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Abstract
Deformation phenomena on Earth are inherently three dimensional. With SAR interferometry (InSAR), in many practical
situations the maximum number of observations is two (ascending and descending), resulting in an infinite number of possible
displacement estimates. Here we propose a practical solution to this underdeterminancy problem in the form of the strapdown
approach. With the strapdown approach, it is possible to obtain “3D-global/2D-local” solutions, by using minimal and largely
undisputed contextual information, on the expected driving mechanisms and/or spatial geometry. It is a generic method
that defines a local reference system with transversal, longitudinal, and normal (TLN) axes, with displacement occurring in
the transversal-normal plane only. Since the orientation of the local frame is based on the physics of the problem at hand,
the strapdown approach gives physically more relevant estimates compared to conventional approaches. Moreover, using
an a-priori uncertainty approximation on the orientation of the local frame it is possible to assess the precision of the final
estimates. As a result, appropriate cartographic visualization using a vector map with confidence ellipses enables an improved
interpretation of the results.
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1 Introduction

InSAR scatterers obtained from SAR interferometry are typ-
ically not situated at ideal locations, and the observations
have an imaging geometry that is not optimal for retriev-
ing full three-dimensional (3D) displacements. Moreover,
they are only sensitive to the projection of the 3D displace-
ment vector onto the radar line-of-sight (LoS) direction, dLoS,
along a plane orthogonal to the LoS (Massonnet and Feigl
1998; Fialko et al. 2002; Hanssen 2001; Wright et al. 2004b;
Brouwer and Hanssen 2023), i.e.,

dLoS = PLoS⊥ dENU,

= [sin θ sin αd , sin θ cosαd , cos θ ] dENU, (1)
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where dENU = [de, dn, du]T is the 3D displacement vec-
tor in east, north, and up direction, respectively.1 PLoS⊥ is
the orthogonal projector onto the LoS, where θ is the inci-
dence angle toward the radar, and αd is the azimuth of its
zero-Doppler plane (ZDP) at the position of the target, in
the direction toward the satellite, see Brouwer and Hanssen
(2023, Fig. 1).

A decomposition of the LoS displacement vector into
three orthogonal directions would be ideal. Yet, this requires
at least three independent LoS observations from signifi-
cantly different viewing geometries, but since almost all the
SAR satellites operate right-looking,2 orbiting the Earth in
near-polar retrograde orbit, they have very similar viewing
geometries and the maximum number of available and effec-
tive observations often reduces to two, i.e., ascending and
descending, resulting in an underdetermined problemwith an

1 Note that a displacement vector d, with unit [mm], may also be inter-
preted as, e.g., an (average or instantaneous) displacement velocity, unit
[mm/y], since this is geometry-invariant.
2 Adding an observation from a left-looking radar will improve the
accuracy for the estimated parameters (Rocca et al. 2003; Wright et al.
2004a), but the precision for the estimated north component is still rather
poor.
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infinite number of solutions along a solution line (Brouwer
and Hanssen 2023).

Contemporary InSAR information products come in two
classes: the geodetic products, which use mainly geometric
information and minimal or no information on the physics,
and the geophysical products, which aim at producing best-
fit models describing the physical mechanisms at hand.
Many geodetic InSAR information products, including most
publicly available ones, circumvent the problem of under-
determination by disregarding the north component of the
deformation, and asserting a decomposition into the east
and up components only (Crosetto et al. 2020). Yet, it is
well known that this approach produces inherently biased
estimates, particularly for the up component (Brouwer and
Hanssen 2023). An alternative geodetic option is using the
the null-line aligned (NLA) coordinate system as proposed
by Brouwer and Hanssen (2023), which ensures unbiased
estimates, but produces results that can be more challenging
to interpret for non-experts. For geophysical products, there
is a wide range of more optimal models, including the pos-
sibility to use the LoS observations directly in for instance
modeling of fault slip or magma reservoir pressure change.
Since these types of inversions can work directly with LoS
data, no decomposition is required.3

Here we demonstrate a practical, effective, and largely
generic solution to the problem of underdetermination,
introducing the ‘strapdown’ method, which uses a location-
dependent local reference system that is tuned to the defor-
mation phenomenon.

Special cases of this approach have been applied in partic-
ular applications, such as landslides (Mohr 1997; Colesanti
and Wasowski 2006; Notti et al. 2014; Cascini et al. 2010;
Greif and Vlcko 2012; Van Natijne et al. 2022), ice sheets
(Joughin et al. 1998;Mattar et al. 1998;Mohr et al. 1998; Ford
et al. 2003), and line-infrastructure (Chang et al. 2018; Özer
et al. 2019). Yet, apart from being a wider generalization and
a mathematical framework, the strapdown approach offers
complete error propagation and therefore a proper quality
description of the final estimated displacements. Moreover,
effectively it leads to an optimal unbiased solution which
is locally two dimensional, but globally three dimensional,
requiring only a limited degree of rather undisputed contex-
tual information on the expected deformation phenomena.

We first discuss the geometry of the strapdown approach
and the deformation phenomena for which it can be used in
Sect. 2. In Sect. 3, we discuss how the displacements can be
estimated andweelaborate on thequality of the estimateddis-

3 In this study, we focus on interferometric estimates of displacements.
In case of large displacements, SARoffset trackingmayprovide an addi-
tional displacement observable (Gray et al. 1998; Scheiber andMoreira
2000; Strozzi et al. 2002; Bechor and Zebker 2006).

placements. Finally, we demonstrate the strapdown approach
in two examples in Sect. 4 and reflect on themethod inSect. 6.

2 System geometry

In the following, we define the geometry of the strapdown
system and elaborated on different classes of deformation
phenomena.

2.1 The local strapdown coordinate system

Instead of choosing one coordinate system for the entire
area of interest, we define a local, right-handed Cartesian
coordinate system that is fixed to the local deformation phe-
nomenon with transversal, longitudinal, and normal (TLN)
components, dTLN = [dT , dL , dN ]T , see Fig. 1.

The term local implies that the orientation of the TLN
frame will differ for each location, hence the term ‘strap-
down’, adapted from inertial navigation technology (Titter-
ton et al. 2004). Thus, a displacement vectordTLN is projected
onto the LoS with Eq. (1) as Chang et al. (2018):

dLoS = PLoS⊥ R1R2R3dTLN = PR
LoS⊥dTLN, (2)

where R1, R2, and R3 are rotation matrices:

R1 =
⎡
⎣

cosΛ sinΛ 0
− sinΛ cosΛ 0

0 0 1

⎤
⎦ , (3)

R2 =
⎡
⎣
1 0 0
0 cosΦ − sinΦ

0 sinΦ cosΦ

⎤
⎦ , (4)

R3 =
⎡
⎣

cosΩ 0 sinΩ

0 1 0
− sinΩ 0 cosΩ

⎤
⎦ , (5)

where Λ ∈ [0◦, 360◦) is the azimuth of the longitudinal
direction (L) relative to the north.4 The elevation angle of
the longitudinal direction is Φ ∈ (−90◦,+90◦], relative to
the horizontal (where up-hill is positive) and the elevation
angle of the transversal direction (T) isΩ ∈ (0◦,+90◦]. The
normal direction (N) completes the orthogonal right-handed
TLN system. PR

LoS⊥ is the projector that projects the displace-
ment vector dTLN onto the LoS along a plane orthogonal to

4 Due to the 180◦ ambiguity in longitudinal direction, in case of a
topographic slope or a subsidence slope, the longitudinal axis is defined
tangential to the local iso-elevation or isodeformation lines, such that
the positive transversal direction is always directed downslope. In the
absence of a clear slope, we use the smallest angle w.r.t. the north, i.e.,
Λ ∈ (−90◦,+90◦], following (Chang et al. 2018).
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Fig. 1 Orientation of the TLN reference system for gravity-induced
downslope deformation phenomena and/or subsidence and uplift. a
shows the orientation for a schematized mountain (with iso-elevation
lines) or equivalently an uplift dome (with iso-displacement lines). Note
that the transversal direction is always downslope or centrifugal. There-

fore, the slope aspect determines the boundaries within whichΛ should
lie. b Similar situation sketch for a valley or equivalently a subsidence
bowl. Note that the transversal axis is always downslope, and thus cen-
tripetal for subsidence

the LoS. Thus, PR
LoS⊥ is a function of Λ, Ω , and Φ with size

1 × 3, i.e., PR
LoS⊥ = [PT , PL , PN ], see App. A.

Geometrically, any displacement vector can be regarded
as being situated in a 2D plane, with zero-displacement
in the complementary direction, by definition. In the TLN
frame, the displacement vector is always situated in the plane
spanned by the transversal and normal unit vectors, and is
therefore by definition zero in the longitudinal direction.
Note that this is not an assumption or an approximation, as
it follows deductively from the definition of the coordinate
system. Of all 2D planes that contain the displacement vector
as subset, there is typically only one plane orientation that
is physically genuinely relevant, i.e., uniquely interpretable.
This is due to the fact that all observable displacements are
caused by forces, or stresses, that are acting upon the object.
In many cases, displacement mechanisms of interest have
a physical context that can be regarded as ‘known’ to some
extent. Obviously, the force of gravity is omnipresent in every
case, and is in many cases also the root cause of the observed
motion. In other cases, forces are due to kinetic causes, such
as deforming roads and railways imposed by traffic load or
due to, e.g., volumetric (e.g., a subsidence bowl caused by
a subsurface volume change) or tectonic mechanisms (Yu
et al. 2013; Cavalié and Jónsson 2014). Consequently, we

can orient the TLN system, viz. the longitudinal direction, to
the direction in which there is physically no displacement to
be expected, as we will elaborate below. From orthogonal-
ity, the longitudinal direction defines the local displacement
plane, inwhich the twoorthogonal displacement components
(T and N) are situated. With this definition, Eq. (2) can be
locally solved with LoS observations from two sufficiently
different viewing geometries. Consequently, the main chal-
lenge is (i) to find the orientation of the local displacement
plane in 3D space, given by (Λ,Φ,Ω) and (ii) to approx-
imate the precision of these orientation parameters in order
to perform an error propagation to assess the final quality of
the local solution.

2.2 Deformation phenomena

The generic description of the methodology can be elabo-
rated for typical classes of deformation phenomena. Here
we discuss downslope displacements, subsidence and uplift,
(line)-infrastructure, and motion associated with idealized
faults. Note that when the displacement direction can be con-
sidered as ‘known’ (e.g., vertical), the LoS observations can
be projected directly on the unit vector of the displacement
direction, and the strapdown system is not necessary.
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2.2.1 Gravity-driven downslope deformation

Landslides, moving glaciers, or slope instabilities of a dike
are examples of phenomena where the main deformation
occurs in a vertical plane that contains the downslope direc-
tion and the local gravity vector. The plane is perpendicular
to the local gradient and gravity is the main driving force, see
Fig. 1.

When the longitudinal axis is parallel to the iso-elevation
lines of the slope of the occurring landslide, it can, in first
approximation, be assumed that the forces in the longitudinal
direction will be negligible, i.e., dL = 0. Hence, all displace-
ments are expected to occur in the (vertical) plane spanned
by the transversal and normal axis, shown in the side views
of Fig. 1, and Φ = 0◦ by definition, see Eq. (5). The slope
aspect, αa , i.e., the compass direction that a terrain surface
faces, determines the value for the angleΛ since the (angle of
the) slope, Ω , is always referred to as a positive number, see
Fig. 1, i.e., αa = Λ + 90◦. The positive transversal direction
is always directed downslope.

Note that these approximations are a strong simplification
of reality. In certain cases, displacements along the longitu-
dinal axis can occur, e.g., in a glacier where the gravitational
force may induce internal stresses, which may result in dis-
placements along the longitudinal direction.

2.2.2 Subsidence and uplift

Subsidence bowls and uplift domes are caused by a sub-
surface volume change, in combination with gravity, see
Fig. 1, e.g., as a result of fluid pressure decrease or increase
(Geertsma 1973; Dzurisin and Lisowski 2007) or due to sur-
face loading or unloading. These types of phenomena exhibit
vertical and horizontal displacement components (Kratzsch
1983). The horizontal displacement directions are in first
approximation centripetal for subsidence, and centrifugal for
uplift (Müller and Preusse 2018). The longitudinal direc-
tion, indicated by azimuth Λ, is oriented parallel to the
isodeformation lines, and the transversal direction is downs-
lope (centripetal) for subsidence, and centrifugal for uplift.
Similar to the downslope case, there is—by definition—no
displacement component in the longitudinal direction. The
normal displacements aremaximum in the center of the field,
decreasing asymptotically to the edge of the field. The exam-
ple in Sect. 4.1 elaborates this further.

2.2.3 Line-infrastructure

Line-infrastructure assets are characterized by an extended
spatial dimension in one direction (by definition the lon-
gitudinal direction), where the spatial extent in the other

Fig. 2 The orientation of the TLN reference system for line-
infrastructure: Λ and Φ represent the azimuth and slope of the
longitudinal direction, respectfully, andΩ the cant. Figure adapted from
Chang et al. (2014)

two directions is limited, such as roads, railways, dikes, and
pipelines. The slope of the asset is given by Φ, while Ω

represents the cant of the asset or the slope in the transver-
sal direction (Chang et al. 2014, 2018). The latter is usually
small, see Fig. 2. Often, it is possible to assume that no sig-
nificant continuous (stationary) displacements occur in the
longitudinal direction (Chang et al. 2014, 2018; Özer et al.
2019), apart from perhaps thermal expansion and contraction
which can be independently modeled and has a non-secular
character.

2.2.4 Motion associated with faults

Although deformations resulting from tectonics (post, co-,
and inter-seismic) may often be too complex to uniquely
identify the 2D plane in which the displacements occur, we
can still utilize the strapdown method for first-order approx-
imations and deformations associated with faults as hydro-
logical boundaries. Considering, e.g., rising mine water after
mine closure associated with normal or reverse faults (Caro
Cuenca et al. 2013), see Fig. 3. In such cases the driver of
the deformation is sufficiently well defined and determines
its directionality. As a result, no displacements are expected
along the fault and the longitudinal direction can thus be
directed parallel to the fault. In Sect. 4.2, this example is fur-
ther elaborated. For ideal strike-slip faults, the sides move
along each other and the longitudinal direction is directed
perpendicular to the fault. To prevent directional ambiguity,
the smallest azimuth angle is chosen, i.e., Λ ∈ (−90◦, 90◦].
For all three fundamental fault types, dT has a different sign
at both sides of the fault.

Obviously, therewill bemany cases inwhich slip on a fault
will not enable a simple unambiguous directionality assump-
tion for the displacement, in which cases more advanced
(geophysical) models are required.
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Fig. 3 Orientation of the TLN reference frame for the fundamental
types of fault motion (Fowler 1990). For normal and reverse faults,
displacement is expected to occur dominantly in a vertical plane per-
pendicular to the strike of the fault, which aligns with the longitudinal
direction. For vertical strike-slip faults, horizontal displacement hap-
pens dominantly parallel to the strike direction, and the longitudinal
direction is thus aligned perpendicular to the strike of the fault

3 Estimating displacements using the
strapdown approach

As longitudinal displacements are null by definition, any
displacement vector can be unambiguously represented in
a 2D (dT , dN ) system, and thus dT and dN can be esti-
mated with two LoS observations. There are several options
for estimating dT and dN . Chang et al. (2014, 2018) add
a pseudo-observation, dL = 0, to the mathematical model.
However, this approach requires the orientation of the TLN
frame to be perfectly known, since a misalignment will
result in biased estimates for dT and dN . Adding pseudo-
observation dL = 0 to the system of equations, while in
fact dL �= 0, results in a ’decomposition error’ similar to
‘neglecting’ the north component in a conventional ENU
decomposition, see Brouwer and Hanssen (2023). In real-
ity, the orientation of the TN-plane will always have some
alignment uncertainty, expressed by σ 2

Λ, σ 2
Ω , and σ 2

Φ . A
better alignment precision results in a better estimation of
the unknown displacements dT and dN . Below, we consider
the impact of the alignment uncertainty in the mathematical
model.

3.1 Themathematical model

Since the longitudinal displacements are null by definition,
dL can be removed from Eq. (2) and PR

LoS⊥ reduces to a
1 × 2 matrix with only PT and PN , see App. A, and the
2×1 displacement vector contains only dT and dN . The TLN
frameorientation is introduced using pseudo-observationsΛ,
Ω , andΦ (the underline indicates the stochastic nature of the
observable) in the mathematical model:

E{

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

d(1)
LoS
...

d(m)
LoS
Λ

Ω

Φ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
y

} =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

a1(x)
...

am(x)
am+1(x)
am+2(x)
am+3(x)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A(x)

, and (6)

D{

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

d(1)
LoS
...

d(m)
LoS
Λ

Ω

Φ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
y

} =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

QLoS,1 . . . 0 0 0 0
...

. . .
... 0 0 0

0 . . . QLoS,m 0 0 0
0 0 0 σ 2

Λ 0 0
0 0 0 0 σ 2

Ω 0
0 0 0 0 0 σ 2

Φ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Qyy

, (7)

where for i ∈ [1,m]

ai (x) = P(i)
T (Λ,Ω,Φ)dT + P(i)

N (Λ,Ω,Φ)dN

am+1(x) = Λ

am+2(x) = Ω

am+3(x) = Φ,

(8)

and x = [dT , dN ,Λ,Ω,Φ]T is the vector of unknown
displacements and orientation angles. E{.} expresses the
expectation of the model, which can be solved with at least
two sets, i.e., m = 2, of LoS observations: d(1)

LoS and d(2)
LoS,

each having a different viewing geometry. Here, a ’set’ refers
to all observations from one particular viewing geometry,
either ascending or descending, over a region of uniform
motion (RUM).5 Note that the size of each set can be dif-
ferent due to a different number of LoS observations, which
can be either point scatterers (PS) or distributed scatterers
(DS). Rows i ∈ [1,m] in matrix A are nonlinear equa-
tions of x , where each row is unique due to the difference in
viewing geometry. To overcome the rank deficiency, pseudo-
observations for Λ, Ω , and Φ are added representing our
best-effort approximation for the frame orientation. These
values can be purely data-driven based on iso-displacement
lines retrieved from the original line-of-sight results, or on
contextual information, as long as conservative precision
estimates are used. D{.} is the dispersion of themodel, where

5 For a successful estimation of x , the two LoS observations ’sets’
need to be spatio-temporally coinciding and independent (STCI). As
this is hardly ever possible, a region of uniform motion (RUM) needs
to be defined and a datum connection (in time and space) needs to
be performed. Moreover, the two LoS observation sets need to have a
sufficient angular diversity. For in-depth elaboration see Brouwer and
Hanssen (2023).
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QLoS,i is the covariance matrix of the LoS observations for
set i . This covariance matrix is a diagonal matrix containing
the variances of displacements for each PS or DS within the
set. The off-diagonal elements are null, since all PS or DS
within a set represent different physical scatterers. The uncer-
tainty in our best-effort attempt to orient the TLN frame, or
equivalently the level of trust that we have in our knowledge
in the orientation of the frame, is represented in σ 2

Λ, σ 2
Ω ,

and σ 2
Φ . Choosing these values realistically (we recommend

conservatively) is important, as this uncertainty propagates
into the (co)variances of the final displacement parameters,
which is a key feature of the strapdown methodology.

3.1.1 Parameter estimation

To estimate the five unknown parameters and provide a
proper quality description the linearized system of equations
needs to be solved,

Δy[0] ≈ J[0]Δx[0], (9)

where

J[0] =
⎡
⎢⎣

∂
∂dT

a1(x[0]) . . . ∂
∂Φ

a1(x[0])
...

...
...

∂
∂dT

am+3(x[0]) . . . ∂
∂Φ

am+3(x[0])

⎤
⎥⎦ (10)

is the Jacobian matrix which is a function of the initial
approximations for the unknown parameters x[0], i.e.,

x[0] = [
dT[0] , dN[0] ,Λ[0],Ω[0], Φ[0]

]T
, (11)

which yield initial approximations for the observation vector
y and Δy[0] = y − A(x[0]). Consequently, when m ≥ 2, Δx
can be estimated using

Δx̂ [0] =
{
J−1
[0] Δy[0], for m = 2, and

Qx̂x̂ J
T[0]Q−1

yy Δy[0] for m > 2,
(12)

Qx̂x̂ =
{
J−1
[0] Q−1

yy J
−1
[0] , for m = 2, and(

J T[0]Q−1
yy J[0]

)−1 for m > 2,
(13)

where Qx̂x̂ represents the precision of x . The new estimate
for x̂ is defined as x̂ [1] = x[0] + Δx̂ [0], and can be used to
estimate Δx[1]. Iteration leads to a final estimate for x̂ . An
estimation of the unknown parameters requires rough ini-
tial approximations for which either prior knowledge of the
deformation phenomenon can be used, or initial assessments
from the original LoS estimates. For Λ[0], Ω[0], and Φ[0] the
best-effort frame orientations are used.

The precision of thefive estimated parameters is expressed
by the (co)variances in Qx̂x̂ , sketched for an arbitrary frame
orientation in Fig. 4.

Fig. 4 Sketch of (normalized) Qx̂x̂ for an arbitrary frame orientation.
The diagonal elements represent the precision of the estimated parame-
ters x̂ and the off-diagonal terms the correlation between them. There is
correlation between the estimated displacements (upper-left 2×2 block)
but no correlation between the estimated frame orientation (lower-right
3×3 block). However, there is correlation between the estimated frame
orientations and the estimated displacements (e.g., lower-left 3 × 2
block)

In this example, there is correlation between d̂T and d̂ N ,
in the upper 2 × 2 block. Due to the choice of the pseudo-
observations, there is no correlation between the estimated
orientation angles Λ̂, Ω̂ , and Φ̂, i.e., ρ = 0. Yet, there is
correlation between the displacements and the angular esti-
mates. Different frame orientations will result in different
levels of correlation.

3.2 The quality of the estimates

The precision of the estimates (d̂T , d̂ N ) depends on four
independent contributions: (i) the actual (true) orientation of
the TLN frame, (ii) the actual (true) magnitude of the dT
and dN displacements, (iii) the alignment precision of the
TLN frame, and (iv) the precision of the observations and
pseudo-observations. These will be discussed below.

3.2.1 True orientation of the TLN frame

The actual (true) orientation of the TLN frame has a dom-
inant impact on the precision of the final estimates. With
twoLoSobservationgeometries (ascending anddescending),
displacement components in the direction of the null-line
(Brouwer and Hanssen 2023) cannot be observed: the more
either the transversal or normal direction aligns with the null-
line, the less precise that parameter can be estimated. The
most favorable option is therefore when the plane spanned
by the transversal and normal axis (TN-plane) is orthogonal
to the null-line, i.e., when Λ = φ and Φ = ζ , where φ and
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Fig. 5 SNR [dB] for the normal (upper-left) and transversal (lower-
left) component for different orientations of the TLN frame. The
observation geometry of the simulated ascending and descending acqui-
sition is presented in Table 1, which result in a null-line orientation,
n(φ, ζ ) = n(0.14◦, 12.14◦). The right figure shows the sum of the left

two figures since one is always interested in estimating both compo-
nents. It can be seen that the SNR of the two combined directions is
greatest when the longitudinal direction is in the direction of the null-
line, indicated by the black star. In that specific case, the TN-plane is
orthogonal to the null-line

Table 1 Simulated viewing geometries and consequent null-line orien-
tation

Geometry Inc. angle θ Azim. ZDP αd

Ascending 32◦ 250◦

Descending 40◦ 105◦

Null-line n φ = 0.14◦ ζ = 12.14◦

ζ are the azimuth angle and elevation angle of the null-line,
respectively.6

Figure 5 shows the signal-to-noise ratio (SNR) for the
transversal (lower-left) and normal (upper-left) component
as a function ofΛ andΩ , withΦ = 0◦. We simulate an arbi-
trary displacement phenomenon with dT = dN , observed
from an ascending and a descending orbit with viewing char-
acteristics as presented in Table 1.

For different frame orientations, we simulate LoS obser-
vations and subsequently estimate the unknown parameters
x with Eq. (12). In Fig. 5, we show the SNR for each real-
ization, where SNRT = 10 log10(dT /σdT ), and SNRN =
10 log10(dN/σdN ) represent the transversal and normal direc-

6 In this special case the TLN frame is identical to the nullline aligned
(NLA) frame, see Brouwer and Hanssen (2023).

tion, respectively, shown by the two left figures. The quality
of the estimated normal component is best when the transver-
sal direction aligns with the null-line, shown by the black star
in Fig. 5. Likewise, the quality for dt is the best when the nor-
mal direction aligns with the null-line. Obviously, when one
of the two components aligns with the null-line, both satellite
geometries have zero sensitivity in that direction, and both
observations are entirely attributed to the other component.

In reality, we need to estimate both components in concert.
Therefore we show the sum of the SNR ratios in the right
figure, i.e., SNRtotal = SNRN +SNRT . The black star shows
the most favorable orientation with the highest SNR value,
which occurs when the longitudinal direction is aligned with
the null-line, e.g., Λ = φ and Ω = ζ . The quality of the
estimates is poor when Λ ≈ 90◦, i.e., when the normal or
transversal direction is in the direction of the null-line.

3.2.2 True magnitude of dT and dN

The quality (both bias and precision) of (d̂T , d̂ N ) is scaled
by the actual (but unknown) size of the displacement signal.
This follows from the Jacobian in Eqs. (10) and (11), which
requires initial values for dT[0] and dN[0] . The quality of the
displacement estimates, i.e.,σd̂T andσd̂N

, is thus a function of
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the Jacobian matrix containing the values of dT and dN from
the second to last iteration step. Therefore, larger estimated
displacements lead to a larger uncertainty (or σ values), since
σd̂T

and σd̂N
also capture the potential bias due to a misalign-

ment in the frame. In the case of a misalignment, σd̂T
and

σd̂N
are biased: larger for larger deformations and smaller

for smaller deformations. In the most extreme case, if there
is no deformation, there is also no bias.

3.2.3 Alignment precision of the TLN frame

Any error in the best-effort orientation approximation of the
TLN frame, i.e., a misalignment, results in dL �= 0, and
consequently biased estimates for dT and dN . Misalignments
are taken into account in Eqs. (6) and (7), via σΛ, σΩ , and
σΦ , propagating the alignment uncertainty to the precision
for the final estimates, see Eq. (13). The alignment precision
needs to be chosen conservatively, i.e., not too optimistic.
As long as the true ’unknown’ frame orientation falls within
the estimated uncertainty, then the bias obtained on d̂T and
d̂ N will also fall within the estimated precision defined by
σd̂T

and σ ˆdN . Furthermore, since the frame orientation is both
an unknown (as part of x) and a pseudo-observation (as part
of y), the final estimated frame orientation is equal to the
pseudo-observation, i.e., the initial estimated orientation.

3.2.4 Precision of (pseudo) observations

The fourth contribution to the precision of the estimates
(d̂T , d̂ N ) is the quality (or precision) of (i) the LoS obser-
vations and (ii) the pseudo-observations, expressed in Qyy

in Eq. (13). Obviously, a higher quality of the observations,
and/or more certainty in the frame orientation, results via
Qx̂x̂ in higher quality of the final estimates.

3.3 Interpretation of the results

For a cartographic uniform visualization of the estimated
(dT , dN ) displacements there are two options. When the ori-
entation of the strapdown coordinate system is uniform over
the area of interest, it is possible to create a panchromatic
map7 for dT and dN separately, see, e.g., Fig. 11e and f.
However, in the more generic case of a spatially variable
orientation of the strapdown coordinate system this is not
possible anymore, since directionality needs to be consid-
ered. A vector (quiver) map type is more suitable in this
case, see Figs. 6 and 8.

This has the added value that the precision of both mag-
nitude and direction can be expressed using a confidence
ellipse. The relative sizes of the vector and the confidence
ellipse enable a direct assessment of the significance of the

7 Or similarly a contour map or a dot distribution map.

Fig. 6 Vector representation of strapdown results of RUM-i at
geographic (east,north) coordinates (xi , yi ), showing the estimated
transversal displacement component, dT . The error ellipse or confi-
dence region has two axes. The size of transversal axis is σT and the
size of the longitudinal axis is σL = dT tan σΛ

Table 2 Acquisition details for Sentinel-1 tracks 15 and 139 at Veen-
dam, the Netherlands

S1 track 15 S1 track 139

Heading Ascending Descending

Mean θ 36.3◦ 44.2◦

Mean αd 261◦ 98◦

Start Aug 7, 2018 Aug 4, 2018

End Mar 8, 2020 Feb 16, 2020

estimate and of the SNR, and hence improve interpretability.
In Fig. 6, the estimated transversal displacement vector dT ,
located at the geometric center of a RUM, is situated at geo-
graphic coordinates (xi , yi ). In this case the normal direction
is practically aligned with the up direction.8 The error ellipse
shows the confidence region, with transversal axis p σT , and
longitudinal axis σL = dT tan(p σΛ) where p expresses the
desired size of the confidence region, i.e., for p = 2 we
have a 95% confidence region. Both σT and σΛ follow from
Eq. (13).

4 Results: 2 case studies

In this section, we apply the strapdown approach on two case
studies: subsidence due to solutionmining and displacements
resulting from ground water pressure in relation to faults.

4.1 Magnesium extraction in Veendam

In Veendam, the Netherlands, solution mining for multi-
component salts occurs at a depth of ∼1500m. Around
the production caverns, salt starts flowing toward the cav-
erns (Brinkman 2016). Subsequently, the overlaying rock

8 In other cases, the displacement vector can be situated along the slope.
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Fig. 7 Estimated LoS velocities for S1 descending track 139 and ascending track 15 for Veendam. The location of the maximum LoS velocity
differs for both tracks. This is an early indicator for significant horizontal displacements

Fig. 8 Results for strapdown approach for a subsidence bowl resulting
from magnesium solution mining. Red vectors represent the estimated
displacement velocity in the Transversal direction (near-horizontal),
and their 2σ uncertainty is visualized by a 95% confidence ellipse.

Blue vectors represent the displacement velocities in the Normal direc-
tion (near-vertical), which have a ±2σ confidence interval. The vectors
start at the center of gravity for each RUM

layers move downwards and horizontally toward the center
of the cavern, resulting in a subsidence bowl. The observed
vertical displacements will be greatest at the center of the
bowl, while the horizontal displacements are centripetal,
see Sect. 2.2.2. We use the strapdown approach to estimate
the unknown 3D displacements. The area is monitored by
Sentinel-1 from descending and ascending acquisitions, see
Table 2, using a PSI approach (van Leijen 2014).

The LoS results for both geometries are shown in Fig. 7.
For the descending acquisition, the greatest LoS velocities
occurmore to the east compared to the ascending acquisition,
which is an indicator for significant horizontal displace-
ments. For the strapdown decomposition the ascending and
the descending acquisition need to have the same spatial

datum, where the velocity is either known or assumed to
be equal to zero. In this case the reference points for both
geometries are chosen in a presumedly stable area outside
the mining activities.

4.1.1 RUM definition

As the orientation of the TLN frame varies within the region,
in first iteration we approximate the subsidence bowl assum-
ing radial symmetry and divide it into 12 sectors and five
equidistant radial areas, see Fig. 8, where each element is
assumed to behave as a region of uniformmotion (RUM). To
account for imperfect circularity we set σΛ = 5◦, implying
that, with a 95% confidence interval, we conservatively esti-
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Fig. 9 Conventional (biased) results for comparison, showing only east and up displacements, produced by erroneously ignoring the north compo-
nent. Note that this is a decomposition error (Brouwer and Hanssen 2023) with a bias mainly in the up component, see Fig. 10

Fig. 10 Bias in the estimated Up components introduced by erro-
neously using the conventional east-up approach. The vectors show the
difference with the estimated Normal components per RUM. Upward
and downward point vectors show overestimation and underestimation,
respectively

mate the Λ0 alignment to be within ±10◦. We use Ω0 = 0◦
and Φ0 = 0◦ due to the absence of significant topography,
and we set σΩ = 2◦ and σΦ = 2◦, to quantify our confidence
in this assumption.

Table 3 Acquisition details Radarsat-2 (Limburg)

Track 109 Track 302

Heading Ascending Descending

Mean θ 37.3◦ 33.4◦

Mean αd 259.2◦ 100.9◦

Start Dec 14, 2016 Dec 4, 2016

End Sep 12, 2020 Sep 26, 2020

4.1.2 Parameter estimation per RUM

Independently for each RUMwe estimate the mean LoS dis-
placement velocity for each viewing geometry, i.e., v̂ascLoS and
v̂dscLoS, based on all time-series of the scatterers within that
particular RUM. We approximated σvascLoS

and σvdscLoS
by cal-

culating the RMSE of the LoS velocities of the individual
scatterers with the mean velocities, these values are used
for QLoS,i in Eq. (7). Subsequently, we estimate the average
velocities in the transversal and normal direction, v̂T and v̂N ,
with Eqs. (6) and (7), see Fig. 8. The largest mean normal
(near-vertical) displacement of ∼40mm/y indeed occurs at
the center of the subsidence bowl. RUMsA4,A6, A7, andA8
contain only scatterers in one viewing geometry, impeding
strapdown estimates.

We estimate the precision for the unknown velocities,
Qx̂x̂ , visualized by 2σ confidence ellipses and error bars for
the normal velocities. Theminor axes of the ellipses represent
the level of confidence due to the uncertainty in the alignment
of the frame. The uncertainty of both the transversal and the
normal velocity differs per RUM. Since the orientation of
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Fig. 11 Estimated displacement rates (mm/y) for the area of Brunssum,
the Netherlands. The Feldbiss fault runs trough the middle of the city
in the direction NW-SE, indicated by the red line. a and b: LoS dis-
placement rates projected onto the vertical (PoV) for the ascending and
descending track, respectively. c and d: vertical and east displacement
rates, by neglecting the north component. Note that this is decom-
position error that typically results in biased estimates (Brouwer and
Hanssen 2023). Blue values in d indicates eastbound motion. e and f :

normal and transversal displacement rates estimated with the strap-
down approach. Blue values in e indicate a positive motion in the
normal direction, which is upward. Blue and orange values in f indi-
cate displacements in the positive and negative transversal direction,
respectively. In c–f we plotted displacement vectors, and for strapdown
approach also confidence regions. These vectors are only plotted for a
subset of randomly selected RUMs, in order to keep the visualization
interpretable
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the null-line is near-north (φ = 0.7◦ and ζ = 7.1◦), the
transversal direction is almost in the direction of the null-
line for RUMs 1, 12, 6, and 7, which is properly addressed
by the confidence regions for these regions. It can be seen
that also the normal component is affected.

For comparison, the conventional biased approach is fol-
lowed where the north component is neglected and only the
east and up components are estimated, leading to a decom-
position error (Brouwer and Hanssen 2023). In Fig. 9, we
show the biased estimated east and up components using
that approach. The comparison shows that the strapdown
approach captures the entire 3D deformation phenomenon:
while we estimate 2D displacements per RUM, we retrieve
the full 3D displacement phenomenon by combining all
RUMs, hence the ‘2D-local, 3D-global’ characterization.

In Fig. 10, we show the difference in estimated velocity
between the up component from the east-up approach and the
normal component in the strapdown approach. As expected,
the greatest errors, up to −5.4 mm/y, occur in RUMs located
in the north and south (e.g., 12, 1, 6, and 7), due to the large
neglected north component. It also proves that the conven-
tional approach results in biased estimates: for a subsidence
bowl it is highly unlikely that—for some reason—there will
be zero displacements into the north direction. As a result,
in the conventional decomposition the neglected north com-
ponent is attributed to the estimated up component, and
depending on the sign of the north component, the up com-
ponent is over- or underestimated. Therefore, we expect to
see (i) larger differences between the up and normal compo-
nents for the RUMs in the north and south and (ii) a changing
sign for the difference since the true north displacements for
these RUMs also have a different sign.

In comparison, the neglect-north approach results in (i) no
information on the north component at all (even if it would
be significant enough to be estimated reliably), and (ii) less
accurate (i.e., biased) estimates in the east and north compo-
nents. The strapdown approach leads to three-dimensional
unbiased (east-north-up) estimates, accompanied with real-
istic precision metrics that enable realistic interpretation.

4.2 Hydrological effects in relation to faults

From 1900 until 1970, coal was extracted from mines in
Limburg, the Netherlands (Van Bergen et al. 2007). One of
its after-effects is differential ground heave induced by ris-
ing mine water (Pöttgens 1985; Caro Cuenca et al. 2013).
Three major ground heave zones are known, one of which is
situated near Brunssum along the NW-SE oriented Feldbiss
fault (Heitfeld and Klunker 2016; Van Balen et al. 2021).
Here we investigate the displacements near this fault over a
relatively short period of four years.

4.2.1 Deformation phenomenon and RUMs

The Brunssum area is monitored by Radarsat-2 from an
ascending and a descending geometry, see Table 3. Differ-
ential displacements are estimated using a PSI approach, for
both geometries independently (van Leijen 2014). The LoS
displacement rate estimates are projected onto the vertical
(PoV) with dPoV = cos−1 θdLoS, see Fig. 11a and b. Close
to the Feldbiss fault, the two acquisition geometries clearly
show different results, which is an indication for significant
horizontal displacement components.

For comparison, we estimate the conventional up (‘ver-
tical’) and east velocities, by neglecting the north-bound
displacement components, resulting in biased estimates, see
Brouwer and Hanssen (2023). The resulting vertical and east
displacement rates are presented in Fig. 11c and d, respec-
tively. They suggest that the area is moving upward at the
southwest side of the fault, while at the northeast side, the
vertical displacements seemminimal. The estimated east dis-
placement rates, Fig. 11d, are difficult to interpret, since they
underestimate the real horizontal displacement rates.

From the LoS displacement estimates we hypothesize that
the surface movement is correlated with the orientation of
the Feldbiss fault, and that the horizontal displacements are
directed orthogonal to it, as the driving mechanism is most
likely related to the redistribution of subsurface water pres-
sure. There is no physical indication to assume a strike-slip
component (parallel to the fault direction) in this case. There-
fore, we use the strapdown approach where for each RUM
the longitudinal axis is defined parallel to the Feldbiss fault.
Since the orientation of the TLN frame is the same for the
entire area, we divide the area into grid cells of 150×150m.

4.2.2 Parameter estimation per RUM

Per grid cell (RUM), we estimate themean LoS displacement
rate, and the RMSE which serves as a quality estimate for
QLoS in Eq. (7) for both the ascending and descending acqui-
sition, assuming a common datum, andwe compute themean
incidence angle and azimuth of the ZDP. Subsequently, we
estimate the normal and transversal displacement rates using
Eqs. (6) and (7) and estimate the frameorientation parameters
to be Λ[0] = −55◦ and Ω[0] = Φ[0] = 0◦, using σΛ = 20◦
and σΩ = σΦ = 5◦ for each grid cell.

The estimated transversal and normal displacement rates
per grid cell are shown in Fig. 11e and f. For a random subset
of grid cells we also added the estimated displacements as
vectors including an error bar and 95% confidence ellipse
for the normal and transversal component, respectively. At
the southwest, we find positive displacements in the normal
direction, implying that the area moves relatively upward.
In this area, on average a maximum velocity in the normal
direction of∼8mm/y is found. At the northeast, relative nor-
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mal displacements are near-zero but significant transversal
displacements are estimated. Northeast of the fault, we find
positive transversal displacements, while at the southwest
of the fault, transversal displacements are negative, meaning
that the two sides of the fault move away from each other,
i.e., there is extensional strain. The blue band just northeast
of the fault shows the largest horizontal displacements, up to
∼6 mm/y. Since the displacement time-series has a length of
almost four years, the total displacement is ∼2.3 cm. As the
area with the largest transversal displacements has a width
of ∼400m, this results in ∼23 με (micro-strain).

Comparing the strapdown with the neglect-north results,
we find significant differences. While the results are strongly
dependent on the hypothesis that surface movement is corre-
lated with the fault and its orientation—an assumption that
can be disputed—we prefer the inclusion of such contextual
information over a ’blind’ approach with a decomposition in
the arbitrary east-up plane. In general, adding extra informa-
tion to the estimation problemwill lead to better interpretable
displacement estimates, since (i) we obtain 3D instead of 2D
displacement vectors, (ii) we include the horizontal and verti-
cal confidence regions (see Fig. 11 e and f), and (iii) we avoid
the inherent bias introduced by the neglect-north approach.
The approach requires an explicit statement on the contextual
information that is used.

5 Merits and limitations

The strapdown method lies halfway in the spectrum between
‘geometry-only’ methods, which are purely based on the
geometry of the observations, agnostic of the expected dis-
placement phenomena, and ‘advanced physical’ methods,
which assume knowledge of the physics of the driving mech-
anisms and can produce forward or inverse models related to
the physical parameters. The strapdown method is based on
the assumption that in many cases we can do better than the
geometry-only methods, by making pragmatic use of non-
disputed contextual knowledge on the problem at hand. It
makes sense not to disregard this contextual information,
as long as it is explicitly stated and refutable. Likewise, in
terms of limitations, the strapdown method cannot replace a
thorough combination of physical information on a particu-
lar case study with geometric displacements estimated from
InSAR. Inclusion of prior expert knowledge to the estima-
tion problem should always result in a more optimal result.
For example, when forward models are available, it may not
even be needed to perform a decomposition of the viewing
geometries, since it is easy to evaluate the model in the LoS
viewing geometry directly. Yet, such a model of the driving
mechanisms may not be always available. The conventional
east-up decomposition, i.e., a geometry-only method, yields
biased results, particularly in the up direction, and it is in fact

a ’neglect-north’ approach. There is no physical reason why
horizontal displacements in, e.g., the east direction are more
common than in the north direction. Applying the unbiased
strapdown method requires the orientation of the local TLN
reference system at all locations, which comes with uncer-
tainty. Yet, since this uncertainty is expressed and used in the
estimation, the resulting displacement vector orientation and
magnitude have realistic confidence regions, whichmitigates
the likelihood of misinterpretation. The strapdownmethod is
dependent on the existence of presumed Regions of Uniform
Motion (RUMs), which is essentially an assumption, similar
to the geometry-only and advanced physical methods, and
the datasets from different viewing geometries need to find
a common reference point.

6 Conclusions

The strapdown method makes it possible to estimate three-
dimensional displacements from two satellite imaginggeome-
tries for deformation phenomena where the deformation
mechanism is known to some extent, using minimal and
largely undisputed contextual information. The method uses
a location-dependent local reference system, with displace-
ment occurring only in the transversal-normal plane, con-
fined by a RUM. Since the orientation of the local frame is
based on the physics of the problem at hand, the strapdown
approach gives physically more relevant estimates compared
to conventional geometry-only approaches, which are intrin-
sically biased, while not claiming optimality in the domain of
advanced physical models. By quantifying the uncertainty in
the knowledge about the orientation of the local frame, proper
error propagation enables assessing the quality of the final
estimates. In this way, even when the frame orientation is
poorly known, it is still possible to estimate transversal and
normal displacement components, and subsequently the east
and north components, as long as the ‘true’ frame orientation
is within the estimated orientation uncertainty. The method
is practical, effective, unbiased, and largely generic, and can
be characterized as “2D-local/3D-global”.

Cartographic representations of the three-dimensional
results include the re-introduction of classic geodetic vector-
based visualizations, including confidence ellipses, which
enables a more profound interpretation of the results.

A The projector PR
LoS⊥

Equation (2) contains PR
LoS⊥ , the projector that projects the

displacement vector dTLN onto the LoS along a plane orthog-
onal to the LoS. PR

LoS⊥ is a function ofΛ,Ω , andΦ with size
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3 × 1, i.e., PR
LoS⊥ = [PT , PL , PN ], with

PT =(
sin θ sin αd cosΛ − sin θ cosαd sinΛ

)
cosΩ

− (−(sin θ sin αd sinΛ + sin θ cosαd cosΛ) sinΦ

+ cos θ cosΦ
)
sinΩ

PL =(
sin θ sin αd sinΛ + sin θ cosαd cosΛ

)
cosΦ

+ cos θ sinΦ

PN =(
sin θm sin αd cosΛ − sin θ cosαd sinΛ

)
sinΩ

+ (−(sin θm sin αd sinΛ + sin θ cosαd cosΛ) sinΦ

+ cos θ cosΦ
)
cosΩ.

(14)
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