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ABSTRACT: Diurnal Warm Layers (DWLs) form near the surface of the ocean on days with strong

solar radiation, weak to moderate winds, and small surface-wave effects. Here, we identify the key

non-dimensional parameters for DWL evolution, and use idealized Large Eddy Simulations (LES)

and second-moment turbulence modelling, both including the effects of Langmuir turbulence, to

study the properties and dynamics of DWLs. We find that the second-moment turbulence models

are in excellent agreement with the LES regarding the structure, dynamics, and bulk properties of

the DWLs. Comparing tropical and the less frequently studied high-latitude DWLs, we find that

rotation at high latitudes strongly modifies the DWL energetics, suppressing net energy turnover

and entrainment. Langmuir turbulence has a strong impact on the DWL energy budget in all

cases, significantly reduces near-surface shear and stratification, but, for the equilibrium wave

fields considered here, only slightly modifies the DWL thickness and other bulk parameters. We

find that the scaling relations of Price et al. (1986) provide a reliable representation of the DWL

bulk properties at the solar radiation peak across a wide parameter space, including high-latitude

DWLs, however, only for a revised set of model coefficients that reflects the effects of Langmuir

turbulence and other aspects of our more advanced turbulence model. We identify the timing of

the afternoon DWL temperature peak, and provide a description of the DWL bulk parameters also

for this characteristic point in the DWL evolution, which may be relevant in many situations.
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1. Introduction25

Diurnal Warm Layers (DWLs) form near the surface of the ocean on days with strong solar26

radiation, weak to moderate winds, and weak surface-wave activity. Reviewing existing knowledge,27

Kawai and Wada (2007) noted that DWLs are a wide-spread feature, found at all latitudes and28

characterized by typical sea-surface temperature (SST) anomalies of O(0.1− 1) ◦C and typical29

thicknesses of O(1− 10) m. DWLs are relevant to the ocean especially because of their ability30

to isolate the deeper parts of the surface layer from atmospheric forcing (Wijesekera et al. 2020),31

provide a niche for marine microorganisms, modify air-sea fluxes (Matthews et al. 2014), and feed32

back to the atmosphere in ways that are just beginning to be understood (Brilouet et al. 2021).33

Recent field investigations with specialized instrumentation (Matthews et al. 2014; Sutherland34

et al. 2016; Moulin et al. 2018; Hughes et al. 2020a) and numerical modeling studies (Sarkar and35

Pham 2019; Large and Caron 2015; Bellenger and Duvel 2009) have provided a consistent picture36

of the physical processes determining the evolution of DWLs in the ocean: strong surface buoyancy37

forcing tends to suppress near-surface turbulence, separating the deeper parts of the ocean surface38

layer from direct atmospheric forcing. Analogously, however, the surface buoyancy forcing also39

induces a trapping of wind-induced momentum, reflected in the evolution of a near-surface diurnal40

jet with speeds O(0.1) m s−1. The strong shear at the lower edge of the diurnal jet generates a41

marginally stable stratified shear layer, triggering strong DWL turbulence and entrainment (Hughes42

et al. 2020a).43

This detailed understanding of the DWL dynamics was, however, almost exclusively gained44

based on investigations at tropical latitudes, despite the observation that during the summer months45

diurnal SST anomalies at high latitudes may be as large as those found in tropical regions (Kawai46

and Wada 2007). The few available studies of high-latitude DWLs (e.g., Eastwood et al. 2011; Jia47

et al. 2023) reported a wide-spread occurrence also in the Arctic Ocean, with DWL temperature48

anomalies reaching > 5◦C during extreme events at latitudes of up to 80◦N. Due to the lack49

of detailed observations and numerical studies of high-latitude DWLs, our understanding of the50

energetics and parameterization of these features is limited at the moment. Price et al. (1986), e.g.,51

explicitly noted that their frequently used DWL scaling may not be applicable at high latitudes.52

A few recent studies focusing on the impact of surface-wave effects on DWLs (Kukulka et al.53

2013; Pham et al. 2023; Wang et al. 2023) underlined the importance of Langmuir Turbulence54
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(LT) for the evolution of diurnal near-surface stratification, typically identifying a reduction of the55

diurnal SST amplitude and an increase of the DWL thickness due to stronger entrainment. The56

ability of existing parameterizations (Price et al. 1986) and ocean turbulence models to reproduce57

these effects has not been systematically evaluated so far.58

Here, we attempt to provide a unified description of DWLs in the ocean by first identifying59

the key non-dimensional parameters that govern their structure and evolution, and then evaluating60

the influence of these parameters across a large parameter space, including high-latitude and LT61

effects. Our investigations will be based on a state-of-the art turbulence closure model, validated62

with the help of Large Eddy Simulations (LES). We will focus on a detailed investigation of the63

energetics of tropical and high-latitude DWLs, and suggests improved, carefully validated, and64

widely applicable scaling relations describing the most relevant DWL bulk properties.65

2. Model formulation66

a. Momentum and buoyancy equations67

Our analysis will be based on the one-dimensional transport equations for momentum and68

buoyancy for an infinitely deep water column,69

𝜕𝑢

𝜕𝑡
− 𝑓 (𝑣 + 𝑣𝑠) =

𝜕

𝜕𝑧

(
𝜈
𝜕𝑢

𝜕𝑧

)
− 𝜕𝜏𝑥

𝜕𝑧
(1)

𝜕𝑣

𝜕𝑡
+ 𝑓 (𝑢 +𝑢𝑠) =

𝜕

𝜕𝑧

(
𝜈
𝜕𝑣

𝜕𝑧

)
−
𝜕𝜏𝑦

𝜕𝑧
(2)

𝜕𝑏

𝜕𝑡
=

𝜕

𝜕𝑧

(
𝜈𝑏

𝜕𝑏

𝜕𝑧

)
− 𝜕𝐺

𝜕𝑧
+ 𝜕𝐼𝑏

𝜕𝑧
, (3)

where 𝑢 and 𝑣 are the Reynolds-averaged velocities in the 𝑥- and 𝑦-directions, 𝑢𝑠 and 𝑣𝑠 the70

corresponding Stokes drift velocities, 𝑓 the Coriolis parameter, and 𝜈 and 𝜈𝑏 the molecular71

diffusivities of momentum and buoyancy (or heat), respectively. The vertical turbulent momentum72

fluxes (normalized here with a constant reference density 𝜌0 = 1027 kg m−3) are denoted by 𝜏𝑥 and73

𝜏𝑦. The evolution of the Reynolds-averaged buoyancy, 𝑏, is determined by the vertical turbulent74

buoyancy flux, 𝐺, and the radiative buoyancy flux, 𝐼𝑏, due to penetrating short-wave radiation. We75
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use the conventions that 𝑧 points vertically upward with 𝑧 = 0 at the surface, that all turbulent fluxes76

are positive upward, and that the radiative buoyancy flux 𝐼𝑏 is positive downward.77

The radiative buoyancy flux 𝐼𝑏 in (3) is proportional to the downward short-wave radiation,78

𝐼𝑏 =
𝛼𝑔

𝜌0𝑐𝑝
𝐼 , (4)

where 𝛼 is the thermal expansion coefficient, 𝑔 the acceleration of gravity, and 𝑐𝑝 the specific heat79

capacity. The evolution of DWLs is strongly affected by the absorption of short-wave radiation80

in the near-surface region. For our idealized study focusing on the basic mechanisms of DWL81

formation, the downward short-wave radiation 𝐼 will be computed from a simple absorption model82

of the form83

𝐼 (𝑧) = 𝐼0e
𝑧
𝜂 , (5)

where 𝜂 is the short-wave absorption scale and 𝐼0 the downward short-wave radiation at the surface.84

At the boundaries, the following flux boundary conditions are used for the transport equations in85

(1)-(3):86

𝜈
𝜕𝑢

𝜕𝑧
− 𝜏𝑥 = 𝜏0

𝑥 at 𝑧 = 0 ,
𝜕𝑢

𝜕𝑧
= 0 at 𝑧 = −∞ (6)

𝜈
𝜕𝑣

𝜕𝑧
− 𝜏𝑦 = 𝜏0

𝑦 at 𝑧 = 0 ,
𝜕𝑣

𝜕𝑧
= 0 at 𝑧 = −∞ (7)

𝜈𝑏
𝜕𝑏

𝜕𝑧
−𝐺 = 𝐵0 at 𝑧 = 0 ,

𝜕𝑏

𝜕𝑧
= 0 at 𝑧 = −∞ , (8)

where 𝜏0
𝑥 and 𝜏0

𝑦 are the components of the surface wind stress (again normalized by 𝜌0) and87

𝐵0 =𝛼𝑔𝑄𝑛𝑠/(𝜌0𝑐𝑝) the non-solar surface buoyancy flux (positive downward), which is proportional88

to the non-solar surface heat flux𝑄𝑛𝑠 (accounting for the long-wave, latent, and sensible heat fluxes).89

Note that 𝑄𝑛𝑠 and 𝐵0 will generally be negative (surface heat loss) in our study.90

b. Surface forcing91

In order to identify the key parameters controlling the DWL evolution and structure, the following92

analysis will be based on idealized atmospheric fluxes that reflect the essential characteristics of93

the atmospheric forcing under conditions favorable for DWLs. This forcing consists of a constant94

non-solar heat (or buoyancy) loss at the surface (𝐵0 < 0), and a periodic diurnal variability induced95
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Fig. 1. Idealized buoyancy forcing with the radiative buoyancy flux at the surface, 𝐼𝑏 (𝑧 = 0), the non-solar

surface buoyancy flux, 𝐵0, and their sum, the total surface buoyancy flux.

101

102

by the radiative heat flux according to96

𝐼0(𝑡) =


𝐼max cos
[
𝜋
𝑇𝑑
(𝑡 − 𝑇𝑝

2 )
]

for 𝑇𝑝
2 − 𝑇𝑑

2 ≤ 𝑡 ≤ 𝑇𝑝
2 + 𝑇𝑑

2

0 for 0 ≤ 𝑡 <
𝑇𝑝
2 − 𝑇𝑑

2 or 𝑇𝑝
2 + 𝑇𝑑

2 < 𝑡 ≤ 𝑇𝑝

(9)

where 𝑇𝑝 is the period of the prescribed forcing (24 hours), 𝑇𝑑 the daylight period with 𝐼0 > 0, and97

𝐼max the maximum radiative heat flux reached at 𝑇𝑝/2 (midday). The temporal evolution of the98

surface buoyancy flux 𝐵0, the radiative buoyancy flux at the surface 𝐼𝑏 (𝑧 = 0), computed from 𝐼099

according to (4), and their sum (the total surface buoyancy flux 𝐵), are shown in Fig. 1.100

The surface buoyancy forcing defined this way is completely described by four dimensional103

parameters: the two time scales 𝑇𝑝 and 𝑇𝑑 , the maximum total surface buoyancy flux at midday,104

𝐵max, and the surface buoyancy loss 𝐵0. Rather than 𝑇𝑑 , the more sensible parameter to describe105

the formation of DWLs is the heating period 𝑇ℎ during which the total surface buoyancy flux 𝐵 is106

positive (see Fig. 1). From (9), it is easy to show that these two time scales are related according to107

𝑇ℎ =
2𝑇𝑑
𝜋

arccos
(

𝐵0
𝐵0 −𝐵max

)
. (10)

To reduce the number of free parameters and allow for quasi-periodic solutions, we will assume108

in many of our simulations that the daily average of the total buoyancy flux is zero, i.e. that the109
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incoming solar radiation is exactly compensated by the net surface buoyancy loss 𝐵0𝑇𝑝. With this110

constraint, 𝐵0 and 𝐵max are no longer independent:111

−𝐵max
𝐵0

=
𝜋

2
𝑇𝑝

𝑇𝑑
−1 . (11)

In the following, we will often make the additional assumption that 𝑇𝑑 = 𝑇𝑝/2, which is approx-112

imately valid in the tropics and subtropics (and globally around equinox). For this special case,113

which corresponds to the example shown in Fig. 1, expression (11) yields 𝐵0 ≈ −0.467𝐵max.114

Finally, all our simulations will be forced by a constant wind stress in the 𝑥-direction, 𝜏0
𝑥 =115

𝐶𝑑
𝜌𝑎
𝜌0
𝑈2

10, where 𝜌𝑎 = 1.23 kg m−3 is the air density,𝑈10 the 10-meter wind speed, and𝐶𝑑 = 1.7 ·10−3
116

a constant drag coefficient chosen to yield a Langmuir number of 𝐿𝑎 = 0.3 (see Section 4b). This117

introduces the surface friction velocity 𝑢∗ =
√︁
|𝜏0
𝑥 | as another key dimensional parameter to the118

problem.119

3. Computation of the turbulent fluxes120

The turbulent fluxes of momentum and buoyancy appearing in (1)-(3) will be computed from121

two different modeling approaches. The first approach will be based on second-moment turbulence122

modeling, whereas the second approach will use LES, in which the motions providing the most123

important contributions to the turbulent fluxes 𝜏𝑥 , 𝜏𝑦, and 𝐺 are directly resolved.124

a. Second-moment turbulence modeling approach125

In our second-moment turbulence modeling approach, the turbulent momentum fluxes are com-126

puted from down-gradient expressions of the form127

𝜏𝑥 = ⟨𝑢′𝑤′⟩ = −
(
𝜈𝑡
𝜕𝑢

𝜕𝑧
+ 𝜈𝑆𝑡

𝜕𝑢𝑠

𝜕𝑧

)
, 𝜏𝑦 = ⟨𝑣′𝑤′⟩ = −

(
𝜈𝑡
𝜕𝑣

𝜕𝑧
+ 𝜈𝑆𝑡

𝜕𝑣𝑠

𝜕𝑧

)
, (12)

where primes and bracket denotes turbulent fluctuations and ensemble averages, and 𝜈𝑡 and 𝜈𝑆𝑡128

the vertical turbulent diffusivities of momentum related to the Eulerian and Stokes velocities,129

respectively (Harcourt 2013, 2015). Similarly, the vertical turbulent buoyancy flux is computed130

from131

𝐺 = ⟨𝑤′𝑏′⟩ = −𝜈𝑏𝑡
𝜕𝑏

𝜕𝑧
= −𝜈𝑏𝑡 𝑁2 , (13)
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with the vertical turbulent diffusivity 𝜈𝑏𝑡 and the squared buoyancy frequency 𝑁2 = 𝜕𝑏/𝜕𝑧.132

The turbulent diffusivities 𝜈𝑡 , 𝜈𝑆𝑡 and 𝜈𝑏𝑡 are assumed to be related to the turbulent kinetic energy,133

𝑘 = 𝑢′
𝑖
𝑢′
𝑖
/2, and a turbulence length scale, 𝑙, according to134

𝜈𝑡 = 𝑐𝜇𝑘
1
2 𝑙 , 𝜈𝑆𝑡 = 𝑐𝑆𝜇𝑘

1
2 𝑙 , 𝜈𝑏𝑡 = 𝑐𝑏𝜇𝑘

1
2 𝑙 . (14)

The stability functions 𝑐𝜇, 𝑐𝑆𝜇 and 𝑐𝑏𝜇 are essential for the representation of the effects of shear and135

stratification on the anisotropy of turbulence. Our analysis will be based on the stability functions of136

Harcourt (2015, hereafter H15) that constitute an improved version of an earlier model by Harcourt137

(2013) and are considered state of the art for the integration of LT effects in second-moment closure138

models (simplified model versions will be discussed below). Note that the stability functions are139

presented here using the notation of the Generic Length Scale (GLS) framework (Umlauf and140

Burchard 2003).141

H15 showed that if LT effects are included, 𝑐𝜇, 𝑐𝑆𝜇, and 𝑐𝑏𝜇 are polynomial functions of the142

non-dimensional time-scale ratios 𝑁𝑘/𝜀, 𝑆𝑘/𝜀, 𝑆𝑐𝑘/𝜀, and 𝑆𝑠𝑘/𝜀, where143

𝑆2 =

(
𝜕𝑢

𝜕𝑧

)2
+
(
𝜕𝑣

𝜕𝑧

)2
, 𝑆2

𝑐 =
𝜕𝑢

𝜕𝑧

𝜕𝑢𝑠

𝜕𝑧
+ 𝜕𝑣

𝜕𝑧

𝜕𝑣𝑠

𝜕𝑧
, 𝑆2

𝑠 =

(
𝜕𝑢𝑠

𝜕𝑧

)2
+
(
𝜕𝑣𝑠

𝜕𝑧

)2
, (15)

illustrating the direct impact of Stokes shear on the stability functions that was ignored in earlier144

models of LT (for the exact expressions, see (33) in H15). One example of these earlier models145

is the one of Kantha and Clayson (2004, KC04 from hereon) that is based on the original stability146

functions of Kantha and Clayson (1994), ignoring LT effects. The dissipation rate 𝜀 follows from147

the cascading relation148

𝜀 = (𝑐0
𝜇)3 𝑘

3/2

𝑙
, (16)

with 𝑐0
𝜇 denoting the value of 𝑐𝜇 in the logarithmic wall layer (Umlauf and Burchard 2005). The149

second-moment model is thus closed if the turbulent kinetic energy, 𝑘 , and the turbulent length150

scale, 𝑙, are known. These parameters are obtained from different types of transport equations as151

described in detail in Appendix A1.152
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b. LES modeling approach153

The LES approach is used to numerically solve the three-dimensional Craik-Leibovich equations154

for the grid-filtered Eulerian velocity components, 𝑈𝑖, and buoyancy, 𝐵, as follows:155

𝜕𝑈𝑖

𝜕𝑥𝑖
= 0

𝐷𝑈𝑖

𝐷𝑡
= 𝜖𝑖 𝑗 𝑘 (𝑈 𝑗 +𝑢𝑠𝑗 ) 𝑓𝑘 + 𝜖𝑖 𝑗 𝑘𝑢𝑠𝑗𝜔𝑘 −

𝜕Π

𝜕𝑥𝑖
+ 𝑏𝛿𝑖3 + 𝜈

𝜕2𝑈𝑖

𝜕𝑥2
𝑗

−
𝜕𝜏

𝑠𝑔𝑠

𝑖 𝑗

𝜕𝑥 𝑗

𝐷𝐵

𝐷𝑡
= −𝑢𝑠𝑗

𝜕𝐵

𝜕𝑥 𝑗
+ 𝜈𝑏 𝜕

2𝐵

𝜕𝑥2
𝑗

−
𝜕𝑄

𝑠𝑔𝑠

𝑗

𝜕𝑥 𝑗
+ 𝜕𝐼𝑏

𝜕𝑧
(17)

Here, 𝜔𝑘 is the vorticity and 𝐷/𝐷𝑡 = 𝜕/𝜕𝑡 +𝑈 𝑗𝜕/𝜕𝑥 𝑗 . The generalized pressure (Π) is computed156

as157

Π =
𝑝

𝜌0
+ 2𝑒

3
+ 1

2
[
|𝑈𝑖 +𝑢𝑠𝑖 |2 − |𝑈𝑖 |2

]
,

where 𝑝 is the dynamic pressure and 𝑒 = 1/2𝜏𝑠𝑔𝑠
𝑖𝑖

is the subgrid turbulent kinetic energy (TKE). We158

use the filtered structure function parameterization in Ducros et al. (1996) to compute the subgrid159

stresses 𝜏𝑠𝑔𝑠
𝑖 𝑗

and a unity subgrid Prandtl number to obtain the subgrid buoyancy flux 𝑄
𝑠𝑔𝑠

𝑗
. Further160

details of the numerical method used in the LES can be found in Pham et al. (2023).161

The computational domain is a rectangular box with dimensions of 64 × 64 × 72 m in the x, y,162

and z directions, respectively, using a grid size of 2563. The grid is uniform in the horizontal (x,163

y) directions with a spacing of 0.25 m. We use a fine vertical grid spacing of 0.05 m at the surface164

and mildly stretch the grid at a rate of 3% in the region below.165

Periodicity is enforced at the horizontal boundaries. Wind stress 𝜏𝑥 and surface buoyancy flux 𝐵0166

are applied at the top surface as implemented in the second-moment turbulence modeling approach.167

A homogeneous Neumann boundary condition is used at the bottom boundary for the zonal and168

meridional velocity components, buoyancy and generalized pressure while a Dirichlet boundary169

condition is used for the vertical velocity component. The LES is initialized with zero velocity170

and a fixed buoyancy value throughout the domain. Horizontally-averaged profiles of velocities,171

⟨𝑈𝑖⟩, buoyancy, ⟨𝐵⟩, and turbulent fluxes,
〈
𝑈′
𝑖
𝑈′

𝑗

〉
, are obtained throughout the simulation and172

used to compare with the second-moment turbulence model outputs (e.g., 𝑢, 𝑣, and 𝑏) in (1)-(3),173
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as elaborated in Section 5. Here, we use angle brackets to denote horizontal average of the LES174

fields and primes to denote the fluctuating LES fields from the mean.175

4. Non-dimensional description176

a. Identification of dimensional parameters177

The evolution and physical properties of the DWLs in our idealized simulations are affected by a178

number of external dimensional parameters, imposed by the atmospheric forcing and the properties179

of the surface wave field. The former includes the constant wind stress, quantified here with the180

help of the friction velocity 𝑢∗ (or, equivalently, the wind speed𝑈10), and the parameters describing181

the idealized buoyancy forcing shown in Fig. 1: the maximum total buoyancy flux at midday, 𝐵max,182

the (constant) buoyancy loss at the surface 𝐵0, the heating period 𝑇ℎ, and the period of the periodic183

forcing 𝑇𝑝. Further, the additional length scale 𝜂, describing the short-wave penetration depth184

according to (5), becomes relevant unless the simplifying assumption is made that all radiation is185

directly absorbed at the surface.186

The surface wave field affects the problem primarily through the Stokes drift velocity, 𝑢𝑠, that187

is assumed to be aligned with the wind speed (and thus 𝑣𝑠 = 0). This quantity appears in the188

momentum equations, (1) and (2), the turbulence shear production terms in (A2) and (A3), and189

some more detailed turbulence modeling assumptions described in Appendix A1. Surface wave190

properties are represented here by an empirical equilibrium spectrum discussed in Li et al. (2017),191

as described in Appendix A2. The resulting profile of the Stokes velocity 𝑢𝑠 (𝑧), defined in (A14)192

and (A17), is determined by two dimensional parameters: the surface Stokes velocity, 𝑢0
𝑠 , and a193

vertical decay scale that is determined by the peak wave number 𝑘 𝑝 (the same two dimensional194

parameters would also appear for the more simple case of monochromatic waves). Note, however,195

that in the model of Li et al. (2017) both 𝑢0
𝑠 and 𝑘 𝑝 depend on the wind speed through (A11) and196

(A12), and therefore do not constitute fully independent dimensional parameters.197

Finally, as all model parameters of the turbulence model are non-dimensional, no additional198

dimensional parameters are introduced with a single exception. The upper boundary condition for199

the turbulent length scale 𝑙 in (A10), or the analogous expression for 𝜔 in the 𝑘 −𝜔 turbulence200

model, involves the surface roughness length 𝑧0 that we consider in the following as an additional201

independent parameter.202
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Table 1. Definition of non-dimensional variables denoted by the ˆ symbol.

𝑧 =
𝑢3
∗

𝐵max
𝑧̂ 𝑡 = 𝑇ℎ𝑡 𝑢, 𝑣 = 𝑢∗𝑢̂, 𝑢∗ 𝑣̂ 𝑢𝑠 , 𝑣𝑠 = 𝑢∗𝑢̂𝑠 , 𝑢∗ 𝑣̂𝑠 𝑏 =

𝐵max
𝑢∗ 𝑏̂ 𝑘 = 𝑢2

∗ 𝑘̂

𝑙 =
𝑢3
∗

𝐵max
𝑙 𝜀 = 𝐵max 𝜀̂ 𝜈𝑡 =

𝑢4
∗

𝐵max
𝜈̂𝑡 𝜈𝑏𝑡 =

𝑢4
∗

𝐵max
𝜈̂𝑏𝑡 𝐼𝑏 = 𝐵max𝐼𝑏 𝑓 =

𝑓

𝑇ℎ

b. Identification of non-dimensional parameters203

The most relevant velocity scale in our problem is the wind speed 𝑈10 or, equivalently, the204

friction velocity 𝑢∗ = (𝐶𝑑𝜌𝑎/𝜌0)
1
2𝑈10, which can be used to define the Monin-Obukhov scale,205

𝐿𝑀𝑂 = 𝑢3
∗/𝐵max, as a relevant length scale. If we choose, in addition to these velocity and206

length scales, the heating period, 𝑇ℎ, as the relevant time scale, we can non-dimensionalize the207

key variables of our problem (see Tab. 1), and derive non-dimensional versions of the transport208

equations of momentum and buoyancy in (1)-(3).209

From the non-dimensional transport equations, it is straightforward to identify two key non-210

dimensional parameters of the problem. The first is the non-dimensional Coriolis parameter,211

𝑓 = 𝑓 𝑇ℎ = 2𝜋𝑇ℎ/𝑇 𝑓 , which measures the ratio of the heating period and the inertial period, 𝑇 𝑓 . The212

second parameter,213

𝑅 =
𝑢2
∗

𝑇ℎ𝐵max
, (18)

compares the destabilizing effect of the wind stress, 𝑢2
∗, to the stabilizing effect of the total buoyancy214

supply during the heating period (which is proportional to 𝑇ℎ𝐵max). For simplicity, we ignore the215

molecular transport terms in (1)-(3) for our dimensional analysis, as their effect is only marginal216

in our simulations.217

Additionally, the buoyancy flux ratio, 𝐵0/𝐵max, and the timescale ratio, 𝑇ℎ/𝑇𝑝, appear as in-218

dependent non-dimensional parameters in our model for the buoyancy forcing. As mentioned in219

Section 2b above, in many of our simulations, we will use the additional constraint that the daily220

average of the total net buoyancy flux equals to zero. In this case, combining (10) and (11) yields221

𝑇ℎ

𝑇𝑝
=

2
𝜋

𝑇𝑑

𝑇𝑝
arccos

(
2
𝜋

𝑇𝑑

𝑇𝑝

)
, (19)

revealing a direct one-to-one relation between the timescale ratios 𝑇ℎ/𝑇𝑝 and 𝑇𝑑/𝑇𝑝. For the222

tropical value of the daylight ratio, 𝑇𝑑/𝑇𝑝 = 0.5, we find 𝐵0/𝐵max = −0.467 and 𝑇ℎ/𝑇𝑝 = 0.4 from223
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(11) and (19), respectively, suggesting that the heating period can be substantially smaller than224

the daylight period. The final non-dimensional parameter associated with the buoyancy forcing225

is the non-dimensional decay length scale, 𝜂 = 𝜂/𝐿𝑀𝑂 , introduced via the simple light absorption226

model in (5). Assuming that all short-wave radiation is absorbed at the surface, as in many of the227

examples studied below, the dependence on this non-dimensional parameter vanishes.228

Finally, if the non-dimensional Stokes velocity 𝑢̂𝑠 = 𝑢𝑠/𝑢∗ is computed from (A17), the Langmuir229

number La = (𝑢∗/𝑢0
𝑠 )

1
2 and the non-dimensional peak wave number 𝑘̂ 𝑝 = 𝑘 𝑝𝐿MO appear in (A14) as230

additional non-dimensional products characterizing the surface wave forcing. However, from the231

quadratic drag law, 𝑢2
∗ =𝐶𝑑 (𝜌𝑎/𝜌0)𝑈2

10, and the expression for the surface Stokes drift in (A11), we232

find La = (𝜌𝑎𝐶𝑑)
1
4 /(𝜌0𝑐

2
𝑠)

1
4 ≈ 0.3, suggesting that La is fixed at a value typical for an equilibrium233

wave field. Similarly, it can be shown from (A11) and (A12) that 𝑘̂ 𝑝 ∝ 𝑔𝑢∗/𝐵max, suggesting234

𝑔𝑢∗/𝐵max as an additional non-dimensional parameter that can be interpreted as the ratio of 𝐿MO235

and the peak wave length, or, equivalently, the vertical Stokes decay scale. However, it turns out236

that the effect of this parameter is difficult to study independently in practice. At a fixed 𝑔, and237

keeping other parameters like 𝑅 and 𝑓 constant, it is easy to show that 𝑘̂ 𝑝 can only be varied by238

changing 𝑢∗/𝐵max while keeping 𝑢2
∗/𝐵max ∝ 𝑅 constant. This is possible only over a very restricted239

parameter range if the non-dimensional solutions are to represent a physically relevant situation240

(see below).241

As mentioned above, the only dimensional parameter arising from the turbulence model is242

the surface roughness length, 𝑧0, that transforms into the non-dimensional roughness parameter243

𝑧0 = 𝑧0/𝐿MO. Physically, 𝑧0 represents the length scale of turbulence at the surface. This parameter244

is not well constrained but, as shown below, many of our results turned out to be insensitive with245

respect to changes in 𝑧0.246

All non-dimensional parameters present in this study are summarized in Table 2. We carefully247

checked that different numerical solutions indeed collapse if all non-dimensional parameters are248

kept constant and all variables are non-dimensionalized as in Tab. 1.249

5. Model validation252

To evaluate the performance of the different second-moment closure models used in our study,253

we compare them to our LES results for some typical DWL scenarios. Both types of models are254
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Table 2. The non-dimensional parameters. Note that the variability of some parameters appearing in brackets

is restricted on our model.

250

251

𝑅 =
𝑢2
∗

𝑇ℎ𝐵max
𝑓 = 𝑓 𝑇ℎ

𝑇ℎ
𝑇𝑝

𝐵0
𝐵max

𝑧̂0 =
𝑧0

𝐿𝑀𝑂
𝜂̂ =

𝜂
𝐿𝑀𝑂

(La = 0.3)
(
𝑘̂𝑝 ∝ 𝑔𝑢∗

𝐵max

)

driven with identical atmospheric and buoyancy forcing and use the same parametric surface-wave255

model, described in Appendix A2, to compute the Stokes velocities.256

The three different versions of the second-moment models, described in detail in Section 3 and257

Appendix A1, are: (a) the full model of H15, which represents LT effects in both the stability258

functions and the transport equations for 𝑘 and 𝑘𝑙 through the additional Stokes production term259

𝑃𝑠 in (A1) and (A4), respectively; (b) the model of KC04, which only considers the additional260

Stokes production terms in the transport equations but ignores the impact of LT on the stability261

functions; and (c) the model of Kantha and Clayson (1994), which ignores LT effects entirely.262

Recall that the models of H15 and KC04 converge to the model of Kantha and Clayson (1994) for263

the special case of zero Stokes drift (𝑢𝑠 = 0), which allows for a clear separation of LT effects from264

other modeling components. To compute the turbulent length scale 𝑙, we used an extended version265

of the Mellor-Yamada equation for 𝑘𝑙 for all of the following simulations but we will also include266

a short comparison with a modified version of the 𝑘-𝜔 model in the supplementary material (see267

detailed description in Appendix A1).268

All second-order moment model runs were conducted with a modified version of the General269

Ocean Turbulence Model (GOTM), described in detail in Umlauf et al. (2005). The time step270

for these simulations was set to 6 s, and a 50 m deep water column was resolved with 500 grid271

cells with a resolution of 0.015 m at the surface, gradually decreasing towards the bottom. These272

parameters were found to ensure numerical convergence and exclude any impact of the lower edge273

of the domain on the DWL properties.274

For all these simulations, we use a peak solar heat flux of 𝐼max = 400 W m−2 at noon, and assume,275

for simplicity, that the non-solar heat flux vanishes (𝐵0 = 0) and that all short wave radiation is276

absorbed at the surface (𝜂 = 0). The heating period is 𝑇ℎ = 𝑇𝑑 = 12 h at a tropical latitude of 10◦N277

(corresponding to 𝑓 = 2.53 · 10−5 s−1 and a local inertial period of 𝑇 𝑓 = 69.1 h). A constant wind278

stress of 𝜏0
𝑥 = 2 · 10−5 m2 s−2 (𝑢∗ = 4.4 · 10−3 m s−1) is applied, equivalent to a wind speed of279
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𝑈10 = 3.1 m s−1 (light breeze) for the constant 𝐶𝑑 mentioned above (in all our simulations 𝜏0
𝑦 = 0).280

To save computational resources for the LES, the simulations start at 05:00 in the morning (one281

hour before the start of the buoyancy forcing) rather than at midnight. The second-moment model282

starts at midnight, but, for better comparison with the LES, the wind was not turned on until283

05:00 in the morning. Note that in all the other sections, the wind starts at the beginning of the284

simulations, i.e at midnight.285

The horizontally averaged LES results are shown in Fig. 2, comparing simulations without (𝑢𝑠 = 0)286

and with LT. In both cases, the buoyancy structure (Fig. 2a,b) shows the evolution of DWLs with287

similar characteristics. LT effects are clearly noticeable only in the reduced near-surface buoyancy288

in the simulation with wave forcing, which is consistent with the reduced near-surface stratification289

due to LT-enhanced mixing (Fig. 2c,d). The Eulerian shear (Fig. 2c,d) in the simulation with LT290

deviates from its counterpart with 𝑢𝑠 = 0 significantly in the upper 2 m, where the Stokes shear291

production 𝑃𝑠 becomes the dominant source of turbulence (𝑢𝑠 decays to approximately 10% of its292

surface value within the uppermost 0.65 m). This effect is also clearly evident in the Richardson293

number, 𝑅𝑖 = 𝑁2𝑆−2, which ignores the Stokes shear (Fig. 2e,f).294

Figs. 3 and 4 compare the DWL evolution in the LES (with and without LT) and the second-299

moment models for four selected points in time (marked in Fig. 2). This comparison shows that the300

overall characteristics of the LES are reproduced well by all models: both the DWL thicknesses and301

the vertical structures of buoyancy, velocity, and the turbulent momentum flux closely correspond302

to those predicted by the LES. Significant differences are largely confined to the upper 1-2 m,303

where the LES suggest a strong reduction of stratification and shear due to the effects of LT. For304

the period between 12:00 and 15:00, when DWL anomalies are most distinct, the inlay plots in305

Fig. 3d,f show that the inclusion of LT effects leads to a significant reduction of the near-surface306

shear. The velocity structure in this region is in close agreement with the LES only for H15,307

while the model of KC04 clearly underestimates the additional mixing of momentum due to LT308

effects, underlining the importance of the Stokes shear term in (12). For the near-surface buoyancy309

profiles (see inlay plots in Fig. 3c,e), differences between the models are less pronounced, and all310

tend to underestimate the reduction of near-surface stratification due to LT. Differences between311

the simulations with and without LT become especially clear in the gradient Richardson number312
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Fig. 2. Evolution of (a,b) buoyancy, (c,d) buoyancy frequency squared, (e,f) total Eulerian shear squared, and

(g,h) gradient Richardson number for a typical DWL scenario without (left) and with LT forcing, respectively.

Shown are horizontally averaged LES results for the forcing parameters discussed in Section 5. Dashed vertical

lines mark the profiles shown in Figs. 3 and 4.

295

296

297

298

shown in Fig. 4b,d,f,h. The strong near-surface peak of 𝑅𝑖 is reflected only by the model of H15313

for the entire evolution of the DWL.314

It is worth noting that all second-moment models predict virtually identical profiles underneath321

the thin near-surface region directly affected by Stokes production. For the LES, this is the case322

only for the late-stage DWLs (Fig. 3e-g), while the DWL evolution in the morning and around323

noon (Fig. 3a-d) shows weak but significant deviations also below the Stokes layer. This points at324

a non-local energy transfer from the Stokes layer towards the deeper regions of the DWL, which is325

not represented in the second-moment models.326
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Fig. 3. Comparison of LES and GOTM simulations for (a,c,e,g) buoyancy and (b,d,f,h) 𝑢-component of the

velocity at the times indicated in Fig. 2. Dashed lines show LES results with (black) and without (gray) LT.

Colored lines correspond to different second-moment models as indicated in the legend. Inlays panels in (c-f)

show enlarged views of the near-surface region.

315

316

317

318

Overall, we conclude that the performance of the model of H15 is most satisfying, and we will327

therefore use this model for most of the following numerical investigations. As shown in the328

supplementary material, simulations conducted with a modified version of the 𝑘-𝜔 model (see329
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Fig. 4. As in Fig. 3 but now for (a,c,e,g) total (resolved plus subgrid-scale) turbulent momentum flux ⟨𝑢′𝑤′⟩

and (b,d,f,h) gradient Richardson number Ri.

319

320

Appendix A1), using the same stability functions of H15, yields very similar results, providing330

some support for the robustness of our results.331
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6. DWL energetics332

a. Theory333

For the analysis of the DWL energetics, it is convenient to define a DWL-averaged buoyancy, 𝑏,334

and a DWL thickness, ℎ, based on expressions of the form335

𝑏ℎ =

0∫
𝑧ref

𝑏̃d𝑧 , 𝜑𝑏ℎ2 = −
0∫

𝑧ref

𝑏̃𝑧d𝑧 . (20)

where 𝑏̃ = 𝑏− 𝑏ref is the DWL buoyancy anomaly, referenced with respect to the buoyancy 𝑏ref at336

some reference level 𝑧ref below the DWL, and 𝜑 a shape factor that depends on the vertical structure337

of the buoyancy profile. E.g., it can be shown that 𝜑 = 1/2 and 𝜑 = 1/3 correspond to the cases of338

well-mixed and linearly stratified DWLs, respectively. Reformulating (3) in terms of 𝑏̃, ignoring339

the molecular fluxes, and integrating the resulting equation vertically between 𝑧ref and the surface,340

the time derivative of the first relation in (20) can be expressed as341

d(𝑏ℎ)
d𝑡

=
d
d𝑡

0∫
𝑧ref

𝑏̃d𝑧 = 𝐵0 + 𝐼0
𝑏 + ¤𝑏ref𝑧ref (21)

which reflects the heat budget of the DWL, expressed in terms of buoyancy. The last term in342

(21) accounts for the temporal change in the reference buoyancy. While this term may be relevant343

in observations or more complex numerical modeling studies, in our idealized simulations this344

term becomes negligible shortly after the DWL has formed, and will therefore be ignored in the345

following.346

The second expression in (20) is recognized as the potential energy anomaly, 𝐸pot, induced by the347

presence of the DWL. Reformulating (3) in terms of 𝑏̃, multiplying the result by 𝑧, and integrating348

by parts, yields an equation for the evolution of the potential energy anomaly:349

d
d𝑡
𝐸pot =

d(𝜑𝑏ℎ2)
d𝑡

= − d
d𝑡

0∫
𝑧ref

𝑏̃𝑧d𝑧 = −
0∫

𝑧ref

𝐺d𝑧− ℎ𝐼𝑏 −
1
2
¤𝑏ref𝑧

2
ref , (22)
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where we again ignored the molecular fluxes and introduced 𝐼𝑏 = ℎ−1
0∫

𝑧ref

𝐼𝑏d𝑧. In the derivation350

of (22), we have assumed 𝐼𝑏 (𝑧ref) ≪ 𝐼0
𝑏

to insure that our analysis includes the entire near-surface351

region with significant radiative heating. Similar to (21), the final term in (22), involving the time352

derivative of 𝑏ref, is found to be negligible in our simulations, and will henceforth be ignored.353

Using (21), the energy budget in (22) can thus be re-arranged in the form354

𝜑ℎ(𝐵0 + 𝐼0
𝑏 +

𝐼𝑏

𝜑
)︸               ︷︷               ︸

work required to
mix down buoyancy
added near surface

+ 𝜑ℎ𝑏𝑤𝑒︸  ︷︷  ︸
work required

to mix up
entrained fluid

+ ¤𝜑𝑏ℎ2︸︷︷︸
work required to
change the DWL

buoyancy structure

= −
0∫

𝑧ref

𝐺d𝑧︸     ︷︷     ︸
work done

by turbulence

, (23)

where we introduced the entrainment velocity 𝑤𝑒 = ¤ℎ. The energy budget in (23) states that the355

work performed by turbulence against gravity (right hand side) is used to: (a) mix down buoyancy356

deposited at or near the surface by the atmospheric and radiative heat fluxes, (b) mix up fluid357

entrained at the bottom of the DWL, and (c) change the shape of the buoyancy profile inside the358

DWL. The relative importance of these terms will be investigated in more detail below.359

Similarly, an equation for the DWL kinetic energy can be obtained by multiplying the momentum360

equations in (1) and (2) with 𝑢 and 𝑣, respectively, adding the results, and integrating from 𝑧ref to361

the surface. Ignoring again the molecular flux terms for simplicity, this yields an energy budget of362

the form:363

d
d𝑡
𝐸𝑘 =

d
d𝑡

0∫
𝑧ref

𝑢2 + 𝑣2

2
d𝑧 = u0 ·τ 0 +

0∫
𝑧ref

𝑓 k · (u×u𝑠) d𝑧−
0∫

𝑧ref

𝑃d𝑧+ 𝑧ref
d
d𝑡

[
𝑢2

ref + 𝑣
2
ref

2

]
, (24)

where k is the upward unit vector and u0 the velocity at the surface. The terms on the right hand364

side of (24) can be interpreted as: (a) the work performed by the wind stress on the DWL, (b) the365

exchange of kinetic energy with the surface wave field due to the effect of rotation (see, e.g., Suzuki366

and Fox-Kemper 2016), and (c) the loss of kinetic energy to TKE by turbulence shear production.367

The final term on the right hand side of (24), representing the change in the reference kinetic energy368

relative to which the DWL kinetic energy is measured, is again negligible in our simulations.369
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The shear production term in (24) connects the DWL kinetic energy to the vertically integrated370

TKE equation,371

−
0∫

𝑧ref

𝐺d𝑧 = −
0∫

𝑧ref

¤𝑘d𝑧+
0∫

𝑧ref

(𝑃+𝑃𝑠)d𝑧−
0∫

𝑧ref

𝜀d𝑧 , (25)

which is easily derived from (A1). The left hand side of (25) and the right hand side of the potential372

energy budget in (23) are identical, showing that the energy required for mixing within the DWL373

corresponds to the fraction of the (mean flow and Stokes) shear production that is neither dissipated374

nor used to change the DWL integrated TKE. The relative importance of the various terms in the375

DWL energy budgets in (23), (24), and (25) will be investigated in the following discussion.376

b. Results377

To investigate the DWL energy budgets derived above, we compare a typical tropical case at378

10◦N with a high-latitude DWL at 70◦N (𝑇 𝑓 = 12.6 h), focusing especially on the effects of rotation379

and day length for high-latitude DWLs that have so far received only little attention. For both cases,380

we assume typical midsummer values for the peak radiative heat flux, 𝐼max, corresponding to the381

different latitudes, respectively (Tab. 3). For the tropical case, as before, the period with non-zero382

solar radiation was chosen as 𝑇𝑑 = 12 h (between 6:00 h and 18:00 h), whereas we assume 𝑇𝑑 = 18 h383

(between 3:00 h and 21:00 h) for the high-latitude case. These values yielded an acceptable384

agreement between our simplified solar radiation model in (9) and the realistic variations of the385

short wave radiation around midsummer. Numerical tests with a more realistic expression showed386

only small differences in the DWL evolution that did not affect any of the conclusions drawn in the387

following. Finally, as shown in Fig. 1, we assume that the surface buoyancy loss 𝐵0 due to cooling388

at the surface exactly compensates the radiative buoyancy supply over the course of a day, implying389

that 𝐵0 and the maximum net buoyancy flux at noon, 𝐵max, are related according to (11). Tab. 3390

shows that the equivalent surface heat loss 𝑄𝑛𝑠 (or, equivalently, the surface buoyancy loss 𝐵0) are391

comparable in the two cases, implying that also the integrated (in time) radiative heat fluxes are392

similar. With these assumptions, the effective heating periods 𝑇ℎ = 9.5 h and 𝑇ℎ = 12.2 h follow393

from (19) for the tropical and high-latitude case, respectively.394

To highlight the role of high-latitude effects, the parameters in Tab. 3 were chosen to yield395

identical values for the key non-dimensional products that do not include any direct latitudinal396
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Table 3. Atmospheric forcing and non-dimensional parameters used for the analysis of the DWL energetics.

Note that 𝑅 = 0.0015 and 𝑧0 = 0.01 are identical for both simulations.

405

406

𝐼max [W m−2] 𝑄ns [W m−2] 𝑈10 [m s−1] 𝑇ℎ/𝑇𝑓 = 𝑓 /(2𝜋 ) 𝑇ℎ/𝑇𝑝 𝐵0/𝐵max 𝑘̂𝑝

10◦N 1050 -334 4 0.14 0.4 -0.47 0.16

70◦N 680 -325 3.2 0.97 0.51 -0.91 0.26

dependency: 𝑅 = 𝑢2
∗/(𝐵max𝑇ℎ) = 0.0015 and 𝑧0 = 0.01. As in the previous chapter, all short wave397

radiation is assumed to be absorbed at the surface (𝜂 = 0). The main differences for the high-398

latitude case, in non-dimensional terms, are thus the much larger - by a factor of 7 - value of the399

non-dimensional Coriolis parameter 𝑓 ∝ 𝑇ℎ/𝑇 𝑓 , the larger time scale ratio 𝑇ℎ/𝑇𝑝 due to the larger400

day length at high latitudes, and, indirectly, the larger non-dimensional peak wave number 𝑘̂ 𝑝 due401

to the smaller 𝐵max. Both simulations started at midnight (𝑡/𝑇 𝑓 = 0) and were run for 𝑇𝑝 = 24 h402

with the parameters compiled in Tab. 3, using the same numerical grid and time step as in Section403

5.404

The evolution of the near-surface buoyancy for the two cases is shown in Figs. 5a and 6a. The407

DWL thickness, ℎ, as one of the most important bulk parameters, is defined here by a simple density408

threshold, identifying the lower edge of the DWL with the vertical position where the buoyancy409

has decayed to 5% of its maximum value. Figs. 5a and 6a show that this definition provides a410

plausible representation of the vertical extent of the DWL for the two cases summarized in Tab. 3.411

It is worth noting that the following alternative approach to define the DWL thickness, based on412

the DWL potential energy, yields very similar results, suggesting that our estimates for the DWL413

thickness as ℎ(5%) are robust. In this approach, the DWL thickness is computed from the ratio of414

the integrals in (20), assuming a constant shape factor of 𝜑 = 1/3. This value of 𝜑 corresponds to a415

linearly stratified DWL, as typically observed in our simulations (see, e.g., Fig. 3). Note from (20)416

that this integral-based approach connects changes in ℎ to changes in the vertical position of the417

DWL center of mass due to mixing, and therefore has a clear energetic interpretation.418

Figs. 5a and 6a show that both definitions yield consistent DWL thicknesses for the core period426

between the DWL formation in the morning until approximately 15:00 in the afternoon. In the427

later afternoon and evening, (20) tends to overestimate the DWL thickness as the shape factor 𝜑428

tends to be larger than 𝜑 = 1/3 for the more well-mixed DWLs observed during this period (see429
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Fig. 5. Evolution of (a) DWL buoyancy anomaly, (b) DWL kinetic energy budget in (24), and (c) turbulent

kinetic energy budget in (25) for the equatorial case at 10◦N (Tab. 3). Colored lines in (a) show the DWL

thickness ℎ computed from the ratio of the integrals in (20) with a constant 𝜑 = 1/3 (blue) and the depth at which

the buoyancy has dropped to 5% of its maximum value (green). Note that the simulation starts at midnight

(𝑡/𝑇 𝑓 = 0), and that both the wind stress and Stokes drift point into the 𝑥-direction (𝜏0
𝑦 = 0 and 𝑣𝑠 = 0).

419

420

421

422

423

Fig. 7b below). The following analysis will therefore be based on the 5% buoyancy threshold. The430

reference level 𝑧ref is chosen to coincide with the location of the minimum buoyancy in the water431

column, and 𝑏̃ = 𝑏− 𝑏ref is defined based on the reference buoyancy 𝑏ref found at this depth. This432
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Fig. 6. As in Fig. 5 but now for the high latitude case at 70◦N (Tab. 3). Note the different scales with respect

to Fig. 5.

424

425

definition guarantees that the entire near-surface region affected by radiative heating is included in433

our analysis.434

Fig. 5b shows the evolution of the kinetic energy budget in (24) for the equatorial case. During the435

initial DWL formation phase until approximately early afternoon, the work performed by the wind,436

𝑢0 · 𝜏0
𝑥 , is largely used to accelerate the DWL (see increase in

d
d𝑡
𝐸𝑘 ) with a significantly smaller437

contribution used for turbulence shear production
∫
𝑃d𝑧. In the afternoon, entrainment starts438
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to become increasingly important (Fig. 5a), and additional energy is thus required to accelerate439

entrained fluid. As a consequence, the DWL kinetic energy increases at a slower rate while shear440

production becomes the dominant energy sink. After the surface buoyancy forcing collapses in441

the late afternoon and evening, the entrainment rate further increases as no more work is required442

to mix down buoyant fluid from the surface (see more detailed discussion below). This point is443

marked by a sharp transition in the energy budget at approximately 18:00, after which 𝐸𝑘 remains444

constant, and all work performed by the wind is used for turbulence shear production that in445

turn becomes available for entrainment. Stokes shear production (Fig. 5c) dominates turbulence446

production during the initial DWL formation phase until approximately noon, while the exchange447

of mean kinetic energy with the wave field (marked in green in Fig. 5b) is negligible throughout448

the simulations.449

For the high-latitude case shown in Fig. 6, the work performed by the surface stress, 𝑢0 · 𝜏0
𝑥 ,450

starts to be suppressed by the veering of the near-surface velocity out of the wind direction already451

shortly after the formation of the DWL. This is reflected in a late-morning peak of the wind energy452

input, and a subsequent monotonic decay down to negative values (energy loss) around 15:00 in the453

afternoon (Fig. 6b). Therefore, starting from the early afternoon, the pool of DWL kinetic energy454

built up during the initial DWL formation in the morning becomes an increasingly important energy455

source (
d
d𝑡
𝐸𝑘 < 0) to feed turbulence shear production in the afternoon. Comparison with Fig. 5456

shows that due to these effects, the integrated wind work is approximately an order of magnitude457

smaller compared to the equatorial case, which cannot be explained by the slightly smaller wind458

stress for the high-latitude case alone (see Tab. 3). Due to the overall strongly reduced energy459

turnover, the extraction of energy from the wave field due to Coriolis effects (green line in Fig. 6b)460

becomes significant in the mean kinetic energy budget, and Stokes shear production becomes the461

dominant term in the TKE budget (blue line in Fig. 6c), despite the fact that 𝑃𝑆 is only approximately462

half as large as in the equatorial case. The net effect of the reduced turbulence production due to463

rotation is a complete collapse of entrainment almost immediately after the DWL formation in the464

early morning (green curve in Fig. 6a).465

It is worth noting that in simulations without wave effects (not shown), the lacking Stokes shear466

production 𝑃𝑠 is compensated, or even exceeded, by increased Eulerian shear production 𝑃 in both467

the equatorial and the high-latitude cases. Reduced near-surface mixing of momentum in these468
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Fig. 7. Evolution of (a) bulk mixing efficiency Γ, (b) shape factor 𝜑 computed from (20) based on ℎ from the

5% density threshold (green line in Figs. 5a and 6a), the left hand side terms in (23) at (c) 10◦N and (d) 70◦N.

Note the different axes scales in Panel (c) and (d).

473

474

475

cases (see Fig. 3) leads to larger surface speeds and in turn larger wind work, u0 ·τ 0, compensating469

for the lacking energy input from the waves. Although this shift in the primary energy source470

constitutes a strong modification of the energy budgets, the overall effect on DWL kinetic energy,471

entrainment, and bulk parameters is surprisingly moderate, as shown in more detail in Section 7.472

To investigate to which extent the strong surface buoyancy forcing and the stratification inside476

the DWL affect the energetics of turbulence, we computed the Ozmidov scale, 𝐿𝑂 = (𝜀/𝑁3)1/2,477

as a measure of the vertical size of turbulent overturns. Consistent with the DWL observations478
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of Hughes et al. (2020b) for light and moderate winds (see their Fig. 6), we find typical values of479

𝐿𝑂 = 0.1−1 m, suggesting that stratification rather than the proximity to the surface controls the480

vertical scale of turbulent motions except very close to the surface. Combined with the large values481

of 𝑅𝑖 throughout the DWL (e.g., Fig. 4), we expect mixing inside the DWL to be quite efficient.482

This is confirmed by the large values of the bulk flux coefficient, Γ = −
0∫

𝑧ref

𝐺d𝑧/
0∫

𝑧ref

𝜀d𝑧, that we see483

in all our simulations. While we typically find Γ = 0.15−0.2, close to the popularly used value of484

Γ = 0.2, in our simulations without LT, the inclusion of Langmuir effects yields significantly larger485

values up to Γ = 0.3 as shown in Fig. 7a. This result is consistent with our LES (not shown).486

The different contributions to the potential energy budget in (23) for the tropical and high-latitude487

cases are compared in Fig. 7c and Fig. 7d, respectively. During the morning and early afternoon,488

in both cases, by far the largest fraction of the work performed by turbulence against gravity is489

used to mix near-surface buoyant fluid. The dominance of this term is especially pronounced in the490

high-latitude case, where entrainment is small after the initial DWL formation phase. Entrainment491

starts to dominate the energy budget for the tropical case around 15:00, whereas, for the high-492

latitude case, entrainment never provides a significant contribution except for a short period around493

sunset. It should be noted that the overall potential energy turnover is a factor 2-3 smaller for the494

high-latitude case due to the limitation of turbulence production by rotation effects, as explained495

above.496

Beyond the work required for turbulent DWL deepening (entrainment), turbulent mixing may also497

act to change the vertical DWL buoyancy structure. The energetic implications of this third type498

of energy conversion that has so far not received much attention can be quantified by considering499

changes in the shape parameter 𝜑, which is easily computed from (20) after determining the DWL500

thickness ℎ from the 5% buoyancy threshold discussed above (see green lines in Figs. 5a and 6a).501

Fig. 7b shows that during the morning and early afternoon, this parameter remains close to 𝜑 = 1/3,502

consistent with the observed linear stratification seen in Figs. 3, 5a, 6a, but increases to larger values503

at later times, reflecting the tendency towards a more well-mixed DWL due to the decreasing solar504

buoyancy forcing. Figs. 7c,d show that the work required for this partial homogenization of the505

DWL becomes significant in the afternoon for the tropical case, and clearly exceeds the effect of506

entrainment for the high-latitude case.507
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7. Parameter-space studies and parameterization508

a. Non-dimensional PWP86 model509

A frequently used model to describe DWL bulk parameters has been formulated by Price et al.510

(1986) (from here on PWP86). These authors used a vertically integrated mixed-layer model with511

a simple parameterization for entrainment (Pollard et al. 1973), forced, as in our study, with a512

constant wind stress and a surface buoyancy forcing identical to that shown in Fig. 1. Based on a513

scale analysis of their model equations, PWP86 suggested simple scaling relations for the DWL514

thickness, ℎ, buoyancy anomaly, 𝑏 (as defined in (20)), and velocity anomaly, 𝑉 =

√︃
(𝑢2 + 𝑣2) with515

𝑢 =
1
ℎ

0∫
𝑧ref

𝑢̃d𝑧 , 𝑣 =
1
ℎ

0∫
𝑧ref

𝑣̃d𝑧 (26)

and 𝑢̃ = 𝑢−𝑢ref, 𝑣̃ = 𝑣 − 𝑣ref, all evaluated at the peak buoyancy flux (i.e., at noon). Converted to516

the notation used in our study, and expressed in non-dimensional form, these scaling relations can517

be written as:518

ℎ̂ =
ℎ

𝐿𝑀𝑂

= 𝑎1 · 𝑅−1/2𝐹 ( 𝑓 ) , (27)

𝑏̂ =
𝑏𝑢∗
𝐵max

= 𝑎2 · 𝑅−1/2𝐹 ( 𝑓 )−1 , (28)

𝑉̂ =
𝑉

𝑢∗
= 𝑎3 · 𝑅−1/2 , (29)

where 𝑎1, 𝑎2, and 𝑎3 denote non-dimensional model constants, and 𝐹 a non-dimensional model519

function defined as520

𝐹 ( 𝑓 ) = 1
𝑓

[
2−2cos( 𝑓 /2)

] 1
2 . (30)

Note that only two of the non-dimensional parameters identified in Sec. 4b, 𝑅 = 𝑢2
∗/(𝐵max𝑇ℎ) and521

𝑓 , appear in the PWP86 model.522

27



b. Parameter space studies523

To test the scaling relations by PWP86, we performed a parameter space study in which we524

varied 𝑅 from 10−4 to 10−2 and 𝑓 from 0 to 4.95 (or, equivalently, 𝑇ℎ/𝑇 𝑓 from 0 to 0.79). In total,525

we performed 200 model runs with the same time step and the same number of grid cells as in526

Sections 5 and 6. However, the depth of the water column was now automatically adjusted to 10527

times the DWL thickness at midday to insure that the lower edge of the numerical domain had no528

significant impact on the results.529

We especially focused on the model performance in high-latitude regions (𝑇ℎ/𝑇 𝑓 ≫ 0.1), which530

are not well explored at the moment and for which the model assumptions of PWP86 are uncertain.531

We again assume that all short-wave radiation is absorbed at the surface (𝜂 = 0), and that the daily532

average of the total buoyancy flux is zero (𝐵0/𝐵max = −0.466, 𝑇ℎ/𝑇𝑝 = 0.4). The roughness length533

is set to 𝑧0 = 0.01. A sensitivity study, discussed in more detail below, shows that the effect of534

varying 𝐵0/𝐵max, 𝑇ℎ/𝑇𝑝, and 𝑧 is small.535

In Fig. 8, we show simulation results for the non-dimensional DWL thickness, ℎ̂, bulk buoyancy,536

𝑏̂, and bulk velocity 𝑉̂ at 𝑡 = 𝑇𝑝/2, i.e. at midday. These quantities are normalized by the PWP86537

scaling relations in (27), (28), and (29), respectively, to reveal the variability of the model parameters538

𝑎1, 𝑎2, and 𝑎3. Fig. 8 shows that the performance of the PWP86 scaling is generally excellent,539

except for a weakly forced regime with 𝑅 ⪅ 7 · 10−4 (blue dashed line in Fig. 8), where a strong540

variability in the PWP86 model parameters suggests that their scaling fails.541

A more detailed analysis showed that turbulent and molecular diffusivities become comparable542

in this regime, and that 𝑅𝑖 at the DWL base becomes much larger than the critical value for543

shear instability, indicating a collapse of turbulent entrainment. It is worth noting that Hughes544

et al. (2020a) studied this regime in more detail, based on high-resolution observations and a545

1D model with a simpler turbulence closure without LT but similar radiative and atmospheric546

forcing parameters. From their simulations, these authors identified a critical wind speed of547

𝑈10 = 2 m s−1 below which turbulent mixing collapses. This is equivalent to 𝑅 = 6.6 · 10−4, and548

therefore consistent with the more generally applicable non-dimensional threshold suggested by our549

simulations with a more advanced turbulence model that also included Langmuir effects. Overall,550

this indicates that due to strong molecular effects, turbulence in this parameter range and can no551

28



Fig. 8. DWL properties as functions of 𝑅 = 𝑢2
∗/(𝐵max𝑇ℎ) and 𝑇ℎ/𝑇 𝑓 = 𝑓 /(2𝜋). Shown are midday values of

(a) DWL thickness, (b) DWL bulk buoyancy, and (c) DWL bulk velocity, normalized by the PWP86 scalings in

(27), (28), and (29). This implies that the results shown in (a)-(c) correspond to PWP86 model constants 𝑎𝑖 . The

blue line shows the critical value of 𝑅 below which DWL turbulence starts to collapse.

554

555

556

557

longer reliably be represented by any of the high-Reynolds number turbulence models used in our552

study. We therefore don’t investigate this regime any further here.553

We determined the model constants 𝑎1, 𝑎2, and 𝑎3 by calculating the mean of the PWP86-scaled558

model results shown in Fig. 8 , excluding regions with 𝑅 < 7 · 10−4. Tab. 4 shows that deviations559

from these constant values rarely exceed 10% (with largest deviations observed at large 𝑇ℎ/𝑇 𝑓 ),560

confirming the validity of the PWP86 scaling across the entire parameter range. This is a surprising561

result, as some of the model assumptions in PWP86 are not valid any more at high latitudes. It is562

worth noting from Tab. 4 that our revised constants suggest a 32% larger DWL thickness, a 39%563

smaller DWL buoyancy anomaly, and a 12% faster surface jet at midday compared to the original564

model constants of PWP86, which is clearly significant even for rough estimates of the DWL bulk565

properties. Only part of these differences can be attributed to the effects of LT not accounted for566

in PWP86. Tab. 4 shows that simulations without LT (not discussed in detail here) result in DWLs567

that are approximately 10% shallower and have a correspondingly larger buoyancy contrast.568
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Table 4. Model constants 𝑎1, 𝑎2 and 𝑎3 of the PWP86 model appearing in (27)–(29). The original constants

of PWP86 were converted to our notation according to: 𝑎1 = 0.45 · 21/2 = 0.63, 𝑎2 = 1.5 · 2−3/2 = 0.53 and

𝑎3 = 1.5 · 2−1/2 = 1.06. The factor 1/2 arises from the relation 𝑇ℎ = 2𝑃𝑄, where 𝑃𝑄 is the heating period in

the notation of PWP86. The ranges given in the table correspond to the maximum deviations across the entire

parameter range. Standard deviations (not shown) are considerably smaller. 𝑡max is the time of maximum

buoyancy anomaly.

569

570

571

572

573

574

𝑡 = 𝑇𝑝/2 𝑡 = 𝑡max

PWP86 with LT without LT with LT without LT

𝑎1 0.63 0.84±0.07 0.75±0.1 1.08±0.03 1.01±0.05

𝑎2 0.53 0.38±0.03 0.42±0.05 0.56±0.05 0.59±0.05

𝑎3 1.06 1.15±0.15 1.30±0.2 1.3±0.5 1.3±0.5

The PWP86 scaling relations were originally proposed to predict DWL properties at the solar575

radiation peak (𝑡 = 𝑇𝑝/2). More relevant for the surface-layer energetics, atmosphere-ocean cou-576

pling, and ecosystem applications, are, however, often the DWL properties at peak of the DWL577

buoyancy or temperature anomaly in the afternoon. This point during the diurnal cycle cannot be578

determined from the PWP86 scaling. We therefore identified the (non-dimensional) time 𝑡max/𝑇𝑝579

of the maximum buoyancy anomaly numerically from our simulations. Fig. 9a shows that the580

DWL buoyancy anomaly peaks between approximately 15:00 and 16:00 (assuming 𝑇𝑝 = 24 h) with581

a shift towards later times for larger 𝑇ℎ/𝑇 𝑓 . We attribute this shift to the suppression of entrainment582

of colder bottom waters due to stronger rotation effects at higher latitudes and/or a larger total583

buoyancy flux for larger 𝑇ℎ. In view of the comparatively weak dependency on 𝑅 visible in Fig. 9a,584

we averaged over the entire range of 𝑅 to obtain the simple fit shown in Fig. 9b:585

𝑡max/𝑇𝑝 = 0.09
(
𝑇ℎ

𝑇 𝑓

)1.6
+0.63 , (31)

which may be useful for a quick computation of 𝑡max (recall that 𝑡/𝑇𝑝 = 0 corresponds to the start586

of all simulations at midnight).587

Scaling our simulations at 𝑡 = 𝑡max with the expressions of PWP86 (see Fig. 10) suggests that590

the PWP86 scaling provides an excellent representation of the DWL bulk properties also during591

the buoyancy peak in the afternoon, provided the model coefficients 𝑎1, 𝑎2, and 𝑎3 are adjusted592
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Fig. 9. Time 𝑡max/𝑇𝑝 of the maximum buoyancy anomaly for (a) varying 𝑅 and 𝑇ℎ/𝑇 𝑓 (the contour line labels

show the time in hours of the day) and (b) the mean 𝑡max/𝑇𝑝 for 𝑅 > 7 ·10−4 as a function of 𝑇ℎ/𝑇 𝑓 .

588

589

from their PWP86 values. The values in Tab. 4 show that the DWL thickness and the buoyancy593

anomaly have increased by 29% and 47%, respectively, compared to midday, illustrating a strong594

modification of the DWL during the early afternoon. The small variability of the model coefficients595

in Tab. 4 supports the quality of the fit, except for the near-surface jet, which shows a strong596

dependency on 𝑇ℎ/𝑇 𝑓 especially for large values of this parameter (see Fig. 10c). We attribute this597

to the effect of the pronounced inertial oscillations at high latitudes that are not well represented598

by the scaling of PWP86.599

Finally, as shown in Fig. 11, we find that the non-dimensional parameters𝑇ℎ/𝑇𝑝, 𝐵0/𝐵max, 𝑧0, and600

𝑘̂ 𝑝, ignored so far, have a negligible impact on the non-dimensional DWL thickness ℎ̂ (and also on601

the other DWL bulk properties not shown here for brevity). We note, however, that the parameters602

𝑇ℎ/𝑇𝑝 and 𝐵0/𝐵max may have a larger impact for longer simulation periods of several days, where603

they may affect the nighttime DWL reset and thus the quasi-periodic evolution of the surface layer604
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Fig. 10. As in Fig. 8, but now for 𝑡 = 𝑡max, i.e. the time of the maximum buoyancy anomaly in the afternoon.

structure. Similarly, the peak wavenumber 𝑘̂ 𝑝 may become relevant for non-equilibrium wave605

fields, especially for conditions when long-wave swell induces a larger penetration depth of the606

Stokes shear.607

c. Effect of short-wave absorption613

To study the effect of the remaining non-dimensional parameter, the non-dimensional short-wave614

penetration depth 𝜂 introduced via (5), we carried out two parameter space studies similar to that615

shown in Fig. 8. In these cases, however, we varied 𝑅 and 𝜂 over the ranges 𝑅 = 10−4 − 10−2
616

and 𝜂 = 0− 5, at two different latitudes. We chose 𝑇ℎ/𝑇 𝑓 = 0.14 and 0.94, corresponding to our617

standard tropical and high-latitude cases from Section 6, while keeping the other non-dimensional618

parameters constant at 𝑇ℎ/𝑇𝑝 = 0.4, 𝐵0/𝐵max = −0.466 and 𝑧0 = 0.01. Each parameter space again619

consists of 200 model runs. Consistent with the destabilizing (with respect to 𝜂 = 0) effect of620

penetrating short-wave radiation, we observe an increase of ℎ̂ for increasing 𝜂, especially for large621

𝑅, while 𝑏̂ and 𝑉̂ decrease (the according plots can be found in the supplementary material).622

Following PWP86, it appears physically sensible to express the destabilizing effect of increasing623

𝜂 by the ratio 𝜂/ℎ rather than directly by 𝜂 = 𝜂/𝐿MO. We therefore suggest that the observed624

increase of the DWL thickness ℎ̂ due to an increase in 𝜂 can be parameterized by multiplying the625
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Fig. 11. Non-dimensional thickness ℎ̂ for constant 𝑇ℎ/𝑇 𝑓 = 0.14 as a function of 𝑅 = 𝑢2
∗/(𝐵max𝑇ℎ) for different

values of (a) the time scale ratio 𝑇ℎ/𝑇𝑝, (b) the flux ratio 𝐵0/𝐵max, (c) the non-dimensional surface roughness

𝑧0, and (d) the non-dimensional peak wave number 𝑘̂ 𝑝. Parameters not varied are kept fixed at 𝑇ℎ/𝑇𝑝 = 0.397,

𝐵0/𝐵max = 0.466 and 𝑧0 = 0.01, respectively. The blue line shows the critical threshold for the collapse of DWL

turbulence, 𝑅 = 7 ·10−4.

608

609

610

611

612

corresponding PWP86 expression in (27) with a function 𝐺 that depends on 𝜂/ℎ, or, equivalently,626

on ℎ̂/𝜂. In view of the exponential light attenuation, we follow the suggestion of PWP86,627

𝐺 ( ℎ̂/𝜂) =
(
1− 𝐴𝜂𝑒

−ℎ̂/𝜂
)− 3

2 (32)

with the difference, however, that 𝐴𝜂 = 6.9 was obtained from fitting (the original pre-factor of628

PWP86 did not yield acceptable results).629
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Table 5. Model constants 𝑎1, 𝑎2 and 𝑎3 at 𝑡 = 𝑇𝑝/2 of the modified PWP86 scaling relations in (33)–(35),

evaluated for two different latitudes.

642

643

10◦N 70◦N

𝑎1 0.83±0.14 0.83±0.3

𝑎2 0.38±0.05 0.38±0.2

𝑎3 1.20±0.3 1.20±0.4

The modified PWP86 scaling that includes the effects of absorption is then given as630

ℎ̂ = 𝑎1 · 𝑅−1/2𝐹 ( 𝑓 )𝐺 ( ℎ̂/𝜂) , (33)

𝑏̂ = 𝑎2 · 𝑅−1/2𝐹 ( 𝑓 )−1𝐺 ( ℎ̂/𝜂)−1 , (34)

𝑉̂ = 𝑎3 · 𝑅−1/2𝐺 ( ℎ̂/𝜂)−1/3 , (35)

where the model constants 𝑎𝑖 remain unchanged for consistency with (27)–(29). As ℎ̂ is unknown,631

(33) forms an implicit non-linear equation that needs to be solved numerically. Alternatively,632

ℎ̂ appearing on the right hand side could be approximated by the original expression in (27),633

Tab. 5 shows that maximum deviations from the standard model constants 𝑎𝑖, and thus the model634

uncertainties, based on (33)–(35), however, using a DWL thickness that we directly diagnosed from635

our model results. The variability of the parameters in Tab. 5 suggest that the model uncertainties636

are still acceptable for the tropical cases but strongly increase for the high-latitude simulations.637

Furthermore, when ℎ̂ is unknown and instead the scaling in (27) is used in (13), the maximum638

deviations become even more severe.639

We conclude that a proper scaling for the absorption of short wave radiation and its effects on640

DWLs needs future work that is, for now, outside of the scope of this paper.641

8. Discussion and conclusions644

Based on state-of-the-art second-moment turbulence modeling, and supported by turbulence-645

resolving LES, we have shown that LT strongly impacts on the DWL energetics, mainly by646

reducing the work performed by the surface stress and partly compensating this effect by Stokes647

shear production. The overall impact of this shift in the primary energy source for turbulence on the648

DWL bulk parameters, however, turned out to be surprisingly moderate. The simulations in Section649
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7 showed that LT increases the DWL thickness by only 10%, approximately, across a wide parameter650

range. We attribute this largely to the equilibrium wave model used in our study (Appendix A2),651

predicting only small wave heights and wave lengths for the weak to moderate winds at which652

DWLs are observed. Although equilibrium wave fields are typical in many situations, it is worth653

noting that previous LES studies with monochromatic non-equilibrium waves, focusing on swell654

effects (Kukulka et al. 2013), have shown a stronger impact of LT on DWL properties. It would655

therefore be worthwhile to explore the performance of the second-moment models used in our study656

also in this parameter range, and to understand how the observed effects can be parameterized in657

terms of the non-dimensional wave parameters La and 𝑘̂ 𝑝 identified in Section 4.658

Dimensional analysis and the parameter space studies in Section 7 showed that the most rel-659

evant non-dimensional parameters among those compiled in Tab. 2 are: the stability parameter660

𝑅 = 𝑢2
∗/(𝐵max𝑇ℎ), the time scale ratio 𝑇ℎ/𝑇 𝑓 , and, for penetrating short-wave radiation, the non-661

dimensional absorption scale 𝜂 = 𝜂/𝐿𝑀𝑂 . Parameterizations that do not independently account662

for these parameters are unlikely to be generally applicable. One example is the recent DWL663

parameterization of Wang et al. (2023), who, for constant La, suggested a dependency on the single664

non-dimensional parameter 𝐵̂0 ∝ ( 𝑓 𝑅)−1, which is unlikely to hold outside the range of latitudes665

and optical water properties for which their model was calibrated.666

As shown in Section 7, however, the three key parameters identified above do appear inde-667

pendently in the frequently used DWL scaling relations of PWP86. We showed that their model668

reliably predicts the most important DWL bulk parameters across a wide parameter range, provided669

that their model constants 𝑎1, 𝑎2, and 𝑎3 are significantly revised as summarized in Tabs. 4 and670

5. One caveat, however, applies to the low-energy regime with 𝑅 = 𝑢2
∗/(𝐵max𝑇ℎ) < 7 ·10−4, where671

molecular effects become important, and the high-Reynolds number models and parameterizations672

used in this study are no longer applicable. Direct Numerical Simulations appear to be the only673

viable approach to explore this parameter range, which is relevant especially for very thin DWLs674

with weak wind forcing and strong buoyancy forcing.675

The excellent performance of the simple PWP86 scaling relations was a somewhat unexpected676

result as our parameter space also included high-latitude DWLs for which some of the PWP86677

modeling assumptions formally break down. In view of increasing ice-free areas at high latitudes678

and strong DWL temperature anomalies already observed at high latitudes (Jia et al. 2023; Eastwood679
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et al. 2011), it is likely that the physics of these DWLs (e.g., Sutherland et al. 2016) will receive680

increased attention in the future. Finally, we would like to note that DWL bulk parameters predicted681

by the model of KC04 were nearly indistinguishable from those of HC15, despite significant682

differences found in the DWL energetics. From a practical point of view, and for the special case683

of equilibrium wave fields considered here, it is therefore possible to work with the less complex684

model of KC04, which, e.g., avoids the introduction of a second (Stokes) diffusivity in (12).685
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APPENDIX696

A1. Second-Moment Turbulence Model697

The turbulent kinetic energy, 𝑘 , required to evaluate the expressions for the turbulent diffusivities698

in (14) is computed from a well-known transport equation of the form:699

𝜕𝑘

𝜕𝑡
= 𝐷𝑘 +𝑃+𝑃𝑠 +𝐺 − 𝜀 , (A1)

generalized here to also account for the effects of Langmuir turbulence (LT). Here, 𝐷𝑘 denotes the700

divergence of the total vertical flux of TKE, 𝐺 the turbulent buoyancy flux defined in (13), and701

𝜀 the turbulence dissipation rate. 𝑃 and 𝑃𝑠 are the Eulerian and Stokes shear production terms702

defined as (Harcourt 2013, 2015):703

𝑃 = −⟨𝑢′𝑤′⟩ 𝜕𝑢
𝜕𝑧

− ⟨𝑣′𝑤′⟩ 𝜕𝑣
𝜕𝑧

= 𝜈𝑡𝑆
2 + 𝜈𝑆𝑡 𝑆2

𝑐 , (A2)

𝑃𝑠 = −⟨𝑢′𝑤′⟩ 𝜕𝑢𝑠
𝜕𝑧

− ⟨𝑣′𝑤′⟩ 𝜕𝑣𝑠
𝜕𝑧

= 𝜈𝑡𝑆
2
𝑐 + 𝜈𝑆𝑡 𝑆2

𝑠 , (A3)

using the definitions in (15) for the vertical shear terms. For second-moment models that ignore704

the direct effects of Stokes shear on the stability functions (e.g., KC04), we have 𝜈𝑆𝑡 = 0, and the705

above expressions simplify accordingly.706
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Following work by KC04 and H15 on the parameterization of LT effects on the turbulent length707

scale, 𝑙, we compute this quantity from a modified Mellor-Yamada-type transport equation for the708

variable 𝑘𝑙. Theses authors suggested to include an extra Stokes production term, analogous to709

the TKE budget in (A1), in the original 𝑘𝑙-equation of Mellor and Yamada (1982), leading to an710

expression of the form:711

𝜕𝑘𝑙

𝜕𝑡
= 𝐷 𝑙 + 𝑙 (𝑐𝑙1𝑃+ 𝑐𝑙4𝑃𝑠 + 𝑐𝑙3𝐺 − 𝑐𝑙2𝐹𝜀) , (A4)

where the wall function 𝐹 = 1+ 𝑐𝐹
(

𝑙
𝜅𝐿𝑧

)2
(here, 𝜅 is the von Kármán constant and 𝐿𝑧 the distance712

from the surface) is required to reproduce the logarithmic wall layer distribution close to the713

surface. 𝐷 𝑙 summarizes the vertical transport terms, and 𝑐𝑙1–𝑐𝑙4 and 𝑐𝐹 denote non-dimensional714

model constants (or functions) discussed in more detail below. Note that the 𝑘𝑙-equation in (A4) is715

expressed here in the notation of the ”generic length scale” (GLS) framework (Umlauf and Burchard716

2003) for easier comparison with other model equations. The conversion relations between our717

notation and that originally used by KC04 and H15 are summarized in Tab. A1. The stability718

functions appearing in (14) are related to their equivalents in Mellor-Yamada notation (see H15) as719

𝑐𝜇 = 21/2𝑆𝑀 , 𝑐𝑆𝜇 = 21/2𝑆𝑆
𝑀

, and 𝑐𝑏𝜇 = 21/2𝑆𝐻 .720

As an alternative to the transport equation for 𝑘𝑙 in (A4), we also computed some of the solutions721

based on the 𝑘-𝜔 model by Umlauf et al. (2003), solving (A1) combined with an equation of the722

form723

𝜕𝜔

𝜕𝑡
= 𝐷𝜔 +

𝜔

𝑘
(𝑐𝜔1𝑃+ 𝑐𝜔4𝑃𝑠 + 𝑐𝜔3𝐺 − 𝑐𝜔2𝜀) , (A5)

where 𝜔 denotes an inverse turbulence time scale defined as724

𝜔 = (𝑐0
𝜇)−4𝜀𝑘−1 . (A6)

Similar to (A4), the transport equation for 𝜔 in (A5) includes a Stokes production term recently725

suggested by Yu et al. (2022) to account for LT effects. 𝐷𝜔 denotes again the turbulent transport726

terms, and 𝑐𝜔1–𝑐𝜔4 are non-dimensional model constants (see Tab. A1).727
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The transport terms 𝐷𝑘 , 𝐷 𝑙 , and 𝐷𝜔 appearing in (A1), (A4), and (A5), respectively, are modeled728

by down-gradient expressions:729

𝐷𝑘 =
𝜕

𝜕𝑧

(
𝜈𝑘𝑡

𝜕𝑘

𝜕𝑧

)
, 𝐷 𝑙 =

𝜕

𝜕𝑧

(
𝜈𝑙𝑡
𝜕𝑘𝑙

𝜕𝑧

)
, 𝐷𝜔 =

𝜕

𝜕𝑧

(
𝜈𝜔𝑡

𝜕𝜔

𝜕𝑧

)
, (A7)

where 𝜈𝑘𝑡 = 𝑐𝑘𝜇𝑘
1
2 𝑙, 𝜈𝑙𝑡 = 𝑐𝑙𝜇𝑘

1
2 𝑙 and 𝜈𝜔𝑡 = 𝑐𝜔𝜇 𝑘

1
2 𝑙, are turbulent diffusivities, and 𝑐𝑘𝜇, 𝑐𝑙𝜇, and 𝑐𝜔𝜇 the730

corresponding stability functions.731

The model parameters 𝑐𝑙1 and 𝑐𝑙2, and similarly 𝑐𝜔1 and 𝑐𝜔2 for the 𝑘-𝜔 model (all compiled in732

Tab. A1) are well constrained by classical data for unstratified shear layers and decaying turbulence733

(e.g., Umlauf and Burchard 2003). The parameters 𝑐𝑙3 and 𝑐𝜔3 are essential for this study as they734

determine the entrainment rate in stratified turbulent boundary layers. Their values follow from a735

condition on the so-scalled steady-state Richardson number, 𝑅𝑖𝑠𝑡 , corresponding to the value of the736

Richardson number 𝑅𝑖 in the entrainment layer at the base of the turbulent surface layer (Umlauf737

and Burchard 2005). Here, we use 𝑅𝑖𝑠𝑡 = 0.23 (the maximum value permitted by the stability738

functions of KC04 and H15), yielding the 𝑐𝑙3 and 𝑐𝜔3 shown in Tab. A1. Note that 𝑐𝑙3 = 2.4739

corresponds to 𝐸3 = 4.8 in Mellor-Yamada notation, which is close to the value 𝐸3 = 5.0 used by740

H15. We also follow the suggestion by H15 to limit the vertical length scale by the Ozmidov scale,741

𝐿𝑂 = (𝜀𝑁−3)1/2, as originally suggested by Galperin et al. (1988), noting, however, that this only742

marginally changes the results. For the wall model constant 𝑐𝐹 (or 𝐸4 in the notation of KC04 and743

H15), we follow Harcourt (2013), who suggested 𝐸4 = 1.33(1+0.5La−2)1/3 = 2.9 with a Langmuir744

number of La = 0.3 to account for the modified near-surface slope of the turbulent length scale745

due to LT (La is defined in Appendix A2). For our simulations without LT effects, this expression746

reduces to the traditional value 𝐸4 = 1.33.747

The most important model parameters in (A4) and (A5) in the context of LT are those multiplying748

the Stokes shear production terms, respectively. For the 𝑘𝑙-equation, we adopt H15’s value 𝐸6 = 6,749

corresponding to 𝑐𝑙4 = 3 in GLS notation (Tab. A1). Note that this value is close to the revised750

𝐸6 = 7.2 obtained from comparison to field measurements (see Kantha et al. 2010) of KC04. For751

the 𝑘-𝜔 model, we follow Yu et al. (2022) and choose 𝑐𝜔4 = 0.15.752

As in the original model of Kantha and Clayson (1994) without LT effects, also in KC04, the753

stability functions for the transport terms in (A7) reduce to constants. KC04 suggested 𝑆𝑙/𝑆𝑞 = 3.7754
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Table A1. Non-dimensional model constants as in (A1), (A4) and (A5).

GLS notation KC04 and H15 notation 𝜔

𝑐𝑙1 0.9 𝐸1 = 2𝑐1 1.8 𝑐𝜔1 0.55

𝑐𝑙2 0.5 𝐸2 = 2𝑐2 1.0 𝑐𝜔2 0.83

𝑐𝑙3 2.4 𝐸3 = 2𝑐3 4.8 𝑐𝜔3− -0.52

𝑐𝑙4 3.0 𝐸6 = 2𝑐4 6.0 𝑐𝜔4 0.15

𝑐𝐹 1.45 𝐸4 = 2𝑐𝐹 2.9 - -

𝑐𝑘𝜇 0.28 𝑆𝑞 = 2−1/2𝑐𝑘𝜇 0.2∗ †

𝑐𝑙𝜇 0.28 𝑆𝑙 = 2−1/2𝑐𝑙𝜇 0.2∗ †

𝑐0
𝜇 0.55 𝐵1 = 23/2 (𝑐0

𝜇 )−3 16.6 𝑐0
𝜇 0.55

∗: Only for KC04. For H15, these change according to (A8)

†: 𝑐𝑘,𝜔𝜇 = 𝑐𝜇/𝜎𝑘,𝜔 with 𝜎𝑘,𝜔 = 2.0

but, similar to Harcourt (2013), we find that 𝑆𝑙 = 𝑆𝑞 = 0.2 is more in line with the LES results. For755

H15, the stability functions are defined as756

𝑆𝑞 = 𝑆𝑙 = [0.22 + (0.41𝑆𝐻)2]1/2 , (A8)

to account for the enhanced transport due to LT (here, 𝑆𝐻 is the stability function for the turbulent757

diffusivity of heat, 𝑐𝑏𝜇 in our notation). For the 𝑘-𝜔 model, the stability functions 𝑐𝑘𝜇 and 𝑐𝜔𝜇 are758

chosen proportional to 𝑐𝜇 (see Umlauf et al. 2003) with constant proportionality factors expressed759

in terms of the turbulent Schmidt numbers 𝜎𝑘 and 𝜎𝜔 (see Tab. A1).760

Finally, we use the following boundary conditions for (A1) and (A4):761

𝑘 =
𝑢∗2

(𝑐0
𝜇)2

at 𝑧 = 0 ,
𝜕𝑘

𝜕𝑧
= 0 at 𝑧 = −∞ (A9)

𝑙 = 𝜅𝑧0 at 𝑧 = 0 ,
𝜕𝑘𝑙

𝜕𝑧
= 0 at 𝑧 = −∞ , (A10)

where 𝑧0 is the surface roughness length. For the upper boundary, these boundary conditions762

follow from the classical law-of-the-wall relations (see Umlauf and Burchard 2005).763

It is important to note that for the case of vanishing surface-wave forcing 𝑢𝑠 = 𝑣𝑠 = 0 the models764

of both KC04 and H15 reduce to the original model of Kantha and Clayson (1994), except for some765

minor differences in some of the model constants.766
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A2. Empirical Wave Model767

Surface wave parameters in our study are computed from the ”Theory Wave” approach of Li768

et al. (2017), which summarized the state-of-the-art surface-wave modeling components used in769

their method. In this model, the surface Stokes drift velocity, 𝑢0
𝑠 , and the Stokes transport, 𝑉𝑠, are770

estimated from expressions of the form771

𝑢0
𝑠 = 𝑐𝑠𝑈10 , 𝑉𝑠 = 𝐶𝑠

𝑈3
10
𝑔

, (A11)

where 𝑈10 denotes the 10-m wind speed, and 𝑐𝑠 = 0.016 and 𝐶𝑠 = 2.56 ·10−3 are non-dimensional772

model constants (note that the wind and thus the Stokes velocity always point into the 𝑥-direction773

in our simulations).774

The spectral peak wave number, 𝑘 𝑝, and the peak wave number including wave spreading effects,775

𝑘∗𝑝, in the model of Li et al. (2017) are776

𝑘 𝑝 ≈ 0.176
𝑢0
𝑠

𝑉𝑠

, 𝑘∗𝑝 = 2.56𝑘 𝑝 . (A12)

Based on a simple model spectrum, Li et al. (2017) showed that the vertically averaged Stokes777

velocity,778

𝑢𝑠 =
1
𝑧

∫ 0

𝑧

𝑢𝑠d𝑧∗ , (A13)

can be described in the following form:779

𝑢𝑠 ≈ 𝑢0
𝑠

{
0.715+

(
0.151
𝑘 𝑝𝑧

−0.840
)
[1−𝑇1(𝑘 𝑝, 𝑧)] −

(
0.840+ 0.0591

𝑘 𝑝𝑧

)
𝑇2(𝑘 𝑝, 𝑧)

+
(
0.0632
𝑘∗𝑝𝑧

+0.125
)
[1−𝑇1(𝑘∗𝑝, 𝑧)] +

(
0.125+ 0.0946

𝑘∗𝑝𝑧

)
𝑇2(𝑘∗𝑝, 𝑧)

} (A14)

where780

𝑇1(𝑘 𝑝, 𝑧) = 2e𝑘 𝑝𝑧 (A15)

𝑇2(𝑘 𝑝, 𝑧) =

√︃
2𝜋𝑘 𝑝 |𝑧 |erfc

(√︃
2𝑘 𝑝 |𝑧 |

)
. (A16)
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From (A13), it is clear that the local Stokes velocity follows from781

𝑢𝑠 = −𝜕𝑢𝑠𝑧

𝜕𝑧
, (A17)

which we use to compute the Stokes shear (15) .782
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