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ABSTRACT: We examine the ocean energy cycle where the eddies are defined about the ensemble
mean of a partially air-sea coupled, eddy-rich ensemble simulation of the North Atlantic. The
decomposition about the ensemble mean leads to a parameter-free definition of eddies, which is
interpreted as the expression of oceanic chaos. Using the ensemble framework, we define the
reservoirs of mean and eddy kinetic energy (MKE and EKE respectively) and mean total dynamic
enthalpy (MTDE). We opt for the usage of dynamic enthalpy (DE) as a proxy for potential energy
due to its dynamically consistent relation to hydrostatic pressure in Boussinesq fluids and non-
reliance on any reference stratification. The curious result that emerges is that the potential energy
reservoir cannot be decomposed into its mean and eddy components, and the eddy flux of DE
can be absorbed into the EKE budget as pressure work. We find from the energy cycle that while
baroclinic instability, associated with a positive vertical eddy buoyancy flux, tends to peak around
February, EKE takes its maximum around September in the wind-driven gyre. Interestingly,
the energy input from MKE to EKE, a process sometimes associated with barotropic processes,
becomes larger than the vertical eddy buoyancy flux towards the summer and autumn. Our results
question the common notion that the inverse energy cascade of winter-time EKE energized by
baroclinic instability within the mixed layer is solely responsible for the summer-to-autumn peak
in EKE, and suggest that the non-local eddy transport of DE and local transfer of energy from

MKE to EKE could also contribute to the seasonal EKE maxima.
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1. Introduction

There has been much interest in the recent decades on Earth’s climate sensitivity, the long-term
thermal response to an increase in atmospheric carbon dioxide (Sherwood et al. 2020), motivated
by the fact that our emission of anthropogenic carbon since the industrial revolution may be the
culprit for a warming climate (Masson-Delmotte et al. 2021). Nonetheless, significant uncertainties
persist in the climate sensitivity and have not been reduced since the Charney Report published
in 1979 (Charney et al. 1979; Knutti et al. 2017). In understanding and quantifying the climate
system, a useful framework has been to examine the energy pathways, which elucidates how much
of the incoming solar radiation gets retained and redistributed around the Earth system to warm or
cool the climate (Hartmann et al. 1986).

Amongst the Earth system components, the ocean is perhaps the most significant reservoir
of energy on centennial to millennial timescales due to its large heat capacity and density, and
capability to dissolve and store carbon and salts. In a seminal work, Wunsch and Ferrari (2004)
attempted to provide an overview of the energy pathways for the oceans but came short in one crucial
aspect: The role of mesoscale eddies as a conduit between the wind-driven general circulation and
small-scale three-dimensional isotropic turbulence. Our lack of understanding on how mesoscale
eddies interact with dynamics associated with other scales hinders our ability to predict the future
climate due to their disproportionately large role in globally transporting heat and carbon (Griffies
et al. 2015; Gnanadesikan et al. 2015).

One of the difficulties in quantifying the impact of mesoscale eddies lies in the identification of
the eddies themselves (Wunsch 1981), which exist in a soup of anisotropic and inhomogeneous
flows (Uchida et al. 2021c, 2023b). For practical reasons, eddies have often been defined via a
Reynold’s decomposition about a spatial and/or temporal coarse graining (e.g. Bachman et al. 2015;
Aiki et al. 2016; Aoki et al. 2016; Uchida et al. 2017; Demyshev and Dymova 2022; Buzzicotti et al.
2023; Xie et al. 2023); this always leaves the question: How sensitive are the results to their method
of eddy-mean flow decomposition? Aiki and Richards (2008) demonstrated that by adjusting the
temporal window over which the mean was taken, the amount of kinetic and potential energy stored
in the mean and eddy reservoirs could change by up to a factor of four. More recently, Demyshev
and Dymova (2022) showed complementary results that depending on the time frame over which

the averaging is taken to define the mean flow, the relative significance of energy pathways to the
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eddy kinetic energy (EKE) reservoir changed. As one may imagine, the amount of energy stored
in each reservoir and exchanged amongst them is also dependent on the spatial scale taken for the
decomposition (Loose et al. 2022).

Here, we take a different approach by running an ensemble of ‘eddy-rich’ simulations of the
North Atlantic ocean using the Massachusetts Institute of Technology general circulation model
(MITgcem; Marshall et al. 1997) and decompose the flow about the ensemble mean. This leads
to a parameter-free definition of eddies where the mean flow can be interpreted as the oceanic
response to the common atmospheric state and eddies as the expression of oceanic chaos and
intrinsic variability (e.g. Chen and Flierl 2015; Sérazin et al. 2017; Leroux et al. 2018; Uchida
et al. 2021a). The ensemble approach has some history in the atmospheric and climate literature
focusing on the dynamics and process-oriented studies (e.g. Sui et al. 1994; Lenderink et al. 2007;
Nikiéma and Laprise 2013; Hersbach et al. 2015; Xie et al. 2016; Romanou et al. 2023) but is still
relatively novel in the field of oceanography (Uchida et al. 2022b; Jamet et al. 2022).

With this definition of mean flow and eddies, we will diagnose the ocean energy cycle with
an emphasis on the interaction between the kinetic and potential energy reservoirs (Lorenz 1955;
Bleck 1985). Furthermore, we will adopt a definition of potential energy which does not depend
on a reference state of stratification and is dynamically and thermodynamically consistent with the
equations being solved. As we shall see, the energy cycle that emerges differs from the canonical
Lorenz energy cycle primarily in that the energy reservoir corresponding to eddy available potential
energy (APE) does not explicitly appear and the mean total potential energy reservoir directly
interacts with the eddy kinetic energy (EKE) reservoir.

The paper is organized as follows: In Section 2, we provide a brief description of the simulation
and an overview on the energy cycle. Results are given in Section 3 and we provide a summary in

Section 4.

2. Methods

a. Model description

We use model outputs from a recently developed 48-member eddy-rich (1/12°) ensemble of the
North Atlantic (Jamet et al. 2019) partially air-sea coupled via the Cheap Atmospheric Mixed Layer
model (CheapAML; Deremble et al. 2013). As our model domain is focused on the North Atlantic,
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the basin was configured to wrap around zonally in order to save memory allocation (e.g. Fig. 3).
The dataset has been used to quantify the effect of oceanic chaos on the Atlantic Meridional
Overturning Circulation (Jamet et al. 2019, 2020c; Dewar et al. 2022), and spatial variability of
eddies, here defined about the ensemble mean and interpreted as the expression of oceanic chaos
(Uchidaetal.2021c, 2022b, 2023a,b). In this study, we shift our attention to the temporal variability
by examining the energy cycle. The ensemble mean, being orthogonal to the spatiotemporal
dimensions, commutes with the space-and-time derivatives and maintains the desirable statistical
properties of non-stationarity and inhomogeneity upon a Reynold’s decomposition. We use data
from the year 1967 where ensemble outputs from the MITgcm diagnostics package are saved as
instantaneous snapshots every five days, which allows us to close the total (mean +eddy) momentum
budgets to machine precision. In other words, our analysis is somewhat restricted by the available
model outputs in closing the budget. The kinetic energy (KE) budgets are subsequently constructed
by taking the dot product between the horizontal momentum vector and each term in the momentum

equations (cf. Appendix).

b. Ocean energy cycle

The mean total kinetic energy (MTKE; (Ju|?)/2) can be decomposed into its mean and eddy

kinetic energy (MKE and EKE) reservoirs as

K*E ()22, (1)
YE (w2, )

where u = u& + vg is the horizontal momentum vector, £ and ¢ are the zonal and meridional unit
vectors respectively, (-) is the ensemble mean operator and (-)’dgf() - (), {(()"y =0. Regard-
ing potential energy, while many possible ways to define it in oceanic primitive equations have
been proposed (e.g. Aiki and Richards 2008; Molemaker and McWilliams 2010; Nycander 2010;
Von Storch et al. 2012; Saenz et al. 2015; Tailleux 2013, 2016; Dewar et al. 2016; Aiki et al. 2016;
Kang et al. 2016; Guo et al. 2022; Yang et al. 2022; Loose et al. 2022; Demyshev and Dymova
2022; Tailleux and Wolf 2023; Yang et al. 2023), defining a ‘reference’ stratification in realistic

simulations has remained subjective primarily due to the non-linear equation of state (EOS) for
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seawater. The prescription of such reference state, furthermore, hinders the dynamical and ther-
modynamical consistency with the equations of motion being solved for a Boussinesq seawater.
Namely, buoyancy (or density anomaly in defining buoyancy) must satisfy the hydrostatic pressure
relation while remaining a thermodynamical function when considering the energetics. We opt
for dynamic enthalpy (DE; Young 2010), which is a, if not ‘the’, natural extension of gravitational

potential energy with a non-linear EOS, and does not depend on a reference state

D 7 * 0
E(@,s,cp):/ Md@* (:/ bdz*), (3)

D, 8

where @ = @ — gz is the static dynamically non-active part of hydrostatic pressure, the super-
script * indicates a dummy variable, and (-) denotes a thermodynamical function. Following

Young (2010), the tilde notation distinguishes thermodynamic functions from fields in space-time,

P—Po
PO

is buoyancy, § density based on Jackett and McDougall (1995), po = 999.8kgm™ the reference

viz. b(®,S,®) = b(t,z,y,x). ® and S are potential temperature and practical salinity, b = —g

density prescribed in MITgcm, and g gravity. Although buoyancy in Young (2010) was defined
as b= —g’%, we make use of the former convention for simplicity (particularly when taking its
partial derivatives) and will neglect the small differences that emerge between the two (cf. Eden
2015). We emphasize that the integration in (3) is taken by fixing ® and S in respect to ®(z), e.g.
©® = 0(t,z,y,x). The term on the right-hand side of (3) in parentheses shows the integration by
substituting ® with z in space-time.

As detailed in the Appendix, the evolution equations for MKE and EKE are

#
%K# = (V" V((u) - ') = () - V() + (W) {b) + (v'u') - V(u) +(u) - (X), “4)
#
%(Jf) == VA) = (V- V¢') + (WD) = (u'v') - V(u) +(u'- X}, &)

. # def . ) N .
respectively where g—t = % +(w) - V is the mean Lagrangian tendency, v = u+w 2 the non-divergent
three-dimensional momentum vector, ¢ the dynamically active part of hydrostatic pressure, and
X (= F +¢) is the net non-conservative term consisting of forcing, viscous dissipation and contri-

bution from the K-Profile Parametrization (KPP; Large et al. 1994) to the momentum equations.
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On the other hand, ensemble averaging the Lagrangian tendency of total dynamic enthalpy (TDE;

(A6)) under adiabatic conditions is
#
%(h) +{(v'-Vh') = <%h> =—(wy{b)—{(w'b"). (6)

Since DE is a thermodynamical function, the mean Lagrangian tendency of mean total dynamic
enthalpy (MTDE; (h)) can also be expressed as
D* D* - D* - D* - D*
—(h)y=(—h)=(he)—DP+{he—0O)+{hs—S
D <Dt > the) 7 <®Dt > <SDt >
= —(w)(b)+H, ™

where H d:ef<l~z@ g—j®> + <ﬁgg—j5> encapsulates the chain rule in respect to potential temperature
and practical salinity, and is proportional to their eddy flux and diabatic, molecular and non-
hydrostatic effects. The latter three effects are generally ignored hereon; adiabadicity is assumed
for the thermodynamics as the tendency terms for temperature and salinity were not saved as
model outputs. The subscripts (), (-)e and (-)g denote partial derivatives in thermodynamics.

Subtracting (7) from (6) leaves us with the identity
(W' -VhYy==wW'b")y-H. (8)

A subtle difference between MTKE and MTDE is that the former is quadratic while the latter
is a single-order variable, yet both have the dimension of energy; MTDE cannot be explicitly
decomposed into its mean and eddies like MTKE. In the quasi-geostrophic sense, MTDE is the
combined reservoir of mean and eddy available potential energy (APE). Nonetheless, (4) - (6) form
a complete set of equations to describe the energy cycle in primitive equations. The problem
arises, however, that (b) and (k) are no longer thermodynamical functions for a non-linear EOS,
and consequently nor are b’ and /’. In other words, the energy cycle loses its direct ties with the

thermodynamics.



w  We can make further progress by appealing to the approximation that second- and higher-order

«w terms of thermodynamics are negligible, viz. (b) = b+8,

*h4+ B

)

(h) = dod* ~H. )

w H dgfg_1 fq)qO)ZdCD* where ngf[;( (©), (S),®) is buoyancy given the mean potential temperature

w» and practical salinity, and the non-linearity in EOS shouldered by B, which is second order in
2 temperature and salinity fluctuations at most, is ignored (cf. (A9) and Fig. A2). In view of (9), (8)

s can be simplified as

Wby =~ —(v' - Vi) + Higy (v - V@) + H(5y (v - VS'), (10)

v where 5T <5 -5 (= b') and A = (= h’) for the remainder of this manuscript (cf. (A14) and
s Fig. A3). Following through with the linear approximation and plugging (10) into (AS) and (6)

7 allows us to reformulate the evolution equations of MKE, EKE and MTDE as

K +(v) - VK* =~ —(v) - Vo + (w)b =V - (v'({u) - ') ) + (v'u’) - V{u) +(u) - (X), (11)
S~ —
179 =HoK* =—K&LH
(H )+ (V) - VH = —(v V(" +H +h")) = (') V(u)+(u' - X')
N’
=K* ¥
+H){v' - VO') + H5y (v - VS'), (12)
183 =H_ X
184 and
H,+(v)-VH ~ —(w)b — (ﬁ<@> (V' -VO') + Hg) (v - VS’)) , (13)
N——r
=—H_K* —H.A

186
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Fic. 1. Joint histogram of (#;) and the sum of other terms in (12). The histogram was computed for January
1, 1967 over the entire three-dimensional domain of the ensemble output. A one-to-one line is shown as the grey

dashed line. The histogram was computed using the xhistogram Python package (Abernathey et al. 2021b).

respectively where b(1,7,y,x) = b b((®),(S), D), ¢zd£fb (= (¢,)) and ¢Td6be( ¢?) and the

subscripts (+); and (-), denote partial derivatives in space-time. The curious, and interesting, aspect
of (12) is that the full statement of generalized energy flux now involves fluctuations of DE and the
dynamically active part of hydrostatic pressure —(V - [v'(¢" +A")]), and these are quantities that
can drive cross-scale energy transfers (upon neglecting the non-linearities in EOS). The energy
cycle with full consideration of a non-linear EOS and diabatic terms is derived in the Appendix.
A joint histogram demonstrates that (12) holds relatively well considering the simplifications we
have made to the thermodynamics (Fig. 1).

With the energy reservoirs defined, we can express the energy exchanges amongst the reservoirs.
The exchange between MKE and EKE (K*,.#"), MTDE and MKE (H_,K*), and MTDE and EKE

(H %) reservoirs, which are non-zero upon a global volume integration, are

def

KL S — (') - V{uy+ (V') - V(v)), (14)
gdef , D*

HoKYS )b (= Hop @~ (w)(b)) (15)

Ho, S iy (v - V) + Hisy (v - VS') (= (w'bTy+ (0 - VT, (16)
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as indicated from (11) - (13). Unlike the canonical Lorenz energy cycle (Lorenz 1955; Uchida et al.
2021b), notice that there is no term corresponding to the exchange with the mean and eddy APE
reservoirs but rather that MTDE directly interacts with the MKE and EKE reservoirs (Fig. 2). The
term (v’ - VA"), which would seemingly identify as the exchange between mean and eddy APE
reservoirs, gets directly passed onto EKE with the DE fluctuation serving as its conduit and retains
no energy as h' (i.e (h") ~ 0). Furthermore, (12) demonstrates that the eddy flux divergence of
EDE can be consolidated as pressure work, which leaves us with the effect of eddy temperature and
salinity flux in (16). Figure A3 exhibits that (16) approximately holds throughout the domain. We
argue that this deviation from the Lorenz cycle of a non-explicit eddy APE reservoir results from the
fact that quasi geostrophy corresponds to the thickness-weighted primitive equations of motion in
isopycnal coordinates, and not the unweighted equations in geopotential coordinates. Under quasi
geostrophy, the isopycnal layer thickness is constant, leading to quasi-geostrophic (QG) variables
being implicitly thickness-weighted averaged (Marshall et al. 2012; Maddison and Marshall 2013;
Uchida et al. 2023a; Meunier et al. 2023). Nonetheless, an energy budget can be formulated
for non-thickness weighted primitive equations under geopotential coordinates (cf. (11)-(13) and

Appendix; Eden 2015) so we proceed in examining the energy cycle under this formalism.

3. Results

We start by showing the winter and summertime MKE, EKE and MTDE vertically averaged
over the surface 1000 m, a depth over which the wind-driven gyre is roughly contained (Jamet
et al. 2020b). The Gulf Stream, Gulf of Mexico Loop Current, Equatorial Under Current and
North Brazil Current are apparent in MKE (Fig. 3a,b) while EKE is more concentrated around
the separated Gulf Stream and North Atlantic Current region (Fig. 3c¢,d). One may notice that
MTDE is negative, which has to do with buoyancy always taking negative values due to py used
in MITgem. Conceptually, MTDE can be viewed as a well of potential energy. In the subsections
below, we examine the time series of volume-averaged energy cycle. Spatial maps of the terms in

the MKE and EKE budgets are given in Figs. Al and A4 respectively.

10
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MKE = | (u)|*/2 EKE = (|u'|*}/2
K* %
H_K* H_X

MTDE = (h((®) + @', (S) + 5, ®)) ~ H

FiG. 2. A schematic of the ensemble Reynold’s decomposition of the energy cycle using dynamic enthalpy
formulation (neglecting the external forcing and diabatic terms). The ensemble-mean total kinetic energy
(MTKE) is easily split into kinetic energy of the mean (MKE) and kinetic energy of the eddies (EKE). The
ensemble-mean total dynamic enthalpy (MTDE) cannot be split, but may be simplified if () =~ b((®), (S), D).
In this case the interaction terms, H_,K* (in blue font) and H_,.#  (in red font), can be written explicitly, i.e.

(15) and (16).

a. Entire model domain

We show in Fig. 4 the time series of MTDE, EKE and MKE, along with the energy exchange
between the reservoirs volume-averaged over the entire domain (20°S - 55°N, 262°E - 348°E) and
full water column. The magnitude of EKE is larger than MKE. EKE has two local maxima about
March and November respectively while MKE seemingly lags one-to-two months behind EKE also
with a dual peak. MTDE is orders of magnitude larger than MKE and EKE, which is consistent
with our notion that most of the dynamical energy in the ocean is stored as potential energy.

Shifting our attention to Fig. 4b, the energy input from MTDE to EKE takes its maximum during
March, which is similar to (w’b"), implying that baroclinic instability is active during boreal
winter. The similarity implies that there is only a small amount of net eddy influx of DE fluctuation
(V- (v'h") < 0) at the north and south open boundaries of our domain at 20°S and 55°N. Energy
input from EKE from MKE is also positive year around although with two local maxima around
February and August - October respectively. Although noisy, energy from MTDE is fluxed to MKE
for most of the year with largest values during March, and is two orders of magnitude larger than

the energy fluxes to EKE (cf. Fig. A3). The EKE and MKE advective influx from the boundaries

11
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(i.e. —(v-V. %) and — [(v) -VK*+V. (v’(('u,) -u’))] respectively) are negligible compared to the
flux between the energy reservoirs and exhibit no seasonality (grey-solid curves in Fig. 4b and f).
H_,K* is roughly two orders of magnitude larger than the other terms shown in the right column of
Fig. 4 but the mean vertical pressure work cancels it out (not shown) leaving the mean horizontal
pressure work as the net contribution (—(u) - V(¢); cf. Fig. A1b and c¢). Another interesting thing
to note is the existence of two local maxima in both the EKE and K¥ ¢ timeseries. The dual
peak in the two timeseries seemingly implies that the energy input from MKE to EKE (sometimes
associated with barotropic instability) is dominating over baroclinic instability in modulating the
temporal variability of EKE. The magnitude of K* _# (green-solid curve in Fig. 4b) being larger
than H.,.# (red-solid curve in Fig. 4b) later into the year also corroborates our argument.
Energy input from forcing, largely due to wind stress, to MKE is consistently positive ({(u) - (F) >
0) while it tends to damp out the eddies ({(u’ - ') < 0), although the latter is smaller by two orders
of magnitude than the former (cf. Figs. Ald and A4d). The eddy killing effect by wind stress
and thermal feedback is consistent with recent findings (Renault et al. 2016, 2023), albeit severely
underestimated here due to us prescribing absolute wind stress instead of relative. We remind
the reader that CheapAML follows the COARE3 prescription for wind forcing that enters the
momentum equations (Fairall et al. 2003) and hence (u’- ') has a weak dependence on sea-surface
temperature fluctuations even when absolute wind stress is prescribed. Dissipation is consistently
a sink for KE and takes the largest magnitude in winter, viz. (u) - (€). EKE dissipation (u’-€&")
tends to mirror H.,.# and (w’b"). The fact that dissipation (here estabilished by harmonic and
biharmonic numerical viscosity) is a leading order term for EKE may indicate a forward cascade

of KE particularly during boreal winter.

b. Wind-driven gyre

We now focus on the subdomain of 270°E - 337°E and 14°N-43°N and upper 1000 m as the
region of wind-driven gyre, a domain somewhat similar to Jamet et al. (2020b). The wind-
driven gyre imprints itself onto MTDE as a shoaling of the potential energy well (Fig. 3e,f). The
domain-averaged timeseries show that EKE roughly doubles MKE and takes its maximum around
August/ September while MKE exhibits a more pronounced dual peak. MTDE is in sync with
EKE (Fig. 5a).

13
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FiG. 4. Time series of the volume-averaged energy stored in each reservoir and non-divergent terms in the KE
budget. EKE (.#") and MKE (K*) are plotted against the left (a-d) and right (e - h) panels respectively. MTDE
(H) is plotted against the left y axis in orange in panel a. The exchange between MTDE and EKE (H,.¢; solid-
red curve) and MKE and EKE (K¥,_#"; solid-green curve) and eddy vertical buoyancy flux (magenta-dashed
curve) are plotted in panel b while MTDE and MKE (H_,K*; blue-solid curve) is plotted in panel f. Colors
representing the energy flux between reservoirs in panels b and f correspond to Fig. 2. The contribution from the
advective terms (—(v-V.¢") and — [(v) -VK*+V. <v’(<u) 'u’)>]) are in grey-solid curves (b, f). The diabatic

terms, forcing and dissipation, are plotted in panels (c, g) and (d, h) respectively.

Unlike when averaged over the entire model domain, the energy flux from MTDE to EKE
remains roughly twice as large as the eddy vertical buoyancy flux (Ho, % > (w’b"); red-solid and
magenta-dashed curves in Fig. 5b); the eddy outflux of DE fluctuation is non-negligible across the

southern border at 14°N, viz. V- (v’h") > 0 (cf. (10)), and remains relatively constant throughout
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the year. The relative magnitude between H,.#" and (w’b") was insensitive to zonal and vertical
expansion of the subdomain and extension northward (not shown). The energy flux from MTDE
to MKE (H_K*) tends to change sign, indicating an occasional steepening of isopycnals in the
mean flow. It is again canceled out by the mean vertical pressure work in closing the MKE budget
(not shown). Unlike the eddy flux of DE fluctuation, the influx of KE into the subdomain due
to advection is negligible for both the eddy and mean flow (grey solid and blue dashed curves in
Fig. 5b).

Interestingly, similar to Fig. 4, the energy flux from MKE to EKE becomes larger than the eddy
vertical buoyancy flux over the summer and autumn (green-solid and magenta-dashed curves in
Fig. 5b), which implies that locally, barotropic processes are still the regulating mechanism over
baroclinic. The KE maximum during boreal summer and autumn in western boundary current
regions (e.g. the Kuroshio and Gulf Stream) has been observed in nature and is often explained as
the time lag for the submesoscale eddies energized by winter-time baroclinic instability within the
surface mixed layer to locally cascade upscale to the mesoscale (e.g. Zhai et al. 2008; Sasaki et al.
2014; Uchida et al. 2017; Dong et al. 2020). Our results imply that seasonality in the separated Gulf
Stream is also modulated strongly by the eddy flux divergence of DE fluctuation from the region
and a local KE transfer from the mean flow to eddies; the significance of the latter mechanism
(K¥,.¢) is consistent with Uchida et al. (2021b) who diagnosed the energy cycle from a seasonally
forced quasi-geostrophic double-gyre ensemble.

Regarding the diabatic terms, the relative contribution of viscous dissipation increases compared
to when averaged over the full water column (Figs. 4d and 5d), which is attributable to KPP in
the surface mixed layer. EKE dissipation tends to mirror (w’b") with comparable magnitude
(magenta-dashed curve in Fig. 5b and black solid curve in Fig. 5d), implying that much of the
conversion from potential to kinetic energy due to baroclinic instability is lost locally to dissipation.
Dissipation, a driver for a forward cascade of EKE at our model resolution (Molemaker et al. 2010;
Arbic et al. 2013), again peaks during boreal winter, consistent with the seasonality found by

Contreras et al. (2023).
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Fic. 5. Same as Fig. 4 but for the subdomain of wind-driven gyre. The subdomain is shown in Fig. 3 with the

cyan dotted lines.

4. Conclusions and discussion

In this study, we have showcased the ocean energy cycle within the ensemble framework and
geopotential coordinates (as opposed to isopycnal coordinates). To our knowledge, our study is
novel in that we: 1) decompose the mean and eddy energy reservoirs about the ensemble dimension
for the ocean energy cycle, and ii) diagnose the potential energy in energy cycles via dynamic
enthalpy (DE). The ensemble dimension being orthogonal to the space-time dimensions provides
a parameter-free definition of eddy-mean flow decomposition, and preserves the non-stationary
nature of the energy pathways, which we have addressed by examining the timeseries of the energy
cycle. While the adoption of DE as potential energy is relatively scarce in the oceanographic

literature (e.g. Jamet et al. 2020a), perhaps attributable to its computationally intensive nature, we
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have: 1) argued that it is a natural and dynamically consistent extension of gravitational potential
energy for a non-linear equation of state (EOS) and its independence from a reference state of
stratification provides a level of objectivity in how potential energy is defined (Young 2010), and
ii) documented its utility in the energy cycle.

One bewildering aspect, which naturally results from using DE, is that the potential energy reser-
voir can no longer be split into its mean and eddy components and the mean total dynamic enthalpy
(MTDE) directly interacts with the mean kinetic energy (MKE) and eddy kinetic energy (EKE)
reservoirs. This is a stark contrast to Lorenz (1955) where the potential energy reservoir available
to eddies is a quadratic term and can be explicitly identified. We argue that this discrepancy is
due to the fact that quasi geostrophy corresponds to the thickness-weighted averaged primitive
equations of motion in isopycnal coordinates, and not the unweighted equations in geopotential
coordinates (Marshall et al. 2012; Maddison and Marshall 2013; Meunier et al. 2023). Any dy-
namically consistent quantity resembling APE analogous to the quadratic form in quasi geostrophy
under a non-linear EOS arises only upon thickness-weighted averaging the governing equations
(cf. Aoki 2014; Loose et al. 2022; Uchida et al. 2022b, their Appendix A)

By examining the temporal variability of the energy cycle, we have demonstrated that in addition
to the well-acknowledged mechanism of baroclinic instability local in space ({(w’b")) in modulating
its seasonality (e.g. Sasaki et al. 2014; Kang et al. 2016; Uchida et al. 2017; Dong et al. 2020), the
non-local eddy transport of DE fluctuation ({(v’A")) and local transfer from MKE to EKE (K# 7"
could also be significant factors in the western boundary current regions, here, the separated Gulf
Stream (Figs. 4, 5 and A4). In particular, the significance of non-local eddy flux of DE fluctuation
is consistent with recent studies demonstrating that non-local transport of potential vorticity is
crucial for a proper jet formation in wind-driven gyres (Uchida et al. 2022a; Deremble et al. 2023).
K* ¢ being first-order importance amongst the energy pathways between energy reservoirs is
consistent with (Jamet et al. 2020a, their Table 2) where they exhibited that the energy input to
the mean flow by wind stress was lost to the eddies substantially via barotropic processes in the
subtropical North Atlantic. It is also consistent with Uchida et al. (2021b) where they showed
that barotropic pathways to the EKE reservoir can overtake baroclinic pathways under increased

summertime stratification.
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Future work involves: 1) extending the time frame of analysis beyond 1967 for a robust seasonal
cycle, ii) investigating how the energy cycle would differ when the equations of motion are thickness
weighted (e.g. Bleck 1985; Aiki and Richards 2008; Loose et al. 2022; Uchida et al. 2022b), and iii)
analyzing ocean ensembles with higher spatial resolution (currently under production; Uchida et al.
2023b, their Supplementary Material) to better resolve the effect of eddy dynamics on the energy
cycle. In the context of climate, our framework is extendable straightforwardly to fully-coupled
climate ensemble simulations (e.g. Maher et al. 2019; Romanou et al. 2023), which would allow us
to quantify the temporally cumulative effect of anthropogenic carbon onto the ocean energy cycle

and integrate it into the climate energy cycle as a whole (Deser et al. 2020).
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APPENDIX

Energy cycle of non-thickness weighted primitive equations under geopotential coordinates

a. Energy budget of the eddy-mean flow

The ensemble-mean kinetic energy (MKE; K* = |(u)|?/2) equation is given as

#
2L K¥ = —(u) - Vi) — )V - (') = ()T - @V + () - (X)

Dt
= —(v) - V(@) +(w)(b) = [V - (v ((u) - ') = (v'u') - V{u) | +(u) - (X) . (A

=(u) V(0w Y= (V) V-(v'v")
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The eddy-mean flow interaction term in (A1) is re-written in the form in square brackets because
the divergence component vanishes upon a global volume integration. Figure A1 exhibits some of

the terms in the MKE budget. The total kinetic energy (TKE), on the other hand, is
Ki+v-VK=-u-Vho+u- X. (A2)
Now, TKE can be expanded as

1
Kzil(u)+u’|2

=K*+. 4 +(u) -, (A3)
where # = |u’|>/2 is the eddy kinetic energy (EKE) so

(v-VK) = <(<v>+’l/) -V(K#+=%/+<’U/>~U/)>

= (v) VK +(v- VA )+ V- (V' ((u)-u)). (A4)
Hence, subtracting (A1) from the ensemble mean of (A2) yields

(A ) == Vg )Y+ Wby — ((v- VA )+ (V) - V{u)) +(u' - X'), (AS)

=—(u’-Vp¢’) =u/-(v-Vu)’

where we see the mean flow and eddies exchanging energy via the term —(u’v’) - V(u), sometimes
referred to as the shear-production term in the turbulence literature.

The Lagrangian tendency of dynamic enthalpy is (Young 2010)

Dh - DO® - DS
hi+v-Vh=—=-wb+hg—+hs—. (A6)
Dt Dt Dt

The Lagrangian tendency in the latter two terms (equivalent to ©and § respectively) are, in theory,
proportional to molecular and/or non-hydrostatic effects and diabatic forcing. In the manuscript,

© = § =0 is assumed. The equation for mean total dynamic enthalpy (MTDE) becomes

#
(h) +(v)-V{(h) = %m) = —(W)(b) = Wby — (v - VI') + (he®) + (hsS) . (A7)
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Fic. Al. The tendency of MKE (a), mean vertical buoyancy flux reduced by three orders of magnitude (b),
horizontal pressure work (c), forcing reduced by two orders of magnitude (d), advection of MKE (e),

loss to EKE (f) are shown for Jan. 1, 1967. The variables are vertically averaged over the top 1000 m except for

the forcing, which only takes non-zero values at the surface.
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Ensemble averaging (3) yields
® (b)
~—LdoT.
)

(hy = (A8)

Buoyancy in general is a thermodynamic variable, but the equation of state (EOS) is non-linear.

Thus, we make use of a Taylor expansion as

(b) = (b((©®)+0',(S)+ S5, D))

=b((®),(S),®) +b @) ((®),(S),®)(O) + b5y ({®), (S), D)(S")
7”2 72
+b(e)(5)(0'S") +b(sy(s)

+E<@><@> +...,

which argues for

(b) —b+8B (A9)

where Edgl}(((@), (S),®) and the terms with single-order pertubation vanish and B is at most
second order in perturbation because (®’) = (S’) =0. Bis only non-zero for a non-linear EOS and

generally represents a small correction. Hence, MTDE becomes

d): —_~
<ﬁ>:/ b+ 1ot F R, (A10)
D 8

0

where Kdéfg‘l / q)q: Bdd' shoulders the non-linear effects and is ignored in (9). Buoyancy fluctua-

tion, on the other hand, can be expanded as

b =b—(b)
=b(e)({8).(S), )0 +b(5)((8),(S), ®)S’

- 02 -(0?%) . ror e ey LT 57— (8%
+b<@><@>T+b<@><S>(® S —<® S >)+b(s>(5) +...

2 2
showing that it is approximated to second order by linear corrections. Thus,
b =b-(b+3), (Al1)
W=h-(H+R). (A12)
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Fic. A2. Comparison between buoyancy fluctuation 57 (= b — i) and E<@>((®>, (S),0)0" +
E<S>((®),(S>,(I>)S’. The partial derivatives respective to mean potential temperature and practical salinity
were taken using the fastjmd95 Python package (Abernathey and Busecke 2020). The eddy buoyancy b’
(a), B<@>((®>,(S),d>)®’+E<S>((®),(S>,(D)S’ (b), their difference as a percentage (c) on January 1, 1967 at
z=-270m, and a joint histogram of the former two throughout 1967 over the entire three-dimensional domain

is shown (d).

In view of (A9) - (A12), (A7) can be re-written as

~ p*¥ - D* ~  D* # - ~ .
H¢E<D+H<@>D—t<®) +H<S>D—I(S)+D—IA = —(w)(b) = (W'b"y = (v - V(h=A))+(he®) + (hsS)

_D*
~Dr

=—(w)(b+B)— (W (b-B))
— (v -V(h=A))+(he®) +(hsS),
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480
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_ D# . D# #
s Higy— Higy— —A=- — (W' (b- - -V(h-A Al
© 5 (@) +His TS+ A= —(W)B— (W (b=B) ~(v/-V(h=A)),  (AI3)
where we have used Hq;lD)—jCD = —(w)b. Realizing that g—t(@) =—(v'-VO') + (@) and g—j(S) =
—(v"- V8" +(S) yields

D#

W (b=8) =7

A= (WYB— (v - V(h—A))+Hgy(v' - V&) + Hg) (v - VS')

+((ho®) - Hiey (8))+ ((Rs8) - Hisy (5)) . (A14)
Equation (A14) allows us to unify the EKE and MTDE equations

g—j((%) +A)=- (v’ . V[¢’+Ji/+ (h —A)] > — @y -V{u)+{(u' - X'y —(w)B
+ﬁ<®>(v' . V@’) +ﬁ<5> <’U’ . VS,> + ((il@é» —ﬁ<@> <é>) + (<7l3§> —ﬁ<5> <§>) .
(A15)

On the other hand, the unifed MKE and MTDE equation becomes

#
(kP ) = A) =) V(6) = [T (v () - w) — (@' V)| + () - (X) + () B
N—————
=H
- (Heey(v'- V) + Hisy (v V8" ) - ((Ro®) — Hio) (6)) + ((RsS) — Hesy ()

(A16)

It appears that there is an additional energy reservoir stemming from the non-linearities in EOS

but we remind the reader that an evolution equation for A (and @) cannot be formulated based on
4 i [ : . . 4 12

b’ because b — (b) # b — b. Furthermore, the quadratic terms in 8 (e.g. b<@><@>%) may appear

analogous to APE but under a linear EOS, APE would be proportional to ((15@)@’)2); E<@><®> <®2,2>

is a term tapping into the internal energy of thermodynamics and is generally much smaller than
((b©)0)?).

In practice, we neglect all the second and higher-order correction terms and b’ ~ b’ ' —?
in this manuscript. Subsequently, we adopt (fz)défﬁ and i =~ i<~ H. The latter is used to
diagnose V- (v'h"). We show in Fig. A2 that b’ approximated by b —Z and l;<@> ((©),(S),D)0" +

5<S>((®>,(S),CD)S’ are nearly identical with each other across the year throughout the basin;
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the differences are largely contained within the separated Gulf Stream region. Equation (A14)
can be simplified by dropping the terms due to diabatic nature and non-linearity in EOS, which
leaves us with (10). Figure A3 demonstrates that (10) holds surprisingly well; we show a histogram
exhibiting that the two align mostly along a one-to-one line (Fig. A3f). The end result of neglecting
the non-linearity in the EOS and terms associated with diabatic mixing in (A15) and (A16) leaves
us with (11), (12) and (13). There are two sources for eddy energy, one from the MKE and another
from the MTDE field. The generalized pressure work tends to counteract the input from MTDE
(Figs. A3 and A4).
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