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SUMMARY7

In probabilistic Bayesian inversions, data uncertainty is a crucial parameter for quanti-8

fying the uncertainties and correlations of the resulting model parameters or, in transdi-9

mensional approaches, even the complexity of the model. However, in many geophysical10

inference problems it is poorly known. Therefore, it is common practice to allow the data11

uncertainty itself to be a parameter to be determined. Although in principle any arbi-12

trary uncertainty distribution can be assumed, Gaussian distributions whose standard13

deviation is then the unknown parameter to be estimated are the usual choice. In this14

special case, the paper demonstrates that a simple analytical integration is sufficient to15

marginalise out this uncertainty parameter, reducing the complexity of the model space16

without compromising the accuracy of the posterior model probability distribution. How-17

ever, it is well known that the distribution of geophysical measurement errors, although18

superficially similar to a Gaussian distribution, typically contains more frequent samples19

along the tail of the distribution, so-called outliers. In linearised inversions these are20

often removed in subsequent iterations based on some threshold criterion, but in Markov21

chain Monte Carlo inversions this approach is not possible as they rely on the likelihood22

ratios, which cannot be formed if the number of data points varies between the steps23

https://eartharxiv.org/bcs4j
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of the Markov chain. The flexibility to define the data error probability distribution in24

Markov chain Monte Carlo can be exploited in order to account for this pattern of un-25

certainties in a natural way, without having to make arbitrary choices regarding residual26

thresholds. In particular, we can regard the data uncertainty distribution as a mixture27

between a Gaussian distribution, which represent valid measurements with some mea-28

surement error, and a uniform distribution, which represents invalid measurements. The29

relative balance between them is an unknown parameter to be estimated alongside the30

standard deviation of the Gauss distribution. For each data point, the algorithm can31

then assign a probability to be an outlier, and the influence of each data point will be32

effectively downgraded according to its probability to be an outlier. Furthermore, this33

assignment can change as the Markov chain Monte Carlo search is exploring different34

parts of the model space. The approach is demonstrated with both synthetic and real35

tomography examples. In a synthetic test, the proposed mixed measurement error distri-36

bution allows recovery of the underlying model even in the presence of 6% outliers, which37

completely destroy the ability of a regular Markov chain Monte Carlo or linear search38

to provide a meaningful image. Applied to an actual ambient noise tomography study39

based on automatically picked dispersion curves, the resulting model is shown to be much40

more consistent for different data sets, which differ in the applied quality criteria, while41

retaining the ability to recover strong anomalies in selected parts of the model.42

Key words: Hierarchical Bayesian inversion; Markov chain Monte Carlo; Data uncer-43

tainty44

1 INTRODUCTION45

In the past, solving a geophysical inverse problem generally implied finding an optimum46

model that fits the observed data in a least squares sense and fulfils a number of essentially47

arbitrary regularisation constraints such as damping (minimisation of model derivatives)48

or smoothing (minimisation of first or second order derivatives). Whereas this paradigm49

persists for computing-intensive inverse problems such as full-waveform modelling in two50

or three dimensions, increasing computer power has enabled the practical application of51

algorithms that apply Bayes’ theorem to not only generate an ’optimum model’ but an52

estimate of the probability distribution of the model parameters, m, given the observed53

data d, and an a priori probability distribution of the model parameters, p(m). The latter54

encodes our knowledge of the range of possible model parameters and their likelihood prior55
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to acquiring the data (note that d and m are vectors, but the number of elements of m56

needed to adequately describe the model might not be known in advance). Bayes’ theorem57

as applied to model inference reads:58

p(m|d) =
p(d|m)p(m)

p(d)
(1)

where p(m|d) is the a posteriori probability (density) of the model, p(d|m) is the probability59

(density) of the data given a model under consideration, also known as the likelihood, and60

p(d) is the unconditional probability (density) of the data. In theory, p(d) can be obtained61

by integration of the conditional probability (density) over all possible models, but is difficult62

to carry out in practice in higher-dimensional model spaces (in the following, we will simply63

use probability for conciseness, but in most cases a probability density is implied). In most64

cases an estimate of the absolute probability is not required, as only the relative probabilities65

of two models are compared. Then, only the ratios of eq. 1 evaluated for different values of66

m are required, and the denominator term p(d), being independent of m, cancels. We are67

therefore free to ignore this term for the remainder of the paper.68

As the model parameter space is usually too vast to be searched exhaustively with a69

grid search, a strategy is needed to focus this search in regions of the model space, which70

contribute significantly to the overall probability, i.e., where p(m|d) is large. A popular71

method is the Markov chain Monte-Carlo (MCMC) method with the Metropolis-Hastings72

acceptance rule (see MacKay, 2003, for a detailed overview), where a chain of models is73

generated following this algorithm:74

(i) Generate a starting model m(1) and start with iteration k = 175

(ii) Generate a trial model m′ from m(k) according to transition probability q(m′|m(k))76

(iii) Calculate the acceptance probability of the trial model from the following ratio77

α =
p(d|m′)p(m′)

p(d|m(k))p(m(k))

q(m(k)|m′)
q(m′|m(k))

(2)

(iv) Generate a random number β based on a uniform distribution between 0 und 1.78

(a) If β < α, accept the trial model, i.e. m(k+1) = m′ and add to the chain (i.e. for α >= 179

the new model will always be accepted)80

(b) Otherwise, reject the new model, and add the previous one to the chain m(k+1) = m(k)
81

(v) Go back to the second step to find the next element of the chain.82
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In practice, the transition probability is often chosen to be symmetric, i.e. q(m(k)|m′) =83

q(m′|m(k)), and the logarithm of the probabilities is used in order to avoid round-off error84

or because of the inability to represent the probability as a floating point number. This then85

leads to the acceptance condition.86

log β < log p(d|m′)− log p(d|m(k)) + log p(m′)− log p(m(k)) (3)

It has been shown that the representation of models will converge to the a posteriori prob-87

ability distribution p(m|d) (MacKay 2003), although in reality the tendency of the chain to88

get trapped in local minima means that for many problems of practical interest excessively89

long run times would be required to achieve convergence in a single chain. This shortcoming90

can largely be countered by running many chains in parallel, though, such that the flexibil-91

ity and ease of use of this algorithm has made it quite popular for geophysical applications92

(Sambridge et al. 2013).93

The observed data are generally understood to represent the solution of a forward prob-94

lem for the ‘true’ model, which is perturbed by an error term, e, i.e. d = g(mtrue)+e, where95

g(·) is a vector function representing the solution of the forward problem for all data points.96

We ignore here that the parameterisation scheme can never fully represent reality, and that97

therefore there is in fact no true model. Parameterisation or modelling related errors, e.g.,98

insufficient spatial sampling, can be thought of as part of the error term e, if the unrepresent-99

able part can be described statistically. An example is the probabilistic earthquake location100

in a 1D model, where lateral heterogeneities can be thought of causing correlated measure-101

ment errors for neighbouring stations (see Lomax et al. (2000) for an implementation of that102

approach). The probabilty of the data can thus be described by103

p(d|m, λ1λ2...) = f(d− g(m)|λ1λ2...) = f(r|λ1λ2...) (4)

where f is the probability distribution for the measurement errors, r = d − g(m) is the104

residual vector, and λi’s are arbitrary parameters of the distribution f ; they can be vectors105

taking on different values for each data point, or parameters describing how the measurement106

errors of different data points are linked.107

Although the MCMC method imposes hardly any limitations on the assumed error distri-108

butions, most geophysical applications of the MCMC method assume Gaussian distributed109

errors, equivalent to minimisation of the L2 norm in optimisation problems. This assump-110
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tion is theoretically justified by the idea that measurement errors arise from the sum of111

many small (independent) perturbations, which the central limit theorem tells us will ap-112

proximately yield a normal distribution irrespective of the underlying distributions of each113

contributing perturbation. It is also practically justified by the empirical observation that114

histograms of residuals after model optimisation often resemble normal distributions quite115

closely. For geophysical data it is often quite difficult to estimate the measurement uncer-116

tainty based on knowledge of the measurement process, and also a part of the error can117

arise due to inadequacies of the forward model, either due to simplification of the physics, or118

overly simplified model parametrisation, as described above. The data uncertainty itself, as119

expressed by the variance of the Gaussian distribution, then becomes an unknown parameter,120

whose probability distribution is determined within the MCMC search (Bodin et al. 2012).121

The parameters describing the noise distribution are often referred to as ‘hyper-parameters’122

(Gelman et al., 2004, as cited by Bodin et al., 2012), and the approach has been described123

as ‘Hierarchical Bayes’, but in fact, as far as the algorithm is concerned, the noise param-124

eters can be considered like any of the physical model parameters, and there is no obvious125

hierarchical relationship to the physical parameters but rather an interdependence. Instead,126

they could be considered ’nuisance parameters’, a term coined by Jaynes (2003) to describe127

parameters which are of no inherent interest but must be taken into account with their128

uncertainties in order to determine the physical model parameters of interest. Importantly,129

we do not really need to reconstruct the probability distribution of the nuisance parame-130

ters, as long as their interaction with the physical model parameters is accounted for. The131

first part of this paper describes how by simple marginalisation over the standard deviation132

(representative of the data uncertainty) this can be achieved for normally distributed errors,133

leading to efficiency gains with respect to the standard approach of including the standard134

deviation as parameter in the Markov chain search.135

It is well known that the errors in most geophysical problems are not normally dis-136

tributed, though, their superficial similarity notwithstanding (see Fig. 1). The primary rea-137

son is the much more frequent occurrence of large error values than predicted by the normal138

distribution. These outliers are generally small in absolute number but due to their extreme139

rarity in the Gaussian distribution, they exert an undue influence on the model estimation:140

the model probability distribution will be skewed to reduce substantially the distance be-141

tween predicted and observed values for these outliers, at the cost of slightly increasing the142

misfit for a much larger number of observations. The mitigating strategy in gradient-based143
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optimisation problems is usually to remove or heavily downweight outliers prior to inver-144

sion. In a Bayesian context this approach is unsatisfactory as it introduces arbitrariness in145

the form of the choice of threshold. Even worse, the ratio in eq. 2 requires the number of146

data points to stay the same, as removal of individual data points during the chain con-147

struction would result in probability densities of different dimensionality, which cannot form148

the (dimensionless) ratio needed for application of the acceptance rule. A more promising149

approach is to replace the assumption of a normal distribution with the assumption of a150

double-exponential distribution, also know as the Laplacian distribution, which is equivalent151

to imposing an L1 norm in an optimisation context. This distribution falls off more slowly152

and is thus not significantly biased by the presence of outliers. However, the sharp peak of153

the Laplacian distribution is not a commonly observed feature of actual residual distribu-154

tions for most geophysical problems, which, as pointed out above, seem to be modelled quite155

well by Gaussian distributions except for the presence of outliers. Whereas the assumption156

of a Laplacian error distribution is more robust, it is therefore known to be incorrect, and157

the model parameter uncertainties estimates will therefore not be correctly estimated based158

on this assumption. Furthermore, the width of the Laplacian distribution confounds the fre-159

quency of outliers with the typical uncertainties of valid measurements, making it difficult to160

interpret. The second part of the paper will thus introduce a mixed probability distribution161

which is explicitly accounting for outliers.162

2 GAUSSIAN DATA UNCERTAINTY163

The most common assumption for the data uncertainty is the Gassian distribution. Let us164

start with the assumption of identically and independently distributed data errors with an165

(unknown) standard deviation σ for a total of N observations; the approach will later be166

straight-forwardly generalised to more complex multi-variate Gaussian distributions.167

p(d|m, σ) =

(
1

2πσ2

)N
2

N∏
i=1

e−r
2
i /(2σ

2) =

(
1

2πσ2

)N
2

e−
∑N
i=1 r

2
i /(2σ

2) (5)

Remember that ri = di − gi(m), i.e. the residuals depend on m. With a known σ, the log168

likelihood is169

L(d|m) = log p(d|m) = −
N∑
i=1

r2i
2σ2
− N log σ + C (6)
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where C is a constant only dependent on N , i.e., only the first term actually depends170

on the model paramaters and maximisation of the likelihood corresponds to least-squares171

minimisation. In transdimensional infererence problems the number of parameters used to172

represent the model can change during the MCMC search in a data-driven fashion, see Bodin173

& Sambridge (2009) for details. Therefore, in a transdimensional context, or when the model174

prior is non-uniform, the fixed standard deviation will control the complexity of the model,175

or how far it is allowed to stray from its prior.176

When σ is unknown, it can be subject to a parameter search and a posterior PDF derived177

for it. It is then necessary to define a prior PDF for σ, p(σ), where most applications in178

geophysics have opted for a uniform distribution between zero and some set maximum value179

(e.g Bodin et al. 2012; Galetti et al. 2015; Ravenna et al. 2018). However, as the standard180

deviation is a scale parameter the uninformative prior representing the state of no prior181

information is Jeffrey’s prior p(σ) ∝ σ−1(Jaynes 2003), which is essentially saying there is182

no a priori knowledge on the scale, i.e. the probability density in log-space, p(log σ)d(log σ),183

is uniform; e.g., values ten times larger are just as likely as value ten times smaller. Bodin184

et al. (2012) already pointed this out but nevertheless proceeded to impose a uniform prior,185

a practice followed by most geophysical applications, even though it implies a non-uniform186

prior in log-space. Although for any reasonable dataset the choice between these two priors187

should not greatly affect the posterior PDF of the model parameters, use of the uniform188

prior might be the reason for the observed slight overestimation of the standard deviation by189

MCMC tests on synthetic data, where the data uncertainty was assumed unknown (Bodin190

et al. 2012). The Jeffrey’s prior is not normalisable, but as the MCMC chain only ever191

requires probability ratios, this shortcoming is of no concern here.192

Whereas the standard approach includes σ as one of the parameters to be varied in the193

MCMC search and calculates p(d|m, σ) at each MCMC step, we do not really need to care194

about the PDF of σ because it is a nuisance parameter. We thus marginalise by integration:195

p(d|m) =

∫ ∞
0

p(σ)p(d|m, σ)dσ =
1

(2π)N/2

∫ ∞
0

σ−1σ−Ne−
∑
i r

2
i /(2σ

2)dσ . (7)

Note that explicit limits have been dropped for the residual sum for squares (RSS) for196

conciseness. It turns out that this integral is solved easily via the standard definite integral197 ∫∞
0
xN−1e−ax

2
dx = 1

2
a−N/2Γ(N

2
), using the substitutions σ → 1

x
, 1

2

∑
i r

2
i → a (Γ is the198

incomplete gamma function):199
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p(d|m) = 1
2
(
∑
i

r2i )
−N/22N/2Γ

(
N

2

)
. (8)

The marginal log likelihood is thus200

L(d|m) = −N
2

log
∑
i

r2i −
N − 2

2
log 2 + log Γ

(
N

2

)
(9)

The second and third term are constant and can be ignored, as in the MCMC algorithm only201

the ratio of the likelihoods, i.e., the difference of the log-likelihoods matters. The maximum202

likelihood model is still the model corresponding to the smallest RSS, but the decrease in203

likelihood away from this peak is softened by the logarithm. In a transdimensional context204

this encourages exploration of a range of models of varying complexity, some fitting the205

data less well with a simple parameterisation and some fitting the data better with a more206

refined parameterisation. No approximation is involved in the marginalisation so it will give207

the same results as the standard approach of explicit inclusion of σ in the MC search—if the208

latter has converged properly—but at reduced computational cost. One disadvantage is that209

no empirical PDF is generated for σ in this way, but the a posteriori maximum likelihood210

value for σ can easily be set according to the the residual root mean square (RMS) of211

the maximum likelihood model, or alternatively an approximate (mean) value for σ can be212

estimated from the residual RMS of the average model. If an actual probability distribution213

for σ were desired, it could be easily generated by sampling from the probability distribution214

in eq. 5 each time the model parameters are sampled.215

Curiously, if one assumes a uniform prior for p(σ), and evaluates p(d|m, σ) at σ̂, the216

maximum likelihood value of σ, as an approximation for the marginalised distribution p(d|m)217

(Dosso et al. (2012); Sambridge (2014, Appendix B)), exactly the same expression as eq. 9218

is obtained. Therefore, we are in the happy situation that an approximate solution for219

an arguably poorly motivated prior is actually identical to the exact solution for a better220

justified prior.221

The expression easily generalises to a few common more general cases.222

(1) Relative errors for different data points. Often some information is available on which223

data points are more or less reliable, even though the absolute uncertainty is poorly con-224

strained. If this relative uncertainty can be expressed as normalised standard deviations of225

each data point, σ̃i, then the RSS, i.e.,
∑

i r
2
i , can simply be replaced by

∑
i

(
ri
σ̃i

)2
(equiva-226
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lent to the definition of χ2 in classic statistics). In this case, σ represents the scaling factor227

for the normalised standard deviations.228

(2) Correlated data errors. If the correlations are described by a data correlation matrix C̃d,229

then the RSS must be replaced by the matrix-vector product rT C̃−1d r. Again, σ is then a230

scaling factor.231

(3) Multiple data types. In joint inversion type problems, if the data belong to M different232

classes or data types, each consisting of N (k) data points with their independent but un-233

known standard deviation, σ(k), then for a full marginalisation, the integral in eq. 7 will turn234

into a multi-dimensional integral, which, however, is separable into M regular integrals and235

can thus be solved exactly as above. The resulting likelihood function is:236

L(d(1),d(2), · · ·d(M)|m) = −1

2

M∑
k=1

N (k) log
N(k)∑
i=1

r
(k)
i

2

+ const . (10)

These different cases can be combined, of course.237

3 DISTRIBUTION WITH OUTLIERS238

In order to reduce the strong bias of extreme values on the overall probability p(d|m), a239

mixture of a Gaussian distribution with a uniform distribution is used to represent the data240

error for each data point (Fig. 2) (the choice of the uniform distribution will be discussed later241

in the ‘Discussion and Conclusion’ section). Under this assumption, the joint log-likehood242

for independent measurement errors is243

log pn+o(d|m) =
∑
i

log [(1− f)φnormal(ri|0, σ) + fφuni(ri,W )] (11)

where f (in [0 : 1]) is the fraction of outliers,244

φnormal(ri|0, σ) =
1√

2πσ2
e

−r2i
2σ2 (12)

and245

φuni(ri,W ) =

 1
W

for ri (alternatively di) within range

0 otherwise
, (13)
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W is the width of the range spanned by the outliers. By definition, all of the data points (di)246

must be possible, such that the range of the uniform distribution should be sufficiently large247

to include all observations; in many cases it will be preferable to define the range based on248

the residuals (ri) with respect to some reference model rather than based on the raw data249

spread. We note that the normal part of the distribution is not truncated but is assumed250

to have reached such extremely small values at the edges of the uniform distribution range251

that the implied probability densities reach ‘impossibility’ level for all practical purposes.252

What this mixed distribution achieves is that for small residuals close to the centre of253

the distribution, changes in the model will have an impact on the total likelihood similar to254

that for a pure normal distribution. The probability for large residuals on the far tail of the255

Gaussian distribution is essentially constant and independent of the model. Therefore these256

data points, likely outliers, are no longer assumed to carry any information about the model,257

and will not bias it. Also, an upward bias of the standard deviation estimate due to outliers258

is avoided. In a transdimensional context, a realistic estimate of the standard deviation259

is needed in order to choose models of an appropriate level of complexity; over-estimated260

standard-deviations would lead to oversimplified or oversmoothed models. Crucially, this261

assignment into outlier data point or good data point is not made based on a threshold262

or only once, but can change as the model evolves and thus residuals are getting larger or263

smaller and also as the values f and σ are changing in the random walk. For some data264

points, the magnitude of the residual will be such that both terms in equation 11 are of265

approximately similar size. In this case, the probability of these points will still change with266

model adaptions but not as strongly as for an equivalent normal distribution. Effectively,267

the weight of these data points is reduced.268

An analytical marginalisation of the mixed distribution is no longer possible, and we269

must include σ and f as parameters in the Markov chain. The value of W should be fixed270

at a reasonable value, usually the maximum range of data residuals in some easily evaluated271

background model. In appendix A we discuss the choice of W in more detail.272

As above we consider how this Markov-chain approach is expected to generalise:273

(1) Relative errors for different data points (applied to the Gaussian distribution). The equa-274

tion for the normal part of the Gaussian distribution, eq. 12 can be straightforwardly ex-275

tended with the normalised (relative) standard deviation of each data point σ̃i, in which276

case σ is interpreted as a scaling factor for these relative standard deviation:277
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φnormal(ri|0, σ) =
1√

2π(σσ̃i)2
e

−r2i
2(σ̃iσ)

2

(2) Multiple data types with separate, but unknown, standard deviations and outlier frac-278

tions. This entails the introduction of one parameter pair (σ(k), f (k)) for each data type.279

Then, eq. 11 can be extended by an outer summation over the different data types. Of280

course, each data type must have a sufficient number of data points associated with it in281

order to obtain meaningful estimates for σ(k) and f (k).282

(3) Correlated data errors. What is meant by this is that the Gaussian part of the er-283

ror distribution is described by a covariance matrix, whose off-diagonal terms describe the284

correlation between the measurement errors of different data points, while the outliers are285

assumed to be uncorrelated. In this case, each possible combination of a data point either286

being a valid measurement with some uncertainty or an outlier would give rise to a new term287

in an extended log-likelihood equation. For N data points, the summation over N terms in288

eq. 11 would thus have to be replaced by a summation over 2N terms, not practical for the289

numbers of measurements typically encountered in geophysical inference problems. In the290

case of very strongly correlated errors it is thus advisable to simply subsample the data291

set, while very weak correlations can probably be safely ignored, as is done quite often in292

practice in any case, even when only carrying out least-squares minimisation.293

3.1 Application to mean value estimation294

As a toy problem illustrating the effect of outliers we consider a simple mean value problem,295

i.e. g(m1) = m1 = µ, the model has exactly one unknown parameter, which would be ob-296

tained for all measurements in the absence of measurement error. Samples are generated by297

drawing from a normal distribution with mean µ (here 2.0) and an assumed measurement298

uncertainty σ (here 0.2). In addition, with a certain probability, here 10%, the values are299

replaced by uniformly distributed outliers; in this example the limits of the uniform distri-300

bution are set at -5 and 5 s, respectively. Effectively this corresponds to drawing from the301

mixed distribution (eq. 11),302

Fig. 3 shows the histogram of samples and resulting PDFs for the three model parameters303

for one realisation with 200 samples, i.e., a strongly overdetermined problem. Unsurprisingly,304

the Gaussian maximum likelihood model (red line in Fig. 3) is grossly wrong, with a standard305

deviation overestimated by a factor of approximately five, and a biased mean value. When306
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using the mixed distribution pn+o (with W = 10), the estimated mean value and standard307

deviation is not only closer to the true mean, also the estimated errors of these values are308

realistic, i.e. the true value is within one or two standard deviations. Although only one309

realisation is shown here, we repeated this experiment hundreds of times to verify that the310

returned PDFs for the model parameters represent the actual uncertainty of the estimate.311

We also carried out this experiment with only 20 samples (Fig. 4), but otherwise identical312

parameters. Given the typical redundancy in geophysical data sets, this is a more realistic313

test than the previous example. It is clear that now the outcome will be highly dependent on314

the realisation: on average we expect 2 outliers, but with such small numbers models with315

0,1, 2, 3 and 4 outliers all have a reasonable probability. In the particular realisation shown316

in Fig. 4 in fact one outlier was generated. As a result, the estimation for the outlier fraction317

f becomes very difficult and the MCMC search considers values of f up to ∼35% possible.318

The PDF is also more structured than in the case of many samples, as the assessment319

of individual measurements begins to make a difference. Given that there was in fact one320

outlier in this realisation, the maximum likelihood estimate for f , as determined from the321

empirical PDF is correctly estimated at around 5% (in Fig. 4b, far right, the most likely322

value indicated by the histogram is near 5%) but because the PDF is skewed, the mean323

value of 13.6% actually overestimates the true outlier fraction. The true values are still324

contained in the one-σ range around the mean, though. The standard deviations for µ and325

σ are increased by (very) approximately a factor of three, i.e., similar to
√

10 =
√

200/20,326

which would be the factor expected for a pure normal distribution.327

3.2 Application to synthetic tomography problem328

Next, we consider a 2D travel time tomography problem, as might be encountered in ambient329

noise based studies involving inversion of inter-station group or phase arrival times at a330

selected period for the corresponding velocity variations. The model domain is a 400x200331

km2 area and is parameterised as slowness perturbations within 10x10 km2 cells of constant332

slowness, resulting in 40x20, i.e. 800 model parameters. A total of 34 stations is placed333

within the domain in an irregular configuration, such that some parts of the domain are well334

illuminated, and others only sparsely sampled. With this number of stations 561 possible335

pairs exist, but as for real ambient noise studies not all pairs yield successful measurements,336

a subset of 449 pairs is randomly selected. Anomalies are assumed to be small enough that337
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the ray paths are not significantly perturbed by the velocity heterogeneity and the reference338

model is assumed uniform, such that ray paths are straight lines and the Fréchet kernel339

matrix can be constructed from the lengths of the ray paths in each cell. Of course, as the340

problem is linear, it could be solved directly using singular-value decomposition, but would341

have to be heavily damped due to sparse coverage in some parts of the model. Furthermore,342

a damped-least squares solution implicitly corresponds to the assumption of a Gaussian343

error distribution and also a Gaussian distribution for the model prior, p(m) (Tarantola &344

Valette 1982). Therefore, we implemented a transdimensional inversion following Bodin &345

Sambridge (2009), but with the further simplification that for all grid cells, it is determined346

with which Voronoi cell their centre is associated, and the whole cell is then given the347

slowness value of the Voronoi cell. Also, we parametrise the model in terms of slowness348

perturbation rather than absolute velocities. We employ 20 chains, each running for 4× 106
349

iterations, from which the initial 2 × 106 are used for burn-in and subsequently discarded.350

Parallel tempering (Sambridge 2014) is used to avoid getting stuck in local minima, and351

also to remove poorly converging chains from the final average. Twelve chains are run at352

T = 1, and the remaining eight chains are run at gradually increasing temperatures up353

to T = 5, with exchanges between chains allowed every 50000 iterations. For chains at354

higher temperatures, acceptance of less well fitting models is more likely, allowing a wider355

exploration of the model space, see Sambridge (2014) for details. Uniform priors are assumed356

for the number of Voronoi cells, with a maximum of 200, and slowness perturbations, with a357

limits of ±0.02 s/km . Finally, the average model is calculated from the 12 chains at T = 1358

and the iterations post burn-in. This model is considered to be a representative estimate of359

the underlying model.360

We choose a sparse checkerboard model as test case because the success of recovery is361

easily judged visually (Fig. 5a). For the first test with a purely Gaussian distribution, the362

forward modelled travel time anomalies are additionally perturbed with Gaussian noise with363

a standard deviation of 0.1 s, which corresponds to 9% of the largest absolute travel time364

anomaly (1.13 s) and 53% of the mean absolute anomaly (0.19 s). We run the MCMC search365

assuming two Gaussian error models: (i) a Gaussian distribution with the measurement366

standard deviation σ fixed to the true value of 0.1 s (Fig. 5c), and (ii) a Gaussian distribution367

with unknown σ and a Jeffrey’s prior for σ (Fig. 5e). In each case the central part with a368

high number of crossing paths is recovered very well, with minimal smearing and very good369

recovery of the absolute magnitude of anomalies. Even anomalies in the poorly covered370
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margin are recovered at least in the sign of the anomaly but—as expected—are more diffuse371

and the true anomaly is underestimated. Visually, both models are very similar, with only372

subtle differences. Both models actually slightly overfit, as the final residual RMS is a little373

lower than the standard deviation of the input model.374

For the second test, for better comparability we take exactly the same travel time mea-375

surements as in the first test, i.e., using the same realisation of the Gaussian noise and376

selection of ray paths. In addition, for 28 additional ray paths (equivalent to ∼6% outlier377

fraction) entirely spurious observations are generated by drawing from a uniform distribution378

with a range of -3 to +3 s (Fig. 5b)379

The presence of outliers nearly completely ruins the MCMC average model under the380

assumption of a fixed σ (Fig. 5d). Because the residual RMS is far larger than the imposed381

σ, the MCMC search will seek to improve the data fit for the outliers, nearly no matter what382

the price is in terms of model complexity. In fact, the number of Voronoi cells in this test383

quickly converged to the maximum allowed value of 200. When we switch to the assumption384

of an unknown standard deviation, the MCMC search is more tolerant of very large residu-385

als, suppressing overly complex models and allowing recovery of a hint of the basic pattern386

in the well covered area (Fig. 5f). However, the effect of outliers is visible as streaks, particu-387

larly when they are associated with long paths, and the image is essentially uninterpretable.388

Because we use the approach described in section 2, we do not determine an explicit proba-389

bility distribution for σ, but the RMS is approximately identical to its maximum likelihood390

value, here 0.70 s, i.e., far larger than the actual σ of the underlying Gaussian distribution391

of the errors of the well behaved major part of the dataset. Therefore, the recovered model392

is both under-complex and still strongly biased by the outlier observations.393

Finally, when the mixed distribution is assumed (with unknown σ and outlier fraction),394

most of the anomalies of the input model are recovered very well, both in shape and ampli-395

tude because the inclusion of the uniform distribution greatly diminishes the influence of the396

outliers (Fig. 5h). The residual RMS is actually significantly larger than for the inversions397

with the Gaussian error assumption, because no attempt is made to fit the outliers, which398

dominate the residual sum of squares. The mean posterior value for σ is 0.0112 ± 0.0008,399

and for the outlier fraction f is 7.3 ± 1.4% (ranges show one standard deviation), which400

is close to the true values. It could be argued that the recovery is still somewhat poorer401

than for the forward model without any outliers (Fig. 5c). This is to be expected, as the402

inference algorithm does not know a priori, which measurements are the outliers. Reduced403
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model recovery arises both because some of the more extreme good measurements might404

be associated with a significant probability of being an outlier, and because outliers might405

by chance fall close to the range of good measurements. In that case they are not clearly406

identifiable as outliers and still end up (erroneously) influencing the recovered model.407

We also checked the outcome of applying the mixed distribution to the dataset of the408

first test, i.e., when there are actually no outliers present (Fig. 5g). The recovered model is409

again visually very close to the models in Fig. 5c and e, and its RMS accordingly only very410

slightly larger. The posterior mean estimate for σ is 0.0104 ± 0.0005 and for f 0.8 ± 0.6%,411

i.e., again both are close to the true values of 0.01 s and 0%.412

It has to be acknowledged that the deleterious effects of outliers has been exaggerated413

in this test compared to real applications because in most geophysical inversions obvious414

outliers can be removed prior to the formal inference procedure. However, if this is done too415

aggressively, then it is likely that anomalies are systemically underestimated because good416

measurements are being removed erroneously. Therefore, the basic conclusions are expected417

to hold in more realistic settings, too.418

4 USE CASE: SCANARRAY AMBIENT NOISE 2D PHASE VELOCITY419

TOMOGRAPHY420

Finally, we apply the algorithm to real Rayleigh wave phase dispersion measurements ob-421

tained from stacked cross-correlations from stations of the ScanArray Experiment (including422

dedicated temporary stations (Thybo et al. 2012), the stations of the permanent Swedish423

network and the NEONOR2 temporary stations) and permanent stations in Scandinavia,424

covering most of Sweden and Norway as well as the Baltic Sea and western Finland. Standard425

processing procedures were followed in constructing the cross-correlation stacks, described426

in detail in Mauerberger et al. (2019); they are considered as empirical Green’s functions427

between station pairs. From the stacked correlation functions the phase dispersion curves428

are determined using two different automated algorithms, both based on the principle of429

measuring the zero-crossings of the real part of the Fourier transformed cross-correlation430

function (Ekström et al. 2009). The two algorithms reflect end members with regard to how431

conservatively the algorithm accepts candidate picks. For this paper, we only consider the432

observations at a period of 4 s.433

The first dataset (termed HS) is based on the code described in Sadeghisorkhani et al.434
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(2018), and the second approach (termed EKr) is based on a reimplementation of the al-435

gorithm described by Kästle et al. (2016). Both algorithms use a reference curve to pick436

the correct branch at long period and then progress to shorter periods. To compare the437

two automatic algorithms we use the same reference curve and feed them with the same438

whitened and windowed (a group velocity filter) cross-correlations. The refence curve of the439

average phase velocity is estimated based on the approach explained by Sadeghisorkhani440

et al. (2018), making use of all ∼15,800 station pairs. This approach is based on the fitting a441

Bessel function to the real-part of the spectrum as a function of distance at different periods.442

To calculate the dispersion curves for each station pair, Kästle et al. (2016) reduced the443

problem caused by spurious zero crossings by applying a low-pass filter in the amplitude-444

frequency domain before measurements (effectively smoothing the spectrum), whereas Sadeghisorkhani445

et al. (2018) employ whitening and then a group velocity filter in the time doamin first, which446

significantly improves the stability of the estimate.447

Both algorithms mainly rely on a smoothness constraint as the picked curve is extended448

to shorter periods but differ in the weight given to this constraint. There are other criteria449

in both methods discouraging picks far from the next expected value. In the HS algorithm,450

these criteria relate to the range of allowable inter-station distances (see Ekström 2017, here451

we use measurements for inter-station distances between 1.5 and 30 times the wavelength),452

the maximum deviation from the reference curve, the ratio of the amplitude where the453

measurement is made to the maximum amplitude for all periods, the deviation of a picked454

zero-crossing from its expected value based on extrapolation, and finally each trace is only455

accepted if not too many of its corresponding zero-crossings are rejected based on the other456

criteria. The picked dispersion points should be highly reliable but the algorithm relies457

heavily on the dispersion curve. The EKr algorithm mainly uses three criteria: first, the458

frequency-step width of zero-crossings have to be in an acceptable range; second, a threshold459

prevents jumps to the next branch (cycle skipping); and third, a gradient-based smoothness460

criterion with respect to the reference curve is imposed. Because it is less reliant on the461

reference curve, it can pick dispersion points with higher velocity variations but if a previous462

period is incorrectly picked for any reason, the following picks at shorter period are doubtful.463

A total of 2897 measurements were obtained with the HS algorithm. Even with these464

measures, the residual distribution appears to be skewed and has a heavier tail than Gaus-465

sian, at least at the upper end (see Fig. 6, top). An even graver concern is the possibility466

that valid measurements could have been excluded erroneously. As Scandinavia has no sig-467
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nificant sedimentary cover, the approach to select by similarity to the average phase curve468

is probably valid almost everywhere at the 4 s period considereed here. Nevertheless there469

is concern that it excludes measurements from the most anomalous areas, almost by design.470

This would be much more of a concern in more heterogeneous areas, where it is unlikely a471

threshold can be found that does not exclude valid data in a highly systematic way and still472

does not introduce too many erroneous measurements.473

Implementation of the EKr algorithm for the ScanArray data results in a very large474

number of picks (15,433). In order to keep the size of the dataset manageable for the Markov475

chain Monte Carlo algorithm, all picks for distances larger than 240 km were removed - this476

corresponds to about 20 times the wavelength for the 4 s period. The different branches get477

very close and are difficult to distinguish for larger distances. Even the reduced dataset of478

2205 measurements appears to have a large number of outlier picks (see Fig. 6 bottom for479

residual). In fact, there is weak evidence for cycle skipping visible in the histogram, which480

shows a small secondary peak near 4 s, indicating a systematic measurement error due to481

confusion of branches, not consistent with a Gaussian assumption for measurement errors482

(although the secondary peaks are obviously also not consistent with a uniform distribution,483

an assumed uniform distribution implies that they do not provide constraints on the model,484

see ‘Discussion’ section below). Interestingly, even though the RMS is unsurprisingly different485

for the HS and EKr datasets (1.19 s and 1.76 s, respectively), the median absolute deviation486

(MAD) is identical, and visually the spread of the Gaussian function in the histograms in487

Fig. 6 is accordingly similar.488

The basic transdimensional MCMC algorithm followed is essentially identical to the one489

employed in the synthetic tomography test with different parameters (106 iterations, 60490

chains, of which 44 are at T = 1), except that raypaths are recalculated every 200,000491

iterations (in total 5 times). The chains at T = 1 were arranged into 4 independent groups,492

and for each one its respective mean model was used to recalculate the ray paths, i.e., in493

total 20 ray path recalculations were carried out. In fact, for Scandinavia the heterogeneities494

are small enough that this step was not really necessary and straight ray paths would have495

been adequate.496

We now determine the posterior model PDF using the MCMC method, first under the497

assumption of a Gaussian measurement error with unknown standard deviation. Fig. 7498

compares the models obtained for both data sets and the data fit achieved by them. Visually,499

the mean models are not too dissimilar, with the slowest velocities along the western coast,500
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and relatively faster velocities in the south-east of the resolved region and along the eastern501

edge. However, it is apparent that over most of the study region there is a bias towards502

faster velocities in the EKr derived model. This bias is visible both in the map view of the503

differences in the top right of Fig. 7a and in the scatter plot on the bottom left. Probably,504

it can be attributed to a skew in the distribution of outliers. This skew might arise because505

noisy data tends to increase the number of zero crossings rather than reduce it. Additional506

zero crossings manifest themselves as faster velocities, which could cause a bias towards507

faster velocities. The other difference occurs along the west coast next to the Lofoten where508

velocities in the EKr data tend to be slower.509

When instead the mixed distribution is assumed for the measurement error, there is only510

a very minor bias remaining in the models estimated from the two datasets (Fig. 8a). Re-511

maining differences are mostly only visible in areas of poor coverage (e.g. the Gulf of Bothnia,512

the northernmost arm of the Baltic Sea, and at the northern coast). However, within the513

Lofoten area along the west coast, velocities remain much lower for the EKr model than the514

HS model. This is probably because many measurements in the EKr dataset are consistently515

showing these low velocities, and the model therefore prefers to adapt rather than to increase516

the outlier percentage. It is likely that these measurements were systematically excluded by517

the HS measurement process as they deviated too much from the expectation based on the518

reference model, although very low velocities in this area are physically reasonable.519

The residual RMS of the average posterior model for the assumed mixed distribution520

(Fig. 8b) are a little worse than for the one based on the assumption of a Gaussian distri-521

bution (Fig. 7b). This is to be expected, as outliers will have a very strong effect on the522

RMS, and in the former case the likelihood depends less on the model adapting to these out-523

liers. On the other hand side, the MAD for the mixed distribution models is actually lower,524

meaning that the typical data point is fit somewhat better. Again, this is to be expected,525

as the model in the mixed case does not need to accommodate measurements inconsistent526

with neighbouring measurements.527

In order to check whether the use of the mixed distribution leads to local minima, the528

different chains were initialised with outlier fractions between 0 and 20%. All chains quickly529

converged to a relatively narrow range of outlier fraction of 3-5% for the HS dataset and530

10-12% for the EKr dataset (Fig. 9), with the exception of those run at higher tempera-531

ture, which do not contribute to the posterior distribution estimate. The remaining spread532

represents the actual uncertainty of these nuisance parameters. Inspection of the different533
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chains showed that there is only minor trade-off between the standard deviation and the534

outlier fraction but there is some trade-off between model complexity and the uncertainty535

parameters, of course. This trade-off represents the ambiguity inherent in non-unique and536

sometimes contradictory data, which it is proper for the MCMC estimation to capture.537

5 DISCUSSION AND CONCLUSION538

Firstly, it was demonstrated that for assumed Gaussian distributions with unknown standard539

deviation, the standard deviation as a nuisance parameter does not need to be explicitly540

included as a free parameter to be perturbed, e.g., in a Markov chain Monte Carlo algorithm,541

but can be marginalised analytically, which can somewhat reduce the computational effort542

needed.543

The second, more important conclusion is that a distribution involving the mixture of a544

Gaussian distribution with unknown standard deviation and a uniform distribution allows545

analysis of datasets tainted by a significant number of outliers, i.e., where the distribution546

of measurement errors is not well described by a Gaussian distribution. The effectiveness of547

this approach was demonstrated for travel time tomography with a synthetic example and548

a real use case.549

Although both conclusions were demonstrated for a Markov chain Monte Carlo algo-550

rithm, they can be easily and trivially applied to any gradient-free parameter estimation551

algorithm involving explicit evaluation of a likelihood function, e.g., the neighbourhood al-552

gorithm. One might question the assumption of a uniform distribution to represent the553

outliers, as in realistic examples there is often some relation of the ‘true’ value of a data554

point to the measurement even for outlier points, whereas the uniform distribution implies555

that the outlier measurements holds no information about the model whatsoever. If the ac-556

tual distribution of outlier points is known, then of course, it would be preferable to use this557

alternative distribution to exploit the information content in the data points. However, if558

the distribution is not known, the choice of uniform distribution represents the conservative559

choice that prioritises the avoidance of bias due to outlier points at the cost of potentially560

throwing away some information still contained in them.561

Some iterative gradient-search based inference schemes employ ad hoc outlier removal562

at each iteration (e.g., Dreiling et al. 2018). The approach described here can be adapted563

to gradient-based algorithms to reduce the influence of outliers in a data-driven manner by564
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determining the current best estimate of standard deviation σ and outlier fraction f of the565

residual distribution for the reference model and then at each iteration, e.g. through MCMC566

as was done for the toy problem discussed earlier (but imposing a zero mean). Then, each567

data point i is weighted with a factor568

wi =
1− f

(1− f)φnormal(ri|0, σ) + f/W
φnormal(ri|0, σ) .

This weight factor is chosen such that the steepest-descent direction of a least-squares cost569

function based on the weighted data is the same as the steepest-descent direction of the570

negative log-likelihood function of the mixed distribution. However, as the nature of the571

true model might be such that the predicted residuals with respect to the reference model572

would appear initially as outliers, there is no guarantee that the iterative procedure will573

converge to the same model as a fully exhaustive non-linear search would have, even when574

the unweighted least-squares cost-function is convex. Also, the Hessians of the two cost-575

functions are not the same; and the practicability of this approach needs to be tested in576

future work.577
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Figure 1. (a) Example of P wave residual distribution from a teleseismic travel time tomography

study (Tilmann et al. 2001). At first glance, the distribution looks close to Gaussian, but there are a

few outliers, only barely visible above the x-axis line. (b) The same residuals as in a, but plotted as

a quantile-quantile plot (Q-Q plot), which plots the observed values on the y-axis vs the theoretical

quantiles of the distribution, here the Gaussian distribution, for the number of data points on the

x-axis (see Aster et al. 2005, Appendix B.7). The mean and standard deviation of the Gaussian

distribution was estimated from the data. The red line shows the line of identity, around which

the measurement points (blue crosses) would scatter if they truly followed a Gaussian distribution.

The deviation from a Gaussian distribution is clearly marked by the sigmoidal shape of the Q-Q

plot, i.e., extreme values are farther from the mean than predicted for both the bottom and top

end of the distribution. The slope of the identity line does not fit the implied slope for the central

range of the residuals, implying an overestimation of σ.
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Figure 2. Illustrative plot of probability density function for mixed distributions, where the stan-

dard deviation of the normal part of the distributions plotted in blue is two times the standard

deviation of the distribution plotted in green. The fraction of outliers, i.e., the probability that any

given sample is drawn from the uniform distribution, is set to 0%, 20% and 40%, respectively. (All

distributions are assumed to have the same upper and lower bounds of the uniform distribution.)
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a

b

Figure 3. Mean value estimation with outliers (N = 200). (a) The histogram shows one realisa-

tion of a mixed probability distribution, where samples either are good measurements following a

Gaussian distribution, or are outliers with a uniform distribution between the limits of the graph.

The blue line shows the true distribution from which the good samples were drawn (target dis-

tribution), the red line shows the pure Gaussian distribution estimated from the sample mean

and standard deviation, and the magenta line shows the mixed distribution estimated from this

particular realisation. Note that the PDF of the uniform distribution is so small that its value is

nearly indistinguishable from the x-axis at the plotted scale. (b) Estimated unnormalised posterior

PDF for the parameters of the mixed distribution determined from an MCMC search, with the red

asterisk showing the true value, and the solid line a Gaussian fit to this distribution. The mean

values and standard deviation for the three model parameters are also reported within the legend

of a.
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a
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Figure 4. Same as Fig. 3, but for a much smaller sample size of N = 20.
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Figure 5. 2D tomography synthetic test with Gaussian errors (left column) and Gaussian errors

and a few outliers (right column). Colours show perturbations with respect to a uniform reference

model. Triangles show station locations, which act as sources and receivers. x and y axis scales are

distance scales in km. (a,b ) Input model. Black lines show ray paths. Magenta lines in b show

additional raypaths with spurious measurements. (c,d) mean model, assuming a normal distribu-

tion with known standard deviation in the MCMC search. (e,f) mean model, assuming a normal

distribution with unknown standard deviation. (g,h) mean model, assuming the mixed distribu-

tion in equation 11 with unknown standard deviation and outlier fraction. The root mean square

(RMS) of residuals is shown above each subfigure. For comparison, the initial RMS in the uniform

reference model is 0.28 s for the Gaussian noise (c,g,e), and 0.52 s for the Gaussian noise plus

outliers (d,f,h).
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HS

EKr

Figure 6. Distribution of phase arrival time residuals for 4 s Rayleigh waves measured from Scan-

Array ambient noise stacks for two types of automatic measurement tools. The residuals are relative

to a uniform velocity background model optimised to minimise the HS residuals in a least-squares

sense. The left columns shows histograms; dashed lines indicate 10th and 90th percentiles and header

lines show residual root mean square (RMS), median absolute deviation (MAD) and the largest

absolute value (MaxAbs). The right column shows a scatter diagram of residuals vs inter-station

distance. HS: automatic phase arrival measurements based on added functionality of the phase

velocity measurement tool introduced by (Sadeghisorkhani et al. 2018). EKr: automatic phase

arrival measurements based on a new implementation of the algorithm described in Kästle et al.

(2016). Only measurements at less than 240 km epicentral distance, equivalent to approximately 20

wavelengths were used for the EKr datasets (blue dots), although measurements were available for

all possible pairs (plotted in grey for the residual-vs-distance plot, for distances less than 500 km).
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a b

HS

Ekr

Figure 7. (a) Comparison between posterior mean models based on the HS and EKr datasets

under assumption of normally distributed errors with unknown σ. Triangles show station locations

of the ScanArray network. The main diagonal shows the derived models with a consistent colour

scale, where cells with a posterior model standard deviation of more than 0.1 km/s are masked.

The upper right figure visualises the difference between both models; the unit for the colour bar is

again km/s. The bottom left shows a scatter plot of the velocities for those cells that are present

(not masked) in both models. Identical models would all fall on the line of identity. In order to help

visual association of the points in the scatter plot with the map view, they are coloured based on

the average of the velocities in the two models. (b) Residual histograms corresponding to models

shown on the left.
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Figure 8. Comparison between posterior mean models based on the HS, and EKr datasets under

assumption of mixed normal and uniform distribution. Figure format as in 7.
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a

b

Figure 9. Evolution of standard deviation and outlier fraction as function of iteration number

for the HS (a) and EKr (b) datasets. Only models corresponding to the dark green portions are

used for the final average model estimate. The grey and dark green curves show the chains at

temperature T = 1 and the red curves show the chains at T > 1. The grey parts of the curve show

the burn-in phase. The burn-in phase is intermittent for larger iteration numbers, as after each

recalculation of ray paths a new burn-in phase was started.



30 Non-peer reviewed EarthArXiv preprint, submitted to Geophys. J. Int.. Tilmann et al.: Data uncertainty in MCMC inversions

APPENDIX A: INFLUENCE OF THE WIDTH OF THE UNIFORM633

DISTRIBUTION634

First of all, the definition of the uniform distribution is ambiguous whether the bounds apply635

on the actual data points or on the residuals. In some respect, this distinction is irrelevant636

as the outlier term in eq. 11 is just a constant and does not depend on actual values but has637

some implications when discussing bounds. Because the actual spread in data point values638

can be very wide in geophysical problems, and the actual spread of residuals in models with639

a large likelihood is not known a priori, we recommend to consider residuals with respect640

to some easily evaluated reference model, e.g. for a surface wave arrival time tomography641

problem simply a uniform model.642

The bounds of the uniform distribution could theoretically be considered unknowns that643

must be estimated as part of the MCMC search itself. Intuitively, the lower bound must644

be smaller than or equal to the smallest residual and the upper bound larger than or equal645

to the largest residual. We did not carry out such a search, but can gain some intuition646

by simply evaluating the likelihood as a function of varying either the lower or the upper647

boundary, while keeping all other quantities at their mean value. The maximum likelhood is648

indeed obtained just at these extreme values (compare Fig. A1 with the actual distribution649

of samples in Fig. 3 and 4, top). Where there is a large number of expected outliers (for650

the case N = 200), the actually covered range gives a good impression of the underlying651

range, and therefore the likelihood decays quickly away from these limits. Where there652

is only a small number of expected outliers, there is a large chance that they appear far653

from the boundaries, and the likelihood decays much more slowly away from the extremal654

values. However, the bounds are fictitious in the sense that a uniform distribution with sharp655

boundaries is unlikely to truly describe the distribution of outliers. Instead, the bounded656

uniform distribution is used to ensure that unambiguous outliers are not dependent on and657

thus do not influence the model. As such, there is no meaningful interpretation of the bounds.658

For performance reasons we also prefer to avoid the introduction of additional parameters659

into the MCMC search. We therefore investigate the importance of a correct estimate of these660

values in Fig. A2, which shows the data PDF as a function of outlier fraction for the correct661

width and over- and underestimated values. Although the absolute probabilities differ by662

many orders of magnitude, the shape of the probability distributions and particularly the663

values at which they attain their maximum value depend only weakly on the assumed width.664
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The difference in absolute probability densities can be easily understood, as each outlier will665

add approximately a factor of 1
W

to the final probability density but is usually not relevant666

as only likelihood ratios will be considered in any case. As a further check we also counted667

the total number of outliers by two methods (the labels are used in Fig. A1)668

MaxL (Maximum likelihood.) We check for each data point, whether it is more likely to669

be an outlier or a valid data point, and then sum the number of points with an outlier670

probability of more than 50%, i.e.,671

nout =
∑
i

H(
1

W
− φnormal(ri))

where H(·) is the Heaviside step function.672

Cum (Cumulative.) For each data point, we determine the probability of being an outlier,673

and then sum the fractional probabilities, i.e.,674

nout =
∑
i

1

1 + φuniform(ri)/W

For the considered examples, both counts of the number of outliers either agreed with each675

other, or were within one percentage point of the total number of data points as well as676

being close to the number predicted by the mean-based estimate of the outlier fraction677

from the MCMC search (see titles for panels in Fig. A2), and also agreed approximately678

for different estimated widths w of the uniform distribution, giving further confidence in679

the consistency of the estimates. Common to all methods of estimating outlier fractions680

is that the true percentage of outliers in both the generative distribution and the actual681

realisation is underestimated. As the outliers are drawn from a uniform distribution by682

chance some of them will fall into the range where the normal distribution is significant. Of683

course, it is impossible for the algorithm to identify these points as outliers, and there are684

therefore treated as good data points. However, because they fall close to the expectation685

value anyway, their biasing effect on the parameters of interest should be very minor.686
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Figure A1. Likelihood functions for the placement of the lower and upper bounds,

p(d|µ, σ, f , x,max(d)) (lower bound) and p(d|µ, σ, f ,min(d), x) (upper bound), i.e., with the nor-

mal distribution parameters and the fraction of outliers fixed at their mean value, and the other

bound set to its maximum likelihood value. The likelihood functions have additionally been nor-

malised to have a maximum value of 1, and were calculated from eq. 11 based on the two realisations

shown in Fig. 3 (N = 200) and 4 (N = 20). The true limits of the uniform distribution used to

generate the outlier fraction is shown with black vertical lines.
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Figure A2. Likelihood functions p(d|...) as a function of the outlier fraction for the two realisations

shown in Fig. 3 and 4 for different assumed widths of the uniform (outlier) distributions are shown

in the left and right panels, respectively. The top row shows the PDFs with the true width, the

middle row shows the likelihood function for a width 10 times larger than the true width, and the

bottom row shows the result for an assumed width that is too small, with the actual value chosen

to be identical with the actual range of the data, i.e. the smallest possible value consistent with the

data. The vertical black line shows the true outlier fraction of the generative distribution, whereas

the dotted line shows the actual fraction of outliers in the particular realisation (using priviliged

knowledge of the random numbers, which were used to decide whether a particular sample was

drawn from normal or uniform distribution). See text for an explanation of the outlier percentages

reported in the header of each subfigure.
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