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Abstract1

A micro-mechanical model is proposed to predict the stress-strain hysteresis during the cyclic hydrostatic2

loading of fluid-saturated rocks under drained or undrained conditions. A spherical pore is surrounded by3

a cracked shell where local deviatoric stress develops despite the remote hydrostatic loading. The effective4

properties of the material composing the shell are constructed with the crack non-interactive scheme and5

the overall properties thanks to the spherical assemblage approach. The fluid pressure in both drained6

and undrained conditions is assumed uniform throughout the assemblage. A new analytical solution is7

proposed assuming all cracks to be closed and slipping either forwardly or reversely. It is shown with8

numerical simulations for drained conditions that this assumption is indeed respected for sufficiently small9

crack friction angles. However, for reasonable friction values, the closed cracks during the unloading phase10

could slip in either direction: reversely close to the pore and still forwardly away from the pore. Moreover,11

at critical radii, the slip could occur in either direction depending on their orientation. A similar micro-12

structural response is observed for undrained conditions, although the remote confining stress required to13

close the cracks is much larger. The model’s predictions compare favorably with recent experimental data14

on dry sandstones and carbonates presented in a study of the strain amplitude influence on the transition15

between static and dynamic properties. The crack density and matrix elasticity modulus are sufficient fitting16

parameters to accurately predict the hysteresis loops, especially for porosity levels above 10%.17
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Table (1) The list of variables and parameters with their definition.
Symbol Definition

Geometry and field variables
RP , RS pore and shell external radius

VP , VS , VA, VSP current pore, shell, assemblage and specimen volumes
ϕ initial assemblage porosity due to pore only

(er, eφ, eθ) spherical coordinates basis
σ, (σr, σφ, σθ) stress tensor and spherical components function of radial position

P hydrostatic stress, one third trace of σ
ϵ, (ϵr, ϵφ, ϵθ) strain tensor and spherical components function of radial position

u(r) radial displacement function of radial position r
r, r′ radial position in shell, normalised by RS

Fluid
pf fluid pressure
κf fluid bulk modulus
Vf current total fluid volumes
VfS fluid content within shell, matrix and cracks contributions

VD, ϕD dead volume & equivalent porosity (divided by initial specimen volume)
Vf total fluid volume in specimen and dead volume

Matrix composing the shell
κ, E,G bulk and shear elasticity modulus

α Biot’s coefficient
ν Poisson’s ratio

RpM storage coefficient at constant deformation
ϕM initial matrix porosity
CI isotropic compliance fourth-order tensor

Cracks within the shell
c uniform crack density spherical distribution
ϕC initial crack porosity
l crack radius
n no of cracks in a matrix representative volume V

n, p, m unit vectors normal to, orienting slip on the crack plane and defining the slip rate direction
s scalar equal to m · p = ±1, positive for forward and negative for reverse slip.
T stress vector acting on the crack
σn normal stress
τ , τ resolved shear stress vector and its norm
ω backstress for kinematic hardening criterion

b, bn, bt displacement jump, normal and tangent components, across the crack surfaces
γ, B crack compliance scalar and tensor
φ, µ friction angle and coefficient
σC closing stress
ζ initial crack aspect ratio γ

2lσC(1− ν/2)
(β, β′) polar angles orienting the cracks normal
VfC fluid content within the cracks
ϵvC crack volume, function of radial position

Effective properties
θ, θp assemblage volumetric strain and plastic part
σH remote, hydrostatic stress function of time

κ∗, G∗ REV effective bulk & shear modulus for shell material
α∗ REV equivalent Biot coefficient for shell material

κ̄, κ̄u drained and undrained effective bulk modulus for assemblage
Ḡ spherical assemblage shear modulus
ᾱ effective Biot’s coefficient for assemblage
S effective Skempton coefficient for assemblage

v̄, v̄p assemblage pore volume fraction, and plastic part
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1 Introduction46

There are at least two motivations for conducting laboratory hydrostatic loading tests, both under dry and saturated47

conditions, to estimate the elastic properties of rocks. The first motivation stems from the simplicity of the procedure,48

which leads to low experiment costs, especially under dry conditions. In the energy industry, this method connects49

variations in wave velocity with changes in fluid pressure, contributing to 4D seismic interpretations used for reservoir50

monitoring (Vasquez et al. [2019]). The second motivation stems from recent experimental advancements in the frequency51

and amplitude dependence of elastic properties to link the static and dynamic elastic properties (Pimienta et al. [2015]).52

However, this hydrostatic test presents some challenges. For instance, in static loading tests, different bulk modulus53

values are measured at various stages of the loading cycle. Moreover, the hysteresis between the loading and unloading54

stages is evidence of inelastic behavior despite the lack of any macroscopic deviatoric stress (Chapman et al. [2023],55

Wang et al. [2021], Jizba and Nur [1990], Martin III and Haupt [1994]). Our interest in this contribution is to propose56

a micro-structural model justifying the cause of hysteresis and predicting the hysteresis loop in hydrostatic tests.57

The presence of cracks has long been identified as the leading cause of hysteresis in compression tests (Walsh [1965],58

Pimienta et al. [2015], Borgomano et al. [2017]). The matching between experiments and theoretical predictions of this59

hysteresis for uni-axial loading is now established (e.g. David et al. [2012]) but remains open for hydrostatic loading.60

Local deviatoric stress is needed to cause the cracks to slip and trigger hysteresis. It is for this reason that the model61

problem of a spherical pore inside a spherical cracked shell is proposed to generate the local deviatoric stress responsible62

for crack slip. The distributed cracks, once closed and slipping, reduce the local shear modulus and thus affect the63

effective bulk modulus of the assemblage. Despite the absence of crack propagation or interaction, this influence results64

in a hysteretic evolution of the effective bulk modulus of the assemblage.65

Several elements are necessary to construct this model problem and are now reviewed. For the cracked shell, a first66

homogenization is considered to estimate its local effective properties, following the simple scheme for non-interactive67

penny-shaped cracks of Kachanov [1982]. This first homogenization supposes that the micro-cracks have the same68

dimensions, internal friction, and an isotropic distribution. In addition, to downplay the non-consideration of crack69

interaction, the value of the crack density is purposely exaggerated. Using these same hypotheses, Aleshin and Van70

Den Abeele [2007] and David et al. [2012] have reproduced the hysteresis in Young’s modulus of micro-cracked rocks71

under cyclic uniaxial loading. The quality of their results was a motivation for using Kachanov’s scheme, among other72

micro-mechanics models (Christensen [1990]), to predict the hysteresis of rocks under hydrostatic cyclic loading.73

The second homogenization concerns the spherical cracked shell and the fluid-filled pore in interaction with the74

remote homogeneous media. It follows the work of Hashin [1962] and is referred to as the spherical assemblage. This75

approach has received considerable attention in the literature and, for example, could be generalized to an arbitrary76

number of layers [Hervé and Zaoui, 1993] or include interface conditions [Benveniste, 1985]. Closer to our application,77

Pan et al. [1996] included a cracked layer in the spherical assemblage and used the dilute concentration method to78

estimate the effective properties. They only accounted for the effect of the crack’s compliance as the disturbing factor to79

linear elasticity. No composite sphere assemblage model containing frictional cracks has been proposed so far, at least80

to the authors’ knowledge. The proposed model includes friction and accounts for the changes in the pore fluid pressure81

and volume (a dead fluid volume is also included) in drained or undrained conditions.82

The contents of this contribution are as follows. Section 2 pertains to the presentation of the model problem, including83

the first homogenization scheme to define the shell material properties, the evolution of the fluid pressure for undrained84

conditions, and the expected structure of the poro-elasto-plastic constitutive response at the assemblage scale. Rice85

[1977]’s argument is evoked to suggest that the same Biot’s coefficient enters the relation between stress, strain, and86

fluid pressure change as well as the relation between the pore volume fraction and the assemblage volume change. The87

analytical solutions for drained and undrained conditions are also presented for open cracks or for closed and sticking88

cracks. A new solution assuming all cracks slip is presented in Appendix G. Since the assumptions behind these analytical89

solutions are not always valid, a numerical solution based on the finite-element method is also proposed (Appendix C).90

The constitutive relations for open cracks and slipping cracks are discussed in Appendices D and E, respectively. The91

difficulty of the second algorithm for a Coulomb criterion is that the stress path is via the tip of the cone (yield surface)92

at crack closure, as shown in the Appendix F, which motivates the link between the fracture mechanics argument and93

the kinematic hardening plasticity model considered here. The hysteresis predicted by this model problem is presented in94

Section 3. The assemblage’s response is found to compare well with the new analytical results for vanishing crack friction95

values only. It is shown, for reasonable frictional values, that the crack activation is indeed far from being homogeneous96

during the loading cycle, the major assumption of the analytical solution. Forward slip could still be activated within97

the shell material during the early unloading phase and is concurrent with the reverse slip afterward. Then, the impact98

of different crack parameters (crack closure stress, crack density, and friction) on the amount of hysteresis and the shape99

of the hysteresis loop is discussed. The predictions for undrained conditions are also presented. Section 4 proposes a100

set of numerical results matching the experimental data from Chapman et al. [2023] on the hydrostatic compression of101

different dry rock samples. The experimental hysteresis loops are well predicted while only using the crack density and102

the matrix elasticity modulus as fitting parameters.103

2 Problem description104

The model problem consists of a spherical assemblage consistent with the hydrostatic loading of interest and inspired105

by the numerous similar prototypes found in the literature since the early work of Hashin [1962]. The geometry of the106

micro-structural prototype is presented in Figure 1. It consists of a pore surrounded first by a shell and second by107
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Figure (1) The specimen response is constructed with two homogenization schemes. The first scheme is for an isotropic
distribution of cracks, represented symbolically in the inset, within a porous, fluid-saturated elastic matrix. The resulting
material composes the shell of a spherical assemblage with a fluid-filled pore. The second homogenization scheme is for
the interaction between the spherical assemblage and the effective medium, sustaining a homogeneous stress state. The
fluid pressure is uniform over the specimen and equal to the pressure in the dead volume. The fluid mass is constant if
the tap is closed. An open tap corresponds to a pressure-controlled experiment.
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Figure (2) The distribution of cracks at an arbitrary material point within the shell at the distance r from the pore
centre. Any crack in the isotropic distribution is oriented by its unit normal n thanks to the two polar angles β and β′.

an infinite effective medium, sustaining a homogeneous, hydrostatic stress state. The ratio of the pore to the external108

shell radius is set to represent the poral porosity of the effective medium: ϕ = (RP /RS)
3 (disregarding the secondary109

porosity of the shell matrix). The material composing the shell is a porous elastic and isotropic matrix with an isotropic110

distribution of initially open, penny-shaped cracks.111

The constitutive relations are presented next in a rate form because of the non-linear evolution of internal parameters.112

However, no physical timescale is attached to the material or the fluid responses. The loading responsible for this evolution113

is initiated from hydrostatic conditions corresponding to the homogeneous stress state −pf0δ within the assemblage and114

the fluid pressure pf0. The deformation is set to zero at the initial conditions. Note that a zero in subscript defines115

the initial value of the highlighted quantity (at the exception of the various porosities) and that δ is the second-order116

identity tensor, underlined twice as all second-order tensors in what follows.117

2.1 The shell material as a homogenized medium118

The material composing the shell is a porous matrix with an isotropic distribution of cracks, and the whole is described119

via a homogenization scheme disregarding any crack interaction. The objective is to summarize this homogenization120

scheme presented by Kachanov [1982] and Kachanov [1992], to compute the fluid volume within the cracks, and to121

prepare the grounds for the interaction analysis with the pore.122

Each material point within the shell is assumed to contain an isotropic distribution of circular micro-cracks with a123

dimensionless crack number nl3/V in which n is the number of cracks of radius l contained in the REV of volume V .124

The strain rate over the representative elementary volume denoted ϵ̇ is the sum of the strain rates due to the matrix and125

to the cracks,126
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ϵ̇ = CI : (σ̇ + αṗfδ) +
cπ

2l

∫
H
ḃ(n)⊗ n+ n⊗ ḃ(n) dH , (1)

in which CI is the isotropic matrix compliance fourth-order tensor, σ̇ is the stress rate tensor at the material point within
the shell and α is Biot’s coefficient. The integral in the right-hand side of (1) is over the hemisphere H defining all possible
orientations of the unit normal n of the micro-cracks, Figure 2. Note the two polar angles β and β′ in this Figure define
the normal orientation and have the ranges [0;π/2] and [0, 2π], respectively. The definition of H implies that the scalar c
in (1) denotes the crack density spherical distribution nl3/(2πV ) and is referred to as the crack density in what follows.
For each crack orientation, there is an average displacement jump b over the crack surfaces, which contributes to the
definition of the strain rate in equation (1). The cracks are initially open, and the average displacement over the crack
surfaces is then given by:

ḃ = B · (Ṫ + ṗfn) with B = γ(δ − ν

2
n⊗ n) and γ =

32l

3πE

1− ν2

2− ν
, (2)

in terms of the second-order crack compliance tensor B, the stress vector T based on the stress at the material point127

within the shell and the crack compliance scalar γ function of E and ν, standing for the matrix elasticity modulus and128

Poisson’s ratio, respectively. Note that it is the Terzaghi stress vector that is introduced in (2), whereas Biot effective129

stress is considered for the elastic matrix response in (1). Note also that the displacement jump is decomposed in130

tangential and normal components:131

ḃ = ḃt + ḃn with ḃn = γ(1− ν

2
)n⊗ n · (Ṫ + ṗfn) and ḃt = γ (δ − n⊗ n) · (Ṫ + ṗfn) , (3)

these relations to the effective stress vector being deduced from (2).132

Cracks are fluid-saturated, and closure requires the effective normal component of the stress vector to be larger in
magnitude than the closing stress σC , a positive scalar. This condition reads in terms of the total normal stress,

σn ≤ −(σC + pf ) with σn = n⊗ n : σ . (4)

Combine the normal displacement relation in (3) and this closing condition to estimate the initial aspect ratio of the
circular cracks, which is ζ = γ

2l
σC(1−ν/2) (the displacement is divided by two to get the crack out-of-plane initial radius).

This aspect ratio and its evolution during loading is essential to estimate the fluid volume contained in the cracks. In
particular, the fluid volume within the cracks is computed as follows for initial conditions. Consider a hydrostatic loading
and use equation (1) to determine the volume change for normal stress based on the closure criterion (4). The opposite
value is the initial fluid volume in the cracks, which is referred to as the initial crack porosity:

ϕC =
32π

3

σC

E
(1− ν2)c . (5)

Once the crack is closed, only the tangential component of the average displacement discontinuity continues to evolve133

because of slip, and its rate is controlled by a Coulomb condition fn. Slip is prevented if:134

fn ≡ |τ − ωn|+ µ(σn + σC + pf ) < 0 with τ = (δ − n⊗ n) · T , (6)

in which τ is the resolved shear stress and ω is referred to as the back-stress. This last terminology is proposed because of135

the analogy between criterion (6) and the structure of the kinematic hardening of plasticity [Prager, 1955], as mentioned136

by Andrieux et al. [1986]. The back-stress evolution is, however, different from what is constructed with a plasticity137

theory since it also evolves in the elastic range so that the criterion fn = 0 at the transition between opening and138

closing. The consequence of this evolution up to crack closure is that at first inspection of the stick condition in (6), the139

stress point is precisely at the tip of the Coulomb cone in the stress space spanned by the resolved shear and effective140

normal stresses. The back-stress in the elastic domain is thus simply equal to the resolved shear stress τ , which, given141

its definition in (6) and the structure of the crack compliance tensor in (2) and (3), is interpreted as the tangential142

displacement jump bt divided by the compliance scalar γ: ω = τ = (1/γ)bt.143

This relation between the tangential displacement jump and the back-stress is extended in a rate form if slip occurs:144

ḃt = γ ω̇ . (7)

The back-stress rate ω̇ is zero if the stick condition corresponding to fn < 0 or fn = 0 and ḟn < 0 is respected. Slip145

occurs if fn = 0 and ḟn = 0, and the latter equation is the consistency condition leading to the back-stress rate evaluation146

done in two steps. First define the direction of the back-stress rate ω̇ with:147

ω̇ = λ̇m and m =
τ − ω

|τ − ω| , (8)

in which m is a unit vector and second, use the consistency condition to determine the rate of the yet unknown scalar
λ̇, where:

λ̇ = m · τ̇ + µ(σ̇n + ṗf ) . (9)
A simple application of this framework to understand the response of a single crack family with azimuthal symmetry is148

presented in Appendix F.149
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Further information is required to describe the fluid content at each material point composing the shell via what150

is classically called the pore volume fraction in the poro-mechanics literature [Rice and Cleary, 1976]. In the present151

setting, this variable corresponds to the fluid volume within the elastic matrix and the cracks normalized by the initial152

volume of the REV.153

There is indeed a relation between the REV pore volume fraction rate of change v̇ with first the fluid pressure and154

second the local matrix volume change, the latter being the difference between the REV rate ϵ̇v and the volume change155

of the cracks ϵ̇vC . In this study, such relation is proposed as if an energy potential was postulated [Rice, 1977], and156

consistently with equation (1):157

v̇ = α(ϵ̇v − ϵ̇vC) +RpM ṗf + ϵ̇vC , (10)

with ϵ̇vC =
cπγ

l
(1− ν

2
)

∫
HO

(σ̇n + ṗf ) dH and RpM =
(1− α)(α− ϕM )

κ
.

The additional material constant RpM is the storage coefficient at constant volumetric strain defined here in terms of158

Biot’s coefficient, the bulk modulus κ and the initial porosity ϕM of the elastic, isotropic matrix material composing the159

shell. Note that the integral in equation (10) is restricted to the part of the hemisphere HO corresponding to open cracks160

and that the integrant was obtained from the normal part of the crack displacement jump defined in equation (3).161

2.2 The fluid pressure162

The fluid pressure during a test could either be controlled externally by a pump or vary because the total fluid mass is163

conserved. In Figure 1, the controlled pressure case corresponds to an open tap letting the fluid flow to or from a reservoir164

where the fluid level changes, ensuring that the pressure is at the desired value. If the tap is closed, the pressure varies165

because the fluid mass within the specimen and the dead volume are conserved. In both cases, the specimen permeability166

is assumed to be large enough or equivalently that the loading rate is slow enough so that the fluid pressure change is167

homogeneous over the whole fluid system. Consequently, these two cases correspond to locally drained conditions with168

controlled pressure or constant fluid mass. Nevertheless, they will be referred to as drained and undrained conditions in169

what follows having in mind the macro-scale response. This section aims to evaluate the pressure change during loading170

if the fluid mass is kept constant under undrained conditions.171

The total fluid volume within the experimental system has contributions from the pore, the shell volume due to its172

porosity and the presence of cracks, and from the dead volume. The latter is constant in time, and the question is the173

evaluation of two earlier volume changes. First, consider the shell material and the pore volume fraction change of the174

REV is the integral through the loading of the expression in (10):175

v =
α

κ
[P + αpf + (1− α)pf0] +RpM (pf − pf0) + ϵvC , (11)

with ϵvC =
cπγ

l
(1− ν

2
)

(∫
HO

(σn + pf ) dH−
∫
HC

σC dH
)
,

in terms of the hydrostatic stress P = tr(σ)/3, a third of the stress tensor trace. This stress is introduced because the176

elastic part of the constitutive relation in (1) has been used to eliminate the elastic part of the REV strain rate in (10).177

The volume change due to the cracks ϵvC is defined in equation (11)b with two integrals. The first integral is over HO,178

the part of the hemisphere corresponding to open cracks, and the second HC over the complementary part where the179

cracks are closed. The second integrant is based on the closure criterion (4). The two quadratures over the hemisphere180

are now included following the techniques presented in Appendices B and D:181

ϵvC =
cπ2γ

3l
(2− ν)

(
(σr + pf )(1− cos3 βc) + (12)

(σθ + pf )(2− 3 cos βc + cos3 βc)− 3σC cosβc

)
,

with the introduction of βc, the critical value of the first polar angle, which marks the limit of crack closure in the interval182

[0;π/2] according to the condition (4).183

The contribution of the REV to the shell material, equations (11) and (12), is now integrated over the shell domain
to obtain the normalised shell fluid volume relative change

VfS − VfS0

VS0
= (RpM +

α2

κ
)(pf − pf0) +

3α

κ(1− ϕ)

∫ 1

ϕ1/3

(P + pf0) r
′2dr′+ (13)

cπ2γ

l

2− ν

1− ϕ

∫ 1

ϕ1/3

[(σr + pf )(1− cos3 βc)+

(σθ + pf )(2− 3 cos βc + cos3 βc)− 3σC cosβc ]r
′2dr with VfS0 = VS0(ϕM + ϕC) ,

with the normalisation r′ = r/RS and noting that the angle βc is now a function of the radial position. The volume VS0184

is the initial volume of the outer shell of the assembly 4π(R3
S − R3

P )/3 and VfS0 the initial shell fluid volume, which is185

due to its matrix porosity ϕM and to the initial crack porosity ϕC , the second defined in equation (5)186

The second contribution to the fluid volume of the spherical assembly is due to the pore:

VP − VP0 = 3
u(RP )

RP
VP0 with VP0 =

4π

3
R3

P , (14)
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expressed in terms of the radial displacement at the pore wall.187

The current total fluid volume within the assemblage is then deduced from (13) times VS0 and (14). Divide this
resulting scalar by the initial volume of the assemblage VA0, multiply that by the initial volume of the specimen VSP0,
and add the volume of the dead volume VD to obtain the total fluid content within the experimental system depicted in
Figure 1. This global volume Vf is now presented normalized by the initial specimen volume:

Vf

VSP0
≡ (VP + VfS)

1

VA0
+ ϕD , with ϕD =

VD

VSP0
, (15)

introducing an apparent additional porosity ϕD defined as the dead volume divided by the initial volume of the specimen.
The initial value of the normalized global volume in (15) is:

Vf0

VSP0
= ϕ+ (ϕM + ϕC)(1− ϕ) + ϕD , (16)

having introduced the initial assemblage porosity ϕ, matrix porosity ϕM , and fracture porosity ϕC . The variation of the
global fluid volume in equation (15) is:

∆Vf

VSP0
=

∆VP

VP0
ϕ+

∆VfS

VS0
(1− ϕ) , (17)

since the dead volume is constant throughout the loading and having introduced the symbol ∆ to denote the variation
of the various volumes from their initial conditions. This global fluid volume change, normalized by its initial value, is
also related to the fluid pressure change and its bulk modulus κf so that, combining (16) and (17):

∆VP

VP0
ϕ+

∆VfS

VS0
(1− ϕ) = −pf − pf0

κf
[ϕ+ (ϕM + ϕC)(1− ϕ) + ϕD] . (18)

The combination of the results in (18) with (14) and (13), after some simplifications, provide the equation for the fluid188

pressure:189

Yp(pf − pf0) = YH with (19)

Yp = −
(
ϕD + ϕ

κf
+ (1− ϕ)(RpM +

α2

κ
+

ϕM + ϕC

κf
) +

3cπ2γ

l
(2− ν)

∫ 1

ϕ1/3

[1− cosβc]r
′2dr′

)
and YH = 3ϕ

u(RP )

RP
+

∫ 1

ϕ1/3

[
3α

κ
(P + pf0) +

cπ2γ

l
(2− ν)[(σr + pf0)(1− cos3 βc)+

(σθ + pf0)(2− 3 cos βc + cos3 βc)− 3σC cosβc]
]
r′2dr′ .

Two special cases are of interest, the first corresponding to a matrix with open cracks (βc = π/2 at every radius r′

in equation 19). The elasticity solution provided in Appendix A is then used to find the following relation between the
remote stress and the pressure change

pf − pf0 = S (σH − pf0) with S =
ZH

Zp
, (20)

Zp =
1

κf
[ϕD + ϕ+ (ϕM + ϕC)(1− ϕ)] + (RpM +

α2

κ
)(1− ϕ) +

cπ2γ

l
(2− ν)

+
αϕ

κ
− ϕ

1− α∗
κ∗ +

3ϕ

1− ϕ
(

1

3κ∗ +
1

4G∗ ) and

ZH =
3ϕ

1− ϕ
(

1

3κ∗ +
1

4G∗ ) +
α

κ
+

cπ2γ

l
(2− ν) ,

the definition of the triplet, (α∗, κ∗, G∗) being found in equation (45) in Appendix B. The second case of interest is if190

all cracks are closed, although equation (20) should be applied to some reference stress conditions other than the initial191

ones. For this second special case the same triplet equals the solid matrix value (α, κ,G) and the crack density c is set to192

zero. In these two extreme cases, the relation in (20) is linear, as expected, showing that the loading through a pressure193

change or the remote loading is proportional with a constant S, which could be interpreted as Skempton’s coefficient. In194

all intermediate cases, including slipping cracks, the general formula (19) has to be used, and the results will be based195

on the numerical approach.196

2.3 Effective properties via the spherical assemblage197

The spherical assemblage presented in Figure 1 is now further discussed. The compressive stress within the effective198

medium surrounding the sphere is isotropic with hydrostatic stress (one-third of the trace) equal to −σH . The interest199

is to determine the effective properties of the porous medium ensuring stress continuity at the hollow sphere external200

radius either by numerical or analytical means. The structure of the constitutive relations expected at the assemblage201

level is first discussed before introducing the analytical and numerical solutions.202
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Figure (3) The influence of the crack density on the effective elastic properties of the matrix with cracks (κ∗, G∗) and
of the spherical assembly (κ̄, Ḡ). Predictions based on the analytical solutions assuming that all cracks are open and
from Christensen [1990] for the assemblage effective shear modulus Ḡ.

2.3.1 Structure of the constitutive relations at the assemblage scale203

For drained tests, following Rice [1977], the energy rate of change of the spherical assemblage should be described by:204

Ė = −θ̇σH + pf ˙̄v− < F ξ̇ > , (21)
in which θ and v̄ are the volumetric deformation and the pore volume fraction of the assemblage, respectively. The205

scalar F stands for the collection of thermodynamic forces conjugate to the collection of internal variables ξ introduced206

in the section above to describe the crack response. The brackets <> in equation (21) denote the volume average over207

the assemblage. The thermodynamic forces are dependent on the local Terzaghi stress within the shell material so that208

it can be claimed that the volume average in equation (21) is only a function of the effective stress −σH + pf and its209

rate. This dependence on Terzaghi stress developed by Rice [1977] leads to the equality between the irreversible volume210

change and the irreversible fluid fraction rate:211

θ̇p = ˙̄vp = −A(σ̇H − ṗf ) , (22)
an equality which is further extended here by stating that these two rates must be proportional to the remote effective212

stress rate, introducing a non-linear function A of the remote effective stress and the collection of internal variables. This213

preliminary was necessary to introduce the rate form of the assemblage response under drained conditions, which reads:214

σ̇H = −κ̄e(θ̇ − θ̇p) + ᾱeṗf , (23)
˙̄v − ˙̄vp = ᾱe(θ̇ − θ̇p) + R̄e

pṗf ,

in which κ̄e, ᾱe and R̄e
p are the elastic effective bulk modulus, the elastic Biot’s coefficient and the elastic storage215

coefficient at constant volume change of the assemblage. This elastic bulk modulus contributes partly to the P wave216

velocity assuming a long wavelength compared to the radius of the assemblage. However, the interest here lies with217

the static estimate of the elastic properties with a sufficiently large strain increment so that the crack response is also218

involved. In other words, the linearisation of the non-linear properties developed above should provide the relevant219

properties. These static properties are obtained by combining (22) and (23):220

σ̇H = −κ̄θ̇ + ᾱṗf with κ̄ =
κ̄e

1 + κ̄eA
and ᾱ =

ᾱe + κ̄eA
1 + κ̄eA

, (24)

˙̄v = ᾱθ̇ + R̄pṗf with R̄p = R̄e
p + (1− ᾱe)2

Aκ̄
κ̄e

.

The interesting result is that despite the dissipation mechanisms, there is symmetry in the above set of equations. The221

same Biot’s coefficient can be estimated by comparing the remote stress change and the fluid pressure change (at constant222

volume) or by relating fluid volume change and assemblage volume change (at constant fluid pressure). This finding223

is confirmed in Appendix G for the case where all cracks in the assemblage shell are closed and slipping. This finding224

also justifies our estimate of static Biot’s coefficient by using the second equation in (23) in what follows. This practice,225

convenient from the numerical point of view, is at odds with the laboratory procedure.226

For undrained tests, the two constitutive relations at the assemblage scale are first between the remote stress rate227

σ̇H and the volumetric strain rate and second the definition of the evolution of the uniform pressure:228
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σ̇H = −κ̄u θ̇ and pf = pf0 +
YH

Yp
. (25)

in which the two variables YH and Yp, defined in equation (19), are function of the current value of the fluid pressure229

via the angle βc and, more generally, of the state of stress within the assemblage. The bulk modulus is denoted κ̄u as230

an undrained modulus since the fluid mass is conserved over the assemblage, including the dead volume.231

2.3.2 Numerical solution232

The solution for the model problem requires a numerical approach, which relies on the displacement-based finite-element233

method presented in Appendix C. The numerical algorithms to capture first the cracks aperture evolution and second234

the frictional deformation are found in Appendix D and E, respectively.235

For the drained tests, two of the three effective properties, Biot’s coefficient ᾱ, and the bulk modulus are deduced236

from the numerical solutions as follows. Time is discretised, and the volumetric deformation increment during the time237

increment ∆t is ∆θ = 3∆u(RS)/RS in terms of the radial displacement increment at the radius RS . The effective bulk238

modulus κ̄ during this increment for a constant fluid pressure test is then obtained by taking the ratio between the stress239

increment applied on the outer surface of the assemblage and the volumetric deformation increment. The fluid pressure240

being constant, Biot’s coefficient ᾱ is deduced from the second equation in (24) in which the pore volume fraction rate is241

interpreted as the fluid volume rate resulting from the contribution of the pore, the matrix, and the cracks, as defined in242

the previous section. The storage coefficient at constant volumetric strain is not computed but could be estimated with243

the following strategy: at any level of the applied load σH , first freeze the outer sphere radial displacement and thus the244

volumetric strain and second apply an incremental change in fluid pressure: the pore volume fraction of the assembly245

will then be modified providing the storage coefficient.246

The numerical solution is coupled for the undrained tests since the fluid pressure changes over time. The solution247

strategy consists of a staggered scheme in which the fluid pressure is updated at the end of each time increment once248

a new equilibrium has been reached. The update is based on the solution of equation (19) which is obtained with a249

fixed-point method. The effective bulk modulus is still determined, as discussed above.250

2.3.3 Analytical solutions for drained conditions251

Analytical solutions are obtained for the assemblage effective properties in four instances, and three are grouped because252

the REV within the shell material is described in a rate form by the three parameters (α∗, κ∗, G∗) as for a poro-elastic,253

homogeneous material. This is the case, of course, for a shell material with completely closed cracks at any radial position254

around the pore, and in this instance, the set of moduli corresponds to the matrix properties. It is also the case of a255

matrix with all cracks being open for any radial position, and the corresponding moduli are presented in equation (45)256

developed in Appendix B. The third instance is if all cracks are closed and slipping with no friction, and the three moduli257

are defined by equation (79) constructed as a particular case in Appendix (G). The assembly response for these three258

cases is presented in the Appendix (A) and the effective properties then read:259

κ̄ = κ∗ 1− ϕ

1 + ϕ 3κ∗
4G∗

, ᾱ = 1− (1− α∗)
κ̄

κ∗ , (26)

There is a fourth analytical solution for the effective properties if all cracks are closed and slipping with a non-zero260

friction coefficient in forward or reverse slip (Appendix G). The effective properties are found in equation (78) and261

denoted (ᾱs, κ̄s).262

These analytical solutions are illustrated in Figure 3 constructed for a quartz matrix (κ = 37GPa, ν = 0.07) and a263

pore porosity of 12.5%. The dotted, dashed and solid curves are the properties of the matrix, the REV (matrix+cracks)264

and of the assemblage, respectively. The red and black curves are for the shear and bulk moduli, respectively. Note265

that the shear modulus are based on the solution of Christensen and Lo [1979] and presented in Christensen [1990]. The266

assemblage properties for a zero density are smaller than the quartz values by 20 % and 30 % for the shear and the bulk267

modulus, respectively A crack density of 20 % is enough for the drop to be by a factor of four to five from the matrix268

properties. These results show that the presence of the pore provides a minor part of the drop in both the bulk and269

shear modulus, which is dominated by the influence of crack density. One could tentatively use these results to forecast270

the evolution of the assemblage bulk modulus during a hydrostatic loading leading to the closure of the cracks: the bulk271

modulus could be increased by a factor of four to five.272

2.3.4 Analytical solution for undrained regime273

For a linear material with either all open or all closed cracks at any radius of the spherical assemblage, the effective bulk
modulus has the following expression [Zimmerman, 2000]:

κ̄u =
κ̄

1− ᾱS
, (27)

having combined equation (20) with (24a) and κ̄ and ᾱ given in (26). This scalar κ̄u is tentatively interpreted as the274

undrained bulk modulus of the spherical assemblage.275

The analytical solutions just presented deserve further discussion, which will of great help in explaining the non-276

linear solutions presented next. Biot’s coefficient and Skempton’s coefficient, defined in equation (20), are presented277

10



Figure (4) The influence of the crack density on the two effective Biot’s coefficients (the REV α∗ and the assemblage
ᾱ) and on the assemblage Skempton’s coefficient, for three values of the dead volume equivalent porosity. Predictions
based on the analytical solutions assuming all cracks to be open.

in Figure 4 as a function of the crack density. The dotted horizontal line corresponds to the matrix Biot’s coefficient.278

The black dashed and solid curves depict the effective Biot’s coefficient of the REV and the assemblage, respectively. It279

does compare to the matrix value for a zero crack density and increases up to 20% with increasing crack density. The280

three red curves correspond to the variation of Skempton’s coefficient with the crack density for three values of the void281

porosity (ϕD is the volume of the dead volume divided by the specimen volume). There is a variation of the order of282

four as the crack density is increased to one. The presence of the dead volume leads to an underestimate of the true283

Skempton’s coefficient.284

3 Predictions of the model285

The influence of different crack parameters on the macroscopic bulk modulus during a cyclic hydrostatic test is analyzed286

first, followed by an analysis of the cracks’ behavior at the micro-scale. The pore fluid pressure (pf = 0.1 MPa) is kept287

constant for drained simulations, and the porosity is set to ϕ = 12.5%. The confining pressure (σH) is increased from288

0.1 MPa to 30 MPa (drained simulations) or 70 MPa (undrained simulations) and then decreased back to the initial289

value. The numerical predictions are compared with the analytical solutions if all cracks are closed and sticking or open290

(Appendix B) and if all cracks are slipping in forward or reverse mode (Appendix G).291

3.1 Effect of crack parameters on the bulk modulus, drained conditions292

To assess the impact of the three different crack parameters (µ, σC , and c) used in the model, we conducted multiple293

cyclic hydrostatic simulations. Each parameter was varied individually, while the other two and the pore fluid pressure294

were kept constant.295

Figure 5a shows the evolution during a loading cycle of the bulk modulus as a function of confining pressure at296

µ = 0.6, c = 0.6, and σC = 5 MPa (orange curve). The bulk modulus is bounded by two values. The lower bound (lower297

dashed black line) at κ = 3.27 GPa is the bulk modulus of the assemblage for open cracks. The upper bound (upper298

dashed line) is the bulk modulus, assuming all cracks are closed and sticking at κ = 28.8 GPa. The prediction matching299

perfectly with the lower bound is logical, as all cracks are initially open. During loading, cracks start closing slightly300

before the closure stress of 5 MPa. At a compression of 10 MPa, the bulk modulus is increased by approximately nine301

times, reaching an asymptote somewhat lower than the analytical solution for all cracks closed and sticking provided.302

Upon unloading, the prediction plateaus at the upper bound before decreasing back to the initial value of the bulk303

modulus, revealing the hysteresis effect and the crack’s dissipation. Figure 5a does not show the asymptotic solutions304

that assume all cracks slip in forward or reverse modes. These two asymptotes at 33.3 MPa and 14.3 MPa, not shown305

on the Figure, are off numerical predictions, indicating that some assumptions made for this analytical solution are not306

valid in this particular case.307

Interestingly, this discrepancy disappears if the friction value of the crack is lowered close to zero (see the two dotted308

horizontal lines in Figure 5b). The predictions match at the end of loading and after the early unloading stage. Also, the309

friction coefficient doesn’t affect the early phase of loading and the final phase of unloading when the loading approaches310

the crack closure stress.311

Figure 5c illustrates the impact of this closure stress. As it decreases, the closed loops shift towards the left. However,312
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Figure (5) The cyclic evolution of the bulk modulus with the confining pressure, the reference simulation in (a).
Influence of the friction coefficient, the closure stress, and the crack concentration, in (b), (c), and (d), respectively.
Dotted lines are analytical solutions for cracks all open or closed, sticking or sliding in reverse or forward modes.

the minimum and maximum predictions remain unchanged by this parameter. These two values are highly sensitive to313

the crack concentration, shown in Figure 5d. Nevertheless, the crack concentration has little effect on the transition.314

The evolution of Biot’s coefficient is presented in Figure 6a to conclude the discussion on the effective properties of
the assemblage. The data are exactly those considered for the reference curve in Figure 5 with a crack friction angle
set to 30◦ and matrix Biot’s coefficient equal to 0.8. The cyclic response is in line with the results presented in Figure
4, with a value close to 0.98 for low confining pressure as all cracks are open and around 0.84 for the largest values
of the confining pressure resulting in the closure of most cracks. The exact asymptotic values are illustrated with the
dotted lines. The blue and green curves are obtained for a larger and a smaller matrix Biot’s coefficient compared to
the reference value. The variation of this coefficient has no influence on the transition but controls the asymptotic value
for large confining pressures. Note that there is a slight hysteresis during the cycle, which is more visible for the lowest
value of the matrix Biot’s coefficient. Moreover, the butterfly structure of this hysteresis is very analogous to the one
observed for the bulk modulus in Figure 5 with a cross-over of the loading and unloading paths at approximately the
confining pressure of 5 MPa. This analogy prompted the authors to plot Biot’s coefficient as a function of the bulk
modulus, Figure 5b. The variation is linear and given, up to numerical accuracy by:

ᾱ = 1− (1− α)
κ̄

κ
. (28)

This linear response is, of course, a surprise, although it has been seen four times in this contribution while discussing315

analytical solutions. Consider first the case of all cracks closed and slipping in either forward or reverse mode, Equation316

(78) in Appendix G. The three other cases correspond to a homogeneous response within the shell with either all open317

cracks, all closed and sticking cracks or all closed and slipping with zero friction. For these homogeneous response,318

combine the shell effective Biot’s coefficient in Equation (34) of Appendix A with Equation (26) and obtain indeed the319

result in (28). The surprise comes from the fact that (28) holds also for any crack activation pattern encountered during320

the cyclic loading. Proof of this statement1, which is not given here, would require showing that the displacement field321

1A simple tentative argument could be proposed nevertheless, similar to the one followed to relate Biot’s coefficient to the ratio
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for complex crack response has the structure found in Equation (74). There are first a collection of terms function of the322

effective stress σ̇H − ṗf and second, the last term found in this equation in all cases.323

The discussion above has highlighted the significant difference between the numerical predictions and the analytical324

solution for all cracks slipping in forward or reverse mode, especially for reasonable values of the friction parameter. This325

discrepancy to be resolved necessitates analyzing the cracks’ response at a finer scale. The analysis is presented in the326

following section.327

Figure (6) The cyclic evolution of the effective assemblage Biot’s coefficient ᾱ with the confining pressure for different
values of matrix Biot’s coefficient in a). The relation between the effective Biot’s coefficient and bulk modulus is linear
(equation 28) as shown with the dashed lines, b).

3.2 Crack’s response around the cavity, drained conditions.328

Figure 7 is proposed to analyze the response of the populations of cracks around the cavity. The two columns on the329

left illustrate the results for the two friction parameters of 0.01 and 0.6, respectively. The five rows of three graphs330

correspond to different values of the confining pressure, numbered from 1 to 5 (1 and 2 during loading and 3 to 5 during331

unloading) as defined in Figure 5a. Each graph in these two left columns presents the angle βc, which marks the limit of332

open and closed cracks (dashed blue curve and values read on the right axis), as well as the proportion of cracks sliding333

in forward or reverse mode (red and black curve and values read on the right vertical axis). The column of graphs on334

the right of Figure 5a compares the crack’s response for the two friction values (green and purple colors) at a specific335

distance of the pore center, which is set to 0.6281. The crack distribution (first polar angle β) ranges from zero to 90336

degrees, and the cracks are shown as either open, sticking, or slipping in forward or reverse mode.337

The first point of comparison between the results for the two values of the friction coefficient is at the confining338

pressure of 6 MPa, the top row of Figures 7. The crack closure curve is similar for the two friction values. The crack339

orientations above the curves are closed and are open below. Cracks at radius larger than, approximately 0.77RS are all340

closed. As the normalised radius is decreased below this 0.77, the population of open cracks increases. It is impossible341

to close all cracks since the normal stress for β = 0 is the radial stress, which is equal to the initial pore pressure at the342

pore wall. Among the closed cracks, the red curve indicates that for µ = 0.01, 70% to 100 % of cracks slip as one moves343

away from the pore wall. For µ = 0.6, less than 20% of cracks slip. Surprisingly, it is the cracks closest to the pore (i.e.,344

between r = 0.5Rs and 0.6Rs) that are activated. The left plot confirms this interpretation. At r = 0.6281, the same345

cracks are open, but the closed cracks slip for the low friction and stick for the large friction.346

The second comparison is at the maximum loading for σH = 30 MPa and corresponds to the second row in Figures 7.347

All cracks are closed for a radius greater than 0.53RS , approximately. Only a few cracks near the pore remain open. If348

the friction is low, almost all the closed cracks slip. However, for the large friction only a small fraction of the cracks349

closest to the pore slip. The proportion is around 40% and decreases to zero for a radius close to 0.62RS . The plot to the350

right confirms the difference with all cracks sticking or slipping for the large and low friction, respectively, at r = 0.6281.351

The three other comparisons are done during the unloading. During the initial stage (where σH equals 28.8 MPa and352

third row in Figure 7), the black curve indicates that the cracks experience an almost instantaneous reverse slip in the353

case of low friction. The proportion of reverse slipping cracks decreases with the radius. At the pore wall, approximately354

of the effective bulk modulus to the skeleton bulk modulus. Consider Equation (24)a to describe the response of a comparison
solid, meaning that it is valid for any fluid pressure rate and any remote pressure rate. Choose then σ̇H = ṗf and conclude that
−(1 − ᾱ)ṗf/κ̄ = θ̇. This assemblage volumetric deformation rate can be estimated from a micro-scale point of view. The matrix
sustains on its boundary a purely normal loading set to ṗf and thus develops a stress rate purely hydrostatic. Its volumetric rate
is thus (α − 1)ṗf/κ. The open cracks must sustain the same volumetric rate if still open. The deformation is thus the same,
homogeneous, for the two phases, matrix and fluid phase, and thus equal to the assemblage θ̇. Combine these two results to obtain
Equation 28.
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Figure (7) The crack slipping regime and distribution (proportion of slipping cracks) as a function of the radial position
at five stages of the loading cycle defined in Figure 5. The left and central columns of plots for friction coefficient of
0.01 and 0.6, respectively. The dashed blue curve in each plot represents the crack closure angle βc (right vertical axis).
Above this angle, all cracks are closed, and below it, they are open. The red and black curves are the proportion of
cracks slipping in forward of reverse mode (left vertical axis). The right column of plots shows the crack regime at a
specific radius (r/Rs) in terms of the first polar angle β.
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half of the cracks show reverse slipping. This proportion increases during further unloading and then decreases because355

of the reopening of the cracks as can be seen from Figure 7j and m. However, for the large friction (Figure 7h k and n)356

the response is very different with continuous forward slip of a population of cracks despite the overall unloading. Many357

cracks around r = 0.6Rs continue to forward slip. This group of sliding cracks is getting translated towards the external358

part of the shell as unloading is pursued while the population for cracks with reverse slip is increasing from the pore.359

The other surprise is the observation at r = 0.6281, during the last phase of unloading, Figure 7o: there are at the same360

radius cracks slipping in either reverse or forward slip for an orientation close to 40 and 45 degrees, respectively.361

3.3 Cyclic response with undrained conditions362

Figure (8) Bulk modulus for undrained conditions with water or glycerin and comparison with drained conditions in
(a). Evolution of the pressure during a cycle with water in (b). Influence of the matrix Biot’s coefficient in (c), and of
the dead volume in (d).

The last set of results concerns the loading under undrained conditions. The first graph shown in Figure 8a compares363

the drained response to the undrained response for glycerin (κf = 4.5 GPa) and water (κf = 2.2 GPa). This comparison364

assumes a matrix Biot’s coefficient of 0.8 and no dead volume. All other parameters are the same as those used in365

the reference simulation discussed earlier. The assemblage bulk modulus is significantly different from the drained case366

when all cracks are open or when most cracks are closed and sticking. The limiting cases of all open and all closed and367

sticking are represented by the dotted lines in the graph for the water-saturated case, and they are well matched by368

the numerical predictions. The other difference with the drained case is the transition between the two limits, which is369

delayed because of the fluid bulk modulus and the variation in fluid pressure. The delay becomes more significant as the370

fluid bulk modulus increases. Note also that increasing the fluid bulk modulus reduces the hysteresis effect. Although371

the micro-structure response is comparable to the one observed for drained conditions, the fraction of slipping cracks is372

less for undrained simulations.373

The role of the variation in fluid pressure is presented in Figure 8b for the case of water. The variation is approximately374

bi-linear, starting from an initial value of 0.1MPa and ending at approximately the value of the confining pressure. The375

analytical expressions for the Skempton coefficient found in Equation (20) work well for both all open and closed and376

sticking cracks, and they provide the slopes of the dotted and dashed lines starting either from the initial or the final fluid377

pressure, as plotted in Figure 8b. It should be noted that although not visible on the graph, there is a slight hysteresis in378
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the fluid pressure variation. If the cracks are active, there is a maximum difference of 0.07 MPa in fluid pressure between379

loading and unloading.380

Figure 8c and 8d present two additional plots that investigate the impact of the matrix Biot’s coefficient and dead381

volume on the assemblage bulk modulus. The black reference curve corresponds to water and a matrix Biot’s coefficient382

of 0.8. The two limiting values are influenced by the matrix Biot’s coefficient. The larger the Biot’s coefficient, the larger383

these limits are. However, this coefficient has no effect on the transition or the closing of the cracks. Figure 8d shows the384

impact of dead volume. Increasing ϕD results in a slight reduction in bulk modulus as well as a decrease in the confining385

pressure required to achieve the transition between the two limiting values.386

There is a surprising result observed in Figure 8a which deserves further discussion. The bulk modulus at the end387

of the loading phase is close to 40 GPa and 50 GPa for the water and the glycerin. These two values are much larger388

than the matrix bulk modulus which is approximately 35 GPa. It is classically observed in rocks that the undrained389

bulk modulus does not exceed the dominant mineral bulk modulus. This difference is very sensitive to the matrix Biot’s390

coefficient as can be seen from Figure 8c for the water: the critical value of α beyond which the assemblage modulus is391

greater than the matrix bulk modulus is between 0.2 and 0.8. If one assumes that all cracks are closed and sticking at392

the end of loading, then this critical value of α at which the two moduli are equal is found analytically and is 0.47 and393

0.78 for water and glycerin. This finding reveals some applicability limit of the proposed prototype to classical rocks.394

The matrix Biot’s coefficient is set to zero in the next section and the results do not suffer from this limitation.395

4 Application to hydrostatic compression of dry specimens396

Figure (9) Volumetric strain versus confining pressure varying the crack density c, matrix elasticity modulus E, matrix
Poisson’s ratio ν, and friction angle φ in a to d. The best fit for Bentheim is obtained for c = 0.6, φ = 32◦, ν = 0.07
and E = 58 GPa (orange curve). Note that the porosity is the same for all simulations and is equal to the real sample’s
porosity ϕ=22.2%, and that σC = 2 MPa.

The stress-strain curves from hydrostatic compression tests on dry samples are now simulated. The experimental397

data come from Chapman et al. [2023] and showcase four rock samples. The clean Bentheim sandstone (95% quartz) has398

a 22% porosity and a grain size between 18 and 500 µm. The Chauvigny limestone has a 16.2% porosity and is entirely399

composed of calcite. The two carbonates, C-2 and C-3, have a porosity of 17.1% and 14.7%, respectively. C-2 is granular400

and is mainly composed of calcite (≥ 95%), whereas C-3 has a shrub facies and contains a mix of calcite (45.5%), quartz401

(38.3%) and dolomite (15.2%).402

In dry conditions, the numerical model takes six parameters as inputs: c, φ, ν, E, ϕ, and σC . The porosity is set to the403

one measured experimentally. The crack closure stress used in the model corresponds to the confining pressure at which404
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the hysteresis loop would close at the end of the loading cycle. It is inferred from the stress-strain curve. The matrix405

Poisson’s ratio and internal friction compare to those of the principal mineral at room temperature. However, given that406

the value range of the elasticity modulus is quite large for common minerals (90-100 MPa for quartz and 90-150 MPa407

for calcite), E is used as a fitting parameter. Also, information about the crack density is not assessed experimentally408

and is thus a fitting parameter. A first analysis of the Bentheim sandstone is proposed below to understand the impact409

of all the parameters that are not strictly measured (E, c, φ, ν).410

Figure 9 shows the influence of the matrix properties on the hysteresis loop for Bentheim at fixed σC = 2 MPa, and411

ϕ = 22.2%. In Figure 9a, (with E = 58 GPa, φ = 32◦, ν = 0.07), increasing c from 0.4 to 0.8 leads to a smaller slope and412

a larger hysteresis. In Figure 9b (with c = 0.6, φ = 32◦, ν = 0.07), the increase of E leads to the increase of the average413

slope and the decrease of the dissipated energy ∆En (loop area). Note that E has a greater impact on the slope than414

on ∆En. From Figure 9 (with E = 58 GPa, c = 0.6, φ = 32◦), observe that the increase in ν from 0.02 to 0.2 results in415

both a larger slope and ∆En. Figure 9d (with E = 58 GPa, c = 0.6, ν = 0.07) shows that the increase in φ from 28◦ to416

36◦ results in the decrease in hysteresis, as well as the more concave curve. The best fit for the data, provided by the417

least square method with E and c as fitting parameters (at fixed φ = 32◦ and ν = 0.07), is obtained at E = 58G̃Pa and418

c = 0.6 as shown by the orange curve. The predicted elasticity modulus is thus notably smaller than that of quartz.419

The fitting considers the amount of hysteresis, which is a proxy for the energy dissipated by the sample, and is420

conventionally represented by the attenuation factor Q−1. This attenuation factor is the ratio of the area of the hysteresis421

loop to the average energy stored in the sample (O’Connell and Budiansky [1978]). It stems from the direct definition422

of the attenuation factor as the ratio of the dissipated energy ∆En to the average energy Vn stored by the rock:423

Q−1 =
∆En

4πVn
, (29)

a definition found in Borgomano et al. [2017] and that differs by a factor of two from similar definitions in classical424

contributions such as Knopoff [1964] and Jaeger et al. [2009]. In practical terms, ∆En is the area of the hysteresis425

loop, and Vn is the area below the loop; both areas were computed incrementally, following Tisato and Madonna [2012].426

The value retrieved from the reported data of Bentheim is Q−1
exp = 1.03 × 10−2 and that of the numerical hysteresis is427

Q−1
num = 1.05× 10−2. This is a good match, considering the simplicity of the model and the difference is certainly below428

the experimental accuracy.429

Figure (10) Volumetric strain versus confining pressure for Chauvigny. The fitting parameters are: c = 0.4, φ = 32◦,
ν = 0.2, E = 61 GPa, σC = 2.5 MPa and ϕ=16.2%.

In addition to Bentheim, the numerical results for Chauvigny show a very good fit with Q−1
exp = 1.47 × 10−2 and430

Q−1
num = 1.46×10−2. Figure 10 displays the data and numerical volumetric strain versus confining pressure for Chauvigny.431

The numerical result corresponds to : c = 0.4, φ = 32◦, ν = 0.2, E = 61 GPa, σC = 2.5 MPa, ϕ=16.2%. Again, only c432

and E are fitting parameters since ϕ and σC are inferred from the data, and ν and φ are fixed for simplicity. Note that433

the experimental curve for Chauvigny is quite symmetrical and linear in loading versus unloading. This agrees with the434

frictional crack theory for a specimen with minor defects (small crack density) and spheroidal pores.435

Regarding the other two carbonates, C-2 and C-3, the stress-strain curves are neither symmetrical nor quasi-linear.436

This makes using E and c as the only fitting parameters more difficult. Figure 11c and 11b show the best fit using437

two fitting parameters (E and c) for C-2 and C-3, respectively. Note that, although the amount of hysteresis is closely438

matched, the slopes are very different. Several factors can explain the curvier aspects of the C-2 and C-3 loops, notably439

the grain and pore shapes and the nature of the grain contacts. Unfortunately, no analysis of the pore shape is available440

for these samples. Nonetheless, the curvier aspect of the experimental loop suggests that the local deviatoric stress is441

quite large. Yet, the proposed prototype in this contribution uses a spherical pore to generate deviatoric stress which is442

thus controlled entirely by porosity. The measured porosities for C-2 and C-3 are too small to reproduce the data using443

this simple prototype. It is important to note that carbonates have complex micro-structures with varying grain shapes444
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Figure (11) The experimental data of the hydrostatic compression cycle for C-2 and C-3 carbonates versus the
theoretical curves. In a and b, the best fit when using only E and c as fitting parameters. In c and d, the best fit when
using E, c, ϕ, µ and ν as fitting parameters.

Table (2) Best fitting parameters for the experimental data.
Parameter Bentheim Chauvigny C-2 C-3
E [GPa] 57 61 80 68

ν 0.07 0.20 0.20 0.20
φ [°] 32 32 41 30
c 0.60 0.40 0.8 0.5

σC [MPa] 2 1 3 5
ϕ [%] 22.2 16.2 43.0 28

and micro-porosities of different types not accounted for. Additionally, when closely examining the curves for C-2 and445

C-3 (Figure 3e and 3f of Chapman et al. [2023]) at higher confining pressures, it is evident that there is an evolving446

strain at a constant pressure of 30 MPa, which resembles creep-like behaviours. These behaviours are not observed in447

the other rocks and could be due to minerals’ plasticity, which is not accounted for. To address this limitation, one can448

either increase the porosity in the model or flatten the central pore. The former solution was adopted to fit the data449

since further development would be needed to try the latter. Figure 11c and 11d show the best fits for C-2 and C-3 by450

optimising E, c, ϕ, µ and ν. These best-fitting parameters are provided in Table 2.451
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5 Conclusion452

A model problem to capture the hysteresis in hydrostatic compression tests has been proposed. It is built with two453

homogenization schemes, the first at the REV scale within the shell material and the second for the assemblage composed454

of the pore, the shell and the homogeneous effective medium. It considers uniform pore-fluid pressure at the assemblage455

length scale for either drained or undrained conditions, the fluid mass within the specimen and the additional dead456

volume being constant in the latter case.457

The hysteresis is analysed by plotting the bulk modulus during the loading cycle versus the remote compressive458

stress. Four stages labeled (i) to (iv) are observed during a typical cycle. Stage (i) applies during the early phase of459

compression as well as during the late stage of unloading since all cracks are open. Stage (ii) corresponds to the end of460

loading when the population of closed, slipping cracks is then stabilized. Stage (iii) signals the beginning of unloading461

and most of the closed cracks are sticking. Stage (iv) marks a stage closer to the initial conditions with the reopening of462

cracks and slipping of the closed cracks. Four analytical solutions are proposed for open cracks (stage i), all cracks closed463

and sticking and also for all cracks closed and slipping in either forward or reverse mode. The two latter solutions were464

expected to capture stages (ii) and (iv). The finite-element solution enables to capture the transitions between these465

various stages and to assess the validity of the assumptions behind the analytical solutions.466

The finite-element solution in stage (i) and (iii) matches the analytical solution. The asymptotic values are functions467

of the matrix elasticity and the crack properties for the drained case and in addition, of the fluid bulk modulus and468

matrix Biot’s coefficient for undrained conditions. Surprisingly, the new analytical solution for all slipping cracks is only469

reasonably matched for low friction angle. Two of the assumptions considered for the analytical development are seen470

not to be valid. First, in all cases, there is always a small shell around the pore where cracks do not close because they471

are oriented such that their normal stress is close to the radial stress and thus controlled by the pore pressure. The472

second reason is that all cracks do not stick at the reversal of the assemblage confining pressure. There is indeed a zone473

where forward slip is pursued during the early phase of unloading. This zone extent is shifted towards the assembly474

outer radius as reverse slip is initiated closer to the pore during the unloading. Moreover, it is observed that at critical475

radii, the population of cracks could be in the four states: open, closed and sticking, closed and slipping forwardly or476

reversely, depending on their orientation.477

The finite-element solution for the assemblage Biot’s coefficient is proposed for drained conditions and thus constant478

fluid pressure. It is based on the ratio of the fluid volume rate of change (pore volume fraction rate) to the assemblage479

volume. This Biot’s coefficient is found to be an affine function of the assemblage bulk modulus. This same relation was480

indeed derived for the the four analytical solutions but not shown to prevail for general crack states.481

The finite-element predictions also reveal the key parameters controlling the transition between stage (i) and stages (ii)482

and (iii), which marks the crack closure. The main parameter is the crack closure stress although the crack concentration483

has also a minor influence. For undrained conditions, the fluid bulk modulus becomes a key parameter, while the matrix484

Biot’s coefficient as well as the dead volume, have a minor influence.485

The fitting of experimental data from the hydrostatic compression of dry sandstones and carbonates presented by486

Chapman et al. [2023] is done in two optimisations using the least square method on the stress-strain data. The first487

optimisation uses only the matrix elasticity modulus and the crack density, while the second optimization makes use488

of all six parameters (assemblage porosity, crack stress closure, crack friction, Biot’s coefficient, the elasticity modulus489

and Poisson’s ratio of the matrix). Using the first optimization, we could predict the hysteresis loops of the Bentheim490

sandstone and Chauvigny limestone. We observed that the quality of the fit of the transitional phase between (i) and491

(ii) is a function of the deviatoric stress generated by the central pore. A bigger central pore leads to a longer transition.492

However, the specimen’s porosity in the central pore did not cause enough deviatoric stress to match the data from493

the C-2 and C-3 carbonates. For these two samples, the second optimization (including a considerable increase in the494

porosity), results in a good fit. The model seems to perfectly predict the hysteresis loop of porous samples (ϕ ≥ 10%).495

The application of this model problem could be extended in different directions and two are now briefly discussed.496

The first direction is due to the inability of this micro-structural model to match the experimental results for low porosity497

rock, as observed for the Granite and for two of the carbonates tested by Chapman et al. [2023]. One could wonder if498

visco-plasticity could explain the issue for the latter and it is clear that the spherical pore should be replaced by another499

source of deviatoric stress such as, for example, the interaction of an isotropic distribution of frictional cracks, for the500

former. Second, this micro-structural model is now validated for porous rocks and should be applied to capture the strain501

amplitude dependence of the static elastic properties [Pimienta et al., 2015]. This effort will require a change in the502

numerical scheme to accommodate an oedometric loading condition thus switching from radial to cylindrical symmetry.503

This generalization is also required for hydrostatic loading if a comparison between static and dynamic properties (VP504

and VS) is intended. The determination of the dynamic shear response of the assemblage needs the shear effective505

property which could indeed be deduced assuming a cylindrical symmetry and a P-wavelength long compared to the506

assemblage length scale.507
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Appendices

A Elasticity solution521

The elasticity solution is fundamental to this contribution, and the porous, homogeneous material composing the shell522

is linearly elastic, isotropic with equivalent properties (κ∗, G∗, α∗). The initial state corresponds to a pressure set to pf0,523

isotropic stress equal to −pf0, and is associated with zero deformation and displacement.524

The solution is found with the displacement method. The displacement is radial, and thus of the type u(r) = u(r)er
with the scalar function u(r) of the radial position with respect to the center of the pore as the only unknown. The only
non-zero linearized strain components are:

ϵr = u,r , ϵθ = ϵφ =
u

r
, (30)

with a comma stranding for the partial derivative for the variable that follows. The volumetric strain is the sum of these525

three components: ϵv = u,r + 2u
r

. The poro-elasticity constitutive relations for an isotropic medium are now applied,526

and the stress field in terms of the displacement function or its gradient and the fluid pressure reads:527

σr + pf0 = (κ∗ − 2G∗

3
)ϵv + 2G∗u,r − α∗(pf − pf0) , (31)

σθ + pf0 = σφ + pf0 = (κ∗ − 2G∗

3
)ϵv + 2G∗ u

r
− α∗(pf − pf0) .

This stress field satisfies point-wise mechanical equilibrium, which, because of the problem symmetry, is expressed by a528

single equation:529

σr,r +
1

r
(2σr − σθ − σφ) = 0 . (32)

Insert now the expressions in (31) in this equilibrium equation to obtain a second-order differential equation for the
unknown function u(r). The solution is found by integration and reads:

u(r) = Ar +
B

r2
, (33)

for two constants A and B. The stress components in terms of these constants read:

σr + pf0 = 3κ∗A− 4G∗ B

r3
− α∗(pf − pf0) , σθ + pf0 = σφ + pf0 = 3κ∗A+ 2G∗ B

r3
− α∗(pf − pf0) . (34)

The constants are found by imposing that the remote stress is the hydrostatic pressure σH (positive scalar in compression
) while the radial stress at the pore surface is minus the fluid pressure pf :

A3κ∗ = −(pf − pf0)(1− α∗)− (σH − pf )

1− ϕ
, B = − (σH − pf )

4G∗
R3

P

1− ϕ
. (35)

The stress fields finally read:530

σr = −pf − (σH − pf )

1− ϕ

(
1− (

RP

r
)3
)

, σθ = σφ = −pf − (σH − pf )

1− ϕ

(
1 +

1

2
(
RP

r
)3
)

. (36)
.531

The effective properties of the spherical assemblage defined in (24) are in terms of the assemblage volumetric strain,
θ, which is equal to 3ur(RS)/RS for small perturbations. This volume change for the assemblage is found by combining
(33) and (35):

θ = −(1− α∗)
pf − pf0

κ∗ − (σH − pf )

1− ϕ

4G∗ + 3κ∗ϕ

4G∗κ∗ . (37)

This relation between volume change and pressure and remote stress σH provides the effective medium properties as532

defined in equation (24) and presented in (26).533

B Effective properties of an elastic medium with an isotropic distri-534

bution of open, circular cracks535

The stress-strain relation (1) with the introduction of the crack compliance tensor in (2) reads:536

ϵ̇ = CI : (σ̇ + αṗfδ) +
cγπ

2l

{
N · (σ̇ + ṗfδ) + (σ̇ + ṗfδ) ·N − νIN : (σ̇ + ṗfδ)

}
, (38)

with N =

∫
H
n⊗ ndH and IN =

∫
H
n⊗ n⊗ n⊗ ndH ,
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the normal n being defined by:
n = cos βer + sin β(sin β′eφ + cos β′eθ) , (39)

in terms of the polar angles (β, β′). In equation (38), Biot effective stress is introduced for the matrix response, while
the Terzaghi effective stress is proposed for the crack response. The second-order N is isotropic so proportional to the
identity tensor δ with a proportionality factor of 2π/3 found as follows:

N · er =

∫
H
n cosβ dH =

∫ π/2

β=0

∫ 2π

β′=0

[
cos2 βer + sin β cosβ(cos β′eθ + sin β′eφ)

]
sinβdβ′dβ =

2π

3
er . (40)

The fourth-order tensor IN is also isotropic and has thus the following spectral decomposition:

IN = 3kJI + 2gIK , (41)

in which k and g are two unknowns and the orthogonal tensors JI and IK defined by JI = 1/3δ ⊗ δ and IK = IIs − JI with
IIs standing for the symmetric, fourth-order identity tensor. The first constant k introduced in (41) is found by using
the orthogonality property IN : JI = 3kJI which, using the definition in (38b):

IN : JI =
1

3

∫
H
n⊗ nn · ndH⊗ δ =

2π

9
δ ⊗ δ =

2π

3
JI ⇒ 3k =

2π

3
. (42)

The second constant is found by considering another symmetry property of IN which is that all indices of its components
in a Cartesian coordinate system can be permuted. The components of the isotropic tensor IN must have equal weight,
such as in the expression

δijδkl + δikδjl + δilδjk , (43)
which are the components of the tensor:

5JI + 2IK . (44)
The ratio 5/2 between the scalars multiplying the two orthogonal tensors above is respected in (41) if g = 3k/5 providing537

the value of the second unknown scalar 2g = 4π/15 .538

The expressions for the tensor N and IN are now inserted back in equation (38) to obtain the effective moduli κ∗ and539

G∗ and the effective Biot’s coefficient α∗:540

ϵ̇ =
[ 1

3κ∗ JI +
1

2G∗ IK
]
: (σ̇ + α∗ṗfδ) (45)

with
1

3κ∗ =
1

3κ
+

cπ2γ

3l
(2− ν) ,

1

2G∗ =
1

2G
+

2cπ2γ

3l
(1− ν

5
) ,

and α∗ = 1− (1− α)
κ∗

κ
.

C Finite-element solution541

The starting point of the finite-element method is the theorem of virtual work, which equates internal and external542

virtual works and reads in 3D:543 ∫
Ω

σ
n+1

: ϵ̃ dV =

∫
∂ΩT

T d
n+1 · ũdS (46)

in which Ω and ∂ΩT are the assemblage domain and the part of its boundary where forces are prescribed. A superposed544

tilde in equation (46) denotes the virtual strain and displacement. Time has been discretized, and the theorem is written545

at the end of the increment n+ 1. The three objectives are to reduce this equation to the 1D setting appropriate for our546

spherically symmetric problem, introduce the finite-element discretization, and discuss the time discretization.547

The domain is limited to the extent of the matrix since the fluid is always in equilibrium within the pore. It is548

also discretized in the radial direction with a series of finite elements. Spectral elements have been selected because of549

the interesting property that nodal points and the Lobatto quadrature points coincide. The shape functions Na(r) at550

node a have the properties that Na(rb) = δab for any node positioned at rb. The radial displacement over any element551

is interpolated by the sum u(r) =
∑N

a Na(r) over the total number of nodes per element N . The strain components552

computed within each element are the radial and twice the hoop strain. They composed the column vector {ϵ}. This553

vector is obtained by the operation:554

{ϵ} = [B]{u} , with [B] =

[
...

∣∣∣∣Na,r(rb)
2
rb
δab

∣∣∣∣ ...] , (47)

in which [B] is the classical B-operator (defined at node b for a varying between 1 and the number of nodes in each555

element) and the column vector {u} contains the N nodal radial displacement of the element.556

The stress at time tn+1 introduced in equation (46) is found from the update algorithm discussed in Appendix D for
open cracks and in Appendix E for the sliding cracks. These updates correspond to a generic relation of the type:

{σ}n+1 = {σ}n + [CIec]−1{∆ϵ} − α∆pf{1} , (48)
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in which the stress vector increment {∆σ} and the unit vector {1} have for components ∆σr,∆σθ and 1, 1, respectively.557

This equation is non-linear since the crack compliances, corresponding to the matrix [CIec], are a function of the stresses558

at the end of the time step and are thus solved iteratively. This equation is now inserted in the theorem of virtual work559

in (46), and the contribution of a single element Ωe to the global system of equations resulting from the finite-element560

discretization reads:561 ∫
Ωe

t[B]{σ}n+1 r
2dr = T d

n+1r
2|∂ΩT

e
. (49)

Note that the applied force T d
n+1 on the element boundary ∂ΩT

e is the remote stress −σHn+1 on the external radius
RS (last node of the last element for a mesh constructed from the internal to the external radii) and the pore pressure
+pfn+1 at the pore wall (first node of the first element). Note also that equation (49) is non-linear and is solved by a
Newton-Raphson search to satisfy equilibrium at the end of the time step tn+1. The stress at iteration (k + 1) of the
n + 1 iteration, {σ}(k+1)

n+1 is the sum of the stress at previous iteration {σ}(k)n+1 plus a perturbation {δσ}. This stress
perturbation is related to the perturbation in strain {δϵ} by a linearization of the constitutive relations in (48):

{δσ} = [CIec]−1{δϵ} . (50)

The perturbation in strain is related to the displacement perturbation {δu} by the B-operator introduced in (47) so that562

the linearized set of equations to solve at each iteration is:563 ∫
Ωe

t[B][CIec]−1[B] r2dr {δu} = T d
n+1r

2|∂ΩT −
∫
Ωe

t[B]{σ}(k)n+1r
2dr . (51)

Note that the stiffness used in (51) and introduced in (50) should result from a consistent linearization of (48). It is564

preferred here to keep with the inverse of the compliance set up at the end of the iterative update at the risk of not565

getting a quadratic convergence rate. The number of iterations remains small (2 to 3) with a convergence tolerance of566

10−7.567

D Numerical algorithm for cracks aperture update568

This Appendix concerns the numerical algorithm to capture the evolution of the apertures of the isotropic distribution of569

cracks. The starting point is again the stress-strain relation in (1) with the introduction of the crack compliance tensor570

in (2):571

ϵ̇ = CI : (σ̇ + αṗfδ) +
cγπ

2l

{
N

O
· (σ̇ + ṗfδ) + (σ̇ + ṗfδ) ·N

O
− νINO : (σ̇ + ṗfδ)

}
, (52)

with N
O
=

∫
HO

n⊗ ndH and INO =

∫
HO

n⊗ n⊗ n⊗ ndH ,

The integration range is now limited to the part of the hemisphere HO corresponding to open cracks. The first cracks572

to close as the remote loading increases are those aligned with the radial direction. The last ones to close are those573

perpendicular to the radial direction. Consequently, the integration in terms of the two polar angles defined in Figure 3574

corresponds to the range {β, β′} = [0; βc]× [0; 2π] with βc corresponding to the condition of crack closure in (4):575

cos2 βc (σr + pf ) + sin2 βc (σθ + pf ) = −σC with βc ∈ [0;
π

2
] . (53)

The quadrature in β′ is always from 0 to 2π because of the problem spherical symmetry. The result of the computation576

of these two quadratures proposed in a matrix notation reads:577 
ϵ̇r

2ϵ̇θ

 =
1

9Gκ

 G+ 3κ 2G− 3κ

2G− 3κ 4G+ 3κ


σ̇r + αṗf

σ̇θ + αṗf

+
cγπ2

l
× (54)


2
3
(1− cos3 βc)− ν

5
(1− cos5 βc) − ν

5
[ 2
3
− 5

3
cos3 βc + cos5 βc]

− ν
5
[ 2
3
− 5

3
cos3 βc + cos5 βc]

4
3
+ 2

3
cos3 βc − 2 cos βc+

ν
5
[cos5 βc − 10

3
cos3 βc + 5 cos βc − 8

3
]



σ̇r + ṗf

σ̇θ + ṗf

 .

Two ways to check the components of the second matrix in (54): if all cracks are closed (βc = 0), the components are all578

equal to zero and less trivial; if all cracks are open (βc = π/2) the system in (54) is then consistent with the findings in579

Appendix B.580

Time is now discretized, and equation (54) is written at the end of increment n + 1 at which the strain vector and
the fluid pressure are proposed during an incremental Newton-Raphson search for mechanical equilibrium:

∆ϵr

2∆ϵθ

+
1− α

3κ
∆pf


1

2

 =

 CIec (βc(tn+1))


∆σr +∆pf

∆σθ +∆pf

 , (55)

in which the components of the matrix CIec are the sums of the components of the two matrices found in (54). The581

difficulty for solving (55) to obtain the stress state at time tn+1 is that these components are functions of the angle βc582

defined in (53), which, in turn, is a function of the stress. It is proposed to solve this implicit system with a fixed-point583

iterative process. A tolerance on the stress norm variation is set to 10−7 to define convergence.584
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E Numerical algorithm for frictional cracks update585

The objective is to complement the algorithm presented in Appendix D to account for the displacement by slip over the586

closed cracks.587

The resolved shear stress defined in equation (6) is related to the specific stress state of this problem:588

τ = (σr − σθ) sin β cosβ p with p = sin βer − cosβ(cos β′eθ + sin β′eφ) , (56)
in terms of the unit vector p, perpendicular to the normal direction n, and defined by the two polar angles β and β′

589

introduced in Figure 2. The displacement jump across a given crack defined in (7) is proportional to the backstress rate590

ω̇. This vector is now defined in terms of its component and the unit vector p: ω̇ = ω̇p where ω is a function of the591

first polar angle β and not of the second β′ because of the problem symmetry. This rate ω̇ should also be oriented along592

the unit vector m defined in (8) by the normalisation of the vector τ − ω = ((σr − σθ) sin β cosβ − ω)p. We thus have593

s = m · p which is the sign of the scalar (σr − σθ) sin β cosβ − ω. The direction of the vector ω̇ being now defined the594

positive rate λ̇ = sω̇ is obtained from the consistency of the condition (9) during continuous slip:595

λ̇ = s(σ̇r − σ̇θ) sin β cosβ + µ(σ̇r cos
2 β + σ̇θ sin

2 β + ṗf ) . (57)
The strain rate due to the slipping cracks according to (1) with (57) is then:596

cγπ

2l

∫
HS

(n⊗ p+ p⊗ n)
(
(σ̇r − σ̇θ) sin β cosβ + sµ(σ̇r cos

2 β + σ̇θ sin
2 β + ṗf )

)
χ(λ̇)dH , (58)

in which the quadrature is over HS , the part of the hemisphere HC where cracks are closed and the slip condition is597

respected (χ is the Heaviside function). In other words, equation (58) applies to the closed cracks and only if the scalar598

in (57) is positive. Note that this scalar is independent of the second polar angle β′ and that the quadrature in (58) can599

be reduced to the first polar angle. The strain rate vector due to slip then reads:600


ϵ̇sr

2ϵ̇sθ

 =
2cγπ2

l

∫ π/2

βc

χ(λ̇)

 cosβ(sin β + µs cosβ) − sinβ(cos β − µs sinβ)

− cosβ(sin β + µs cosβ) + sin β(cos β − µs sinβ)

 sin2 β cosβdβ


σ̇r + ṗf

σ̇θ + ṗf

 , (59)

using a matrix notation. Further analytical developments are challenging for an arbitrary loading because backstress601

varies with β and is not defined by macro-scale variables. It is thus preferred, for the sake of simplicity, to propose602

the following numerical quadrature of (59): divide the range of β which is [0;π/2] in k intervals. For each ith interval,603

consider the orientation β = (i − 1/2)π/(2k) and if the closing condition is respected and the slip criterion exceeded,604

check the sign of λ̇ in (57). If the sign is positive, add the contribution of the left-hand side of (59) to the matrix CIec605

defined in equation (55) in Appendix D. Note that the resulting matrix is then non-symmetric. Note also that this606

angle discretization implies that k internal variables are introduced to keep track of the distribution of the backstress607

magnitude over the hemisphere.608

The numerical algorithm to integrate in time these constitutive relations has its technical difficulties due to the609

risk of numerical fluctuation between slip and no-slip conditions in some orientations if an implicit update is chosen610

as described briefly in Appendix D. This is mainly because the stress point is initially close to the tip of the Coulomb611

cone in the space spanned by the normal stress and resolved shear stress (see Appendix F for further discussion). This612

problem, which is known in computational crystal plasticity [Raphanel et al., 2004], was solved by these authors by613

proposing a high-order explicit integration scheme. The same idea is proposed here, and the strain increment over the614

time step ∆t is subdivided into m intervals to permit the application of an Adams-Bashforth scheme. The search for615

equilibrium at the end of the time step tn+1 = tn +∆t requires a numerical tangent ideally resulting from a consistent616

linearization of the update algorithm [Simo and Taylor, 1985] to warrant a quadratic rate of convergence. Still, it was617

proposed to simplify the linearization and to take for numerical tangent the sum of the continuum tangents at every618

intermediate step weighted by the integration scalars of the Adams-Bashforth scheme. Order m of 3 to 5 were tested,619

and the sub-quadratic convergence rate was indeed noticed. Order m = 3 is used for all numerical results presented here.620

F Kinematic hardening621

The two objectives of this Appendix are, first, to present the motivation for the introduction of kinematic hardening
from a fracture mechanics point of view, and second to follow a cyclic loading for a single family of cracks with azimuthal
symmetry. The stress loading is bi-axial and inspired by the state of stress close to the pore based on a linear elasticity
response as presented in Appendix A with equation (36), setting the radius to the pore radius. The stress of state beyond
the hydrostatic initial condition is indeed bi-axial:

σr = −pf , σθ = σφ = −pf − Σ with Σ =
3(σH − pf )

2(1− ϕ)
, (60)

keeping the fluid pressure constant.622
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F.1 Kinematic hardening and fracture mechanics623

The effect of cracks under uniaxial loading has been demonstrated by many contributions since the seminal work of
Walsh [1965]. One of the key ideas in that paper has been the stress conditions for the reverse slipping of the cracks at
the start of the unloading phase: sliding to occur requires a reduction in the sum of the resolved shear stress plus the
frictional shear stresses, ∆τ +∆τf twice as large as the maximum frictional stress τmax

f :

∆τ +∆τf > 2τmax
f , (61)

using Walsh [1965]’s notation. The resolved shear stress increment has the same definition as in this contribution624

(equation 6) while the frictional shear stress increment is µ(∆σn +∆pf ) in our setting. The maximum frictional stress625

is reached prior to the reverse loading and then reads µ(σn + σC + pf )
max.626

Figure (12) Evolution of the position of the elasticity domain in the stress space during a bi-axial loading cycle typical
to the region close to the pore and for a crack family oriented by the first polar angle β. From the initial stress point (0)
to (1), the crack is open and is closed up to (2) during loading. During the unloading phase, the crack sticks between
(2) and (3). Reverse-slip occurs between (3) and up to the crack reopening at (1).

The explanation of this slip condition is not trivial, and some clarifications are now proposed using the arguments627

outlined in Andrieux et al. [1986] and based on the work of Muskhelishvili [1963]. For a 2D crack in an infinite medium,628

the normal stress on the crack lips is uniform and indeed equal to the normal stress based on the remote stress tensor,629

as defined in equation (4). As the crack closes, there is already a tangential displacement jump bt, and the associated630

shear stress denoted ω equals this jump divided by the crack compliance γ introduced in equation (2). The resolved631

shear stress τ , based on the remote stress tensor, is also equal to ω at closure. The frictional forces to induce slip upon632

loading beyond closure are thus the normal stress and the difference between τ and ω, the latter being first defined by633

the elasticity problem up to closure. The yield criterion (6) is constructed based on these two forces and does remind634

us of a kinematic hardening plasticity law, although the back-stress, ω, has a life before crack closure. Its graphical635

representation in Figure 12 depicts the evolution in the stress space during a cyclic compression for a crack having for636

first polar angle β. In the loading phase, the crack remains open from the initial stress point (0) to point (1), after637

which it is closed. Note that at closure, the stress point is exactly at the apex of the Coulomb criterion. The crack638

sticks or slips if the condition φ + β ≥ π/2 is met. If a slip occurs, it does so immediately after crack closure. The639

back stress keeps evolving based on the rate of tangential displacement jump across the crack surfaces divided by the640

elasticity compliance, equation (7). This displacement jump amplitude is governed by the consistency condition on the641

yield criterion, equations (8) and (9). The yield surface is thus continuously translated upward until the maximum load642

is reached at point (2) in Figure 12. In the subsequent unloading phase, the crack experiences sticking between points (2)643

and (3), and the back stress does not change since the tangential displacement jump is constant. Then reverse-slipping644

occurs between point (3) and the crack’s reopening point (1). Note that the final slip during unloading is again at the645

apex of the yield criterion. The reasoning based on 2D elasticity solutions is applied to 3D in this contribution without646

further justification.647

The rest of this Appendix is devoted to the evolution of the straining during the cyclic loading in a REV close to648

a spherical pore, as depicted above. The analysis is done for a single family of cracks with azimuthal symmetry to link649

with earlier work by David et al. [2012].650

F.2 A single family with azimuthal symmetry651

The stress-strain relation for a single family is still provided by equation (1) if the integrant is modified to include the652

distribution function c∗δ(β−β∗)/(2π sinβ) in which c∗ is the crack density in the direction β∗ orienting the crack family653

of interest and δ(β − β∗) the classical Dirac function. The strain-stress relation then simplifies to:654

ϵ̇ = CI : (σ̇ + αṗfδ) +
c∗

4l

∫ 2π

β′=0

(
ḃ(n∗)⊗ n∗ + n∗ ⊗ ḃ(n∗)

)
dβ′ , (62)
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in which the normal n∗ is oriented by β∗ and the second polar angle β′ in the range [0; 2π].655

The loading due to the remote stress in (60) leads to straining (ϵr, 2ϵθ) with the open crack contribution in (62)656

reading657

c∗γπ

l

cos2 β∗(1− ν
2
cos2 β∗) − ν

2
cos2 β∗ sin2 β∗

− ν
2
cos2 β∗ sin2 β∗ sin2 β∗(1− ν

2
sin2 β∗)


σ̇r + ṗf

σ̇θ + ṗf

 , (63)

using a matrix notation. The back-stress evolution before closure is dictated by the resolved shear stress w = τ =658

(σr − σθ) cos β
∗ sinβ∗p∗ in which the vector p∗ is orthogonal to n∗ and defined in equation (56) of Appendix E for the659

polar angles (β∗, β′). The contribution of (63) ceases once the crack family is closed, and this happens when the remote660

loading is equal to σH = 2(1−ϕ)σC/(3 sin
2 β∗)+pf . In Figure 12, this loading path from the initial condition (0) brings661

us to the stress point (1), which is at the tip of the Coulomb cone. In summary, at crack closure:662

τ(1) = ω(1) = Σ(1) sinβ
∗ cosβ∗ , σn(1) = −pf − Σ(1) sin

2 β∗ with Σ(1) = σC sin−2 β∗ , (64)

ϵθ(1) = −1

2

(4G+ 3κ

9Gκ
+

c∗γπ

l
sin2 β∗(1− ν

2
sin2 β∗)

)
Σ(1) .

The case of interest is now φ + β∗ ≥ π/2 since slipping occurs immediately upon further loading after closure. From
Appendix E, the crack family contribution to the straining is then:

c∗γπ

l

 cosβ∗(sin β∗ + µs cosβ∗) − sinβ∗(cos β∗ − µs sinβ∗)

− cosβ∗(sin β∗ + µs cosβ∗) sin β∗(cos β∗ − µs sinβ∗)


σ̇r + ṗf

σ̇θ + ṗf

 , (65)

with s = 1 during loading. The conditions at the end of this loading are then663

ω(2) = Σ(2) sinβ
∗(cos β∗ + µ sinβ∗)− µΣ(1)) sin

2 β∗ , (66)

ϵθ(2) − ϵθ(1) = −1

2

(4G+ 3κ

9Gκ
+

c∗γπ

l
sinβ∗(cos β∗ − µ sinβ∗)

)
(Σ(2) − Σ(1)) ,

having used equation (9) to follow the evolution of the backstress. The unloading occurs with stick conditions, and the664

conditions at the start of reverse sliding are:665

ω(3) = ω(2) , Σ(3) = (Σ(2) − 2Σ(1))
µ sinβ∗

cosβ∗ + µ sinβ∗ , ϵθ(3) − ϵθ(2) = −1

2

4G+ 3κ

9Gκ
(Σ(3) − Σ(2)) . (67)

Reverse slip occurs upon further unloading and implies that s = −1 in equation (65). It also means that the stress666

conditions are back at point (1) at the final unloading, closing the hysteresis loop.667

Figure (13) Remote stress σH versus hoop strain ϵθ and volumetric strain ϵV (magenta line) for a single family of
cracks ( β∗ = π/3) at various crack’s friction angles φ (in degrees) for dry conditions. The hysteresis in ϵθ is a function
of the crack’s friction, and the maximum effect is attained for an intermediate value of the friction angle. There is no
hysteresis in volumetric strain by construction.

Figure 13 shows the deformation during the cyclic loading for various values of the frictional angle and under dry668

conditions for the sake of simplicity. The cracks have the orientation angle β∗ = π/3 so that the cracks are slipping unless669

the friction angle φ is larger than π/6 (stick condition φ + β∗ ≥ π/2): the closure stress σC = 4 MPa, and the crack670
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density c∗ = 0.6. The porosity of the specimen is ϕ = 0.125, while the matrix elastic properties are set to (E = 95.46671

GPa, ν = 0.07 corresponding to quartz). The loading cycle consists of a loading phase, with σH varying from 0 MPa672

to 12 MPa, and an unloading back to initial conditions. The four stress-strain curves σH vs ϵθ are multi-linear and673

characterised by four values for the slope Eθ defined with:674

σ̇H = −Eθ ϵ̇θ with (68)
1

Eθ
=

4G+ 3κ

12Gκ(1− ϕ)
closed and sticking cracks ,

1

Eθ
=

4G+ 3κ

12Gκ(1− ϕ)
+

3c∗γπ

4l(1− ϕ)

sinβ∗

cosφ
cos(β∗ + sφ) closed and slipping cracks ,

1

Eθ
=

4G+ 3κ

12Gκ(1− ϕ)
+

3c∗γπ

4l(1− ϕ)
sin2 β∗(1− ν

2
sin2 β∗) open cracks .

Crack closure occurs at σH , approximately equal to 3.1 MPa, before which the stress-strain curve is independent675

of friction. If there is no friction (φ = 0), the cracks slip since φ + β∗ ≤ π/2. In addition, Eθ is the same during the676

loading and unloading stages as seen in equation (68)c (φ = 0). There is also no sticking phase since the yield surface677

cone is closed, and reverse slipping happens at the very start of the unloading, Figure 12. On the contrary, if φ = 20◦678

and φ = 25◦ the cracks first slip in the loading stage since φ + β∗ ≤ π/2 but stick at the beginning of the unloading.679

The sticking modulus Eθ is the same for both values of φ as it is independent of friction. Also, the sticking phase is680

longer at φ = 25◦ compared to φ = 20◦ because, as shown in Figure 12, in the former, the yield surface cone is larger681

than in the latter, meaning that a greater decrease of stress is required to reverse slip. Note that, in the slipping phases,682

Eθ loading is greater at φ = 25◦ than at φ = 20◦, whereas it is the opposite during the unloading, in agreement with683

equation (68)c. Finally, if φ = 70◦, the cracks always stick since φ+ β∗ ≥ π/2.684

One last point to note is that no matter the value of the crack’s friction, the volumetric strain versus the stress685

curve shows no hysteresis (magenta line). This is because crack slipping induces no volumetric change within the REV.686

Its modulus κ∗ is thus constant regardless of the crack slipping unless more complex geometries such as wing cracks687

are accounted for. However, crack slipping reduces the equivalent shear modulus G∗ of the REV and thus does lead to688

hysteresis in the volumetric macro response of the assemblage as revealed by the classical relation (26).689

G Spherical Assembly effective properties for slipping cracks690

The objective is to derive an analytical solution for the bulk modulus, Biot’s coefficient and the pore volume fraction rate691

of the assemblage if all cracks are closed and slipping. For closed and sticking cracks and for open cracks, the solution is692

presented in the main text, relying on Appendices A and B. The analytical expression of the bulk modulus in the general693

case of a distribution of cracks either open, closed, and sticking or slipping is challenging to derive since the material694

moduli are heterogeneous within the shell. There is a particular case for which homogeneity is conserved in terms of695

moduli, and it corresponds to a distribution of closed and slipping cracks at all radii of the hollow sphere.696

The starting point is again the definition of the stress-strain relation in equation (1) with the crack strain rate defined697

in (59) with βc set to zero since all cracks are closed. The quadrature is exact, and the strain-stress rates relation is698

simplified to:699 
ϵ̇r

2ϵ̇θ

 =
1

9Gκ

 G+ 3κ 2G− 3κ

2G− 3κ 4G+ 3κ


σ̇r + αṗf

σ̇θ + αṗf

+
4cγπ2

15l

 1 + µs −(1− 3
2
µs)

−(1 + µs) 1− 3
2
µs


σ̇r + ṗf

σ̇θ + ṗf

 . (69)

This system of equations is now inverted to express the stress rates in relation to the strain and the pressure rates:700


σ̇r

σ̇θ

 =
1

D

4G+ 3κ+ 9GκΓ(1− 3
2
µs) −2G+ 3κ+ 9GκΓ(1− 3

2
µs)

−2G+ 3κ+ 9GκΓ(1 + µs) G+ 3κ+ 9GκΓ(1 + µs)


ϵ̇r

2ϵ̇θ

−


α
3κ

+ Γ 5
2
µs

2α
3κ

− Γ 5
2
µs

 ṗf

 ,

with D = 3[1 + ΓG(3 +
1

2
µs)] and Γ =

4cγπ2

15l
. (70)

Note that the matrix component on the right-hand side of this equation is denoted Aij/D with i, j = r or θ in what701

follows.702

Introduce these expressions into the equilibrium equations (32) and obtain:703

[4G+ 3κ+ 9GκΓ(1− 3

2
µs)]r

∂2u̇

∂r2
+ 2[4G+ 3κ+ 9GκΓ(1− 4µs)]

∂u̇

∂r
(71)

−2[4G+ 3κ+ 9GκΓ(1 +
7

2
µs)]

u̇

r
= 45GΓµs(1− α)ṗf .

The homogeneous part of this differential equation is a second-order Cauchy-Euler equation, which is solved with the
trial function (r/RS)

m, and the exponent m is the solution of the second-order polynomial

m2 +m
4G+ 3κ+ 9GκΓ(1− 13

2
µs)

4G+ 3κ+ 9GκΓ(1− 3
2
µs)

− 2
4G+ 3κ+ 9GκΓ(1 + 7

2
µs)

4G+ 3κ+ 9GκΓ(1− 3
2
µs)

= 0 . (72)
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The unexpected finding is that one of the two roots of this polynomial is the scalar -2 for all friction values so that the
two roots read:

m1 =
4G+ 3κ+ 9GκΓ(1 + 7

2
µs)

4G+ 3κ+ 9GκΓ(1− 3
2
µs)

, m2 = −2 . (73)

Note that the first root is close to 1, and the set (1,−2) corresponds to the two powers of the displacement polynomial
found for an isotropic, elastic solid, as seen in Appendix A. The final expression for the displacement rate is:

u̇(r) = C1RS(
r

RS
)m1 + C2RS(

r

RS
)−2 − r

1

3
(1− α)

ṗf
κ

, (74)

for two dimensionless constants C1 and C2 which are obtained from the stress-boundary conditions as follows.704

The first of the three steps to find these constants is to express the stress rate in equation (70) in terms of the two
unknowns: 

σ̇r + ṗf

σ̇θ + ṗf

 =
C1

D

(
r

RS

)m1−1


Arrm1 + 2Arθ

Aθrm1 + 2Aθθ

+
2C2

D

(
r

RS

)−3


−Arr +Arθ

−Aθr +Aθθ

 . (75)

The second step sees the application of the stress boundary conditions σ̇r|RP = −ṗf and σ̇r|RS = −σ̇H at the pore radius
and the external radius, respectively. These two conditions combined with the first equation in (75) provide a system of
two equations for the unknown scalars:

0

−σ̇H + ṗf

 =
1

D

(Arrm1 + 2Arθ)ϕ
1
3
(m1−1) 2(−Arr +Arθ)ϕ

−1

Arrm1 + 2Arθ 2(−Arr +Arθ)


C1

C2

 . (76)

The third and final step consists of inverting this system to determine the two constants:705 
C1

C2

 = (−σ̇H + ṗf )


C̃1

C̃2

 with


C̃1

C̃2

 =
D

D′


2(Arr −Arθ)ϕ

−1

(Arrm1 + 2Arθ)ϕ
1
3
(m1−1)

 (77)

and D′ = −2(Arrm1 + 2Arθ)(Arr −Arθ)(ϕ
1
3
(m1−1) − ϕ−1) ,

having introduced two constants C̃1 and C̃2 which have dimension of one over stress.706

The solution for the displacement being determined, the rate of volume change θ̇ = 3u̇(RS)/RS is now expressed in707

terms of the pressure and hydrostatic rate of changes thanks to (74) and (77) providing the final expression:708

σ̇H = −κ̄s θ̇ + ᾱsṗf (78)

with κ̄s =
1

3(C̃1 + C̃2)
and ᾱs = 1− (1− α)

κ̄s

κ
.

in which the effective bulk modulus κ̄s and the effective Biot’s coefficient κ̄s are introduced. Note again that these two709

material parameters are defined for all cracks of the spherical assembly being in slip condition, as marked by the letter710

s in subscript.711

This solution for the effective properties of the assemblage with all cracks slipping, although analytical, requires a
numerical implementation, which can be checked in the case of zero friction. In that instance, the solutions for the two
exponents m1 and m2 in equation (72) are 1 and −2, as already pointed out above. The displacement has indeed the
same structure as in (33) of Appendix A for an isotropic elastic solid. Inspection of the system (70) with µ = 0 confirms
this interpretation and reveals that the effective moduli and coefficient are:

κ∗ = κ , G∗ = G/(1 + 3GΓ) , α∗ = α and κ̄s = κ
1− ϕ

1 + 3κ
4G

(1 + 3GΓ)ϕ
. (79)

Note that the results for the particular case of zero friction are easily extended to the case of a constrained fluid volume712

using (20).713

The rest of this Appendix is devoted to the pore volume fraction, the volume of fluid within the porous medium714

normalized by the volume of the spherical assembly. The non-linear evolution of this pore volume fraction, accounting715

for the dead volume of the experiment, is discussed in detail in Section 2.2. The two objectives are first to concentrate on716

the rate form adopted for the effective properties of the spherical assemblage summarized by equation (24) and second,717

to derive expressions for the Biot’s coefficient and the storage coefficient based thus on the second equation in (23). This718

is, of course, a check that the general structure of the constitutive relations discussed in section 2.3.1 is valid.719

The volume of fluid within the assemblage is due to the cracked matrix composing the shell and the central pore.720

Since all cracks are assumed closed, the matrix pore volume change is still given by equation (10) with ϵ̇vC set to zero.721

The pore volume fraction of the matrix is thus:722

v̇ = αC1(2 +m1)(
r

RS
)m1−1 + ṗf (RpM − α(1− α)

1

κ
) , (80)

having made use of the displacement in (74) to deduce the local volume change. Integrate this contribution over the723

shell and normalize by the volume of the assemblage to obtain the contribution to the assemblage pore volume change:724
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αC13(1− ϕ
m1+2

3 ) + ṗf (RpM − α(1− α)
1

κ
)(1− ϕ) . (81)

The second contribution is due to the central pore, and its contribution to the assemblage after normalization is
ϕu̇(RP )/RP or based on the displacement field in (74):

3[C1ϕ
m1+2

3 + C2]− ϕ(1− α)
ṗf
κ

. (82)

The sum of these two contributions (81 and 82) is the pore volume fraction rate of the assemblage. It remains to replace725

the constants C1 and C2 by the expressions in (77), which are functions of the remote stress and fluid pressure rate. The726

former is eliminated thanks to the first equation in (24) so that the effective parameters are finally obtained:727

ᾱs =
C̃1[ϕ

m1+2
3 + α(1− ϕ

m1+2
3 )] + C̃2

C̃1 + C̃2

, (83)

R̄ps = RpM (1− ϕ)− 1− α

κ
(ϕ+ α(1− ϕ))

+3(1− ᾱs)
(
C̃1[α(1− ϕ

m1+2
3 ) + ϕ

m1+2
3 ] + C̃2

)
.

The comparison between (78) and the first equation above is now necessary to confirm the symmetry argument discussed728

in section 2.3.1. Introduce the definition of κ̄s in (78) to eliminate the sum C̃1 + C̃2 while making sure that only C̃1729

remains in the expression. Use the definition of that constant in (77) and conclude that the two expressions (78) and730

(83) for Biot’s coefficient are indeed equivalent. A non-trivial check of our derivation but also a confirmation, albeit not731

a proof of the statement made in section 2.3.1.732
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