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1 Abstract

2 A micro-mechanical model is proposed to predict the stress-strain hysteresis during the cyclic hydrostatic
3 loading of fluid-saturated rocks under drained or undrained conditions. A spherical pore is surrounded by
4 a cracked shell where local deviatoric stress develops despite the remote hydrostatic loading. The effective
5 properties of the material composing the shell are constructed with the crack non-interactive scheme and
6 the overall properties thanks to the spherical assemblage approach. The fluid pressure in both drained
7 and undrained conditions is assumed uniform throughout the assemblage. A new analytical solution is
8 proposed assuming all cracks to be closed and slipping either forwardly or reversely. It is shown with
9 numerical simulations for drained conditions that this assumption is indeed respected for sufficiently small
10 crack friction angles. However, for reasonable friction values, the closed cracks during the unloading phase
11 could slip in either direction: reversely close to the pore and still forwardly away from the pore. Moreover,
12 at critical radii, the slip could occur in either direction depending on their orientation. A similar micro-
13 structural response is observed for undrained conditions, although the remote confining stress required to
14 close the cracks is much larger. The model’s predictions compare favorably with recent experimental data
15 on dry sandstones and carbonates presented in a study of the strain amplitude influence on the transition
16 between static and dynamic properties. The crack density and matrix elasticity modulus are sufficient fitting
17 parameters to accurately predict the hysteresis loops, especially for porosity levels above 10%.
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Table (1) The list of variables and parameters with their definition.

Symbol Definition
Geometry and field variables
Rp, Rg pore and shell external radius
Vp, Vs, Va, Vsp | current pore, shell, assemblage and specimen volumes
¢ initial assemblage porosity due to pore only
(€41 €p) spherical coordinates basis

ga (UTa 0L,07 09)

P

ga (67" 650769)

u(r)

stress tensor and spherical components function of radial position
hydrostatic stress, one third trace of o

strain tensor and spherical components function of radial position
radial displacement function of radial position r

r,r radial position in shell, normalised by Rg
Fluid
Dy fluid pressure
K fluid bulk modulus
Vi current total fluid volumes
Vis fluid content within shell, matrix and cracks contributions
Vb, ¢p dead volume & equivalent porosity (divided by initial specimen volume)
Vs total fluid volume in specimen and dead volume
Matrix composing the shell
Kk, E,G bulk and shear elasticity modulus
@ Biot’s coefficient
v Poisson’s ratio
Ry storage coeflicient at constant deformation
Om initial matrix porosity
() isotropic compliance fourth-order tensor
Cracks within the shell
c uniform crack density spherical distribution
dc initial crack porosity
l crack radius
n no of cracks in a matrix representative volume V'
n, p, m unit vectors normal to, orienting slip on the crack plane and defining the slip rate direction
s scalar equal to m - p = %1, positive for forward and negative for reverse slip.
T stress vector acting on the crack
On normal stress
T, T resolved shear stress vector and its norm
w backstress for kinematic hardening criterion
b, b, b, displacement jump, normal and tangent components, across the crack surfaces
v, B crack compliance scalar and tensor
o friction angle and coefficient
oc closing stress
¢ initial crack aspect ratio oo (1 —v/2)
(8,8 polar angles orienting the cracks normal
Vic fluid content within the cracks
€vC crack volume, function of radial position
Effective properties
0, 67 assemblage volumetric strain and plastic part
oH remote, hydrostatic stress function of time
K*, G* REV effective bulk & shear modulus for shell material
a* REV equivalent Biot coefficient for shell material
Ry Ry drained and undrained effective bulk modulus for assemblage
G spherical assemblage shear modulus
a effective Biot’s coeflicient for assemblage
S effective Skempton coefficient for assemblage
v, P assemblage pore volume fraction, and plastic part
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1 Introduction

There are at least two motivations for conducting laboratory hydrostatic loading tests, both under dry and saturated
conditions, to estimate the elastic properties of rocks. The first motivation stems from the simplicity of the procedure,
which leads to low experiment costs, especially under dry conditions. In the energy industry, this method connects
variations in wave velocity with changes in fluid pressure, contributing to 4D seismic interpretations used for reservoir
monitoring (Vasquez et al. [2019]). The second motivation stems from recent experimental advancements in the frequency
and amplitude dependence of elastic properties to link the static and dynamic elastic properties (Pimienta et al. [2015]).
However, this hydrostatic test presents some challenges. For instance, in static loading tests, different bulk modulus
values are measured at various stages of the loading cycle. Moreover, the hysteresis between the loading and unloading
stages is evidence of inelastic behavior despite the lack of any macroscopic deviatoric stress (Chapman et al. [2023],
Wang et al. [2021], Jizba and Nur [1990], Martin III and Haupt [1994]). Our interest in this contribution is to propose
a micro-structural model justifying the cause of hysteresis and predicting the hysteresis loop in hydrostatic tests.

The presence of cracks has long been identified as the leading cause of hysteresis in compression tests (Walsh [1965],
Pimienta et al. [2015], Borgomano et al. [2017]). The matching between experiments and theoretical predictions of this
hysteresis for uni-axial loading is now established (e.g. David et al. [2012]) but remains open for hydrostatic loading.
Local deviatoric stress is needed to cause the cracks to slip and trigger hysteresis. It is for this reason that the model
problem of a spherical pore inside a spherical cracked shell is proposed to generate the local deviatoric stress responsible
for crack slip. The distributed cracks, once closed and slipping, reduce the local shear modulus and thus affect the
effective bulk modulus of the assemblage. Despite the absence of crack propagation or interaction, this influence results
in a hysteretic evolution of the effective bulk modulus of the assemblage.

Several elements are necessary to construct this model problem and are now reviewed. For the cracked shell, a first
homogenization is considered to estimate its local effective properties, following the simple scheme for non-interactive
penny-shaped cracks of Kachanov [1982]. This first homogenization supposes that the micro-cracks have the same
dimensions, internal friction, and an isotropic distribution. In addition, to downplay the non-consideration of crack
interaction, the value of the crack density is purposely exaggerated. Using these same hypotheses, Aleshin and Van
Den Abeele [2007] and David et al. [2012] have reproduced the hysteresis in Young’s modulus of micro-cracked rocks
under cyclic uniaxial loading. The quality of their results was a motivation for using Kachanov’s scheme, among other
micro-mechanics models (Christensen [1990]), to predict the hysteresis of rocks under hydrostatic cyclic loading.

The second homogenization concerns the spherical cracked shell and the fluid-filled pore in interaction with the
remote homogeneous media. It follows the work of Hashin [1962] and is referred to as the spherical assemblage. This
approach has received considerable attention in the literature and, for example, could be generalized to an arbitrary
number of layers [Hervé and Zaoui, 1993] or include interface conditions [Benveniste, 1985]. Closer to our application,
Pan et al. [1996] included a cracked layer in the spherical assemblage and used the dilute concentration method to
estimate the effective properties. They only accounted for the effect of the crack’s compliance as the disturbing factor to
linear elasticity. No composite sphere assemblage model containing frictional cracks has been proposed so far, at least
to the authors’ knowledge. The proposed model includes friction and accounts for the changes in the pore fluid pressure
and volume (a dead fluid volume is also included) in drained or undrained conditions.

The contents of this contribution are as follows. Section 2 pertains to the presentation of the model problem, including
the first homogenization scheme to define the shell material properties, the evolution of the fluid pressure for undrained
conditions, and the expected structure of the poro-elasto-plastic constitutive response at the assemblage scale. Rice
[1977)’s argument is evoked to suggest that the same Biot’s coefficient enters the relation between stress, strain, and
fluid pressure change as well as the relation between the pore volume fraction and the assemblage volume change. The
analytical solutions for drained and undrained conditions are also presented for open cracks or for closed and sticking
cracks. A new solution assuming all cracks slip is presented in Appendix G. Since the assumptions behind these analytical
solutions are not always valid, a numerical solution based on the finite-element method is also proposed (Appendix C).
The constitutive relations for open cracks and slipping cracks are discussed in Appendices D and E, respectively. The
difficulty of the second algorithm for a Coulomb criterion is that the stress path is via the tip of the cone (yield surface)
at crack closure, as shown in the Appendix F, which motivates the link between the fracture mechanics argument and
the kinematic hardening plasticity model considered here. The hysteresis predicted by this model problem is presented in
Section 3. The assemblage’s response is found to compare well with the new analytical results for vanishing crack friction
values only. It is shown, for reasonable frictional values, that the crack activation is indeed far from being homogeneous
during the loading cycle, the major assumption of the analytical solution. Forward slip could still be activated within
the shell material during the early unloading phase and is concurrent with the reverse slip afterward. Then, the impact
of different crack parameters (crack closure stress, crack density, and friction) on the amount of hysteresis and the shape
of the hysteresis loop is discussed. The predictions for undrained conditions are also presented. Section 4 proposes a
set of numerical results matching the experimental data from Chapman et al. [2023] on the hydrostatic compression of
different dry rock samples. The experimental hysteresis loops are well predicted while only using the crack density and
the matrix elasticity modulus as fitting parameters.

2 Problem description

The model problem consists of a spherical assemblage consistent with the hydrostatic loading of interest and inspired
by the numerous similar prototypes found in the literature since the early work of Hashin [1962]. The geometry of the
micro-structural prototype is presented in Figure 1. It consists of a pore surrounded first by a shell and second by
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Figure (1) The specimen response is constructed with two homogenization schemes. The first scheme is for an isotropic
distribution of cracks, represented symbolically in the inset, within a porous, fluid-saturated elastic matrix. The resulting
material composes the shell of a spherical assemblage with a fluid-filled pore. The second homogenization scheme is for
the interaction between the spherical assemblage and the effective medium, sustaining a homogeneous stress state. The
fluid pressure is uniform over the specimen and equal to the pressure in the dead volume. The fluid mass is constant if
the tap is closed. An open tap corresponds to a pressure-controlled experiment.

Figure (2) The distribution of cracks at an arbitrary material point within the shell at the distance r from the pore
centre. Any crack in the isotropic distribution is oriented by its unit normal n thanks to the two polar angles 3 and /’.

an infinite effective medium, sustaining a homogeneous, hydrostatic stress state. The ratio of the pore to the external
shell radius is set to represent the poral porosity of the effective medium: ¢ = (Rp/Rs)3 (disregarding the secondary
porosity of the shell matrix). The material composing the shell is a porous elastic and isotropic matrix with an isotropic
distribution of initially open, penny-shaped cracks.

The constitutive relations are presented next in a rate form because of the non-linear evolution of internal parameters.
However, no physical timescale is attached to the material or the fluid responses. The loading responsible for this evolution
is initiated from hydrostatic conditions corresponding to the homogeneous stress state —psod within the assemblage and
the fluid pressure pyo. The deformation is set to zero at the initial conditions. Note that a zero in subscript defines
the initial value of the highlighted quantity (at the exception of the various porosities) and that § is the second-order
identity tensor, underlined twice as all second-order tensors in what follows. a

2.1 The shell material as a homogenized medium

The material composing the shell is a porous matrix with an isotropic distribution of cracks, and the whole is described
via a homogenization scheme disregarding any crack interaction. The objective is to summarize this homogenization
scheme presented by Kachanov [1982] and Kachanov [1992], to compute the fluid volume within the cracks, and to
prepare the grounds for the interaction analysis with the pore.

Each material point within the shell is assumed to contain an isotropic distribution of circular micro-cracks with a
dimensionless crack number nl®/V in which n is the number of cracks of radius !/ contained in the REV of volume V.
The strain rate over the representative elementary volume denoted € is the sum of the strain rates due to the matrix and
to the cracks, N
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(=i (o tapd) + Gy [ b ©n+ne b d, (1)
H

in which T is the isotropic matrix compliance fourth-order tensor, ¢ is the stress rate tensor at the material point within
the shell and « is Biot’s coefficient. The integral in the right-hand side of (1) is over the hemisphere H defining all possible
orientations of the unit normal n of the micro-cracks, Figure 2. Note the two polar angles 8 and 8’ in this Figure define
the normal orientation and have the ranges [0;7/2] and [0, 27|, respectively. The definition of H implies that the scalar ¢
in (1) denotes the crack density spherical distribution nl®/(27V) and is referred to as the crack density in what follows.
For each crack orientation, there is an average displacement jump b over the crack surfaces, which contributes to the
definition of the strain rate in equation (1). The cracks are initially open, and the average displacement over the crack
surfaces is then given by:

3201-0°
T 8B 2—v

b=B-(T+pm) with B=~(@0- *n®n) and

. 2)

in terms of the second-order crack compliance tensor B, the stress vector T based on the stress at the material point
within the shell and the crack compliance scalar v function of F and v, standing for the matrix elasticity modulus and
Poisson’s ratio, respectively. Note that it is the Terzaghi stress vector that is introduced in (2), whereas Biot effective
stress is considered for the elastic matrix response in (1). Note also that the displacement jump is decomposed in
tangential and normal components:

b=b,+b, with bnzv(l—%)w@@-@ﬂbm) and b, =v(-n®n) (L+pm), 3)

these relations to the effective stress vector being deduced from (2).
Cracks are fluid-saturated, and closure requires the effective normal component of the stress vector to be larger in
magnitude than the closing stress o¢, a positive scalar. This condition reads in terms of the total normal stress,

on < —(0c+pf) with op=n®n:g. (4)

Combine the normal displacement relation in (3) and this closing condition to estimate the initial aspect ratio of the
circular cracks, which is ¢ = F;o0c(1—v/2) (the displacement is divided by two to get the crack out-of-plane initial radius).
This aspect ratio and its evolution during loading is essential to estimate the fluid volume contained in the cracks. In
particular, the fluid volume within the cracks is computed as follows for initial conditions. Consider a hydrostatic loading
and use equation (1) to determine the volume change for normal stress based on the closure criterion (4). The opposite
value is the initial fluid volume in the cracks, which is referred to as the initial crack porosity:

32
¢C:%%(1—V2)C. (5)

Once the crack is closed, only the tangential component of the average displacement discontinuity continues to evolve
because of slip, and its rate is controlled by a Coulomb condition f,. Slip is prevented if:

fon=lT—w,l +ulon +oc+pp) <0 with =00 -n®n)-T, (6)

in which 7 is the resolved shear stress and w is referred to as the back-stress. This last terminology is proposed because of
the analogy between criterion (6) and the structure of the kinematic hardening of plasticity [Prager, 1955], as mentioned
by Andrieux et al. [1986]. The back-stress evolution is, however, different from what is constructed with a plasticity
theory since it also evolves in the elastic range so that the criterion f, = 0 at the transition between opening and
closing. The consequence of this evolution up to crack closure is that at first inspection of the stick condition in (6), the
stress point is precisely at the tip of the Coulomb cone in the stress space spanned by the resolved shear and effective
normal stresses. The back-stress in the elastic domain is thus simply equal to the resolved shear stress 7, which, given
its definition in (6) and the structure of the crack compliance tensor in (2) and (3), is interpreted as the tangential
displacement jump b, divided by the compliance scalar v: w =7 = (1/7)b,.

This relation between the tangential displacement jump and the back-stress is extended in a rate form if slip occurs:

ét =Yw. (7)

The back-stress rate w is zero if the stick condition corresponding to f, < 0 or f, = 0 and fn < 0 is respected. Slip
occurs if f, = 0 and f, = 0, and the latter equation is the consistency condition leading to the back-stress rate evaluation
done in two steps. First define the direction of the back-stress rate w with:

w=Mn and m=-——, (8)

in which m is a unit vector and second, use the consistency condition to determine the rate of the yet unknown scalar
A, where: )

A=m- 7+ p(on +py) - )
A simple application of this framework to understand the response of a single crack family with azimuthal symmetry is
presented in Appendix F.
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Further information is required to describe the fluid content at each material point composing the shell via what
is classically called the pore volume fraction in the poro-mechanics literature [Rice and Cleary, 1976]. In the present
setting, this variable corresponds to the fluid volume within the elastic matrix and the cracks normalized by the initial
volume of the REV.

There is indeed a relation between the REV pore volume fraction rate of change v with first the fluid pressure and
second the local matrix volume change, the latter being the difference between the REV rate é, and the volume change
of the cracks éyc. In this study, such relation is proposed as if an energy potential was postulated [Rice, 1977], and
consistently with equation (1):

U = aéy — €vc) + RpmPy + €vc (10)
. . cmy v . . _ (1 -a)(a—9um)
with é,c = T(l - 5) (6n +pf)dH and Rpm = I E—
Ho

The additional material constant Ry,as is the storage coefficient at constant volumetric strain defined here in terms of
Biot’s coefficient, the bulk modulus s and the initial porosity ¢as of the elastic, isotropic matrix material composing the
shell. Note that the integral in equation (10) is restricted to the part of the hemisphere Ho corresponding to open cracks
and that the integrant was obtained from the normal part of the crack displacement jump defined in equation (3).

2.2 The fluid pressure

The fluid pressure during a test could either be controlled externally by a pump or vary because the total fluid mass is
conserved. In Figure 1, the controlled pressure case corresponds to an open tap letting the fluid flow to or from a reservoir
where the fluid level changes, ensuring that the pressure is at the desired value. If the tap is closed, the pressure varies
because the fluid mass within the specimen and the dead volume are conserved. In both cases, the specimen permeability
is assumed to be large enough or equivalently that the loading rate is slow enough so that the fluid pressure change is
homogeneous over the whole fluid system. Consequently, these two cases correspond to locally drained conditions with
controlled pressure or constant fluid mass. Nevertheless, they will be referred to as drained and undrained conditions in
what follows having in mind the macro-scale response. This section aims to evaluate the pressure change during loading
if the fluid mass is kept constant under undrained conditions.

The total fluid volume within the experimental system has contributions from the pore, the shell volume due to its
porosity and the presence of cracks, and from the dead volume. The latter is constant in time, and the question is the
evaluation of two earlier volume changes. First, consider the shell material and the pore volume fraction change of the
REV is the integral through the loading of the expression in (10):

v= %[P +aps + (1 —a)pro] + Rpm(ps — pro) + v, (11)

cmy

with e,c = 20 (1— 2) (/ (n + py) dH — acd’H>,
I 2’ \ s, e

in terms of the hydrostatic stress P = tr(g)/3, a third of the stress tensor trace. This stress is introduced because the
elastic part of the constitutive relation in (1) has been used to eliminate the elastic part of the REV strain rate in (10).
The volume change due to the cracks e,c is defined in equation (11)b with two integrals. The first integral is over Ho,
the part of the hemisphere corresponding to open cracks, and the second Hc over the complementary part where the
cracks are closed. The second integrant is based on the closure criterion (4). The two quadratures over the hemisphere

are now included following the techniques presented in Appendices B and D:

2
ey

N (2= v)((or +pg)(1 — cos® Be) + (12)

(00 +py)(2 — 3cos fe + cos® B.) — 3o¢ cosfBe ),

€vC

with the introduction of 8., the critical value of the first polar angle, which marks the limit of crack closure in the interval
[0; /2] according to the condition (4).

The contribution of the REV to the shell material, equations (11) and (12), is now integrated over the shell domain
to obtain the normalised shell fluid volume relative change

Vis — Viso a? 3a /1 2 51
2FS T VFS0 - — —_ P d 1
Voo (Rpnr + . )(ps pf0)+’€(1_¢) ¢1/3( +pro) ' dr’+ (13)
2o 1
cny2-v [(0r +ps)(1 = cos® B.) +
I 1—¢ P1/3

(0o +ps)(2 —3cosfBe + cos® Be) — 3o¢ cos ﬂc]r'er with  Viso = Vso(dm + ¢c),

with the normalisation 7’ = r/Rgs and noting that the angle . is now a function of the radial position. The volume Vs
is the initial volume of the outer shell of the assembly 47(R% — R%)/3 and Vyso the initial shell fluid volume, which is
due to its matrix porosity ¢as and to the initial crack porosity ¢c, the second defined in equation (5)

The second contribution to the fluid volume of the spherical assembly is due to the pore:

u(Rp)
Rp

Ve —Vpo =3 Veo with Vpo = %R% ) (14)
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expressed in terms of the radial displacement at the pore wall.

The current total fluid volume within the assemblage is then deduced from (13) times Vso and (14). Divide this
resulting scalar by the initial volume of the assemblage Vo, multiply that by the initial volume of the specimen Vgpo,
and add the volume of the dead volume Vp to obtain the total fluid content within the experimental system depicted in
Figure 1. This global volume Vy is now presented normalized by the initial specimen volume:

Vs
Vspo

1 Vi
E(VP+st)7+¢D, with ¢p = D

s 15
Vao Vspo (15)

introducing an apparent additional porosity ¢p defined as the dead volume divided by the initial volume of the specimen.
The initial value of the normalized global volume in (15) is:
Vio _
Voo =@+ (9m +¢c)(1~¢)+¢p, (16)
SPO
having introduced the initial assemblage porosity ¢, matrix porosity ¢, and fracture porosity ¢c. The variation of the
global fluid volume in equation (15) is:

AVf AVp AVfS
- + 1-4¢), 17
LSPO LPO ¢ LSO ( ¢) ( )

since the dead volume is constant throughout the loading and having introduced the symbol A to denote the variation
of the various volumes from their initial conditions. This global fluid volume change, normalized by its initial value, is
also related to the fluid pressure change and its bulk modulus & so that, combining (16) and (17):

AVp AVyg

Tt T (1= 9) = =EE 0+ (a1 + d0) (1 - 6) + 9], (18)

The combination of the results in (18) with (14) and (13), after some simplifications, provide the equation for the fluid
pressure:

Yp(pr —pso) =Yu with (19)

1
Yp:_(¢D+¢+(1_¢)(RPM+0£+¢M+¢c)+3cﬂ—2fy(2_y)/ [1—cosﬁc}r'2dr')
K Ky 13

KRf l 1/3

R LT3 2
and Vi =360 [ [—“(P +p10) + T2 = 1) (00 + pro) (1 — cos® Bu)
P s1/3 L K

(06 + pro)(2 — 3cos Be + cos® B.) — 3oc cos ﬁc]} r2dr’ .

Two special cases are of interest, the first corresponding to a matrix with open cracks (8. = 7/2 at every radius r’
in equation 19). The elasticity solution provided in Appendix A is then used to find the following relation between the
remote stress and the pressure change

. Zu
ps —pjo=S(on —po) with §=—"=, (20)
P
2

(60 + ¢+ (a1 + 6c) (L= 6)) + (Bonr + ) (1= 0) +

fe70) 1 — ax 3¢ 1 1
+ K ¢ K* +1—¢(3n* 4G~
_ 3¢ ( 1 n 1 em?y

1—9¢ l

3k*  4G*

the definition of the triplet, (a*, k", G*) being found in equation (45) in Appendix B. The second case of interest is if
all cracks are closed, although equation (20) should be applied to some reference stress conditions other than the initial
ones. For this second special case the same triplet equals the solid matrix value (o, s, G) and the crack density c is set to
zero. In these two extreme cases, the relation in (20) is linear, as expected, showing that the loading through a pressure
change or the remote loading is proportional with a constant S, which could be interpreted as Skempton’s coefficient. In
all intermediate cases, including slipping cracks, the general formula (19) has to be used, and the results will be based
on the numerical approach.

em’y

Zy 2-v)

L
-

) and

Zu

JF o+ @),

2.3 Effective properties via the spherical assemblage

The spherical assemblage presented in Figure 1 is now further discussed. The compressive stress within the effective
medium surrounding the sphere is isotropic with hydrostatic stress (one-third of the trace) equal to —og. The interest
is to determine the effective properties of the porous medium ensuring stress continuity at the hollow sphere external
radius either by numerical or analytical means. The structure of the constitutive relations expected at the assemblage
level is first discussed before introducing the analytical and numerical solutions.
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Figure (3) The influence of the crack density on the effective elastic properties of the matrix with cracks (x*, G*) and
of the spherical assembly (%, G). Predictions based on the analytical solutions assuming that all cracks are open and
from Christensen [1990] for the assemblage effective shear modulus G.

2.3.1 Structure of the constitutive relations at the assemblage scale

For drained tests, following Rice [1977], the energy rate of change of the spherical assemblage should be described by:

&= —bou +psi— < FE>, (21)
in which 6 and v are the volumetric deformation and the pore volume fraction of the assemblage, respectively. The
scalar F stands for the collection of thermodynamic forces conjugate to the collection of internal variables £ introduced
in the section above to describe the crack response. The brackets <> in equation (21) denote the volume average over
the assemblage. The thermodynamic forces are dependent on the local Terzaghi stress within the shell material so that
it can be claimed that the volume average in equation (21) is only a function of the effective stress —om + py and its

rate. This dependence on Terzaghi stress developed by Rice [1977] leads to the equality between the irreversible volume
change and the irreversible fluid fraction rate:

0" =" = —A(6wm — py), (22)
an equality which is further extended here by stating that these two rates must be proportional to the remote effective
stress rate, introducing a non-linear function A of the remote effective stress and the collection of internal variables. This
preliminary was necessary to introduce the rate form of the assemblage response under drained conditions, which reads:

6n = —R°(0—6")+a‘py, (23)
Goi = G°(0— ")+ Rpy

in which &¢, a® and Fi; are the elastic effective bulk modulus, the elastic Biot’s coefficient and the elastic storage
coefficient at constant volume change of the assemblage. This elastic bulk modulus contributes partly to the P wave
velocity assuming a long wavelength compared to the radius of the assemblage. However, the interest here lies with
the static estimate of the elastic properties with a sufficiently large strain increment so that the crack response is also
involved. In other words, the linearisation of the non-linear properties developed above should provide the relevant
properties. These static properties are obtained by combining (22) and (23):

6y = —RO+ap; with &= H”ﬂ and a= %, (24)
~ — 1 D . . B, De —e QAR
v = ab+ Rpps with Rp:Rp—F(l—a)E.

The interesting result is that despite the dissipation mechanisms, there is symmetry in the above set of equations. The
same Biot’s coefficient can be estimated by comparing the remote stress change and the fluid pressure change (at constant
volume) or by relating fluid volume change and assemblage volume change (at constant fluid pressure). This finding
is confirmed in Appendix G for the case where all cracks in the assemblage shell are closed and slipping. This finding
also justifies our estimate of static Biot’s coefficient by using the second equation in (23) in what follows. This practice,
convenient from the numerical point of view, is at odds with the laboratory procedure.

For undrained tests, the two constitutive relations at the assemblage scale are first between the remote stress rate
6m and the volumetric strain rate and second the definition of the evolution of the uniform pressure:
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Yy
in which the two variables Y and Y}, defined in equation (19), are function of the current value of the fluid pressure
via the angle B, and, more generally, of the state of stress within the assemblage. The bulk modulus is denoted ., as

an undrained modulus since the fluid mass is conserved over the assemblage, including the dead volume.

2.3.2 Numerical solution

The solution for the model problem requires a numerical approach, which relies on the displacement-based finite-element
method presented in Appendix C. The numerical algorithms to capture first the cracks aperture evolution and second
the frictional deformation are found in Appendix D and E, respectively.

For the drained tests, two of the three effective properties, Biot’s coefficient &, and the bulk modulus are deduced
from the numerical solutions as follows. Time is discretised, and the volumetric deformation increment during the time
increment At is A0 = 3Au(Rs)/Rs in terms of the radial displacement increment at the radius Rs. The effective bulk
modulus % during this increment for a constant fluid pressure test is then obtained by taking the ratio between the stress
increment applied on the outer surface of the assemblage and the volumetric deformation increment. The fluid pressure
being constant, Biot’s coefficient & is deduced from the second equation in (24) in which the pore volume fraction rate is
interpreted as the fluid volume rate resulting from the contribution of the pore, the matrix, and the cracks, as defined in
the previous section. The storage coefficient at constant volumetric strain is not computed but could be estimated with
the following strategy: at any level of the applied load o, first freeze the outer sphere radial displacement and thus the
volumetric strain and second apply an incremental change in fluid pressure: the pore volume fraction of the assembly
will then be modified providing the storage coefficient.

The numerical solution is coupled for the undrained tests since the fluid pressure changes over time. The solution
strategy consists of a staggered scheme in which the fluid pressure is updated at the end of each time increment once
a new equilibrium has been reached. The update is based on the solution of equation (19) which is obtained with a
fixed-point method. The effective bulk modulus is still determined, as discussed above.

2.3.3 Analytical solutions for drained conditions

Analytical solutions are obtained for the assemblage effective properties in four instances, and three are grouped because
the REV within the shell material is described in a rate form by the three parameters (a*, x*,G*) as for a poro-elastic,
homogeneous material. This is the case, of course, for a shell material with completely closed cracks at any radial position
around the pore, and in this instance, the set of moduli corresponds to the matrix properties. It is also the case of a
matrix with all cracks being open for any radial position, and the corresponding moduli are presented in equation (45)
developed in Appendix B. The third instance is if all cracks are closed and slipping with no friction, and the three moduli
are defined by equation (79) constructed as a particular case in Appendix (G). The assembly response for these three
cases is presented in the Appendix (A) and the effective properties then read:

R

(O ek T S S S S (26)
1+ 936 K

There is a fourth analytical solution for the effective properties if all cracks are closed and slipping with a non-zero

friction coefficient in forward or reverse slip (Appendix G). The effective properties are found in equation (78) and

denoted (as, Ks).

These analytical solutions are illustrated in Figure 3 constructed for a quartz matrix (k = 37 GPa,v = 0.07) and a
pore porosity of 12.5%. The dotted, dashed and solid curves are the properties of the matrix, the REV (matrix+cracks)
and of the assemblage, respectively. The red and black curves are for the shear and bulk moduli, respectively. Note
that the shear modulus are based on the solution of Christensen and Lo [1979] and presented in Christensen [1990]. The
assemblage properties for a zero density are smaller than the quartz values by 20 % and 30 % for the shear and the bulk
modulus, respectively A crack density of 20 % is enough for the drop to be by a factor of four to five from the matrix
properties. These results show that the presence of the pore provides a minor part of the drop in both the bulk and
shear modulus, which is dominated by the influence of crack density. One could tentatively use these results to forecast
the evolution of the assemblage bulk modulus during a hydrostatic loading leading to the closure of the cracks: the bulk
modulus could be increased by a factor of four to five.

K=K

2.3.4 Analytical solution for undrained regime

For a linear material with either all open or all closed cracks at any radius of the spherical assemblage, the effective bulk
modulus has the following expression [Zimmerman, 2000]:

R
= 27
Ry 1_as’ ( )
having combined equation (20) with (24a) and & and & given in (26). This scalar &, is tentatively interpreted as the
undrained bulk modulus of the spherical assemblage.

The analytical solutions just presented deserve further discussion, which will of great help in explaining the non-

linear solutions presented next. Biot’s coefficient and Skempton’s coefficient, defined in equation (20), are presented

10



278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

o

n

N
\\

--------- (matrix)

————— a* (matrix + cracks)

Biot and Skepmton coefficients

0.4 —— a (matrix + cracks + pore)
B S for ¢p = 0.0
o3y S for ¢p = 0.05
0.2 —— Sfor¢p =0.1
0.0 0.2 0.4 0.6 0.8 1.0

Crack density

Figure (4) The influence of the crack density on the two effective Biot’s coefficients (the REV a* and the assemblage
@) and on the assemblage Skempton’s coefficient, for three values of the dead volume equivalent porosity. Predictions
based on the analytical solutions assuming all cracks to be open.

in Figure 4 as a function of the crack density. The dotted horizontal line corresponds to the matrix Biot’s coefficient.
The black dashed and solid curves depict the effective Biot’s coefficient of the REV and the assemblage, respectively. It
does compare to the matrix value for a zero crack density and increases up to 20% with increasing crack density. The
three red curves correspond to the variation of Skempton’s coefficient with the crack density for three values of the void
porosity (¢p is the volume of the dead volume divided by the specimen volume). There is a variation of the order of
four as the crack density is increased to one. The presence of the dead volume leads to an underestimate of the true
Skempton’s coefficient.

3 Predictions of the model

The influence of different crack parameters on the macroscopic bulk modulus during a cyclic hydrostatic test is analyzed
first, followed by an analysis of the cracks’ behavior at the micro-scale. The pore fluid pressure (p;y = 0.1 MPa) is kept
constant for drained simulations, and the porosity is set to ¢ = 12.5%. The confining pressure (o) is increased from
0.1 MPa to 30 MPa (drained simulations) or 70 MPa (undrained simulations) and then decreased back to the initial
value. The numerical predictions are compared with the analytical solutions if all cracks are closed and sticking or open
(Appendix B) and if all cracks are slipping in forward or reverse mode (Appendix G).

3.1 Effect of crack parameters on the bulk modulus, drained conditions

To assess the impact of the three different crack parameters (u, oc, and c¢) used in the model, we conducted multiple
cyclic hydrostatic simulations. Each parameter was varied individually, while the other two and the pore fluid pressure
were kept constant.

Figure 5a shows the evolution during a loading cycle of the bulk modulus as a function of confining pressure at
u=0.6, c=0.6, and oc = 5 MPa (orange curve). The bulk modulus is bounded by two values. The lower bound (lower
dashed black line) at x = 3.27 GPa is the bulk modulus of the assemblage for open cracks. The upper bound (upper
dashed line) is the bulk modulus, assuming all cracks are closed and sticking at x = 28.8 GPa. The prediction matching
perfectly with the lower bound is logical, as all cracks are initially open. During loading, cracks start closing slightly
before the closure stress of 5 MPa. At a compression of 10 MPa, the bulk modulus is increased by approximately nine
times, reaching an asymptote somewhat lower than the analytical solution for all cracks closed and sticking provided.
Upon unloading, the prediction plateaus at the upper bound before decreasing back to the initial value of the bulk
modulus, revealing the hysteresis effect and the crack’s dissipation. Figure 5a does not show the asymptotic solutions
that assume all cracks slip in forward or reverse modes. These two asymptotes at 33.3 MPa and 14.3 MPa, not shown
on the Figure, are off numerical predictions, indicating that some assumptions made for this analytical solution are not
valid in this particular case.

Interestingly, this discrepancy disappears if the friction value of the crack is lowered close to zero (see the two dotted
horizontal lines in Figure 5b). The predictions match at the end of loading and after the early unloading stage. Also, the
friction coefficient doesn’t affect the early phase of loading and the final phase of unloading when the loading approaches
the crack closure stress.

Figure 5c illustrates the impact of this closure stress. As it decreases, the closed loops shift towards the left. However,
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Figure (5) The cyclic evolution of the bulk modulus with the confining pressure, the reference simulation in (a).
Influence of the friction coefficient, the closure stress, and the crack concentration, in (b), (c), and (d), respectively.
Dotted lines are analytical solutions for cracks all open or closed, sticking or sliding in reverse or forward modes.

the minimum and maximum predictions remain unchanged by this parameter. These two values are highly sensitive to
the crack concentration, shown in Figure 5d. Nevertheless, the crack concentration has little effect on the transition.

The evolution of Biot’s coefficient is presented in Figure 6a to conclude the discussion on the effective properties of
the assemblage. The data are exactly those considered for the reference curve in Figure 5 with a crack friction angle
set to 30° and matrix Biot’s coefficient equal to 0.8. The cyclic response is in line with the results presented in Figure
4, with a value close to 0.98 for low confining pressure as all cracks are open and around 0.84 for the largest values
of the confining pressure resulting in the closure of most cracks. The exact asymptotic values are illustrated with the
dotted lines. The blue and green curves are obtained for a larger and a smaller matrix Biot’s coefficient compared to
the reference value. The variation of this coefficient has no influence on the transition but controls the asymptotic value
for large confining pressures. Note that there is a slight hysteresis during the cycle, which is more visible for the lowest
value of the matrix Biot’s coefficient. Moreover, the butterfly structure of this hysteresis is very analogous to the one
observed for the bulk modulus in Figure 5 with a cross-over of the loading and unloading paths at approximately the
confining pressure of 5 MPa. This analogy prompted the authors to plot Biot’s coefficient as a function of the bulk
modulus, Figure 5b. The variation is linear and given, up to numerical accuracy by:

a=1-(1-a) (28)

R

This linear response is, of course, a surprise, although it has been seen four times in this contribution while discussing
analytical solutions. Consider first the case of all cracks closed and slipping in either forward or reverse mode, Equation
(78) in Appendix G. The three other cases correspond to a homogeneous response within the shell with either all open
cracks, all closed and sticking cracks or all closed and slipping with zero friction. For these homogeneous response,
combine the shell effective Biot’s coefficient in Equation (34) of Appendix A with Equation (26) and obtain indeed the
result in (28). The surprise comes from the fact that (28) holds also for any crack activation pattern encountered during
the cyclic loading. Proof of this statement®, which is not given here, would require showing that the displacement field

LA simple tentative argument could be proposed nevertheless, similar to the one followed to relate Biot’s coefficient to the ratio
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for complex crack response has the structure found in Equation (74). There are first a collection of terms function of the
effective stress 67 — py and second, the last term found in this equation in all cases.

The discussion above has highlighted the significant difference between the numerical predictions and the analytical
solution for all cracks slipping in forward or reverse mode, especially for reasonable values of the friction parameter. This
discrepancy to be resolved necessitates analyzing the cracks’ response at a finer scale. The analysis is presented in the
following section.
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Figure (6) The cyclic evolution of the effective assemblage Biot’s coefficient & with the confining pressure for different
values of matrix Biot’s coefficient in a). The relation between the effective Biot’s coefficient and bulk modulus is linear
(equation 28) as shown with the dashed lines, b).

3.2 Crack’s response around the cavity, drained conditions.

Figure 7 is proposed to analyze the response of the populations of cracks around the cavity. The two columns on the
left illustrate the results for the two friction parameters of 0.01 and 0.6, respectively. The five rows of three graphs
correspond to different values of the confining pressure, numbered from 1 to 5 (1 and 2 during loading and 3 to 5 during
unloading) as defined in Figure 5a. Each graph in these two left columns presents the angle 3., which marks the limit of
open and closed cracks (dashed blue curve and values read on the right axis), as well as the proportion of cracks sliding
in forward or reverse mode (red and black curve and values read on the right vertical axis). The column of graphs on
the right of Figure 5a compares the crack’s response for the two friction values (green and purple colors) at a specific
distance of the pore center, which is set to 0.6281. The crack distribution (first polar angle 8) ranges from zero to 90
degrees, and the cracks are shown as either open, sticking, or slipping in forward or reverse mode.

The first point of comparison between the results for the two values of the friction coefficient is at the confining
pressure of 6 MPa, the top row of Figures 7. The crack closure curve is similar for the two friction values. The crack
orientations above the curves are closed and are open below. Cracks at radius larger than, approximately 0.77Rgs are all
closed. As the normalised radius is decreased below this 0.77, the population of open cracks increases. It is impossible
to close all cracks since the normal stress for 8 = 0 is the radial stress, which is equal to the initial pore pressure at the
pore wall. Among the closed cracks, the red curve indicates that for p = 0.01, 70% to 100 % of cracks slip as one moves
away from the pore wall. For u = 0.6, less than 20% of cracks slip. Surprisingly, it is the cracks closest to the pore (i.e.,
between r = 0.5Rs and 0.6R;) that are activated. The left plot confirms this interpretation. At r = 0.6281, the same
cracks are open, but the closed cracks slip for the low friction and stick for the large friction.

The second comparison is at the maximum loading for oz = 30 MPa and corresponds to the second row in Figures 7.
All cracks are closed for a radius greater than 0.53Rg, approximately. Only a few cracks near the pore remain open. If
the friction is low, almost all the closed cracks slip. However, for the large friction only a small fraction of the cracks
closest to the pore slip. The proportion is around 40% and decreases to zero for a radius close to 0.62Rs. The plot to the
right confirms the difference with all cracks sticking or slipping for the large and low friction, respectively, at » = 0.6281.

The three other comparisons are done during the unloading. During the initial stage (where o equals 28.8 MPa and
third row in Figure 7), the black curve indicates that the cracks experience an almost instantaneous reverse slip in the
case of low friction. The proportion of reverse slipping cracks decreases with the radius. At the pore wall, approximately

of the effective bulk modulus to the skeleton bulk modulus. Consider Equation (24)a to describe the response of a comparison
solid, meaning that it is valid for any fluid pressure rate and any remote pressure rate. Choose then ¢y = py and conclude that
—(1—-a)ps/k = 6. This assemblage volumetric deformation rate can be estimated from a micro-scale point of view. The matrix
sustains on its boundary a purely normal loading set to p; and thus develops a stress rate purely hydrostatic. Its volumetric rate
is thus (o — 1)ps/k. The open cracks must sustain the same volumetric rate if still open. The deformation is thus the same,
homogeneous, for the two phases, matrix and fluid phase, and thus equal to the assemblage 6. Combine these two results to obtain
Equation 28.

13



a 1- Confining pressure (loading): 6 MPa a0 b 1 Confining pressure (loading): 6 MPa a0 C 9. Confining pressure (loading): 6 MPa
u=0.01 u=0.6
0.94 tso 0.9+ r80 80
= =
£ 0.8 L70 £ 0.8+ 70 704
S S
0.74 0.74
i 6o £ 60 60l
.4 0.64 — .4 0.64 —
T 50 2 T 50 & 504
R Y/ w0 ER o 02 4
30'4' RN \Osed = 30.4- Tl ogg o
o s F30 o S F30 304
‘8,0.34 Dep "~ 5,034 Dep ™~
00l ~. r20 Bl N t20 20]
w . —Forward slip w + |—Reverse slip
0.14 \\ — Reverse slip F10 0.14 \ | — Forward slip F10 104 o
0 1 |- - Closure angle (f.) 0 0 — -Closure angle (f.) 0 * u=06
05 06 07 038 0.9 0.5 06 07 038 09 Reverseslip  Open  Forwardslp  Sack
d 1- Confining pressure (max. load): 30 MPa 00 e 1 Confining pressure (max. load): 30 MPa 90 f QO_Cc}nfining pressure (max. load): 30 MPa
=0.01 =0.6
0.94 H H 80 804
=
¢ 0.8
g F70 704
B8 0.74
T F60 604
.2 0.64 —_
° k50 @ 504
'E 0.54 40 E
S 0.44 = 9
go 0.3 30 304
£ 0.3
a,
= 0.21 20 204
A
0.14 v £10 104
1
0 . r . ‘ . . . 0 ‘ | | |
0.5 0.6 0.7 0.8 0.9 0.7 0.8 0.9 Reverseslip ~ Open  Forwardslip  Stick
g 1, Confining pressure (unloading): 28.8 MPa h 1. Confining pressure (unloading): 28.8 MPa | jGonfining pressure (unloading): 28.8 MPa
=0.01 =0.
0.9+ H O 0 Lso 0.9+ Iz O 6 Lso 804
IS IS
g g 0.8+ L70 704
El El
. 0.74
.8 2 0.64
o L50 S 504
% 0. 4 0.5 =]
] & 40 = 401
3 5 0.4 =
éo bzc 03 k30 304
a, a7
=Y B L20 204
@ 0. @ 024
0.14 ‘1_,)\ L10 10]
1
0 - T T T 0 0 T T T T
0.5 0.6 0.7 0.8 0.9 Reverseslip Open Forwardslip Stick
J k 1 Confining pressure (unloading): 18 MPa a0 1 gu_Confining pressure (unloading): 18 N{Pa
u=0.6
0.9 +80 80+
= =
£ g 08 r70 70
ES ES
0.74
-:,‘g -:,‘g t6o 60
.4 0.64 — .4 0.64 —_
o 50 2 B 50 & 504
'E 0.5 a0 ) 'E 0.5 0 =
5 0.44 [T = o4 e 10
2 L30 - L30 30/
‘B 0.34
%3*0_2_ N +20 r20 20
AY
014 Y F10 L10 104
0 L : : . 0 . - T 0 | | | L
0.5 0.6 0.7 0.8 0.9 0.7 0.8 0.9 Reverseslip ~ Open  Forwardslip  Stick
m 1, Confining pressure (unloading): 5.4 MPa % L, Confining pressure (unloading): 5.4 MPa 90 o 90Cjcnfining pressure (unloading): 5.4 MPa
0.9 80 0.9 ]'1_0'6 leo 804
= =
g %5 0§08 7o 70
S S
_:'% 0.7 . }% 0.7 P
5 0.6 4 0.6
° 50 ~ T |50 ~ 501
% 0.5 L - . H
g [~~< 0= @ R lao= 40{ 9
5 0.4 ~a. 5 04 ~-.
£ 03] RN W F o, A tso 30
& s 20 £ s 20 20
= 0.2 ~ = 0.2 ~ [ 1
7] . 7 D
0.1 * 10 0.1 et 1o 10
o * 0 0 ST~ . 0
05 a6 a7 08 09 as a6 07 08 a9 Reverseslip ~ Open  Forwardslip  stick

Radial position (#/Rs)

Radial position (#/Rs)

Cracks at position r/R;=0.63

Figure (7) The crack slipping regime and distribution (proportion of slipping cracks) as a function of the radial position
at five stages of the loading cycle defined in Figure 5. The left and central columns of plots for friction coefficient of
0.01 and 0.6, respectively. The dashed blue curve in each plot represents the crack closure angle §. (right vertical axis).
Above this angle, all cracks are closed, and below it, they are open. The red and black curves are the proportion of
cracks slipping in forward of reverse mode (left vertical axis). The right column of plots shows the crack regime at a
specific radius (r/Rs) in terms of the first polar angle 3.
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half of the cracks show reverse slipping. This proportion increases during further unloading and then decreases because
of the reopening of the cracks as can be seen from Figure 7j and m. However, for the large friction (Figure 7h k and n)
the response is very different with continuous forward slip of a population of cracks despite the overall unloading. Many
cracks around r = 0.6 R continue to forward slip. This group of sliding cracks is getting translated towards the external
part of the shell as unloading is pursued while the population for cracks with reverse slip is increasing from the pore.
The other surprise is the observation at r = 0.6281, during the last phase of unloading, Figure 7o: there are at the same
radius cracks slipping in either reverse or forward slip for an orientation close to 40 and 45 degrees, respectively.

3.3 Cyeclic response with undrained conditions
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Figure (8) Bulk modulus for undrained conditions with water or glycerin and comparison with drained conditions in
(a). Evolution of the pressure during a cycle with water in (b). Influence of the matrix Biot’s coefficient in (c), and of
the dead volume in (d).

The last set of results concerns the loading under undrained conditions. The first graph shown in Figure 8a compares
the drained response to the undrained response for glycerin (ky = 4.5 GPa) and water (xy = 2.2 GPa). This comparison
assumes a matrix Biot’s coefficient of 0.8 and no dead volume. All other parameters are the same as those used in
the reference simulation discussed earlier. The assemblage bulk modulus is significantly different from the drained case
when all cracks are open or when most cracks are closed and sticking. The limiting cases of all open and all closed and
sticking are represented by the dotted lines in the graph for the water-saturated case, and they are well matched by
the numerical predictions. The other difference with the drained case is the transition between the two limits, which is
delayed because of the fluid bulk modulus and the variation in fluid pressure. The delay becomes more significant as the
fluid bulk modulus increases. Note also that increasing the fluid bulk modulus reduces the hysteresis effect. Although
the micro-structure response is comparable to the one observed for drained conditions, the fraction of slipping cracks is
less for undrained simulations.

The role of the variation in fluid pressure is presented in Figure 8b for the case of water. The variation is approximately
bi-linear, starting from an initial value of 0.1 M Pa and ending at approximately the value of the confining pressure. The
analytical expressions for the Skempton coefficient found in Equation (20) work well for both all open and closed and
sticking cracks, and they provide the slopes of the dotted and dashed lines starting either from the initial or the final fluid
pressure, as plotted in Figure 8b. It should be noted that although not visible on the graph, there is a slight hysteresis in
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the fluid pressure variation. If the cracks are active, there is a maximum difference of 0.07 MPa in fluid pressure between
loading and unloading.

Figure 8c and 8d present two additional plots that investigate the impact of the matrix Biot’s coefficient and dead
volume on the assemblage bulk modulus. The black reference curve corresponds to water and a matrix Biot’s coefficient
of 0.8. The two limiting values are influenced by the matrix Biot’s coefficient. The larger the Biot’s coefficient, the larger
these limits are. However, this coefficient has no effect on the transition or the closing of the cracks. Figure 8d shows the
impact of dead volume. Increasing ¢p results in a slight reduction in bulk modulus as well as a decrease in the confining
pressure required to achieve the transition between the two limiting values.

There is a surprising result observed in Figure 8a which deserves further discussion. The bulk modulus at the end
of the loading phase is close to 40 GPa and 50 GPa for the water and the glycerin. These two values are much larger
than the matrix bulk modulus which is approximately 35 GPa. It is classically observed in rocks that the undrained
bulk modulus does not exceed the dominant mineral bulk modulus. This difference is very sensitive to the matrix Biot’s
coefficient as can be seen from Figure 8c for the water: the critical value of a beyond which the assemblage modulus is
greater than the matrix bulk modulus is between 0.2 and 0.8. If one assumes that all cracks are closed and sticking at
the end of loading, then this critical value of a at which the two moduli are equal is found analytically and is 0.47 and
0.78 for water and glycerin. This finding reveals some applicability limit of the proposed prototype to classical rocks.
The matrix Biot’s coefficient is set to zero in the next section and the results do not suffer from this limitation.

4 Application to hydrostatic compression of dry specimens
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Figure (9) Volumetric strain versus confining pressure varying the crack density ¢, matrix elasticity modulus E, matrix
Poisson’s ratio v, and friction angle ¢ in a to d. The best fit for Bentheim is obtained for ¢ = 0.6, ¢ = 32°, v = 0.07
and E = 58 GPa (orange curve). Note that the porosity is the same for all simulations and is equal to the real sample’s
porosity $=22.2%, and that cc = 2 MPa.

The stress-strain curves from hydrostatic compression tests on dry samples are now simulated. The experimental
data come from Chapman et al. [2023] and showcase four rock samples. The clean Bentheim sandstone (95% quartz) has
a 22% porosity and a grain size between 18 and 500 ym. The Chauvigny limestone has a 16.2% porosity and is entirely
composed of calcite. The two carbonates, C-2 and C-3, have a porosity of 17.1% and 14.7%, respectively. C-2 is granular
and is mainly composed of calcite (> 95%), whereas C-3 has a shrub facies and contains a mix of calcite (45.5%), quartz
(38.3%) and dolomite (15.2%).

In dry conditions, the numerical model takes six parameters as inputs: ¢, p, v, F, ¢, and o¢c. The porosity is set to the
one measured experimentally. The crack closure stress used in the model corresponds to the confining pressure at which
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the hysteresis loop would close at the end of the loading cycle. It is inferred from the stress-strain curve. The matrix
Poisson’s ratio and internal friction compare to those of the principal mineral at room temperature. However, given that
the value range of the elasticity modulus is quite large for common minerals (90-100 MPa for quartz and 90-150 MPa
for calcite), E is used as a fitting parameter. Also, information about the crack density is not assessed experimentally
and is thus a fitting parameter. A first analysis of the Bentheim sandstone is proposed below to understand the impact
of all the parameters that are not strictly measured (E, ¢, ¢, v).

Figure 9 shows the influence of the matrix properties on the hysteresis loop for Bentheim at fixed o = 2 MPa, and
¢ = 22.2%. In Figure 9a, (with £ = 58 GPa, ¢ = 32°, v = 0.07), increasing ¢ from 0.4 to 0.8 leads to a smaller slope and
a larger hysteresis. In Figure 9b (with ¢ = 0.6, ¢ = 32°, v = 0.07), the increase of E leads to the increase of the average
slope and the decrease of the dissipated energy AFE, (loop area). Note that F has a greater impact on the slope than
on AFE,. From Figure 9 (with E = 58 GPa, ¢ = 0.6, ¢ = 32°), observe that the increase in v from 0.02 to 0.2 results in
both a larger slope and AE,. Figure 9d (with £ = 58 GPa, ¢ = 0.6, v = 0.07) shows that the increase in ¢ from 28° to
36° results in the decrease in hysteresis, as well as the more concave curve. The best fit for the data, provided by the
least square method with E and c as fitting parameters (at fixed ¢ = 32° and v = 0.07), is obtained at E = 58GPa and
¢ = 0.6 as shown by the orange curve. The predicted elasticity modulus is thus notably smaller than that of quartz.

The fitting considers the amount of hysteresis, which is a proxy for the energy dissipated by the sample, and is
conventionally represented by the attenuation factor Q@ *. This attenuation factor is the ratio of the area of the hysteresis
loop to the average energy stored in the sample (O’Connell and Budiansky [1978]). It stems from the direct definition
of the attenuation factor as the ratio of the dissipated energy AFE,, to the average energy V,, stored by the rock:

AR,
T AxV,

Q™ (29)
a definition found in Borgomano et al. [2017] and that differs by a factor of two from similar definitions in classical
contributions such as Knopoff [1964] and Jaeger et al. [2009]. In practical terms, AF, is the area of the hysteresis
loop, and V;, is the area below the loop; both areas were computed incrementally, following Tisato and Madonna [2012].
The value retrieved from the reported data of Bentheim is Q;zlp = 1.03 x 1072 and that of the numerical hysteresis is
Q. =1.05x 1072, This is a good match, considering the simplicity of the model and the difference is certainly below
the experimental accuracy.
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Figure (10) Volumetric strain versus confining pressure for Chauvigny. The fitting parameters are: ¢ = 0.4, ¢ = 32°,
v =0.2, E =61 GPa, oc = 2.5 MPa and ¢=16.2%.

In addition to Bentheim, the numerical results for Chauvigny show a very good fit with Q;}p = 1.47 x 1072 and
Qnt. =1.46x1072. Figure 10 displays the data and numerical volumetric strain versus confining pressure for Chauvigny.
The numerical result corresponds to : ¢ = 0.4, ¢ = 32°, v = 0.2, E = 61 GPa, oc = 2.5 MPa, ¢$=16.2%. Again, only ¢
and F are fitting parameters since ¢ and o¢ are inferred from the data, and v and ¢ are fixed for simplicity. Note that
the experimental curve for Chauvigny is quite symmetrical and linear in loading versus unloading. This agrees with the
frictional crack theory for a specimen with minor defects (small crack density) and spheroidal pores.

Regarding the other two carbonates, C-2 and C-3, the stress-strain curves are neither symmetrical nor quasi-linear.
This makes using E and c¢ as the only fitting parameters more difficult. Figure 11c and 11b show the best fit using
two fitting parameters (E and c¢) for C-2 and C-3, respectively. Note that, although the amount of hysteresis is closely
matched, the slopes are very different. Several factors can explain the curvier aspects of the C-2 and C-3 loops, notably
the grain and pore shapes and the nature of the grain contacts. Unfortunately, no analysis of the pore shape is available
for these samples. Nonetheless, the curvier aspect of the experimental loop suggests that the local deviatoric stress is
quite large. Yet, the proposed prototype in this contribution uses a spherical pore to generate deviatoric stress which is
thus controlled entirely by porosity. The measured porosities for C-2 and C-3 are too small to reproduce the data using
this simple prototype. It is important to note that carbonates have complex micro-structures with varying grain shapes
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Figure (11) The experimental data of the hydrostatic compression cycle for C-2 and C-3 carbonates versus the
theoretical curves. In a and b, the best fit when using only F and c as fitting parameters. In ¢ and d, the best fit when

using E, ¢, ¢, p and v as fitting parameters.

Table (2) Best fitting parameters for the experimental data.

Parameter | Bentheim | Chauvigny | C-2 | C-3
E [GPa| 57 61 80 68
v 0.07 0.20 0.20 | 0.20

¢ [°] 32 32 41 30

c 0.60 0.40 0.8 | 0.5

oc [MPa] 2 1 3 5
o [%] 22.2 16.2 43.0 | 28

and micro-porosities of different types not accounted for. Additionally, when closely examining the curves for C-2 and
C-3 (Figure 3e and 3f of Chapman et al. [2023]) at higher confining pressures, it is evident that there is an evolving
strain at a constant pressure of 30 MPa, which resembles creep-like behaviours. These behaviours are not observed in
the other rocks and could be due to minerals’ plasticity, which is not accounted for. To address this limitation, one can
either increase the porosity in the model or flatten the central pore. The former solution was adopted to fit the data
since further development would be needed to try the latter. Figure 11c and 11d show the best fits for C-2 and C-3 by
optimising E, ¢, ¢, u and v. These best-fitting parameters are provided in Table 2.
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5 Conclusion

A model problem to capture the hysteresis in hydrostatic compression tests has been proposed. It is built with two
homogenization schemes, the first at the REV scale within the shell material and the second for the assemblage composed
of the pore, the shell and the homogeneous effective medium. It considers uniform pore-fluid pressure at the assemblage
length scale for either drained or undrained conditions, the fluid mass within the specimen and the additional dead
volume being constant in the latter case.

The hysteresis is analysed by plotting the bulk modulus during the loading cycle versus the remote compressive
stress. Four stages labeled (i) to (iv) are observed during a typical cycle. Stage (i) applies during the early phase of
compression as well as during the late stage of unloading since all cracks are open. Stage (ii) corresponds to the end of
loading when the population of closed, slipping cracks is then stabilized. Stage (iii) signals the beginning of unloading
and most of the closed cracks are sticking. Stage (iv) marks a stage closer to the initial conditions with the reopening of
cracks and slipping of the closed cracks. Four analytical solutions are proposed for open cracks (stage i), all cracks closed
and sticking and also for all cracks closed and slipping in either forward or reverse mode. The two latter solutions were
expected to capture stages (ii) and (iv). The finite-element solution enables to capture the transitions between these
various stages and to assess the validity of the assumptions behind the analytical solutions.

The finite-element solution in stage (i) and (iii) matches the analytical solution. The asymptotic values are functions
of the matrix elasticity and the crack properties for the drained case and in addition, of the fluid bulk modulus and
matrix Biot’s coefficient for undrained conditions. Surprisingly, the new analytical solution for all slipping cracks is only
reasonably matched for low friction angle. Two of the assumptions considered for the analytical development are seen
not to be valid. First, in all cases, there is always a small shell around the pore where cracks do not close because they
are oriented such that their normal stress is close to the radial stress and thus controlled by the pore pressure. The
second reason is that all cracks do not stick at the reversal of the assemblage confining pressure. There is indeed a zone
where forward slip is pursued during the early phase of unloading. This zone extent is shifted towards the assembly
outer radius as reverse slip is initiated closer to the pore during the unloading. Moreover, it is observed that at critical
radii, the population of cracks could be in the four states: open, closed and sticking, closed and slipping forwardly or
reversely, depending on their orientation.

The finite-element solution for the assemblage Biot’s coefficient is proposed for drained conditions and thus constant
fluid pressure. It is based on the ratio of the fluid volume rate of change (pore volume fraction rate) to the assemblage
volume. This Biot’s coefficient is found to be an affine function of the assemblage bulk modulus. This same relation was
indeed derived for the the four analytical solutions but not shown to prevail for general crack states.

The finite-element predictions also reveal the key parameters controlling the transition between stage (i) and stages (ii)
and (iii), which marks the crack closure. The main parameter is the crack closure stress although the crack concentration
has also a minor influence. For undrained conditions, the fluid bulk modulus becomes a key parameter, while the matrix
Biot’s coefficient as well as the dead volume, have a minor influence.

The fitting of experimental data from the hydrostatic compression of dry sandstones and carbonates presented by
Chapman et al. [2023] is done in two optimisations using the least square method on the stress-strain data. The first
optimisation uses only the matrix elasticity modulus and the crack density, while the second optimization makes use
of all six parameters (assemblage porosity, crack stress closure, crack friction, Biot’s coefficient, the elasticity modulus
and Poisson’s ratio of the matrix). Using the first optimization, we could predict the hysteresis loops of the Bentheim
sandstone and Chauvigny limestone. We observed that the quality of the fit of the transitional phase between (i) and
(ii) is a function of the deviatoric stress generated by the central pore. A bigger central pore leads to a longer transition.
However, the specimen’s porosity in the central pore did not cause enough deviatoric stress to match the data from
the C-2 and C-3 carbonates. For these two samples, the second optimization (including a considerable increase in the
porosity), results in a good fit. The model seems to perfectly predict the hysteresis loop of porous samples (¢ > 10%).

The application of this model problem could be extended in different directions and two are now briefly discussed.
The first direction is due to the inability of this micro-structural model to match the experimental results for low porosity
rock, as observed for the Granite and for two of the carbonates tested by Chapman et al. [2023]. One could wonder if
visco-plasticity could explain the issue for the latter and it is clear that the spherical pore should be replaced by another
source of deviatoric stress such as, for example, the interaction of an isotropic distribution of frictional cracks, for the
former. Second, this micro-structural model is now validated for porous rocks and should be applied to capture the strain
amplitude dependence of the static elastic properties [Pimienta et al., 2015]. This effort will require a change in the
numerical scheme to accommodate an oedometric loading condition thus switching from radial to cylindrical symmetry.
This generalization is also required for hydrostatic loading if a comparison between static and dynamic properties (Vp
and Vg) is intended. The determination of the dynamic shear response of the assemblage needs the shear effective
property which could indeed be deduced assuming a cylindrical symmetry and a P-wavelength long compared to the
assemblage length scale.
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Appendices

A Elasticity solution

The elasticity solution is fundamental to this contribution, and the porous, homogeneous material composing the shell
is linearly elastic, isotropic with equivalent properties (k*, G*,@*). The initial state corresponds to a pressure set to pyo,
isotropic stress equal to —pyo, and is associated with zero deformation and displacement.

The solution is found with the displacement method. The displacement is radial, and thus of the type u(r) = u(r)e,.
with the scalar function u(r) of the radial position with respect to the center of the pore as the only unknown. The only
non-zero linearized strain components are:

) (30)

€=U o= cp= =

r — UWnr, 6 — €p = r
with a comma stranding for the partial derivative for the variable that follows. The volumetric strain is the sum of these
three components: €, = u,, + 2. The poro-elasticity constitutive relations for an isotropic medium are now applied,
and the stress field in terms of the displacement function or its gradient and the fluid pressure reads:

*

3

*

. 2G £ U N
o9 +Pro =0y +pso = (K —T)GHQG S (pr —pyo) -

o +pro = (K" — Jew +2G"u, — " (py — pyo), (31)

This stress field satisfies point-wise mechanical equilibrium, which, because of the problem symmetry, is expressed by a
single equation:

1
Orr + ;(QO'T —09—0,)=0. (32)

Insert now the expressions in (31) in this equilibrium equation to obtain a second-order differential equation for the
unknown function w(r). The solution is found by integration and reads:

B
u(r) = Ar + 2 (33)
for two constants A and B. The stress components in terms of these constants read:
* * B * * * B *
or +po =3K"A—AG" 5 — a7 (pr —ppo), g6 +Pro =0 +pro =36 A+ 2G5 —a(ps — pro).- (34)

The constants are found by imposing that the remote stress is the hydrostatic pressure og (positive scalar in compression
) while the radial stress at the pore surface is minus the fluid pressure py:

— —(p — oy lom—pp) _ _(on—ps) Rp
A3kx = —(py — pro)(1 — a”) 1o B = G- 19 (35)
The stress fields finally read:
__,, _lom=ps) (, (Bry S Bt 13 1 Bpys
or = —py 16 1=(=7)"), ooe=0p=—ps 1% 1+357)7) - (36)

The effective properties of the spherical assemblage defined in (24) are in terms of the assemblage volumetric strain,
60, which is equal to 3u,(Rs)/Rs for small perturbations. This volume change for the assemblage is found by combining
(33) and (35):
wPf—pro _ (om —ps) 4G" +3K"¢

0=—(1- — . 37

( a’) K* 1—¢ 4G*k* (37)

This relation between volume change and pressure and remote stress oy provides the effective medium properties as
defined in equation (24) and presented in (26).

B Effective properties of an elastic medium with an isotropic distri-
bution of open, circular cracks

The stress-strain relation (1) with the introduction of the crack compliance tensor in (2) reads:

P , T [
E=QC: (¢ + apsd) + 2 {g (¢

with N = n®ndH and ]N:/@@@@@@ﬂd?-l,
- H H

+518) + G+ ppd) N~ vN: (84550 } (38)
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the normal n being defined by:
n = cos (e, + sin B(sin ﬁ'gw +cosB'e,), (39)

in terms of the polar angles (3, ). In equation (38), Biot effective stress is introduced for the matrix response, while
the Terzaghi effective stress is proposed for the crack response. The second-order N is isotropic so proportional to the
identity tensor § with a proportionality factor of 27/3 found as follows:

/2 2w 9
N-e, = / ncosBdH = / [0082 Be,. + sin B cos B(cos B'ey + sin ﬁ'gw)} sin fdp’'dp = %gr . (40)
o H p=0 JpB’=0
The fourth-order tensor IN is also isotropic and has thus the following spectral decomposition:
IN = 3kJ + 29K, (41)

in which k and g are two unknowns and the orthogonal tensors JI and IK defined by J = 1/3§ ® § and IK =I5 — Jl with
I, standing for the symmetric, fourth-order identity tensor. The first constant k introduced in (41) is found by using
the orthogonality property IN : JI = 3kJI which, using the definition in (38b):

2

N:ﬂ:l/@®ﬂg~ﬂd7{®§: Q@é:%JI:>3k:?. (42)
" 9 Q0o

3
The second constant is found by considering another symmetry property of IN which is that all indices of its components
in a Cartesian coordinate system can be permuted. The components of the isotropic tensor IN must have equal weight,
such as in the expression
0ij0kt + didj1 + 0:105k , (43)
which are the components of the tensor:
5J + 2IK. (44)

The ratio 5/2 between the scalars multiplying the two orthogonal tensors above is respected in (41) if g = 3k/5 providing
the value of the second unknown scalar 2g = 47 /15 .

The expressions for the tensor N and IN are now inserted back in equation (38) to obtain the effective moduli £* and
G* and the effective Biot’s coefficient o*:

.o 1 1 y .
g—[3K*JI+ZG*]K].(g+ozpfé) (45)
. 1 ey 1 1 2eny v
with o=t 5 0 =gt 35 U5
- K"
—1-(1-a)™.
and « ( a)/-c

C Finite-element solution

The starting point of the finite-element method is the theorem of virtual work, which equates internal and external
virtual works and reads in 3D:

~ d _
Agn+1 redV = /aQT I,y -udS (46)

in which Q and Q7 are the assemblage domain and the part of its boundary where forces are prescribed. A superposed
tilde in equation (46) denotes the virtual strain and displacement. Time has been discretized, and the theorem is written
at the end of the increment n + 1. The three objectives are to reduce this equation to the 1D setting appropriate for our
spherically symmetric problem, introduce the finite-element discretization, and discuss the time discretization.

The domain is limited to the extent of the matrix since the fluid is always in equilibrium within the pore. It is
also discretized in the radial direction with a series of finite elements. Spectral elements have been selected because of
the interesting property that nodal points and the Lobatto quadrature points coincide. The shape functions N (r) at
node a have the properties that No(rs) = dap for any node positioned at r,. The radial displacement over any element
is interpolated by the sum u(r) = 32" Nu(r) over the total number of nodes per element N. The strain components
computed within each element are the radial and twice the hoop strain. They composed the column vector {e}. This
vector is obtained by the operation:

Na,r("‘b)
z 5ab

{e} = [B{u}, with [B]= { 2 } , (47)
Ty
in which [B] is the classical B-operator (defined at node b for a varying between 1 and the number of nodes in each
element) and the column vector {u} contains the N nodal radial displacement of the element.

The stress at time ¢,41 introduced in equation (46) is found from the update algorithm discussed in Appendix D for

open cracks and in Appendix E for the sliding cracks. These updates correspond to a generic relation of the type:

{ohns1 = {o}n + [ {Ae} — alps{1}, (48)
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in which the stress vector increment {Ac} and the unit vector {1} have for components Ac,, Aoy and 1, 1, respectively.
This equation is non-linear since the crack compliances, corresponding to the matrix [€*°], are a function of the stresses
at the end of the time step and are thus solved iteratively. This equation is now inserted in the theorem of virtual work
in (46), and the contribution of a single element Q° to the global system of equations resulting from the finite-element
discretization reads:

[ Bl e = Tr?lor (19)

Note that the applied force T,fﬂ on the element boundary 907 is the remote stress —0Hn4+1 ON the external radius
Rs (last node of the last element for a mesh constructed from the internal to the external radii) and the pore pressure
+pf, .1 at the pore wall (first node of the first element). Note also that equation (49) is non-linear and is solved by a
Newton-Raphson search to satisfy equilibrium at the end of the time step t,41. The stress at iteration (k + 1) of the
n + 1 iteration, {a}slk_:rll) is the sum of the stress at previous iteration {a};’“jl plus a perturbation {do}. This stress
perturbation is related to the perturbation in strain {de} by a linearization of the constitutive relations in (48):

{d0} = (@] {oe}. (50)

The perturbation in strain is related to the displacement perturbation {éu} by the B-operator introduced in (47) so that
the linearized set of equations to solve at each iteration is:

/ BIQ] 7 (B rdr {6u} = T2 |oor — / B} rdr (51)
Qe Qe

Note that the stiffness used in (51) and introduced in (50) should result from a consistent linearization of (48). It is
preferred here to keep with the inverse of the compliance set up at the end of the iterative update at the risk of not
getting a quadratic convergence rate. The number of iterations remains small (2 to 3) with a convergence tolerance of
1077,

D Numerical algorithm for cracks aperture update

This Appendix concerns the numerical algorithm to capture the evolution of the apertures of the isotropic distribution of
cracks. The starting point is again the stress-strain relation in (1) with the introduction of the crack compliance tensor
in (2):

e=C:(g+apd) + TN, @ +prd) + (@ +5s0) - N, —vNo: (@ +550) } (52)

with Qo :/ n®ndH and No :/ neNInndH,
Ho Ho
The integration range is now limited to the part of the hemisphere Ho corresponding to open cracks. The first cracks
to close as the remote loading increases are those aligned with the radial direction. The last ones to close are those
perpendicular to the radial direction. Consequently, the integration in terms of the two polar angles defined in Figure 3
corresponds to the range {3, 8’} = [0; 8] x [0; 27r] with 8. corresponding to the condition of crack closure in (4):

T
2
The quadrature in 3’ is always from 0 to 27 because of the problem spherical symmetry. The result of the computation
of these two quadratures proposed in a matrix notation reads:

cos? B, (or +py) + sin? 8. (00 +py) = —oc with B € [0; (53)

ér ! G+3k 2G -3k or + apy . c'yTrz -
2% ) 99% |2 3k 4G +3k| |60+ apy
2(1—cos® B) — £(1 — cos® Bc) —%[2 — 2 cos® B. + cos® B] PRy
—¥[2 — 3 cos® B + cos” 3] 3+ 2cos® B — 2cos Bet G0+ Py

%[cos5 Be — % cos® B. + 5 cos B, — %]
Two ways to check the components of the second matrix in (54): if all cracks are closed (8. = 0), the components are all
equal to zero and less trivial; if all cracks are open (8. = 7/2) the system in (54) is then consistent with the findings in
Appendix B.
Time is now discretized, and equation (54) is written at the end of increment n + 1 at which the strain vector and
the fluid pressure are proposed during an incremental Newton-Raphson search for mechanical equilibrium:

Ae, 1—a 1 Ao, + Apy
+ ——Aps = | C°(Be(tntr)) ; (55)

2A¢€g 3K 2 Ao + Apy

in which the components of the matrix 7 are the sums of the components of the two matrices found in (54). The
difficulty for solving (55) to obtain the stress state at time t,+1 is that these components are functions of the angle f.
defined in (53), which, in turn, is a function of the stress. It is proposed to solve this implicit system with a fixed-point
iterative process. A tolerance on the stress norm variation is set to 1077 to define convergence.
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E Numerical algorithm for frictional cracks update

The objective is to complement the algorithm presented in Appendix D to account for the displacement by slip over the
closed cracks.
The resolved shear stress defined in equation (6) is related to the specific stress state of this problem:

T = (0, —0g)sinBcos Bp with p = sinfBe. — cosfB(cos B'e, + sin 5/Q¢) , (56)
in terms of the unit vector p, perpendicular to the normal direction n, and defined by the two polar angles 8 and /5’
introduced in Figure 2. The displacement jump across a given crack defined in (7) is proportional to the backstress rate
w. This vector is now defined in terms of its component and the unit vector p: w = wp where w is a function of the
first polar angle 8 and not of the second 3’ because of the problem symmetry. This rate @ should also be oriented along
the unit vector m defined in (8) by the normalisation of the vector 7 —w = ((0 — 0¢) sin B cos f — w)p. We thus have
s = m - p which is the sign of the scalar (o, — 0p)sin S cos f — w. The direction of the vector w being now defined the

positive rate A = s is obtained from the consistency of the condition (9) during continuous slip:

A = s(, — G6) sin B cos § + u(d, cos® B+ Gosin® B+ py) . (57)
The strain rate due to the slipping cracks according to (1) with (57) is then:

T nwep+pon) (6, — be)sinBcos B + spu(6r cos? B+ G sin B+ py)) x(A)dH , (58)

20 Jyug
in which the quadrature is over Hs, the part of the hemisphere H¢ where cracks are closed and the slip condition is
respected ( is the Heaviside function). In other words, equation (58) applies to the closed cracks and only if the scalar
in (57) is positive. Note that this scalar is independent of the second polar angle 3’ and that the quadrature in (58) can
be reduced to the first polar angle. The strain rate vector due to slip then reads:

fad 9evm? [T/2 cos B(sin B + uscos )  —sinB(cos B — pssin B) Or + Dy
= f; /X()\) sin® 3 cos Bd , (59)
2ép c —cos B(sin B + pscos B) +sin B(cos B — ussin B) o+ Py

using a matrix notation. Further analytical developments are challenging for an arbitrary loading because backstress
varies with 8 and is not defined by macro-scale variables. It is thus preferred, for the sake of simplicity, to propose
the following numerical quadrature of (59): divide the range of 8 which is [0;7/2] in k intervals. For each i*" interval,
consider the orientation 8 = (i — 1/2)7/(2k) and if the closing condition is respected and the slip criterion exceeded,
check the sign of A in (57). If the sign is positive, add the contribution of the left-hand side of (59) to the matrix @
defined in equation (55) in Appendix D. Note that the resulting matrix is then non-symmetric. Note also that this
angle discretization implies that k internal variables are introduced to keep track of the distribution of the backstress
magnitude over the hemisphere.

The numerical algorithm to integrate in time these constitutive relations has its technical difficulties due to the
risk of numerical fluctuation between slip and no-slip conditions in some orientations if an implicit update is chosen
as described briefly in Appendix D. This is mainly because the stress point is initially close to the tip of the Coulomb
cone in the space spanned by the normal stress and resolved shear stress (see Appendix F for further discussion). This
problem, which is known in computational crystal plasticity [Raphanel et al., 2004], was solved by these authors by
proposing a high-order explicit integration scheme. The same idea is proposed here, and the strain increment over the
time step At is subdivided into m intervals to permit the application of an Adams-Bashforth scheme. The search for
equilibrium at the end of the time step t,4+1 = t, + At requires a numerical tangent ideally resulting from a consistent
linearization of the update algorithm [Simo and Taylor, 1985] to warrant a quadratic rate of convergence. Still, it was
proposed to simplify the linearization and to take for numerical tangent the sum of the continuum tangents at every
intermediate step weighted by the integration scalars of the Adams-Bashforth scheme. Order m of 3 to 5 were tested,
and the sub-quadratic convergence rate was indeed noticed. Order m = 3 is used for all numerical results presented here.

F Kinematic hardening

The two objectives of this Appendix are, first, to present the motivation for the introduction of kinematic hardening
from a fracture mechanics point of view, and second to follow a cyclic loading for a single family of cracks with azimuthal
symmetry. The stress loading is bi-axial and inspired by the state of stress close to the pore based on a linear elasticity
response as presented in Appendix A with equation (36), setting the radius to the pore radius. The stress of state beyond
the hydrostatic initial condition is indeed bi-axial:

. 3(ou — pf)
Or =—pf, Op=0,=—pf—x with ¥ =—"——-"-- 60
f 0 =0y f 50— 0) (60)

keeping the fluid pressure constant.
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F.1 Kinematic hardening and fracture mechanics

The effect of cracks under uniaxial loading has been demonstrated by many contributions since the seminal work of
Walsh [1965]. One of the key ideas in that paper has been the stress conditions for the reverse slipping of the cracks at
the start of the unloading phase: sliding to occur requires a reduction in the sum of the resolved shear stress plus the

frictional shear stresses, AT + A7y twice as large as the maximum frictional stress 77"

AT+ Aty > 2757 (61)

using Walsh [1965]’s notation. The resolved shear stress increment has the same definition as in this contribution

(equation 6) while the frictional shear stress increment is (Ao, + Apy) in our setting. The maximum frictional stress
)m(lIA

is reached prior to the reverse loading and then reads u(on + oc + ps

W T

>
Tmax

n
>

o —(o.+pf) Py
Figure (12) Evolution of the position of the elasticity domain in the stress space during a bi-axial loading cycle typical
to the region close to the pore and for a crack family oriented by the first polar angle 5. From the initial stress point (0)
to (1), the crack is open and is closed up to (2) during loading. During the unloading phase, the crack sticks between
(2) and (3). Reverse-slip occurs between (3) and up to the crack reopening at (1).

The explanation of this slip condition is not trivial, and some clarifications are now proposed using the arguments
outlined in Andrieux et al. [1986] and based on the work of Muskhelishvili [1963]. For a 2D crack in an infinite medium,
the normal stress on the crack lips is uniform and indeed equal to the normal stress based on the remote stress tensor,
as defined in equation (4). As the crack closes, there is already a tangential displacement jump b, and the associated
shear stress denoted w equals this jump divided by the crack compliance v introduced in equation (2). The resolved
shear stress 7, based on the remote stress tensor, is also equal to w at closure. The frictional forces to induce slip upon
loading beyond closure are thus the normal stress and the difference between 7 and w, the latter being first defined by
the elasticity problem up to closure. The yield criterion (6) is constructed based on these two forces and does remind
us of a kinematic hardening plasticity law, although the back-stress, w, has a life before crack closure. Its graphical
representation in Figure 12 depicts the evolution in the stress space during a cyclic compression for a crack having for
first polar angle 8. In the loading phase, the crack remains open from the initial stress point (0) to point (1), after
which it is closed. Note that at closure, the stress point is exactly at the apex of the Coulomb criterion. The crack
sticks or slips if the condition ¢ + 8 > m/2 is met. If a slip occurs, it does so immediately after crack closure. The
back stress keeps evolving based on the rate of tangential displacement jump across the crack surfaces divided by the
elasticity compliance, equation (7). This displacement jump amplitude is governed by the consistency condition on the
yield criterion, equations (8) and (9). The yield surface is thus continuously translated upward until the maximum load
is reached at point (2) in Figure 12. In the subsequent unloading phase, the crack experiences sticking between points (2)
and (3), and the back stress does not change since the tangential displacement jump is constant. Then reverse-slipping
occurs between point (3) and the crack’s reopening point (1). Note that the final slip during unloading is again at the
apex of the yield criterion. The reasoning based on 2D elasticity solutions is applied to 3D in this contribution without
further justification.

The rest of this Appendix is devoted to the evolution of the straining during the cyclic loading in a REV close to
a spherical pore, as depicted above. The analysis is done for a single family of cracks with azimuthal symmetry to link
with earlier work by David et al. [2012].

F.2 A single family with azimuthal symmetry

The stress-strain relation for a single family is still provided by equation (1) if the integrant is modified to include the
distribution function ¢*§(8 — 8*)/(27 sin 8) in which ¢* is the crack density in the direction 8* orienting the crack family
of interest and §(8 — 8*) the classical Dirac function. The strain-stress relation then simplifies to:

Iene.

* 27 . .
=C: (¢ + apsd) + % /[3/:0 (b(n*) @n"+n" ®b(n*)) ag’, (62)
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in which the normal n* is oriented by 8* and the second polar angle 8’ in the range [0; 27].
The loading due to the remote stress in (60) leads to straining (e,,2€g) with the open crack contribution in (62)
reading

v cos® B*(1 — %cos2 B8) f%cosz B* sin? §* or + Dy
. : (63)
—%cos® B sin® B* sin® B*(1 — £sin? B%)| |60 + Py

using a matrix notation. The back-stress evolution before closure is dictated by the resolved shear stress w = 7 =
(or — 0p) cos B* sin f*p* in which the vector px is orthogonal to n* and defined in equation (56) of Appendix E for the
polar angles (8%, 8). The contribution of (63) ceases once the crack family is closed, and this happens when the remote
loading is equal to o = 2(1 — ¢)oc/(3sin? %) +ps. In Figure 12, this loading path from the initial condition (0) brings
us to the stress point (1), which is at the tip of the Coulomb cone. In summary, at crack closure:

T(1) =w) = Sy sin B cos B, ony = —pr — S sin® 8*  with Sy =o0c sin~2 8", (64)

1,4G+3k "y . o . N
€9(1) :fg(w i sin” 3 (lfgsm B ))E(l).

The case of interest is now ¢ + 8 > 7/2 since slipping occurs immediately upon further loading after closure. From
Appendix E, the crack family contribution to the straining is then:

oy cos B*(sin 8 + puscos B*)  —sin B*(cos B* — ussin B%)| (& + py )
! —cosB*(sin 8" + puscos B*)  sinfB*(cos B* — ussin f*) Go + Dy 7
with s = 1 during loading. The conditions at the end of this loading are then
w2y = L2y sin 87 (cos B + psin %) — p3(1)) sin® 8", (66)

1,4G+3k  c"ym . . , -
69(2)—69(1):—§(W+ 7 sin 8" (cos 8" — pusin 8 ))(2(2)—2(1)),

having used equation (9) to follow the evolution of the backstress. The unloading occurs with stick conditions, and the
conditions at the start of reverse sliding are:

usin 8* 14G + 3k

_ =—= " (Y =3 . 67
cos 3* + psin B*’ o) T o) 2 9Gk () @) (67)

wE) =we),  2e) = (Be) —28a0)

Reverse slip occurs upon further unloading and implies that s = —1 in equation (65). It also means that the stress
conditions are back at point (1) at the final unloading, closing the hysteresis loop.

127 9=0
¢=20
101 — =25
— ¢=70
8
|
©
Q.
< 6
<
o)
4
2
8.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

ge’ EV le-4

Figure (13) Remote stress oy versus hoop strain €y and volumetric strain ey (magenta line) for a single family of
cracks ( * = m/3) at various crack’s friction angles ¢ (in degrees) for dry conditions. The hysteresis in € is a function
of the crack’s friction, and the maximum effect is attained for an intermediate value of the friction angle. There is no
hysteresis in volumetric strain by construction.

Figure 13 shows the deformation during the cyclic loading for various values of the frictional angle and under dry
conditions for the sake of simplicity. The cracks have the orientation angle * = /3 so that the cracks are slipping unless
the friction angle ¢ is larger than 7/6 (stick condition ¢ 4+ 8* > 7/2): the closure stress cc = 4 MPa, and the crack

26



671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701
702

703

density ¢* = 0.6. The porosity of the specimen is ¢ = 0.125, while the matrix elastic properties are set to (E = 95.46
GPa, v = 0.07 corresponding to quartz). The loading cycle consists of a loading phase, with oy varying from 0 MPa
to 12 MPa, and an unloading back to initial conditions. The four stress-strain curves opg vs €g are multi-linear and
characterised by four values for the slope Ey defined with:

6 = —Epép with (68)
Eig = % closed and sticking cracks,

Eig = 1226;;(—11 3_'2)) + 4;5*17;) SCi(I)lSB; cos(B* + sp) closed and slipping cracks,

Eie = 1226’1; 3j¢>) + 4;?*17;) sin® 8" (1 — %sinQ B") open cracks.

Crack closure occurs at op, approximately equal to 3.1 MPa, before which the stress-strain curve is independent
of friction. If there is no friction (¢ = 0), the cracks slip since ¢ + * < 7/2. In addition, Ep is the same during the
loading and unloading stages as seen in equation (68)c (¢ = 0). There is also no sticking phase since the yield surface
cone is closed, and reverse slipping happens at the very start of the unloading, Figure 12. On the contrary, if ¢ = 20°
and ¢ = 25° the cracks first slip in the loading stage since ¢ + 8* < 7/2 but stick at the beginning of the unloading.
The sticking modulus Fjy is the same for both values of ¢ as it is independent of friction. Also, the sticking phase is
longer at ¢ = 25° compared to ¢ = 20° because, as shown in Figure 12, in the former, the yield surface cone is larger
than in the latter, meaning that a greater decrease of stress is required to reverse slip. Note that, in the slipping phases,
Ey loading is greater at ¢ = 25° than at ¢ = 20°, whereas it is the opposite during the unloading, in agreement with
equation (68)c. Finally, if ¢ = 70°, the cracks always stick since ¢ + 8* > /2.

One last point to note is that no matter the value of the crack’s friction, the volumetric strain versus the stress
curve shows no hysteresis (magenta line). This is because crack slipping induces no volumetric change within the REV.
Its modulus k" is thus constant regardless of the crack slipping unless more complex geometries such as wing cracks
are accounted for. However, crack slipping reduces the equivalent shear modulus G* of the REV and thus does lead to
hysteresis in the volumetric macro response of the assemblage as revealed by the classical relation (26).

G Spherical Assembly effective properties for slipping cracks

The objective is to derive an analytical solution for the bulk modulus, Biot’s coefficient and the pore volume fraction rate
of the assemblage if all cracks are closed and slipping. For closed and sticking cracks and for open cracks, the solution is
presented in the main text, relying on Appendices A and B. The analytical expression of the bulk modulus in the general
case of a distribution of cracks either open, closed, and sticking or slipping is challenging to derive since the material
moduli are heterogeneous within the shell. There is a particular case for which homogeneity is conserved in terms of
moduli, and it corresponds to a distribution of closed and slipping cracks at all radii of the hollow sphere.

The starting point is again the definition of the stress-strain relation in equation (1) with the crack strain rate defined
in (59) with B set to zero since all cracks are closed. The quadrature is exact, and the strain-stress rates relation is
simplified to:

. _ . . _ _ § . .

€r 1 G+3k 2G—-3k]| (or + apy sy 1+ ps (1= s5us)| (or+pys )

2¢€g 9Gk 2G — 3k 4G + 3k 6o + apy 151 —(1+ ps) 1-— %us Go + Py

This system of equations is now inverted to express the stress rates in relation to the strain and the pressure rates:
or 1 4G + 35+ 9GKI(1 — 3ps)  —2G + 3k 4+ 9GKI(1 — 3 us) ér 2 +TSps .
= 75 - prl >
o) Dl 2G+3s+ 9GKT(1 + ps) G + 3k + 9GKL (1 + ps) 2¢q 22 _Tlus
1 deym?
with D =3[1+TG@3+ ;pus)) and I = ‘?57; (70)

Note that the matrix component on the right-hand side of this equation is denoted A;;/D with 4,5 = r or 6 in what
follows.
Introduce these expressions into the equilibrium equations (32) and obtain:

3 0% ot
[4G + 3k + 9GKT(1 — 5”8)]TW +2[4G + 3k + 9GKI'(1 — 4us)}§ (71)
—2[4G + 3k 4 9GKT (1 + gus)}% = 45GTpus(1 — a)py .

The homogeneous part of this differential equation is a second-order Cauchy-Euler equation, which is solved with the
trial function (r/Rs)™, and the exponent m is the solution of the second-order polynomial

9 4G + 3k 4+ 9GKI (1 — £ pus) 24G + 3k + 9GKT (1 + Lpus) 0 )
m — —0.
4G + 3k + 9GKI'(1 — 2 pus) 4G + 3k + 9GKI (1 — 2 us)

m
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The unexpected finding is that one of the two roots of this polynomial is the scalar -2 for all friction values so that the

two roots read:
4G + 3k + 9GKT (1 + Zpus)

T 4G+ 3K+ 9GRT(1 — 2ps)

Note that the first root is close to 1, and the set (1, —2) corresponds to the two powers of the displacement polynomial
found for an isotropic, elastic solid, as seen in Appendix A. The final expression for the displacement rate is:

mo = —2. (73)

mi

T lao (74)

ir) = C1Rs( )™ + CaRs (- 3 .

for two dimensionless constants C7 and C2 which are obtained from the stress-boundary conditions as follows.
The first of the three steps to find these constants is to express the stress rate in equation (70) in terms of the two
unknowns:

or + pr Cl r m1—1 Arrm]_ + ZATQ 202 r _3 _ATT + AT0
AV D \&s (75)
Gy + Py s Aormi + 2A00 s —Agr + Ao
The second step sees the application of the stress boundary conditions ¢|r, = —ps and 6,|rg = —n at the pore radius

and the external radius, respectively. These two conditions combined with the first equation in (75) provide a system of
two equations for the unknown scalars:

0 1 (Arrml + 2Ar9)¢%(m1_1) 2(_147"7‘ + Ar9)¢_1 Cl
= D . (76)
_JH + pf Arrml + 2A7‘9 2(_A'r'r + A'ri?) CQ
The third and final step consists of inverting this system to determine the two constants:
Cl él é1 D 2(Arr - Ar9)¢_1
= (—6m+p5)q with ¢ =5 ) (77)
02 02 CQ (A'r'rml + QATG)QSS(MI -

and D' = —2(A;pmi + 24,0)(Ary — Are)(¢3 ™D — 71

having introduced two constants C~'1 and C’g which have dimension of one over stress:
The solution for the displacement being determined, the rate of volume change 6 = 34 (Rs)/Rs is now expressed in
terms of the pressure and hydrostatic rate of changes thanks to (74) and (77) providing the final expression:

o = —FsO+aspy (78)
. — 1 — RS
with Re=———=— and a;=1—-(1—a)—.
3(01 + 02) R
in which the effective bulk modulus &s and the effective Biot’s coefficient %s are introduced. Note again that these two
material parameters are defined for all cracks of the spherical assembly being in slip condition, as marked by the letter
s in subscript.

This solution for the effective properties of the assemblage with all cracks slipping, although analytical, requires a
numerical implementation, which can be checked in the case of zero friction. In that instance, the solutions for the two
exponents mi and mo in equation (72) are 1 and —2, as already pointed out above. The displacement has indeed the
same structure as in (33) of Appendix A for an isotropic elastic solid. Inspection of the system (70) with x = 0 confirms
this interpretation and reveals that the effective moduli and coefficient are:

K 17(;5
1+ 25(1+3GD)¢

K=k, G =G/(14+3Gl), o =a and ks= (79)
Note that the results for the particular case of zero friction are easily extended to the case of a constrained fluid volume
using (20).

The rest of this Appendix is devoted to the pore volume fraction, the volume of fluid within the porous medium
normalized by the volume of the spherical assembly. The non-linear evolution of this pore volume fraction, accounting
for the dead volume of the experiment, is discussed in detail in Section 2.2. The two objectives are first to concentrate on
the rate form adopted for the effective properties of the spherical assemblage summarized by equation (24) and second,
to derive expressions for the Biot’s coefficient and the storage coefficient based thus on the second equation in (23). This
is, of course, a check that the general structure of the constitutive relations discussed in section 2.3.1 is valid.

The volume of fluid within the assemblage is due to the cracked matrix composing the shell and the central pore.
Since all cracks are assumed closed, the matrix pore volume change is still given by equation (10) with é,c set to zero.
The pore volume fraction of the matrix is thus:

@:acl(uml)(RLS)ml*l+pf(R,,Mfa(1fa)%), (80)

having made use of the displacement in (74) to deduce the local volume change. Integrate this contribution over the
shell and normalize by the volume of the assemblage to obtain the contribution to the assemblage pore volume change:
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aC13(1 = 6™57) 4y (Ryas — a1 — @)1~ 9). (81)

The second contribution is due to the central pore, and its contribution to the assemblage after normalization is
¢u(Rp)/Rp or based on the displacement field in (74):

52 1 0] — (1 - a)ZZ (82)

The sum of these two contributions (81 and 82) is the pore volume fraction rate of the assemblage. It remains to replace
the constants C1 and C2 by the expressions in (77), which are functions of the remote stress and fluid pressure rate. The
former is eliminated thanks to the first equation in (24) so that the effective parameters are finally obtained:

& - & (65 +al =™ )]+ o : (83)
C1+Cy
Bpe = Rypni(1-6) = =26+ al-9))
1+2 my+2

+3(1—as)(él[a(1—¢ms )+ s ]+C*2).

The comparison between (78) and the first equation above is now necessary to confirm the symmetry argument discussed
in section 2.3.1. Introduce the definition of %s in (78) to eliminate the sum Cl + C2 while making sure that only 01
remains in the expression. Use the definition of that constant in (77) and conclude that the two expressions (78) and
(83) for Biot’s coefficient are indeed equivalent. A non-trivial check of our derivation but also a confirmation, albeit not
a proof of the statement made in section 2.3.1.
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