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Abstract: This study presents a coupled hydromechanical element-free Galerkin (EFG) model to simulate land subsidence induced 54 
by groundwater withdrawal. The EFG algorithm was validated with unsaturated hydraulic and hydromechanical benchmark prob- 55 
lems, showing satisfactory alignment with finite element method (FEM) and theoretical results. We investigated the effects of 56 
groundwater pumping on land subsidence and hydraulic head variation in both isotropic and anisotropic aquifers considering un- 57 
saturated effects. Our results indicate a nonlinear correlation between groundwater extraction and both hydraulic head decrease and 58 
land subsidence increase. In anisotropic aquifers, initial discrepancies were observed between the EFG and FEM models, although 59 
final land subsidence and hydraulic head values were closely aligned. Comparison results show that EFG's land subsidence and 60 
hydraulic head decline trends for anisotropic aquifer exhibit a better agreement with the isotropic model compared with those of the 61 
FEM. The parametric study revealed that the elastic modulus and Poisson's ratio significantly affect land subsidence levels. While 62 
hydraulic conductivity influences the rate of hydraulic head decline and onset of subsidence, it has a minor effect on steady-state 63 
values. These findings emphasize the importance of accurate in-situ measurements of elastic modulus and Poisson's ratio for the 64 
precision and reliability of feasibility studies in groundwater extraction projects. 65 

Keywords: Land subsidence, Groundwater pumping, Coupled hydromechanical modeling, Element-free Galerkin (EFG), 66 

Anisotropic aquifers, Unsaturated porous media 67 

1. Introduction 68 

Land subsidence typically results from either a natural disaster, such as earthquakes (Imakiire & Koarai, 2012) or landslides 69 
(Tiwari et al., 2020), or human activities, such as the extraction of liquids from subsurface reservoirs (Galloway & Burbey, 2011). 70 
As the global population continues to expand, coupled with the rapid growth of industrial and agricultural sectors, there has been a 71 
heightened demand for the extraction of groundwater resources. In the last decades, land subsidence caused by groundwater exploi- 72 
tation is considered a worldwide problem (Bonì et al., 2015; Chai et al., 2004; Shirzaei et al., 2021; Wang et al., 2019; Xu et al., 73 
2008), particularly in arid and semi-arid regions (El Kamali et al., 2021; Ghazifard et al., 2016). The Global Hydrological Assess- 74 
ment, conducted by UNESCO in 2013, highlights the significant risk posed to sustainable development by land subsidence resulting 75 
from water extraction from aquifers (Asadi & Ataie-Ashtiani, 2015; Donoso, M., Di Baldassarre, G., Boegh, E., Browning, A., Oki, 76 
T., Tindimugaya, C., Vairavamoorthy, K., Vrba, J., Zalewski, M., & Zubari, 2012). It is imperative to comprehensively examine 77 
the factors influencing land subsidence and devise effective strategies for predicting subsidence levels in aquifers under varying 78 
exploitation scenarios to address potential crises adeptly. Groundwater depletion causes narrowing grain gaps and land subsidence. 79 
Persistent land subsidence, stemming from changes in pore fluid pressure within solid grain fractures and voids (Amir Hosseini et 80 
al., 2023), is presenting a challenge for restoration despite efforts to refill groundwater levels (Fulton, 2006). Global studies under- 81 
score the significant contribution of groundwater-level decline to ground surface displacement. Examples such as Las Vegas Val- 82 
ley(Bell et al., 2002), Mexico City(Khorrami et al., 2023), Antelope Valley (Siade et al., 2014), Coastal City of Lagos(Ohenhen & 83 
Shirzaei, 2022), Jakarta Metropolitan Area (Abidin et al., 2004), and Mashhad City (Khorrami et al., 2020) emphasize the necessity 84 
of scrutinizing land subsidence modeling in research. In certain cases, like Memphis, significant decreases in groundwater levels do 85 
not manifest noticeable subsidence, which is potentially attributed to high reservoir density or the presence of rock reservoirs (Poland 86 
& Davis, 1969). Studying the mechanical behavior of formations during liquid extraction reveals a nonlinear connection between 87 
liquid extraction and regional land subsidence, highlighting the interplay between hydraulic parameters and subsidence and under- 88 
scoring the importance of numerical modeling in understanding mechanisms affecting land subsidence (Asadizadeh et al., 2022; 89 
Motagh et al., 2007; Mousavi et al., 2001). 90 

Due to the challenges associated with studying land subsidence in laboratory settings, various numerical models have been 91 
utilized to investigate this phenomenon. Previous studies have modeled land deformation using Finite Element Method (FEM) 92 
(Kihm et al., 2007; Kim, 2005; Luo & Zeng, 2011; Yang et al., 2015). Asadi (Asadi & Ataie-Ashtiani, 2015) (2015) developed a 93 
theoretical framework combining one-dimensional two-phase and two-dimensional single-phase equations, using the finite volume 94 
method to compute settlements in elastic porous media, including saturated and unsaturated layers, focusing on Tehran's subsidence. 95 
Rajabi (Rajabi, 2018) (2018) utilized PLAXIS 3D to simulate land subsidence in the Aliabad plain, Iran, considering aquifer pressure 96 
variations and employing a theoretical framework based on consolidation theory. Compared to element-based models, meshless 97 
methods provide some advantages, including employing higher-order continuity for interpolation, hence attaining precise represen- 98 
tation of stress fields, facilitating the modeling of substantial deformations without the possibility of element distortion, and enabling 99 
crack propagation simulation (Tey et al., 2020). The element-free Galerkin (EFG) technique (Belytschko et al., 1994) has been 100 
employed as a numerical modeling tool for geotechnical problems (Dinesh et al., 2021; Iranmanesh et al., 2018; Iranmanesh & Pak, 101 
2023; Tey et al., 2020; Tourei et al., 2024) and provides a robust framework for addressing complex, nonlinear soil behaviors, 102 
offering enhanced accuracy and flexibility compared to traditional finite element methods, especially in simulations involving large 103 
deformations and irregular geometries. Pathania et al. (Pathania & Rastogi, 2017) (2017) introduced a novel hydraulic model that 104 
uses the meshless EFG technique and the Moving Least Squares (MLS) methodology for simulating groundwater flow in unconfined 105 
aquifers, highlighting the advantages of meshless techniques over traditional mesh-dependent methods. This method was validated 106 
through simulations in the Blue Lake aquifer, Northern California, and its performance was compared with the MODFLOW soft- 107 
ware.  108 

EFG is a relatively new type of numerical method that has achieved remarkable success in various hydrological (Park & Leap, 109 
2000; Tey et al., 2020) and geomechanical (Mohammadi, 2006; Varshney et al., 2020) problems. Due to EFG's mesh-free nature, it 110 
can offer higher accuracy and convergence by utilizing a higher order of interpolation functions and improves handling of domain 111 
discontinuities. Despite the utilization of the EFG method in analyzing multiphase flow in deforming porous media (Samimi & Pak, 112 
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2016) or in groundwater modeling studies (Pathania et al., 2019, 2020; Pathania & Rastogi, 2017), application of this technique for 113 
coupled hydromechanical modeling in the context of land subsidence in aquifers remains unexplored. This study applies the EFG 114 
method to coupled hydromechanical modeling, specifically focusing on land subsidence phenomena and considering unsaturated 115 
effects in aquifers. In the subsequent sections, we first provide a brief review of the governing equations for the movement of two 116 
immiscible fluids through deforming porous media, followed by discussing the numerical discretization of the model. Subsequently, 117 
we use the EFG software to simulate various verification examples. This is then extended to modeling a land subsidence problem, 118 
where a parametric analysis is conducted to better understand the effects of various parameters on land subsidence. The proposed 119 
numerical model leverages the EFG method to simulate land subsidence and the decrease in hydraulic head, thereby providing a 120 
comprehensive understanding of land subsidence due to groundwater extraction. 121 

2. Methodology and Formulation 122 

2.1. Governing Equations for Hydromechanical Modeling of Multiphase Porous Media 123 

A set of equations governing the hydromechanical behavior of a deformable multiphase porous medium includes 1) the linear 124 
momentum balance equation for the formation (Equation 1), 2) the linear momentum balance equation (the generalized Darcy's 125 
Law) for fluid phases (Equation 2), and 3) the mass balance equation for each fluid phase (Equations 3-4). The integration of mass 126 
conservation in the solid phase with that of each fluid phase results in the ultimate form of the continuity equations governing the 127 
flow of pore fluids. Assuming constant temperature, full fluid occupancy in the solid skeleton's voids, and minimal interphase mass 128 
transfer, the equations for a porous medium with two viscous fluids are stated as follows (Samimi & Pak, 2014, 2016; Thomas, 129 
2000): 130 

 131 

𝜎𝑖𝑗,𝑗 + 𝜌𝑔𝑖 = 0 (1) 

𝑛 𝑆𝜋 �̇�𝑖
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(4) 

Equations 1-4 contain various parameters that represent fluid flow characteristics through a porous medium. These parameters 132 
include the 𝜎𝑖𝑗 tensor of total stress (See Appendix A for generalized Hook's Law), 𝜌 = (1 − 𝑛)𝜌𝑠 + 𝑛(𝑆𝑤𝜌𝑤 + 𝑆𝑛𝑤𝜌𝑛𝑤) average 133 

density of the medium, 𝑛 porosity, 𝜌𝑠 solid phase density, 𝜌𝜋 densities of the wetting and non-wetting fluid phases (𝜋 = 𝑤, 𝑛𝑤), 134 
�̇�𝑖 solid phase velocity, 𝑆𝜋 fluid phase saturations, 𝜇𝜋 dynamic viscosity, 𝑃𝜋 , 𝜌𝜋 pressure and densities of the flow phases, 𝑘𝑟𝜋 135 
the relative permeability coefficient of the fluid phase, 𝑘𝑖𝑗 intrinsic permeability tensor (See Appendix B for generalized Darcy's 136 

Law), 𝑔𝑖 gravitational acceleration vector, 𝛼 Biot's constant, 𝑃𝑐 = 𝑃𝑛𝑤 − 𝑃𝑤 capillary pressure, t time, and 𝐾𝑠, 𝐾𝜋 the bulk mod- 137 
ulus of the solid phase and fluid phase, respectively. For a hydromechanical study of multiphase systems, the above nonlinear 138 
equations need to be supplemented with auxiliary functions, such as saturation degree as a function of capillary pressure, permea- 139 
bility coefficient as a function of saturation degree of wetting and non-wetting phases, and constitutive law of the solid phase 140 
(Samimi & Pak, 2016).  141 

To model unsaturated porous media, we considered van Genuchten (van Genuchten, 1980), Brooks-Corey (Brooks & Corey, 142 
1964), and Huyakorn et al. (P.S. HUYAKORN, 2007) equations for the numerical modeling. In Table 1, 𝛼, 𝛽, and 𝛾 are van 143 
Genuchten's parameters, 𝑝𝑑 is the air-entry pressure for the Brooks-Corey model. and 𝑛 is the Huyakorn et al.'s parameter. 144 

 145 
Table 1 Saturation and permeability equations for unsaturated media 146 

Relative permeability coefficients Normalized saturation ratio Reference 
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 147 

2.2. Initial and boundary conditions 148 

By considering the soil skeleton displacement (𝑢𝑖) and fluid pressures (𝑃𝑤, 𝑃𝑛𝑤) the main variables or problem unknowns, 149 
necessary initial and boundary conditions for solving the governing equation system can be expressed as follows (Samimi & Pak, 150 
2012, 2016): 151 

• Initial conditions are: 152 
𝑢𝑖 = 𝑢𝑖

0, 𝑎𝑛𝑑 𝑝𝜋 = 𝑝𝜋
0 (𝜋 = 𝑤, 𝑛𝑤) 𝑎𝑡 𝑡 = 0 𝑜𝑛  Ω (5) 

• Dirichlet boundary conditions are: 153 
𝑃𝜋 = �̄�𝜋   𝑜𝑛   Γ𝑃π

         

𝑢𝑖 = �̄�𝑖     𝑜𝑛    Γu 
(6) 

• Neumann boundary conditions are: 154 
𝜎𝑖𝑗𝑛𝑗 = �̄�𝑖       𝑜𝑛  Γσ 
𝑘𝑖𝑗𝑘𝑟𝜋

𝜇𝜋
(−𝑃𝜋,𝑗 + 𝜌𝜋𝑔𝑗)𝑛𝑖 = �̄�𝜋      𝑜𝑛  Γqπ

   
(7) 

where Ω denotes the problem domain, encompassing boundary Γ, 𝑛𝑖 denotes the unit outward vector normal to the boundary, 155 
and �̄�𝑖 , �̄�𝑖, �̄�𝜋, and �̄�𝜋 denote the specified values for displacement, traction, pore pressure, and flux, respectively, on various 156 
segments of the boundary. The subsequent conditions govern these specifications: 157 
𝛤𝑢 ∪ 𝛤𝜎 = 𝛤     𝑎𝑛𝑑    𝛤𝑢 ∩ 𝛤𝜎 = 𝜙 
𝛤𝑝𝜋

∪ 𝛤𝑞𝜋
= 𝛤     𝑎𝑛𝑑   𝛤𝑝𝜋

∩ 𝛤𝑞𝜋
= 𝜙 

 

(8) 

 158 

2.3. Numerical Discretization  159 

This study utilizes the EFG meshless technique for discretization of the spatial domain. The EFG approach creates shape 160 
functions through the Moving Least Squares (MLS) approximation, consisting of two parts: firstly, a non-zero weight function over 161 
a limited zone surrounding a node, known as the node's influence domain, and secondly, a basis function, typically in the form of a 162 
polynomial. To spatially discretize the governing partial differential equations, it is necessary to define their integral forms. This is 163 
achieved by implementing the weighted residual method in conjunction with the Galerkin approach, alongside the use of the penalty 164 
method to enforce the essential boundary conditions. EFG shape functions transform the variational formulation into a matrix rep- 165 
resentation. These functions approximate fundamental variables, such as displacement and pore fluid pressures, at any given time 166 
and location. The matrix representation of the governing nonlinear partial differential equations is presented as: 167 

(𝐶11 + 𝐶𝑢
𝛼)�̇� − 𝐶12�̇�𝑤 − 𝐶13�̇�𝑛𝑤 =

∂

∂𝑡
(𝐹𝑢 + 𝐹𝑢

𝛼)

𝐶21�̇� + 𝐶22�̇�𝑤 + 𝐶23�̇�𝑛𝑤 + (𝐾22 + 𝐾𝑝𝑤
𝛼 )𝑃𝑤 = (𝐹𝑝𝑤 + 𝐹𝑝𝑤

𝛼 )

𝐶31�̇� + 𝐶32�̇�𝑤 + 𝐶33�̇�𝑛𝑤 + (𝐾33 + 𝐾𝑝𝑛𝑤
𝛼 )𝑃𝑛𝑤 = (𝐹𝑝𝑛𝑤 + 𝐹𝑝𝑛𝑤

𝛼 )

 
(9) 

where superscript (.) demonstrates the temporal derivative. Each term in Equation 9 is either a matrix or a vector, assembled from 168 
the nodal matrices or vectors, and is detailed in Appendix C. Comprehensive derivation of Equation 9 is beyond the scope of this 169 
article, and it is thoroughly provided in Samimi and Pak (Samimi & Pak, 2016). The derived system of equations (Equation 9) is 170 
discretized in the time domain, adopting a fully implicit approach with the finite difference method (Samimi & Pak, 2014, 2016). 171 
The final system of discrete equations for the fully coupled hydromechanical analysis of three-phase porous media consisting of 172 
solid grains and two pore fluids is presented in Equation 10: 173 
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[

𝐶11 + 𝐶𝑢
𝛼 −𝐶12 −𝐶13

𝐶21 𝐶22 + 𝛥𝑡(𝐾22 + 𝐾𝑃𝑤
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𝑛

+ 𝛥𝑡 {

𝜕

𝜕𝑡
(𝐹𝑢 + 𝐹𝑢

𝛼)

(𝐹𝑃𝑤 + 𝐹𝑃𝑤
𝛼 )

(𝐹𝑃𝑛𝑤 + 𝐹𝑃𝑛𝑤
𝛼 )

}

𝑛+1

  

(10) 

By solving this system of equations simultaneously, the unknown variables of displacement vector and pore fluid pressures 174 
(wetting and non-wetting) will be calculated. Since the elements of the coefficient matrices in this algebraic equation system are 175 
dependent on the main unknowns, an iterative process should be utilized to linearize the problem and obtain the final solution within 176 
each time step. A fixed-point type (Thomas, 2000) solution scheme is used in this study to solve the system of Equation 10. 177 

3. EFG Software Verification for Three-phase Hydromechanical Modeling  178 

In this section, we evaluate the performance of the developed EFG software for two-phase fluid flow through nondeformable 179 
(Samimi & Pak, 2014) and deformable porous media (Samimi & Pak, 2016). First, we solve an infiltration problem for which the 180 
semi-analytical solution is available. Then, we solve a consolidation problem for an unsaturated soil column and verify the results 181 
with the Finite Element Method (FEM) results reported by two previous studies (Khoei & Mohammadnejad, 2011; Rahman & 182 
Lewis, 1999). For numerical simulation of the examples, it's important to choose suitable numerical parameters that stem from the 183 
EFG method applied to the governing equations of two-phase fluid flow through deformable soil medium. This is necessary to 184 
maintain the precision of the computational results. In this research, we've adopted the recommendations of Oliaei et al. (Oliaei et 185 
al., 2009), with certain adjustments, as discussed in Samimi and Pak (Samimi & Pak, 2014, 2016), as the foundational criteria for 186 
selecting the EFG parameters.   187 

 188 

3.1. Test case 1: Pressure-driven infiltration  189 

To evaluate the EFG model's effectiveness in solving simultaneous two-phase fluid flow in rigid porous media, we model 190 
infiltration caused by pressure with the passive air phase assumption for which a semi-analytical solution has been presented by 191 
Philip (Philip, 1956). Several authors have utilized this problem to validate their FEM models (Callari & Abati, 2009; Celia & 192 
Binning, 1992; Lehmann & Ackerer, 1998). In this example, water flows from a 30-cm height soil column of rigid material with an 193 
initial saturation level of 0.298, corresponding to an initial –100 kPa pore water pressure and 0 air pressure at all nodes. The geometry 194 
of this problem is illustrated in Figure 1. The lateral boundaries are impermeable, and both the top and bottom boundaries are 195 
permeable with constant pressure of -7.5 kPa and -100 kPa, respectively. Furthermore, the problem considers gravitational acceler- 196 

ation, set as 9.81 (𝑚 𝑠2⁄ ). The van Genuchten (van Genuchten, 1980) equation is employed to determine suction and relative per- 197 

meability coefficient. Table 2 includes the model's parameters and the soil's characteristics.  198 
   199 
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 200 
Fig 1 Geometry and initial conditions for test case 1  201 

 202 
Table 2 Material properties in test case 1 203 

Properties Symbol Value Unit 

Porosity 𝑛 0.368 - 

Wetting fluid density 𝜌𝑤 1000 
𝐾𝑔

𝑚3
 

Non-wetting fluid density 𝜌𝑛𝑤 1.22 
𝐾𝑔

𝑚3
 

Bulk modulus of solid particles 𝐾𝑠 1.4 × 109 𝑃𝑎 

Bulk modulus of the wetting fluid 𝐾𝑤 4.3 × 1012 𝑃𝑎 

Bulk modulus of the non-wetting fluid 𝐾𝑛𝑤 10−5 𝑃𝑎 

Dynamic viscosity of the wetting fluid 𝜇𝑤 10−3 𝑃𝑎. 𝑠 

Dynamic viscosity of the non-wetting fluid 𝜇𝑛𝑤 10−3 𝑃𝑎. 𝑠 

Residual saturation 𝑆𝑤𝑟
 0.3966 - 

Air entry pressure 𝑃𝑑 2.25 × 105 𝑃𝑎 

Pore size distribution index  𝜆 3 - 

 204 
The spatial discretization of the problem utilizes 244 nodes, featuring a uniform node spacing of 5 millimeters. This includes 61 205 
nodes in the z-direction and 2 nodes each in the x and y-directions. The temporal discretization begins with initial time intervals of 206 
1 second, followed by intervals of 100 seconds. The water pressure profile and saturation degree simulated in different analysis 207 
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periods are plotted in Figures 2 and 3, respectively. Results are compared with Philip's (Philip, 1956) semi-analytical solution and 208 
the FEM model by Callari and Abati (Callari & Abati, 2009). The good agreement between these results indicates a satisfactory 209 
performance of the two-phase flow EFG model. 210 
 211 

 212 
Fig 2 Pore water pressure variation along the soil column over time 213 
 214 

 215 
Fig 3. Saturation degree variation along the soil column 216 

 217 

3.2. Test case 2: Consolidation of a partially saturated soil column due to evaporation 218 

This example illustrates the behavior of unsaturated soil systems in response to environmental changes. Here, we consider a 219 
vertical soil column (Figure 4), composed of linear elastic material measuring 100 cm in height. This column is subject to a surface 220 
load of 1  kP at the top boundary. Initially, the soil column is not fully saturated, exhibiting a water saturation level of 0.52. Then, 221 
the absolute pore water pressure suddenly decreases to -420 kPa at the top surface, consolidating the soil skeleton. The lateral and 222 
bottom boundaries are impermeable, but the upper boundary is permeable. The absolute air pressure at the top surface is 0 kPa. The 223 
lateral boundaries are allowed to deform only along the vertical direction, and the bottom boundary is restrained against all 224 
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displacements. Considering the Brooks and Corey (Brooks & Corey, 1964) equations outlined in subsection 2.1 and based on Rah- 225 
man and Lewis's study (Rahman & Lewis, 1999), the properties presented in Table 2 are utilized for the numerical modeling of this 226 
example. 227 
 228 

 229 
Fig 4 Geometry and initial conditions in test case 2  230 
 231 
Table 3 Material properties in test case 2 232 

Properties Symbol Value Unit 

Porosity 𝑛 0.368 - 

Young modulus  𝐸 6 × 106 𝑃𝑎 

Intrinsic permeability 𝑘 4.6 × 10−12 𝑚2 

Poisson ratio 𝜐 0.4 - 

Rock density 𝜌𝑠 2000 
𝐾𝑔

𝑚3
 

Wetting fluid density 𝜌𝑤 1000 
𝐾𝑔

𝑚3
 

Non-wetting fluid density 𝜌𝑛𝑤 1.22 
𝐾𝑔

𝑚3
 

Bulk modulus of solid particles 𝐾𝑠 1.4 × 109 𝑃𝑎 
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Bulk modulus of the wetting fluid 𝐾𝑤 4.3 × 1012 𝑃𝑎 

Bulk modulus of the non-wetting fluid 𝐾𝑛𝑤 10−5 𝑃𝑎 

Viscosity of the wetting fluid 𝜇𝑤 10−3 𝑃𝑎. 𝑠 

Viscosity of the non-wetting fluid 𝜇𝑛𝑤 10−3 𝑃𝑎. 𝑠 

Residual saturation 𝑆𝑤𝑟
 0.3966 - 

Air entry pressure 𝑃𝑑 2.25 × 105 𝑃𝑎 

Pore size distribution index  𝜆 3 - 

 233 
To model this problem, the spatial domain is uniformly discretized using 21 nodes along the z direction and 2 nodes along 234 

both x and y dimensions, resulting in 84 nodes spaced 2.5 cm apart along three dimensions. An initial set of 1-second time steps is 235 
adopted due to the higher rate of variation in pore pressure and displacement at the beginning of the simulation, followed by subse- 236 
quent intervals of 102, 103 and 104 seconds time steps. The vertical displacement profiles and water saturation levels at four 237 
different heights within the soil column are shown in Figures 5 and 6, respectively. We observe that soil consolidation lasts approx- 238 
imately six days, after which the soil saturation level reaches the steady state. We compare the displacement and saturation degree 239 
results from our EFG model with two previous FEM studies by Rahman and Lewis (Rahman & Lewis, 1999) and Khoei and Mo- 240 
hammadnejad (Khoei & Mohammadnejad, 2011). Based on the results, although there are noticeable variations between the devel- 241 
oped EFG and FEM approaches in terms of the spatial and temporal discretization methods, iterative scheme, and formulation used, 242 
the EFG model's predictions are in strong agreement with those produced by the other two FEM numerical algorithms. This agree- 243 
ment indicates that the model performance is satisfactory for hydromechanical modeling of two-phase flow problems in deformable 244 
porous media. 245 

 246 

Fig 5 Soil settlement over time during consolidation 247 
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 248 

 249 

Fig 6 Water saturation variation over time during consolidation 250 

 251 

4. Application of the EFG method in land subsidence modeling 252 

4.1. Characteristics of Isotropic and Anisotropic Aquifers 253 

After verifying the EFG software for hydraulic and hydromechanical problems, we investigate land subsidence induced by 254 
groundwater withdrawal, considering the unsaturated effects. Our model builds on the foundational work of Kim (Kim, 2005), who 255 
used the hydromechanical COWADE 123D software based on finite element techniques. We consider an unsaturated anisotropic 256 
soil aquifer, which has a thickness of 50 meters, is characterized by its layered or stratified composition, and is located beneath a 257 
landfill site. To reduce the water table elevation below the landfill's base, a fully penetrating pumping well has been installed verti- 258 
cally at the center of the site. The water level in the pumping well is then lowered suddenly to 20 m above the bottom of the aquifer, 259 
and this water level is maintained thereafter by controlling the groundwater pumping rate. Following dimensional analysis, lateral 260 
boundaries were established 200 meters from the pumping well. Due to lateral symmetry along the x and y axes and to reduce 261 
computational cost, our model focused on one-fourth of the designated area. Figure 7 presents the schematic 3D layout of the model, 262 
illustrating the specific arrangement of nodes used in the study. For spatial discretization, 2,646 nodes were employed, with a nodal 263 
spacing of 10 meters in the x, y, and z directions. This specific number of nodes was determined through various experimental 264 
iterations. We observed that if the nodal distance exceeded this threshold, the values at the nodes failed to converge. On the other 265 
hand, increasing the number of nodes beyond this point would lead to an increase in computational cost. Figure 8 depicts the y-z 266 
plane view of the model at x = 200 m, which illustrates the locations of DO (for subsidence) and HO (for hydraulic head) observation 267 
points. 268 

The water table is initially located 45 m above the bottom of the aquifer, making the top 5 meters of the aquifer unsaturated. 269 
A negative hydrostatic pore water pressure for the top 0-5 meters and a positive hydrostatic pore water pressure for the deeper 5– 270 
45 meters were considered. We assumed the air pressure within the aquifer's pores to be at atmospheric level, typically considered 271 
zero. The aquifer lies above a layer of impenetrable rigid bedrock. We assumed that the top boundary of the aquifer is permeable. 272 
For rainfall data, we used meteorological data from Seoul, South Korea (Kim, 2005), which indicated an annual rainfall of 1,539 273 
millimeters. Additionally, we assumed the top boundary of the model to be free to move both vertically and horizontally. The 274 
model's lateral boundaries are treated as impermeable, with no movement allowed in the direction perpendicular to their plane. The 275 
pump is presumed to be within the casing, confining its movement along the x and y axes. Before starting groundwater pumping, 276 
the aquifer is at hydrostatic equilibrium condition corresponding to the initial water table location at 45 meters from the bedrock. 277 
Therefore, the initial hydraulic head (the summation of hydraulic pressure and elevation head) equals 45 m at all nodes. To account 278 
for unsaturated conditions within the top 5 meters of the aquifer (above the initial water table), we use the saturation degree and 279 
relative permeability coefficient relationships proposed by Huyakorn et al. (Hu et al., 2019). These relationships are outlined in 280 
Table 1. To simulate water pumping, a constant hydraulic head of 20 meters is applied to the pump, spanning from 0 to 20 meters 281 
in height. 282 
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In this study, we model the aquifer by considering both isotropic and anisotropic conditions. The parameters and properties of 283 
the aquifer are given in Table 4 (Kim, 2005). In an isotropic aquifer, the aquifer's parameters, such as hydraulic conductivity, elastic 284 
modulus, and Poisson's ratio, are equal in the x, y, and z directions. However, for an anisotropic aquifer, these parameters differ 285 
between the horizontal direction and the vertical direction. In the model, we assume soil material is elastic. The generalized formu- 286 
lation of Hooke's Law for derivation of the global elastic modulus tensor, and global saturated hydraulic conductivity tensor is 287 

presented in appendices A and B, respectively. The compressibility and specific weight of water are assumed 4.4 × 1010  (𝑚
2

𝑁⁄ ) 288 

and 9.81 (𝑘𝑁
𝑚3⁄ ), respectively. Furthermore, the convergence criteria for pressure head and displacements are set equal to 10−4 289 

for nonlinear iterations. The total time spanned approximately 10 years. This extended duration was deliberately selected to ensure 290 
the aquifers reach an ultimate steady state in the numerical simulations. 291 

 292 

 293 
Fig 7 Three-dimensional domain and the nodal arrangement pattern used for the aquifer (beneath the landfill)  294 

 295 

 296 
Fig 8 Observing points on the Y-Z plane of the model 297 

 298 



12 

 

 

Table 4 Characteristics of isotropic and anisotropic aquifers 299 

Property Symbol Isotropic Aquifer 
Anisotropic 

Aquifer 
Unit 

Porosity 𝑛 0.25 0.25 - 

Elastic modulus      

  - Horizontal 𝐸𝑥 = 𝐸𝑦  1.47 × 107 2.51 × 107 𝑃𝑎 

  - Vertical 𝐸𝑧 1.47 × 107 5.03 × 106 𝑃𝑎 

Elastic modulus of solid phase 𝐸𝑠 1.47 × 109 1.47 × 109 𝑃𝑎 

Shear modulus     

  - Horizontal 𝐺𝑥 = 𝐺𝑦  5.88 × 106 1.16 × 107 𝑃𝑎 

  - Vertical 𝐺𝑧 5.88 × 106 4.19 × 106 𝑃𝑎 

Permeability     

  - Horizontal 𝐾𝑠𝑎𝑡 𝑥𝑥 = 𝐾𝑠𝑎𝑡 𝑦𝑦  3.65 × 10−5 6.42 × 10−5 
𝑚

𝑠
 

  - Vertical 𝐾𝑠𝑎𝑡 𝑧𝑧 3.65 × 10−5 1.25 × 10−5 
𝑚

𝑠
 

Poisson ratio     

  - Horizontal 𝑣𝑥𝑦  0.25 0.085 - 

  - Vertical 𝑣𝑥 = 𝑣𝑦  0.25 0.427 - 

Poisson ratio of solid phase  𝑣𝑠 0.25 0.25 - 

Rock density 𝜌𝑠 2.65 × 103 2.65 × 103 
𝐾𝑔

𝑚3
 

Residual saturation 𝑆𝑤𝑟
 0.05 0.05 - 

Air entry pressure head ℎ𝑎 0.0 0.0 𝑚 

𝛼 parameter for the HUYAKORN model   𝛼𝐵𝑉 0.5 0.5 𝑚−1 

𝛽 parameter for the HUYAKORN model   𝛽𝐵𝑉 0.2 0.2 - 

𝛾 parameter for the HUYAKORN model   𝛾𝐵𝑉 0.1 0.1 - 

𝑛 parameter for the HUYAKORN model   𝑛𝐵𝑉 0.2 0.2 - 

 300 

4.2. Numerical Study Results 301 

Figure 9 illustrates the time-dependent fluctuation of the hydraulic head for isotropic and anisotropic aquifers at the observation 302 
point HO, located at coordinates (200, 100, 20) and 100 meters from the pumping well. We compare our EFG results with FEM 303 
results reported by Kim (Kim, 2005) to compare numerical results for modeling land subsidence in this aquifer. In both isotropic 304 
and anisotropic aquifers, a similar trend is evident when comparing the EFG and FEM techniques. For the anisotropic aquifer, a 305 
smaller hydraulic head drop is observed for EFG at the beginning of pumping. EFG resulted in a 0.4 m hydraulic head decrease 306 
after 1 hour of pumping. However, FEM resulted in a 1.5 m hydraulic head decrease, approximately 50% of the total hydraulic head 307 
drop after about 2000 hours in the steady state. In comparing isotropic and anisotropic conditions, the anisotropic aquifer exhibits a 308 
more significant hydraulic head drop, attributable to its higher horizontal hydraulic conductivity and overall higher average hori- 309 
zontal and vertical hydraulic conductivities relative to the isotropic aquifer. However, EFG and FEM results for both isotropic and 310 
anisotropic aquifers converge markedly in steady state condition. 311 

 312 
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 313 
Fig 9 Hydraulic head decrease at point HO over time in the isotropic and anisotropic aquifers 314 

 315 
The land subsidence results at observation point DO, located at coordinates (200,100,50), demonstrate a high level of agree- 316 

ment for an isotropic aquifer when comparing the EFG and FEM results, as shown in Figure 10. A land subsidence of approximately 317 
4 cm is observed for both EFG and FEM. However, for the anisotropic aquifer, although EFG and FEM models show a similar trend 318 
in land subsidence, there is a shift in early pumping hours. FEM results in a 9 cm of land subsidence after 1 hour of pumping, while 319 
the results are 1 cm for EFG models. Similar to the hydraulic head results, the FEM model shows that approximately 50% of land 320 
subsidence relative to the total land subsidence in steady state occurs in the first hour of water pumping. This contrasts with the 321 
isotropic model, where changes in vertical displacement start after 6 hours of water pumping. EFG results indicate that vertical 322 
displacement in the anisotropic model starts after roughly 4 hours of pumping, which aligns more closely with the isotropic model 323 
compared to the FEM model. This discrepancy underscores the need for further investigation, which should include verification of 324 
models from other sites with field data, to enhance our understanding. The ultimate steady-state land subsidence results for both 325 
models converge, and they are greater than the isotropic aquifer's vertical displacement as the vertical elastic modulus for the ani- 326 
sotropic aquifer is smaller than the isotropic aquifer. 327 

 328 
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 329 
Fig 10 Land subsidence at point DO over time in the isotropic and anisotropic aquifers 330 

 331 
Figure 11 illustrates water level variations for the isotropic aquifer, observed at various distances from the pumping well and 332 

over different time intervals (1, 10, 100, 1000, and 10,000 hours) following the start of pumping. As expected, the water level 333 
exhibits a gradual decline over time. Notably, after 100 hours, the water level reaches a depth of 20 meters at the pumping location 334 
(0 m). Upon reaching a steady-state flow after 1000 hours, the water level stabilizes and shows no further change. 335 

 336 

 337 

 338 
 339 
Fig 11 Water level drops relative to the impermeable bedrock at various distances from the pumping well and over various time 340 
periods 341 

 342 

5. Parametric Analysis 343 
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To study the effects of various aquifer parameters such as hydraulic conductivity (due to material's permeability variation), 344 
elastic modulus, and Poisson's ratio on hydraulic head variation and land subsidence, we conduct parametric analyses considering 345 
isotropic conditions.  346 

5.1. Hydraulic Conductivity   347 

We investigate four different permeability values to assess how the aquifer's hydraulic conductivity affects land subsidence 348 
and variations in the hydraulic head. We assume that the viscosity and the specific weight of water do not change, so the change in 349 
hydraulic conductivity is only due to a change in the material's pore space. Figure 12 depicts hydraulic head variation in time at 350 
observation point HO for different hydraulic conductivity values. The influence of the aquifer's permeability on the system is more 351 
significant until a steady state is reached. Permeability has a minimal impact on the ultimate hydraulic head values in steady state, 352 
especially when the hydraulic conductivity is equal to or greater than a certain value, as in this case for values equal to or greater 353 
than 1𝐾. 354 

 355 

Fig 12. Hydraulic head variation over time for different hydraulic conductivity values  (1𝐾 = 3.65 × 10−5 𝑚

𝑠
)  356 

 357 

Figure 13 illustrates land subsidence over time for different hydraulic conductivity values at the observation point DO. We 358 
observe that changes in aquifer permeability do not significantly impact the ultimate subsidence values. Instead, higher hydraulic 359 
conductivity in the aquifer leads to subsidence within a shorter timeframe. Thus, similar to hydraulic conductivity, the effect of 360 
permeability is primarily seen during the timeframe in which subsidence occurs. Permeability minimally impacts the ultimate land 361 
subsidence values in steady state condition, especially when the hydraulic conductivity is equal to or greater than a certain value, as 362 
in this case for values equal to or greater than 1𝐾. It can be concluded that this parameter does not substantially influence the 363 
ultimate depth of subsidence. 364 

 365 
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 366 

Fig 13 Land subsidence over time for different hydraulic conductivity values (1𝐾 = 3.65 × 10−5 𝑚

𝑠
)  367 

 368 

5.2. Elastic Modulus 369 

The study was repeated with changing elastic modulus values to examine their influence on the extent of land subsidence and 370 
the hydraulic head variations within the aquifer. Figure 14 demonstrates the effect of the aquifer's elastic modulus on the hydraulic 371 
head reduction at monitoring point HO. We observe that the aquifer's elastic modulus represents minimal impact on the downward 372 
trend of the hydraulic head. Under steady-state conditions, the hydraulic head remains consistent for different elastic modulus levels. 373 
Therefore, it can be concluded that the aquifer's elastic modulus has a negligible effect on the ultimate hydraulic head decrease. 374 
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 375 

Fig 14 Hydraulic head variation over time for different elastic modulus values  (1𝐸 = 14.7 𝐺𝑃𝑎) 376 
 377 
Figure 15 shows the effect of the aquifer's elastic modulus on the land subsidence at observation point DO. We note that the 378 

elastic modulus parameter significantly influences the ultimate land subsidence. A substantial increase in land subsidence occurs 379 
when the aquifer's elastic modulus is halved (0.5𝐸). As elastic modulus doubles (2𝐸) and quadruples (4𝐸), the rate of decrease in 380 
the ultimate subsidence non-linearly decreases compared with 0.5𝐸 to 𝐸 variation. In contrast to ultimate subsidence values, the 381 
time that renders steady state condition does not change for different elastic moduli. Based on the parametric study, obtaining precise 382 
elastic modulus measurements through meticulous field assessments or laboratory tests is crucial for land subsidence studies.  383 

 384 
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 385 

Fig 15 Land subsidence over time for different elastic modulus values  (1𝐸 = 14.7 𝐺𝑃𝑎) 386 
 387 

5.3. Poisson's Ratio 388 

The impact of the aquifer's Poisson's ratio on hydraulic head change in time at observation point HO is shown in Figure 16. 389 
As we see, Poisson's ratio has a minimal effect on the hydraulic head trend and its ultimate value. This observation aligns with the 390 
fact that Poisson's ratio primarily influences the stress-strain relationship rather than directly affecting hydraulic properties, as illus- 391 
trated by the governing equations discussed in subsection 2.1.   392 
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 393 

Fig 16 Hydraulic head variation over time for different Poisson's ratios 394 
 395 
As shown in Figure 17, land subsidence at observation point DO decreases with the increasing Poisson's ratio. This observation 396 

is consistent with the correlation between bulk modulus and Poisson's ratio, 𝐾 =
𝐸

3(1−2𝑣)
. Based on the inverse correlation between 397 

compressibility and bulk modulus, it can be inferred that when Poisson's ratio increased to the limiting value of 0.5, the compressi- 398 
bility of the model decreased. Therefore, as the ultimate land subsidence increases as Poisson's ratio decreases, it could be beneficial 399 
to measure Poisson's ratio with field evaluations or lab experiments for more informed research on land subsidence. 400 

 401 
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 402 

Fig 17 Land subsidence over time for different Poisson ratios 403 
 404 

6. Conclusions 405 

A series of hydraulic and coupled hydromechanical models were presented to validate the developed EFG code for flow and 406 
deformation analysis. The EFG model was validated first using a multiphase flow hydraulic benchmark problem and then, with an 407 
unsaturated hydromechanical consolidation benchmark problem. Analyzing the results obtained from the EFG model alongside 408 
theoretical results and outcomes from other computational algorithms highlights two essential aspects: 1) the EFG model is appro- 409 
priately developed and formulated, and 2) it can provide precise and reliable solutions for soil deformation and fluid flow issues in 410 
evolving three-phase porous materials.  411 

Upon establishing the validity of our EFG code, we proceeded to construct a model of an aquifer to: 1) investigate the process 412 
of three-dimensional groundwater flow and land deformation due to groundwater extraction from unsaturated geologic media, 2) 413 
evaluate the effects of true anisotropy on such a hydromechanical phenomenon, and 3) understand the effect of various characteris- 414 
tics of aquifers. The material properties for the true anisotropic and isotropic aquifers, essential for conducting numerical simula- 415 
tions, were obtained from existing literature. Results derived from numerical simulations underscore the significance of true anisot- 416 
ropy, which is influential in the context of the groundwater flow dynamic and the deformation of the solid skeletal structure. 417 

 The results of both isotropic and anisotropic scenarios highlight a nonlinear correlation between groundwater pumping and 418 
the subsequent decrease in hydraulic head and land subsidence augmentation in the unsaturated media. To ascertain the reliability 419 
of the modeling, we compared EFG results with FEM land subsidence and hydraulic head results. In the case of isotropic aquifers, 420 
the results from the EFG model on land subsidence and variations in hydraulic head exhibit a decent agreement in both trend and 421 
final values when compared with FEM outcomes. In the anisotropic aquifer scenario, EFG and FEM models display similar trends 422 
in land subsidence and reduction in the hydraulic head, and final land subsidence and hydraulic head values are closely aligned. 423 
However, a divergence is observed between EFG and FEM results during the initial hours of pumping. The FEM model demon- 424 
strates that nearly half of the total steady-state land subsidence occurs within the first hour of water extraction, a contrast to the 425 
isotropic model where vertical displacement alterations commence post a 6-hour pumping duration. In comparison, the EFG model 426 
suggests the onset of land subsidence in the anisotropic model after approximately 4 hours of pumping, showing greater agreement 427 
with the isotropic model than the FEM model. Nonetheless, while the FEM model indicates a consistent subsidence trend for both 428 
isotropic and anisotropic aquifers, the EFG model displays a variation. This disparity accentuates the necessity for further research, 429 
including the validation of EFG and FEM models with field data to verify the results in the early stages of pumping.  430 

The parametric study indicates that the elastic modulus and Poisson's ratio exert the most pronounced influence on the extent 431 
of land subsidence. While hydraulic conductivity predominantly governs the rate of hydraulic decrease and the onset of land sub- 432 
sidence, its influence on the final values of hydraulic head and land subsidence at the steady-state condition is comparatively mar- 433 
ginal. These observations underscore the importance of obtaining accurate in-situ measurements of the elastic modulus and Poisson's 434 
ratio for groundwater extraction initiatives, as these parameters are essential for ensuring the accuracy and reliability of feasibility 435 
studies in such projects. 436 
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Appendix A 458 

Within the local coordinates (𝑥′, 𝑦′, 𝑧′), along which the principal axes of an anisotropic (orthotropic) geological medium are 459 

aligned, the generalized Hooke's law can be represented in vector form as described by (Kim, 2005; Love, 1944) 460 

𝜎 ′𝑒𝐿
= 𝐷𝐿𝜀𝐿 (A1) 

where 𝜎′𝑒𝐿
= {𝜎′

𝑥′𝑥′
𝑒

 𝜎′
𝑦′𝑦′
𝑒

 𝜎′
𝑧′𝑧′
𝑒

 𝜎′
𝑥′𝑦′
𝑒

 𝜎′
𝑦′𝑧′
𝑒

 𝜎′
𝑧′𝑥′
𝑒

}
𝑇
, represents the local incremental effective stress vector, 𝐷𝐿 is the local 461 

elastic modulus tensor, and 𝜀𝐿 = {𝜀𝑥′𝑥′  𝜀𝑦′𝑦′  𝜀𝑧′𝑧′  𝜀𝑥′𝑦′  𝜀𝑦′𝑧′  𝜀𝑧′𝑥′}
𝑇
is the local strain vector. The local elastic modulus tensor 𝐷𝐿 is 462 

then defined using  
𝑣𝑖𝑗

𝐸𝑖
=

𝑣𝑖𝑗

𝐸𝑗
for 𝑖, 𝑗 = 𝑥′, 𝑦′, 𝑧′as follows: 463 

𝐷𝐿 =

[
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 12)A( 

where |𝐶𝐿| is the determinant of the local elastic compliance tensor 𝐶𝑖𝑗𝑘𝑙
𝐿 = 𝐶𝐿 = 𝐷𝐿−1

, 𝐸𝑖 is elastic modulus in the 𝑖 direction, 465 

𝑣𝑖𝑗  is Poisson's ratio for normal strain in the 𝑗 direction due to effective normal stress in the 𝑖 direction, 𝐺𝑖𝑗  is the shear modulus in 466 

the 𝑖𝑗 plane, only nine terms are required. In a cross-anisotropic (transversely isotropic) geological medium concerning the local 467 

𝑧 ′ axis, 𝑣𝑥′𝑦′ ≠ 𝑣𝑦′𝑧′ = 𝑣𝑥′𝑧′ , 𝐸𝑥′ = 𝐸𝑦′ ≠ 𝐸𝑧′ , 𝐺𝑥′𝑦′ ≠ 𝐺𝑦′𝑧′ = 𝐺𝑧′𝑥′ , and 𝐺𝑥′𝑦′ =
𝐸

𝑥′

2(1+𝑣𝑥′𝑦′)
 thus only five terms are 468 
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necessary. In an isotropic geological medium, 𝑣 = 𝑣𝑥′𝑦′ = 𝑣𝑦′𝑧′ = 𝑣𝑥′𝑧′ , 𝐸 = 𝐸𝑥′ = 𝐸𝑦′ = 𝐸𝑧′ , 𝐺 = 𝐺𝑥′𝑦′ = 𝐺𝑦′𝑧′ = 𝐺𝑧′𝑥′, and 469 

𝐺 =
𝐸

2(1+𝑣)
, hence, only two terms are needed. The generalized Hooke's law for the anisotropic (orthotropic) geological medium in 470 

global coordinates (𝑥, 𝑦, 𝑧), represented by equation (2b), can also be expressed in vector form using engineering notations, accord- 471 

ing to (Love, 1944): 472 

𝜎′𝑒 = 𝐷𝜀 13)A( 

where 𝜎′𝑒 = {𝜎′𝑥𝑥
𝑒 𝜎′𝑦𝑦

𝑒 𝜎′𝑧𝑧
𝑒 𝜎′𝑥𝑦

𝑒 𝜎′𝑦𝑧
𝑒 𝜎′𝑧𝑥

𝑒 }𝑇represents the global incremental effective stress vector, 𝐷 is the global elastic modulus 473 

(stiffness) tensor, and 𝜀 = {𝜀𝑥𝑥𝜀𝑦𝑦𝜀𝑧𝑧𝜀𝑥𝑦𝜀𝑦𝑧𝜀𝑧𝑥}
𝑇 is the global strain vector. The definition of the global elastic modulus tensor 𝐷 474 

is as follows: 475 

𝐷 =

[
 
 
 
 
 
𝐷11 𝐷12 𝐷13 𝐷14 𝐷15 𝐷16

𝐷21 𝐷22 𝐷23 𝐷24 𝐷25 𝐷26

𝐷31 𝐷32 𝐷33 𝐷34 𝐷35 𝐷36

𝐷41 𝐷42 𝐷43 𝐷44 𝐷45 𝐷46

𝐷51 𝐷52 𝐷53 𝐷54 𝐷55 𝐷56

𝐷61 𝐷62 𝐷63 𝐷64 𝐷65 𝐷66]
 
 
 
 
 

 14)A( 

In Equation B14, 𝐷𝑎𝑏 = 𝐷𝑏𝑎 for 𝑎, 𝑏 = 1,2,3,4,5,6 , a total of 21 terms needs to be computed. The calculation of the global elastic 476 

modulus tensor 𝐷 can be derived from the local elastic modulus tensor 𝐷𝐿 using a coordinate transformation matrix 𝐵 as outlined 477 

by (Clebsch, 1994): 478 

𝐷 = 𝐵𝑇𝐷𝐿𝐵 15)A( 

and, 479 

𝐵 =

[
 
 
 
 
 
 
 

𝑙
𝑥′
2 𝑚

𝑥′
2 𝑛

𝑥′
2 𝑙

𝑥′𝑚𝑥′ 𝑚
𝑥′𝑛𝑥′ 𝑛

𝑥′𝑙𝑥′

𝑙
𝑦′
2 𝑚

𝑦′
2 𝑛

𝑦′
2 𝑙

𝑦′𝑚𝑦′ 𝑚
𝑦′𝑛𝑦′ 𝑛

𝑦′𝑙𝑦′

𝑙
𝑧′
2 𝑚

𝑧′
2 𝑛

𝑧′
2 𝑙

𝑧′𝑚𝑧′ 𝑚
𝑧′𝑛𝑧′ 𝑛

𝑧′𝑙𝑧′

2𝑙
𝑥′𝑙𝑦′ 2𝑚

𝑥′𝑚𝑦′ 2𝑛
𝑥′𝑛𝑦′ 𝑙

𝑥′𝑚𝑦′ + 𝑙
𝑦′𝑚𝑥′ 𝑚

𝑥′𝑛𝑦′ + 𝑚
𝑦′𝑛𝑥′ 𝑛

𝑥′𝑙𝑦′ + 𝑛
𝑦′𝑙𝑥′

2𝑙
𝑦′𝑙𝑧′ 2𝑚

𝑦′𝑚𝑧′ 2𝑛
𝑦′𝑛𝑧′ 𝑙

𝑦′𝑚𝑧′ + 𝑙
𝑧′𝑚𝑦′ 𝑚

𝑦′𝑛𝑧′ + 𝑚
𝑧′𝑛𝑦′ 𝑛

𝑦′𝑙𝑧′ + 𝑛
𝑧′𝑙𝑦′

2𝑙
𝑧′𝑙𝑥′ 2𝑚

𝑧′𝑚𝑥′ 2𝑛
𝑧′𝑛𝑥′ 𝑙

𝑧′𝑚𝑥′ + 𝑙
𝑥′𝑚𝑧′ 𝑚

𝑧′𝑛𝑥′ + 𝑚
𝑥′𝑛𝑧′ 𝑛

𝑧′𝑙𝑥′ + 𝑛
𝑥′𝑙𝑧′ ]

 
 
 
 
 
 
 

 16)A( 

The determination of the 36 terms within the coordinate transformation matrix 𝐵 can be achieved by utilizing the nine terms from 480 

the coordinate transformation matrix 𝐴,  481 

𝐴 = (

𝑙 𝑥′ 𝑚 𝑥′ 𝑛 𝑥′

𝑙 𝑦′ 𝑚 𝑦′ 𝑛 𝑦′

𝑙 𝑧′ 𝑚 𝑧′ 𝑛 𝑦′

) (A17) 

The nine elements within the coordinate transformation matrix 𝐴 correspond to the directional cosines between the local co- 482 
ordinates (𝑥′, 𝑦′, 𝑧′) and the global coordinates (𝑥, 𝑦, 𝑧). In this context, 𝑙, 𝑚, and 𝑛 represent 𝑥, 𝑦, and 𝑧 , respectively. 483 

 484 

Appendix B 485 

The generalized Darcy's law can be indicated in a vector form in the local coordinates (𝑥′, 𝑦′, 𝑧′) which are aligned with the 486 
principal axes (i.e., principal directions) of an anisotropic (orthotropic) geologic medium (Kim, 2005): 487 
𝑞𝑟

𝐿 = −𝐾𝑟𝐾𝑠𝑎𝑡
𝐿  ∙  ∇∅

𝐿  (B1) 

where 𝑞𝑟
𝐿 = {𝑞𝑟𝑥′ , 𝑞𝑟𝑦′ , 𝑞𝑟𝑧′} is the local Darcy flux, 𝐾𝑠𝑎𝑡

𝐿  is the saturated hydraulic conductivity tensor, and  ∇∅
𝐿= 488 

{𝜕∅
𝜕𝑥′  𝜕∅

𝜕𝑦′   𝜕∅
𝜕𝑧′}

𝑇

 is the hydraulic gradient. Besides, the local saturated hydraulic conductivity tensor 𝐾𝑠𝑎𝑡
𝐿  defined as: 489 

𝐾𝑠𝑎𝑡
𝐿 = (

𝐾𝑠𝑎𝑡 𝑥′𝑥′ 0 0
0 𝐾𝑠𝑎𝑡 𝑦′𝑦′ 0

0 0 𝐾𝑠𝑎𝑡 𝑧′𝑧′ 

) (B2) 

In the anisotropic geological medium 𝐾𝑠𝑎𝑡 𝑥′𝑥′ ≠ 𝐾𝑠𝑎𝑡 𝑦′𝑦′ ≠ 𝐾𝑠𝑎𝑡 𝑧′𝑧′ , and therefore, only three terms should be given. In a 490 

cross-anisotropic (transversely isotropic) geological medium with respect to the local 𝑧′ axis, 𝐾𝑠𝑎𝑡 𝑥′𝑥′ = 𝐾𝑠𝑎𝑡 𝑦′𝑦′ ≠ 𝐾𝑠𝑎𝑡 𝑧′𝑧′  , 491 
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and thus, only two terms are needed. In an isotropic geological medium, 𝐾𝑠𝑎𝑡 = 𝐾𝑠𝑎𝑡 𝑥′𝑥′ = 𝐾𝑠𝑎𝑡 𝑦′𝑦′ = 𝐾𝑠𝑎𝑡 𝑧′𝑧′ , and only one 492 

term is required. The generalized Darcy's law for the anisotropic geological medium in global coordinates(𝑥, 𝑦, 𝑧), represented by 493 
equation (1), can also be expressed as a vector as follows: 494 
𝑞𝑟 = −𝐾𝑟𝐾𝑠𝑎𝑡 ∙ ∇∅ (B3) 

where 𝑞𝑟 = {𝑞𝑟 𝑥 𝑞𝑟 𝑦 𝑞𝑟 𝑧}
𝑇
represents the global Darcy flux, ∇∅= {𝜕∅

𝜕𝑥
 𝜕∅

𝜕𝑦
  𝜕∅

𝜕𝑧
}
𝑇

 is the global hydraulic gradient, and 495 

𝐾𝑠𝑎𝑡 is the tensor for global saturated hydraulic conductivity: 496 

𝐾𝑠𝑎𝑡 = (

𝐾𝑠𝑎𝑡 𝑥𝑥 𝐾𝑠𝑎𝑡 𝑥𝑦 𝐾𝑠𝑎𝑡 𝑥𝑧

𝐾𝑠𝑎𝑡 𝑦𝑥 𝐾𝑠𝑎𝑡 𝑦𝑦 𝐾𝑠𝑎𝑡 𝑦𝑧

𝐾𝑠𝑎𝑡 𝑧𝑥 𝐾𝑠𝑎𝑡 𝑧𝑦 𝐾𝑠𝑎𝑡 𝑧𝑧

) (B4) 

where 𝐾𝑠𝑎𝑡 𝑖𝑗 = 𝐾𝑠𝑎𝑡 𝑗𝑖  for 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧, six terms need to be computed. The calculation of the global saturated hydraulic 497 

conductivity tensor 𝐾𝑠𝑎𝑡 can be derived from the local saturated hydraulic conductivity tensor 𝐾𝑠𝑎𝑡
𝐿  through a coordinate transfor- 498 

mation matrix 𝐴 as outlined in (Clebsch, 1994): 499 
𝐾𝑠𝑎𝑡 = 𝐴𝑇𝐾𝑠𝑎𝑡

𝐿 𝐴 (B5) 

The nine elements within the coordinate transformation matrix 𝐴 correspond to the directional cosines between the local coordi- 500 

nates and the global coordinates as detailed in Appendix A (refer to equation (A17)). 501 

 502 

Appendix C 503 

The nodal matrices and vectors in Equations 9 and 10 are defined as (Samimi & Pak, 2016): 504 

(C1 ) 
𝐶11 𝐼𝐽 = ∫  

Ω

 𝐵𝐼
𝑇𝐷𝑇𝐵𝐽𝑑Ω 

(C2 ) 
𝐶𝑢 𝐼𝐽

𝛼 = ∫  
Γ𝑢

 𝜙𝐼
𝑇𝛼𝑝𝑢

𝜙𝐽𝑑Γ 

(C3 ) 
𝐶12 𝐼𝐽 = ∫  

Ω

 𝐵𝐼
𝑇𝛼𝑚(𝑠𝑤 +

∂𝑠𝑤

∂𝑝𝑐
𝑝𝑐)𝜙𝐽𝑑Ω 

(C4 ) 
𝐶13 𝐼𝐽 = ∫ 𝐵𝐼

𝑇𝛼𝑚((1 − 𝑠𝑤) −
𝜕𝑠𝑤

𝜕𝑝𝑐
𝑝𝑐)𝜙𝐽𝑑𝛺

𝛺

 

(C5 ) 
𝐹𝑢 𝐼 = ∫  

Ω

 𝜙𝐼
𝑇𝜌𝑔𝑑Ω + ∫  

Γ𝑡

 𝜙𝐼
𝑇𝑡‾𝑑Γ 

(C6 ) 
𝐹𝑢𝐼

𝛼 = ∫  
Γ𝑢

 𝜙𝐼
𝑇𝛼𝑝𝑢𝑢‾𝑑Γ 

(C7 ) 
𝐶21 𝐼𝐽 = ∫  

Ω

 𝜙𝐼𝛼𝑠𝑤𝑚𝑇𝐵𝐽𝑑Ω 

(C8 ) 
𝐶22 𝐼𝐽 = ∫ 𝜙𝐼 [𝑠𝑤

𝛼 − 𝑛

𝐾𝑠
(𝑠𝑤 +

𝜕𝑠𝑤

𝜕𝑝𝑐
𝑝𝑐) − 𝑛

𝜕𝑠𝑤

𝜕𝑝𝑐
+ 𝑛

𝑠𝑤

𝑘𝑤
] 𝜙𝐽𝑑Ω

𝛺

 

(C9 ) 
𝐶23 𝐼𝐽 = ∫ 𝜙𝐼 [𝑠𝑤

𝛼 − 𝑛

𝐾𝑠
(1 − 𝑠𝑤 −

𝜕𝑠𝑤

𝜕𝑝𝑐
𝑝𝑐) + 𝑛

𝜕𝑠𝑤

𝜕𝑝𝑐
] 𝜙𝐽𝑑Ω

𝛺

 

(C10 ) 
𝐾22 𝐼𝐽 = ∫  

Ω

 𝐵𝑝𝐼
𝑇

𝑘𝑘𝑟𝑤

𝜇𝑤
𝐵𝑝𝐽𝑑Ω 

(C11 ) 
𝐾𝑝𝑤 𝐼𝐽

𝛼 = ∫  
Γ𝑝𝑤

 𝜙𝐼𝛼𝑝𝑝𝑤
𝜙𝐽𝑑Γ 
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(C12 ) 
𝐹𝑝𝑤 𝐼 = ∫  

Ω

 𝐵𝑝𝐼
𝑇

𝑘𝑘𝑟𝑤

𝜇𝑤
𝜌𝑤𝑔𝑑Ω − ∫  

Γ𝑞𝑤

 𝜙𝐼𝑞‾𝑤𝑑Γ 

(C13 ) 
𝐹𝑝𝑤 𝐼

𝛼 = ∫  𝜙𝐼
Γ𝑝𝑤

𝛼𝑝𝑝𝑤
𝑝‾𝑤𝑑Γ 

(C14 ) 
𝐶31𝐼𝐽 = ∫  

Ω

 𝜙𝐼𝛼(1 − 𝑠𝑤)𝑚𝑇𝐵𝐽𝑑Ω 

(C15 ) 
𝐶32 𝐼𝐽 = ∫ 𝜙𝐼 [(1 − 𝑠𝑤)

𝛼 − 𝑛

𝐾𝑠
(𝑠𝑤 +

𝜕𝑠𝑤

𝜕𝑝𝑐
𝑝𝑐) + 𝑛

𝜕𝑠𝑤

𝜕𝑝𝑐
] 𝜙𝐽𝑑𝛺

𝛺

 

(C16 ) 
𝐶33 𝐼𝐽 = ∫ 𝜙𝐼 [(1 − 𝑠𝑤)

𝛼 − 𝑛

𝐾𝑠
(1 − 𝑠𝑤 −

𝜕𝑠𝑤

𝜕𝑝𝑐
𝑝𝑐) + 𝑛

1 − 𝑠𝑤

𝐾𝑛𝑤
− 𝑛

𝜕𝑠𝑤

𝜕𝑝𝑐
] 𝜙𝐽𝑑𝛺

𝛺

 

(C17 ) 
𝐾33 𝐼𝐽 = ∫ 𝐵𝑝𝐼

𝑇
𝑘𝑘𝑟𝑛𝑤

𝜇𝑛𝑤
𝐵𝑝𝐽𝑑𝛺

𝛺

 

(C18 ) 
𝐾𝑝𝑛𝑤 𝐼𝐽

𝛼 = ∫  
Γ𝑝𝑚𝑟

 𝜙𝐼𝛼𝑝𝑝𝑚𝑤
𝜙𝐽𝑑Γ 

(C19 ) 
𝐹𝑝𝑛𝑤 𝐼 = ∫  

Ω

 𝐵𝑝𝐼
𝑇

𝑘𝑘𝑛𝑤

𝜇𝑛𝑤
𝜌𝑛𝑤𝑔𝑑Ω − ∫  

Γ𝑞𝑛𝑤

 𝜙𝐼𝑞‾𝑛𝑤𝑑Γ 

(C20 ) 
𝐹𝑝𝑛𝑤 𝐼

𝛼 = ∫  
Γ𝑝𝑛𝑤

 𝜙𝐼𝛼𝑝𝑝𝑛𝑤
𝑝‾𝑛𝑤𝑑Γ 

 where 𝑚 = [ 1, 1, 1, 0, 0, 0]𝑇 
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