocity or stress) can be approximated everywhere using the function: 121 

 𝑓(𝒙𝑖) = ∑ 𝑤𝑗𝑓(𝒙𝑖)𝑊(𝒙𝑖 − 𝒙𝑗 , ℎ)𝑗∈𝑃 , (1) 

where 𝑤𝑗 =
𝑚𝑗

𝜌𝑗
 is the “weight” of the particle, h is the smoothing length which varies in time and space, 122 

and 𝑊(𝒙, ℎ) is the kernel function. The kernel function is defined using the function θ though the 123 

relation: 124 

 𝑊(𝒙, ℎ) =
1

ℎ(𝒙)𝑑
𝜃(𝑟), (2) 

where d is the number of space dimensions and 𝑟 = ‖𝒙𝑖 − 𝒙𝑗‖/ℎ. Here, θ(r) is the cubic B-spline 125 

function and defined as 126 

 𝜃(𝑟) = 𝐶 { 

1 −
3

2
𝑟2 +

3

4
𝑟3,     0 ≤ 𝑟 ≤ 1

1

4
(2 − 𝑟)3,            1 ≤ 𝑟 ≤ 2

0,                            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

, (3) 
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where 𝐶 is a constant of normalization that depends on the number of the space dimensions. 127 

The great advantage of such formulation is that the discrete form of the gradient operator of a function 128 

can be also calculated based on the gradient of the kernel function, 129 

 
𝜕𝑓(𝒙𝑖)

𝜕𝒙
= ∑ 𝑤𝑗𝑗∈𝑃 (𝑓(𝒙𝑗) − 𝑓(𝒙𝑖))∇𝑊𝑖𝑗, (4) 

with ∇𝑊𝑖𝑗 =
𝜕𝑊𝑖𝑗

𝜕𝒙𝑖
. 130 

Finally, this allows writing partial differential governing equations in a discrete form. For example, the 131 

mass conservation in the framework of standard SPH becomes, 132 

 
𝑑𝜌𝑖

𝑑𝑡
= −∑ 𝑚𝑗(𝒗𝑗 − 𝒗𝑖) ∙ ∇𝑊𝑖𝑗𝑗∈𝑃 ; (5) 

and 133 

 
𝑑𝒗𝑖

𝑑𝑡
= ∑ 𝑚𝑗 (

𝝈𝑖

𝜌𝑖
2 +

𝝈𝑗

𝜌𝑗
2)𝑗∈𝑃 ∇𝑊𝑖𝑗 + 𝒃𝑖, (6) 

where, bi denotes the external body forces. Artificial viscosity is also implemented and shown in 134 

Appendix A. To simulate the failure behaviour of the granular column, we use the Mohr-Coulomb 135 

constitutive model, 136 

 𝜏𝑚𝑎𝑥 = 𝐶 + 𝜎𝑛 ∙ tan𝜑, (7) 

where τmax is maximum shear stress on any plane, σn is normal stress on that plane, C is a cohesion, and 137 

φ is internal friction angle. Since our material is dry, C is zero. 138 

 139 

B. Model construction and collapse 140 

A sketch of granular column collapse is shown in FIG. 2(a), where a cylindrical domain discretised by 141 

SPH particles is placed over a rigid horizontal surface. The friction force (𝐹𝑠) between the rigid plane 142 

and SPH particles is limited by the friction coefficient, µ, in the dry Coulomb friction model: Fs= μ FN, 143 

where 𝐹𝑁  is the normal contact force. µ was initially set to 0.4 in accordance with the validation 144 

experiments of [1]. Several relevant papers utilizing SPH simulations have validated these experimental 145 

results [1], with their respective material parameters summarized in TABLE .  146 
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 147 

FIG. 2. (a) A sketch of the axisymmetric granular collapse: shaded region denotes the initial column (r0: initial 148 
radius, h0: initial height), dashed curve denotes deposit geometry (r∞: final run-out distance, h∞: final height). (b) 149 
Particle spacing: ∆p=2.0mm, a=0.55. (c) ∆p=3.0mm, a=0.55. (d) ∆p=5.0mm, a=0.55. 150 

TABLE I. Material parameters used in previous studies. 151 

Database 

 

Setup 
ρ/kg.m-3 

Density 

a/- 

Aspect ratio 

φ/° 

Angle of 

friction 

ʋ/- 

Poisson’s 

ratio 

Ei /MPa 

Young’s 

modulus 

Ref. [1] Expt. axisymmetric 2600 0.19-13.8 - - - 

Ref. [20] Num. axisymmetric 2600 0.225-20 30 0.3 6 

Ref. [21] Num. axisymmetric 2600 0.25-9.5 30 - - 

Ref. [22] Num. axisymmetric 2600 0.5-4.0 33/37 0.3 20.16 

Ref.[27] Num. axisymmetric 1570 0.5-11 28 0.3 12 

Ref. [28] Num. axisymmetric 2600 0.5 37 - - 

Ref. [24] Num. axisymmetric 2600 0.2-30 30 0.3 5.98 

This study Num. axisymmetric 2600 0.4-25 37 0.3 6.00 

 152 

Prior to conducting the simulation, we performed a sensitivity analysis to determine the optimal number 153 

of particles that can balance computational cost and accuracy. Figures 2 (b), 2 (c), and 2 (d) illustrate 154 

three final deposit patterns with different particle spacings, ∆p (the distance between adjacent particles 155 

in the global coordinate of 2.0, 3.0 and 5.0mm), with corresponding SPH particle numbers of 220080, 156 

63378, and 13904, respectively. A red circle with a radius of 0.176 m was used as a standard reference 157 

size for better comparisons. We observed similar results for ∆p of 2.0 and 3.0mm, while the boundary 158 

was discontinuous for ∆p = 5.0mm due to the insufficient number of particles. Hence, ∆p = 3.0mm was 159 

chosen for all simulations in this study. 160 

As summarized in Error! Reference source not found., 18 cases with different granular column aspect 161 

ratios covering a wide range from 0.4 to 25 were simulated. Note that in the models only the column 162 

height was changed, while the column radius (r0 = 0.1m) remained constant.  163 

TABLE II. Test series of granular column collapse. 164 

Case ID a = h0/r0 h0 /m No. of particles 

1 0.4 0.04 49,294 

2 0.55 0.055 63,378 

3 0.7 0.07 84,504 

Model sketch Sensitivity analyses of SPH resolution 

(b) (c) (d)r0

h0

(a)
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4 0.8 0.08 95,067 

5 0.9 0.09 105,630 

6 1.0 0.10 119,714 

7 1.5 0.15 176,050 

8 2.75 0.275 323,932 

9 4 0.4 471,814 

10 6 0.6 704,200 

11 8 0.8 940,107 

12 9 0.9 1,056,300 

13 10 1.0 1,176,014 

14 12 1.2 1,408,400 

15 13.8 1.38 1,619,660 

16 15 1.5 1,760,500 

17 18 1.8 2,112,600 

18 25 2.5 2,932,993 

 165 

C. Initial Validation 166 

To validate whether our SPH can capture the rheological behaviour of granular columns, these results 167 

focus on flow patterns, while the run-out distances that also serve as validation will be illustrated in 168 

Section. 3. FIG. 3 compares the evolution of the model flow patterns with experimental patterns of three 169 

typical aspect ratios from Ref.  [1]. The three aspect ratio values induce three clearly different flow 170 

patterns and final deposition characteristics. For small aspect ratios (e.g., a = 0.55), the collapse starts 171 

from the perimeter and spreads to the interior of the model, maintaining the initial height during the 172 

process. After collapse, a flat surface remains at the top of the model. For intermediate aspect ratios 173 

(e.g., a = 2.75), the model cannot maintain its initial height during the collapse, and the top surface 174 

changes from a flat plate to a conical tip. For large aspect ratios (e.g., a = 13.8), the top surface of the 175 

model maintains a flat shape during the collapse until the upper particles reach the static area at the 176 

bottom, after which it begins to collapse around the static area, resulting in a transition from a plane to 177 

revealing the tip (cusp) of the conical static area. During this process, the sand forms an outward 178 

propagating wave that transfers mass from the centre to the edge of the diffusion, forming a concentric 179 

wave at the final deposit. Our numerical flow patterns agree well with their experimental results. 180 
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 181 

FIG. 3. Granular column collapse evolution at various time points observed in three columns with representative 182 
aspect ratios (coloured images with colour bar) and finial experimental collapse patterns reported in Ref. [1] (grey 183 
images). 184 

 185 

III. RESULTS AND DISCUSSION 186 

Values of the basal friction coefficient (μ) from 0.1 to 1.8 were used to investigate its influences on 187 

sand column collapse, including run-out distance, final height, and morphology.  188 

 189 

A. Run-out distance 190 

We determine the run-out distance of the granular column using the ‘effective’ run-out distance method 191 

proposed by Ref. [24]. Figure 4 shows a comparison of the normalized run-out distance between 192 

simulations and experiments. For μ = 0.4, cited by Ref. [1], the numerical results shows a good 193 
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agreement with the experimental data, but also are consistent with the other types of simulations [21, 194 

22]. Reported experimental and numerical simulations have indicated a linear relationship between the 195 

initial column aspect ratio and the normalized run-out distance (see Fig. 1 and Table III). We investigate 196 

further this relationship in light of the evident effect of the friction coefficient μ (see Table IV) for both 197 

low and large aspect ratios. 198 

 199 

FIG. 4. Comparison of the normalized run-out distance between different simulations and experiments. 200 

TABLE III. Proposed formula for predicting the deposit run-out distance. 201 

Database Formula form 

Expt. axisymmetric: Ref. [1] 𝑅∗ =
𝑟∞ − 𝑟0
𝑟0

≃ {
1.24𝑎,      𝑎 < 1.7

 1.6𝑎1/2,   𝑎 ≥ 1.7
 

Num. axisymmetric: Ref. [21] 𝑅∗ ≃ {
 0.72𝑎,         𝑎 < 1.7

 1.02𝑎3/5,    𝑎 ≥ 1.7
 

Num. axisymmetric: Ref. [22] 𝑅∗ ≃ {
 1.11𝑎,            0 ≤ 𝑎 < 1.7

1.66𝑎0.48,            𝑎 ≥ 1.7
 

 202 

The inset of Fig. 4 shows that 𝑅∗ varies linearly with the aspect ratios when a < 1.7. Hence, we propose 203 

the introduction of 𝜇 to 𝑅∗ by writing  204 

 𝑅∗ = 𝑓(𝜇) ∙ 𝑎, (8) 

where 𝑓(𝜇) is an unknown function. To achieve plausible forms of 𝑓 over the whole range of a, we 205 

must make sure that for 𝜇 = 0, the collapsed grains would never stop and thus 𝑅∗ →∞. Following the 206 

0

5
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same logic, when 𝜇 →∞, every grain would become quiescent at all times as soon as it touches the 207 

substrate, under which the column can be deemed collapsed onto one layer of its composed grains. With 208 

these two asymptotic values of 𝑓(𝜇) in mind, we assume that  209 

 𝑓(𝜇) =
𝑂

𝜇𝑃
+ 𝑄, (9) 

where O, P, and Q are fitted parameters and are all positive.  210 

This form of f, satisfies that for increases of 𝜇, the difference between slope between 𝑅∗ and 𝑎 gradually 211 

vanishes (see Fig. 5(a)). When μ approaches to zero, the particles are not limited in the horizontal 212 

surface, and when μ is infinity, the bottom layer particles are fixed to the substrate, and other particles 213 

slide on the bottom layer particles. The fitting curve to the numerical simulations in FIG. 5(b) gives 214 

values of “O = 0.1834, P = 1.268, Q = 0.7536” with a high R2 value of 0.998. The fact that 𝑓(𝜇) 215 

approaches to 0.7536 when 𝜇 →∞, means that the minimum run-out distance for a given µ increases 216 

linearly as the aspect ratio increases, with a slope of 0.7536. Somewhat surprisingly, this value is equal 217 

to the tangent value of the internal friction angle (tan 37°=0.7536) of the material. This would indicate 218 

that the minimum run-out distance depends on the material internal friction angle. Using the fitted 219 

values, the proposed formula is: 220 

 𝑅∗ = (
0.1834

𝜇1.268
+ 0.7536) ∙ 𝑎 (10) 

 221 

FIG. 5. (a) Evolution of normalised run-out distance R* with low aspect ratios and the fitting results. 222 

(b) Fitting results of f–μ. 223 

μ

(a) (b)



12 

 

 224 
TABLE IV. Fitting results for low aspect ratios.  225 

μ f R2 

0.2 2.163703 0.996497 

0.3 1.612932 0.996517 

0.4 1.335783 0.997382 

0.5 1.187215 0.998206 

0.6 1.08964 0.99676 

0.9 0.952388 0.999187 

1.2 0.890816 0.997525 

1.5 0.880822 0.998204 

1.8 0.8781778 0.998513 

 226 

When a≥1.7, the relation between 𝜇 and 𝑅∗ is assumed as an exponential function such as: 227 

 𝑅∗ = 𝛼(𝜇) ∙ 𝑎𝛽 (11) 

where 𝛼(𝜇) is an unknown function. By fitting our simulation results, we obtain a constant value of 𝛽 228 

equal to 0.49 in TABLE V. For the function of α(𝜇), we use the same approach as for 𝑓(𝜇) 229 

 𝛼(𝜇) =
𝐴

𝜇𝐵
+ 𝐶 (12) 

where A, B, and C are fitted parameters and are all positive. The fitting results are presented in FIG. 230 

6(b), with the corresponding parameter values of  A = 0.023, B = 2.572, C =1 .408, and R2 = 0.993. The 231 

linearity of each point, as indicated by the slope ratio of 0.49, is verified by the inset plot of FIG. 6(a) 232 

that we plot in logarithmic scale. The same explanation provided for low aspect ratios in term of the 233 

influence of µ applies here. Finally, conversely to low aspect ratios, when 𝜇 →∞, the final run-out 234 

distance depends on aspect ratio and  𝑅∗ = 1.408𝑎0.49. The final formula for higher aspect ratios is: 235 

 𝑅∗ = (
0.023

𝜇2.572
+ 1.408) ∙ 𝑎0.49 (13) 
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 236 
FIG. 6. (a) Evolution of normalised run-out distance with higher aspect ratios in different friction 237 

coefficients. (b) Fitting results for higher aspect ratio models. 238 

 239 
TABLE V. Fitting results for larger aspect ratios. 240 

μ α β R2 

0.2 2.840004 0.49 0.9861 

0.3 1.969984 0.49 0.9978 

0.4 1.616418 0.49 0.9883 

0.5 1.490427 0.49 0.9666 

0.6 1.481723 0.49 0.9822 

0.9 1.493148 0.49 0.9888 

 241 

Equation (14) summarizes the modified formulas for the run-out distance considering the basal friction 242 

coefficient. Compared with those in Error! Reference source not found., we find that the frontier 243 

factors (𝑓 and 𝛼) are highly dependent on the basal friction coefficient, while the index parameters (β) 244 

are independent of it. Notably, for a < 1.7, the index parameter is the same as that proposed by Ref. [1]; 245 

and for a>1.7, our result of 0.49 is very close to the result of Ref. [1] of 0.5.  246 

 
𝑟∞ − 𝑟0
𝑟0

=

{
 

 (
0.1834

𝜇1.268
+ 0.7536) ∙ 𝑎,       𝑎 < 1.7

   (
0.023

𝜇2.572
+ 1.408) ∙ 𝑎0.49, 𝑎 ≥ 1.7 

 (14) 

 247 

μ

(a) (b)
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B. Final height  248 

The relationship between the rescaled final height, ℎ∞, and aspect ratio for various friction coefficients 249 

can be characterized by three distinct stages shown in FIG. 7. Initially, there is a linear increase stage, 250 

followed by an exponential increase stage. Subsequently, a decrease stage occurs. Our results (μ=0.4) 251 

are plotted in FIG. 7 and compared to experimental and numerical results as well the proposed formula 252 

by Lube, et al. [1] shown in Eq. (15).  253 

 
ℎ∞
𝑟0
= {

    𝑎,                   0 ≤ 𝑎 < 1.7

  0.88𝑎1/6,    1.7 ≤ 𝑎 < 10
 (15) 

Our simulations fit well with their experimental results as well as their proposed formula when a < 10. 254 

They did not provide a relationship for a > 10. Yang, et al. [24] carried out analysis for values of a >10 255 

using SPH method. Our results seem to fit the experimental results of Ref. [1] better whilst confirming 256 

the trend as Ref. [24]. This allows us to propose a trilinear approximation proposed in Eq. (16). 257 

Critically, and in agreement with the results of Ref. [24], the results indicate that for larger values of a, 258 

the final height decreases as the aspect ratio increases. We find that the friction coefficient has less 259 

effect on the linear increase stage, while it becomes more relevant in the other stages.  260 

The extended forms in this study for axisymmetric granular column collapse with a wide range of aspect 261 

ratios are: 262 

 
ℎ∞

𝑟0
= {

              𝑎,                   0 ≤ 𝑎 < 0.86

 0.88 ∙ 𝑎1 6⁄ ,          0.86 ≤ 𝑎 < 10

1.853 ∙ 𝑎−0.189,          𝑎 ≥ 10

 (16) 

 263 

FIG. 7. The relationship between rescaled final height and aspect ratio. 264 
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FIG. 8 shows the contour map of rescaled final height projected on a µ-a plane. There are turning points 265 

in the contour area for the different colours, marked by the orthogonal points of the black arrow and 266 

contour lines, which represent the maximum rescaled final height point for each friction coefficient. It 267 

indicates that an increase in the friction coefficient affects the separation point (maximum final height) 268 

between the exponential increase stage and the decrease stage, resulting in an increase in the aspect 269 

ratio corresponding to the maximum final height. When a<2.5, the effect of μ on the final height is 270 

negligible. Conversely, for cases where a>2.5, the final height is influenced by μ. This is the reason 271 

why Ref. [2] found that roughness only had influence on the final height of the larger aspect ratio models. 272 

It is worth noting that when the friction coefficient exceeds 0.5, there is a red trapezoidal zone 273 

(maximum h∞/r0=1.3-1.4 as shown in FIG. 8), which is due to the redundancy of the friction at the 274 

substrate, where the effect of friction on the final height converges into a single value. This non-linear 275 

relationship between the friction coefficient and maximum height highlights the complexity of particle 276 

dynamics and the need for careful consideration of multiple factors when evaluating particle behaviour. 277 

 278 

FIG. 8. Contour map of rescaled final height projected on µ-a plane. 279 
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C. Deposit morphology  281 

Granular columns collapse to form different morphology, primarily depending on their initial aspect 282 

ratio. All final deposit morphologies can be classified by three regimes [1, 2, 19]: 283 

(1) Regime I: the granular materials spread through the avalanche on its flank and produces a circular 284 

undisturbed area at the upper surface of the column, forming a circular truncated cone, e.g., the flow 285 

pattern with a=0.55 at t/tmax=0.8-1.0 as shown in FIG. 3; 286 
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(2) Regime II: the entire upper surface starts to flow immediately, forming a tip with a cone-like shape, 287 

e.g., the flow pattern with a=2.75 at t/tmax=0.8-1.0 as shown in FIG. 3;  288 

(3) Regime III: a concentric wave originates and propagates outwards, e.g., the flow pattern with a=13.8 289 

at t/tmax=0.8-1.0 as shown in FIG. 3. The final shape has been named differently by other researchers: 290 

‘Mexican hat’ for a>3 [2], liquid-like [19]. 291 

The regime identification process from the numerical models is illustrated in Appendix B.  292 

The results of deposit regime for all the models are shown in FIG. 9, with each regime type represented 293 

by a different colour. The results show that the basal friction clearly influences the deposit regime. Two 294 

transition zones are revealed (indicated by dashed blue lines). Contrary to what was stated in previous 295 

studies, these depend on competition mechanism between the initial column aspect ratio and basal 296 

friction coefficient. The first transition (Zone 1 in the figure) between regime I to regime II, occurs for 297 

when the friction coefficient varies from 0.1 to 0.2 and the aspect ratios between 0.5 and 0.8. Zone 2 298 

(regime II to III) is defined by values of friction coefficient between 0.3 to 0.7 and aspect ratios from 8 299 

to 25. Since Ref. [19] does not consider the extreme conditions (zero and +∞) of the particle-boundary 300 

friction, their results only show one transition zone at μ>0.1.  301 

These findings provide an explanation to the results reported by Ref. [3], who showed that friction force 302 

dominates flow behaviour for small aspect ratios, without quantifying it fully. For models with medium 303 

aspect ratios (0.7<a<6), regime II is the sole regime observed, indicating that although basal friction 304 

continues to play a role, it is gradually replaced by pressure gradient effects. This is the reason why Ref. 305 

[16] found no influence of basal friction as they used a = 1.91. When the aspect ratio exceeds 6, a 306 

second transition zone emerges. Within this range, as the friction coefficient increases from 0.7 to 0.3 307 

(as indicated by the direction of the black arrows), the deposit regime undergoes a transition from 308 

regime II to regime III. Finally, as the aspect ratio becomes sufficiently large, the influence of the 309 

friction coefficient decreases, and the pressure gradient effects become predominant and all 310 

morphologies correspond to regime III. These findings are consistent with those reported by  Ref. [3], 311 

who demonstrated that for large aspect ratios, flow behaviour is dominated by pressure gradient effects, 312 

not the basal friction coefficient. 313 
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 314 
FIG. 9. The results of deposit regimes vary with changes in basal friction coefficients and initial aspect ratios. 315 
Blue area: regime I, pink area: regime II, and blue area regime III; Two transition zones (blue dash zones 1 and 316 
2); SPH results (black, red, and green circle points indicate regime I, regime II, and regime III, respectively). 317 

 318 

IV. CONCLUSIONS 319 

In this study, we have used SPH to systematically analyse the effects of basal friction on gravity-driven 320 

particle column collapse. An SPH model validated against experiments has revealed the following 321 

findings:  322 

(1) Run-out distance, final deposit height, and final deposit morphology are all affected by the basal 323 

friction.  324 

(2) To predict the run-out distance, we propose a modified formula (𝑅∗ = 𝛼 ∙ 𝑎𝛽) that incorporates the 325 

basal friction coefficient μ. Our analysis reveals that μ has an obvious effect on the coefficient factor α 326 

in the formula while the exponent parameter β remains unaffected. This model shows two extreme 327 

conditions: for 𝜇 = 0, the collapsed grains would never stop and thus 𝑅∗ →∞; while for 𝜇 →∞, every 328 

grain would become quiescent at all times as soon as it touches the substrate, under which the column 329 

can be deemed collapsed onto one layer of its composed grains. That is to say, the influence of basal 330 

friction converges to that of grain friction. Somewhat surprisingly, for low aspect ratio models, the 331 

minimum run-out distance increases linearly as the aspect ratio increases, with a slope of 0.7536. And 332 

this value is equal to the tan value of the internal friction angle (tan 37°=0.7536) of the material. This 333 

means the minimum run-out distance depends on the material internal friction angle.  334 

(3) The basal friction also exerts an influence on the final height, with higher friction coefficients 335 

resulting in greater final heights. The relationship between the rescaled final height and aspect ratio in 336 
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the same friction coefficient models can be characterized by three distinct stages: linear increase stage; 337 

exponential increase stage; and decrease stage. The friction coefficient has little influence in the linear 338 

increase stage, while it becomes more relevant in the other stages. Specifically, an increase in the 339 

friction coefficient affects the separation point (maximum final height) between the exponential 340 

increase stage and the decrease stage, resulting in an increase in the aspect ratio corresponding to the 341 

maximum final height. However, we observe a convergence of the effect of basal friction on the final 342 

height when μ > 0.5.  343 

(4) The basal friction also affects the deposit regime. The competition mechanism between the initial 344 

column aspect ratio and basal friction coefficient reveals two transition zones that delimit the three main 345 

deposit regimes reported in the literature. In zone 1 (regime I to regime II), the friction coefficient varies 346 

from 0.1 to 0.2 and the aspect ratios between 0.5 and 0.8. Zone 2 (regime II to III) is defined by values 347 

of friction coefficient between 0.3 to 0.7 and aspect ratios from 8 to 25. 348 

 349 
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 352 

APPENDIX A: SPH ARTIFICIAL VISCOSITY  353 

The concept of artificial viscosity was first proposed in one spatial dimension by Ref. [29] to model 354 

flows with shocks, which is nowadays widely used in wave propagation programs. The role of the 355 

artificial viscosity is to smooth the shock over several particles. The artificial viscosity term Πij [30] is 356 

included in the SPH momentum equation as: 357 

 
𝑑𝒗𝑖
𝑑𝑡

=∑𝑚𝑗 (
𝝈𝑖

𝜌𝑖
2 +

𝝈𝑗

𝜌𝑗
2 + 𝛱𝑖𝑗𝐈)

𝑗∈𝑃

∇𝑊𝑖𝑗 + 𝒃𝑖 (A1) 

where I is the identity matrix. The most widely used form of artificial viscosity is: 358 

 𝛱𝑖𝑗 = {  

−𝛼𝑐𝑖𝑗𝜙𝑖𝑗 + 𝛽𝜙𝑖𝑗
2

𝜌𝑖𝑗
,    𝑢𝑖𝑗 ∙ 𝑥𝑖𝑗 < 0

0,                                   𝑢𝑖𝑗 ∙ 𝑥𝑖𝑗 ≫ 0 

 (A2) 

 𝜙𝑖𝑗 =
ℎ𝑖𝑗𝒗𝑖𝑗∙𝒙𝑖𝑗

|𝒙𝑖𝑗
2 |+0.01ℎ𝑖𝑗

2
 , 𝑐𝑖𝑗 =

𝑐𝑖+𝑐𝑗

2
  , 𝜌𝑖𝑗 =

𝜌𝑖+𝜌𝑗

2
, (A3) 

 ℎ𝑖𝑗 =
ℎ𝑖+ℎ𝑗

2
, 𝒙𝑖𝑗 = 𝒙𝑖 − 𝒙𝑗, 𝒗𝑖𝑗 = 𝒗𝑖 − 𝒗𝑗, (A4) 

where α and β are the problem dependent tuning parameters, and c is the sound speed.  359 
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APPENDIX B: MORPHOLOGY DETECTION METHOD 360 

 361 

FIG.10shows the method we followed to determine the morphology or deposit regime from our 362 

numerical results. For cases where the deposit morphology remains at the initial height with a flat 363 

surface at the top, the regime is classified as regime I (e.g., red area in  364 

FIG.10, a=0.55, μ =0.4). However, if the deposit final height deviates from the initial height, it is 365 

classified as either regime II or regime III. For the distinction between regime II and regime III, we 366 

inspect the presence of a “double peak”. If the morphological image exhibits a continuous colour 367 

transition from warm to cold colours, it is categorized as regime II (e.g., a=9, μ =0.35, shown in  368 

FIG.10) as only one peak at the centre occurs. Conversely, if there is a discontinuous colour transition 369 

with the presence of a ring area (second peak), it is classified as regime III (e.g., a=9, μ =0.3, shown in  370 

FIG.10). This method is highly sensitive, allowing even small differences between regime II and regime 371 

III to be detected.  372 

 373 

FIG.10. Methodology for determining the deposit regime in LS-DYNA. 374 

 375 
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