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Abstract Deformation phenomena on Earth

are inherently three dimensional. With InSAR,

in many practical situations the maximum num-

ber of observations is two (ascending and de-

scending), resulting in an infinite number of

possible displacement estimates. Here we pro-

pose a practical solution to this underdeter-

minancy problem in the form of the strap-

down approach. With the strapdown approach

it is possible to obtain 3D-global/2D-local so-

lutions, using minimal and largely undisputed

contextual information. It is a generic method

that defines a local reference system with trans-

versal, longitudinal, and normal (TLN) axes,

with displacement occurring in the transversal-

normal plane only. Since the orientation of the

local frame is based on the physics of the prob-

lem at hand, the strapdown approach gives

physically more relevant estimates compared

to conventional approaches. Moreover, with un-

certainty in the orientation of the local frame
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and error propagation it is possible to assess

the precision of the final estimates. Appropri-

ate cartographic visualization using vector map

with confidence ellipses enables an improved

interpretation of the results.

InSAR, geodesy, surface displacements, de-

composition, strapdown

1 Introduction

InSAR scatterers are typically not situated at

ideal locations, and the observations have an

imaging geometry that is not optimal for re-

trieving full three-dimensional (3D) displace-

ments. Moreover, they are only sensitive to the
projection of the 3D displacement vector onto

the radar line-of-sight (LoS) direction, dLoS,

along a plane orthogonal to the LoS (Masson-

net and Feigl, 1998; Fialko et al., 2002; Hanssen,

2001; Wright et al., 2004; Brouwer and Hanssen,

2023b), i.e.,

dLoS = PLoS⊥ dENU, (1)

= [sin θ sinαd, sin θ cosαd, cos θ] dENU,

where dENU = [de, dn, du]
T is the 3D displace-

ment vector in east, north, and up direction,

respectively.1 PLoS⊥ is the orthogonal projec-

1 Note that a displacement vector d, in [mm], may
also be interpreted as, e.g., an (average or instanta-

This is a non-peer reviewed EarthArXiv preprint version that has been submitted for publication in Journal of Geodesy.



2 Wietske Brouwer, Ramon Hanssen

tor onto the LoS, where θ is the incidence angle

towards the radar, and αd is the azimuth of its

zero-Doppler plane (ZDP) at the position of

the target, in the direction towards the satel-

lite, see Brouwer and Hanssen (2023b, Fig. 1).

Ideally, a decomposition of the LoS dis-

placement vector in three orthogonal directions

is enabled. Yet, this requires at least three in-

dependent LoS observations from significantly

different viewing geometries, but since all cur-

rent SAR satellites have very similar viewing

geometries, the maximum number of available

and effective observations often reduces to two,

i.e., ascending and descending, resulting in an

underdetermined problem with an infinite num-

ber of solutions along a solution line (Brouwer

and Hanssen, 2023b).

Many contemporary InSAR information prod-

ucts, including most publicly available ones,

‘circumvent’ this problem by disregarding the

north component of the deformation, and as-

serting a decomposition into the east and up

components only (Crosetto et al., 2020). Yet, it

is well known that this approach produces in-

herently biased estimates, particularly for the

up component (Brouwer and Hanssen, 2023b).

An alternative option is to use the null-line

aligned (NLA) coordinate system as proposed

in Brouwer and Hanssen (2023b), which en-

sures unbiased estimates, but produces results

that can be more challenging to interpret for

non-experts.

Here we demonstrate a practical, effective,

and largely generic solution to the underdeter-

minancy problem, introducing the ‘strapdown’

method, which uses a location-dependent local

reference system that is tuned to the defor-

mation phenomenon. In fact, special cases of

this approach have been applied in particular

applications, such as landslides (Mohr, 1997;

Colesanti and Wasowski, 2006; Notti et al.,

2014; Cascini et al., 2010; Greif and Vlcko,

2012; Van Natijne et al., 2022), ice sheets (Joughin

et al., 1998; Mattar et al., 1998; Mohr et al.,

1998; Ford et al., 2003), and line-infrastructure

neous) displacement velocity, in [mm/y], since this
is geometry-invariant.

(Chang et al., 2018; Özer et al., 2019). Yet,

apart from being a wider generalization and

a mathematical framework, the strapdown ap-

proach offers complete error propagation and

therefore a proper quality description of the fi-

nal estimated displacements. Moreover, effec-

tively it leads to an optimal unbiased solution

which is locally two-dimensional, but globally

three-dimensional, requiring only a limited de-

gree of rather undisputed contextual informa-

tion on the expected deformation phenomena.

We first discuss the geometry of the strap-

down approach and the deformation phenom-

ena for which it can be used. In Sec. 3 we dis-

cuss how the displacements can be estimated

and we elaborate on the quality of the esti-

mated displacements. Finally, we demonstrate

the strapdown approach in two examples in

Sec. 4 and reflect on the method in Sec. 5.

2 System Geometry

The geometry of the strapdown system is de-

fined and subsequently elaborated for different

classes of deformation phenomena.

2.1 The local strapdown coordinate system

Instead of choosing one coordinate system for

the entire area of interest, we define a local,

right-handed Cartesian coordinate system that

is fixed to the local deformation phenomenon

with transversal, longitudinal, and normal (TLN)

components, dTLN = [dT , dL, dN ]T , see Fig. 1.

The term local implies that the orientation of

the TLN frame will differ for each location,

hence the term ‘strapdown’, adapted from in-

ertial navigation technology (Titterton et al.,

2004). Thus, a displacement vector dTLN is

projected onto the LoS with Eq. (1) as (Chang

et al., 2018):

dLoS = PLoS⊥R1R2R3dTLN,= PR
LoS⊥dTLN,

(2)
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where R1, R2, and R3 are rotation matrices:

R1 =

 cosΛ sinΛ 0

− sinΛ cosΛ 0

0 0 1

 , (3)

R2 =

1 0 0

0 cosΦ − sinΦ

0 sinΦ cosΦ

 , (4)

R3 =

 cosΩ 0 sinΩ

0 1 0

− sinΩ 0 cosΩ

 , (5)

where Λ ∈ [0◦, 360◦) is the azimuth of the lon-

gitudinal direction (L) relative to the north2.

The elevation angle of the longitudinal direc-

tion is Φ ∈ (−90◦,+90◦], relative to the hori-

zontal3, and the elevation angle of the trans-

versal direction (T) is Ω ∈ (0◦,+90◦]. The

normal direction (N) completes the orthogonal

right-handed TLN system. PR
LoS⊥ is the projec-

tor that projects the displacement vector dTLN

onto the LoS along a plane orthogonal to the

LoS. Thus, PR
LoS⊥ is a function of Λ, Ω, and Φ

with size 1× 3, i.e., PR
LoS⊥ = [PT , PL, PN ], see

App. A.

Geometrically, any displacement vector can

be regarded as being situated in a 2D plane,

with zero-displacement in the complementary

direction, by definition. In the TLN frame, the

displacement vector is always situated in the

plane spanned by the transversal and normal

unit vectors, and is therefore by definition zero

in the longitudinal direction. Note that this is

not an assumption or an approximation, as it

follows deductively from the definition of the

coordinate system. Of all 2D planes that con-

tain the displacement vector as subset, there

is typically only one plane orientation that is

2 Due to the 180◦ ambiguity in longitudinal di-
rection, in case of a topographic slope or a sub-
sidence slope, the longitudinal axis is defined tan-
gential to the local iso-elevation or iso-deformation
lines, such that the positive transversal direction
is always directed down-slope. In the absence of
a clear slope, we use the smallest angle w.r.t. the
north, i.e. Λ ∈ (−90◦,+90◦], following Chang et al.
(2018).
3 where up-hill is positive.

physically genuinely relevant, i.e., uniquely in-

terpretable. This is due to the fact that all

observable displacements are relative changes

in velocity (Huygens, 1656), which are neces-

sarily a consequence of the sum of all forces

acting upon the object (Newton, 1687). Ob-

viously, the force of gravity is omnipresent in

every case, and is in many cases also the root

cause of the observed motion. In other cases,

forces are due to kinetic causes, such as im-

posed by traffic or due to, e.g., volumetric or

tectonic mechanisms (Yu et al., 2013; Cavalié

and Jónsson, 2014). Almost without exception,

displacement mechanisms of interest have a

physical context that can be regarded as ‘known’

to some extent. Consequently, we can orient

the TLN system, viz. the longitudinal direc-

tion, to the direction in which there is phys-

ically no displacement to be expected, as we

will elaborate below. From orthogonality, the

longitudinal direction defines the local displace-

ment plane, in which the two orthogonal dis-

placement components (T and N) are situated.

With this definition, Eq. (2) can be locally

solved with LoS observations from two suffi-

ciently different viewing geometries. Conse-

quently, the main challenge is (i) to find the

orientation of the local displacement plane in

3D space, given by (Λ,Φ,Ω) and (ii) to approx-

imate the precision of these orientation param-

eters in order to perform an error propagation

to assess the final quality of the local solution.

2.2 Deformation phenomena

The generic description of the methodology

can be elaborated for typical classes of La-

grangian deformation phenomena (Brouwer and

Hanssen, 2023a). Here we discuss downslope

displacements, subsidence and uplift, (line)-

infrastructure, and motion associated with faults.

2.2.1 Gravity-driven downslope deformation

Landslides, moving glaciers, or slope instabili-

ties of a dike are examples of phenomena where

the main deformation occurs along the slope,
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with gravity as the main driving force, see Fig. 1.

When the longitudinal axis is parallel to the

iso-elevation lines of the slope of the occurring

landslide, there are no forces in the longitu-

dinal direction, and therefore dL = 0. Hence,

all displacements occur in the (vertical) plane

spanned by the transversal and normal axis,

shown in the side views of Fig. 1, and Φ = 0◦

by definition, see Eq. (5). The slope aspect, αa,

i.e., the compass direction that a terrain sur-

face faces, determines the value for the angle

Λ since the (angle of the) slope, Ω, is always

referred to as a positive number, see Fig. 1,

i.e., αa = Λ+ 90◦. The positive transversal di-

rection is always directed down-slope.

2.2.2 Subsidence and uplift

Subsidence bowls and uplift domes are caused

by a subsurface volume change, in combination

with gravity, see the sketch in Fig. 1. They ex-

hibit vertical and horizontal displacement com-

ponents (Kratzsch, 1983). The horizontal dis-

placements are centripetal for subsidence, and

centrifugal for uplift (Müller and Preusse, 2018).

Thus, the longitudinal direction, indicated by

azimuth Λ, is oriented parallel to the iso-

deformation lines, and the transversal direc-

tion is downslope (centripetal) for subsidence,

and centrifugal for uplift. Similar to the downs-

lope case, there is—by definition—no displace-

ment component in the longitudinal direction.

The normal displacements are maximum in the

center of the field, decreasing asymptotically

to the edge of the field. The example in sec-

tion 4.1 elaborates this further.

2.2.3 Line-infrastructure

Line infrastructure assets are characterized by

an extended spatial dimension in one direc-

tion (by definition the longitudinal direction),

where the spatial extent in the other two direc-

tions is limited, such as roads, railways, dikes,

and pipelines. The slope of the asset is given by

Φ, while Ω represents the cant of the asset or

the slope in the transversal direction (Chang

et al., 2014, 2018). The latter is usually small,

see Fig. 2. Often, it is possible to assume that

no significant continuous (stationary) displace-

ments occur in the longitudinal direction (Chang

et al., 2014, 2018; Özer et al., 2019), apart

from perhaps thermal expansion and contrac-

tion which can be independently modeled and

has a non-secular character.

2.2.4 Motion associated with faults

Although deformations resulting from tecton-

ics (post, co-, and inter-seismic) are often too

complex to uniquely identify the 2D plane in

which the displacements occur, we can still uti-

lize the strapdown method for deformations

associated with faults, e.g., in relation to hy-

drological effects. In such cases the driver of

the deformation is sufficiently well defined and

determines its directionality. Considering, e.g.,

rising mine water associated with normal or

reverse faults (Caro Cuenca et al., 2013), see

Fig. 3. In such cases, no displacements are ex-

pected along the fault and the longitudinal di-

rection can thus be directed parallel to the

fault. In section 4.2 this example is further

elaborated. For ideal strike-slip faults, the sides

move along each other and the longitudinal di-

rection is directed perpendicular to the fault.

To prevent directional ambiguity, the smallest

azimuth angle is chosen, i.e., Λ ∈ (−90◦, 90◦].

Note that for all three fundamental fault types,

dT has a different sign at both sides of the

fault.

3 Estimating displacements using the

strapdown approach

As longitudinal displacements are null by def-

inition, any displacement vector can be unam-

biguously represented in a 2D (dT , dN ) system,

and thus dT and dN can be estimated with two

LoS observations. There are several options

for estimating dT and dN . Chang et al. (2014,

2018) add a pseudo observation, dL = 0, to the

mathematical model. However, this approach

requires the orientation of the TLN frame to
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Fig. 1 The orientation of the TLN reference system for gravity-induced downslope deformation phenomena
and/or subsidence and uplift. (a) shows the orientation for a schematized mountain (with iso-elevation lines)
or an uplift dome (with iso-displacement lines). Note that the transversal direction is always downslope or
centrifugal. Therefore, the slope aspect determines the boundaries within which Λ should lie. (b) Similar
situation sketch for a valley or subsidence bowl. Note that the transversal axis is always downslope, and
thus centripetal for subsidence.

Fig. 2 The orientation of the TLN reference sys-
tem for line-infrastructure: Φ represents the slope
in the longitudinal direction and Ω the cant. Fig-
ure adapted from Chang et al. (2014).

Fig. 3 Orientation of the TLN reference frame
for the fundamental types of fault motion (Fowler,
1990). For normal and reverse faults, no displace-
ments are expected along the fault, aligning the
longitudinal direction is parallel to the fault. For
strike-slip faults the displacements happen mainly
along the slope, aligning the longitudinal direction
perpendicular to the fault.

be perfectly known, since a misalignment will

result in biased estimates for dT and dN .4 The

orientation of the TN plane will always have

some alignment uncertainty, expressed by σ2
Λ,

σ2
Ω , and σ2

Φ. A better alignment precision re-

sults in a better estimation of the unknown

displacements dT and dN . Below, we consider

the impact of the alignment uncertainty in the

mathematical model.

3.1 The mathematical model

Since the longitudinal displacements are null

by definition, dL can be removed from Eq. (2)

and PR
LoS⊥ reduces to a 1× 2 matrix with only

PT and PN , see App. A, and the 2 × 1 dis-

placement vector contains only dT and dN .

The TLN frame orientation is introduced us-

ing pseudo observations Λ, Ω, and Φ (the un-

derline indicates the stochastic nature of the

4 Adding pseudo observation dL = 0 to the sys-
tem of equations, while in fact dL ̸= 0, results in
a ’decomposition error’ similar to ‘neglecting’ the
north component in a conventional ENU decompo-
sition, see Brouwer and Hanssen (2023b).
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observable) in the mathematical model:

E{



d
(1)
LoS
...

d
(m)
LoS

Λ

Ω

Φ


︸ ︷︷ ︸

y

} =



a1(x)
...

am(x)

am+1(x)

am+2(x)

am+3(x)


︸ ︷︷ ︸

A(x)

, and (6)

D{



d
(1)
LoS
...

d
(m)
LoS

Λ
Ω

Φ


︸ ︷︷ ︸

y

} =



QLoS,1 . . . 0 0 0 0
...

. . .
... 0 0 0

0 . . . QLoS,m 0 0 0

0 0 0 σ2
Λ 0 0

0 0 0 0 σ2
Ω 0

0 0 0 0 0 σ2
Φ


︸ ︷︷ ︸

Qyy

,

(7)

where for i ∈ [1,m]

ai(x) = P
(i)
T (Λ,Ω,Φ)dT + P

(i)
N (Λ,Ω,Φ)dN

am+1(x) = Λ

am+2(x) = Ω

am+3(x) = Φ,

and x = [dT , dN , Λ,Ω, Φ]T is the vector of un-

known displacements and orientation angles.

E{.} expresses the expectation of the model,

which can be solved with two sets, i.e., m = 2,

of LoS observations: d
(1)
LoS and d

(2)
LoS, each hav-

ing a different viewing geometry.5 Note that

the size of each set can be be different due

to a different number of available scatterers.

Rows i ∈ [1,m] in the A matrix are non-linear

equations of x, where each row is unique due

to the difference in viewing geometry. To over-

come the rank deficiency, pseudo observations

5 For a successful estimation of x, the two LoS
observations ’sets’ need to be spatio-temporally co-
inciding and independent (STCI). As this is hardly
ever possible, a region of uniform motion (RUM)
needs to be defined and a datum connection (in
time and space) needs to be performed. Moreover,
the two LoS observation sets need to have a suffi-
cient angular diversity. For in-depth elaboration see
Brouwer and Hanssen (2023b).

for Λ, Ω, and Φ are added based on a best-

effort approximation.6 D{.} is the dispersion

of the model, where QLoS,i is the covariance

matrix of the LoS observations for set i. This

covariance matrix is a diagonal matrix con-

taining the variances of displacements for each

scatterer within the set. The uncertainty in our

best-effort attempt to orient the TLN frame is

quantified in σ2
Λ, σ

2
Ω , and σ2

Φ. Since the model

is non-linear, the solution can be found by us-

ing a Gauss-Newton iteration process.

3.1.1 Gauss-Newton Iteration

To estimate the five unknown parameters, the

linearized system of equations needs to be solved,

∆y
[0]

≈ J[0]∆x[0], (8)

where

J[0] =


∂

∂dT
a1(x[0]) . . . ∂

∂Φa1(x[0])
...

...
...

∂
∂dT

am+3(x[0]) . . .
∂
∂Φam+3(x[0])

 (9)

is the Jacobian matrix which is a function of

the initial approximations for the unknown pa-

rameters x[0], i.e.,

x[0] =
[
dT[0]

, dN[0]
, Λ[0], Ω[0], Φ[0]

]T
, (10)

which yield initial approximations for the ob-

servation vector y and ∆y
[0]

= y − A(x[0]).

Consequently, when m ≥ 2, ∆x can be es-

timated using direct inversion or Best Linear

Unbiased Estimation (BLUE) (Teunissen, 2003),

i.e.,

∆x̂[0] =

J−1
[0] ∆y

[0]
, for m = 2, and

Qx̂x̂J
T
[0]Q

−1
yy ∆y

[0]
for m > 2,

(11)

Qx̂x̂ =

{
J−1
[0] Q

−1
yy J

−1
[0] , for m = 2, and(

JT
[0]Q

−1
yy J[0]

)−1
for m > 2,

(12)

6 The best-effort frame orientation approxima-
tion can be purely data-driven based on iso-
displacement lines retrieved from the original line-
of-sight results, or on contextual information, as
long as conservative precision estimates are used.
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where Qx̂x̂ represents the precision of x. The

new estimate for x̂ is defined as x̂[1] = x[0] +

∆x̂[0], and can be used to estimate ∆x[1]. Iter-

ation leads to a final estimate for x̂. An estima-

tion of the unknown parameters requires rough

initial approximations for which either prior

knowledge of the deformation phenomenon can

be used, or initial assessments from the origi-

nal LoS estimates. For Λ[0], Ω[0], and Φ[0] the

best-effort frame orientations are used.

The precision of the five estimated param-

eters is expressed by the (co)variances in Qx̂x̂,

sketched for an arbitrary frame orientation in

Fig. 4. There is correlation between dT and dN ,

Fig. 4 Sketch of (normalized) Qx̂x̂ for an arbitrary
frame orientation. The diagonal elements represent
the precision of the estimated parameters x̂ and the
off-diagonal terms the correlation between them.
There is correlation between the estimated displace-
ments (upper-left 2×2 block) but no correlation be-
tween the estimated frame orientation (lower-right
3 × 3 block). There is correlation between the es-
timates for the frame orientation and for the dis-
placements.

in the upper 2× 2 block. Due to the choice of

the pseudo-observations, there is no correla-

tion between the estimated orientation angles

Λ,Ω and Φ. Yet, there is correlation between

the displacement and the angular estimates.

Different frame orientations will result in dif-

ferent levels of correlation.

3.2 The quality of the estimates

The precision of the estimates (d̂T , d̂N ) de-

pends on four independent contributions: (i)

the actual (true) orientation of the TLN frame,

(ii) the actual (true) magnitude of the dT and

dN displacements, (iii) the alignment precision

of the TLN frame, and (iv) the precision of the

observations and pseudo-observations. These

will be discussed below.

3.2.1 True orientation of the TLN frame

The actual (true) orientation of the TLN frame

has a dominant impact on the precision of the

final estimates. With two LoS observation ge-

ometries (ascending and descending), displace-

ment components in the direction of the null-

line (Brouwer and Hanssen, 2023b) cannot be

observed: the more either the transversal or

normal direction aligns with of the null-line,

the less precise that parameter can be esti-

mated. The most favourable option is therefore

when the plane spanned by the transversal and

normal axis (TN-plane) is orthogonal to the

null-line, i.e., when Λ = ϕ and Φ = ζ, where

ϕ and ζ are the azimuth angle and elevation

angle of the null-line, respectively.7

Fig. 5 shows the Signal-to-Noise Ratio (SNR)

for the transversal (lower left) and normal (up-

per left) component as a function of Λ and

Ω, with Φ = 0◦. We simulate an arbitrary dis-

placement phenomenon with dT = dN , ob-

served from an ascending and a descending or-

bit with viewing characteristics as presented

in Tab. 1. For different frame orientations, we

simulate LoS observations and subsequently

estimate the unknown parameters x with Eq. (11).

In Fig. 5, we show the SNR for each realiza-

tion, where SNRT = 10 log10(dT /σdT
), and

SNRN = 10 log10(dN/σdN
) represent the trans-

versal and normal direction respectively, shown

by the two left figures. The quality of the es-

timated normal component is best when the

7 In this special case the TLN frame is identical
to the null-line aligned (NLA) frame, see Brouwer
and Hanssen (2023b) .
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Fig. 5 SNR [dB] for the normal (upper left) and transversal (lower left) component for different orientations
of the TLN frame. The observation geometry of the simulated ascending and descending acquisition is
presented in Tab. 1, which result in a null-line orientation, n(ϕ, ζ) = n(0.14◦, 12.14◦). The right figure
shows the sum of the left two figures since one is always interested in estimating both components. It can
be seen that the SNR of the two combined directions is greatest when the longitudinal direction is in the
direction of the null-line, indicated by the black star. In that specific case, the TN plane is orthogonal to
the null-line.

Table 1 Simulated viewing geometries and conse-
quent null-line orientation.

Geometry Inc. angle θ Azim. ZDP αd

ascending 32◦ 250◦

descending 40◦ 105◦

null-line n: ϕ = 0.14◦ ζ = 12.14◦

transversal direction aligns with the null-line,

shown by the black star in Fig. 5. Likewise,

the quality for dt is the best when the normal

direction aligns with the null-line. Obviously,

when one of the two components aligns with

the null-line, both satellite acquisitions have

zero sensitivity in that direction, and both ob-

servations are entirely attributed to the other

component.

In reality, we need to estimate both compo-

nents in concert. Therefore we show the sum of

the SNR ratios in the right figure, i.e., SNRtotal =

SNRN +SNRT . The black star shows the most

favourable orientation with the highest SNR

value, which occurs when the longitudinal di-

rection is aligned with the null-line, e.g., Λ = ϕ

and Ω = ζ. The quality of the estimates is

poor when Λ ≈ 90◦, i.e., when the normal or

transversal direction is in the direction of the

null-line.

3.2.2 True magnitude of dT and dN

The quality (both bias and precision) of (d̂T , d̂N )

is scaled by the actual (but unknown) size of

the displacement signal. This follows from the

Jacobian in Eq. (9), which requires approxi-

mations dT[0]
and dN[0]

.
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3.2.3 Alignment precision of the TLN frame

Any error in the best-effort orientation approx-

imation of the TLN frame, i.e., a misalign-

ment, results in dL ̸= 0, and consequently bi-

ased estimates for dT and dN . Misalignments

are taken into account in Eqs. (6) and (7), via

σΛ, σΩ , and σΦ, propagating the alignment

uncertainty to the precision for the final es-

timates, see Eq. (12). The alignment precision

needs to be chosen conservatively, i.e., not too

optimistic, such that the (potential) bias in d̂T
and d̂N will fall within the confidence bounds

of the estimator.

3.2.4 Precision of (pseudo) observations

The fourth contribution to the precision of the

estimates (d̂T , d̂N ) is the quality (or precision)

of (i) the LoS observations and (ii) the pseudo-

observations, expressed in Qyy in Eq. (12). A

higher quality of the observations, and/or more

certainty in the frame orientation, results via

Qx̂x̂ in higher quality final estimates.

3.3 Interpretation of the results

For a cartographic uniform visualization of the

estimated (dT , dN ) displacements there are two

options. When the orientation of the strap-

down coordinate system is uniform over the

area of interest, it is possible to create a panchro-

matic map8 for dT and dN separately, see, e.g.,

Figs. 11e and f. However, in the more generic

case of a spatially variable orientation of the

strapdown coordinate system this is not pos-

sible anymore, since directionality needs to be

considered. A vector (quiver) map type is more

suitable in this case, see Figs. 6 and 8. This

has the added value that the precision of both

magnitude and direction can be expressed us-

ing a confidence ellipse. The relative sizes of

the vector and the confidence ellipse enable

a direct assessment of the significance of the

8 or similarly a contour map or a dot distribution
map.

Fig. 6 Vector representation of strapdown results
of RUM-i at geographic coordinates (xi, yi), show-
ing the estimated transversal displacement compo-
nent, dT . The error ellipse or confidence region has
two axes. The size of transversal axis is σT and the
size of the longitudinal axis is σL = dT tanσΛ.

estimate and of the SNR, and hence improve

interpretability. In Fig. 6, the estimated trans-

versal displacement vector dT , located at the

geometric center of a RUM, 9 is situated at ge-

ographic coordinates (xi, yi). In this case the

normal direction is practically aligned with the

up direction.10 The error ellipse shows the con-

fidence region, with transversal axis p σT , and

longitudinal axis σL = dT tan(p σΛ) where p

expresses the desired size of the confidence re-

gion, i.e., for p = 2 we have a 95% confidence

region. Both σT and σΛ follow from Eq. (12).

4 Results: 2 case studies

In this section we apply the strapdown ap-

proach on two case studies: subsidence due to

solution mining and displacements resulting

from ground water pressure in relation to faults.

4.1 Magnesium extraction in Veendam

In Veendam, the Netherlands, solution mining

for multicomponent salts occurs at a depth of

9 region of uniform motion, see Brouwer and
Hanssen (2023b).
10 In other cases, the displacement vector can be
situated along the slope.
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Table 2 Acquisition details for Sentinel-1 tracks 15
and 139 at Veendam, the Netherlands.

S1 track 15 S1 track 139
Heading ascending descending
Mean θ 36.3◦ 44.2◦

Mean αd 261◦ 98◦

Start Aug 7, 2018 Aug 4, 2018
End Mar 8, 2020 Feb 16, 2020

∼1500 m. Around the production caverns, salt

starts flowing towards the caverns (Brinkman,

2016). Subsequently, the overlaying rock layers

move downwards and horizontally towards the

center of the cavern, resulting in a subsidence

bowl. The observed vertical displacements will

be greatest at the center of the bowl, while the

horizontal displacements are centripetal, see

Sec. 2.2.2. We use the strapdown approach to

estimate the unknown 3D displacements. The

area is monitored by Sentinel-1 from descend-

ing and ascending acquisitions, see Tab. 2, us-

ing a PSI approach (van Leijen, 2014). The

LoS results for both geometries are shown in

Fig. 8. For the descending acquisition, the great-

est LoS velocities occur more to the east com-

pared to the ascending acquisition, which is

an indicator for significant horizontal displace-

ments.

4.1.1 RUM definition

As the orientation of the TLN frame varies

within the region, in first iteration we approxi-

mate the subsidence bowl assuming radial sym-

metry and divide it into 12 sectors and five

equidistant radial areas, see Fig. 8, where each

element is assumed to behave as a region of

uniform motion (RUM). To account for imper-

fect circularity we set σΛ = 5◦, implying that,

with a 95% confidence interval, we conserva-

tively estimate the Λ0 alignment to be within

±10◦. We use Ω0 = 0◦ and Φ0 = 0◦ due to the

absence of significant topography, and we set

σΩ = 2◦ and σΦ = 2◦, to quantify our confi-

dence in this assumption.

4.1.2 Parameter estimation per RUM

Independently for each RUM we estimate the

mean LoS displacement velocity for each view-

ing geometry, i.e., v̂ascLoS and v̂dscLoS, based on all

time series of the scatterers within that partic-

ular RUM. Subsequently, we estimate the av-

erage velocities in the transversal and normal

direction, v̂T and v̂N , with Eqs. (6) and (7), see

Fig. 8. The largest mean normal (near-vertical)

displacement of ∼40 mm/y indeed occurs at

the center of the subsidence bowl. RUMs A4,

A6, A7, and A8 contain only scatterers in one

viewing geometry, impeding strapdown esti-

mates.

We estimate the precision for the unknown

velocities, Qx̂x̂, visualized by 2σ confidence el-

lipses and error bars for the normal velocities.

The minor axes of the ellipses represent the

level of confidence due to the uncertainty in

the alignment of the frame. The uncertainty of

both the transversal and the normal velocity

differs per RUM. Since the orientation of the

null-line is near-north (ϕ = 0.7◦ and ζ = 7.1◦),

the transversal direction is almost in the direc-

tion of the null-line for RUMs 1, 12, 6, and 7,

which is properly addressed by the confidence

regions for these regions. It can be seen that

also the normal component is affected.

For comparison, the conventional biased ap-

proach is followed where the north component

is neglected and only the east and up compo-

nents are estimated, leading to a decomposi-

tion error (Brouwer and Hanssen, 2023b). In

Fig. 9, we show the biased estimated east and

up components using that approach. The com-

parison shows that the strapdown approach

captures the entire 3D deformation phenomenon:

while we estimate 2D displacements per RUM,

we retrieve the full 3D displacement phenomenon

by combining all RUMs, hence the ‘2D-local,

3D-global’ characterization. In Fig. 10, we show

the difference in estimated velocity between

the up component from the east-up approach

and the normal component in the strapdown

approach. The greatest errors, up to−5.4 mm/y,
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Fig. 7 Estimated LoS velocities for S1 descending track 139 and ascending track 15 for Veendam. The
location of the maximum LoS velocity differs for both tracks. This is an early indicator for significant
horizontal displacements.

Fig. 8 Results for strapdown approach at a subsidence bowl which is the result of magnesium extraction at
Veendam. The red arrows represent the estimated displacement velocity vectors in the transversal direction
(near-horizontal), and their 2σ uncertainty is visualized by a 95% confidence ellipse. The blue arrows are
the displacement velocities in the normal direction (near-vertical), which have a ±2σ error bar.

occur in RUMs located in the north and south,

due to the large neglected north component.

In comparison, the neglect-north approach

results in (i) no information on the north com-

ponent at all (even if it would be significant

enough to be estimated reliably), and (ii) less

accurate (i.e., biased) estimates in the east and

north components. The strapdown approach

leads to three-dimensional unbiased (east-north-

up) estimates, accompanied with realistic pre-

cision metrics that enable realistic interpreta-

tion.

4.2 Coal mining after-effects

From 1900 until 1970, coal was extracted from

mines in Limburg, the Netherlands (Van Bergen

et al., 2007). One of its after-effects is differen-

tial ground heave induced by rising mine wa-

ter (Pöttgens, 1985; Caro Cuenca et al., 2013).
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Fig. 9 Estimated East and Up displacements while neglecting the North component for Veendam. Note
that this is a decomposition error and result in biased estimates, especially for the Up component.

Fig. 10 The difference between the estimated Up and transversal component. If the arrow for a RUM points
up, it means that the estimated Up component is smaller than the estimated transversal component. The
Up component is thus an under estimation of the actual vertical displacement.

Three major ground heave zones are known,

one of which is situated near Brunssum along

the Feldbiss fault (Heitfeld and Klunker, 2016).

Here we investigate the displacements near this

fault.

4.2.1 Deformation phenomenon and RUMs

The Brunssum area is monitored by Radarsat-2

from an ascending and a descending geometry,

see Tab. 3. Differential displacements are esti-

Table 3 Acquisition details Radarsat-2

track 109 track 302
Heading ascending descending
Mean θ 37.3◦ 33.4◦

Mean αd 259.2◦ 100.9◦

Start Dec 14, 2016 Dec 4, 2016
End Sep 12, 2020 Sep 26, 2020

mated using a PSI approach, for both geome-

tries independently (van Leijen, 2014). The LoS

displacement rate estimates are projected onto
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the vertical (PoV) (Brouwer and Hanssen, 2023b),

see Figs. 11a and b. Close to the Feldbiss fault,

the two acquisition geometries clearly show dif-

ferent results, which is an indication for signif-

icant horizontal displacement components.

For comparison, we estimate the conven-

tional up (‘vertical’) and east velocities, by ne-

glecting the north-bound displacement compo-

nents, resulting in biased estimates, see Brouwer

and Hanssen (2023b). The resulting vertical

and east displacement rates are presented in

Figs. 11c and d, respectively. They suggest that

the area is moving upward at the southwest

side of the fault, while at the northeast side,

the vertical displacements seem minimal. The

estimated east displacement rates, Fig. 11d,

are difficult to interpret, since they underes-

timate the real horizontal displacement rates.

From the LoS displacement estimates we

hypothesize that the surface movement is cor-

related with the orientation of the Feldbiss fault,

and that the horizontal displacements are di-

rected orthogonal to it, as the driving mech-

anism is most likely related to the redistribu-

tion of subsurface water pressure. There is no

physical indication to assume a strike-slip com-

ponent (parallel to the fault direction) in this

case.

Therefore, we use the strapdown approach

where for each RUM the longitudinal axis is

defined parallel to the Feldbiss fault. We divide

the area into grid cells of ∼70×70 m.

4.2.2 Parameter estimation per RUM

Per grid cell (RUM), we estimate the mean

LoS displacement rate for both the ascend-

ing and descending acquisition, and we com-

pute the mean incidence angle and azimuth of

the ZDP. Subsequently, we estimate the nor-

mal and transversal displacement rates using

Eqs. (6) and (7) and estimate the frame ori-

entation parameters to be Λ[0] = −55◦ and

Ω[0] = Φ[0] = 0◦, using σΛ = 10◦ and σΩ =

σΦ = 5◦ for each grid cell.

The estimated transversal and normal dis-

placement rates per grid cell are shown in Fig. 11e

and f. At the southwest, we find positive nor-

mal displacements, implying that the area moves

relatively upward. A maximum normal veloc-

ity of ∼8 mm/y is found at the south. At the

northeast, relative normal displacements are

near-zero but significant transversal displace-

ments are estimated. Northeast of the fault, we

find positive transversal displacements, with a

maximum of ∼10 mm/y, while at the south-

west of the fault, transversal displacements are

negative, meaning that the two sides of the

fault move away from each other, i.e., there is

extensional strain. Moreover, we find that the

largest transversal displacements are∼6 mm/y.

Since the displacement time-series has a length

of almost four years, the total displacement is

∼2.3 cm. As the area with the largest trans-

versal displacements has a width of ∼400 m,

this results in ∼23 µε (micro-strain).

Comparing the strapdown with the neglect-

north results, we find significant differences,

with better displacement estimates (in terms

of bias and precision), better alignment with

the known fault location, and generally a bet-

ter physically interpretable result for the strap-

down results. The east component clearly un-

derestimates the horizontal displacements com-

pared to the transversal component.

5 Conclusions

The strapdown method makes it possible to es-

timate three-dimensional displacements from

two satellite imaging geometries, using min-

imal and largely undisputed contextual infor-

mation. The method uses a local reference sys-

tem, with displacement occurring only in the

transversal-normal plane. Since the orientation

of the local frame is based on the physics of

the problem at hand, the strapdown approach

gives physically more relevant estimates com-

pared to conventional approaches. By quanti-

fying the uncertainty in the knowledge about

the orientation of the local frame, proper er-

ror propagation enables assessing the quality

of the final estimates. In this way, even when

the frame orientation is poorly known, it is still
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Fig. 11 Estimated displacement rates (mm/y) for the area of Brunssum, the Netherlands. The Feldbiss
fault runs trough the middle of the city in the direction NW-SE, indicated by the red line. (a) and (b): LoS
displacement rates projected onto the vertical (PoV) for the ascending and descending track respectively.
(c) and (d): vertical and east displacement rates, by neglecting the north component. Note that this is
decomposition error that typically results in biased estimates (Brouwer and Hanssen, 2023b). Blue and
orange values in (d) indicate eastbound and westbound motion, respectively. (e) and (f): normal and
transversal displacement rates estimated with the strapdown approach. Blue values in (e) indicate motion
in the normal direction, which is upward. Blue and orange values in (f) indicate displacements in the
positive and negative transversal direction, respectively.
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possible to estimate transversal and normal

displacement components, and subsequently the

east and north components, as long as the ‘true’

frame orientation is within the estimated ori-

entation uncertainty. Cartographic representa-

tions of the three-dimensional results include

the re-introduction of classic geodetic vector-

based visualizations, including confidence el-

lipses, which enables a more profound inter-

pretation of the results.
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A The projector PR
LoS⊥

Eq. (2) contains PR
LoS⊥ , the projector that projects

the displacement vector dTLN onto the LoS along
a plane orthogonal to the LoS. PR

LoS⊥ is a func-

tion of Λ,Ω, and Φ with size 3× 1, i.e., PR
LoS⊥ =

[PT , PL, PN ], with

PT =
(
sin θ sinαd cosΛ− sin θ cosαd sinΛ

)
cosΩ−(

−(sin θ sinαd sinΛ+ sin θ cosαd cosΛ) sinΦ+ cos θ cosΦ
)
sinΩ

PL =
(
sin θ sinαd sinΛ+ sin θ cosαd cosΛ

)
cosΦ+ cos θ sinΦ

PN =
(
sin θm sinαd cosΛ− sin θ cosαd sinΛ

)
sinΩ+(

−(sin θm sinαd sinΛ+ sin θ cosαd cosΛ) sinΦ+ cos θ cosΦ
)
cosΩ.


